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Finding eigenvectors

Summer 2004

1. Introduction Importanttheoretical results are that: (1) eigenvalues are characterized as
the roots of thecharacteristic polynomial ; and (2) the characteristic polynomial may be expressed as a
determinant. If you have an eigenvalueλ, then the eigenvectors of a matrixM with eigenvalueλ are the
nonzero vectors in the nullspace ofM − λI (the whole nullspace is called theeigenspaceof M for the
eigenvalueλ, but only the nonzero vectors are called eigenvectors). This eigenspace, like all vector spaces,
is usually identified by giving a basis. For a one dimensional space, any nonzero vector in the space gives a
basis and we sometimes say that such a vector is “the eigenvector” with the understanding that any nonzero
multiple of the vector would do just as well. For spaces of at least two dimensions, the relation between
different bases is harder to see, but this should not stop you from choosing a basis to describe the space.

If you are unable to find any nonzero vectors in the nullspace ofM − λI while claiming thatλ is an
eigenvalue ofM , thenyou have made a mistake somewhere. Mistakes in this work are common, so you
should organize your work to include checks that allow you to discover your mistakes before showing them
to anyone else.

Contrary to the advice at the bottom of page 247 of the textbook, this isnot the only way to find
eigenvalues or eigenvectors. There are many examples where some eigenvalues can be foundwithout first
finding the characteristic polynomials. There are even examples where eigenvalues are found byfirst finding
the eigenvectorv and then noting the scale factor relatingv andMv. Again, it should also be noted that the
failure of the attempt to find such a scale factor is aproof thatv is not an eigenvector ofM .

2. Triangular matrices As noted in Example 3 of Section 5.1 of the textbook, the
determinant of a triangular matrix is the product of the diagonal entries, so that the characteristic polynomial
of [ 1 −1 3

0 2 5
0 0 −4

]

is (1 − λ)(2 − λ)(−4 − λ). There isno reason to expand this product; the roots of the characteristic
polynomial are more valuable than the coefficients. The eigenvalues are 1, 2 and−4. We now turn our
attention to finding eigenvectors. This can be done by separately computing the nullspace ofM − λI for
eachλ on the diagonal ofM (although there are other methods that will be described in later supplements).

The eigenvectors forλ = 1 lie in the nullspace of

M1 =

[ 0 −1 3
0 1 5
0 0 −5

]
.

This matrix is already in echelon form, so we read the rows from the bottom to find properties ofv with
M1v = 0. Since−5 times the third entry ofv is zero, the third entry ofv is zero. The second row now tells
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us that the second entry ofv is zero. Now, the first row tells us only that 0= 0. There is no restriction
on the first entry. The nullspace consists of all multiples of(1, 0, 0). We may take any nonzero multiple
of this as an eigenvector. It is usually best to take(1, 0, 0) itself. Although this is the easiest eigenvector to
find, it is often overlooked because few matrices with a zero first column are met in a first course on Linear
Algebra.

The eigenvectors forλ = 2 lie in the nullspace of

[
−1 −1 3

0 0 5
0 0 −6

]
.

As before, the third row says that the third entry of an eigenvector is zero. This time, the second row say
nothing new. Then, the first row says that the first entry of the eigenvector is the negative of the second entry.
Any nonzero vector with this property may be used. To keep the expression simple, we take(1, −1, 0).

The eigenvectors forλ = −4 lie in the nullspace of

[ 5 −1 3
0 6 5
0 0 0

]
.

Equations giving ratios of entries in the eigenvector are easily found. If the third entry is taken to be−30,
the other entries will be integers. Indeed, the eigenvector is(23, 25, −30) — or any nonzero multiple. Since
the scaling of an eigenvector is arbitrary, a rational vector is usually scaled to have integer entries.

2.1 Exercise 1 Find the eigenvalues and eigenvectors of

[ 2 5 −3
0 −3 12
0 0 1

]
.

3. Projections Example 2 in Section 5.1 uses the geometric description of projections to identify
the nullspaces ofP and ofP − I and to show that their sum is the whole space. An approach that applies
more generally is to use the geometry to show that a projection matrixP satisfiesP2

= P. That is, any
vectorPx in the range of the projection (which is the column space ofP) must be projected into itself, so
that P2x = Px for all x. Since the matrixP2

− P takes each vector to zero, applying it to the standard
basis shows that each column is the zero vector, so every entry is zero,

If v is an eigenvector with eigenvalueλ, thenPv = λv andP2v = P(λv) = λ(Pv) = λ(λv) = λ2v.
Thus,λ2v = λv or (λ2

− λ)v = 0. Sincev must be a nonzero vector,λ2
− λ = 0. The only solutions of

this areλ = 0 andλ = 1.
SinceP(I − P)x = 0 for all vectorsx, if y = (I − P)x, thenPy = P(I − P)x = 0, soy is either the

zero vector or an eigenvector with eigenvalue 0. Similarly, eachPx is either the zero vector or an eigenvector
with eigenvalue 1. Howeverx is the sum of these two vectors. Thus the sum of the two eigenspaces is the
whole space, and there is a basis of eigenvectors. Moreover, applying Gaussian elimination toP leads to
both a basis for the column space (the eigenspace forλ = 1) and the nullspace (the eigenspace forλ = 0),
so there is no need to do a second calculation starting fromI − P.
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3.1 Example We find the eigenspaces of the projection matrix

P =
1

16


4 2 −2 2 6
2 5 −5 5 −1

−2 −5 5 −5 1
2 5 −5 5 −1
6 −1 1 −1 13

.

The first step is to verify that this is a projection. This will be omitted here, but will be described in lecture.
In reducing the matrix, it is convenient to multiply by 16 to work with an integer matrix having

eigenvalues 0 and 16 instead of the projection matrix.
Pivoting gives 

4 2 −2 2 6
0 4 −4 4 −4
0 −4 4 −4 4
0 4 −4 4 −4
0 −4 4 −4 4




4 2 −2 2 6
0 4 −4 4 −4
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


This gives anLU factorization (shown first) andLU factorization (at the end of the line)

16P =


1 0 0 0 0

1/2 1 0 0 0
−1/2 −1 1 0 0

1/2 1 0 1 0
−3/2 −1 0 0 1




4 2 −2 2 6
0 4 −4 4 −4
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 =


1 0

1/2 1
−1/2 −1

1/2 1
−3/2 −1


[

4 2 −2 2 6
0 4 −4 4 −4

]

Since the first two columns are pivot columns, a basis for the column space consists of the first two columns
of P.

To find the nullspace, do the pivot steps onU corresponding to “back substitution” to obtain[
4 0 0 0 8
0 4 −4 4 −4

]
.

Interpreting this matrix as the coefficients of equations gives that a column whose entries arex1, . . . , x5
belongs to the nullspace ifx1 = −2x5 andx2 = x3 − x4 + x5. Writing this in vector form with parameters
x3, x4 andx5 gives 

x1
x2
x3
x4
x5

 = x3


0
1
1
0
0

 + x4


0

−1
0
1
0

 + x5


−2

1
0
0
1

.

The numerical column vectors appearing in this equation are a basis for the nullspace.
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3.2 Related results
A generalization, equally easily proved, is that

Mv = λv implies f (M)v = f (λ)v

for all polynomials f . Specializing this tof (x) = x + c gives the observation that addingc to the diagonal
of M addsc to all eigenvalueswithout changing the eigenvectors. This is explored in exercises 5.1.3 and
5.1.7. In particular, this shows thatthere is nothing special about zero as an eigenvalue, since there are
closely related matrices having the same eigenvectors where one has zero as an eigenvalue and the other
does not.

This also shows that, for all polynomialsf (x), f (M) = 0 implies that all roots off (x) = 0 are
eigenvalues ofM . In addition to projections, characterized byf (x) = x2

− x, there arereflections,
characterized byf (x) = x2

−1, andquarter turns , characterized byf (x) = x2
+1. Examples of matrices

satisfying these equations exist in all positive dimensions (except that quarter turns require at least two
dimensions).

4. Markov matrices A Markov matrix M is ann by n matrix (all matrices in this part of
the course are square matrices) with all entries nonnegative and the sum of the entries in eachcolumn equal
to 1. The transpose of a Markov matrixMT has the sum of eachrow equal to 1. Ifv = (1, 1, . . . , 1), this
gives MTv = v. Thus,v is an eigenvector ofMT with eigenvalue 1. Since we have the eigenvector, we
know that 1 is an eigenvalue ofMT.

It is always true thatM andMT have the same eigenvalues, so 1 is an eigenvalue ofM . However, this
time we don’t know the eigenvector. However,we are surethat M − I has a nontrivial nullspace, so we
proceed to compute the nullspace. It can be shown that the eigenvector found in this way will haveall entries
nonnegative. If normalized so that thesum of the entriesis 1, it is called thelimiting distribution of the
process represented byM . We make no attempt to find the other eigenvalues or eigenvectors. Statement
5I of the textbook asserts that no eigenvalue exceeds 1 in absolute value (although some may be complex
numbers). This is a special case of the Perron-Frobenius Theorem mentioned on page 271 of the textbook
and described in a later supplement.

Taking each entry of a 3 by 3 matrix to be a fraction with denominator 10 allows 2203
= 10648000 —

more than ten million — examples for which the computation will be manageable.

4.1 Example Let

M =

[ 0.2 0.4 0.6
0.5 0.3 0.1
0.3 0.3 0.3

]
.

Then

M − I =

[
−0.8 0.4 0.6

0.5 −0.7 0.1
0.3 0.3 −0.7

]
.

To solve(M − I )v = 0, we first scale all rows by multiplying by 10 to get integer entries. Then, the second
and third rows are multiplied by 8 to make their leading entries divisible by the pivot. This gives the array

[
−8 4 6
40 −56 8
24 24 −56

]
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Pivoting: [
−8 4 6

0 −36 38
0 36 −38

]

The second and third rows are now negatives of one another. Each gives the ratio ofx2 to x3 and then the
first row givesx1. In this case, we get(x1, x2, x3) = (23, 19, 18).

Note that only the matrix of coefficients of the left side of the equation is written when we use Gaussian
elimination to solve the equations to find the eigenvector. This is because we know that the right side will
always be zero, no matter what row operations we perform. (On the other hand, I have seen students insist
on writing a right side and accidentally introduce a nonzero quantity in one of the steps.)

5. Exercise 2 Find the limiting distribution of the Markov matrix[ 0.1 0.5 0.2
0.4 0.2 0.7
0.5 0.3 0.1

]
.

6. Companion matrices Suppose that a matrix has the form

C =

[ 0 1 0
0 0 1
c b a

]
.

Such a matrix has an eigenvector of the form(1, x, x2) since[ 0 1 0
0 0 1
c b a

][ 1
x
x2

]
=

[ x
x2

c + bx + ax2

]
=

[ x
x2

x3

]
=

[ 1
x
x2

]
x

if x3
= ax2

+bx+c. If this polynomial has distinct roots, then we have found a basis of eigenvectors, so the
matrix can be diagonalized (as discussed in Section 5.2 of the textbook). All three roots of the polynomial
are eigenvalues, so this polynomial divides the characteristic polynomial. Since the polynomials have the
same degree, the quotient is a constant, and consideration of the coefficient ofx3 shows that the characteristic
polynomial is−x3

+ ax2
+ bx + c.

The matrixC is called thecompanion matrix of the polynomialx3
− ax2

− bx − c. There is an
obvious generalization giving ann by n companion matrix of a polynomial of degreen.

Remark. A related matrix is theLeslie matrix arising in models of population growth. (A special case
makes an appearance in Exercise 5.3.4 of the textbook.) The basic idea is to consider a vectorv whosei th

entry is the count of individuals in thei th year of life at a particular time and to form a matrixM such that
Mv describes a similar vector one year later. The next year’s count consists ofsurvivors who are one year
older andnewborn individuals in their first year of life. The survivors contribute entries between 0 and 1
to the sub-diagonal ofM , and the newborns give nonnegative entries in the first row in a column indicating
the age of the parent.

In general, ifC is the companion matrix of a monic polynomialP(x) of degreen, expansion of
det(C−λI ) by its first column shows that the characteristic polynomial ofC isalways(−1)n P(x). Similarly,
consideration of the rows ofC−λI shows that the eigenvectorsalwayshave the form(1, x, . . . xn−1). When
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the eigenvalues are distinct, the matrix whose columns are the eigenvectors is a Vandermonde matrix. Since
eigenvectors for different eigenvalues arealways linearly independent, this gives another proof that the
Vandermonde matrix is nonsingular.

By contrast, the companion matrix of a polynomial with repeated rootsneverhas enough eigenvectors
to form a basis. However, there is a simple construction leading togeneralized eigenvectorsin this case.
First, note that [ 0 1 0

0 0 1
c b a

][ 1
x
x2

]
=

[ 1
x
x2

]
x +

[ 0
0

c + bx + ax2
− x3

]

for all x. This may be written more compactly asCv(x) = xv(x) + u(x). Since this is an identity, it can
be differentiated to giveCv′(x) = xv′(x) + v(x) + u′(x). Specializingx to a repeated rootλ of P(x)

givesCv(λ) = λv(λ) andCv′(λ) = λv′(λ) + v(λ) sinceu′(λ) = u(λ) = 0 whenλ is a repeated root.
Thus, multiplication byC − λI takesv′(λ) to v(λ) andv(λ) to the zero vector. This shows thatv′(λ) is a
generalized eigenvector.

7. Exercise 3 Let

C =

[ 0 1 0
0 0 1

−1 1 1

]
.

Find the characteristic polynomial ofC (once you have one root, the rest of the factorization will be easy, and
you should be able to find one root immediately) and all eigenvectors. Then find the generalized eigenvector
v′(λ) for the double root of the characteristic polynomial.

8. The Power Method The basic computational method for finding eigenvalues and
eigenvectors is thepower method. Section 7.3 is devoted to this method and several of its refinements,
and we will return to it later in the course. For now, it will suffice to illustrate the method. As an example,
consider

M =

[ 0.4 0.2 0.7
0.5 0.3 0.1
0.1 0.5 0.2

]
.

This has the same rows as the matrix appearing in the Markov matrix exercise, in a different order; it is still
a Markov matrix, but you will find that the limiting distribution is quite different. Iteration ofvn+1 = Mvn

for various choices ofv0 will be illustrated in lecture. Since this is a Markov matrix, the sum of the entries
in vn is constant. We can check the result of the power method for this example because we are able to find
an exact solution that is rational. If we multiply by the denominator (124 in this case), our computed values
should be very close to the integer numerators.

With other matrices, it would be necessary to rescale eachvn. The scale factors will converge to the
dominant eigenvalue if there is one. A simple scaling is to make the first entry of the vector equal to 1.
This is adequate for interactive use on a calculator, since it will be easy to detect if it is inappropriate (for
example, if that entry of the eigenvalue is much smaller than the other entries). If all entries of the matrix
are positive, the iteration converges reliably to a positive eigenvector. For other matrices, the eigenvalues
of largest absolute value may be complex. In such cases, the iteration will not converge, although in some
cases it will appear to cycle. Some examples are

[ 5 −2 1
3 2 −1

−2 3 4

]
and

[ 5 2 1
3 2 1
2 3 4

]
.
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The first of these has eigenvalues approximately 3.3 + 3.0i , of absolute value 4.46 that slightly dominate
the real eigenvalue of 4.42. The second matrix has three real eigenvalues (approximately 7.64, 2.92, and
0.45). The second iteration clearly converges, with the analysis of the method indicating that there will be
an additional two places of accuracy every five iterations. For the first matrix, the lack of convergence will
be clear rather quickly, but the power method calculation suggests no remedy. when we return to the topic
in Chapter 7, better methods for dealing with this matrix will be met.

End of Supplement
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