
Finite Fourier Transform, Circulant Matrices,
and the Fast Fourier Transform

Roe Goodman

Supplementary Class Notes for Math 550A: Linear Algebra and Applications
Rutgers, The State University of New Jersey

Revised November 3, 2005

1 Inner Products and Unitary Transformations

The formula de£ning the usual inner product and norm onRn needs to be modi£ed when we de£ne an inner
product onCn. For a nonzero real numberx we always havex2 > 0. But this is not true for complex
numbers, sincei 2 = −1. The way around this dif£culty is to use the fact thatz̄z > 0 if z is a nonzero
complex number. Thus we de£ne thestandard inner productonCn to be

〈u, v〉 =
n∑
k=1

ukv̄k for u, v ∈ Cn.

Just as in the real case we can write the inner product in terms of matrix multiplication of a row vector (1×n
matrix) and a column vector (n× 1 matrix). For this we de£ne theHermitian transposevH = v̄T . Likewise,
if A is anm×n matrix, we writeAH = ĀT . (Note that in MATLAB all matrices are automatically assumed
to have complex entries, andA’ gives the Hermitian transpose of a matrixA.) Then we can express

〈u, v〉 = vH u for u, v ∈ Cn.

With this de£nition we have

〈u, u〉 =
n∑
k=1

|uk|2 = uH u,

which is positive (unlessu = 0, when it is zero). Thus we can de£ne thenorm ||u|| =
√
〈u, u〉 which

measures the total size of a vector with complex components.

De£nition 1.1. Let V be a complex vector space. Aninner productonV is a complex-valued function〈u, v〉
de£ned for allu, v ∈ V that satis£es the following conditions:

(Positivity) 〈u, u〉 ≥ 0 with equality if and only ifu = 0.

(Conjugate Symmetry) 〈u, v〉 = 〈v, u〉.

(Linearity) 〈αu + βv, w〉 = α〈u, w〉+ β〈v, w〉 for all u, v, w ∈ V and complex numbersα andβ.

WhenV = Cn then the standard inner product de£ned above satis£es these conditions. Here is another
important example.
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Example 1.2. Consider the complex vector spaceV of all complex-valued continuous functions on a £nite
interval [a, b]. Let w(x) be any continuous function on[a, b] that is strictly positive. (For example,w(x) =
(1 + x2)p for some £xed real numberp.) Given two functionsf andg in V , de£ne

〈f, g〉 =
∫ b

a

f(x)g(x) w(x)dx. (1)

To verify that this is an inner product, note thatf(x)f(x) ≥ 0, so we have〈f, f〉 ≥ 0. If 〈f, f〉 = 0 then
f(x) = 0 for all a ≤ x ≤ b since the area under the graph of|f(x)|2 is zero. The conjugate symmetry and
linearity are obvious.

Let V be a complex vector space with a £xed inner product. Thenormassociated with an inner product
is ||u|| =

√
〈u, u〉, just as in the case ofCn. Two vectorsu andv are calledorthogonalif 〈u, v〉 = 0, and

we writeu ⊥ v. For orthogonal vectors we have thePythagorean Law(complex version):

||u + v||2 = ||u||2 + ||v||2 whenu ⊥ v

with the same proof as in the real case. For any pair of vectorsu, v with v 6= 0, thevector projectionof u
ontov is given by

p =
〈u, v〉
〈v, v〉v

just as in the real case. Since(u− p) ⊥ p andu = (u− p) + p, the Pythagorean Law gives

||u||2 = ||u− p||2 + ||p||2.

Using this equation we obtain theCauchy-Schwarz inequality

|〈u, v〉| ≤ ||u|| ||v|| (2)

as in the real case. From the Cauchy-Schwarz inequality we obtain thetriangle inequality

||u + v|| ≤ ||u||+ ||v|| for all vectorsu, v ∈ V .

De£nition 1.3. A set of nonzero vectorsv1, v2, . . . , in an inner product spaceV is calledorthogonal if
vj ⊥ vk for all j 6= k. If the set is orthogonal and each vector satis£es||vj || = 1 then the set is called
orthonormal.

An orthonormal set of vectors is always linearly independent. Assume that{u1, . . . , un} is a £nite or-
thonormal set. LetU be the subspace ofV spanned by this set of vectors. Thendim U = n and{u1, . . . , un}
is anorthonormal basisfor W . Every vectoru ∈W can be expressed in terms of this basis as

u = c1u1 + · · ·+ cnun, wherecj = 〈w, uj〉.

(The formula for the coef£cientcj follows by taking the inner product ofu with uj and using orthonormality.)
Then

||u||2 = |c1|2 + · · ·+ |cn|2 (Parseval’s Formula)

If v = d1u1 + · · ·+ dnun is another vector inU , then

〈u, v〉 = c1d̄1 + · · ·+ cnd̄n.

For any vectorv ∈ V we de£ne

Pv = 〈v, u1〉u1 + · · ·+ 〈v, un〉un.
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ThenPv ∈ U , since it is a linear combination of the vectorsuk. Furthermore,v − Pv ⊥ U since

〈v − Pv, uj〉 = 〈v, uj〉 −
n∑
k=1

〈v, uk〉〈uk, uj〉

= 〈v, uj〉 − 〈v, uj〉〈uj , uj〉 = 0

by orthogonality and the fact that||uj || = 1. We callPv theorthogonal projection ofv onto the subspace
U . By the Pythagorean Law,

||v||2 = ||Pv||2 + ||v − Pv||2 (3)

This implies thatPv is the vector inU that is closest tov.

Example 1.4(Fourier Series). Let V be the complex vector space of continuous complex-valued functions
f(x) de£ned on the interval0 ≤ x ≤ 2π. De£ne an inner product onV by

〈f, g〉 =
1

2π

∫ 2π

0

f(x)g(x) dx.

Then the functionsφn(x) = e inx, for n ∈ Z (the set of all integers), form an orthonormal set. To see this,
let k 6= n and calculate

〈φn, φk〉 =
1

2π

∫ 2π

0

e i (n−k)x dx

=
e i (n−k)x

2π i (n− k)

∣∣∣∣x=2π

x=0

= 0

becausee2mπ i = 1 for all integersm. Thusφn ⊥ φk. Whenn = k, we have

〈φn, φn〉 =
1

2π

∫ 2π

0

1 dx = 1

sincee0 = 1.
If f ∈ V then the complex numbers

f̂(k) = 〈f, φk〉 =
1

2π

∫ 2π

0

f(x)e−2π i kx dx

are called theFourier coef£cientsof f . It is an important result of Fourier analysis that thein£nite series
version of Parseval’s formula is valid:

1
2π

∫ 2π

0

|f(x)|2 dx =
∑
k∈Z
|f̂(k)|2. (4)

In particular, the in£nite series on the right side of (4) converges (the proof of (4) for a general continuous
functionf requires some results from advanced calculus and will not be given in this course).

Let T Pn be the linear span of the set of functions{φk : |k| ≤ n}. If f ∈ T Pn then f̂(k) = 0 for
|k| > n, and the summation on the right side of equation (4) is fromk = −n to k = n. The functionf has
the£nite Fourier series

f =
n∑

k=−n
f̂(k)φk.

Setz = e2π i x. Thenφk = zk, sof is a £nite linear combination of positive and negative powers ofz:

f =
n∑

k=−n
ckz

k, (5)
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whereck = f̂(k). Functions of the form (5) are calledLaurent polynomials.
Whenf is real-valued, then the Fourier coef£cients have the property

f̂(k) = f̂(−k),

sinceφk(x) = φ−k(x). For example, the formulas

sin(nx) =
1

2 i
enx i − 1

2 i
e−nx i , cos(nx) =

1
2

enx i +
1
2

e−nx i

show that the real-valued functionsfn(x) = sin(nx) andgn(x) = cos(nx) are inT Pn and have £nite
Fourier series

fn =
1

2 i
φn −

1
2 i

φ−n , gn =
1
2
φn +

1
2
φ−n . (6)

We can write these formulas in terms of Laurent polynomials as

fn =
1

2 i
zn − 1

2 i
z−n , gn =

1
2
zn +

1
2
z−n .

For any functionf ∈ V and positive integern, the trigonometric polynomial

ψn(x) =
k=n∑
k=−n

f̂(k)e2π i kx

is the function inT Pn that minimizes||f − ψ|| asψ ranges over all trigonometric polynomials inT Pn, by
(3).

De£nition 1.5. An n× n matrixU is said to be aunitary matrixif the set{u1, . . . , un} of columns ofU is
orthonormal.

The matrixU is unitary if and only if

〈Uv, Uw〉 = 〈v, w〉 for all v, w ∈ Cn. (7)

To prove this, use the linearity of the inner product in each variable to see that (7) is satis£ed for all vectors
v, w if and only if it is satis£ed whenv = ej andw = ek (the standard basis vectors forCn). Since thejth
column ofU is Uej and the set{e1, . . . , en} is orthonormal, it follows that (7) is equivalent to the statement
that the columns ofU are an orthonormal set.

An alternate characterization of unitary matrices is thatUHU = I, whereUH denotes the conjugate
transpose matrix (the proof is the same as for real orthogonal matrices). Hence a unitary matrix is invertible,
with inverseU−1 = UH .

Now let V andW be £nite-dimensional complex inner product spaces of the same dimension, and letT
be a linear transformation fromV to W . We say thatT is aunitary transformationif

〈Tu, Tv〉 = 〈u, v〉 for all vectorsu, v ∈ V . (8)

Note that in equation (8) the inner product on the left is for the spaceW , while the inner product on the right
is for the spaceV . Takingu = v, we see that||Tu|| = ||u|| for all u. Hence the null space ofT is 0. Since
V andW have the same dimension,T is represented by a square matrix (relative to a choice of bases forV
andW ). This matrix has no null space, so it is invertible. Thus every unitary transformation is invertible.

Example 1.6. Let V = W = Cn, and let the linear transformationT have matrix

U = [u1, . . . , un]

relative to the standard basise1, . . . , en of Cn (whereej has1 in thejth entry and zero elsewhere). Since the
standard basis is orthonormal, we see from (8) thatT is a unitary transformation if and only ifU is a unitary
matrix.
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Example 1.7. Let V = T P2 be the space of trigonometric polynomials of degree at most2 with the inner
product (1). Then the set of functions{φ−2, φ−1, φ0, φ1, φ2} is an orthonormal basis forV . De£ne a linear
transformationT from V toC5 by

Tf =


f̂(−2)
f̂(−1)
f̂(0)
f̂(1)
f̂(2)


(Tf is the vector whose entries are the Fourier coef£cients off ). Since the Fourier coef£cients depend
linearly onf , it is clear thatT is a linear transformation. The exponential basis functionφk for T P2 is
tranformed byT into the standard basis vectore3+k for k = −2, . . . , 2, henceT is unitary. From equation
(6) we see that the functionsf2(x) = sin(2x) andg2(x) = cos(2x) have transforms

Tf2 =
1

2 i


−1
0
0
0
1

 Tg2 =
1
2


1
0
0
0
1


SinceT is unitary, it follows that

1
2π

∫ 2π

0

sin(2x) cos(2x) dx = 〈f2, g2〉 = 〈Tf2, T g2〉 = 0

1
2π

∫ 2π

0

sin2(2x) dx = 〈f2, f2〉 = 〈Tf2, T f2〉 =
1
2

The two integrals on the left can be evaluated by double-angle formulas, of course, but this is not necessary
because we already know thatT is unitary.

2 Finite Fourier Transform

We shall call a continuous complex-valued functions(x) of the real variablex ananalog signal(think of x as
timeands(x) as measuring the loudness of a sound). We assume thats(x) is of £nite duration, so that is zero
outside some intervala ≤ x ≤ b. We rescale the variablex to makea = 0 andb = 2π. Now choose integers
m < n and replaces(x) by the best approximation tos(x) by trigonometric polynomials with frequencies in
the rangem ≤ k < n:

q(x) =
∑

m≤k<n
ŝ(k) e i kx.

Themean square approximation erroris

||s− q||2 =
1

2π

∫ 2π

0

|s(x)− q(x)|2 dx =
∑
k<m

|ŝ(k)|2 +
∑
k≥n
|ŝ(k)|2 (9)

by Parseval’s equality (4). The right side of (9) is the tail of a convergent series, soq(x) will be a good
approximation tos(x) (on average) if the frequency bandm ≤ k < n is chosen suf£ciently wide.

For a given signals(x) we £x afrequency bandm ≤ k < n so that the approximation error (9) is small.
Let N = n−m. We replace the functionss(x) andq(x) by

f(x) = e− imxs(x) and p(x) = e− imxq(x).
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This doesn’t change the approximation error (9), since|e− imx| = 1. Now we have a frequency range
0 ≤ k < N :

p(x) =
∑

0≤k<N
ck e i kx, whereck = f̂(k).

The coef£cientsck are obtained fromf by integration:

ck = 〈f, φk〉 =
1

2π

∫ 2π

0

f(x)e− i kx dx. (10)

In signal processing applications there is no formula forf(x), so the integrals (10) must be approximated
using some numerical method. To do this, we £rst convertf into adigital signaly ∈ CN by samplingf at
theN equal-spacedx valuesxj = 2πj/N , for j = 0, 1, . . . , N − 1:

y =


y[0]
y[1]

...
y[N − 1]

 wherey[j] = f(xj) for j = 0, 1, . . . , N − 1. (11)

(note that the indexing of the components iny is different than the usual MATLAB indexing, which would
go from1 to N ). We callN thesampling rate; the choice of this sampling rate is determined by the number
of Fourier coef£cients that we need to calculate (more coef£cients require a higher sampling rate). With this
choice we have

∆x = xj − xj−1 = 2π/N,
∆x

2π
=

1
N

.

Hence we can approximate the integral (10) by the Riemann sum

dk =
1
N

N−1∑
j=0

f(xj) e− i kxj =
1
N

N−1∑
j=0

y[j] ωjkN (12)

whereωN = e−2π i /N = cos(2π i /N) − i sin(2π i /N) (note that(ωN )N = e−2Nπ i /N = 1). The
£nite sequence{d0, d1, . . . , dN−1} is called thediscrete Fourier transform(DFT) of the sampled signal
{y[0], y[1], . . . , y[N − 1]}.

We now write the DFT in matrix form.

De£nition 2.1 (Fourier Matrix). Let FN be theN × N matrix with (j, k) entryω
(j−1)(k−1)
N . Every entry

in the £rst column ofFN is 1. The second column consists of the powers ofωN from 0 to N − 1, the third
column consists of the powers ofω2

N from 0 toN−1, and so on. SinceFN is symmetric, the same description
applies to the rows.

For example, sinceω2 = e−2π i /2 = −1 the2× 2 Fourier matrix is

F2 =
[

1 1
1 −1

]
. (13)

ForN = 4 we haveω4 = e−2π i /4 = − i , so the4× 4 Fourier matrix is

F4 =


1 1 1 1

1 − i (− i )2 (− i )3

1 (− i )2 ( i )4 (− i )6

1 (− i )3 (− i )6 (− i )9

 =


1 1 1 1
1 − i −1 i
1 −1 1 −1
1 i −1 − i

 . (14)
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Let d ∈ CN be the vector with componentsd0, d1, . . . , dN−1 given by (12). Then

d =
1
N

FNy (15)

Remarks:In MATLAB , the vectorFNy (without the normalizing factor1/N ) is obtained by the command
fft(y) . In Strang’s text, however, theFourier matrix is de£ned usingw = e2π i /n (with i instead of− i ).
Thus Strang’s version of the Fourier matrix is the complex conjugate of the matrixFN de£ned here.

Theorem 2.2. The matrix(1/
√

N)FN is unitary. Hence the matrix(1/N)FN has inversēFN , and the signal
sample vectory can be reconstructed from the (approximate) Fourier coef£cient vectord byy = F̄Nd.

Proof. To simplify the notation writeω for ωN and label the columns ofFN from 0 to N−1. Thekth column
of FN is then

hk =
[

1 ωk ω2k · · · ω(N−1)k
]T

Hence the inner product of thejth andkth columns ofFN is

〈hj , hk〉 = 1 + ωj−k + ω2(j−k) + · · ·+ ω(N−1)(j−k) (16)

sinceω̄ = ω−1. For j = k this gives〈hj , hj〉 = N . Now supposej 6= k and writeu = ωj−k. Thenu 6= 1
because0 < |j − k| < N andωp = 1 only whenp is an integer multiple ofN . In this case the right side of
(16) is a £nite geometric series

1 + u + u2 + · · ·+ uN−1 =
1− uN

1− u
.

But uN = ωN(j−k) = 1, so we conclude that〈hj , hk〉 = 0 for j 6= k. These orthogonality relations can be
written in matrix form as

FN
(
FN
)H = NIN , (17)

whereIN is theN ×N identity matrix. SinceFN is symmetric, we have
(
FN
)H = F̄N . Hence the matrix

(1/N)FN has inversēFN , as claimed. Equation (17) can be rewritten as

(1/
√

N)FN (1/
√

N)F̄N = IN

which shows that(1/
√

N)FN is a unitary matrix. ¥

Corollary 2.3.

(a) Let {e1, . . . , eN} be the standard basis forCN . Setuj = (1/
√

N)FNej . Then{u1, . . . , uN} is an
orthonormal basis forCN , called theFourier basis.

(b) Lety ∈ CN and setd = (1/N)FNy. Then 1
N ||y||2 = ||d||2.

Proof. (a): Note thatuj is thejth column of the unitary matrix(1/
√

N)FN .

(b): Since
√

Nd = (1/
√

N)FNy and(1/
√

N)FN is a unitary matrix, the vectors
√

Nd andy have the
same norm. ¥

Example 2.4. SupposeN = 4. The Fourier basis forC4 is

u1 =
1
2


1
1
1
1

 , u2 =
1
2


1
− i
−1

i

 , u3 =
1
2


1
−1

1
−1

 , u4 =
1
2


1
i
−1
− i

 .



PERIODIC SIGNALS AND CONVOLUTION 8

If we think of the standard basisej as a sampled version of a signal, then the signal islocalizedin time, since
only one component ofej is nonzero. By contrast, all the entries inuj are nonzero, so the Fourier matrix
removes the time localization.

Let y = [ 1, 2, −1, 0 ]T . Then

d =
1
4
F4y =

1
4


1 1 1 1
1 − i −1 i
1 −1 1 −1
1 i −1 − i




1
2
−1
0

 =


1/2

(1− i )/2
−1/2

(1 + i )/2

 .

In this case1
4 ||y||2 = 1

4 [1 + 22 + (−1)2] = 2/3 and

||d||2 =
1
4

[12 + (1− i )(1 + i ) + (−1)2 + (1 + i )(1− i )] = 2/3,

as predicted by Corollary 2.3.

3 Discrete Periodic Signals and Convolution

Consider a digital signaly of £nite duration withN values, sayy[0], y[1], . . . , y[N − 1]. In the previous
section we viewedy as a column vector

y =


y[0]
y[1]

...
y[N − 1]

 ∈ CN . (18)

and calculated the discrete Fourier transform (DFT)d = (1/N)FNy of y. In this section we considery as a
function de£ned on the set{0, 1, . . . , N − 1} and we will obtain one of the main applications of the DFT.

A basic operation in signal processing is to take amoving averageof the signal. For example, we can
replace each valuey[j] by the average of the valuesy[j − 1] andy[j + 1]. This gives a new signalz with

z[j] =
1
2

(y[j − 1] + y[j + 1]). (19)

There is a bug in formula (19), however. To calculatez[0] or z[N − 1] we need the valuesy[−1] andy[N ],
which aren’t available. We will solve this problem by using theperiodic extensionof y:

y[j + kN ] = y[j] for j = 0, 1, . . . , N − 1 and all integersk (20)

Thus we sety[−1] = y[N − 1] andy[N ] = y[0], since−1 = N − 1 + N andN = 0 + N . In terms of
modular arithmetic, we havey[m] = y[j] whenm ≡ j (mod N). Now formula (19) is well-de£ned. It can
be written in a more cumbersome case-by-case way as

z[0] =
1
2

(y[N − 1] + y[1]), z[N − 1] =
1
2

(y[N − 2] + y[0]),

and

z[j] =
1
2

(y[j − 1] + y[j + 1]) for j = 1, . . . , N − 2.

For example, ify = [ 1, 2, −1, 0 ]T as in Example 2.4, then

z[0] = (0 + 2)/2, z[1] = (1− 1)/2, z[2] = (2 + 0)/2, z[3] = (−1 + 1)/2.

Formula (19) has two fundamental properties:
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(linearity) The output signalz depends linearly on the input signaly.

(shift invariance) If the input signaly is shifted byt (with periodic extension), then the output signalz is
also shifted byt (with periodic extension):

z[j + t] =
1
2

(y[j + t− 1] + y[j + t + 1])

for any £xed integert and all integer values ofj.

We will now analyze all linear transformations of signals that have these two properties. We assume that all
signals are periodic of a £xed periodN . De£ne theshift operatorS by

Sy[j] = y[j − 1] for j = 0, 1, . . . , N − 1.

HereSy[0] = y[N − 1], sincey is periodic. It is clear from the de£nition thatS is linear and shift invariant.
The operatorS is invertible:

S−1y[j] = y[j + 1].

Thus formula (19) can be written as

z =
1
2

(S + S−1)y. (21)

We shall prove that every linear shift-invariant transformationC can be expressed as a linear combination
of powers of the shift operatorS. We £rst observe that the property of shift-invariance forC is the same as

CS = SC. (Shift Invariance)

In particular, any linear combination of powers ofS is shift invariant. To prove the converse, we identify the
periodic signals of periodN with CN by (18). ThenS becomes a linear transformation ofCN . We calculate
its matrix relative to the standard basis ofCN as follows: Suppose the signaly corresponds to the standard
basis vectorek. Theny[j] = 1 if j + 1 = k, and otherwisey[j] = 0 (note the index shift by one). Since
Sy[j] = y[j − 1], we see thatSy[j] = 1 if j = k andSy[j] = 0 if j 6= k. This shows that

Sek = ek+1 for k = 1, 2, . . . , N

(for this formula to be valid we must label the basis vectors circularly moduloN : eN+1 = e1, eN+2 = e2

and so on). We see thatS acts as acircular permutationof the standard basis vectors.

Example 3.1. SupposeN = 3. ThenSe1 = e2, Se2 = e3, andSe3 = e1, so the matrix of the shift operator
S relative to the standard basis forC3 is

S =

 0 0 1
1 0 0
0 1 0

 .

Notice thatS2e1 = e3, S2e2 = e1, andS2e3 = e2. Also S3 = I. Thus

S−1 = S2 =

 0 1 0
0 0 1
1 0 0

 = ST .

We haveS−1 = ST since{Se1, Se2, Se3} is an orthonormal basis forC3.

The general features of Example 3.1 are valid for the shift operator for any value ofN . Namely,SN = IN
andS−1 = SN−1. The matrix ofS relative to the standard basis forCN is real and orthogonal, so in matrix
form S−1 = ST .
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Theorem 3.2. LetS be the shift operator, viewed as anN ×N matrix relative to the standard basis forCN .
SupposeC is any shift-invariant linear transformation ofN -periodic signals. ViewC as anN × N matrix
relative to the standard basis forCN and let the £rst column ofC be[c0, c1, . . . , cN−1]T . Then

C = c0I + c1S + c2S
2 + · · ·+ cN−1S

N−1, (22)

whereI denotes theN ×N identity matrix.

Proof. The £rst column ofC is the vectorCe1, so this vector can be written in terms of the standard basis as

Ce1 = c0e1 + c1e2 + · · ·+ cN−1eN . (23)

Now we calculate the columnsCek of C for k = 2, . . . , N . SinceC is shift-invariant we haveSk−1C =
CSk−1. Thus if we multiply both sides of (23) bySk−1 and use the propertySk−1e1 = ek, we obtain

Cek = CSk−1e1

= Sk−1Ce1

= c0S
k−1e1 + c1S

k−1e2 + c2S
k−1e3 + · · ·+ cN−1S

k−1eN
= c0ek + c1Sek + c2S

2ek + · · ·+ cN−1S
N−1ek .

This shows that thekth column of the matrixC is the same as thekth column of the matrixc0I + c1S +
c2S

2 + · · ·+ cN−1S
N−1 for k = 1, . . . , N . Hence the two matrices are equal. ¥

Example 3.3. SupposeN = 3 andC = c0I + c1S + c2S
2 is a3× 3 shift-invariant matrix. From Example

3.1 we have

C = c0

 1 0 0
0 1 0
0 0 1

+ c1

 0 0 1
1 0 0
0 1 0

+ c2

 0 1 0
0 0 1
1 0 0

 =

 c0 c2 c1

c1 c0 c2

c2 c1 c0

 .

Hence the successive columns ofC are obtained by circular permutation of the £rst column. Matrices of this
form are calledcirculant matrices. For example, whenN = 4 the averaging operation from (19) is given by
the circulant matrix

C =
1
2

(S + S−1) =
1
2


0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0

 .

We now obtain the connection between shift-invariant linear transformations and the Fourier matrix. Let
FN = [ h0 h1 · · · hN−1 ] be theN ×N Fourier matrix with columns

hj =



1

ωj

ω2j

...

ω(N−1)j


, whereω = e−2π i /N .

These column vectors are obtained by applyingFN to the standard basis:

hj = FNej+1.

SinceS gives a circular permutation of the standard basis, we have

FNSej = FNej+1 = hj .
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But we can write

hj =



1

ω ωj−1

ω2 ω2(j−1)

...

ωN−1 ω(N−1)(j−1)


= DNhj−1 = DNFNej ,

where

DN =



1 0 0 · · · 0

0 ω 0 · · · 0

0 0 ω2 · · · 0
...

...
...

. ..
...

0 0 0 · · · ωN−1


(24)

is a diagonal matrix with the consecutive powers ofω on the diagonal. This calculation shows that

FNSej = DNFNej for j = 1, . . . , N .

The vector on the left side of this equation in thejth column ofFNS, while the vector on the right side is the
jth column ofDNFN . Since these vectors are equal forj = 1, . . . , N , we obtain

FNS = DNFN . (25)

By Theorem 2.2 the Fourier matrix is invertible. Hence multiplying the right side of (25) on the right byF−1
N ,

we obtain
FNSF−1

N = DN . (26)

We can summarize these calculations as follows:

Theorem 3.4. TheN ×N shift matrixS is diagonalized by the Fourier matrixFN and has eigenvalues the
N complex numbersωk for k = 0, 1, . . . , N − 1 (theN th roots of unity).

Combining the last two theorems gives us the main result of this section:

Theorem 3.5(Diagonalization of Circulant Matrices). Suppose thatC is aN ×N shift-invariant (circulant)
matrix. Write

C = c0I + c1S + c2S
2 + · · ·+ cN−1S

N−1

and de£ne the polynomialp(z) = c0 + c1z + c2z
2 + · · · + cN−1z

N−1. Letp(DN ) be the diagonal matrix
obtained by substitutingDN for z. ThenC is diagonalized by the Fourier matrix:

FNCF−1
N = p(DN ). (27)

Hence the eigenvalues ofC arep(ωk) for k = 0, 1, . . . , N − 1.

Proof. Since (26) implies thatFNSkF−1
N = Dk

N for all integersk, the matrixC satis£es the corresponding
equation

FNCF−1
N = c0I + c1DN + c2D

2
N + · · ·+ cN−1D

N−1
N .

The right side of this equation isp(DN ). ¥
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Example 3.6. Consider the4× 4 circulant matrixC = 1
2 (S + S−1) = 1

2 (S + S3) from Example 3.3 (note
thatS−1 = S3 sinceS4 = I). Thenp(z) = 1

2z + 1
2z3. Since the fourth roots of1 are1, i ,−1,− i , the

eigenvalues ofC are
p(1) = 1, p( i ) = (1/2)( i + i 3) = 0,

p(−1) = (1/2)(−1 + (−1)3) = −1, p(− i ) = (1/2)(− i + (− i )3) = 0.

Now we return to the digital signal point of view. LetC be a linear shift-invariant operator on signals
periodic of periodN . Then by Theorem 3.2 there are complex numbersc0, . . . , cN−1 so that

C = c0I + c1S + c2S
2 + · · ·+ cN−1S

N−1.

If we applyC to a periodic signaly, then we get the signal

Cy[j] = c0y[j] + c1y[j − 1] + c2y[j − 2] + · · ·+ cN−1y[j −N + 1] (28)

for j = 0, 1, . . . , N − 1. This shows thatCy is amoving averageof the original signaly, generalizing the
special case of (19). De£ne the functionf [k] = ck for k = 0, 1, . . . , N − 1. Then (28) can be written as

Cy[j] =
N−1∑
k=0

f [k]y[j − k]. (29)

We call the functionCy the convolution(“folding”) of f andy and we writeCy = f ∗ y. An alternate
statement of Theorem 3.2 is the following:

(Linear Shift-Invariant Filters) Every linear transformation ofN -periodic signalsy that is shift invariant
is given by the convolution (moving average) operationy → f ∗ y for some functionf on the set
{0, 1, . . . , N − 1} (the “£lter”).

We can now obtain the linear-£lter version of Theorem 3.5.

De£nition 3.7(Fourier Transform). If y is a periodic signal (of periodN ), then theFourier transformof y is
the signal̂y de£ned by

ŷ[k] =
N−1∑
j=0

y[j]ωjk,

whereω = e−2π i /N (note that the function̂y is also periodic of periodN ). Thus ify is viewed as a column
vectory ∈ CN , thenŷ is the column vectorFNy.

The £lterf corresponding to the circulant matrixC in (22) is de£ned byf [k] = ck for k = 0, 1, . . . , N −
1. The matrix-vector productCy becomes the convolutionf ∗ y in the signal-processing picture. We can
restate the result of Theorem 3.4 in terms of the Fourier transform and convolution as follows:

Theorem 3.8(Diagonalization of Convolution Operators). LetCy = f ∗ y be the convolution operator(29)
on signalsy that are periodic of periodN . Then the Fourier transform ofCy is the pointwise product̂fŷ:

Ĉy[k] = f̂ [k]ŷ[k] for k = 0, 1, . . . , N − 1. (30)

Proof. Since equation (29) is the same as (28), we know that

C = f [0]I + f [1]S + f [2]S2 + · · ·+ f [N − 1]SN−1.

Now apply Theorem 27. In this case the polynomial

p(z) = f [0] + f [1]z + f [2]z2 + · · ·+ f [N − 1]zN−1.
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Hencep(ωk) = f̂ [k], by de£nition of the Fourier transform. It follows that the diagonal matrixp(DN ) acts
on the standard basis by

p(DN )ek = f̂ [k − 1]ek for k = 1, 2, . . . , N .

If y is a signal, then the Fourier transform̂Cy corresponds to the vector

FNCy = p(DN )FNy

= p(DN )(ŷ[0]e1 + ŷ[1]e2 + · · ·+ ŷ[N − 1]eN )

= f̂ [0]ŷ[0]e1 + f̂ [1]ŷ[1]e2 + · · ·+ f̂ [N − 1]ŷ[N − 1]eN .

The coef£cient ofek+1 in FNCy is Ĉy[k]. The last equation shows that this coef£cient isf̂ [k]ŷ[k] for
k = 0, 1, . . . , N − 1. This proves (30). ¥

Example 3.9. Consider the averaging operator (19) from the beginning of this Section:

Cy[j] =
1
2

(y[j − 1] + y[j + 1]),

wherey is a periodic signal of lengthN . We can write this asCy = f ∗ y, where

f [1] = 1/2, f [N − 1] = 1/2, andf [j] = 0 for j 6= 1, N − 1,

sinceC = (1/2)(S + S−1) as in Example 3.6. In this case the polynomialp(z) = (1/2)(z + z−1) and
f̂ [k] = (1/2)(ωk + ω−k). Thus

Ĉy[k] =
1
2

(ωk + ω−k)ŷ[k] for k = 0, 1, . . . , N − 1.

4 Fast Fourier Transform

The effectiveness of the DFT as a computational tool depends on a remarkablefast algorithmfor calculating
the matrix-vector productFnv whenn = 2k is a power of2 (similar fast algorithms exist for everyhighly
compositenumbern, such asn = 2k3m). The Fast Fourier Transform (FFT) algorithm is based on the
observation that the Fourier matrixF2n can be written as product of a permutation matrix (which has no
arithmetic computational cost) and a2 × 2 block matrix, where the blocks areFn or a diagonal matrix
multiplying Fn.

Example 4.1. Considern = 2. Recall that

F2 =
[

1 1
1 −1

]
, F4 =


1 1 1 1
1 − i −1 i
1 −1 1 −1
1 i −1 − i

 .

De£ne

D̃2 =
[

1 0
0 − i

]
, P4 =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 .

ThenF4 can be factored as a4× 4 matrix in the following block form:

F4 =


1 1 1 1
1 −1 − i i
1 1 −1 −1
1 −1 i − i

P4 =

[
F2 D̃2F2

F2 −D̃2F2

]
P4.



FAST FOURIER TRANSFORM 14

Note that right multiplication byP4 interchanges columns 2 and 3, and left multiplication byD̃2 multiplies

the second row ofF2 by− i . Let c =
[

c[0] c[1] c[2] c[3]
]T ∈ C4. Then

P4c =


c[0]
c[2]
c[1]
c[3]

 =
[

ceven

codd

]
where ceven =

[
c[0]
c[2]

]
, codd =

[
c[1]
c[3]

]
.

Hence

F4c =

[
F2 D̃2F2

F2 −D̃2F2

] [
ceven

codd

]
=

[
F2ceven + D̃2F2codd

F2ceven − D̃2F2codd

]
. (31)

The same splitting into even and odd components works for the DFT of a signal

c =
[

c[0] c[1] . . . c[2n− 2] c[2n− 1]
]T

of length2n. Let

ceven =
[

c[0] c[2] . . . c[2n− 2]
]T

, codd =
[

c[1] c[3] . . . c[2n− 1]
]T

.

Here we are using the termsevenandoddbecause we viewc as a function on{0, 1, . . . , 2n− 1}; the vector
ceven contains components1, 3, . . . , 2n− 1 of the vectorc when we use the MATLAB indexing convention.
The sorting ofc into ceven andcodd is calleddownsampling.

Write ω = e−2π i /2n = e−π i /n andz = ω2 = e−2π i /n. Then

F2nc[j] =
2n−1∑
k=0

ωjkc[k]

(split into even-odd) =
n−1∑
k=0

ωj(2k)c[2k] +
n−1∑
k=0

ωj(2k+1)c[2k + 1]

=
n−1∑
k=0

zjkceven[k] + ωj
n−1∑
k=0

zjkcodd[k]

for j = 0, 1, 2, . . . , 2n− 1. This shows that

F2nc[j] = Fnceven[j] + ωjFncodd[j] for j = 0, 1, . . . , n− 1.

Sinceωn = −1 andzn = 1, we haveωn+j = −ωj andz(n+j)k = zjk. Furthermore, the functionsFnceven

andFncodd are periodic of periodn. Thus

F2nc[n + j] = Fnceven[j]− ωjFncodd[j] for j = 0, 1, . . . , n− 1.

We can write these formulas in block-matrix form, just as in the casen = 2. Let

D̃n =



1 0 0 · · · 0

0 ω 0 · · · 0

0 0 ω2 · · · 0
...

...
...

.. .
...

0 0 0 · · · ωn−1


(caution:ωn = −1). (32)
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Note that the diagonal of̃Dn only contains half of the2nth roots of1; it is not the same as the matrixDN in
equation (24) which has allN th roots of1. Let P2n be the permutation matrix that splitsc into its even and
odd components:

P2nc =
[

ceven

codd

]
.

Then the equations forF2nc can be written as

F2nc =

[
Fnceven + D̃nFncodd

Fnceven − D̃nFncodd

]
=

[
Fn D̃nFn
Fn −D̃nFn

]
P2nc (33)

TheFast Fourier Transformalgorithm calculatesFN whenN is a power of2 by iterating formula (33).
For example, whenN = 256 = 28 then (33) expressesF256c in terms ofF128 applied to signals of length
128. To calculate these Fourier transforms, we use (33) again to expressF128 in terms ofF64 applied to
signals of length64, and so on until we are down toF2.

To determine the computational cost of the FFT algorithm, letn = 2k, and de£neφ(k) be the number of
scalar multiplications needed to evaluateFnc for a signal of lengthn = 2k using the FFT algorithm. When
k = 1 then the entries inF2 are±1, so no multiplications are needed (just sign changes). Henceφ(1) = 0. If
c is a signal of length2n = 2k+1, then calculatingF2nc using (33) requires2φ(k) multiplications to obtain
Fnceven andFncodd, followed by2k multiplications to obtaiñDnFncodd. We are using the fact that̃Dn is a
diagonal matrix, so it only requiresn multiplications to calculatẽDnb for any vectorb. The matrixP2n just
sorts the entries ofc; no arithmetic is needed to calculateP2nc. Thus

φ(k + 1) = 2φ(k) + 2k (34)

We can calculateφ(k) recursively from (34), starting withφ(1) = 0:

φ(2) = 2φ(1) + 2 = 2, φ(3) = 2φ(2) + 22 = 2 · 22, φ(4) = 2φ(3) + 23 = 3 · 23

This suggests that
φ(k) = (k − 1)2k−1 for all positive integersk = 1, 2, 3, . . .. (35)

This formula, which we have just shown true fork = 2, 3, and4, is easily veri£ed by induction: assuming it
true fork and using (34), we get

φ(k + 1) = 2(k − 1)2k−1 + 2k = k2k − 2k + 2k = k2k,

so the formula is true fork + 1.
To appreciate the consequences of (35), note that direct evaluation ofFnc as a matrix-vector product

requiresn2 = 22k scalar multiplications (n for each of then components ofc). Takek = 10 andn =
210 = 1024. Then direct evaluation ofFnc as a matrix-vector product requiresn2 = 220 = 1, 048, 576
multiplications, whereas evaluation using the FFT only requires9 · 29 = 4608 multiplications. This is a
speedup by a factor of

220

9 · 29
= 228.

If we go to longer signals, such asn = 220 = 1, 048, 576, then the speedup is by a factor of

240

19 · 219
= 110, 376

(more than one hundred thousand times faster). The same sort of counting of the number of scalar addition
operations needed in the FFT shows a similar dramatic improvement over calculations using the standard
matrix-vector product. Without the FFT algorithm digital signal processing would be impractical.
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5 Exercises

1. Let N be a positive integer and setω = e−2π i /N . View the columns of the Fourier matrixFN as
the functionsh0, . . . , hN−1 de£ned byhk[j] = ωjk (note that with this de£nitionhk is automatically
periodic of periodN .) Verify directly that each functionhk is an eigenfunction for the shift operator
S, and determine the eigenvalue. Recall thatS acts on a periodic functionf by Sf [j] = f [j − 1].

2. LetC be the linear shift-invariant transformationCy[j] = y[j − 1]− 2y[j] + y[j + 1] for y a function
periodic of periodN .

(a) Find the functionf such thatCy = f ∗ y. (HINT: Write C in terms of the shift operator.)

(b) Find the Fourier transform of the functionf in (a).

(c) SupposeN = 4 and y corresponds to the vectory = [2 3 1 5]T ∈ C4. Calculate the vectors
corresponding toCy andĈy.

3. LetS =

 0 0 1
1 0 0
0 1 0

 be the matrix for the shift operator relative to the standard basis forC3. Sup-

pose the matrixC =

 4 ∗ ∗
7 ∗ ∗
5 ∗ ∗

 satis£esCS = SC.

(a) WriteC as a polynomial inS. Use this to £ll in the missing entries inC:

C =


4

7

5


(b) View vectors inC3 as periodic functionsy on the integers:y[j] = y[j + 3] for all integersj. Let
T be the linear transformation on such functions corrsponding to the matrixC above. Give explicit
formulas (in terms ofy[0], y[1], andy[2]) for Ty[j] for j = 0, 1, 2.

(c) LetF be the3× 3 Fourier matrix, and letω = e−2π i /3. Let C be the matrix above. Find complex

numbersλ0, λ1, andλ2 so thatFCF−1 =

 λ0 0 0
0 λ1 0
0 0 λ2

 .

Express your answer in terms ofω andω2 (no complex arithmetic is needed).

4. Letn = 2k. De£neψ(k) to be the number of scalar additions (or subtractions) needed to calculateFnc
by the Fast Fourier Transform (FFT) algorithm. Note that the product of a row vector and a column
vector, each withn components, needsn− 1 additions.

(a) Show thatψ(1) = 2 and thatψ(k + 1) = 2ψ(k) + 2(2k − 1).

(b) Use the recursion in (a) to calculateψ(k) for k = 2, 3, 4.

(c) Prove by induction thatψ(k) ≤ k2k for all positive integersk.

(d) Use the result in the notes and (c) to show that the total number of arithmetic operations (multipli-
cations and additions) required for the FFT on vectors of size2k is less than(3/2)k2k.


