Chapter 1

Probability Spaces and
Independence

This chapter has two goals. The first is to establish the mathematical founda-
tions of probability. Probability theory is carried out within the framework of
probability spaces, which are just special examples of measure spaces. Section
1.1 explains how probability spaces are defined and presents the basic measure-
theoretic tools needed to construct and analyze them. The second goal is to
introduce the concept of independence. Independence is absolutely central to all
aspects of probability and stochastic processes, and is largely responsible for the
distinct flavor of probability theory as a branch of analysis. The two themes—
measure theory and independence—are intertwined in the examples discussed
in this chapter. In fact, a centerpiece of the chapter is a careful construction
of a probability space modeling an infinite sequence of independent coin tosses.
This example is one of the simplest probability spaces requiring a non-trivial
construction; at the same time, it typifies the kind of “infinite-dimensional”
measure space characteristic of probability theory.

Probability theory is a subject motivated by applications, and one of its at-
tractions is the rich class of problems that can be understood in detail by an
elegant mix of combinatorics and analysis. Another is the derivation of inter-
esting limit laws, such as the law of large numbers or the central limit theorem,
that have a universal character, because they are independent of particular dis-
tributional assumptions. The student drawn to probability for these reasons
will have to be patient in reading this first chapter. It is about foundations,
is mostly abstract, and does not enter into even mildly interesting calculations.
Computing probabilities of the outcome of a finite number of independent coin
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tosses will be about as complicated as it gets! And even for this we will present
only general formulas. However, the measure theory background is essential;
it supplies both the scaffolding for a mathematically rigorous theory and also
powerful analytic tools that are used repeatedly. It is especially important to
stochastic process theory, a study of which is begun in these notes. So it pays
to master this foundational material well at the start.

1.1 Probability spaces

1.1.1 A few comments on the meaning of probability.

Here is a statement you would certainly believe: the probability of getting an
even number in one roll of a die is 1/2. Here is another you could verify by a
simple combinatorial argument: the probability of getting exactly two heads in
3 tosses of a fair coin is 3/8. We understand these statements intuitively, but
what do they mean precisely? More generally, what does it mean to assign a
probability to an uncertain event? As a guide to intuition, it is useful to make
a few remarks about interpreting probabilities, before delving into the mathe-
matical theory. Be warned, however, that this is a philosophical issue, meaning
it admits contending approaches and has no, single, scientifically verifiable res-
olution. Be warned also that that this discussion is philosophically naive and
simplistic, reflecting, I am afraid, the philosophical naiveté of the author!

Most probabilists and statisticians subscribe to one of two approaches to
the meaning of probability. One is called the frequentist interpretation, and
it applies most convincingly to random phenomena that can, in principle, be
observed as often as desired under identical circumstances. A coin toss, a die
roll, or, more generally, any game of chance provide typical examples. Another
example is Brownian motion, the small scale, random motion, due to molecular
collisions, of a microscopic particle suspended in a fluid or gas. Imagine that
we observe N instances of such a phenomenon, and that the outcomes of the
different instances do not influence each other. If A is some event concerning
the outcome, the number of times A occurs divided by N is called the empirical
frequency of A in those N trials; denote it by fﬁ}. Of course, for any given N,
ff} is itself random: different runs of IV trials will typically yield different values
of ff,. However, the frequentist believes that fj{‘, will tend to a limiting value
as N — oo, and that this limit will not be random, but will be the same for
any sequence of trials. For the frequentist, the probability of A is precisely this
limiting frequency. For example, saying that the probability of getting an even
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number in a die roll is 1/2 means that in a long run of die rolls, approximately
1/2 are even, and that this approximation becomes exact as the number of rolls
increases toward infinity, in any infinite sequence of independent trials. The
frequentist definition of probability does make good intuitive sense; if the long
run empirical frequency of event A is greater than that of event B, A occurs
more frequently on average and hence is “more probable.” Since the empirically
observed frequencies of different possible outcomes reflect only physical laws
governing the experimental set-up, the frequentist’s probability is an objective
quantity independent of the observer.

The frequentist approach does not apply, however, to situations such as the
next presidential election, or tomorrow’s horse race, that are unique and not
repeatable. Yet the outcomes are still uncertain and people still assign them
probabilities, if only to make book for betting. In such cases, people form judg-
ments about the relative likelihood of different outcomes using knowledge of
previous performance (whether of politicians or horses), polls, recent history,
the alignment of the planets, or whatever else they deem relevant. Necessarily,
these judgments will be subjective and vary from individual to individual; an
expert in presidential politics will have a much more precise and informed assess-
ment about the presidential election than a casual observer, but even experts
will disagree among themselves. The probabilities people assign to outcomes
are thus subjective assessments of relative likelihood, subject to change as they
acquire new data. The so-called Bayesian philosophy insists that the only co-
herent interpretation of probabilities is to regard them in all cases as subjective
measures of likelihood, even in those circumstances, such as games of chance,
where the frequentist approach seems natural. (After all, it is not really possible
to conduct an infinite number of independent trials.) It is a very statistical out-
look, since it brings to front and center the problem of updating one’s subjective
probabilities as new observations and information become available. Indeed, the
term Bayesian comes from Bayes’ rule for conditional probabilities, which is the
mathematical tool for updating probabilities. (I believe that Mr. Bayes (1702-
61), the inventor of this rule, was not himself a Bayesian; indeed, he predates
the formulation of the Bayesian philosophy.)

There are other viewpoints, as well. In fact, the early developers of probabil-
ity were neither Bayesian nor frequentists. They thought that all assignments of
probabilities should be based on reducing random phenomena to a set of cases
that must, by their nature, be considered equally probable. This idea is found,
for instance, in Laplace’s work in probability. It makes sense for analyzing simple
games of chance, as the early pioneers of probability tried to do. For example,
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in computing the probabilities of different card hands, it is reasonable, assuming
adequate shuffling, to treat each possible hand as equally probable. As a general
principle, seeking equally probable basic outcomes has the virtue of determining
probabilities objectively, but without reference to a limiting frequency. However,
especially for more complicated phenomenon, it begs the question of when a de-
composition into equally probable cases has been achieved, and it is not clear
how to apply the idea in models with an infinite number of possible outcomes.

The interpretation of probability is a subject of lively philosophical debate
and it does have practical consequence for statistical practice. Fortunately, it
is not necessary to take sides in the debate, nor even to pursue the different
interpretations in any depth, in order to formulate a mathematical theory of
probability. Both Bayesians and frequentists agree on a minimal set of rules
constraining the assignment of probabilities. These rules, which are axiomatized
in the notion of a probability space, are the basis of the theory.

1.1.2 Probability Spaces

We will approach the definition of a probability space from the viewpoint of
modeling. Random behavior occurs in widely diverse settings and for a variety
of reasons. For a comprehensive theory not tied to any particular application,
one would like a common mathematical framework for building probabilistic
models. This is the purpose of the probability space concept. It serves as a
universal template for probabilistic modeling.

The abstract notion of a probability space provides two things: a common
mathematical language for probability modeling, and axioms that constrain how
probabilities are assigned. The language is easy to describe and very natural.
Consider a random trial and let 2 be the set listing all its possible outcomes.
The purpose of a model is to assign probabilities to different “events” concerning
the actual outcome. The idea of an “event” is informal, but in practice it always
ultimately takes the form: “the outcome falls in a certain subset of €2.” For
example, the event a single die roll comes up even is just the probability that
the outcome of the roll is in s in the subset {2,4,6} of {1,2,3,4,5,6}. Therefore,
it makes sense to identify events with subsets of Q). If A C (), we say event A
occurs if the outcome falls in A. Formulating a probability model then means
assigning numbers IP(A) to subsets of 2, IP(A) being the probability that A
occurs. This will be the general approach: a probability space will feature a
function IP, called a probability measure, defined on subsets, called events, of a
set €.

The “axiom” part of the definition of probability space stipulates a few,
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basic properties, consistent with intuitive notions of probability, that IP must
satisfy. The simplest obvious requirements are that IP(A) be non-negative for
any event A and that IP(2) =1, the latter merely expressing the conventions that
) includes all possible outcomes and that an event with probability 1 is certain
to occur. The final and more important property is additivity; if A and B are
disjoint events, then IP(AUB) = IP(A)+1IP(B). Additivity is natural to the idea
of probability as a measure of likelihood. In fact, the frequentist interpretation
demands additivity, because as the number of trials tend to infinity, the limiting
empirical frequency of AU B is the sum of the individual limiting frequencies, as
long as A and B are disjoint. Later we will strengthen additivity to countable
additivity.

It is also necessary to place conditions on the domain of IP, the class of those
subsets of 2 that qualify as events. This is not immediately obvious. Why not
always let the domain be the power set 2?, the set of all subsets of Q? Certainly,
this is the natural thing to do whenever (2 is finite or countable. However, if {2
is uncountable, and if we use standard set theory with the axiom of choice, the
power set is too rich. The mathematical techniques for establishing existence of
countably additive measures do not, in general, yield the power set as a domain
of IP. And in some cases, it is not even possible to define IP on all subsets and
maintain countable additivity. However, if the class of events must be restricted,
then we at least want it to be closed with respect to elementary operations of
union, intersection, and taking complements, since these are used all the time
in even elementary probability calculations. The following important definitions
formalize these closure properties.

Definition 1 Let Q) be a non-empty set. Let F be a non-empty collection of
subsets of €.

(A). F is an algebra if it is closed under complements and finite unions and
intersections. That 1is,

(i) A€ F implies A® € F;
(ii) for any finite n, Ay,..., A, € F implies Ay U---UA, € F;
(iii) for any finite n, Ay, ..., Ay, € F implies AyN---NA, €F.

(B). F is a o-algebra if it is closed under complements and countable unions
and intersections. That is, F satisfies (i) and

(ii’) A1, Aa,... € F implies UPA; € F;
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(i1i’) Ay, As,... € F implies \T°A; € F.
Note that if F is an algebra or g-algebra of subsets of {2, then
QeF and 0eF.

Indeed, since F is non-empty, there is at least one A in F. But then A¢ € F
and then also Q = AU A€ and () = Q° are in F.

The conditions defining algebras and o-algebras in Definition 1 are partly
redundant. The reader should prove the following simple result, which requires
only simple applications of De Morgan’s laws.

Lemma 1 Let F be a non-empty collection of subsets of Q2. If F satisfies just
conditions (i) and (ii) or just (i) and (iii) it is an algebra. If F satisfies just
conditions (1) and (ii’) or just (i) and (iii’) it is a o-algebra.

A simple argument by mathematical induction also shows that to establish
(ii) or (iii) in checking whether F is an algebra, it suffices to check the case
n = 2.

We are finally in a position to define probability spaces.

Definition 2 The triple (Q,F,IP) is called a finitely additive probability space
if Q0 is a non-empty set, F is an algebra of subsets of 2, and IP is a non-negative
function on F satisfying IP(2) = 1 and

]P(U Ap) = Z]P(Ai) for disjoint Ay,..., Ay in F. (1.1)
1 1

IP is then called a finitely additive probability measure and the sets in F are
called events.

Example 1.1. Probability space for the roll of a fair die. Let Q := {1,2,3,4,5,6},
let F be the collection of all subsets of 2, and let IP(A) := | A|/6, for every A C €,
where |A| denotes the cardinality of A. This is a probability model for one roll
of a fair die, because for each i € {1,---,6}, IP({i}) = 1/6. It is easy to show
that IP is finitely additive. o,

Example 1.2. Uniform distribution on [0, 1], finitely additive version. Imagine
an experiment whose outcome is a number in [0, 1] and is equally likely to fall
anywhere in the interval. The outcome space is [0,1]. Let F be the collection
of all finite disjoint unions of subintervals of [0,1]. At a minimum, we would
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certainly like any subinterval of [0, 1], whether closed, open, or half closed-half
open, to be an events. Thus the class of events should include F. But it turns
out that F is in fact an algebra.The proof is left as an exercise, which is easy
using a technical lemma to be introduced in the following section.

Since there is no region of the [0, 1] more likely than any other, the probability
of an interval should depend only on its length, not its position. By additivity,
the probability must be linear as a function of length, and since IP(]0,1]) = 1,
we define

P ([a,b]) = P((a,8]) = P([a,b)) = P((a,5)) =b -,

for all 0 < a < b < 1. The probability of any event in F that are finite disjoint
unions of more than one interval are determined from this formula by finite
additivity. Clearly, for any A € F, IP(A) is just the total length of A. o

Example 1.2 has an annoying feature it shares with most probability spaces
on uncountable outcome spaces. Although the elements w of € are the possible
outcomes, IP({w}) = 0 for every w. So every time the experiment runs, an
outcome of probability zero occurs! This paradox does not mean the uniform
distribution is useless. In real life, no measurement is arbitrarily accurate. If
measurement are accurate only to 1/N, the experiment is really returning one
of the numbers in the finite set {0,1/N,2/N,...,1} and a uniform distribution
means each outcome has the same probability, namely, 1/(N + 1). When N
is large, the uniform distribution on [0, 1] will be a good approximation to the
discrete model, and one that is easier to work with.

Much of probability theory is concerned with questions about limits and to
discuss limits requires operations on countable sets of events. Finite additivity
is not a powerful enough axiom for analyzing limits, but countable additivity is.

Definition 3 The triple (Q, F,IP) is called a probability space if Q2 is a non-
empty set, F is a o-algebra of subsets of 1, and IP is a non-negative function
on F satisfying P(Q) =1 and
]P(U Ap) = Z IP(A;) for any countable disjoint family Ay, Aa, ... of subsets in F.
1 1
(1.2)

Definition 3 is the standard probability space used in probability theory,
which is why we refer to them simply as “probability spaces,” without explicit
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mention of countable additivity. All the theory discussed in these notes assumes
countable additivity. We have defined finitely additive probability spaces for two
reasons. First, a probability space are usually constructed in practice by defining
a a finitely additive probability measure on an allgebra, and then extending
it using theorems from measure theory. Second, there are applications which
are modeled by finitely additive probability spaces that cannot be extended to
countably additive spaces. Note that any probability space is perforce a finitely
additive probability space.

Example 1.3. Discrete probability spaces. Let the outcome space 2 be a
countable or finite set. Let F be the power set of ). Suppose that for each
w € ), we have a number p, > 0 and that

przl-

weN

Define IP(A) = Z Pw, for any A C €. It is an easy exercise to show that

w€eA
(Q, F,IP) is a probability space. In this model, p,, = IP({w}) is the probability
that the outcome is w for each w € Q. o

Example 1.4. Uniform discrete probability space. This is a particularly im-
portant example of a discrete probability space in which 2 is finite and each
outcome in 2 is equally probable. Thus,

_ Al

AcCQ.
where |A| denotes the cardinality of A. This is a model for a single random

selection of an element of €2 in which each element has an equal probability of
being selected. Example 1.1 is a special case.

1.1.3 Elementary properties of probability measures

In this section we develop some immediate and elementary consequences of the
axioms of probability.

Theorem 1 Let (Q,F,IP) be a finitely additive probability space. Then (i)
P(0) = 0; (ii) if A€ F, P(A°) = 1 — P(A); (iii) if AC B and A, B € F, then
IP(B—A)=1P(B)—-IP(A); and (i) if A,Be F, P(AUB) =1P(A)+IP(B) —
P(AN B).
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The last identity (iv) is called the inclusion-exclusion principle and it has a

generalization to arbitrary finite unions: if A1, ..., A, are in F,
P(AU--UA4)=> (=D > P4, N---NA;) (1.3)
r=1 1<ii<-—ip<n

The proof of this theorem is left as an exercise; properties (i)-(iv) are elemen-
tary and the generalized inclusion-exclusion identity can be proved by induction.

The next result derives “continuity” properties of (countably additive) prob-
ability measures.

Theorem 2 Let (2, F,IP) be a probability space.
(a) TP is continuous from below; that is, if A, is an increasing sequence of
events,

n—oo

IP(G Ap) = lim P(A,). (1.4)
1

(b) TP is continuous from above; that is, if A, is a decreasing sequence of
events,

oo
]P(O An) = lim P(A4y). (1.5)
Proof: (a). Let A; C Ay C --- be an increasing sequence of events. Define

By = A; and for n > 2, define B = A,, — A,_1. Then Bj, B, ... are disjoint,
UrB; = A, for every n > 1, and U{°A; = U{°B;. Therefore, using countable
additivity,

P({JA:) =Y P(B,) = lim Y P(B) = lim P(A,).
1 1 1

This proves (a). To prove (b), use the fact that (ﬂ‘lx’ An)c = U{PA;. If the
sequence Aq, Ag, ... is decreasing, then Aj, Ao, ... is increasing. Thus from (a),
o o
IP(OAn) =1- IP(Lleg) = lim 1—TP(A9) = lim P(4,). o
There is a converse to Theorem 2; combined with Theorem 1.2, it says that
countable additivity and continuity from above (or below) are equivalent for

finitely additive probability measures. We use the notation A, | A to indicate
that Ay, Ag, ... is a decreasing sequence of sets and N°A4,, = A.
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Theorem 3 Let (2, F,IP) be a finitely additive probability measure and assume
in addition that F is a o-algebra. Suppose that for any sequence {A,} of events
such that Ay, | 0, lim, o IP(A,,) = 0; (in this case we say that P is continuous
from above at (). Then P is countably additive.

Proof: Let By,... be a disjoint sequence of events. Let

A, = JBi.

s

Then A,, | 0 and so IP(A,,) | 0 as n — oo. By finite additivity of IP,

IP([?Bi) (UB)+IP nt1) Z]P (Ant1),

for every n. By letting n — oo,

P({JBi) = lim S P(B) =Y P(B). o
1 1 1

1.1.4 Elementary theory of algebras and o-algebras

We will see over and over again that in probability theory, events naturally
come bundled together in o-algebra packages. In this section we discuss how
o-algebras are generated from more elementary collections of subsets. We start
first with how algebras are constructed, as this is a common stepping stone on
the way to constructing o-algebras, when defining probability spaces in practice.
Let &€ be a collection of subsets of a nonempty outcome space €2. We want to
build an algebra of subsets containing £. This is particularly simple if £ consists
of the subsets {Vi,...,V,} of a finite partition of Q2. Then the collection of all
finite unions of subcollections of {Vi,...,V,} is an algebra. For arbitrary &, we
have to work a little harder, but not much. Define the successive collections,

& 2 (A AcE or AC€E),
& 2 {4; A is a finite intersection of sets in &},
&3 2 {A4; A is a finite disjoint union of sets in £ }.

Theorem 4 &3 is the smallest algebra that contains &.
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Proof: Clearly any algebra that contains £ must contain £3. It remains to show
that &3 is an algebra.
Consider first the case in which &€ = {A;,..., A,} is finite. For i = 0,1, let

(i) & | Ag, ifi=0;
A _{Az if 7 =1.

For each p = (p1,...,pn) € {0,1}", define
v, 240 nalk)

The family {V,; p € {0,1}"} is contained in & and its members form a disjoint
partition of €2, as is easily checked. Therefore the family A of finite disjoint
unions of sets in {V,; p € {0,1}"} is an algebra. Clearly A C&;. To finish the
proof, it suffices to show that £ C A, because then A is an algebra containing
£. However, this is easy, because for each 1,

A= U V.
p,pi=0
For a general family &, let
A2 U c

CCE,|Cl<o0

This is clearly contained in £. It is left to the reader to show that A is an
algebra. o

From this result we can derive another useful criterion for building an algebra.

Theorem 5 Let E be non-empty family of subsets of Q satisfying (i) if A, B € &,
then so is AN B; (i) if A € £, then A€ is a finite disjoint union of sets in &.
Then the family A consisting of all finite disjoint unions of elements of £ is an
algebra.

Proof: Let &, i = 1,2,3 be defined as above. Certainly, A C & and so, to
finish the proof, it remains only to show that & C A. Assumption (ii) on &
implies & C A. Now, A is closed under finite intersections. Indeed, if A = U7 A;
and B = UT'B;j where Ay, ..., A, are disjoint and By, ..., By, are disjoint, then
ANB = UL, UL, AN Bj, which, because of assumption (i), is again a finite
disjoint union of elements of £. It follows that & is also contained in A. But A
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is also clearly closed under finite disjoint unions. Hence &3 is also contained in

A. o

Example 1.5. Let £ be the collection of all subintervals of IR of the form
(a,b], (—o0,b], (a,00), or (—oo,00). This family satisfies properties (i) and (ii)
of Theorem 5. Hence the collection of all finite disjoint unions of intervals in £
is an algebra of subsets of IR.

Similarly, the family of all subintervals, whether they be closed, open, or
half-closed /half-open, satisfies (i) and (ii) of Theorem 5. Thus the set of all
finite disjoint unions of subintervals of [0, 1] is an algebra. (See Example 1.2.)

Unfortunately, o-algebras cannot be built so simply starting from an arbi-
trary family £. Define £ as above, then let £ be the family of all countable
unions of sets in £ or complements thereof. In general, & will not be a o-
algebra, so one has to continue taking countable unions and their complements.
For n > 0 define &, recursively so that it is the family of all countable unions of
sets in €,_1 or their complements. It can happen that no &, is a o-algebra, nor
is US®E,. To obtain a o-algebra constructively in general, one must extend this
recursive procedure to define a family of collections {&,} indexed by the count-
able ordinals and take the union of &, over all countable ordinals. The reader
may find a more detailed discussion at the end of Chapter 1 in G.B. Folland,
Real Analysis: Modern techniques and their application, Wiley Interscience, sec-
ond edition, New York, 1999. We will not need this construction. We will get
around the problem using the following observation. Let {F3; 8 € I} be any
family of o-algebras of subsets of a set €). Then

M #s
Bel

is a o-algebra. The elementary derivation of this result is left to the reader. Now
let £ be a family of subsets of ). Define,

W 2 {F; & CF, Fis a o-algebra of subsets of 2}

W is never empty, because it always contains at least the power set of 2. Thus
A
o&)= () F.
Few

defines the smallest o-algebra containing £. It is called the o-algebra generated
by .
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In practice, most uncountable outcome spaces encountered in probability
theory have topological structure. If 2 is a topological space, we define the
Borel sets of ) to be the sigma algebra generated by the open sets. The Borel
sets of R™ will be denoted by B(IR"™).

New o-algebras of events are often generated by “pullbacks” of o-algebras
that have already been defined. We state the construction as a lemma, whose
proof is left to the reader.

Lemma 2 Let F be a o-algebra of subsets of ). Let © be a non-empty set and
let f:© — Q. Then f~1(F) 2 {f~Y(U); U € F} is a o-algebra of subsets of ©.

1.1.5 The extension problem.

Let (2,C, P) be a finitely additive probability space. The (countably additive)
probability space (2, F,IP) is said to be an extension of (Q2,C, P) if C C F and
IP(A) = P(A) for every A € C. Speaking more loosely, we also say that IP ex-
tends P from C to F. Typically, one builds a probability space by first defining
a finitely additive probability space on an algebra, and then proving it has an
extension. As we saw in the previous section, algebras are easy to construct and
thus explicitly defining finitely additive probability spaces is generally straight-
forward. Once this is done, the following result from measure theory can be
used to decide if there is a countably additive extension or not.

Theorem 6 Carathéodory’s Extension Theorem Let P be a finitely-additive
probability measure on an algebra C. Then P admits an extension to a probability
measure IP on o(C) if and only if P is continuous from above at (). The extension
IP is unique.

We will not give the full proof of this theorem. It can be found in textbooks
on measure and integration theory. For example, the book of Folland cited above

presents a concise, but complete proof in Chapter 1. We recall only the main
steps. First one defines the outer measure P* associated to P:

for every E C Q, let P*(A) = inf {Z PU;); E C UUi7 {Ui} C C} .
1 1

Next one defines A C ) to be P*-measurable if

P*(B) = P*(ANE) + P"(ENA°) forall EC Q.
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Then one proves that if P is continuous from above at @; (i) the collection
of P* measurable sets is a o-algebra including C; (ii) restricted to the P*-
measurable subsets, P* is a countably additive measure; and (iii) P*(A) = P(A)
if A€ C. Let M denote the P*-measurable sets. By (i), o(C) € M. Let IP
denote P* restricted to M, and let IP denote P* restricted to o(C). It follows
that (Q,0(C),IP) is an extension of (Q,C, P), and (€, M, IP) is an extension of
(Q,0(C),IP). Tt can also be shown that (Q, M, IP) is complete; this means that
if AC B, where B € M and IP(B) = 0), then it follows that A € M. (In fact,
(Q,M,IIE’) is the completion of (©2,0(C),IP); see Folland, Chapter 1.)

The proof just outlined yields an extension of P to a o-algebra M that may
be larger than o(C), so we could have stated a stronger theorem. However, for
this course, we will mostly just use the extension to o(C), and this will suffice for
our purposes. One reason for restricting to o(C) is the following. Suppose one is
potentially interested in constructing lots of other probability measures, starting
from finitely additive measures on (€2,C). The o-algebra of P*-measurable sets
depends on P, but ¢(C) does not. Thus ¢(C)) will provide a universal class of
events for a large family of probability spaces. (Sometimes, on the other hand,
it is important for technical reasons to have a complete probability space and
then one will use the extension (Q, M, IP).)

Examples of the use of Carathéodory’s extension theorem are given in the
next section.

1.2 Examples of Probability Spaces

1.2.1 Finite tosses of a fair coin.

Our object is to construct a probability space to model N flips of a fair coin. If
each occurence of a head is represented by the number 1 and each occurence of
a tail by the number 0, the outcome of a sequence of N tosses is an N-vector of
0’s and 1’s. Therefore the outcome space can be represented by Qn = {0, 1}V,
This is a finite set and for the o-algebra of events we shall use its power set.

If the coin is fair, all sequences should have equally likely outcomes; hence,
the appropriate probability measure is the uniform measure defined in Example
1.4. Since the cardinality of {0, 1} is 2V,

A |B|

]PN(B) = 27N7 for B C {0, 1}N

The probability of any specific sequence of heads and tails is thus 1/2%.
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From the point of view of theory, we are done. We have an explicit formula
for the probability of any event. Of course, if N is large and someone hands you
a particular B, actually finding |B| may be a hard combinatorial problem. This
is really where the fun starts.

An easy problem from elementary probability is to find the probability that
there are exactly m heads in N tosses. This is represented by the event A
consisting of all sequences in {0,1}" with exactly m 1’s. The cardinality of this
set is the number of ways to choose m from N. Hence

PN@@::<Z>£;.

1.2.2 Infinite tosses of a fair coin.

A major theme of probability is the statistical behavior of the outcomes of
random trial as the number of repetitions tends to infinity. For example, one
would like to know under what circumstances the limiting empirical frequency of
an event does indeed converge to its probability, as the frequency interpretation
of probability requires. To study these issues for coin tossing, it is convenient to
construct a probability space that supports an infinite number of trials.

As a first step, we define a finitely additive probability space. Generalizing
from the finite case, we use for Q the infinite product space, = {0,1}*°,
consisting of all countable sequences w = (wy,wa,...) of 0’s and 1’s.

The algebra of events should include at least all those events defined in terms
of what happens to a finite number of tosses only. For every integer N > 1, let
7y : {0,1}%° — {0, 1} be the projection of {0,1}> onto its first N coordinates:
N (wi,wa,...)) = (wi,...,wn). Then any event in {0,1}*° that depends only
on the first NV tosses takes the form 7y (B) = {w € {0,1}*; (w1, ...,wn) € B}.
The family of such events,

N
Cn = {my'(B); B C {0,1}"}.
is a finite algebra (and hence a o-algebra). The union,

c2(JCn.
1

is the collection of all events determined by the outcome of a finite number
of tosses. It is easy to verify it is an algebra (exercise!), and its elements are
called cylinder set or cylinder events. It is not a o-algebra. For example, if
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w* = (w*1,ws, ...) is a given point in {0,1}°°, then the singleton set {w*} is not
in C. But

= () {os wn =i,

so {w*} is a countable intersection of sets in C.

Finally, we define a finitely additive probability measure on C. This measure
should give results consistent with the previous model for a finite number of
tosses of a fair coin. Therefore, if B C {0,1}", we want

_ |BI

P (n3'(B)) = Pn(B) = oy

(1.6)

In order to show that this definition is consistent we must show that if By €
{0,131, By € {0,132, and 7! (By) = 7y, (B2), then

|Bi| _ |By]
2N 2N

It is not hard to show that if N3 = Ny, then W&i(Bl) = WN;(BQ) if and only if
By = Bs, so there is no problem in this case. Suppose, without loss of generality,
that N1 < Ny. Then my! (B1) = my.(Bo) if and only if By = By x {0,1}M2 M.
Thus
|Ba| _ |Bi|2"27M|By
2N2 2Nz 2N

The measure P is certainly finitely additive on C. To see this, let U,V € C
and assume they are disjoint. Since U and V each are events concerned with a
finite number of tosses, there is an integer N > 1 and subsets A, B of {0,1}"
such that U = 7y (A) and V = 7' (B). Because U and V are disjoint, so also
are A and B. Thus

_[AUB| _[A[+B] _
== =

PUUV) =P (ry'(AUB)) P(U) + P(V).

The triple we have constructed, ({0, 1}*°,C, P), is a finitely additive prob-
ability space for an infinite number of coin tosses. Next, we want to use
Carathéodory’s theorem to define a countably additive extension. Actually,
we will do more. We will show that any finitely additive probability mea-
sure on ({0, 1}°°,C> extends to a countably additive probability measure on

({O, 1}00,0(C)>. Using this result (Theorem 8 below) it follows that there is
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a probability space ({0,1}°°,0(C),IP) extending the finitely additive coin toss
model ({0,1}*,C, P).

The crucial ingredient of the proof of the extension is a result having nothing
to do with measure theory. For each positive integer ¢ > 1, assume ©; is a non-
empty finite set and consider the product space © = ©1 x O2 X --- = Q;2; ©;.
Let m, again denote projection of © on its first IV coordinates, and again let C,
the algebra of cylinder sets, be the collection of all subsets of the form 7' (B)
for some N > 1 and BC Q' O,.

Theorem 7 Let {A,} be a decreasing sequence of subsets of © such that A, € C
for every n and N{° Ay, = 0. Then there exists an N such that A, = 0 for all
n>N.

Proof I: Here is a short proof for those who know Tychonoff’s theorem, which
says that a product of compact spaces is compact in the product topology. A
direct proof will be presented later. If each ©; is supplied with the discrete
topology, in which every subset is open and closed, each ©; is compact, and
hence © is compact in the product topology. But every cylinder set is closed
and hence compact. A decreasing sequence of non-empty compact sets has a
nonempty intersection. Therefore, if the intersection of a decreasing sequence of
cylinder sets has an empty intersection, the sets in the sequence must be empty
from some finite N on. o

Theorem 8 Any finitely additive probability measure P on (0,C) extends to
countably additive measure on (©,0(C)).

Proof: If {A,} is a sequence of cylinder sets decreasing to (), then A, = 0
for n sufficiently large. Hence P(A,) = 0 for n sufficiently large, implying
lim, oo P(4,) = 0. Thus P is continuous from above at () and hence, by
Carathéodory’s theorem, it admits an extension. o

Proof II of Theorem 7: This is a direct proof. We will prove the equivalent
statement: if {A,,} is a decreasing sequence of cylinder sets and A,, # ) for every
n, then N° A, # 0.

Let A C O. For any finite sequence (£1,...,&N) € ®]1V 0;, the subset

A6, 6n) = {(wnr,wng2, ) € XR11045 (61, -+ EN, WN 1L, WN 2, - - -) € A}

of @;2 41 is the section of A at (&1,...,&N).
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Lemma 3 If {A,} is a decreasing sequence of subsets of © such that A, in
nonempty for every n, there exists a w* = (Wi, ws,...) such that A, (w7,...,wy)
is nonempty for every n and every N.

This lemma is proved inductively on N. The case N = 0 is just the statement
that Ay is nonempty for all N, which is true by assumption. In order to simplify
the notation, we shall carry out in detail only the induction step going from
N=0toN=1.

The crucial observation is that

An = U {&a} x Au(&). (L.7)

£1€01

Notice that for each &1, {A4,(&1)} is a decreasing sequence of subsets of @52, O;.
Thus if for some M, Ay (&) =0, Ap(&1) = 0 for all n > M. Since O, is finite
and since A,, is nonempty for all n, it follows from (1.7) that there must exist at
least one w; € ©1 such that A, (w1) is nonempty for all n. Take w} to be such
an wi.

Now suppose we have found (w7, ..., w;}) such that A, (w7}, ..., w;}) is nonempty
for all n. Then by applying the same argument we just made with A, (w7, ..., w})
in place of A, we find there exists wj, , such that A,(w7,...,wi,wi,,) is
nonempty for all n. This complete the induction step. o

Let w* = (wj,w3,...) be the point in © provided by the Lemma for a de-
creasing sequence of nonempty cylinder sets. We will show that w* € A,, for all
n and hence that w* € () A,. Let n be arbitray. Since A,, is a cylinder set, there
is an N and a B ¢ @Y, ©; such that A, = T (B). Since A (Wi, ..., wk) is
not empty, (wj,...,wy) € B. But then ny(w*) € B, which implies w* € A,.
This completes the proof of Theorem 7. o

1.2.3 Probability Measures on R.

Recall that B(IR) denotes the collection of Borel sets of IR. This section discusses
how to construct probability measures on (IR, B(IR)).

First suppose we are given a probability measure IP on (IR, B(IR)). Define
the function F': IR — [0, 1],

Fp(z) =PP((~00,1]), z€R. (1.8)

Lemma 4 Fp satisfies: (i) F is nondecreasing and right-continuous; (i) lim, .o Fp(z) =
0; (iii) limg_o Fp(z) = 1.
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Proof: If y > z, (—o0,2] C (—o0,y] and hence Fp(z) < Fp(y), proving Fp
is nondecreasing. All other properties are consequences of the continuity of IP,
in the measure-theoretic sense. For example, since (—oo,z] = (72 ,(—o00,z +
(1/n)], it follows from continuity from above of IP, that lim,_,~ Fp(z+(1/n)) =
Fp(x). Together with the fact that F' is nondecreasing, this proves Fp is right
continuous. Property (ii) is true by continuity of IP from above at (), because ) =

0
n=1

1, (iii) is a consequence of the continuity from below of IP.

(—o0, —n]. Likewise, since (Joo(—00,n] = (—o0,00) and IP((—oo,oo)) =

<

Definition 4 A function F satisfying conditions (i)-(iii) of Lemma 4 is called
a probability distribution function.

If one is trying to construct a IP to model a random trial whose outcome is
a real number, it is natural to start by prescribing the probabilities of intervals,
which are the simplest events. This is equivalent to prescribing Fp. There-
fore, one would like construct probability measures starting from probability
distribution functions.

Theorem 9 Let F be a probability distribution function. There is a unique
probability measure Pr on (IR, B(IR)) such that F(x) = IPF<(—oo,x]>, for x €
R.

Proof: Let £ be the collection of all intervals that take take one of the forms
(a,b], (—o0,b], (a,00), or (—oo,00). Let R be the class of finite disjoint unions
of intervals in £. We know that R is an algebra (see Example 1.5) and it is easy
to see that o(R) = B(IR) (exercise).

Define

P((a,b]) = F())=F(a), P((~o00,t]) = F(b), P((a,00)) =1-F(a), P(R)=1.

and extend P to R by finite additivity. To check that this definition is consistent
we must show, for instance, that if an interval I = (a,b] in £ is represented as a
finite disjoint union, I = (J7* I; of intervals in &£, then F'(b) — F(a) = >_7" P(L;);
this is left as an exercise. We now have a finitely additive probability measure
Pon (R,R).

We will show that P extends to a unique probability measure on (IR, B(IR))
by using Carathéodory’s extension theorem. As in the proof of Theorem 8, the
argument exploits compactness.
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We first claim that if I € £, then, for any € > 0, there is an Iy € £ such that
the closure Iy is compact and contained in I and

e > P(I - Io) = P(I) — P(Iy) > 0.

Indeed, let I = (a,b] and Iy = (ag,b], where a < ag < b. Then P(I — Iy) =
P((a, a0]> = F(ap) — F(a). Since F' is right-continuous, given any € > 0, there
is an ag, with a < ag < b such that F(a) — F(ag) < €. Since Iy = [ag,b] C (a,b],
we have proved the claim for I = (a, b]. The other cases (I = (—o0,b], or (a, o)
or IR) are proved in a similar fashion.

Now, since any element of R is a finite disjoint union of intervals of &, it
easily follows that if A € R then for any € > 0, there is an Ag € R such that
Ag C A, Ag is compact, and P(A — Ap) < e.

Let {A,} be a decreasing sequence of sets in R such that ﬂn 1A, = 0.
Let € > 0 and for each take B, 6 R such that B, is compact, B, C A,, and
P(A, — By,) <¢€/2™. Let C,, =i, B;. Observe first that

Ay —Cp=JAn - By) C [ J(Ai -
=1

1=

—_

Therefore,
n n €
P(A, —Cy) ; 22— e for every n > 1.

Now {C},} is a decreasing sequence of compact sets and _ﬂfle Cn CNP, Ay = 0.
Therefore, there exists a positive integer N such that C,, = ), and thus C,, = 0,
for n > N. Hence it follows that for n > N, P(A,) < P(C,)+ ¢ = €. Therefore,

limsup P(A,) <e.

n—oo

But this is true for any € > 0 and so taking € | 0, we find that

Jim P(A,) =0,
thereby proving that P on (IR, R) is continuous from above at (). Carathéodory’s
extension theorem says then says that there is a unique probability measure on
(R, B(IR)) extending P.
If IP’ is a probability measure on the Borel sets such that IP’((—oco, z]) = F(x)
for all z, then for any a < b, IP’((a,b]) = IP'((—o0,b]) — IP'((—o0,a]) = F(b) —
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F(a). Thus IP’ must agree with P on R and hence be an extension of P. But
by Carathéodory’s theorem, the extension is unique and so IP’ = IP. o
Students of real analysis will recognize that in Theorem 9 we have construct
the Lebesgue-Stieltjes measure associated to F'.
Theorem 9 has a generalization to IR that we will discuss in the chapter on
random variables.

Example 1.6. Let

0, if x <0;
Fz)=(¢ z, if0<z<1;
1, it > 1.

Let IP be the measure IP restricted to the Borel sets contained in [0, 1]. Then
IP is the countably additive extension of the finitely additive uniform measure
introduced in Example 1.2. It is Lebesgue measure restricted to [0, 1].

1.3 Independence

1.3.1 Definitions and simple examples.

The concept of independence is central to probability theory. It formalizes the
notion of different random events that do not affect each others outcomes sta-
tistically.

Definition 5 Two events A and B in a probability space (2, F,IP) are inde-
pendent if
P (A B) = P(A)P(B) (1.9)

This definition is best understood using the concept of conditional probabil-
ity. Suppose U and V' are two events and IP(V') > 0. The ratio

PUnv)

PU|V) = (V)

is called the conditional probability of U given V. It is interpreted as the prob-
ability U occurs given one knows V' has occurred, but nothing else.

If A and B satisfy condition (1.9) and IP(B) > 0, then that IP(A|B) =
IP(A)IP(B)/IP(B) = IP(A). Thus nowledge that B has occurred does not affect
at all our assessment of the probability of A. This explains the sense in which A
and B are independent. The definition is stated without reference to conditional
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probabilities because the product condition (1.9) is symmetric in A and B and
it covers the case in which IP(4) = 0 or IP(B) = 0 and conditioning on A
(respectively B) is not defined.

Notice that if IP(A) = 0 or IP(A) = 1, then A is independent of all other
events. Since AN A = A, an event is independent of itself if and only if §(A) =
P?(A), which is true if and only if IP(4) = 0 or IP(A) = 1.

Let © be an outcome space and F a o-algebra of events. Let Py and Py
be two, different probability measures on (€2, F). Of course, it may well be that
events A and B in F are independent when IPj is the probability measure, but
not when IP; is the probability measure. When clarity is needed, we will use
the locution, “A and B are independent with respect to IP,” to indicate the
probability measure being used. When we just say, “A and B are independent”,
we have in mind a fixed probability space on which we are working.

Example 1.7. Consider the probability space, constructed in the previous
section, modeling repeated tosses of a fair coin. Let A be the event that toss
i is heads and B be the event toss j is heads, where ¢ # j. Let N = maxi,j.
Since any sequence of N tosses is equally likely, then by reordering the sequence
it is clear that we may assume ¢ = 1 and j = 2. Then, using the formula and
notation of equation (1.6), P(AN B) = ]PQ({(].,l)}) = 2% = 1. At the same
time IP(A) = IP1({1}) = 1/2 and similarly, IP(B) = 1/2. Therefore A and B
are independent.

By repeating the argument used in Example 1.7, one can show that any
event concerning the outcome of toss i is independent of any event concerning
the outcome of toss j, if i # j. Many situations like this occur and it is convenient
to define independence between families of events.

Definition 6 Let A and B be families of events in a probability space. Then A
and B are independent if A and B are independent for every A € A and B € B.

The next lemma is a simple application of this concept. It illustrates a point
to which we return repeatedly in these notes: in probability theory, we often
concern ourselves not with the analysis of a single event, but with a collection of
events that is a sub-o-algebra of the collection of all events. For example, if A
is an event, the smallest o-algebra of events containing A is the finite collection,
{A, A%, Q,(}. Tt is natural to consider this whenever thinking about A, since we
are implicitly thinking about whether A occurs or about whether A° occurs.
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Lemma 5 Fvents A and B in a probability space are independent if and only
if {A, A°,Q, 0} is independent of {B, B¢, ,0}.

Proof: The “if” direction is trivial. For the “only if” direction, it suffices to
check that A and B¢ are independent, knowing that A and B are independent.
Indeed,  and () are automatically independent of all other events, and, once we
have determined the independence of A and B¢, the other cases follow by first
switching the roles of A and B and then the roles of A and A°€.

For the independence of A and B¢, observe that IP(A) =IP(ANB)+IP(AN
B¢) =1P(A)IP(B)+P(ANDB°). From this, it follows that IP(ANB¢) = IP(A)[1—
IP(B)] =IP(A)IP(B°), as we wanted to prove. o

Example 1.8. In the fair coin example, let A; be the o-algebra generated by all
events concerning toss i; this is simply {A4;, A5, Q, 0}, where A; is the probability
of heads on toss ¢. Then it is a consequence of Example 1.7 and Lemma 5 that
A; and A; are independent of one another. (Actually, using Lemma 5 to prove
this obscures what is really going on in the coin toss example, which is that the
probability measure is a product measure. We return to this point below.)

From Examples 1.7 and 1.8 any two coin in the fair toss model are indepen-
dent of one another. We could go on to show that any toss ¢ is independent of
any event concerning two, three, or any number of other tosses. There is more
going on in this example than just pairwise independence of two different tosses.
The next definition formalizes the meaning of mutual independence between
more than one event.

Definition 7 FEvents A1,..., A, are (mutually) independent if for every 2 <
r<mandl <i; <ig <...<lip,

P (A, 0o A; ) = P(Ay) - P(4;) (1.10)

Let € be a family of events. The events of € are (mutually) independent if the
events of every finite subset of £ are mutually independent.

Let { A, € I} be an arbitrary collection of of families of events. The families
of this collection are (mutually) independent if for any finite subset of distinct
indices {a1, ... ,an} from I, and any events A1 € Ay,, A2 € Ay, ..., An € Aq,,,
Aq,Ag, ..., A, are independent.

To check, for example, that Aj, Ay, A3 are (mutually) independent, it is
necessary to check that they are pairwise independent (r = 2 in the definition
above), and, in addition, that IP(A; N As N Az) = IP(A;)IP(A2)IP(As3).
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In practice, checking that the families of the collection {A, € Z} are inde-
pendent is a bit simpler than direct applications of the definitions above would
indicate. It is only necessary to show that for any finite subset of distinct indices
{a1,...,a,} from Z, and any events A; € A,,, A2 € Apy,. .., An € Aq,,,

P(A () Aa) = P(A1) - P(A,).

This identity by itself does not prove that Aj,...,A, are independent. But
if we show this identity for all possible finite subsets of indices and associated

choices of events, we will have verified (1.10) for Aq,..., A,, thus proving their
independence.
If Ay,..., A, are mutually independent, then they are of course pairwise in-

dependent. However, a collection of events may be pairwise independent without
being mutually independent. The reader should create an example as an exer-
cise. The word “mutually” was used here to emphasize the distinction between
Definition 7 and pairwise independence. But as mutual independence is the
usual case, we hereafter use “independent” for “mutually independent.” When
a collection of events is only pairwise independent, we will say so explicitly.

Example 1.9. We continue with the coin tossing example. Let A;, i > 1 be
defined as in Example 1.8. Then the families Aj, As,... are independent. To
show thislet 1 < j; <jo <---<j, =N, and let U;, € Aj, foreach 1 <k <r.
We can write

T N
Ui =U, (1.11)
k=1 i=1
where, if ¢ & {j1,...,Jx}, then U; = Q. Then, we will be done if we can show,
N N
P U:) = [[ ). (1.12)
i=1 i=1

Since IP(U;) = 1 for @ & {Ji,...,jk}, equations (1.11) and (1.12) together will
imply

k=1 i=1

and by the remark after Definition 7, this is what we need to show for arbitrary
choices of indices j and events in .4; in order to prove independence. Therefore
we concentrate on showing (1.4) for an arbitrary N and arbitrary choice of
UZ'GAi,fOI"lSZ'SN.
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Since each U; is an event concerning the outcome of toss i, each U; can be
written in the form U; = {(w1,we,...); w; € B;}, where B; is a subset of {0, 1}.
Moreover,

P(U;) = (1.13)
Now,
N
ﬂUz: {(wl,WQ,...); w; € B;, 1 SZSTL} :Bl><"-XBNX{O,l}X{O,l}X'-'.
=1

This is a cylinder set and its probability is

:‘le...xBN‘:N@.

I &

=1

Because of equation (1.13), this proves (1.12). o

Example 1.10. Let IP be the uniform probability measure on the Borel sets of
[0, 1], as constructed in Example 1.6. Any x € [0, 1], has a unique representation

.

=0

| &

77

\V]

where {z;} is a sequence of 0’s and 1’s that does not end in a nonterminating
string of 1’s. For ¢ > 1, let A; = {z € [0,1]; x; = 1} and let A; = {4;, A, Q,0}.
Then Aj, As, ... are independent. Proving this is left as an exercise. The events
in Ay, As, ... provide an alternate model of independent tosses of a fair coin, as
we shall see in Chapter 2 on random variables.

The following lemma is sometimes useful for checking independence of a
collection of families of events.

Lemma 6 Let Aj,..., Ax be families of events and assume that Q € A; for
each i. Then the families are independent of one another if

P(A; N+ NAy) =P(4;)...P(Ay) (1.14)

whenever Ay € Ay, -+, ANAN.
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Proof: The point here is that to check independence, we must show that for
any r < n, any 1 < i3 < --- < i < n, and any Aij S .Az-j, IP(ﬂ;ZlAij> =

i—1P(A;;). But these cases are all included in (1.2) assuming €2 € A; for each
i. It is clearer to illustrate by example, then develop the messy notation for a
general proof. For example, the following calculation shows that any event from
A is independent of any event from As:

]P(AlﬂAQ) = ]P(AlﬂAgﬂQﬂ- . ﬂQ) = ]P(Al)]P(AQ)]P(Q) s ]P(Q) = IP(Al)IP(Az)

1.3.2 Tossing a loaded coin.

The object in this section is to construct probability space for repeated indepen-
dent tosses of a coin for which the probability of heads is p and the probability
of tails is ¢ = 1 — p. We use the notation developed for the fair coin toss spaces.
For a single coin toss the probability space is {0,1} and we define the proba-
bility measure by IP1(1) = p and IP({0}) = ¢. It is convenient to note that for
x € {0,1}, we can write this as IP;({z}) = p%¢' 2.

To define the probability measure on {0,1}" for N independent tosses, we
need only define the probability of every singleton outcome. But the assumption
that the outcomes of different tosses are independent requires,

N
Py ({(wl, . ,wN)}> = H (probability toss i results in w;)
i=1

N
— priql—wi — pZiV winfZiv wi

i=1

The measure IPy is extended to arbitrary subsets of {0, 1}V by additivity.
Finally we want to define a probability space for a countable sequence of

independent tosses. It suffices to define the appropriate finitely additive measure
P on the algebra C of cylinder sets. This must be consistent with the probability
measures just constructed on finite sequence spaces. Therefore, if B is a subset
of {0,1}" and 7y is the projection from {0,1}> onto the first N tosses, we
must have

N
P(ry'(B)) =Pn(B)= Y. [[rd ™.
(wi,...wN)EB =1
It can be checked (exercise) that this formula consistently defined a finitely ad-
ditive probability measure on ({0,1}°°,C). It extends to a countable additive
probability measure on ({0,1}°°,0(C)) by Theorem 8. Of course this construc-
tion yields the fair coin toss space if p = 1/2.
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1.4 Product Spaces and Independence

Independence is the concept that distinguishes probability from other branches
of analysis. It just does not arise naturally, nor is it used as much, in applications
of analysis to other areas. However, there is one concept from general measure
theory that is closely related, namely a product of measure spaces. This section
shows how to construct product spaces and how they are related to indepen-
dence. It is assumed that the reader has seen the definition of a finite product of
measure spaces and understands Fubini’s theorem. We will review and extend
this theory, but we omit proofs.

To motivate product spaces from the viewpoint of probability, suppose that
we have N separate probability spaces (€2, F;, IP;), each modeling the outcome
of a different random experiment. We would like to create one large probability
space that models all N trials at once, in such a way that their outcomes are
mutually independent. The outcome of running each of the trials once may be
represented as a sequence w = (w1, ...,wy), in the the product space

N A
®Qi:le-~-XQN,
i=1

Let p; be the projection of Q onto to its i*" coordinate: p;(w) = w;. Then
pi (Fi) ={p;(B); B F;}

is the o-algebra of subsets in 2 corresponding to events concerning only the
outcome of the first trial. Therefore,

N A N
Q7 =o(Un' )
=1 =1

is the smallest o-algebra of events that contains the events pertinent to each
trial; it is called the product o-algebra. In mathematical language, our aim is
to define a probability measure IP on this o-algebra with the properties,

IP(Pi_l(B)) =1IP,(B), forany 1<i< N and Be F; (1.15)
prY(FL), ..., pnt(Fn) are independent with respect to P (1.16)

As usual the approach is to first define a finitely additive probability space
consistent with (1.15) and (1.16). The simplest events which can involve the
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outcome of more than one trial are products B; X --- X By, where B; € F;
for each ¢. These products are called measurable rectangles. Let R denote the
family of all finite disjoint unions of measurable rectangles. A simple application
of Theorem 5 shows that it is an algebra. obviously, it generates the product
o-algebra, ®i]\;1 F;. The finitely additive product of IPy,...,IPy is the measure
on R defined by

[Xfillpl} (B1 X oo X BN) é ﬁ]Pz(Bz> (1.17)

It is extended to R by finite additivity and it can be shown that this definition
is consistent, in the sense that the same value is obtained no matter how an
event in R is expressed as a finite disjoint union of measurable rectangles. It is
the only measure on R consistent with the requirement (1.16) of independence
among the o-algebras p; ' (F;), because By x---x B, = p; H(B1) -+ N px (By)-

Theorem 10 The finitely additive probability measure xi]\illPi admits a unique
extension to a probability measure on the product o-algebra ®Z]\L1 Fi. This ex-
tension is denoted ®Z-]\L1 IP; and is called the product probability measure. The o-
algebras pl_l(}"l), e ,p]_Vl (Fn) are independent with respect to the product prob-
ability measure.

Proof of the independence claim. The independence of pl_l(}"l), e ,,0]_\,1 (Fn)
is a direct consequence of the construction. Since the product measure extends
xN1P;, it follows from 1.17 that

N N
[P0 (B)) = [Pl (2 -+ U1 x B x Quyy x -+ x Q) = Py(B).
1 1

Then, using this and another application of (1.17),

{xf\;lIPZ} (pl_l(Bl) X e X p&l(BN)) = {vazlle} (B1 X -+ x By)
N N N
= ]:[]Pi(Bi) = 1:[[@ IP;] (Pi_l(Bi))

Since ) € p; L(F;) for each 4, an application of Lemma 6 completes the proof of
independence. o

A proof of the validity of the extension is given at the end of this section.
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It is very important to probability theory to extend the product measure
construction to countable products of probability spaces. The reason is the
same we gave to motivate the countable coin toss space. Countable products
provide the framework for analyzing what happens in the limit as the number
of repetitions of a trial increases without bound. In fact the countable coin toss
space is a simple example of a countable product of identical probability spaces.
We state next the general construction.

Let {(,Fi,IP;); i > 1} be a countable family of probability spaces. We
follow the steps used in the construction of the infinite fair coin toss space,
using the finite product measures just constructed. Define the countable product

space,
(o]
X
i=1

For each N >, let my be the projection of @52 €2; on its first N coordinates,
and let

N
Cn é W&1(®]‘—1)
=1

Then {Cn} is an increasing sequence of o-algebras, and their union C 2 Nx=1Cn
is an algebra, called the algebra of cylinder sets. For any N and B € ®i]\i1 Fi
define

P(my'(B)) = [éwm

It can be checked that this is a consistent definition of a finitely additive prob-
ability measure on C. Finally, define the product o-algebra by

Q) Fi = o(C).
=1

Theorem 11 P extends to a countably additive measure on (®f§1 s, Ry .7-"1-)
called the product measure and denoted by Q;o, IP;. For each k and B € Fy,
Q2 P, (p,?l(B)) =P(B), and the o-algebras {p;  (F;); i >} are independent
from one another with respect to the product measure.

The reader should check that the infinite, independent coin toss space con-
structed in section 1.3.2 is the product of a countable number of copies of

({0,1},{0,{0,1},{0},{1}),1P; ), where P {z}) = p*(1 — p)* for x € {0,1}.
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Proof of extension claim of Theorem 10, sketch: (Optional; the proof
is not necessary for following the rest of the text. It will use concepts from
measure-theoretic integration theory.)

We will prove the case N = 2 in detail, as this contains all the ideas, and
then comment on how to pass to the general case. For notational convenience,
abbreviate the finitely additive product measure x?_;IP; by P. To show P on
R has a finitely additive extension we will show that it is continuous from above
at (), by proving the contrapositive: if {A,} is a decreasing sequence of events
in R and lim,,_,o P(A;) > 0, then N 4,, # 0.

If A C Q1 xQo,

A(wr) = {w2 € Q9; (w1, ws) € A}

denotes its section at wi € Q1. Let A € R, and write A as the disjoint union of
measurable rectangles A = U’f U; x V;. The section

A(wl) = U V;

,w1€U;
and the sets V; in this union are disjoint. It follows that

k
Py (A(w1)) = > 1y, (w1) Py (Vi)
1

where 1;; denote the indicator function of a set V; 1y(xz) = 1 if x € V and
1y (xz) = 0 otherwise. This defines a function on ; that is measurable with
respect to the g-algebra Fi, since it is just a linear combination of indicator
functions of measurable sets. Moreover,

k

P(A) = S PWIPV) = [ Pa(Awr) dPr (@)
1

as a short calculation will show. Now suppose that {A,} is a decreasing se-
quence of sets in R and lim,, . P(Ay) > 0. The sequence of positive functions

{IP2(Ay(w1))} is also decreasing, and hence admits a pointwise limit as n — oco.
By the dominated convergence theorem,

0 < lim P(A,) = /[nm Pa(An(w1))] PP (w1).

n—oo n—oo

It follows that there exists w} such that lim, .. IPa(A,(w])) > 0. But then,
since P9 is a countably additive probability measure and therefore continuous
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from above at 0, 72, Ap(w2) # 0. If ws is a point in this intersection, then
(wi,w3) € Ay, for all n and therefore (72 ; A, is also non-empty. This completes
the proof that P is continuous from above at (.

The proof can be extended to larger N by induction. Suppose we have
established existence of the product probability measure for N —1 spaces. Again
let P denote the finitely additive product measure. Consider a set A in R,
written as a disjoint union of rectangles in the form,

k
A=(U; x Vi,
1

where, for each 7, V; is a measurable rectangle in the space ®i]\i2 Q;. We let
A(wr) € @Y, Q; be the section of A at w; € Qy:

A(wl) = U sz

i,w; €U;

This is a disjoint union of measurable rectangles in @2, €;, and a calculation
similar that undertaken above shows,

N
P(A) = / l@g] (A(w1)) dIP; (w1).
=2

The proof now follows as before. If {A4,} is a decreasing sequence of sets in
R with lim,, o P(A,;) > 0, then it follows from the monotone convergence
theorem that there is a w} such that lim, . [®N 5 Q]) A, (w]) is non-empty for
all n. But {A,,(w7)} is decreasing and so by continuity from above, (o | Ay, (w1%)

is non-empty, and hence so also is [J02; A, o

Proof of Theorem 11 (sketch): Let £ be the collection of all subsets of
the infinite product space of the form 7TR,1(B) where B is a finite disoint union
of measurable rectangles in {0,1}"V. It may be checked that £ is an algebra,
E C C, and o(€) = o(C). Hence it suffice to show that the finitely additive
product measure P restricted to £ has an extension.

Let A, be a decreasing sequence of sets of £ such that lim,,_,., P(A,) > 0.
Without loss of generality, assume that for each n, A, = 7, '(B,), where B, is
a finite disjoint union of measurable rectangles. Let A, (w;) denote the section
at w1, Then one can show that w; — [®4 IP;](A,(w1)) is F1 measurable, that

P(42) = [IQPi(An(en) dIPs (1),
2
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and that [®5 IP;](A,(w1)) is pointwise decreasing as n increases, for every wy. It
follows as before that there is an w} such that A, (w}) is non-empty for all n. By
applying the same argument to the decreasing sequence A, (wj), with respect to
the finitely additive product measure defined on @7°€2;, one then shows there
is an wj such that A, (w},ws) is nonempty for all n. One can continue in this
manner and prove by induction that there is an infinite sequence (wf,ws3,...)
such that A, (w7,...,w}) is nonempty for all n and k. Finally one uses the fact
that the A, are cylinder sets, exactly as in the proof of Theorem 7, to show that
(Wi, ws,...) € N° Ay, and hence that the intersection is nonempty.

The independence of the p; ' (F1), py ' (F2), . . ., follows from the definition of
the product measure. o



