NOTES: ODE SPRING 1998
I1II. LINEAR DIFFERENTIAL EQUATIONS

In this chapter we specialize to the class of linear differential equations; we will find it
possible to develop both general theories of the properties of solutions and explicit formulae
for solutions in special cases. Linear problems are always much simpler than nonlinear ones,
but before becoming too enthusiastic at our success in attacking them we should recall an
old saw: dividing problems into linear and nonlinear ones is like dividing organisms into
chickens and non-chickens. There are a lot of non-linear problems out there.

3.1 General properties

We will in general suppose that A(t) is a given n x n matrix with entries a;;(?),
i,j =1,...,n, defined and continuous on an open interval I C R, and that u : I — IR" is
continuous, and study solutions of the initial value problem

z(tg) = 22, (3.1a)
2 (t) = A(t)x(t) + u(t), (3.1b)

where tg € I and 2 € IR”. We begin with the existence and uniqueness theorem already
introduced in Section 2.4.

Theorem 3.1: The initial value problem (3.1) has a unique solution defined for allt € I
and depending continuously on t, to, and x°.

Proof: The problem (3.1) fits into the standard scheme of Chapter II if we take D =
I xIR™ and define f: D — IR" by f(¢t,z) = A(t)z + u(t). The function f is then locally
Lipschitzian, since if K C D is compact, then K C J x R" for some closed interval J C I,
and for (¢,z'), (t,2%) € K and k = sup,c || A(¢)]],

[f(t.a?) = f(t,2%)| = |A@) (=" —27)| < kla* — 7).

Hence existence, uniqueness, and continuity of the solution follow from Theorems 2.1 and
2.11.

It remains to show that the maximal interval of definition satisfies I(;, ,0) = I, what-
ever the initial conditions, i.e., that the domain E of the solution & (t; to, 2°) is I x I x R™.
Suppose otherwise; in particular, suppose that I = (a,b) and I(y, 50y = (a’,b") with b" < b.
From the integral equation, we see that the solution x(t) satisfies

t b t
)] < 1"+ | [ [AG)ale) + (sl ds| < o+ [ uls)las+ [ JAGla(s)l s
and hence from Gronwall’s inequality,
b’ b’
2(t)] < ||2°] + / [u(s)|ds] exp| / lA@) dt] = M
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for t € [to,b'). Thus (¢,2(t)) remains in the compact set [to,b'] x {z | || < M} C D on
[to,b"), contradicting Theorem 2.19. =
If the function u(t) is identically zero on I, then the linear system (3.1b) becomes

2 (t) = A(t)x(t) (3.2)

and is called homogeneous. The solutions of a homogeneous linear equation have a partic-
ularly simple structure:

Theorem 3.2: The set of all solutions of (3.2) is an n-dimensional vector space over
the real numbers.

Proof: The set of solutions of (3.2) is clearly a vector space, that is, if z(¢) and y(t) are
solutions and « and (3 are real numbers, then ax(t)+ fy(t) is also a solution. Choose ty € I
and fori = 1,...,n let 2° be the solution of (3.2) satisfying the initial condition x%(¢y) = €,
where [el, ..., e"] is the standard basis in R" defined by eé- = §;5. The functions z*(t) are
linearly independent over IR—that is, no linear combination of these functions can vanish
identically on I unless all the coefficients are zero—since if

z(t) = Z oz (1) (3.3)

satisfies z(t) = 0 for all ¢ € I, then z(ty) = (a1,...,a,) = 0. Moreover, these func-
tions span the solution set. For let y(¢) be any solution of (3.2) and write y(tp) = a =
(a1,...,p); then x(t) as given by (3.3) solves the same initial value problem as does y(t)
((3.2) with x(t9) = «), and hence y(t) = x(t) on I by the uniqueness in Theorem 3.1. Thus
the solutions z1(t), ..., 2" (¢) form a basis for the solution space, which must therefore have
dimension n. =

A set of n solutions of (3.2) which is linearly independent and thus forms a basis
for the solution space is called a fundamental set of solutions. We shall frequently find it
convenient to consider n x n matrices, each of whose columns is a solution, that is, matrices
X (t) which satisfy

X'(t) = A(t) X (¢). (3.4)

Such a matrix X (¢) in which the columns form a fundamental set of solutions is called a
fundamental matriz for the homogeneous system (3.2).
We summarize some properties of these fundamental matrices in

Proposition 3.3: Let X(t) satisfy (3.4), and denote the n columns of the matriz X (t)
by z'(t),...,x2"(t). Then:

(a) The following four conditions are equivalent: (i) x',... x™ are linearly dependent
functions (so that X is not a fundamental matriz); (ii) det X(t) =0 for allt € I; (iii) for
some tg € I, det X (to) = 0; (iv) for sometg € I, xt(to),...,2"(to) are linearly dependent
vectors.

(b) If X(t) is a fundamental matriz then every solution of (3.2) has the form x(t) = X(t)c
for some constant vector c.
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(c) If X (t) is a fundamental matriz and C is an invertible (constant) matriz, then Y (t) =
X(t)C is fundamental; conversely, if X(t) and Y (t) are fundamental, then X (t) =Y (t)C
for some constant matriz C'.

(d) Let W(t) = det X(t). Then W'(t) = [tr A()]W (t), and if to € I,

W(t) = W(t) exp [/t tr A(s) ds]. (3.5)

to

where tr A denotes the trace of the matrix A.

Proof: (a) If (i) holds, then Y a;z*(t) = 0 for some «, so for any ¢ the columns of X (t)
are linearly dependent, proving (ii). Clearly (ii) implies (iii) and (iii) is equivalent to (iv).
Finally, if (iv) holds, then >~ a;x%(¢y) = 0 for some «; since the solution of (3.2) with initial
condition x(ty) = 0 is unique, necessarily > a;z%(t) = 0 for all ¢, i.e., (i) holds.

(b) This simply restates the fact that the columns of X (¢) form a basis for the space of
solutions.

(c) Since Y (t) satisfies (3.4) and detY (t) = det X (¢t)det C' # 0, Y is fundamental. To
verify the second statement, we note that since X () is invertible we may define C'(t) =
X(t)71Y (t). Then Y (t) = X (¢)C(t) and hence Y'(t) = X' (t)C(t) + X (¢)C'(t). From (3.4)
we may substitute Y'(t) = A®#)Y (t) = A(t)X(t)C(¢t) and X'(t)C(t) = A(t)X(¢t)C(t) in
this last equation, and conclude that X (¢)C’(¢t) = 0. Since X (¢) is invertible, C'(t) = 0.

(d) Let S, denote the permutation group on n elements, o, the sign associated with

7 € S5,,. Then
=2 o 15770

TES, j=1

so that

Z W(i))/ Hx;f(j)
€ESn

JF#i

=1

3 O

3 D3 4 Sl Oar® T o7,
Sl fap e

11"; kl TES, jFik

In the last line we have first displayed terms in the previous sum for which ¢ = k; these
yield precisely [tr A]W, as desired. It remains to show that the second sum in this line,
over terms with k # i, vanishes. To do so we fix k and ¢ and, in the sum over permutations,
pair the term for the permutation = with the term for the permutation in which 7 (i) and
m(k) are exchanged; these terms differ only in sign and hence cancel. To verify the second
statement we notice that the right hand side of (3.5) satisfies the same o.d.e. as W and
agrees with W at ¢y, and apply uniqueness of solutions.
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Note that the formula (3.5) gives an independent proof of the equivalence of (ii) and
(iii) in (a). =

We now return briefly to the problem of solving the inhomogeneous linear equation
(3.1b). It is easy to verify

Lemma 3.4: Let y(t) be a solution of (3.1b). If x(t) is a solution of the homogeneous
equation (3.2), then

y(t) = y(t) + x(t) (3.6)

is also a solution of (3.1b). Moreover, every solution g(t) of (3.1b) has the form (3.6) for
some choice of x(t).

Suppose now that we can solve two problems: that we can (1) find all solutions (or a
fundamental matrix) for the homogeneous equation (3.2), and (2) find one solution y(t)
of the inhomogeneous equation (3.1b), often called a “particular” solution. Then the
freedom to choose z(t) in (3.6) allows us to solve the inhomogeneous problem with any
initial condition: a solution §(t) of (3.1b) satisfying §(tp) = y° is obtained from (3.6) by
choosing x(t) to satisfy z(to) = y° — y(to).

Moreover, once the first problem above has been solved, the second may be “reduced
to quadratures” (i.e., reduced to the evaluation of specific integrals) by the method of
variation of parameters, which we now describe. Let X(¢) be a fundamental matrix for
the homogeneous problem. We look for a solution y(t) of the inhomogeneous problem in
the form

y(t) = X ()e(t), (3.7)

where ¢ : I — R" is differentiable. Then y is a solution if y'(t) = A(t)y(t) + u(t), and a
little algebra shows that this is equivalent to X (t)c’(t) = u(t). For example, we may take

ct) = [ X(s) tu(s)ds. (3.8)

to

Equations (3.7) and (3.8) may be regarded as providing a “particular” solution to (3.1b).
Alternatively, we may add a constant vector to c¢(t) in (3.8) and thus obtain explicitly a
solution satisfying the initial condition y(to) = °, in the form

mwzxw{ X () u(s) ds + X (t0) 4"

to

We now turn to the problem of explicit computation of solutions (or of fundamental
matrices) for homogeneous equations and of determining qualitative properties of solutions.
These questions may be given more or less explicit answers in two cases: when A is constant
and when A is periodic.
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3.2 Linear Equations with Constant Coefficients

In this section we discuss the the homogeneous equation (3.2) in the case where A(t)
is a constant matrix A. Although we remain primarily interested in differential equations
defined over the reals, it is convenient to consider also complex vectors and complex ma-
trices. We define vector and matrix norms over the complex numbers just as we did over

1/2
the reals: for z € C", |z| = (Z;il |:1:z|2) , and for C' an n x n complex matrix,

Cz
|C||=sup ]
zeC™,x#0 |.fI?|

Both of these norms are positive definite and homogeneous, and satisfy the triangle in-
equality; the matrix norm also satisfies |C;;| < [|C]| < |C|2 (see Remark 2.7(a,b)).

We first consider the problem of exponentiating a matrix.

Definition 3.1: If B is an n x n (possibly complex) matrix we define the exponential of
B, denoted e? or exp B, by

expB=)_ —. (3.9)

We must of course show that the exponential is well defined by (3.9). Let Cn denote
a partial sum of (3.9):

N
Bk
Cn=> 5
k=0
Then if N > M,
N N
B* |B*
IOy =Cull=| > 1< X (3.10)
k=M-+1 k=M+1

Because Y || B||¥/k! is convergent (it is the power series for exp ||B]|), the sequence of
partial sums {Cx} is Cauchy in norm, i.e., ||Cny — Cp|| — 0 as N, M — oo. By the last
property of the norm mentioned above, the sequence of matrix elements (Cx);; is also
Cauchy, and hence converges; the limits of these sequences define the matrix exp B.

We now summarize some properties of this matrix exponential.
Proposition 3.5: (a) If BC = CB, then exp(B + C) = exp Bexp C.
d
(b) pm exptB = BexptB.
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Proof: (a) Just as for scalars:

(b) We first verify the formula for ¢ = 0, caluculating the derivative as the limit of difference
quotients. Since exp 0 = I the we must show that limj_o[h~!(exp hB —I) — B] = 0. But
from (3.9) we have

[BlIB]*
B| < n| B Z < h||BII* exp |1[|| B,

-1 o
|h~ (exphB—1I)—B|| = (it 2)

hk—1Bk
>

k=1

from which the result follows immediately. To evaluate the derivative at a general point
to we write exptB = exp(t — tg)BexptoB by (a) and then use d/dt = d/d(t — t;). m

From this proposition we immediately conclude that exptA is a fundamental matrix
for the equation 2/ = Az: exptA is invertible, with inverse exp —tA, by (a) of the propo-
sition. It is easy to verify that the solution satisfying the initial condition x(ty) = z°
is [exp(t — to)A]z". That is, the matriz exponential gives an immediate solution to the
homogeneous linear o.d.e. with constant coefficients. It remains to produce a computable
form for this matrix, and to determine the qualitative properties of the solutions.

The key idea is to reduce A to a simpler form by the use of a similarity transformation.
Recall that two n x n matrices A and B are similar if B = P~' AP for some invertible
matrix P. Similar matrices have the same eigenvalues, the same determinant, and the
same trace. It is useful to keep in mind an alternative view of the similarity relationship,
in which A is identified with a linear transformation from IR" to R" in the natural way: for
x € R", Ax € R" is defined by matrix multiplication. In this view the matrix elements of
A may be recovered from the action of A on the standard basis [e!,. .., e"] via the formula

Ae' =37, Ajiel. Ifthen B = P~ AP and the matrix P has (linearly independent) columns

[ul,...,u"], then Au’= Zj Bjiu?, that is, B is the matrix of the linear transformation in

the new basis [ul,... u"].

In the simplest case A is diagonalizable, that is, similar to a diagonal matrix: D =

P~ 1AP with
A1

Ao 0

An
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In the alternate language above, a column u’ of P satisfies Au’ = Aru! and hence is an
eigenvector of A, with \; the corresponding eigenvalue; thus A is diagonalizable if and only
if there exists a basis of IR" made up of eigenvectors of A. Since A = PDP~! and hence

A" = (PDP ) (PDPY)...(PDP™')= PD"P!,

it follows from (3.9) that

tA1
eth2 0
exptA = Pexp[tD]P~! = P 0 . Pt

Thus exptA is computable once we know P and the )\;, which are obtained by standard
calculations: the eigenvalues are the roots of the n*"' degree polynomial det[A — AI], and
u’ is obtained by solving the system of linear equations [A — A\ I|u’ = 0.

Various conditions are known to guarantee diagonalizability of A. Because there is
at least one eigenvector for each eigenvalue and eigenvectors for distinct eigenvalues are
linearly independent, A is diagonalizable if A has n distinct eigenvalues. It may also
be shown that a real matrix A is diagonalizable if it is symmetric (A7 = A) or, more
generally for complex A, if A is normal (AA* = A*A, where A* is the Hermitian adjoint

1} is not. We

of A). Unfortunately, not all matrices are diagonalizable; for example, { 0 0

may reduce such matrices to Jordan canonical form.

Definition 3.2: A Jordan block is a (possibly complex) square matrix in which all diagonal
entries are equal, all entries immediately above the diagonal are one, and all other entries
are zero:

[\ 1
A1 0
J= A : (3.11)
0 I |
L A_

A (square) matrix is in Jordan form if it has a block decomposition in which all diagonal
blocks are Jordan blocks and all other blocks are zero:

J1
Jo 0
J = _ : (3.12)

Im

where each J; represents a Jordan block. Notationally, we will assume that there are m
blocks and that J; is an n; X n; block with diagonal entries equal to \;, so that Z;il n; =n,
the dimension of J. Since det[J — A| = [[;2;(A; — X\)™, the \; are the eigenvalues of J.
The same eigenvalue may appear in several blocks.
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Theorem 3.6: FEvery n X n matriz A is similar to a matriz J in Jordan form. Equiva-
lently, there is a basis {u¥ |i=1,...,m,j=1,...,n;} for C" satisfying

Autt = \utt,
Au” = \u¥ 4w, if > 1;

elements of this basis are called generalized eigenvectors. Moreover:

(a) J is uniquely determined by A except for possible reordering of the blocks, that is, m
and the set of pairs {(X\i,n;)} is determined.

(b) If A is real but some eigenvalues are complex then the blocks corresponding to com-
plex eigenvalues may be grouped in pairs (J;, Ji), and the generalized eigenvectors may be
chosen, so that \j = Ay, ng =ny, and u =u*7 for j=1,...,n;.

We will not prove the Jordan form theorem but give a procedure for constructing
generalized eigenvectors in an appendix to this section.

Now consider a matrix A and suppose A = PJP~! with J in Jordan form. Again,
exptA = Pexp[tJ]P~1, and we must compute exptJ. It is easy to see that, if J is given
by (3.12), then

et = . : (3.14)

which reduces the problem to that of exponentiating a Jordan block J;. Now J; = A\, I+ D;,
where D; is an n; X n; matrix in which all entries Dj; are zero except for a diagonal of
ones immediately above the diagonal. It is easy to compute powers of D;,

0 1 0 07 0 0 1 07
0 1 0 0 0 1
0 ; ) 00
DZ: ’ Dz: ’
0 0 0 1
0 1 0 0
L 0 i 0.
0 0 0 17
0
. o 0 . :
D;% = . ) D;n:()a T2 NG,
0O . 0
0 0
L 0
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and hence its exponential:

B t2 tni_l ]
1 t ? DY W
1t L
2
ni—l g ok
t" D;
oD _ i Lot ] (3.15)
k' 1 t
k=0 5
0 t
- 1 -

Finally, since the n; x n; identity matrix I commutes with D; and e/l = %], we have

_€t>\i tethi %ew\i . (g:i:ll)!etxi _
ethi et %e”‘i
i — thiptDi et et : (3.16)
ethi e %e“‘i
0 tethi
et

Thus, from (3.14), exptJ is a block diagonal matrix with blocks of the form (3.16).

Now the fundamental matrix e* is given by from the formula !4 = Pet/P~1. In
fact, however, by Proposition 3.3, eAP = Pe!’ is an equally good fundamental matrix.
We have proved

Theorem 3.7: Suppose that A is an n x n matriz and that J = P~YAP is in Jordan
form. Then a fundamental matriz for the homogeneous system x' = Ax is given by

X(t) = Pe'’,

where e’ may be calculated from (3.14) and (5.16).

Now it follows from (3.14) and (3.16) that the matrix X (¢) = Pe!’ may be described
as follows: the column of X (¢) which corresponds to the % column in the i*" Jordan block
has the form

u'®, (3.17)

Since every solution of the system is a linear combination of these columns, we have

Corollary 3.8:  Every component of every solution of the system x’' = Ax is a linear
combination of functions t*e!* | where (i) \ is an eigenvalue of A, and (ii) k is at most one
less than the mazimum size of the Jordan blocks corresponding to A\, and this maximum
value of k actually occurs in some component of some solution.
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Up to this time we have ignored the fact that some eigenvalues \; of A, as well as
the corresponding generalized eigenvectors %/, may in fact be complex, even though the
matrix A is real. A real matrix A, with real initial conditions, will of course lead to real
solutions. The above discussion, including the conclusion of Corollary 3.8 which now refers
to a complex linear combination of complex functions, is correct, but it is convenient to
rewrite this conclusion so that only real functions are involved.

The simplest approach is to work directly from (3.17). Suppose that the eigenvalue
A; for the block J; is complex, \; = «; + i;, with §; # 0, and that the corresponding
generalized eigenvectors are u*/ = v + jw". We know from Theorem 3.6 that we may
choose P so that J contains a block J;; with eigenvalue \;; = «a; — ¢3; and generalized
eigenvectors ul = v — . We may then derive a new fundamental matrix Y (¢) by
replacing the pair of columns =% and 29 of X (t) by the columns

gl gl RS _— -
Yy = — = el ];1 m[cos t6; v'F — sint3; w'] (3.18a)
and
I J ti—k ik ik
2= =l ————[costB; w" + sintf; v""]. (3.18b)
2 (7 — k)
k=1
Then Corollary 3.8 becomes
Corollary 3.9:  If A is real, then every component of every solution of the system

2’ = Az is a linear combination of functions te'*, where \ is a real eigenvalue of A, and
of functions tFet® costB and tFe!® sintB, where a+if3 is a complex eigenvalue of A; in each
case, k is at most one less than the maximum size of the Jordan blocks corresponding to A
or a + 13, respectively, and this mazimum value of k actually occurs in some component
of some solution.

The fundamental matrix Y (¢) and the conclusions of Corollary 3.9 may also be derived
by reducing the real matrix A to real canonical form rather than to Jordan form. We sketch
briefly the details of this reduction. Suppose that the Jordan form of A has m’ blocks J;
for which the eigenvalue )\; is real and m” pairs of blocks J;, J; related as in Theorem
3.6(b), so that m = m' + 2m”, and suppose that each complex eigenvalue \; and the
corresponding generalized eigenvectors % are decomposed into real and imaginary parts
as above. Now (3.13) becomes

y y y o
AvY = av — BiwY + 07T,

AwY = a;w + Biv + whI T,

where the last term in each equation is missing if j = 1. We choose a basis for IR"
as follows: (i) for each block J; with real eigenvalaue, the basis includes the generalized
eigenvectors [u™l,... u™]; (ii) for each pair J;, Jy, the basis includes the 2n; vectors
[ wit, ... v w®™i]) in that order. If Q is the matrix whose columns are these basis
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vectors, then A = QKQ ™!, where K is in real canonical form. This means that

K
Ko 0
K= ) . (3.19)
0 K
Km/+m//
and each block K; is either a Jordan block with real eigenvalue or a 2n; x 2n; block which
itself has a decomposition into 2 x 2 blocks:

—/Xz [ —
A T 0
0 . I
L A;
here I is the 2 x 2 identity matrix and A; = {_aé g’ ]

A fundamental matrix for the system is now Y (t) = Qe*® | and as in (3.14) it suffices
to compute e'Xi. When K; is a Jordan block we use (3.16); it remains only to compute
the exponential of a block of the form (3.20). Write K; = F; + D;, where (in 2 x 2 blocks)

A 0
Ei - . )
0 "
i A; ]
0 I i
0 I 0
D, = 0
0 I
L 0_
Since E; and D; commute, e!®i = etFietP: and e!Pi is computed just as for the ordinary

Jordan block; the result is as in (3.15) but with each entry replaced by that entry times a
2 x 2 identity matrix. On the other hand,

eli
tE; ehi 0
etPi = , ; (3.21)
0 K
ehi
write A; = a1 + 3,1, with I' = {_01 (1)} and use the fact that I'?> = —T to obtain

N2 A3 4
et/\i — etaiet,Bil" — etOéi [[ _|_ tﬁzr _ (tﬁl) [ _ (tﬁl) F _|_ (tﬁl) [ _|_ .
2 3! 4!
_ ta; | costB;  sintf;
— ¢ {—sintﬁi costﬁi] ' (3.22)
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Putting these results together we find that €' has the 2 x 2 block decomposition

[ tA; tA; 2 A til A
et tett et =i
2
tA; tA; .. :
tK; _ et tett . :
et = W 2o , (3.23)
e 3 c . 36 3
O ... tetAZ
ethi

with e* given by (3.22). The columns of the fundamental matrix Y (t) = Qet®X may now
be computed as in (3.17) and shown to be given by %, as in (3.17), for \; real, or by 3%
and 2%, as in (3.18), for \; complex. Corollary 3.9 follows from this result.

We finally want to see what qualitative properties of solutions can be derived from
Corollary 3.9. We are particularly interested in asymptotic behavior, that is, the properties
of the solution as t — oo or t — oo, and in the possibility of periodic solutions.

Theorem 3.10: Every solution z(t) of the system x’ = Ax satisfies limy_,oc x(t) = 0 if
and only if Re A < 0 for all eigenvalues X of A. Every solution is bounded on all intervals of
the form [a, 00) if and only if (1) Re A < 0 for all eigenvalues \, and (ii) every Jordan block
in the Jordan form of A for which the eigenvalue )\ satisfies Re A\ = 0 has dimension 1.
Similar results hold, with the inequalities reversed, for lim;_,_o x(t) = 0 or for intervals
(—o0,b].

Proof: Consider the first statement of the theorem. If the condition Re A < 0 is satisfied by
all eigenvalues then the asymptotic decrease of all solutions is an immediate consequence
of Corollary 3.9. Conversely, if Re \; > 0 for some 4 then the solution 2*! does not decrease
at infinity; specifically, if ul # 0, then xi! = eyl does not vanish as ¢ goes to co. The
proof of the second statement is similar. m
Periodic solutions of our system are solutions which satisfy, for some fixed 7 € IR with
T # 0,
x(t + 1) = x(t), for all t € R. (3.24)

A constant solution is trivially periodic; (3.24) holds for all 7 € R. If x is not constant,
then the minimum positive 7 for which (3.24) holds is called the period of the solution x;
all 7 satisfying (3.24) are integer multiples of this (minimal) period. Suppose that A has
a pure imaginary eigenvalue A = ¢3; since —i( is also an eigenvalue, we may suppose that
B > 0. The solutions y'! and 2! of (3.18) for blocks with eigenvalue \ are periodic, with
period %” All periodic solutions are linear combinations of these solutions and constant
solutions, but a variety of possibilities for such linear combinations occur when several
of the (; have rational ratios. To summarize these we introduce some notation. Let
S c {1,...,m} index the set of Jordan blocks J; of A with purely imaginary eigenvalues
Ai =10, B; > 0. S is divided into equivalence classes S1,...,Sy by the relation: i ~ j
if and only if 3;/3; is rational. It is easy to see that for each S; there is a positive real
number w; such that 3; = q;w; for i € S;, with the ¢; integers with greatest common divisor
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equal to 1. We let Sy C {1,...,m} index the set of Jordan blocks with eigenvalue 0; Sy
may be empty.

Theorem 3.11: (a) If 0 is not an eigenvalue of A, then every solution of the system
2’ = Ax of the form

z(t) =Y ey +diz"] (5.25)
1€S]

satisfies (3.24) with T = 2w /w;. If x(t) is not the zero solution then it has (minimal) period
21 /q'wi, where ¢’ is the greatest common divisor of the integers q;, i € Sy, for which ¢; or
d; is non-zero. Moreover, every periodic solution is of the form (3.25) for some S.

(b) If 0 is an eigenvalue of A then the above statements hold with (3.25) replaced by

2(t) =Y ey +diz"" ]+ ) e’ (5.26)

1ES] 1€S0

and with the condition “x(t) is not the zero solution” replaced by “x(t) is not constant”.

Remark 3.1: The theorem classifies all periodic solutions as follows: to each [ and each
¢’ which is a greatest common divisor of some subset of the ¢;, i € S, there is associated
a subspace Vjy of the solution space which essentially consists of solutions of (minimal)
period 7y = 27/q'w;. However, within Vj, there are proper subspaces of exceptional
solutions for which ;4 is not the minimal period: the zero subspace, possibly subspaces
of non-zero constant solutions (if A has zero as an eigenvalue), and possibly subspaces of
solutions whose period divides 7;,,. Note that the intersection of two subspaces V;, and
Vi,q, 1s the subspace of constant solutions.

Proof: 1t is straightforward to verify that (3.25) or (3.26) satisfies (3.24) with the indicated
7 and has the indicated minimal period. To see that no other periodic solutions exist note
that if x(t) = Y (t)c is periodic then so is y(t) = Q1z(t) = e'®¢c. A component of y(t) has
one of the forms

G(t)e or e"[Gy(t) costf + Go(t) sintf],

where A\ is real and G, G1, and G2 are polynomials; this component is constant if and
only if it is of the first form, A is zero, and G constant, and is non-constant and periodic
if and only if it is of the second form, « is zero, and G; and G constant. Finally, a vector
with each component periodic or constant will be periodic if and only if the periods of the
non-constant components have rational ratios. m
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3.3: Computation of Jordan Canonical Form

We outline one procedure for the computation of the Jordan canonical form of an nxn
matrix A. Because we must find simultaneously all generalized eigenvectors associated with
a single eigenvalue, it will be convenient to change our notational convention for the Jordan
blocks and generalized eigenvectors from that adopted in Section 3.2.

STEP 1: Find the eigenvalues of A by finding roots of the equation
det[A — ] = 0.

We suppose that there are p distinct eigenvalues, which we label pq, ..., pp.

We now fix an eigenvalue p; and find a corresponding family of generalized eigen-
vectors. These will be labeled as v¥/*; here j = 1,...,q(i) indexes the different Jordan
blocks corresponding the the eigenvalue p;, and k = 1,...,7(i,7) indexes the generalized
eigenvectors for the block J;;. The vectors should satisfy

Buiik = yii(k=1) k> 2
Bv¥t = .

Y

where we have written B = A — p; 1.

If we number the Jordan blocks in inverse order of size, so that r(i,1) > r(i,2) >
-+« >1r(i,q(i)), then we may usefully arrange the corresponding generalized eigenvectors
in a tableau:

vill vi2l | O
vilQ viQQ o vijQ

Uil?".(i,j) viQr.(i,j) o vijr.(i,j)

vilr.(i,Q) viQT.(i,Q)

vilr.(i,l)

Here the vectors in the j*" column of the tableau are the generalized eigenvectors for
the j*® Jordan block J;;. Multiplication by B carries a vector in the tableau into the
vector immediately above it. The rows of the tableau also have a natural interpretation.
The vectors in the first row are eigenvectors; they form a basis for the eigenspace of A
corresponding to u;; equivalently, they form a basis for the null space of B. The vectors in
the top two rows all satisfy B%v = 0, and form a basis for the null space of B2. Similarly,
the vectors in the top j rows (j = 1,...,7(i,1)) form a basis for the null space of B7. The
null space of a power B” for r > r(i,1) is the same as the null space of B"1). Let s(j)
denote the number of elements in row j of the tableau and S(j) = >"7_; s(¢) the nullity of
B7. (The s(j) will be determined during the construction.)
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STEP 2: Determine s(1) = S(1), and find the a basis [w!,...,w*M] for the null space
of B (eigenspace of A), by solving the system of equations Bw = 0. Let W! denote the
n x S(1) matrix whose columns are [w?,. .., w%M)].

It is helpful to specify our solution procedure. We first reduce B to its row-echelon
form R° by row operations (equivalently, we determine an invertible E° with RY = EYB.)
In R there are S(1) free columns and n — S(1) pivot columns; the corresponding variables
w; are called free or pivot variables. To obtain a solution we choose the free variables
arbitrarily and solving for the pivot variables; to obtain the basis vector w® we choose the

i*" free variable to be 1 and all other free variables to be zero.

The remainder of the construction is essentially inductive, but for clarity we will
describe the first inductive step separately. Recall that we have found some basis for the
null space of B, that is, for the span of the vectors in the first row of the tableau, but we
must still determine the specific basis [...v%!...]. Now the vectors in the second row of
the tableau have the property that their images under B lie in the null space of B, which
we have determined above to be spanned by [w!, ... w® (1)], that is, a vector w in this row
satisfies

S(1)

Bw = Z cpw®. (3.27)
k=1

Moreover, if we knew the s(2) vectors in the second row we would also (by applying B
to these) know the first s(2) vectors in the first row; we could then choose the remaining
vectors in the first row to be any vectors in the null space of B independent of these first
vectors. These remarks motivate

STEP 3 (INDUCTIVE STEP—FIRST APPLICATION): Solve the homogeneous equa-
tions Bw = Wle for the unknowns ws, . .., wp,c1, .. ., cs(1)- Let S(2) denote the dimension
of the solution space. s(1) independent solutions are given by (w*, 0); let s(2) = S(2)—S5(1)
and let [(wSMWFL SMHD) (w32 5] be 5(2) additional linearly independent solu-
tions. Then [w?, ..., w3®]is a basis for the null space of B?; let W2 denote the nx.S(2) ma-
trix whose columns are [w', ..., w"®)]. Finally, define the vectors v*! for 5(2) < j < s(1)
to be any s(1) — s5(2) of the vectors w?, ..., w51 which are linearly independent of the
vectors Zf(zll) c,f(l)ﬂwk, j=1,...,s(2).

The algebra necessary for this calculation is simplified if at step 2 we have followed the
solution procedure described there. The equations to be solved can be written in standard
form as

(B W] { v ] — 0.
—c
We have already reduced B to row-echelon form, so that if we perform the same operations
on W' we will have partially reduced [B Wl}. Thus we need only perform the operations
necessary to complete the reduction of the last s(1) columns, arriving at a new row-echelon
matrix R* = E'[B W*']. Among the last s(1) columns of R there will be 5(2) free columns,

used to generate the solutions (wM+7, S+ ) of the system. The columns of W' which
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are pivot columns in R' are then linearly independent of the vectors

S(1)
BuwSW+ =} (S
k=1

and we can choose these columns as the vectors v¥/! for s(2) < j < s(1).

We now generalize this procedure. The k = 1 instance of the inductive step below is
the step we have just described.

STEP 3 (INDUCTIVE STEP): Suppose that we have determined
(i) The integers s(1),...,s(k);

(ii) An n x S(k) matrix W’“‘such that, for any j < k, columns 1,...,5(j) of W¥ form a
basis for the null space of B7.

(iii) A row reduction procedure for the matrix [B W’“’l}; that is, an invertible matrix
EF 1 with RF—1 = Ek-1 [B W’“il} in row-echelon form.

(iv) All generalized eigenvectors u®* for j > s(k).

Now solve the system

(B W*] { v } =0,

for the unknowns (w1, ...,wn,c1,...,¢csk)). To do so, first apply the previously deter-
mined row reduction to the last s(k) columns of [B W’“} to reduce this matrix partially,
then complete the row reduction to obtain R¥ = E*[B W*]. Let s(k + 1) be the number
of free columns among the last s(k). If s(k 4+ 1) = 0 then the induction will terminate at
the current step; otherwise, let [(wS(F)+1 SEIFL) - (4pSk+1) S(k+1))] be the solutions
corresponding to these free columns and adjoin columns [wS® 1 wSFE+D] to WF to
form W*+1, In either case, define the vectors v*(¥+1) for s(k + 1) < j < s(k) to be the
columns of W¥ corresponding to the pivot columns among the last s(k) columns of RF.
This completes the induction step.

We make two closing remarks. First, the total number of generalized eigenvectors
associated with the eigenvalue pu; is equal to the algebraic multiplicity of u;, that is, to the
number of factors p; — A of the polynomial det[A — AI]. This can serve as a check on the
algorithm. Second, if A is a real matrix and pu; is a complex eigenvalue then fi; is also an
eigenvalue; after determining the generalized eigenvectors v*/* for u; one simply takes 7%/*
as the generalized eigenvectors for fi;. The real canonical form for A is then immediately
determined by splitting these generalized eigenvectors into their real and imaginary parts.
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3.4 Linear Equations with Periodic Coefficients: Floquet Theory

We now consider the homogeneous system
¥ =A(t)x (3.28a)
in the case in which the matrix A(¢) is continuous and periodic:
At + 1) = A(t), t € R. (3.28b)

Two important second order equations which attain this form when reduced to a 2 x 2
system are Mathieu’s equation

2" + (a+ 16gcos 2t)z = 0

(a and g are constants), which arises in the discussion of the vibrations of an elliptical
membrane, and the more general Hill’s equation

2+ p(t)x =0,

where p(t) is periodic (frequently taken to have period 7). The latter equation was studied
by G. W. Hill (Acta. Math. VIII (1886)) in connection with the motion of the lunar
perigee. The Floquet theory which we will present does not yield solutions to these systems,
but does provide some information about the structure of such solutions.

Theorem 3.12: Let X (t) be a fundamental matriz for the system (3.28). Then
X(t) = P(t)e'? (3.29)

for some continuous matrix P of period T and some constant matrix R.

Proof: Let Y(t) = X(t + 7). Then Y satisfies
Y(t)=X'(t+7)=At+7)X{t+7)=AR)Y (1),

and hence is itself a fundamental matrix for the system. By Proposition 3.3 there is an
invertible constant matrix C' such that X (¢t 4+ 7) = X (¢)C; we will show shortly that there
exists a matrix R such that C = expTR. Now define P(t) = X (t)e *#; (3.29) follows
immediately from this definition, as does the periodicity of P:

Pit+71)=X({t+1)e e =P(t). =

To complete the proof we verify

Lemma 3.13: Fvery invertible n x n matriz C' may be written as the exponential of some
n x n matriz B: C'=exp B.
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Proof: We refer to any such matrix B as a logarithm of C' and write B = log C, although we
do not attempt to define precisely any single valued logarithm function. Let J = PCP~!
be the Jordan form of C; it suffices to find K = log J, for then C = P~1JP = exp(P71KP)
and we take B = P~'KP. Similarly, it suffices to find K; = log J; for each block J; of J.
Hence we may assume from the beginning that C' is a Jordan block: C = Al + D, with
A # 0 (since C' is invertible) and Dji = §; 1.

Now formally,

B =1log C =log[(AI)(I + A™'D)] = log(\I) + log(I + A~ D). (3.30)
We choose p € € satisfying e = X and define log(Al) in (3.30) to be pl, and define

log(I +A~1D) by the standard power series log(1+z) = g(2) = — > 7o, (—2)"/k. That is,
we finally define

B=pul+)_ - : (3.31)

Because D* = 0 for k > n, the infinite sum here is in fact finite, B is certainly well
defined, and exp B may be calculated by substituting (3.31) into the exponential power
series and rearranging. From the formal power series identity e9(*) = 1 + 2 we conclude
thatexp B=C. m

Remark 3.2:  (a) The logarithm B of the matrix C is certainly not unique, since we
may always add a multiple of 27i to the p chosen in the proof of Lemma 3.13 (and
may add different multiples in different Jordan blocks, rearrange the basis vectors for
Jordan blocks before doing so, etc.) Thus the matrices R and P(t) which appear in
the decomposition (3.29) of the fundamental matrix X (¢) are not unique. However, the
eigenvalues of C' = exp TR, called the characteristic multipliers of A(t), and the Jordan
block structure of C', are in fact uniquely determined. For C' is obtained from X (t) by
the formula C = X (¢)"'X (¢t + 7), and if X;(¢) is another fundamental matrix and C; =
X1(t)71 X1 (t + 7), then since X;(t) = X (t)M for some invertible M we have

Xi(t+7)=X({t+7)M = X({t)CM = X, (t)M~*CM,

that is, C; = M ~'C'M is similar to C and hence has the same Jordan form. The eigenvalues
of R itself, called characteristic exponents of A(t), are not uniquely determined. (In the
reference by Cronin it is shown that the Jordan form of R is uniquely determined, up to
a shift in the eigenvalues by a multiple of 27i.)

(b) Even when A is real the matrix P in (3.29) may be complex. Coddington and Levinson
point out, however, that one may always obtain a decomposition of the form (3.29) with
a real matrix P(t) of period 27.

(c) It is clear from (3.29) that the asymptotic behavior of solutions is determined by the
Jordan form of R or of C. In particular: (i) All solutions z(t) approach 0 as t — oo
if and only if Rep < 0 for all eigenvalues p of R, or equivalently if and only if |A\] < 1
for all eigenvalues A of C, i.e., all characteristic multipliers of A; (ii) All solutions remain
bounded as t — oc if and only if Re p < 0 for all eigenvalues p of R, and eigenvalues p with
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Rep = 0 occur only in Jordan blocks of dimension 1, or equivalently if and only if |A| <1
for all eigenvalues A\ of C, and eigenvalues A\ with |A\| = 1 occur only in Jordan blocks of
dimension 1. Similar results hold for the asymptotics as t — —o0.

(d) We may also say a little about periodic solutions. Suppose that 7 is the minimal period
for A. We note first that P must also have minimal period 7, since from (3.29) we may write
X' = Pletf 4 PRe!'® = AX = APe®, so that A = P'P~! + PRP~'. We are frequently
interested in finding solutions of this same period. Observe that if R = QJQ~!, with J in
Jordan form, then another fundamental matrix is P(t)Qe’”, and that since P(t)Q has the
same periodicity as P(t) we may simply assume that R in (3.29) is in Jordan form. Now
if e!f contains columns with (not necessarily minimal) period mr (i.e., with frequency a
multiple of 2w/m7), then the corresponding columns of X (¢) will also have (again, not
necessarily minimal) period m7. This is the only way to produce solutions of period 7.
There are various ways of producing solutions of period rationally related to 7, or even
(since some elements of P(t) may be constant) of period not rationally related to 7.
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