Yet more problems for 501
Problems tagged by an asterisk may be especially challenging.

33. Assume that 0 < a,,, < oo for every pair of positive integers (n,m). Show that

00 0 00 0
Z Z Apm = Z Z Anm.-
n=1m=1

m=1n=1

(0o is allowed as a value of the sum.)
34(a). If uq,...,p, are measures on the measurable space (S, F), and ay, ..., a, are
positive real numbers then p = 7 a;u; is also a measure on (S, F).

(b). If (1, p2 . . .) is an infinite sequence of measures on the measurable space (S, F),
and (aq, ag, . ..) is a sequence positive real numbers then p = 3°7° a;p; is also a measure

on (S, F).

35. (Inclusion-exclusion principle) For a measure g on (S,F), and sets A, B € F,
p(AUB) + p(ANB) = pu(A) + pu(B).

36. For a sequence of sets { £, }, recall

limsup B, = (U B liminfE, = |J ) E:.

n=1i=n n=11i=n

(a). If p is a measure on (S, F) and the sets E,, are all measurable, then
o <lim sup En> =limsupu(E,) and p <lirr%1inf En> = lirr%inf,u(En).

(b). (Borel-Cantelli lemma; easy half) If >° u(E,) < oo, then y (limsup,, E,) = 0.

37(a). Every countable set in R? has Lebesgue measure zero.

(b). Let mp be the Lebesgue Stieltjes measure on (R, B(R)) associated to a continu-
ous, increasing function F'. Show that mp(A) = 0 if A is countable.

38. Let F be the standard Cantor function on [0, 1]. Consider the Lebesgue-Stieltjes
measure mp on [0, 1]. Let C' be the standard Cantor set in [0, 1]. From our previous
study of the Cantor set we can conclude that |C| = 0 and |C°| = 1, where |A| denotes
the Lebesgue measure of A and C° is the complement of C' in [0,1]. Show that
mp(C) =1 and mp(C°) = 0.



39. Let G(x) be the left continuous function G(z) 2 {0 41 li . § 8;.
T if z > 0.

Define /OLG on the algebra V of all finite disjoint unions of left half-open intervals («, 0],
by the formula:

() - $0

1

in which the intervals (a;, b;], 1 <i < n are disjoint. Show that /OLG is not continuous
from below (or from above). (By way of contrast, if jig is defined on the algebra of
finite disjoint unions of right half open intervals, by i (U7 ([a;, b;)) = X7 b; — a;, then
fi will be continuous from below.

40. A finitely additive outer measure is a measure.

41. Let S be uncountable and define p*(A) = 1 if A is an uncountable subset of S,
and p*(A) = 0 otherwise. Show that p* is an outer measure and determine what are
the p*-measurable sets

42(a). Consider the space [0, 1]°°. For positive integers n, let m, be the projection of
{5 on its first n coordinates. Let C, denote the algebra 7, '(B(R")). and let C denote
the algebra (,>; Cy. Let Cy be the o-algebra generated by (1, C). Show that

foo (7,2 (U)) = my(U), where n > 1, U is a Borel set of [0, 1]", and m,, is Lebesgue
measure, defines a finitely additive measure on (¢s,C).

(b). Show that [l extends to measure on ([0,1]*,Cu)-

43*. Let /5 denote the space of all sequences x = (xy,23,...) of real numbers such
that 3 x? < oco. It can be shown that £, with the metric

d(z,y) =\ 3 (2 — y:)?

is a complete metric space.

(a). For positive integers n, let 1, be the projection of /5 on its first n coordinates.
Let C, denote the algebra 7' (B(R")). and let C denote the algebra N,~; C,. Let Cu
be the o-algebra generated by (,,>; Cn. What is the relationship between Co and the
Borel o-algebra of /5 7 -

(b). Show that £ (7 2(U)) = m,(U), where n > 1, U is a Borel set of R", and m,

is Lebesgue measure, defines a finitely additive measure on (¢s,C). Show that /i does
not extend to a measure on on (¢5,C).



44. (Folland, Chapter 1, problem 18.) Let u be a finitely additive measure on (S, R),
where R is an algebra of subsets of S. Define R, to be the collection of countable
unions of sets in R; let R,s be the collection of countable intersections of sets in R,.
Let p* be the outer measure induced by u: for any G C 5,

w(G) éinf{Zu(Ai); GClJA, A eRVi> 1}
1 1

(a). Given any G C S and any € > 0, there exists a set A in R, such that G C A
and p*(A) < plG) +e.
(b). (Regularity, generalized) Assume that u is continous from below. and assume

that p*(G) < co. Then G is p*-measurable if and only if there exists a B € R,s such
that G C B and p*(B — G) = 0.

(c). Show that, if u* is o-finite, (b) is true without the assumption that p*(G) <
0.



