642:527 FORMULA SHEET FOR FINAL EXAM FALL 2009

Taylor series (with radii of convergence given):

ﬁ:l%—m—kf—l—---:iﬂéx", lz| <1
ex:1+x+2—j+§—?+---=§:%, ] <00

COS$:1_§+%_"':§:%’ 2] < o0

sinwzx—é—?—%é—?—"':i%a |z < oo

The Gamma function. For z >0, I'(z) = [;~ t* 'e " dt.
If 2 is not 0 or a negative integer, I'(x 4+ 1) = zI'(z).
If n is a non-negative integer, I'(n + 1) =nl.  T'(1/2) = /7.

The Method of Frobenious—solution forms: yi(z) = 2" Z anx" (=y2(x) 7),
n=0

y2(z) = y1(x)(Inz) + 2™ Z bpz™, y2(x) = Cy1(z)(Inzx) + 2" Z bpz™.

The Method of Frobenious—useful formula:
C
u" +p(x)u’ + q(v)u = - [y1(z) — zp(2)ys () — 2293 ()] -
Bessel Functions.

A. The Bessel equation of order v: 22y +ay + (2® — vy = 0.

B. Bessel functions:

AV (—1)k - 2k
@) =(5) ;m(i)

A (—1)k x\ 2k
Tue) = (3) kz:%k!r(k—uﬂ) (3)
Y, (z) = (cosvm)Jy(x) — ‘]‘”(:”), ifv£0,1,2,....
sin v
Y, (z) = lim Y, (x), ifn=0,1,2,....

The Fourier transform:

FUa) = [~ i F@) = [ fweran

d’Alembert’s solution:

1 x+ct
u(,t) = Flaz — ct) + Gla + ct) = 3 (F(z —ct) + f(z+ ) + o / o(2) dz

r—ct
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Various Fourier-type expansions:

FALL 2009

We write f(z) ~ series to indicate that the given series is some Fourier-type expansion of f(z). All

the formulas for coefficients come from the formula

(f,on)

(&n,on)
with o1, 2, ... a complete orthogonal set for C},[—¢,¢] or C,[0, L].

Cpn —

f(z )Nao—l-Z[ancosT+b nn_;rx};

¢
%/ f(x)dx, / flx cos@dx / flx sin@dw
—t

i A 1 [t .
Z cnemmc/é; c, = _/ f(x)efz'mrm/f dr.
2%/,

n=—oo

a:)wag—i—Z:ancosn—Zx (0<z <L)

I 2 [*
_Z/o f(z)dz, an:Z/o f(m)cosn—zxdw.

- . nwx 9 L oz
f(w)NansmT (0<z< L) bn—z/0 f(ac)sdex.

n=1
nwx nwx
f(z) ~ Z Qp COS (0<z< L) / flx cos—dm.
n=1,3,5
f(z) Z by, Sin ot (0<z <L) b _2 Lf(x)sm@dw
e L "L 2L
Some antiderivatives:
/e“x sin(bz) dx = _aSier? (asin(bx) + bceos(bzx)) + C
—a e .
/e cos(bx) dx = pEr (—acos(bx) + bsin(bx)) + C

cos(bx) = xsin(br)

sin(bx)  xcos(br)

/xcos(bw) dx = = + 2 +C /a:sin(bw) dx = Eaa ;

Some trig identities:

1 2 1-— 2
cos? g — LT cos(22) sin? g — L cos(22)

2 2
cos(A) cos(B) = (1/2) [cos(A + B) + cos(A — B)]
sin(A) cos(B) = (1/2) [sin(A + B) + sin(A — B)]
sin(A) sin(B) = (1/2) [cos(A — B) — cos(A + B)]

Sturm-Liouville problem:

[p(x)y") +q(x)y +  w(z)y =0,  (f(z
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