[ Thisisanillustration of the use of the SVD to identify the pseudoinverse associated with problem
3.3.6. Inthis case, the computation of an exact psedoinverse by this method is much more
complicated than the use of the normal equations, which are available since the columns of A are
linearly independent. The SVD gives so much more information about A in ths case that it getsin the
way of finding the pseudoinverse. This detracts from neither itsrole in providing atherotical

L foundation or its effectiveness as part of a numerical method.

= Initial setup

[ > with(Li near Al gebra):
[ This makes the new (as of Maple7) LinearAlgebra package available. It includes the shortcuts
used below to enter the original matrix and construct the auxiliary matrices appearing in the exact

L computation of its SVD.
[ > A =<<1| 1>, <2| - 1>, <- 2| 4>>;

1 1
A=H2 -1
-2 4

> AT:. =Transpose(A);

> ATA =AT. A

9 -
ATA =
9 18

[ > (eA vA): =Ei genvect or s(ATA);

7 9
+= 1 1
25
eA VA= 1 1

1 1
el LI

[ The "Eigenvectors' function in this package produces a vector of eigenvalues and a matrix whose
columns are the eigenvectors associated with those values in the same order. Thisformat was
introduced with the LinearAlgebra package. The parallel assignment to a sequence of names was
not present in earlier versions, but it appears to have been introduced quietly. The help page for

L the Eigenvectors function was the first place | saw it.




- Step by step construction of SVD.

First, extract the eigenvectors and find their lengths.

> vAl: =vA[ 1..2,1];

VAL=[ 1 1 0
fz_z‘EF
> vVA2: =vA[ 1.. 2, 2] ;
VA2:=H1 1 —H
E it
02 2 5;

> | 1:=simplify(sqrt(vAl.vAl));

|1::%«/1o+2\/§

> | 2:=sinmplify(sqrt(vA2.VvA2));

1
12:=2410-2y5

Now, build the orthogonal matrix.
> @:=<(1/11)*vALl| (1/12)*vA2>;

1
y10+245

@y L

1/10+2




B Check of orthogonality.

Checking orthogonality with these exact quantities involves some effort.
> Transpose( Q). Q2;

|, i
10+2y5  10+2y5
o f%i-iﬁﬁﬁiﬁﬁﬁg
y10+2y54/10-2y5  410+2y54/10-215
gﬂ WL rari:
y10+2y54/10-2y5 2«/10+2\/§1/10—2\/§ |
e
10-2y5  10-2y5

> sinmplify(9;




| [ The eigenvalues we have are the squares of the singular values.
> sVA =sinplify(map(sqrt, eA));
(545
2

s

> Sigma: =Matrix(1..3,1..2,sVA shape=di agonal ) ;

e

2= 3 3
0o 353

0 0
These values have now been inserted along the diagonal of a matrix of the same shape as A.
Multiplication gives a matrix whose columns are orthogonal of lengths given by the singular

values.
> AQ: =sinmplify(A @);
ﬁ5-1 5+1
10+2y5  4/10-245
5+15 -5+
J10+245 10-2

2+4y5 -2+
10+2 10-2

sVA =

T T TTTTITITT

:

bk

AQ2:=

IS

ey



- Another check

The form used hereis not easily seen to be the same as the one originally used to express the
eigenvalues. Here are some techniques for reformatting to recognize equality.
> simplify(AQ[1..3,1]. AQ[1..3,1]);

5+25
18
5+5

= 65+2(5)(5+5)

27 9 c
=42
2 2

> rationalize(%;

> expand( % ;

> eAl1];
27 9
= .2
2 2
A similar computation for the second column can be skipped.



| [ Now to find columns of Q1.
> cQL: =(1/ Sigma[ 1, 1] ) *AQ@[ 1. . 3, 1]

%J@-W
5+5
e
2+45
%@-W

%\/_— %/10 2

%\/E— %/10 2
25
%\/E— %\/10 2

A third columnis needed. All we know isthat it must be orthogonal to those we have. A genera
method would be to use Householder matrices to synthesize an orthogonal matrix containing the
columns we know. Since we are in 3 dimensions, we have a shortcut -- the cross product -- that
finds a vector orthogonal to two given vectors. We know that it will be a unit vector.

> c@:=sinplify(CrossProduct (cQL, c@));

cQl:=

IHIII [TT T I T I T I T T I T I T I IITT

> cQ: =(1/ Si gma[ 2, 2]) *AQ|

cQ2:=

mini ||r|L|| TTTTTI ||ﬂ|| [TITTITITITI1] HI [TIT T I\ [TTTTITT || [TTITITITT || |

cQ3:=

MM T T T I I I I TrIT]



| [ We have the columns, so we build the matrix.

> Ql: =<cQl| cQ2| cB>;

Ql:=

i \/E—l \/E+1
TR T e
5+5 5+y5

oo B2
2+y5 —2+y5

(MM I I T T T T I T I T I T I T I I ryad

3SR BA-

N



- Finding the pseudoinver se from its SVD.

The nonzero eigenvalues need to be inverted and arranged in amatrix of the appropriate shape.
> | nvSV: =map( x- >1/ x, sVA) ;

1 1 ]
832,30
O-y5+= O
2 2 O
InvSv:= [ o
01 N
32 3¢
02 2 [
> SigmaPlus: =Matrix(1..2,1..3,InvSV, shape=di agonal ) ;
[ 1 0 0;
SN -
L= + = L
L2 L]
SgmaPlus:= [ O
] 1 ]
-7 e
N 2 2 O




| [ Now we multiply the factorsin the SVD of the pseudoinverse...
> APl us: =Q2. Si gnaPl us. Transpose( QL) ;

APlus:=

EZ f5-1 .25+

(10+2ﬁ>%ﬁ+§§ (1&#5%(—2%2’
5+5 2 (5 +y5)

(10+2\/E)%\/E+§§ (10—2\/3)%\/_—2%2’
2+fs  _ 8(2+(5) E

<1o+2ﬁ)§ﬁ+§§ (10—2ﬁ)§ﬁ—§§

By AL

(10+2J§)§J§+§§ (10—2ﬁ)§ﬁ—§§'
B0 B3R

(10+2ﬁ)§ﬁ+§§ (10—2ﬁ>§f—§§,
B oA
(10+2J§)§J§+§§ (10—2J§>§J_—§%2

... and try to put it in areasonable form.
>sinmplify(9;

2

-8

16 1

6 1
(5-1) q5+1) S (f5-1) (5+1)
2 1

9 9




\ - Trying to get a simple form.
Maple can be stupid! We can see that asimpler form is possible, but nothing seems to work.
> map( expand, 99 ;

6 1 16 1 O;
2 2 3 2 2 O
(5-1 o5+ 451 s+ H
2 1 2"
9 9 o
> sinplify(%sqrt);
6 1 16 1 O;
2 2 3 2 2 O
(5-1 o5+ °ds-1 5+ H
2 1 2
9 9 or
Finally, the right approach.
> map(rationalize, %;
O
3 3
2 1 2
9 9 9
> APl us: =%
O
3 3
APlus:=
2 1 2
9 9 9

Thisisthe pseudoinverse of A.



- Solving exercise 3.3.6
> b: =<1, 2, 7>;

> APl us. b;

% 1%

2
These are the coordinates with respect to the columns of A. We now find the components of b in
the column space and its orthogona complement.

> p:=A %
3
p=p O
6
> q=b-p;
q=Q 2
1

Since p isjust the projection into the column space of A, it could be found directly by row
operations. The appearance of the inverse of ATA in the solution of the normal equationsin the
case where A has linearly independent columns is one way to describe the solution of these
equations. Itisnot the only description. Its main virtue isthat it gives an explicit formula
showing the linearity of the function computing x from b.

> Matri xl nver se( ATA) . AT;

11
3 3

2 1 2
9 9 9

Because the columns of A were linearly independent, the description of the solution of the normal
eguations gave the pseudoinverse using only simple operations.



