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501 Measures and construction of measures

1 Measures, finitely additive measures, and the
extension problem

In this lecture S will be a fixed, non-empty set, R will denote an algebra of S, and
> a o-algebra of S.
If {A,} is a sequence of sets, the notation A, T A will indicate that the sequence

is increasing, that is, A1 C As---, and that A = UAn' The notation A, | A will
1

o
indicate that the sequence is decreasing, that is, A; O Ay ---, and that A = ﬂAn.

1
The following constructions will be used several times. Suppose {A,,} is a sequence

of sets in an algebra or c-algebra, and A, T A. If B; = Ay, and for n > 1, B, =
A, — A,_1, then:

1. Bi, By, ... are disjoint sets in the algebra or o-algebra, and B, C A, for each
n > 1;

2. A, =JB;, for each n > 1;
1

3. A=JB..
1

Conversely, if By, By ... are disjoint sets and A, = U B;, then A, 1 U B,,. This ob-
1 1

servation leads easily to the following.

Lemma 1 An algebra which is closed under countable disjoint unions is a o-algebra.

Recall that a finitely additive measure M on (S,R) satlsﬁes (i) ,EL 0) = 0; (ii)
i (B) € [0,00] for every A € R; and, (iii) (finite additivity) ¢ (U’fBZ) =37 [ (B (By),
if By,..., B, is a disjoint sequence of sets in R.

A measure p on (S, X) satisfies (i) u(0) = 0; u(B) € [0, 00] for every A € ¥; and,
(iii) (countable additivity) u(U*B;) = >1° u(B;), if By, Bs, ... is a countable disjoint
sequence of sets in Y.

The finite additivity of a measure or finitely additive measure implies the following
monotonicity property; (this is stated for a measure only, but is true for a finitely
additive measure if the o-algebra ¥ is replaced by the algebra R):

if A,B € ¥ and A C B, then u(A) < u(B). (1)
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This is an easy consequence of
w(B) = p(A) + u(B — A),

which follows from additivity, and of the positivity of u.

Lemma 2 A finitely additive measure [t is finitely subadditive, that s, if Ay,..., A,
are sets 1 R,

7 (U AZ-) < z 7 (4) (2)

Likewise, a measure p on (S, %) is countably subadditive: if Ay, Ag, ... is a sequence
of sets in 3,

p (Elj Ai> < iu(fli) (3)

i i1
Proof. Let By = Ay, and for i > 1, let B; = U A — U A;. Noting that By, ..., B,
j=1 j=1
are disjoint, that B; C A; for each 1 <7 < n, and that U B; = U A,
1 1

7 (UA) _i (UB) _ z i (B) < z o (A)

The last step uses (1) applied to /OL The proof of the countable subadditivity property
for measures is similar. o

Example: Step 1 in the construction of Lebesgue measure
Let V¢ be the algebra of subsets of R? consisting of all finite disjoint unions of left
half-open rectangle—that is rectangles of the form

V:(Tl,Sl] X X (Td,Sd]ﬂR,

where —oo < r; < s; < 00 for each 7. For such a V, define m (V) to be the volume of

V. m (V) = [19(si — m:). If | JV; is a finite, disjoint union of such rectangles, define
1

m (U Vi> =" m (V;). We claim that m is a well-defined, finitely additive measure
1

1

on V<.
To see that m is well-defined we must show that if Vi, ..., V, are disjoint, left-half
open rectangles, and so also are Wy, ..., W,,, then

iﬁwm:iﬁum).
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Since the collection of left-half open rectangle is closed under finite intersections, the
formula,

vi=Uunw,
1

represents each rectangle V; as a finite disjoint union of a finite number of left-half
open intervals, and for such a decomposition, the equality

is valid. Thus

1
But the same reasoning, with the roles of V' and W interchanged gives,

iﬁmw=ii%mﬂmx

=1:=1

.

which is the same.
The finite additivity of m is a consequence of the finite additivity built into its
definition; the proof is left as an exercise.

Example 2. Coin-tossing measure for a fair coin. We pick up on example 5

of section 2 of the second set of lecture notes. There Q 2 {0,1}* is a model for the
set of possible outcomes of an infinite sequence of tosses of a coin. We defined the

algebra A 2 J A., where for each n, A, is the o-algebra 7, ' (P({0,1}")), (where

n>1
T, 18 projection onto the first n coordinates). In other words. the algebra A is the
collection of subsets of 2 of the form {w; (wy,...,w,) € B}, as n ranges over the

positive integers, and, for each n, B ranges over the subsets of {0, 1}".

Given a positive integer n, and a set B C {0, 1}", what is the probability that the
first n tosses of a fair coin yields a sequence falling in B? Since each sequence of n
tosses should be equally likely and there are 2™ possible sequences, this probability
should be |B|/2", where | B| denotes the cardinality of B. This leads to the following

definition of a finitely additive probability measure ]OD on A:

o B
for any n > 1 and any B C {0,1}", P (ng(B)) 2 |_n|

Of course, it needs to be checked that ﬁ is consistently defined and is finitely additive.
To check consistency, suppose that 7, *(B;) = 7,,'(Bs), where B; C {0,1}" and
By C {0,1}™. If n = m one may check that then, necessarily By = By; if, without



501: Construction of measures 4

loss of generality, m > n, one may check that By = By x {0,1}~". Thus, in either

case
|Ba| B2 | By

om — 9m 9n’

and the definition of ]OD is consistent.

To prove the finite additivity, consider a finite disjoint collection Aq,..., A,, of
sets in A. There is a positive integer /N so that all these sets are in Ay. Thus there
are subsets By, ..., B, of {0,1}" such that A; = 7" (B;) for 1 < i < m. Moreover,
By, ..., By, must be disjoint, and U" A; = 7y' (U B;). Thus

(UA> UEBL_ 1B oy

The extension problem. Given a finitely additive measure ft on an algebra R,

under what conditions does there exist a measure p defined on ¢(R) that extends I
in the sense that 3
w(A) =i (A) for every A € R?

If such an extension exists, is it unique and how can the extension be constructed?
To begin to answer this question, it is necessary first to understand the elementary
properties of measures.

2 Elementary general properties of measures.

Theorem 1 Let ju be a measure on (S,3).

(i) pu is monotone and subadditive.

(11) (Continuity from below) If {A,}n>1 C X and A, T A, then p(A,) T 1(A).

(#ii) (Continuity from above) If {An}n>1 C X and if u(A,,) < oo for at least one m,
A, | A, then p(A,) | n(A).

Proof: Monotonicity and subadditivity were treated in the previous section.

To argue continuity from below, given the increasing sequence of sets { A, }, define
the disjoint sequence of sets {B,}, where B; = A; and B, = A,, — A,_; for n > 1.
Then, using countable additivity of u,

= (U8 =) = Jig 3 (50 = i s (U ) = fing 1)
1 1 1
For continuity from above, assume without loss of generality that u(A;) < oo. If

the sequence {A,} is decreasing to A, then {A; — A,} increases to A; — A, and so
continuity from above follows by applying continuity from below to {A; — A, }. o
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From the proof of the theorem, one sees that the monotone continuity properties
of a measure are a direct consequence of countable additivity. In fact monotone
continuity and countable additivity properties are equivalent in the sense made precise
in the following result. A measure, or finitely additive measure, for which p(S) < oo
is called finite.

Lemma 3 Let p be a finitely additive measure on a o-algebra 3. The following are
equivalent.

(1) w is countably additive.
(2) 1 is continuous from below.
If the further assumption that p is finite is made, (1) and (2) are equivalent to

(3) (Continuity from above at O) If { A, }n>1 is a sequence of sets in X2 and if A, | 0,
then u(A,) | 0.

Proof: The previous theorem shows that (1) implies (2). To show that (2) implies
(1), observe that if {B,,},>1 is a disjoint sequence of sets in ¥, and if A, = U} B;,
then A,, T U®B;. Thus, assuming continuity from below and using the assumed finite
additivity of p,

n—oo

’ (U BZ-) = Jim (A ) = Jim 3" u(B) = ST (B,
1 1

thereby proving countable additivity.

Now assume that p is finitely additive and that pu is finite, i.e., u(S) < oco. Suppose
that A, T A. Then A—A,, | 0. Since u(A) is perforce finite, u(A)—u(A,) = p(A—A,)
for all n. Thus if (3) holds, lim,,_, #(A) — u(A,) = 0, proving continuity from below.
o

Remark. From the proof of Lemma 3, If y is finitely additive on (S,%) and
true, if A,, T A and p(A) < oo, where {A, },>1 is a sequence in X, then u(A,) T

3 Continuity from below for algebras

Let /2 be a finitely additive measure on (S, R) where R is an algebra. It is natural to
make the following definitions.

Definition. /is said to be continuous from below if, given a sequence of sets { A, }n>1,
each of which is in R, and such that 4, T A and A € R, [t (An) Th (An).

i is said to be continuous from above at  if, if, given a sequence of sets {A, },>1,
each of which is in R, and such that A, | (), then I (A,) 1 0.



501: Construction of measures 6

Here is the point of this definition. Suppose /t admits an extension to a measure 1

on (S,0(R)). Then Lemma 3 clearly implies that { must be continuous from below.
Thus continuity from below is a necessary condition for existence of an extension. We
will see that it is also a sufficient condition. Hence to finish constructing measures,
for example in Examples 1 and 2, it will only be necessary to check continuity from
below of the finitely additive measures.

The following lemma is proved exactly as Lemma 3

Lemma 4 For a finitely additive measure [t on (S,R), the following are equivalent:

(a) [t is continuous from below.
(b) (Countable additivity in R ). Given a disjoint sequence { B, }n>1 of sets in R such
that US°B; is also in R, I (UPB,) =X I (B)n).

[f/ol is continuous from above at ) and if A, T A where each A,, n > 1 and also
A are in R, and where [t (A) < oo, then i (An) 11 (A). o

Example 1 (continued)

Proposition 1 The finitely additive measure m on (R4, V), as constructed in exam-
ple 1 based on the volume of rectangles is continuous from below.

This result will be proved later. For now, we note that to prove the propostion,
it suffices to prove continuity from below in the case that the limit set A has finite m
measure, and therefore, by the remark to Lemma 3, to prove continuity from above
at . To see this, suppose A, T A, where all sets are in V¢. The set A is a finite
disjoint union A = UV, of left-half open rectangles. Consider rectangle V;. Then
for each n, every one of the rectangles making up A, either falls entirely in V; or
is disjoint with it, and m (A,) = ¥ m (A4, NV;). Hence to prove the continuity
from below it suffice to prove that m (A, NV;) Tm (V;) for eacn i. In other words,
it suffices to prove continuity from below for the case when A is a rectangle in V.
We will show that if continuity from below is true for rectangles of finite 7 measure
then it is true also for rectangles of infinite m measure. We can choose an increasing
sequence of rectangles By such that B, 1 A, and m (By) < oo for every k. Since
at least one of the sides of A has infinite length, the corresponding sides of the By
sequence must increase to an interval of infinite length and therefore m (By) T 0.
Now let {A,} be any sequence of sets in V¥ with A, 7 A. Since m (By) < oo for
every k, it follows by assumption that lim, ., m (A, N Bg) = p(By). Thus, for
each k, lim, e m (Ay) > lim, .o m (A, N By) =m (By). Letting k 1 oo, implies
lim,, .., m (A;,) = oo, which is what we needed to prove. o

Example 2(continued)
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Proposition 2 Any finite, finitely additive measure on (2, A) is continuous from
below.

This will be proved later. Again, since continuity from below is equivalent to
continuity from above at () for finite, finitely additive measures, it will suffice to prove
continuity from above at .

o

As a consequence of Proposition 2, the finitely additive coin tossing measure P,

which is finite because P (Q) = 1, is continuous from below on (€2, A.). o

4 The extension theorem.

The next theorem states when an extension of £ to a measure exists and describes
how to construct it. It is one of the big theorems of abstract measure theory and is
due mostly to Carathéodory, building on the ideas of Lebesgue.

To speak of extensions more generally, we shall say that a measure space (.S, %, 1)
is an extension of (S, R, lol) if R C ¥ and p and [ agree on R. (This definition does
not exclude the case in which R is a o-algebra and [t is actually a measure, and we
may have occasion to use it in this sense. But for this discussion, we are interested
in the case when R is only an algebra.)

The extension theorem requires one new definition: a measure p on (.S, X)) is called
o-finite if there exists a countable sequence of sets { £,,} all in ¥, such that S = N° E,
and u(E,) < oo for each n. Using the same definition, one can likewise apply the term

o-finite to a finitely additive measure. The finitely additive measure m of example 1
is o-finite, as are most measures encountered in practice.

The extension theorem requires prescribing how, starting from /3, one defines the

measure of a set not in R. This is accomplished by the outer measure induced by .
Later, a general definition and theory of outer measure will be developed. For now,

only the outer measure induced by [t is defined. The idea is to use a kind of outer
sum approximation.

Definition. The outer measure induced by p on (S,R) is the function p* which
assigns to every non-empty subset A C S, the quantity

1nf{z ACUEZ, EERVZ}

1
Also 1*(0) £ 0.

It is necessary also to single out a class of subsets of S that have a strong finite
additivty property with respect to the outer measure.
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Definition. A set A is p*-measurable if
W (E)y=p(ENA)+p (ENA®) forevery E C S.
Let M denote the collection of all y*-measurable sets

In general, not all subsets of S will be p*-measurable.
Now we can state the extension theorem.

Theorem 2 Let /1 be a finitely additive measure on (S, R), where R is an algebra.

(a) The collection M of p*-measurable sets form a o-algebra that contains R, and
therefore that contains o(R).

(b) The outer measure p* is a measure on (S, M); that is p* is countably additive
when restricted to M. By (a), u* is then also a measure on (S,c(R))

(c) [f/oi is continuous from below, then (S, M, *) and (S,0(R), 1*) are extensions of
(SR, ).

(d) If it is continuous from below and o-finite, (S, M, u*) is its unique extension to

(S, M).

To summarize results (c¢) and (d) of the theorem, if 2 is continuous from below and
o-finite, it admits a unique extension to a measure on (S,0(R)) and that extension
is provided by the outer measure. The theorem actually provides an extension on the
potentially larger o-algebra of p*-measurable sets. In this discussion, we shall use u
to denote the outer measure when restriced to M (or R); this will help differentiate
between the outer measure p*, which is defined on all subsets of S, and its restrictrion
to a o-algebra on which it is a measure.

Example 1 (continued). Lebesque outer measure is the outer measure induced by
m: for any A C RY,

d 00
m*(A) 2 inf {Z m (E;); AC UE: Ei € Ve Vi} .
1 1
The m* measurable sets are called the Lebesgue measurable sets. For convenience of
notation, let £(R?) denote the Lebesgue measurable sets of RY.

Theorem 2 (a) implies that the collection Borel sets of R, B(R?), which is gen-
erated by V¢, by is contained in £(R?), the Lesbegue measurable sets; part (b),(c),
and (d), together with with Proposition 1, imply that (RY, £(R?), m*) is the unique
extension of m. We shall use m to denote m* restricted to L(R?), in order to distin-
guish between the outer measure as defined as a function on all subsets of R?, and
its restriction to Lebesgue measurable sets. The measure m is called the Lebesgue
measure. For almost all purposes of analysis, one can work with the measure space
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(RY, B(R?),m), in which the o-algebra is restricted to the Borel sets and sometimes.
We still refer m as Lesbegue measure even when considering its restriction to the
Borel sets; it should be clear from context whether Lebesgue measurable or Borel sets
are the base o-algebra.

It will turn out that there is a close relationship between B(R?) and £(R?) in terms
of m; for every Lebesgue measurable set A, there is a Borel set B such that A and B
differ by a set of measure zero. o

Example 2 (continued). From Proposition 2 and Theorem 2, it follows that the
finitely additive measure j% admits a unique extension P, a measure on ({2, A); for
Ae A,

= inf {ZP ); ACNYE;, E; E.A‘v’z}

Usually, one is content to work with (£2, 4, c0P), and does not bother with the col-
lection of all P*-measurable sets. o

5 Proofs of Propositions 1 and 2

5.1 Proof of Proposition 1.

We shall treat the case d = 1. The proof of the case d > 1 is only a matter of more
complicated notation! From the discussion in section 3, it suffices to show that m is
continuous from above at (). Let {A,},>1 be a decreasing sequence of sets in V! with

m (A1) < oo and suppose A, | 0. Let € > 0.

The essential point is this: for each n there is a set F,, in V! such that its closure
F, is a subset of A, and also m (A, — F,) < ¢/2". (Note that A, — F, € V' since
V! is an algebra.) This is easy to see. Each A, is a disjoint union of the form,

A, = UP"(ay, b;], where each interval (a;, b;] is finite. Let F), 2 UT(a; + 6;, b;], where
0<0; <1/(m2"),1<i<m.

Next, let K, = ﬂ F;. Again K,, C A, for each n. Also, using finite subadditivity
1

o
of m,

%(An—Kn):ﬁz@An—Fi)gﬁz(O ) iﬁzA F).

1 1

Thus m (A, — K, <Z—<€

Now { K, },>1 is a decreasmg sequence of compact sets with ° K,, C N A, = 0.
By the finite intersection property of compact sets, there exists N such that, Ky = 0,
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and hence m (Ky) = 0. Therefore, for n > N,
m (A,) <m (Ay) =m (Ay — Ky)+m (Ky) < e.

Since € > 0 was arbitrary, m (Ay) | 0. Therefore, m is continuous from above at 0.

5.2 Ian Levitt’s proof of Proposition 1 (d = 1)

We prove directly that m is continuous from below. By the remarks in section 3, it
suffices to treat the case in which A, T A and A is a finite interval A = (a,b]. By
Lemma 4 b), it suffices to prove that if

(a> b] = Fijm

where {I,,},>1 is a disjoint sequence of sets in V!, then

[e.o]

b—a:;ﬁaun).

It actually suffice to consider the case when each [, is an interval (a,, b,], since sets
in V! are finite disjoint unions of such intervals. Let

G2 {x; agxgb,b—yzz%((y,b]ﬂ]n) Vy,xgygb}.
1
In words, z is in G if countable additivity for the decomposition (y, b] = U°(y, b NI,
holds for m for all x <y < b. We will show that G is both open and closed with
respect to the relative topology on [a, b]. Since [a, b] is connected, this will prove that
G = [a,b].

Let z € G. For some 1, a; < x < b;. If a; < x < b;, then it is clear that a; must
also be in G, because for a; <y < x,

b—y:b—x—i—x—y:{bi—m—l— S bj—aj)| +x—y=bi—y+ > (bj—a).

J,aj>x Js (a;>y

If = a;, then there is a j so that b; = a;, and it follows similarly that a; < b; = a;
is in GG. Therefore GG is open.

Let {x,}n>1 be a sequence in G such that z,, | x. To show G is closed we must
prove that x € G. We may assume that x,, > z for all n, for otherwise x € G
automatically. If there is an ¢ such that a; < x < b;, then for sufficiently large n,
xr < x, < b;, and by the previous argument, a; and hence x are certainly in G. So
suppose x = b; for some 7. For each n,

b—x, = Z (b; — a;) +inf{b;; b; > x,} — zy.

1,0, >Tn
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As n — o0, this tends to

> (bi—a;) +inf{b;; b; >z} —x (4)

1€a;>T

In the case that b 2 inf{b;; b; > 2} > x, (,b] must in fact be one of the intervals
(ak, by] and so (4) shows that z € G. If b =z, then | J (a;,b;] = (,b], and again
1, Q; >T

(4) shows that z € G.

5.3 Proof of Proposition 2

We will show that if {A,},>1 is a decreasing sequence of sets in the algebra A, and
if A, | (), then in fact, there is an N so that Ay = (). It follows at once that any
finitely additive measure on A is continuous from above at ), and for finite measures,
this suffices to prove that the finitely additive measure is continuous from below.

Consider {0, 1} to be a topological space with the discrete topology— {0} and {1}
are each open and closed at the same time. With this topology, {0,1} is compact.
By Tychonoff’s theorem, 2 = {0,1}* is compact in the product topology. Each set
of the algebra A is a closed, and so compact, set of the product topology on {0, 1}.
Therefore if A,, | 0, there is an N so that Ay = 0.

The space {0,1}* is simple enough that we could do a direct proof and avoid
citing such a general result as Tychonoff’s theorem. Here is a sketch; the student
should fill in the details. If A C {0,1}*, and (wy,...,w,) is a string of 0’s and 1’s,
let A(wy, ..., w,) denote the section at (wy, ..., wy,),

A(wy, ... wy) = {(w,wa, .. .); (W1, Wy, w,wa, . ..) € A}

Notice that if A € A,, then either A(wy,...,w,) =0 or A(w,...,w,) = {0,1}.

Assume that A; | A, where each A; is in A. We will show that if A; is non-empty
for each 7, then so is A. Define 1,7y, ... recursively as follows. First n; = 0 if A;(0)
is non-empty for all i, and 7 if not. Note that when n; = 1, then in fact, A;(1) is
non-empty for all i. To see this, observe that A; = [{0} x 4;(0)]U[{1} x A;(1)] and use
the assumption that A; is non-empty for all i. Now define 7, recurisively by setting
N1 = 0if A;(wy, ..., wy,0) is non-empty for all 4, and otherwise let 7,117 = 1. Then
(M1, M2, . ..) € NTPA,.
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6 Proof of Theorem 2 and refinements

6.1 Outer measures

This section is preparatory to the proof of Theorem 2.

Definition. A function v from the power set P(S) of a non-empty set S to [0, 00| is
called an outer measure if

(i) v(0)=0.
(i) v is monotone: A C B implies v(A) < v(B).
(iii) v is subadditive: if {A,} is a sequence of subsets of S, v(UA,) < X v(A,).

Example. The outer measure p* induced by a finitely additive measure is an outer
measure in the sense of this definition. The proof is left as an exercise.

Definition. Given an outer measure v on S, as subset A of S is called v-measurable
if

v(E)=v(ENA)+v(ENAS for all subsets E of S.
Observe that since v(F) < v(E N A) + v(E N A°) automatically by subadditivity,

to demonstrate v-measurability of a set A, it is only necessary to show v(E) >
v(ENA)+v(EnN A°) for all subsets E of A.

Proposition 3 The v-measurable sets of an outer measure form a o-algebra, on
which v is a countably additive measure.

Proof. Let M denote the collection of v-measurable sets. The proof requires showing
first that
AecMand Be M imply AUB € M. (5)

Since M is closed under complements by the symmetry in A and A€ of the definition
of a v-measurable set, (5) implies that

M is an algebra (6)

Second, the proof requires showing that if A;,..., A, are disjoint sets in M, then

y(Em KJAZD :En:y(EmAi) (7)

1

To prove (5) write EN[AUB]=(ENANB)U(ENBNA)U(ENANB*). Use
the assumption that both A and B are measurable and use subadditivity:

v(EN[AUB]) +v(ENA°N BY)

< v((ENANB)+v(ENBNAY)+v(ENANB) +v(ENA°N B
= v(ENB)+v(ENB°) =v(E)
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To prove (7), observe that if A€ M and BNA =10,

v(EN[AUB]|) = v(EN[AUBINA)+v(EN[AUB]N A9
= v(ENA)+v(ENB)

The general case of (7) is proved by induction on the number of sets.

To finish the proof, first note that (7) actually generalizes easily to a countable
number of sets. If {A,} is a countable sequence of disjoint sets in M, (7), monotonic-
ity, and subadditivity imply

N

Y v(ENA,) = <L11VJEOA> Z (ENA,)

1
Taking n — oo yields
Y V(ENA,) <U(EmAn)>. (8)
1 1

Since we know already that M is an algebra, to show it is a o-algebra, by Lemma
1 we need only show M is closed under countable disjoint unions. But if {4,} is a
disjoint sequence in M,

N
v(E)=v(En[UYA]) +v (En[UYA)) = S v(EN Ay) + v (EN[UFA,)
1
Take N — oo and use (8); then
>N v(ENA,) +v(EN[UPA%
1

This is what is needed to show U®A4,, is in M. Thus M is a o-algebra.
The countable additivity of v on M is a consequence of (8) with £ = S. o

6.2 Completeness and outer measures.

Here is an interesting fact about outer measures. Let A be a subset of S. If v(A) =
0, then A is v-measurable. Indeed, if ¥(A) = 0 and E is any subset of A, then
v(ENA) =0 (by monotonicity of v) and so, using also subadditivity,

vV(E)>v(ENAY) =v(ENA)+v(ENA°) >v(E).

Since this is true for any subset F, A is v-measurable.

Consider now (S, M, v) where M is the o-algebra of v-measurable sets. By what
we have just shown, if A € M, if v(A) =0, and if B C A, then B is also in M (and
v(B) =0).

In general, a measure space (5,3, p) is said to be complete if A € X, p(A) = 0,
and B C A imply that B € . We have just proved.
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Proposition 4 Ifv is an outer measure on the subsets of S and if M is the o-algebra
of v-measurable sets, then (A, M, v) is complete.

Any measure space (5,3, p) has a completion. Let N be the subsets N of S such
that there exists an M in ¥ with N € M and p(M) = 0. Define ¥ as follows: a
subset A of S is in ¥ if there exists an A’ € ¥ and an N € N such that A= A’UN.
For such an A and A’, define p(A) = p(A).

Proposition 5 (5,3, p) is complete

Proof. Let A, A', N, and M be such that A=A UN, N C M, A’ € ¥, M € %,
and p(M) = 0. Thus A is in X. Now

A= (AN)°NNe=[A)NMITU[N N M].

and this shows that A€ is also in £. The proof that ¥ is closed under countable unions
is left as an exercise. With this, it follows that ¥ is a o-algebra.

It is necessary to show that p is consistently defined on ¥. Thus, let A = A/UN =
A” U N', where now A” is also in ¥ and N’ C M’ for a set M’ € ¥ of measure zero.
We to show that p(A") = p(A”). Since A” = ANA" = (A NA")U(NNA") and since
also A” = (A NA)U (A" N (A)), it follows that A" N (A")° C NN A" C M. Hence
p(A") = p(A'NA"). Reversing the roles of A" and A” similarly gives p(A’) = p(A'NA").

The countable additivity of p is straightforward and is left as an exercise. o

The concept of completion allows clarification of the relation between ¢(R) and
M in Theorem 2.

Theorem 3 Let (S, R, ,lot) be as in Theorem 2, let it be continuous from below, and let
(S, M, 1) be the extension of,lot provided by Theorem 2; (u(A) = p(A) for Ae M.)
If It is o-finite, then (S, M, n) is the completion of (S,0(R), ).

The proof is left as an exercise.

6.3 Proof of Theorem 2

Return to the situation of Theorem 2. We have a finitely additive measure [t on (S,R),

where R is an algebra, the outer measure p* induced by /ot, and the collection M of
w*-measurable sets. Proposition 3 implies that M is a o-algebra and p*, restricted
to M is a measure. This is essentially the claim of Theorem 2, part (b).

To prove Theorem 2, part (a), we must show that R C M. In other words, for
any set A € R, we must show that

pr(E)=p (ENA)+ p (EN A for all £ C S. 9)
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As usual, it suffices to prove the left-hand side of (9) is greater than or equal to the
right-hand side. Let {E,},>1 be any sequence of sets in R which covers E. Then
{E, N A},>1 and {E, N A},>; are sequences in R that cover EN A and E N A°
respectively. Therefore,

“(ENA) Z (E,NA), and p*(ENAY) <Y [ (E, N A%).
1 1

By the finite additivity of /t on R,

iﬁ( i EmA+u(E NA®) > (ENA)+ p (ENA°.

Since p*(F) is the infimum of the left-hand side over all covers of E by sets in R,
W (E) > p (ENA)+ p*(E N A°), which is what we needed to prove.

To prove part (¢) of Theorem 2, we must show that if /OA is continuous from below

on R, then for every A € R, u*(A) =L (A). Certainly p*(A) <ji (A), by definition
of u*(A). To show the opposite inequality, we must show that if A C U®E,,, where
each F, is in R, then

gfﬁ@g (10)

For each n, let B, = E, —U'E;. Then {AN B, },>1 is a disjoint sequence of sets in
R and A = UP(ANB,). By Lemma 4 (b),

— S (AN B,)
1

But since AN B,, C £, for each n, this implies (10).

Finally, it remains to prove the claim of uniqueness in part (d). Let p denote
the outer measure restricted to M. Suppose that v is a measure on (S, M). Since
[t is assumed to be o-finite, there is a sequence {K,},>1 of sets in R such that
(K, (=m (K,)) < oo for all n, and S = UPK,. It may be assumed that the K,
are digjoint. Let R N K,, denote the algebra of sets in R that are contained in K,.
Since p and v agree on RN K, and since the collection of subsets of R N K,, on which
w and v agree is a monotone class (use the properties of continuity from above and

below of measures), p and v agree on ¢(R N K,,) by the monotone class theorem. For
each n o(RN K,) = o(R) N K,, (see below). Therefore, for any A € o(R),

:iu(AmK iuAmK v(A).

1

This shows that p and v agree on o(R).
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Now let A € M, and assume that p(A) < co. From Theorem 3, there are sets A’
and M in R and a set N € M with A=A"— N, N C M, and u(M) = 0. It follows
that ¥(N’) = 0 as well because v(M) = u(M) = 0. Hence v(A) = v(A’) = u(A). For
a general A € M, nu(A) = Y v(ANK,) =>7uANK,) = u(A). Thus we have
shown v and p agree on M.

Finally, for any fixed n, consider the o-algebras o(RNK,,) and o (RNKE). Consider
the collection of all sets of the form AU B, where A € o(RNK,,) and B € (RN KY).
It is easy to confirm that this collection is a o-algebra that contains R. Hence it equals
R. This can only happen if o(RN K,,) = 0(R) N K,, and c(RN KS) = o(R) N KE.
o

o



