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1 Inner Products and Unitary Transformations

The formula de£ning the usual inner product and nornkR8meeds to be modi£ed when we de£ne an inner
product onC™. For a nonzero real numberwe always haver? > 0. But this is not true for complex
numbers, sincé? = —1. The way around this difEculty is to use the fact that > 0 if z is a nonzero
complex number. Thus we de£ne gtandard inner producbn C" to be

n
(u,v) = Zuk@k foru,v e C".
k=1

Just as in the real case we can write the inner product in terms of matrix multiplication of a row vector (
matrix) and a column vecton(x 1 matrix). For this we de£ne thdermitian transpose ™ = v7. Likewise,

if Aisanm x n matrix, we writeA” = AT, (Note that in MATLAB all matrices are automatically assumed
to have complex entries, add gives the Hermitian transpose of a matiy Then we can express

H

(u,v) =v- u foru,veC.

With this de£nition we have
n
() =3 fu* = u'lu,
k=1
which is positive (unlesss = 0, when it is zero). Thus we can defne therm||u|| = +/(u,u) which
measures the total size of a vector with complex components.

De£nition 1.1. Let V be a complex vector space. Aimer producton V' is a complex-valued functiofu, v)
de£ned for allu, v € V that satisEes the following conditions:

(Positivity) (u,u) > 0 with equality if and only ifu = 0.
(Conjugate Symmetry) (u,v) = (v, u).
(Linearity) (cu+ pv,w) = a(u,w) + (v, w) for all u, v, w € V and complex numbers andg.

WhenV = C” then the standard inner product de£ned above satisfes these conditions. Here is another
important example.
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Example 1.2. Consider the complex vector spakeof all complex-valued continuous functions on a £nite
interval[a, b]. Letw(x) be any continuous function dn, b] that is strictly positive. (For example;(x) =
(1 + 22)P for some £xed real number) Given two functionsf andg in V, defne

b —_—
(9) = [ )@ wede M
To verify that this is an inner product, note thite) f(x) > 0, so we havd f, f) > 0. If (f, f) = 0then
f(x) = 0foralla < x < bsince the area under the graph| 6fz)|? is zero. The conjugate symmetry and
linearity are obvious.

Let V be a complex vector space with a £xed inner product. Adren associated with an inner product
is ||u]| = 4/(u,u), just as in the case @". Two vectorsu andv are calledorthogonalif (u,v) = 0, and
we writeu L v. For orthogonal vectors we have tRgthagorean Lavicomplex version):

l[a+v|*=[ul]® +|v]® whenulv

with the same proof as in the real case. For any pair of veetovswith v £ 0, thevector projectionof u
ontov is given by
_ (u,v)

(v,v)

just as in the real case. Sinte — p) L p andu = (u — p) + p, the Pythagorean Law gives

[lul|? = [Ju—pl* + [|p]*.
Using this equation we obtain tl@auchy-Schwarz inequality
[(w, V)| < [[ul[{]v]] @)
as in the real case. From the Cauchy-Schwarz inequality we obtainghgle inequality
[lu+ v|| < |lu|| +||v]| forall vectorsu,v € V.

De£nition 1.3. A set of nonzero vectors,vs, ..., in an inner product spacg is calledorthogonalif
v; L vi forall j # k. If the set is orthogonal and each vector satisfes|| = 1 then the set is called
orthonormal

An orthonormal set of vectors is always linearly independent. Assumgthat..,u,} is a £nite or-
thonormal set. Lel/ be the subspace &f spanned by this set of vectors. Théim U = n and{uy,...,u,}
is anorthonormal basidor W. Every vectora € W can be expressed in terms of this basis as

u=-cuj +---+cyluy, WherECj = <W, I,Ij>.

(The formula for the coef£ciemt: follows by taking the inner product af with u; and using orthonormality.)
J
Then
[l = [er? + - + |enl? (Parseval's Formula)

If v=dju; +---+d,u, is another vector i/, then
(u,v) =cidy + - -+ + cpdy,.
For any vectow € V we defne

Pv = {(v,ui)u; +--- + (v,u,)u,.
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ThenPv € U, since it is a linear combination of the vectars. Furthermorey — Pv 1 U since

(v—Pv,u;) = (v,u;)— Z<V’ ug) (ug, u;)
k=1
= (v,uy) — (v,u;)(u;,u;) =0
by orthogonality and the fact thigu;|| = 1. We call Pv the orthogonal projection ot onto the subspace

U. By the Pythagorean Law,
VI = [PV + [lv = Pv]? @)

This implies thatPv is the vector in that is closest te.

Example 1.4(Fourier Series) Let V' be the complex vector space of continuous complex-valued functions
f(x) defned on the intervéll < = < 2x. De£ne an inner product dn by

o)== [ f@)g(@) da.

- 27 0
Then the functions),, (x) = e'"*, for n € Z (the set of all integers), form an orthonormal set. To see this,
let k £ n and calculate

27
1 ei(n—k)m dr

<¢m¢k>

27T 0
r=27

i(n—k)x
e —0

2ri(n — k)

=0

because®™™! = 1 for all integersm. Thus¢,, L ¢r. Whenn = k, we have

1 27
nyPn) — S 1d = ].
(Onta) =5 [ 1
sincee’ = 1.

If f €V then the complex numbers

1 2m

% i (aj)e—27rikx dr
are called thd-ourier coefEcientof f. It is an important result of Fourier analysis that thénite series
version of Parseval’s formula is valid:
1 27 .
o [ 1F@)Pde =D f (k). @
™ Jo
keZ

In particular, the inEnite series on the right side of (4) converges (the proof of (4) for a general continuous
function f requires some results from advanced calculus and will not be given in this course).

Let 7P, be the linear span of the set of functiofis, : |k| < n}. If f € TP, thenf(k) = 0 for
|k| > n, and the summation on the right side of equation (4) is fiom —n to k = n. The functionf has
the£nite Fourier series

=3 ik

k=—n

Setz = ™17, Theng, = 2*, sof is a £nite linear combination of positive and negative powets of

F=3 et (5)

k=—n
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wherecy, = f(k). Functions of the form (5) are callécurent polynomials
Whenf is real-valued, then the Fourier coefEcients have the property

f(k) = f(=k),
sincegy(x) = ¢_k(x). For example, the formulas
1 ; 1 ; 1 o1 .
sin(nz) = Ee"”“ ~ 57 et cos(nx) = Eem“ + §e_"”“

show that the real-valued functiorfs (z) = sin(nz) andg,(xz) = cos(nz) are in7P,, and have £nite
Fourier series

1 1 1 1
fn == i@sn - i(b—n» gn = §¢n + 5@5—71 . (6)
We can write these formulas in terms of Laurent polynomials as
1 1 _ 1 1 _
fnzizn_iz n, gn:§z71+§z 77,.

For any functionf € V' and positive integen, the trigopnometric polynomial

k=n

bule) = 3 flk)eX e

k=—n

is the function in7 P,, that minimizeg|f — v || asy ranges over all trigonometric polynomialsiriP,,, by
3).

De£nition 1.5. An n x n matrix U is said to be anitary matrixif the set{uy, ..., u,} of columns ofU is
orthonormal.

The matrixU is unitary if and only if
(Uv,Uw) = (v,w) forallv,w e C". 7)

To prove this, use the linearity of the inner product in each variable to see that (7) is satisEed for all vectors
v, w if and only if it is satisEed whexr = e; andw = e, (the standard basis vectors fof*). Since thejth

column ofU is Ue; and the sefey, ..., e, } is orthonormal, it follows that (7) is equivalent to the statement
that the columns of/ are an orthonormal set.

An alternate characterization of unitary matrices is #&U = I, whereU" denotes the conjugate
transpose matrix (the proof is the same as for real orthogonal matrices). Hence a unitary matrix is invertible,
with inverseU ~! = UH.,

Now let V andWW be £nite-dimensional complex inner product spaces of the same dimension, &nd let
be a linear transformation froid to W. We say thafl" is aunitary transformationf

(Tu,Tv) = (u,v) forallvectorsu,v e V. (8)

Note that in equation (8) the inner product on the left is for the spec@hile the inner product on the right
is for the spacéd’. Takingu = v, we see thaf{T'u|| = ||ul| for all u. Hence the null space @t is 0. Since

V andW have the same dimensidh,is represented by a square matrix (relative to a choice of basés for
andW). This matrix has no null space, so it is invertible. Thus every unitary transformation is invertible.

Example 1.6. LetV = W = C", and let the linear transformatidnhave matrix
U= [ul,...,un]

relative to the standard basis, . . . , e, of C" (wheree; hasl in thejth entry and zero elsewhere). Since the
standard basis is orthonormal, we see from (8) That a unitary transformation if and only &f is a unitary
matrix.
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Example 1.7. Let V = 7 P; be the space of trigonometric polynomials of degree at rdegth the inner
product (1). Then the set of functiofg_s, ¢_1, ¢o, ¢1, ¥=2} is an orthonormal basis fér. De£ne a linear
transformatiori” from V' to C° by

(T'f is the vector whose entries are the Fourier coefEcientg)ofSince the Fourier coefEcients depend
linearly on f, it is clear thatT" is a linear transformation. The exponential basis functigrfor 7P, is
tranformed byT" into the standard basis vectey, . for k = —2,...,2, henceT is unitary. From equation
(6) we see that the functionfs(x) = sin(2z) andgs(x) = cos(2x) have transforms

1 1

1|0 1]

Tfs= | O Tg=5| 0

1 0 0

1 1

SinceT is unitary, it follows that
1 2m
o sin(2x) cos(2z)dr = (f2,92) = (T'f2,Tg2) =0
0

27 1
or |, sin?(2z)dx = (fa, fo) = (Tfo, Tfo) = 3

The two integrals on the left can be evaluated by double-angle formulas, of course, but this is not necessary
because we already know tH&is unitary.

2 Finite Fourier Transform

We shall call a continuous complex-valued functigm) of the real variable: ananalog signalthink of z as
timeands(x) as measuring the loudness of a sound). We assume(thiais of £nite duration so that is zero
outside some interval < x < b. We rescale the variableto makea = 0 andb = 27. Now choose integers
m < n and replace(x) by the best approximation tgz) by trigonometric polynomials with frequencies in
the rangen < k < n:

q(z) = Z 5(k)elike,

m<k<n

Themean square approximation erreg

1 2
Is —all* = —/0 [s(x) — q(@)Pdz =Y [3(k)[° + ) [3(k) 9)

2w
k<m k>n

by Parseval's equality (4). The right side of (9) is the tail of a convergent seriegx$awill be a good
approximation tas(x) (on average) if the frequency band < k < n is chosen sufEciently wide.

For a given signat(z) we £x afrequency bandn < k < n so that the approximation error (9) is small.
Let N = n — m. We replace the functiongz) andg(z) by

f(z)=e"1m%s(z) and p(z) =e ™g(x).
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This doesn’t change the approximation error (9), sifceé™*| = 1. Now we have a frequency range
0<k<N: ' A
p(x) = Z cpe'f® wherec, = f(k).

0<k<N

The coefEcients,, are obtained fronf by integration:

1 27 .
cr = ([, dr) = o f(x)e™ 15 da. (10)
™ Jo
In signal processing applications there is no formulaf@t), so the integrals (10) must be approximated
using some numerical method. To do this, we £rst confénto adigital signaly € CV by samplingf at
the N equal-spaced valuesc; = 27j /N, forj =0,1,...,N — 1:

y = : wherey[j] = f(z;)forj=0,1,...,N — 1. (11)
y[N —1]

(note that the indexing of the componentsyiiis different than the usual MATLAB indexing, which would
go from1 to N). We call N thesampling ratethe choice of this sampling rate is determined by the number
of Fourier coefEcients that we need to calculate (more coefEcients require a higher sampling rate). With this

choice we have A )
T
Ar=x;, —x;_1=21/N — = —.
T=a; —Tj1 /N, o N

Hence we can approximate the integral (10) by the Riemann sum

2

N-1
Q= 2 3 flag) e = = 3 gt 12
N = J N . N

J

Il
=]

wherewy = e 27/N = cos(2ri/N) — isin(27i/N) (note that(wy) = e 2N71/N = 1), The
£nite sequencédy,d;,...,dy_1} is called thediscrete Fourier transform{DFT) of the sampled signal

We now write the DFT in matrix form.

De£nition 2.1 (Fourier Matrix) Let Fiy be theN x N matrix with (4, k) entryw%’l)(kfl). Every entry
in the £rst column of'y is 1. The second column consists of the powers)gffrom 0 to N — 1, the third
column consists of the powers©f, from0to N —1, and so on. Sinc€y is symmetric, the same description
applies to the rows.

For example, since, = e 271/2 = —1 the2 x 2 Fourier matrix is

1 1
e[t 1] -
For N = 4 we havav, = e~271/4 = _ i sothed x 4 Fourier matrix is
1 1 1 1

) X 1 1 1 1

1 —1 —1 —1 i :
Fy = (—1) (—1) _ 1 i 1 i (14)

O N E S GO N I N

1 i -1 -1

L(=i) (=) (=) 1 1
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Letd € CV be the vector with components, d1, ..., dx_1 given by (12). Then
d= lF (15)
=N NY

Remarks:In MATLAB, the vectorFyy (without the normalizing factot /N) is obtained by the command
fftty) . In Strang’s text, however, tHourier matrixis de£ned using = e271/" (with i instead of—1).
Thus Strang’s version of the Fourier matrix is the complex conjugate of the nigjrokeEned here.

Theorem 2.2. The matrix(1/+/N)Fy is unitary. Hence the matri§l /N) Fiy has inverseiy, and the signal
sample vectoy can be reconstructed from the (approximate) Fourier coefEcient vechyry = Fiyd.

Proof. To simplify the notation writev for w,y and label the columns dfy from 0 to N — 1. Thekth column
of Fly is then
hy=[1 ob o ... WDk T

Hence the inner product of thigh andkth columns ofFy is
(hj,h) =1+ ™F 42070 4 GIN-DG—R) (16)

sincew = w!. Forj = k this gives(h;, h;) = N. Now supposeg # k and writeu = w/=*. Thenu # 1
becaus® < |j — k| < N andw? = 1 only whenp is an integer multiple ofV. In this case the right side of
(16) is a £nite geometric series
. N
Lbuda? 4ot = 12
1—u

Butu¥ = wNU=k = 1, so we conclude thah,, h;) = 0 for j # k. These orthogonality relations can be
written in matrix form as "
Fn(Fn)" =Ny, (17)

)H = Fy. Hence the matrix

wherely isthe N x N identity matrix. Sincef'y is symmetric, we havéFN
(1/N)Fy has inversé'y, as claimed. Equation (17) can be rewritten as

(1/VN)Fx (1/VN)Fy = Iy
which shows that1/v/N)Fy is a unitary matrix. [ |

Corollary 2.3.

(@) Let{ey,...,ex} be the standard basis f@@". Setu; = (1/v/N)Fye;. Then{ui,...,uy} is an
orthonormal basis foCV, called theFourier basis

(b) Lety € CV and seid = (1/N)Fyy. Thent||y|*> = |[d|%.

Proof. (a): Note thatu; is thejth column of the unitary matrixl /v/N) Fi.

(b): Sincev/Nd = (1/v/N)Fxy and(1/+/N)Fy is a unitary matrix, the vectorg’ Nd andy have the
same norm. |

Example 2.4. SupposeN = 4. The Fourier basis fot* is

1 1 1 1

_ 1 1 1 —i 1 —1 1 i
u; = 5 1 9 Uz = 5 -1 ) us § 1 ) uy 5 -1
1 i -1 —i
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If we think of the standard basig as a sampled version of a signal, then the sigrialdalizedin time, since
only one component of; is nonzero. By contrast, all the entriesun are nonzero, so the Fourier matrix
removes the time localization.

Lety =[1,2, -1, 0]7. Then

11 1 1 1 1/2
I T T I T T B o | | a-1)2
d=3fw=711 21 1 4 | T 12
1 i -1 —i 0 (1+1)/2

In this case;||y||? = [l + 2% + (—1)?] = 2/3 and
= 2 - )+ D2 (- =2/

as predicted by Corollary 2.3.

3 Discrete Periodic Signals and Convolution

Consider a digital signaj of £nite duration withV values, saw[0], y[1],...,y[N — 1]. In the previous
section we vieweg@ as a column vector
y[0]
- y[:l] coN. 8)
yIN —1]

and calculated the discrete Fourier transform (D8H (1/N)Fxy of y. In this section we consideras a

function defned on the séb, 1,..., N — 1} and we will obtain one of the main applications of the DFT.
A basic operation in signal processing is to takena@ving averagef the signal. For example, we can

replace each valugj] by the average of the valug§j — 1] andy[j + 1]. This gives a new signal with

£lj] = 56l = 1) + 9l + 1)), 19)

There is a bug in formula (19), however. To calculaf@ or z[N — 1] we need the valueg—1] andy[N],
which aren’t available. We will solve this problem by using ffeziodic extensiowf y:

ylj + kN] =y[j] forj=0,1,...,N —1and all integers (20)

Thus we sey[—1] = y[N — 1] andy[N] = y[0], since—1 = N — 1+ N andN = 0+ N. In terms of
modular arithmeticwe havey[m] = y[j] whenm = j (mod N). Now formula (19) is well-de£ned. It can
be written in a more cumbersome case-by-case way as

£00] = S IN ~ 1]+ yl1]), =[N~ 1] = SN - 2]+ o)),

and )
z|j] = §(y[j—1]—|—y[j+1]) forj=1,...,N —2.
For example, ify = [1, 2, —1, 0]7 as in Example 2.4, then
z[0]=(0+2)/2, z[1]=(1-1)/2, z[2]=(24+0)/2, z[3]=(-14+1)/2.

Formula (19) has two fundamental properties:
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(linearity) The output signat depends linearly on the input signal

(shift invariance) If the input signaly is shifted byt (with periodic extension), then the output signabk
also shifted by (with periodic extension):

z[j+t]=%(y[j+t—1}+y[j+t+1])

for any £xed integet and all integer values gf.

We will now analyze all linear transformations of signals that have these two properties. We assume that all
signals are periodic of a £xed peridd De£ne theshift operatorS by

Syljl =ylj —1] forj=0,1,...,N —1.
HereSy[0] = y[N — 1], sincey is periodic. It is clear from the de£nition thé&tis linear and shift invariant.

The operatof is invertible:

Thus formula (19) can be written as
1
z:§w+sﬂw. (21)

We shall prove that every linear shift-invariant transformatiboan be expressed as a linear combination
of powers of the shift operatdf. We £rst observe that the property of shift-invariancedds the same as

CS =5C. (Shift Invariance)

In particular, any linear combination of powers®fs shift invariant. To prove the converse, we identify the
periodic signals of periodv with CV by (18). ThenS becomes a linear transformation©®f'. We calculate
its matrix relative to the standard basis@¥ as follows: Suppose the signalcorresponds to the standard
basis vectoe,. Theny[j] = 1if j + 1 = k, and otherwisey[j] = 0 (note the index shift by one). Since
Sy[j] = ylj — 1], we see thaby[j] = 1if j = k andSy[j] = 0if j # k. This shows that

Sek:ekJrl fork=1,2,...,N

(for this formula to be valid we must label the basis vectors circularly moduley 1 = e1, enyio = e
and so on). We see th&tacts as &ircular permutationof the standard basis vectors.

Example 3.1. SupposeV = 3. ThenSe; = e;, Se; = e3, andSes = e, so the matrix of the shift operator
S relative to the standard basis 67 is
0 0 1
S=]11 0 0
0 1 0
Notice thatS%e; = e3, S%es = e1, andS?es = e,. Also S3 = I. Thus

STl=5%= =57

_ o O

1
0
0

O = O

We haveS—! = ST since{Se;, Se,, Se3} is an orthonormal basis fd@?.

The general features of Example 3.1 are valid for the shift operator for any vaNielamely,SV = Iy
andS—! = SN—1. The matrix ofS relative to the standard basis f6f" is real and orthogonal, so in matrix
form S—1 = ST,
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Theorem 3.2. Let S be the shift operator, viewed as ahx N matrix relative to the standard basis far" .
Suppose€” is any shift-invariant linear transformation df-periodic signals. View”' as anN x N matrix
relative to the standard basis f@" and let the £rst column af' be[cy,c1,...,cn_1]7. Then

C=col +c154 8%+ -+ ey SV, (22)
wherel denotes théV x N identity matrix.
Proof. The £rst column of” is the vectoiCe, so this vector can be written in terms of the standard basis as
Ce; =cpey +cies+---+cy_1en . (23)

Now we calculate the columr8e;, of C for k = 2,..., N. SinceC is shift-invariant we haves*—1C =
CS*1. Thus if we multiply both sides of (23) h§*~! and use the property*~'e; = e, we obtain

Ce, = CSk_lel
— S 10e
= coS*ler + 15" ey + oS les + -+ en_15% ey
= coep +c1Sep +coS%p + - +en_1SV ey .

This shows that théth column of the matri>xC' is the same as theth column of the matrixgl + ¢S +
5%+ - +ey_1SN"1fork =1,..., N. Hence the two matrices are equal. [ |

Example 3.3. SupposeV = 3 andC = ¢yl + 15 + 252 is a3 x 3 shift-invariant matrix. From Example
3.1 we have

1 0 0 0 0 1 01 0 co C2 C1
C=¢c| 0 1 0 |+c 1 0 0 +c| 0 0 1 = c1 Cyp C2
0 0 1 01 0 1 0 0 Cy C1 Cp

Hence the successive columng(ofire obtained by circular permutation of the £rst column. Matrices of this
form are callectirculant matrices For example, whetV = 4 the averaging operation from (19) is given by
the circulant matrix

01 01
1 . 111010
C=305+50=310 1 01
1010

We now obtain the connection between shift-invariant linear transformations and the Fourier matrix. Let
Fy =[hoh; --- hy_1]betheN x N Fourier matrix with columns

_ 1 -
Wl

h; = w? ., wherew = ¢~ 27i/N,

L w(Nfl)] 1
These column vectors are obtained by applyifagto the standard basis:
hj = FNej+1 .

SinceS gives a circular permutation of the standard basis, we have

FNSej = FNej+1 = hj.
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But we can write
1

wwl™t

h, = w2 W206-1) = Dnh;_ = DyFye;,

N-1 ,(N-1)(j-1)

[ W .
where
r1 0 0 0 7
0 w 0 0
Dy=|0 0 w* -+ 0 (24)
L0 0 0 - WV

is a diagonal matrix with the consecutive powerssain the diagonal. This calculation shows that
FNSej :DNFNej fij = 1,...,N.

The vector on the left side of this equation in gk column of Fy .S, while the vector on the right side is the
jth column of Dy Fiy. Since these vectors are equal foe 1,..., N, we obtain

FnS = DyFy. (25)

By Theorem 2.2 the Fourier matrix is invertible. Hence multiplying the right side of (25) on the rigm;ﬂ)y
we obtain
FySFy' = Dy. (26)

We can summarize these calculations as follows:

Theorem 3.4. The N x N shift matrixS is diagonalized by the Fourier matriky and has eigenvalues the
N complex numbers” for k = 0,1,..., N — 1 (the N'th roots of unity).

Combining the last two theorems gives us the main result of this section:

Theorem 3.5(Diagonalization of Circulant MatricesSuppose that' is a N x N shift-invariant (circulant)
matrix. Write
C = C()I + clS + CQS2 + -+ CN715N71

and de£ne the polynomialz) = cy + 12 + c222 + - + ey_12V L. Letp(Dy) be the diagonal matrix
obtained by substitutingp - for z. ThenC' is diagonalized by the Fourier matrix:

FnCFy' =p(Dy). (27)
Hence the eigenvalues 6fare p(w*) for k = 0,1,..., N — 1.

Proof. Since (26) implies thai«“l\;S"”JFlg1 = DX, for all integersk, the matrixC' satis£es the corresponding
equation
FNOFN' = col + ¢1Dy + c2D% + -+ ey DN L

The right side of this equation jgDy). |
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Example 3.6. Consider thel x 4 circulant matrixC' = (S + S~') = £(S + 5%) from Example 3.3 (note
thatS—! = % sinceS* = I). Thenp(z) = 3z + 32z°. Since the fourth roots of are1, i,—1,—1i, the
eigenvalues of’ are

Lol

p(1) =1, p(i)=(1/2)(i +i% =0,
p(=1) = (1/2)(=1+ (1)) = =1, p(=i)=(1/2)(=i +(=1)*) = 0.

Now we return to the digital signal point of view. Lét be a linear shift-invariant operator on signals
periodic of periodV. Then by Theorem 3.2 there are complex numbegys. ., cy—; SO that

C = C()I + 015 + 6252 e i CNflsNil.
If we applyC to a periodic signay, then we get the signal
Cyljl = coylj] + cryli — 1 + oyl = 2] + -+ eny—ryli = N + 1] (28)

forj =0,1,...,N — 1. This shows thaC'y is amoving averagef the original signal,, generalizing the
special case of (19). De£ne the functiffit] = ¢, for k =0,1,..., N — 1. Then (28) can be written as

N

Cylil =Y flklyli — k). (29)

k=0

—

We call the functionC'y the convolution(“folding”) of f andy and we writeCy = f x y. An alternate
statement of Theorem 3.2 is the following:

(Linear Shift-Invariant Filters) Every linear transformation aW-periodic signalg, that is shift invariant
is given by the convolution (moving average) operation~ f x y for some functionf on the set
{0,1,...,N — 1} (the “Elter").

We can now obtain the linear-£lter version of Theorem 3.5.

De£nition 3.7 (Fourier Transform) If y is a periodic signal (of period’), then theFourier transformof y is
the signaly de£ned by

=2

gkl = ylj]w’*,

<
I
o

wherew = e~271/N (note that the functio is also periodic of periodV). Thus ify is viewed as a column
vectory € CV, theng is the column vectoF yy.

The £lterf corresponding to the circulant matiixin (22) is defned by [k] = ¢, fork =0,1,..., N —
1. The matrix-vector produaf’y becomes the convolutiofi x y in the signal-processing picture. We can
restate the result of Theorem 3.4 in terms of the Fourier transform and convolution as follows:

Theorem 3.8(Diagonalization of Convolution Operatord)etC'y = f x y be the convolution operat¢29)
on signalsy that are periodic of periodV. Then the Fourier transform d@f'y is the pointwise producty:

Cylk] = flk]glk] fork=0,1,...,N —1. (30)
Proof. Since equation (29) is the same as (28), we know that
C = flO)] + f[1]S + f[2]S* + -+ + f[N — 1]SN L.
Now apply Theorem 27. In this case the polynomial

p(z) = flO] + fl1]z + f[2]2% + - + FIN = 1]V
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Hencep(w") = f[k], by defnition of the Fourier transform. It follows that the diagonal matti® ) acts
on the standard basis by R
p(DN)ek = f[k — 1]ek fork = 1,2,...,N.

If y is a signal, then the Fourier transfofﬁ\y corresponds to the vector

(Dn)Fny

(Dn)(g[0ler + g[1]ea + -+ + §IN — 1]en)

= flo]g[0]er + f[1]g[1]ez + -+ f[N — 1]j[N — l]en.

FnCy

=

p
p
The coefEcient ok, in FyCly is Cy[k]. The last equation shows that this coef£cientfs]g[k] for

k=0,1,...,N — 1. This proves (30). |

Example 3.9. Consider the averaging operator (19) from the beginning of this Section:

Oyli) = (i — 1)+l + 1)),
wherey is a periodic signal of lengtiv. We can write this a€'y = f * y, where
flll=1/2, fIN—11=1/2, andf[j]j=0forj#1,N —1,
sinceC = (1/2)(S + S~') as in Example 3.6. In this case the polynomiét) = (1/2)(z + 2~') and
flk] = (1/2)(w* + w=F). Thus

A 1
Cylk] = §(wk +w Fglk] fork=0,1,...,N —1.

4 Fast Fourier Transform

The effectiveness of the DFT as a computational tool depends on a remdgdsilakgorithmfor calculating

the matrix-vector produck,, v whenn = 2* is a power of2 (similar fast algorithms exist for evetyighly
compositenumbern, such as» = 2+3™). The Fast Fourier Transform (FFT) algorithm is based on the
observation that the Fourier matrb%,, can be written as product of a permutation matrix (which has no
arithmetic computational cost) and2ax 2 block matrix where the blocks aré), or a diagonal matrix
multiplying F,.

Example 4.1. Considem = 2. Recall that

1 1 1 1

11 1 —i -1 i

F2{1—1}’ FB=11 0 1 4

1 i -1 —i

Defne

1000

= 1 0 0010

DZ_{O —i}’ Fi=19 1 0 0

0001

ThenF}, can be factored aséax 4 matrix in the following block form:

1 1 1 1
1 -1 —i i
o=y 1 4 1 |Pn=

1 -1 i =i

F, DyF,

P,.
Fy, —DoF,
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Note that right multiplication byP, interchanges columns 2 and 3, and left multiplicationfbymultiplies
the second row of, by —i. Letc = [ ¢[0] ¢[1] ¢[2] ¢[3] ]T € C* Then

c[0]
_ 6[2} _ | Ceven _ C[O] _ C[l]
Pic = C[l} = |: Coad ] where Ceven = |: 8[2] , Codd = 0[3] .
c[3]
Hence _ ~
Fic = Iy QQFQ Ceven _ FyCeven + QQFQCodd ) (31)
Fy, —DyF, Codd Fyceven — D2 Focoda
The same splitting into even and odd components works for the DFT of a signal
c=[c0] 1] ... e2n—2] c2n—1]]"
of length2n. Let
T T
Coven = [ [0] ¢[2] ... ¢2n—2] ], Coda = [ [1] ¢[3] ... ¢[2n—1] ] .
Here we are using the terresenandoddbecause we view as a function o0, 1,...,2n — 1}; the vector

Ceven CONtaiNs components 3, ..., 2n — 1 of the vectorc when we use the MATLAB indexing convention.
The sorting ofc int0 ceven @aNdcyqq is calleddownsampling

Write w = e~ 271/2n — ¢=71/n gndz = w? = ¢=271/7 Then

2n—1
Foclj] = Y W[k
k=0

(split into even-odd)

n—1 n—1
Z w? R e[2k] + Z W R+ 9k 4 1]

k=0 k=0
n—1 n—1

= Z 27 ¢ oven (k] + W’ Z 27*¢oaq [k]
k=0 k=0

forj =0,1,2,...,2n — 1. This shows that
Fonclj] = Fpceven|j] + W Fpcoaalj] forj=0,1,...,n—1.

Sincew™ = —1 andz" = 1, we havev"7 = —wi andz("+9)* = 23k Furthermore, the functions, ceyen
andF),c,qq are periodic of perioa. Thus

Fonc[n + j] = Fucevenli] — W/ Frcoaali] forj=0,1,...,n—1.

We can write these formulas in block-matrix form, just as in the case2. Let

1 0 0 .- 0 7
0 w 0 .- 0
D,=1]0 0 w? - 0 (caution:w™ = —1). (32)
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Note that the diagonal ab,, only contains half of th@nth roots ofl; it is not the same as the matriXy in
equation (24) which has alV'th roots of1. Let P,,, be the permutation matrix that splitsnto its even and
odd components:

C
Py, c = even
Codd ]

Then the equations fdr,,, c can be written as

FQnC = PQnC (33)

Fnceven + ﬁnFnCOdd _ [ Fn ﬁnFn
| F. —D.F,

Fnceven - DnFnCodd

The Fast Fourier Transformalgorithm calculateg’yy when N is a power of2 by iterating formula (33).
For example, whelV = 256 = 28 then (33) expresseB,ssc in terms of Fi o5 applied to signals of length
128. To calculate these Fourier transforms, we use (33) again to expressn terms of Fg4 applied to
signals of lengtlt4, and so on until we are down 16;.

To determine the computational cost of the FFT algorithmilet 2%, and de£ne(k) be the number of
scalar multiplications needed to evaludtec for a signal of lengthn = 2% using the FFT algorithm. When
k = 1then the entries i, are+1, so no multiplications are needed (just sign changes). Hefige= 0. If
c is a signal of lengtl2n = 2¥*+1, then calculating™,,c using (33) require¢(k) multiplications to obtain
F,,Ceven @NdF),c,q4, followed by2* multiplications to obtaidN),Lfncodd. We are using the fact thd,, is a
diagonal matrix, so it only requiresmultiplications to calculaté,,b for any vectorb. The matrixP,, just
sorts the entries af; no arithmetic is needed to calcula®e,c. Thus

ok +1) = 2¢(k) + 2F (34)
We can calculate (k) recursively from (34), starting witt(1) = 0:
$(2) =26(1) +2=2, ¢(3) =26(2) +2° =222, $(4) =2¢(3) +2°=3-2°

This suggests that
p(k) = (k—1)2"1 for all positive integerg = 1,2,3,.. .. (35)

This formula, which we have just shown true for= 2, 3, and4, is easily verifed by induction; assuming it
true fork and using (34), we get

ok +1) =2(k — 1)2871 4 2F = g2k — 2k ok — ok,

so the formula is true fok + 1.

To appreciate the consequences of (35), note that direct evaluatibpcadis a matrix-vector product
requiresn? = 2%* scalar multiplicationss{ for each of then components ot). Takek = 10 andn =
210 = 1024. Then direct evaluation of,,c as a matrix-vector product require8 = 220 = 1,048,576
multiplications, whereas evaluation using the FFT only require@’ = 4608 multiplications. This is a
speedup by a factor of

9%% = 228.
If we go to longer signals, such as= 22° = 1,048, 576, then the speedup is by a factor of
240
19919 — 110,376

(more than one hundred thousand times faster). The same sort of counting of the number of scalar addition
operations needed in the FFT shows a similar dramatic improvement over calculations using the standard
matrix-vector product. Without the FFT algorithm digital signal processing would be impractical.



FAST FOURIER TRANSFORM 16

5 Exercises

1. Let N be a positive integer and set= e~ 271/, View the columns of the Fourier matriky as
the functionshy, . .., hy_1 defned byh,[j] = w’* (note that with this de£nitioh, is automatically
periodic of periodN.) Verify directly that each functionh, is an eigenfunction for the shift operator
S, and determine the eigenvalue. Recall thiacts on a periodic functiofi by S f[j] = f[j — 1].

2. LetC be the linear shift-invariant transformaticty[j] = y[j — 1] — 2y[j] + y[j + 1] for y a function
periodic of periodV.
(a) Find the functiory such thatCy = f = y. (HINT: Write C in terms of the shift operator.)
(b) Find the Fourier transform of the functighin (a).

(c) SupposeN = 4 andy corresponds to the vectgr = [2315]7 € C*. Calculate the vectors
corresponding t@'y andC'y.

0 0 1
3. LetS = 0 0 | be the matrix for the shift operator relative to the standard basi€¥oiSup-
10

1
0
4 *x  x
pose the matrixC' = { 7T % % ] satisfes’S = SC.

5 % x

(a) WriteC as a polynomial irt. Use this to £Il in the missing entries @

4

(b) View vectors inC? as periodic functiong on the integersy[j] = y[j + 3] for all integers;. Let
T be the linear transformation on such functions corrsponding to the ngtekove. Give explicit
formulas (in terms o§[0], y[1], andy[2]) for T'y[;] for j = 0,1, 2.

(c) Let F be the3 x 3 Fourier matrix, and let» = e=271/3, Let C be the matrix above. Find complex

N 0O O
numbers\g, A\;, and\y sothatFCF* = | 0 X 0 |.
0 0 Ao

Express your answer in termsofandw? (no complex arithmetic is needed).

4. Letn = 2. De£ney (k) to be the number of scalar additions (or subtractions) needed to caléijlate
by the Fast Fourier Transform (FFT) algorithm. Note that the product of a row vector and a column
vector, each witlh components, needs— 1 additions.

(@) Show that)(1) = 2 and thaty(k + 1) = 2¢(k) + 2(2% — 1).
(b) Use the recursion in (a) to calculaték) for k = 2, 3, 4.
(c) Prove by induction thap(k) < k2* for all positive integers:.

(d) Use the result in the notes and (c) to show that the total number of arithmetic operations (multipli-
cations and additions) required for the FFT on vectors of &lize less thar(3/2)k2".



