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Supplement 9: Numerical Methods in Linear Algebra

1. Introduction

Chapter 7 of the textbook describes computer algorithms for solving equations and finding eigenvalues
and eigenvectors. Some tools used in the description are based on topics that we have not yetintroduced. This
supplement describes alternative approaches allowing these topics to be covered earlier, while we continue
to rely on the textbook for most of the details.

2. Two kinds of numbers

In order to facilitate hand computation, most exercises done so far used matrices with integer entries
and relied on methods that were able to give exact answers easily with this data. These same methods can be
programmed to give exact answers to problems involving integer matrices. If a system suppbitiagy
precisionis used, then exact answers can be obtained even if the numbers in the problem are very large. If
the numbers appearing throughout the solution are also required to be integersn must be avoided
Some special methods that rely on matrixltiplication for most calculations were introduced.

Most applications involve humbers that arktained as measurements The appropriate tools for
computing with such numbers afleating point representations on a computer (or calculator), Such rep-
resentations aressentiallyapproximations. Arithmetic with these quantities introducesnd off and
truncation errors. Theserrors are notmistakes They are the result of limitations in the computer repre-
sentation of real numbers. The subject\afmerical Analysis deals with finding methods of computation
that control error while giving efficient procedures for computing the desired quantities. Such methods
are oftenterative, generating a sequence that, if calculated exactly, converges to the desired quantity. The
process is stopped whércan give no improvement with the available data

A floating point number consists of aign, anexponent and amantissapacked into a fixed number
of bits according to an established standard. Here, the mantissa is the collection of digits relative to the scale
set by the exponent. Calculators use base 10, and would write something2@&510?1. The internal
representation in a computer is more likely to bbiimary so that the exponent represents a power of 2. What
is important is that numbers can be scaled over a very large range, and show a fixed nusitpeficdint
digits that is the same independent of the size of the number or whether the number is positive or negative.
(The number zero has a special representation distinct from all others.) This means that the appropriate
measure of accuracy of a computationdative error obtained by dividing the difference between correct
and computed values by the correct value. The exact definition is not important — one only works with
boundson the error to determine how much of the mantissa can be trusted. Relative error behaves reasonable
when numbers are multiplied or divided, but addition or subtraction can be troublesome. If numbers are
of much different sizes, the smaller one will be written to the scale of the larger causing initial digits to be
padded with 0 by shifting and the later digits get shifted off the end and lost. The situation is worse if the
sum is smaller then the numbers being combined since there are not enough digits to give much accuracy
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after the number is written to its proper scale. This leads to an apparent breakdown of the rules of algebra
in which equivalent expressions can give very different answers.

3. Efficient computation

The small problems used as exercises allow many ways of presenting the solution with no preferred
method. We have givesuggestionghat aim to use atructured computation in which the location in which
as quantity appears indicates its significance. The biggest danger in hand or semi-automatic computation
(where you use a calculator for parts of the calculation, but record the steps by hand) is that an incorrect
value (often only the sign of one number)will get written somewhere affecting all subsequent steps. The
best protection against mistakes is to check the answer with the original data. It is also useful to have some
theoretical properties of the answer that can be easily verified. A verbal description of the computation is not
as useful. You need to be able to find mistakes and correct them. Only correct answers are to be accepted.

Some of this applies also to machine computation. The computation will be donprbgram that
records intermediate results according to a plan. Once the program is accepted as correct, special tricks
may be used to save time or space in the computation. For exampleLid dactorization program, the
answer will overlay the original matrix. This is not recommended for hand computation, but machines are
not confused by it. The routine for printing the answer can separate the factors.

Thefast Fourier transform gives an example where efficient use of space isssentialpart of the
computation. The matrices shown in formlis) on page 191 of the text cannot appear as explicit arrays.
Then? elements of such an array could not be written by a program that is supposed to run iriaty
steps. (the type of steps that are counted may lead to a higher powermftiogcertainly non?). The
calculation will have a vector af numbers as input and produce another such vector as outpulin€he
transformations represented by those matrices must be applied to vectors, but the program doing it will
not use the matrix. Since the matrices only have two nonzero elements in eachspowsa matrix data
structure could be use that only records the nonzero entries and their location, but the special forms of the
linear transformations appearing in this computation may lead to programs that don’t appear to use matrices
at all.

The use of Householder matrices to compute@efactorization is mentioned in section 7.3 of the text
(pages 374-5). It concludes with the observation @atn be stored as a product of Householder matrices
instead of being computed as a single orthogonal matrix. This is efficient because a single Householder
matrix can be represented by a unit vector in the direction being reflected. mMbush matrices need only
n? locations — no more than the whole product. Al§bneed not be seen to be used. A typical application
involves multiplying asingle vectorby QT. Using the factored form takes no longer that using a computed
product. Either way, there are oni products of numbers to be found.

4. VVector and matrix norms

There are several ways to measure the of a vectorv € R". The most familiar is thé&uclidean
length (v"v)Y/2. This is used in the text. In order to have a suitable foundation to work with this definition,
much of chapter 6 is a prerequisite. We will work through chapter 6, but it is convenient to look at some
features of numerical methods earlier. We shall use a norm that is easier to workheitimaximum of
the absolute values of the entrieef v. This is mentioned briefly in exercise 7.2.10, where it is given the
namemaximum norm, and it plays a role ifsershgorin’s Theorem mentioned before exercise 7.4.4. It
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was also implicit in our treatment of the Perron-Frobenius Theorem. There are many other vector norms:
all that a functionN (v) needs to earn that designation is that
(1) N(v) = O forall v with N(v) = 0 if and only ifv = O;
(2) N(av) = |a| N(v);
(3) N(vo+ v1) < N(vo) + N(v1).

Here, (1) is goositivity condition; (2) says that the normfi®mogeneouof degree 1; and (3) is the
triangle inequality. Both candidates for vector norms have these properties.

If you have a vector nornrN (v), there is an associatedatrix norm onn by n matricesM defined by

N(M) =sup{ N(Mv) : N(v) = 1}.

Because of positivity and homogeneity, this is equivalent toehet upper boundof N(Mwv) /N (v) for all
nonzero vectors.

Proposition. The matrix norm corresponding to the maximum norm is

N(M) = miaxZ Imi j|.
i
Proof. N(v) < 1 says thataljvj| < 1. In this case,

‘Zmijvj =2 Imijui = 0 Imig],
J J J

so N(M) is no larger than our proposed value. To see that itdisleast this largg find the rowi where
the sum attains its maximum and choage= +1 so that/m; ;| = m;jvj. Then our proposed value is
N(Mv)/N(v) for thisv.

5. Perron-Frobenius revisited

The first bound that we obtained on the dominant eigenvalue of a positive matrix was actually the
maximum norm of the matrix. More generally, we have.

Proposition. If N(M) is any matrix norm induced from a vector nohijv), then the absolute values of all
eigenvalues ol are at mosN(M).

Proof. If Mv = Av, then
N(Mv) = N(Av) = |A| N(v),

but N(Mv) < N(M)N(v).

A change of basis can change the norm of a vector or a matrix. However, M¢et M S) is not the
sameasN(M), it is alwaysa matrix norm of M. Indeed, if the original norm is induced by thector
norm N (v), this is induced byN (Sv), which is easily seen to be a vector norm.
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For application to the Perron-Frobenius theoremSlbe adiagonal matrix the divides thej ™" coor-
dinate of a vector by th¢!" coordinate of a given positive vectas. To say thaMvy < Buvg, component by
component, is to say th&(S"1MS) < . This shows that the dominant eigenvalue is bounded above by
any suchs. This complements our earlier result that said tklaly > avg implies thatx is a lower bound
on the dominant eigenvalue.

6. Power methods

Positive matrices give good examples of the use of the power method for finding eigenvalues, since
we know that the dominant eigenvalue belongs to a positive eigenvector. After some steps of the form
vk+1 = Muy from any positive starting vectag, the bounds on the ratios of corresponding components of
vk+1 anduy give bounds on the dominant eigenvalue.

Although the power method seems impressive when first met, it soon begins to feel painfully slow. The
shifted inverse power methoddoes a good job of improving the rate of convergence while retaining the
same ease of analysis. For positive matrices, this change can be done in a way that also involves finding the
dominant eigenvalue of a positive matrix.

7. Exercises

Let

1. Find themaximum norm of M.

2. Start fromug = [1, 1, 1]" and use th@ower methodvky1 = Mug to computevs, vo andvs. Use this
to get upper and lower bounds on tieminant eigenvalueof M.
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