6. Martingales in Discrete Time

6.1. Definitions and examples

In this chapter we shall study stochastic processes indexed by the non-negative
integersn = 0, 1,2, .... Throughout, it will be helpful to view processes dynamically,
that is, to take n to be a measure of time. In fact, the index n does mark time
in most applied models, and the time interpretation is natural for questions about
how a process evolves as n increases.

At time n = 0, the most one knows about the future evolution of a stochastic
process is its law, which is just a prescription for computing probabilities of all
possible events. As time progresses one learns which events actually occur, hence
obtaining information that may be relevant to making predictions of the future. It
is standard in stochastic process theory to model this accumulation of knowledge by
a filtration. Given a probability space (2, F,IP), a filtration is just an increasing
sequence JFy C F1 C Fa--- of sub-o-algebras of F. The idea is that, at each time
n, Fp is a model of all possible events that can be observed up to time n; more
colloquially, F,, represents the past up to and including time n. The basic example
is the filtration generated by a stochastic process X = {X,, }n>0. This filtration is
denoted by {F:X} and is defined by

f?i( :ZU{X07"'7XR}7 71207
in other words, {F:X} is the set of all possible events concerning X1, ..., X,,. Clearly,
these o-algebras increase with n and so form a filtration. The filtration {F-X}
is natural for the study of X if the information one learns is restricted solely to
observation of X. However, more information is often available, for example, if X
is just one component of a multi-variate process that is being observed. Given a
filtration {F,}, a stochastic process X is said to be adapted to {F,} if F.X C F,
for every time n; adaptedness holds if and only if X, is F,-measurable for every
n and means, informally, that the information available in the filtration at time n
includes at least an observation of the entire past history of X.

The information represented by the o-algebras in a filtration will be exploited
by conditioning. Suppose time n is the present and consider a future time m > n,
at which it is desired to assess the probability that X,, falls in a set U. To take
advantage of the observations up to time n, one should use not P(X,, € U), but
the conditional probability IP(X,, € A/F,). Likewise, at time n, knowing F,,
the expected value of X,, is E[X,,/Fy]; according to Proposition B.5 in Chap-
ter 5, E[X,,/F,| is the F,-measurable function which, out of the class of all F,,-
measurable functions Z minimizes E[(X,, — Z)?]. Thus E[X,,/F,] may be thought
of as the best (in the mean-square sense) prediction of the value of X, based on
Fa-

Filtrations and conditioning are the primary elements going into the definition
of martingales. Martingale processes are best motivated as general models of what
constitute fair, favorable, or unfavorable games of chance. We shall continue to use
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the language of gambling games throughout the chapter to talk about martingales,
because it supplies good intuition, but, it will be clear that the theory’s importance
far transcends gambling applications. Thus, consider a process X,, which is sup-
posed to represent the total accumulated fortune earned by a gambler in n plays of
a game, where a negative fortune means a loss. What are the minimal conditions
that should be imposed to consider the game fair, that is, one that is advantageous
neither to the player or the casino? Let {F,} denote the flow of observable informa-
tion, and suppose it to include knowledge of the outcomes of all previous plays, so
that X, is {F, }-adapted. To assess favorability, take the simplest measure, namely,
expected value conditioned on present information. If the game is based on betting
strategy, for example, F,, will contain all the information that can be used at time
n in deciding on the bet. Then, it is reasonable to say that the game is fair if, at
each time n, the player expects neither an average gain or loss from the next play
conditional on knowledge of F,; mathematically, E[X 1 /F,] = X, for every time
n. Likewise, a game is favorable if E[X,,1/F,] > X,, for every time n, and unfavor-
able if the inequality is reversed. Processes satisfying these types of constraints on
predicted values are called martingales; the next definition establishes the standard
terminology.

Definition Let {F,} be a filtration. A stochastic process {Xy}n>0 is called an
{F, }-martingale if

(i) For each n >0, E[|X,]|] < oo;

(ii) {Xn}n>ois {Fn}-adapted;
(iii) For each n > 0, E[Xp11/Fn] = X, ass.
{X, }n>0 is called an {F, }-submartingale if it satisfies (i), (ii), but (iii) is replaced
by E[Xpu1/Fn] > Xy for n > 0.
{X, }n>0 is called a {F, }-supermartingale if it satisfies (i), (ii), but (iii) is replaced
by E[Xpu/Fn] < Xp .

Saying that {X,, },>0 is a martingale with respect to the filtration {F,} is an
equivalent way of saying that {X,},>0 is an {F,}-martingale. We shall often
abuse terminlogy by dropping explicit mention of the filtration and just saying
"{Xn}n>o0 is a martingale (sub-martingale, supermartingale).” In these cases, either
the associated filtration should be clear from context, or explicit identification of
the filtration is not important.

Note immediately that {X,,},>0 is a supermartingale if and only if {—X,, },.>0
is a submartingale. This saves a lot of work, since we need only carry out proofs
in one case or the other in order to have statements about both. A process is a
martingale if and only if it is both a submartingale and a supermartingale.

Here are some basic facts that follow immediately from the definitions and
basic properties of conditional expectation.

Proposition 1.1 (a) A martingale {X,},>0 is a constant expectation process:
that is, F[Xo] = E[X1] = E[Xq] = Submartingales are increasing in expec-
tation (E[Xo] < E[X;] < E[X3] < --+), and supermartingales are decreasing in
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expectation.

(b) If {X,, }n>0 is an {F, }-martingale (respectively, sub- or supermartingale), then
E [ X /Fn) = X, (resp., >, <) a.s. for all m >n > 0.

(c) An {F,}-(sub)(super)martingale {X,, },>0 is always a (sub)(super) martingale
with respect to its own filtration FX := 0{Xo,..., X, }, n > 0.

Items (a) and (b) in this proposition are very natural. In the language of games
of chance, statement(a) says that the property of a game being fair (or favorable,
or unfavorable) passes from the level of conditional expectations to unconditioned
expectations, while (b) says that if the game is fair (respectively, favorable or unfa-
vorable) when looking one step ahead into the future, which is only what the mar-
tingale definitions require, it is fair (respectively, favorable or unfavorable) looking
m steps into the future.

Proof: (a) Consider a martingale { X, },>0 with respect to {F,}. Then by con-
ditioning inside the expectation, E[Xp| = E [E[Xpn/Fn]] = E[X,]. The proof
in the martingale case now follows by induction, and the case of a sub- or super-
martingale is similar.

(b) Consider the martingale case only. The result is a direct consequence of the
tower property of conditioning. Let m > n. Then F,, C F,,—1 and hence

E[Xn/Fn| =EE[Xpn/Frmal /Fn] = E [ X /Fnl -

Iteration of this procedure gives the result.

(c) This is also a consequence of the tower property. For every n, F.X C F,. Hence
E(Xpn/FX] = E[E[Xnn/Fn] JFX] = E [Xn/FX] = Xy,
the last equality holding because X, is F;X-measurable. o

It will also be useful to have the notion of a reverse martingale, which has the
martingale propery running backward in time.

Definition Let {G,} be a reverse filtration, that is, a decreasing sequence of o-
algebra. The process {Y,},>0 is said to be a reverse {G, }-martingale if Y,, is
Gn-measurable and E[Y,,/Gn1] = Yo, for each n > 0. Reverse sub- and super-
martingales are defined by replacing equality by > and < respectively.

If one changes the time index, relabelling n by —n, a reverse martingale becomes
a martingale starting at time —oo. Note that by developing the analogue of property
(b) of Propoisition 6.1 for reverse martingales, one finds that for any reverse {G,, }-
martingale {Y,,},

(1) Yn =F [Yo/gn] s n > 0.
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A reverse martingale thus represents a sequence of conditional expectations over a
sequence of progressively coarser o-algebras.

Examples and further discussion

1. Let {&;}r>0 be ii.d., integrable random variables, and set y© = E[X}] (which
is the same for all k). Define Fy := {0,Q}, and F,, := o{&1,..., &0}, if n > 1.
Let Sp := 0, and, for n > 1, S, := > | Xx. Then {S,} is an {F,} -martingale
if 4 = 0, a submartingale if 4 > 0 and a supermartingale if © < 0. The easy
details of checking the martingale properties are left to the reader. Notice that
for this example, F,, = F~ for n > 1. The process {S,} is called a random walk.
In this chapter we shall derive information about random walks using martingale
techniques.

2. Here is a method for constructing a large class of martingales. Let Z be an
integrable random variable and let {F,} be a filtration. Then X,, := E[Z/F,)],
n > 0 defines an {F, }-martingale. The integrability and IF;, measurability of X,
for any n follow directly from the definition and elementary properties of conditional
expecation. The martingale property is a consequence of the tower property of
conditioning:

E X /Fo] = E|E (2] Foa] /Fi] = E[Z)F] = X

In the context of this example, extend the index set to IN := {0,1,2,3,...} U
{00}, linearly ordered in the natural way so that oo is larger than any non-negative
integer. Extend the filtration {F,} to IN by definining F, := o(UF,). In
the construction above, one can assume without loss of generality that Z is Foo-
measurable. Indeed, if it is not, use the tower property to write,

Xn = E[Z/Fn] = E|E[Z/Fx] | Ful

and replace Z by F[Z/F)]. Now extend extend the process X,, to IN by setting
X+ = Z. The extended process now forms a martingale on the extended index
set in the sense that X,, is F,-measurable for all n € IN, and E [X,,/F,] = X,
whenever n and m belong to IN and m > n.

Given a martingale Y = {Y,,}, call it closable if there exists an Fo.-measurable
and integrable random variable Z such that Y,, = E[Z/F,]. It is natural to ask
when a martingale is closable, and later in the chapter a necessary and sufficient
condition for closability will be presented. Not all martingales are closable, for
instance the random walk of example 1.

Although not exhaustive, the class of closable martingales provides another
good, intuitive way to think about martingales, namely as a sequence of conditional
expectations over successively finer o-algebras. Compare to representation (1) of a
reverse martingale.

3. We present an illustration of the general construction presented in example 2,
related to the problem of differentiation of measures. Take ([0, 1), B([0,1)), A), where
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A is Lebesgue measure, as the underlying probability space, and for each n > 0, let
F. be the finite o-algebra generated by subintervals of the form [k27", (k+1)27"),
0 <k < 2™ Let f be a Lebesgue integrable, Borel function on [0, 1), thought of as a
random variable. Then f,, := E[f/F,], n > 0 is a martingale. This example makes
explicit the averaging interpretation inherent in the idea of conditional expectation.
By specializing equation (2) of Chapter 5 to this case, one finds

2"—1

(127"
fn(@) = Z <2n/ f() dy) Ljo-n (j11)2-7)(2)-

. —-n
J

When f is continuous, simple arguments show that these averages tend to
f everywhere as n — oo. In fact, a theorem from analysis on differentiation of
measures says that f, will converge to f Lebesgue almost everywhere if f is merely
Borel measurable and integrable.

Returning to the general construction X,, = E[Z/F,] of example 2, it is natu-
ral to suspect that X,, — E[Z/Fu], a.s. In fact this is true and known as Lévy’s
upward theorem. We will prove it later as a consequence of general theorems about
martingale convergence, and thereby recover an independent proof of the conver-
gence of f, to f.

4. Let {&,} and S, be as in example 1. Let G,, := o(Sy, Spi1,...). We claim that
Sn,
(2) E&/G,) = o for every n > 1.

It follows from this that
the empirical mean process of an i.i.d. sequence is a reverse martingale.

The proof is as follows. It is a general fact that if (X, W) is a pair of random
variables independent of a o-algebra H, then E [X/W,H| = E [X/W]; the proof is
left as an exercise. By noticing that (£1,.5,,) is independent of o(&pq1,&nte, - - .) and
that G,, is generated by S, and o(£p41,&nye, - - - ), one derives from this remark that

E [fl/gn] =F [fl/Sn] .

Now, observe that for any 1 < k < n, the pairs of random variables (£1,.5),) and
(&k, Sp) have the same probability distribution. It then follows that

E[&r/Sn] = E'[61/5n] L<k<n.

Therefore

Sp=E[Sn/Sn] = E =nE[61/S)] .,

ka/‘gn
1
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and (2) follows. Later in the chapter, we shall recover the strong law of large
numbers for i.i.d. sequences from a martingale convergence theorem applied to this
reverse martingale.

5. Martingales for asymmetric, simple random walk. Let &, bei.i.d. Bernoullilj
random variables with probability distribution P(§, = 1) = p and IP({=-1) = ¢,
where p g and p + ¢ = 1. Let S,, be the associated random walk, and {F,} the
associated filtration, in the notation of example 1. Since p # ¢, {S,} is not itself
a martingale. One can build a martinagle from S,, simply by subtracting off the
mean. It is left to the reader to show that {S,, —n(p—q)} is a martingale. But there
are other more interesting martingales. On the integer lattice, define the function
f(i) = a+ B(q/p)*, where a and 3 are arbitrary real constants. Then

f(Sp) is an {F,}-martingale.

Indeed, one easily checks that E[(q/p)é"] = 1 for any n. Thus, because &, is
independent of F,, and S,, is F,,-measurable,

E o+ (q/p)>* | Fo] = a+ B [(a/p)™ (a/p)*™* | Fu]
=a+(q/p)> E [q/p)*+ | Fu] = Y.

6. Martingales and harmonic functions for Markov chains.

Random walks are particular examples of a class of processes called Markov
chains, which are of central importance in stochastic process theory. The class
of martingales constructed for the random walk in example 5 illustrate a deeper
and more general procedure for constructing martingales from Markov chains. The
purpose of the next discussion is to give a taste of this broader theory. It is not our
purpose in this chapter to give a full account of Markov chains. Indeed, to avoid
excessive digression, we formulate definitions only in a very restrictive setting, with
pointers to greater generality. In particular, we restrict the discussion mostly to
Markov chains on a discrete state space.

Most of the conditioning for discrete state-space chains is of the form IP(A/Y),
where Y is a discrete random variable. Recall from chapter 5, that if Y is discrete
and if one defines

(%) hy)=IP(A/Y =y) if IP(Y=y)>0

(and leaves h(y) undefined otherwise), then IP(A/Y) = h(Y'). The following prin-
ciple will also be useful. Suppose G and ‘H are o-algebras and let G V 'H denote the
o-algebra generated by their union.

(xx) If P(A/GV H) is G-measurable, then IP (A/GV H) = IP (A/G).

The proof is a direct consequence of the tower property and is left to the reader.
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Let A be a countable set; we use indices ¢ and j to denote typical elements
of elements of A. A stochastic matriz indexed by A x A is a matrix P = [p;;],
(4,5) € A x A, satisfying 0 < p;; < 1 for every (i,7) and ., pij = 1 for every
. The ideas behind a stochastic matrix is that p;; represents the probability of a
transition from state ¢ to state j of a stochastic processes evolving in A.

Definition An A-valued process {X,, } >0 is said to be a time-homogenous Markov

chain with probability transition matriz P if, for every n > 0 and elements i, . .. , iy,
and j of A,
(3) P(Xpn=7/Xn=tin,...,Xo=10) = P (Xpp1=J/Xn=1n) = pij-

Random walks on the integer lattice provide a good example. Take A to be the
set of all integers, let &,, n > 1 be i.i.d. A-valued random variables, and let

ri =P, =1) —oo<i<o0,

be the common probability mass function of the &,,’s. Denote the associated random
walk by S, = >.7&. Then, since Sp11 = Sy + &npn and &, is independent of
S0, 515+,

P(Sn—H:j/Sn:inv"'v‘S‘O:io) :P(Sn‘H:]/Sn:Zn)
=Pl =j —in) =Tj—i,-

(4)

Hence {5,} is a random walk with transition matrix [r;_;], —oo < i,j < 0.
In the case of the Bernoulli random walk of example 5, the transition matrix
works out to be P = p;;, where

p it =it
(5) Dij = {q Jif g =1-1;

0 , otherwise.

Condition (3) has the following consequence, which will be important. Think
of a function f on A as a vector (f(i))gicay, and let (Pf) (i) = >\ pi; f(4), 1 € A
be the product of the transition matrix P with f. Then

Elf(Xpn)/Xn=tn,...,Xo=t0o) = E[f(Xnu)/Xn=1y]
(6) =S pii FG) = (PF) (in).
A

Condition (3) in the definition of a Markov chain says that in assessing the
conditional probability of a future event given the entire past history of the chain,
the only relevant data is the present value X,, of the chain. In short, the future is
independent of the past given the present. This is the Markov property. We pause
to give it a rigorous, general definition.



Definition A process {Y,,} taking values in a measurable space (X,S) is said to
be a Markov process if for each non-negative integer n, and each event A in the
o-algebra , o {Yy; k > n+1} of events in the future at time n,

(7) ZP(A/Yn,...,YO):ZP(A/Yn) a.s.

Property (3) defining a Markov chain is a special case of the Markov property (7).
If (3) is satisfied, then, by principle (*) and additivity,

P(Xn1 €U [ Xnyoo o, Xo) =D px, -
Jjeu

This is X,,-measurable and hence, by principle (**),
P(Xn1€U [/ Xn,....X0) =P (Xp41 €U | X;).

Thus, (7) is recovered for events A of the form {X, 1 € U}, looking one step ahead
into the future. It turns out that (3) is sufficient to imply the Markov property (7)
for all future events. In fact, a more general statement is true

Lemma 1.2 In order to check the Markov propery (7), it suffice to check that for
every n > 0 and Borel U

(8) P(Xon €U/ Xy,...,X0) =P (Xop €U / X,,)

This Lemma implies that a Markov chain as defined in (3) is a Markov process.

The proof of the lemma will be deferred to an appendix, as it is not important
for our immediate purposes. Suffice it to say here that the proof involves the tower
propery and repeated conditioning to first prove (7) for all future events A depending
on the outcomes of only a finite number of X,,’s, and then extending to all events
in the future by a Dynkin system argument.

Martingales have an important role in the theory of Markov processes. To

illustrate in the case of Markov chains, it helps to make another definition.

Definition Let P be a stochastic matrix for a countable state space A. A function
f A — IR is called P-harmonic if f = Pf (in the notation established above).
The function f is P-subharmonic (respectively, superharmonic), if if f < Pf (re-
spectively, f > Pf), where f < Pf means f(i) < (Pf)(i) for all i € A.

Here is the purpose of defining harmonic functions.

Proposition 1.2 Let {X,},>0 be a Markov chain on A with transition proba-
bility matrix P. If f is P-harmonic (respectively, subharmonic or superharmonic),
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and if f(X,) is integrable for all n, then {f(X,);n > 0} is an {F.X}-martingale
(respectively, submartingale or supermartingale.)

Coversely, if f(X,,) is (sub)(super) martingale, and if for each ¢ € A there is an
n such that P(X, =) > 0, then f is a P-(sub)(super) harmonic function.

Proof: Let f be P-harmonic. Observe that, by the Markov property and (6),

E[f(Xnn) [ FYX] = Elf(Xnn)/Xn]

®) _ (Pf) (X.)

which shows that {f(X,)} is a martingale. Conversely, if f(X,) is a martingale,
so that (9) is true, and if IP(X,, =1i) > 0, then f(i) = (Pf)(i). The sub- and
supermartingale cases have similar proofs. o

For an example, return to the asymmetic, Bernoulli random walk presented in
example 5, whose transition matrix is presented in equation (5). For this case, any
P harmonic function must, by definition, satisfy the homogeneous, linear difference
equation

f(@) =pfi+1) +qf(i=1)

It is easy to check that the general solution is f(i) = a + 3(¢q/p), where a and 3
are arbitrary real numbers. It then follows from Proposition 6.2 that a + 3(q/p)°"
is a martingale, thus recapturing, in a systematic fashion, the result of example 5.

It is interesting to do another example, generalizing the random walk. This
time let the state space be the non-negative integers. We model a process that takes
unit steps up or down, like a random walk, except when it is at state 0. The walk
can go no lower than 0, and so from 0, it may only either stay at 0 or jump to a
higher lever. Thus, for ¢ > 1, suppose that the transition probabilities are

pi it j=i+1;
Pz‘jZ{qz‘ yiftj=i-1;
0 , otherwise,

where ¢; = 1 — p; for each ¢ > 1. This is similar to the transitions for the random
walk of example 5, but the steps are no longer identically distributed, since the step
probabilities p; and ¢; now depend on the present location ¢ of the walk. For the
moment, put no definite structure on the transition probabilities pgo, po1, - . . out of
state 0. A P-harmonic function f must satisfy at least the linear difference equation

(10) f@) =pif(i+1) +q f(i—1), i>1.

A constant function f is always a solution. To get any other solution, note that,
from (10) and p; + ¢; = 1,

f(i+1) = f(i) = ;— (F(i) — F(i—1)).
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Hence,

(1 i) = FO0)+ (F1) = SO) 3 B, iz

There are now several cases, corresponding to what happens at the boundary. Sup-
pose poo = 1; this is the case of an absorbing boundary, because once the chain
hits 0, it must stay there. Then the condition for P-harmonicity at i = 0 reads,
f(0) = f(0) which is trivially satisfied by any real number. As a consequence f(0)
and f(1) may be chosen arbitrarily and we get that all P-harmonic functions are of
the form,

171 c e e e
(12)  fO) =0 fU)=F amd f)=a+(F-a)y LA sy

The second case allows for the possibility of a reflection from 0 to 1: pgo = 1—pg
and po1 = po where pg > 0. Then, P-harmonicity requires f(0) = (1—po)f(0) +
pof(1), which means that f(0) = f(1). Refering back to (11), one sees that in this
case there are no non-constant harmonic functions. On the other hand, formula
(12) will provide a subharmonic function if 5 > « and a superharmonic function if
0 < a.

The final case is that of a general transition probability poo, po1, ... out of 0.
The reader may check as an exercise that as long as ppg < 1 there are no non-
constant P-harmonic functions.

7. Convex functions of martingales Given a martingale or a submartingale,
new submartingales can be built from it by convex transformations. This is a very
useful fact that will be used repeatedly.

Proposition 1.3
(a) Let {X,}n>0 be a martingale and let ¢ be a convex function for which ¢(X,,)
is integrable for every n. Then {¢(X,,)} is a submartingale.

(b) If {X,,}n>0 is a submartingale and if ¢ is an increasing convex function such
that ¢(X,,) is integrable for every n, then {¢(X,,)} is a submartingale.

Proof: We prove (a) and leave (b) as an exercise. The proof is just an application
of the conditional Jensen inequality:

¢(Xn) = ¢(E [Xn—kl/fn]) <K [¢(Xn+1)/fn] :
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6.2 Preservation of the martingale property for predictable gambling
strategies

In this section, we present a method of constructing new martingales from a
given martingale X = {X,, },>0. This method is at the heart of the definition of a
stochastic integral with respect to a martingale in continuous-time martingale the-
ory, so we shall refer to the method as discrete-time stochastic integration, although
this terminology is not at all standard. In the more colorful language of games of
chance, discrete-time stochastic integrals may be thought of as the fortune earned
by a betting strategy. We introduce the subject from this viewoint.

Let { X, }»>0 denote the fortune in a game of chance in which one dollar is bet
on every play. In other words, X,, — X, is the gain or loss from a dollar bet on
play n. For the moment make no assumption on the law of the {X,,},>0. On play
n the gambler is free to choose an amount V,, to bet. Then the gain in fortune by
time n is

(X.V), = zn: Vi (X3, — Xj1) -
k=1

The process {(X.V),} is referred to as the discrete-time stochastic integral of V' =
{V,} against X.

So far, no restrictions have been place upon X and V. Assume now that the
information available to the gambler immediately after play n is represented by a
o-algebra F,,, and assume that F,, increases with n, so that {F,} is a filtration. As
a consequence, the amount V,,1; bet on play n+1 is determined knowing at most
the information in F,,, and hence should be F,-measurable. This measurability
constraint is dignified by a name.

Definition The process {V,,} is called {F,}-predictable if for each n > 1, V,, is
Fn—1-measurable for all n > 1.

The next theorem, although simple, will be absolutely basic to the development
of martingale theory. It looks at how martingale properties are preserved under the
operation of stochastic integration.

Theorem 2.1

(a) Let X = {X,}n>0 be an {F,}-martingale. If {V,} is an {F,}-predictable
process and if, for each n > 0, there is a constant K, < oo such that P(|V,| <
K,) =1, then

{(Vv.X),} is an {F,}-martingale.

(b) Let X = {X,,}n>0 be an {F,, }-submartingale. If {V,,} is an {F, }-predictable
process and if, for each n > 0, there is a constant K,, < oo such that IP(0 < V,, <
K,) =1, then

{(Vv.X),,} isan {F,}-submartingale.
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A verbal paraphrase makes the statements of this theorem intuitively obvious.
Statement (a) says that whatever (bounded) predictable betting strategy is used, a
fair game remains fair. Without clairvoyance one cannot change a fair game to a
favorable game. Statement (b) says that if non-negative predictable bets are place
on a favorable game, it remains favorable.

Proof: We do case (a) only. The assumption that P(|V,| < K,,) = 1 for all n
serves to guarantee that (V.X),, is integrable for every n, as may easily be checked.
Clearly also, the predicatibility of V implies that V.X is {F, }-adapted. It remains
to check the martingale property:

E[(V.X), /Fn] = EI(V.X), + Ver (Xnp —Xa0) /Fn)
= (V- X),, + Ve B [(Xon = X)) / Fon]
=(V.X),

The first equality follows from the definition of V. X, the second from the predictabil-
ity of V', and the last from the martingale property of X. o

6.3 Optional Stopping of a Martingale

6.3.1 Stopping times and stopping strategies. Can one win a fair game?

Let X = {X,}n>0 denote the history of a gambler’s fortune in a game of
chance. Assume that the size of the bet on each play is fixed by the house and so
the gambler’s only strategy option is do decide when to stop playing. Let T" denote
the time (or play) at which the gambler chooses to stop; this may depend on the
outcome of the plays and so can be a random variable. The player leaves the game
with a fortune of X, the value of the game at the random time 7. (If we were to
put in the dependence on w explicitly, we would write Xp (. (w) for this value.)

Let the filtration {F,} represent the flow of information available to the gam-
bler during the game. The time T chosen by the gambler to end the game cannot
be an arbitrary random variable, but must be consistent with this filtration. At a
given time n, the gambler cannot look into the future, say, to see that he will suffer
a devasting loss in he next play, and so decide to stop. Rather, at time n, he can
only use the information available up to time n.

Definition A random variable T' with values in IN := {0,1,2,...} U {cc} is called
an {F, }-stopping time if

(1) {T'=n} € F,, for all non-negative integers n.

Note: The condition (1) is equivalent to

(2) {T <n} e F,, forall non-negative integers n.
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By the definition, if T is a stopping time, then {T" > n} is also F,,-measurable
for every n. Note that the possibility that 7' = oo (never stopping) is allowed.
Moreover, if Foo 1= o(UF F,), then {T' = oo} is Foo-measurable. This is an imme-
diate consequence of the identity {T" = oo} = N, {T" > n} and the fact, just pointed
out, that {T" > n} is F,-measurable for every n.

Now let {X,,}n>0 be a martingale and T a stopping time, both with respect
to a filtration {F,}. Assume that T' < oo almost surely, so that X7 makes sense
almost surely. Since T is a non-clairvoyant, we should not be able to render a fair
game favorable by using 7' to stop; mathematically, this means we should expect
that

(3) EXr] = E[Xo].

Optional stopping theory for martingales concerns verifying when (3) is true.
It is not an entirely trivial problem, especially since it is not always true! Here is a
very basic example. Take the standard, symmetric, Bernoulli random walk. Thus
So =0and S, =Y ] &, where {&} is a sequence of independent Bernoulli random
variables with the common distribution, IP({=—1) = IP(¢=1) = 1/2. Since the &
have zero mean, {S,} is a martingale. Now let

T = min{n; S, = 1},
the first time that the random walk hits 1. This is clearly a stopping time:
{T:n} = {Sl<1,SQ<1,...,Sn,1<1,Sn = 1} S f;f

Moreover, it will be shown later that IP(T" < o) = 1. Since St = 1 by definition
of T', it follows that
E[ST]:1>E[30]:O.

Thus T is a sure strategy for beating a fair game!

It would seem that we have achieved the holy grail of every gambler, a sure-fire
way to beat the odds. However, before rashly boarding the bus for Atlantic City, a
little optional stopping theory will help put this example into perspective. Notice
that no matter how large K is, IP(T" > K) > 0, because every possible path of
the process S, on an interval of length K has a positive probability and there are
certainly many paths of length K that do not hit 1. Could one still beat the fair
game, if instead, one had to stop by a certain fixed time? Notice also, that the
strategy T requires that one be able to absorb arbitrarily large debts before leaving
the game; in waiting for S, to hit 1 there is not limit to how negative 5,, might
become. Is it possible to still beat the game if instead one has a limited amount
of capital? Optional stopping theory will provide answers to these questions. It
will also provide methods for computing probabilities of winning and losing simple
games based on random walk.

13



6.3.2 Simple properties of stopping times; hitting times

It was shown in the last section that the first time for a random walk to hit
1 is a stopping time. This time is a particular example of a class of commonly
encountered stopping times called hitting times. These are random times of the
form
T, — {min{k >0;Y, € A}, if {k >0;Y;, € A} # 0;

0, otherwise,

where {Y,,} is a stochastic process. Since
{(T=n}={Vi A, .. Y,1¢&AY,cAecF’,

it is clear that T4 is an {F) }-stopping times, and a fortiori a stopping time with
respect to any filtration with respect to which {Y,,} is adapted.

The next result is a simple lemma about closure of the stopping time property
under simple operations. The proof is left to as an exercise.

Lemma 3.1 Let S and T be {F,}-stopping times. Then S AT := min{S,T},
SV T :=max{S,T}, and S+ T are also stopping times.

6.3.3 Optional Stopping Theorems

An optional stopping theorem is a result that extends martingale properties
from deterministic times to stopping times. The aim of this section is to state the
basic theorems and to develop some important applications. All results shall be
stated for martingales or submartingales, and can be easily translated into facts
about supermartingales.

Optional stopping theory is based on the following simple observations. First,
if T" is a random time and if one lets Vj, := 17>k, £ > 0, then

Xran =Xo+ Y 1rsi(X; — Xjq = Xo + (V.X),, .
=0

That is, stopped processes are stochastic integrals, in the sense defined in section 2.
The second observation is that if T' is a stopping time then the process Vi :=
lir>ky, k>0, is {F, }-predictable. Indeed,

{T>k}={T<k-1}° is Fp-measurable for every k > 0.

The following is then an immediate consequence of Theorem 2.1 and Proposition
1.1.

Theorem 3.1 Let X = {X,,},>0 be an {F, }-martingale (respectively, submartin-
gale), and let T be an {F,, }-stopping time. Then { X7, } is also an {F,, }-martingale
(respectively, submartingale). Thus, for every n,

(2) E[Xran] = E[Xo] (respectively FE [Xr7an| > E[Xo]).
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This theorem already answers the question raised in section 2 about whether it
is possible to beat a fair game with a stopping strategy bounded in time. If X is a
martingale, if T is a stopping time, and if K is a constant such that IP(T < K) =1,
then by takin n > K in (2), one finds E[Xr| = E[Xj], so no bounded strategy can
increases the expected payoff.

To go beyond bounded stopping times for optional stopping, it is necessary to
seek conditions under which the limit as n — oo can be taken in (2).

Theorem 3.2 (Optional Stopping Theorem Let {X,},>0 be an {F,}-
martingale (respectively, submartingale), and let T" be an {F, }-stopping time. Sup-
pose

i) P((T<x)=1,;

(i) E[Xr|] < oo; and
(i) Hminf B [|Xn[1g7sny] = 0.
Then

(3) E[Xr] = FE[Xo] (respectively, FE[Xr]> E[Xo].)

Proof: Assume {X,},>0 is a martingale. The submartingale case has a similar

proof. Assumption (i) implies that Xp is well-defined, almost surely. From equation
(2) of Theorem 3.1,

(4) E[Xo] = E [ Xrpn] = E [ Xr1lir<py + Xnlirsny] -

Now, assumption (ii) allows an application of the dominated convergence theorem
to obtain:

(5) lim B [X71ir<n] = E [X7].

On the other hand, by assumption (iii), there exists a subsequence {ny} for which

(6) lim 2 [ X0, 1rsn,y] = 0.

Take limits on the right-hand side of (4) along the subsequence {ny} using (5) and
(6). The result is

FE [X()] = llinE [XT/\nk] =F [XT] . <
The proof of Theorem 3.2 contains the following result, which is worth stating
separately for later use.

Corollary 3.1 Let the process { X, }»>0 and the random time 7' (which need not
be a stopping time) satisfy conditions (i)—(iii) of Theorem 3.2. Then, there is a
subsequence {nj} for which liinE [X1TAn,] = E[X7].
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The remainder of this subsection treats applications of optional stopping to
random walks. First, some general theorems are proved; then, the optional stop-
ping method is used to calculate hitting probabilities and expected exit times for
Bernoulli random walks. Throughout the discussion, S := {S,,} will denote a ran-
dom walk with independent, identically distributed steps; i.e.,

Su =50+ &
1

where £1,&, ... is a sequence of i.i.d. random variables independent of Sy. Because
Sn—Sn-1 = &, the random variables £, k > 1, are called the increments of S. When
the increments are integrable, 1 shall denote their common mean (u = E[{;]) and,
when the increments are square integrable, 02 shall denote their common variance.
It was seen in section 1 that if Sy is integrable and if ¢ is integrable with mean 0,
then S, is a martingale with respect to the filtration {7}, where

F2=0{S0,&1,..., Xn}, n>1.

To reiterate, the martinale property follows simply from the facts that © = 0 and
that &,y is independent of F2 for every n > 1. More generally,

n

Sp—np—So=> (& — p)

1

is a martingale, since it is a sum of mean zero increments &, — pu. The following
observation is also useful.

Lemma 3.1 Assume that {£} is a sequence of i.i.d. random variables with mean
p = 0 and finite variance o2. Then {(S,, — So)? — no?} is an {F>}-martingale.

Proof: Let S, = S, — So = > & Then,

(7) (Si)” = (n+1)0? = (S7) = no? +28) € + 2, — 02

Since, S/, is F2-measurable, and since &,y is independent of 2 and has mean 0,
B[St/ FS] = SLE [Gua /5] = S, BlEusa] = 0.

Also, £ [Siﬂ / 7—"5 } =F [Siﬂ] = ¢2. Thus, taking conditional expectations on both
sides of (7),

E [(Sp)” = (04 1)0?/F5] = (83)° = o 5

The next result gives simple conditions under which the optional stopping
theorem holds for random walks.
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Proposition 3.1 Let {S,} be a random walk with i.i.d. increments of finite mean
and variance. Let T be an {F3 }-stopping time. If

(8) E[T] < oo
and if F[|Sp|] < oo, then
(9) E[S7r] = E[So] + pE[T].

> g,f] < 0.

1

Moreover, if (8) holds, then £

Remarks Observe that for a nonrandom time N,
E[SN] = E[So] + pN.

Equation (9) is a generalization of this identity to stopping times. The last state-
ment of the theorem is an auxiliary fact that goes into the proof of (9).

Proof: It suffices to consider the case ;= 0; The general case is derived from the
mean 0 case by applying the mean 0 result to the martingale {.S,, —nu— So}. Thus,
assume g = 0.

Let {S],} denote the zero mean martingale {S,—So = > &k }. To prove (8), we
apply the Optional Stopping Theorem to {S/,} and T'. For this, it is only necessary
to verify the conditions (i)—(iii) of the Optional Stopping Theorem. Condition (i),
IP(T < 00) = 1, is immediate from the assumption (8) that E[T] < occ.

To prove condition (iii), apply the Cauchy-Schwartz inequality to find

E[| S, | Lirsny] € VEISP(T > n) = \/o*nIP(T > n).

However,
TLZP(T > TL) <F [Tl{T>n}} ,

and so, by application of dominated convergence, lim,, nIP(T" > n) = 0. Conditon
(iii) follows.

To prove (ii), apply Theorem 3.1 to (S,)? — no?, which is a martingale by
Lemma 3.1. One finds that 0 = E [(S},,)* — (T’ An)o?] = 0 for all n. Thus,

2

(10) c*E[T An] = E [(Strn)’] = E [(S7)*Lir<ny] -
for n > 0. Let n — oo and use monotone convergence on each side. Then
E [(S%)?] < 0?E[T] < oo. Therefore E [|S7|] < oo; (for ar.v. X, (E[|X]])? < E[X?]
by Cauchy-Schwartz.) o
Given a Borel subset A of the real line, recall that the time to hit A€ is
Tye :==min{n; S, ¢ A}.
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This may also thought of as the first time to exit A. Our aim is to apply optional
stopping to such exit times, and fortunately there is a simple sufficient condition
for the integrability criterion (8) for these times.

Lemma 3.2 Assume that the i.i.d. random variables &,,, n > 1, are non-degenerate,
that is IP({x = 0) < 1. For any bounded set A, F [T4<] < oco.

Proof: Let A C (a,b) where a and b are finite, and set T' = T{, ). Since Thqe < T,
it will suffice to prove E[T] < oc.

For any real z, let E;[T"] denote the expected value of T" given Sy = x. Because
the steps &,, n > 1 are independent of Sy,

E[T]=FE[E[T/S]] = E[Es, [T7].
Therefore, to complete the proof it suffices to show

sup B, [T] < oo.

Because of the assumed non-degeneracy of the steps, (and by replacing &, by
—&n, n > 1, if necessary), it may be assumed that there is a ¢ > 0 such that
n = IP(&; > ¢) > 0. Choose a positive integer N so large that Nc > (a +b). We
shall partition time into blocks of length N and build an event on each block that
guarantees that the walk must leave (a,b) in that time block. This event, for block
k, is

Bi = {&na = ¢, &Ntz = ¢, €N = €

Indeed, By C {S(kﬂ)N — SEN > A—H)} , and so
B C{kEN <T < (k+1)N}.

By independence of the increments, the events Bi, Bs,... are independent,
and IP(By) = n® for each k. Thus

k
(11) ZP(T>(k+1)N)§ZP<ﬂB§> = (1—77N)’“.

Recall that E[Z] = [[*IP(Z > z)dz < 30" IP(Z > k) for positive random vari-
ables Z. Thus, from (11),

N=LE[T] gi@—ﬂ)’“ < . o

Notice that no assumption on the mean or variance of ¢ was made in Lemma
3.2.
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In the proof of Theorem 3.2, optional stopping at T' A n was used to obtain a
bound on E[S%]. When T is the exit time from a bounded set, this argument leads
to an identity for the expected value of T', which is useful later in deriving explicit
formulae for Bernoulli random walks.

Proposition 3.2 Let {S,} be a random walk with independent increments, let
So = 0, and suppose A is a bounded set. Then

E[S},.] =0°E[Ta].

Proof: For convenience, let 02 = 1. From equation (9),
(12) E[nATac) = E[S%, ir<ny] + B [So1ir,cony] -
Since, |Sy| < K :=sup{|z|; x € A} < 00 if Tae > n,

lim E[S217,.] < K*lim P (T4e > n) = 0.

n—oo

Therefore, one can let n — 0o on both sides of (12) to finish the proof. o

Application 1. The symmetric Bernoulli random walk. The simple, sym-
metric Bernoulli walk is the process S,, = > &, where {&x} is a sequence of inde-
pendent, symmetric, Bernoulli random variables (IP ({ = —1) = P ({ =1) =1/2.)
Optional stopping is applied to solve the classical problems of determining ruin
probabilites and expected exit times.

Let —00o < —a < 0 < b < 0o, where a and b are positive integers, and let T
denote the first time that the walk hits either —a or b. Because the walk takes unit
steps, Tap is the same as T(_, p)c. Moreover, the event that the walk hits —a before
hitting b is the same as {St,, =—a}.

We are interested in computing

r:=1IP(St,,=—a) and  E[Tu).

Calculating r is the classical problem of gambler’s ruin. Imagine that gambler A
(Alice) has a dollars and gambler B (Bob) has b dollars. They play a fair game in
which each player bets 1 dollar on every play and they agree to play until one of
them is broke. If S, represents Alice’s accumulated gain or loss from n plays, then
Sy is a sum of n i.i.d. symmetric, Bernoulli random variables, and, at time n, Alice
has a total fortune of S,, + a dollars. Thus r = IP (St,,) = —a is the probability
that Alice loses, or the probability of her ruin.
The following preliminary remarks are required for the computation. By Lemmalj

3.2, E[Ta) < oo, and, in particular, IP(T,, < co) = 1, so that the random walk
cannot stay strictly between —a and b forever. Thus, S;, must eventually hit either
—a or b, and hence, if does not hit —a first, it must hit b at Typ; that is

P(Sr,=b)=1-P(Sr,,=—a) =1—r.

19



To find r, apply Theorem 3.3. Since u =0,
0=F|[S7,]| =—alP(St,,=—a)+blP(Sr,,=b) = —r(a+b) +b.

Therefore,
b

a+b

Now apply Theorem 3.4. Since 02 = 1, the expected length of the game is

E[Tw) = E[S},] =a*r +b*(1 —r) = ab.

Application 2. Asymmetric Bernoulli random walk. In this example, we
compute classical probabilities of ruin in the case of unfair games. Thus, S, will
now be a sum of i.i.d. Bernoulli random variables with p:= IP(§, =1),¢g=1—p =
IP(¢; = —1), and p # ¢. From example 6 of section 1, Z, := (¢/p)°*, n > 0is a
martingale. As in application 1, it is assumed that Sy = 0.

Let a and b be positive integers and define T,;, as before, to be the first time
{Sy} hits either —a or b. Lemma 3.2 still applies and says that E[T,] < co. Since
|Z,| is bounded by max{(q/p)?, (¢/p)’} as long as n < Ty,

El|Zr,]] <o and limFE [Zﬂl{Tab>n}} =0.

Therefore the conditions of the optional stopping theorem are valid for {Z,,} and
T, Hence, noting that Zy = (q/p)% = 1,

(4)

Since, as before, IP(St,, =b) = 1—IP(St,, = —a), we can solve to find the probability
of ruin:

1=E = (q/p)"“IP(St,, = —a) + (¢/p)"IP(St,, = b).

. (g/p)* = (q/p)*
PSr =)= e

We can also apply Theorem 3.2 since E|[T,p] < oco. Here pp = p—q. Thus,

E[T) = p%qE[STQJ

_ %q (b — (a+b)IP (ST,,=—a))

p
1 (b(l—(Q/P)a) - G(Q/P)a(l—(Q/P)b)) _

1 —(q/p)**

- p—q

Hitting times for Bernoulli random walks, continued. For a random walk
{Sp} on the integer lattice and an integer b, let T := min{n; S, = b} with the
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understanding that T, = oo if the random walk never hits b. Assume all random
walks start from 0. We are now in a position to study these hitting times for the
symmetric Bernoulli walk.

Proposition 3.3 With probability one, the symmetric Bernoulli random walk even-
tually hits every integer. That is,

P (ﬁ{Tk <OO}> =1.

Proof: It suffices to prove that IP(T;, < oo) = 1 for each integer b, and, by
symmetry, it may be assumed that b is positive. However, T, < oo, if and only
if there exist some positive integer a such that {S,} hits b before it hits —a; in
other words,
{T), < oo} = | J17°{ST,, =b}
a=1

The events in the union increase with increasing a, because if the walk hits b before
it hits —a, then it certainly hits b before hitting —(a+1). Thus
(13) P(T, < )= lim IP(St,,=b) =1.

a—0o0
But we know from computing the probability of ruin above that IP(Sp,, = b) =
a/(a+b). Taking the limit in (13) as a — oo then shows that P (T, < c0) =1. <

Consider the stopping time 77, the first time to hit 1. Since we now know this
to be finite a.s., T} provides a strategy to beat a fair game, as discussed in section
1. However, because the optional stopping identity, E[St| = E[So] is not true for
Ty, it follows from Theorem 2 that,

E [Tl] = OQ;

for the symmetric Bernoulli random walk; that is, the expected amount of time one
needs to get to 1 is infinite.
Consider now the case of the asymmetric Bernoulli walk.

Proposition 3.5 Let {S, = Y] &} be the asymmetric random walk with p =
P((=1) < q=IP((=—1). Then for positive integers b,

P (T, < 00) = (g)b<1.

q

Proof: From the calculation of the ruin probability in asymmetric random walk,
one finds after a bit of algebra that

(p/q)" — (p/q)*
1—(p/q)*
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Since p < g, this tends to (p/q)® as a — co. Hence, using (13) again,

P (T, < o00) = lim IP(St,,=b) = (p/q)°. o

a— 00

Application 3. Probability of absorbtion for a Markov chain.

The martingale techniques applied to random walk extend to more general
Markov chains. To illustrate, consider the Markov chain defined at the end of
section 1. In this chain, modelling a generalized random walk on the non-negative
integers, the transition probabilities out of state ¢ for + > 1 are given by

pi it =i+1;
Pz‘jZ{qz‘ yiftj=i—1;
0 , otherwise,

As with Bernoulli random walk, these transition probabilities allow only one step
up or down at each time, but the step probabilities now depend on the state and so
the steps are no longer identically distributed. If any one of the probabilities p; or
q; is zero it creates a barrier to either upward or downward movement from state <.
To avoid this it is assumed that p; and q; are strictly positive for all ¢ > 1.

Since the state space in this model is the non-negative integers, the chain cannot
take a step in the negative direction from state 0, and other transition probabilities
out of state 0 need to be specified. In this discussion, we will be concerned only with
computing the probability that the chain eventually hits state 0 given that it starts
in state ¢. For any ¢ > 1 this probability will not depend on what the transition
probabilities out of state 0 are, and so it will be convenient to assume that state 0
is absorbing, that is, that pgo = 1 and pg; = 0 for every j > 1. When this is the
case equation (12) of section 1 identifies all P-harmonic functions for this chain.

Let {Z,,} denote a Markov chain with transition matrix P. The notation IP;(A)
indicates the probability of A when Z; = i almost surely. Let Ty be the first time
that the chain hits the state 0. Then IP;(7Ty < o) is the probability that the chain
hits state 0 if it starts from i.

oo

Propostion 3.6 If 949 _ o then
j:1 p] .. .pl
(14) IP(Th) < 0) =1 for every i > 1.
But if Z 4 a1 < o0, then
j:1 p] .. .pl
oo i
(15) ZPZ'(TO < OO) = = Py . > 1.

oo gjqr -
2251 pypy = O°
Proof: Assume that Zy = i. Let Ty be the first time that the chain hits state
N. Then if 0 < i < N, the stopping time Ty A T’y is the first time that the chain
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hits either 0 or N, that is, the first time it exits [1, N —1]. Because p; and ¢;[S1]
are assumed strictly positive for all i, it can be shown much as in Lemma 3.2, that
E;[To NTn] < oo and hence IP;(To ATy < 00) =1 for all N > i; proof is left to the
reader. As a consequence,

(16) ZPZ'(TN < T()) =1- ZPZ'(TO < TN).
Since only unit steps of the process are allowed, it is also true that

{T0<OO}: U {T0<TN}.

Thus,

(17) IP; (T() < OO) = Nlim IP; (T() < TN) .

Now proceed much as in the calculation of ruin probabilities for simple random
walk. By setting o = 1 and § = 0 in equation (12) of section 1, observe that

= Dj - Di

defines a P-harmonic function. Therefore {f(Z,)} is a martingale and so, since
Zy =1, the optional stopping theorem implies

(18) f(@) = Elf(Zroary)] -

Of course, the conditions of the optimal stopping theorem must be verified, but this
is easy once it is known that IP;(Th AT < o0) = 1; the proof is similar in spirit to
that used above in treating asymmetric random walk.

Next evaluate the right-hand side of (18), using (16), to find

f(i) = P(To < Tn) (1 = f(N)) + f(N),

and hence, from (17),

o SWN) = ()
IP; (Tp < o0) —NIEHOOW.

The identities (14) and (15) now follow from the definition of f(7). o

6.3.4 Optional stopping: some refinements

The sequence of expected values { E[X,,|} of a submartingale { X}, },>0 is a non-
decreasing sequence. It is natural to expect that this property extend to stopping
times, as we shall now explain, beginning with an extension of Theorem 3.1. Let
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{X, }n>0 be an {F, }-submartingale, and let S and T" be {F,, }-stopping times such
that S < T, a.s. Define the process

Vk - 1{S<k§T} k Z 1.

It is easy to check that V is {F, }-predictable and that (V.X),, = Xran — Xgan.
Therefore it follows from Theorem 6.5 that

(19) Xran — Xsan 18 a submartingale and  FE[Xg, | < E[X7An] Vn.

To remove n in the last inequality, it suffices to impose the conditions of Theorem
3.2onT.

Theorem 3.4 (Optional stopping, part (ii)) Let {X,, }»,>0 be a submartingale and
let S and T be two stopping times with § < T, a.s. Assume that T satisfies
conditions (i)—(iii) of Theorem 3.2. Then S satisfies (i)—(iii) and

(20) E[Xs] < E[Xr].
(When {X,},>0 is a martingale, then equality holds in (20).)

Proof: The main step is proving that S also satisfies (i)—(iii) of Theorem 3.2.
Once this has been done, then, by Corollary 3.1, there exists a subsequence {n'}
such that lim, E[X7an| = E[Xr] and lim,, F[Xsarn| = F[Xs]. Equation (20)
then follows by taking limits along the subsequence {n'} in (19).

It remains to prove S satisfies (i)—(iii). Condition (i) is immediate from the
assumption IP(T' < oo) = 1 since S < T a.s. Condition (iii) for S is also easy.
Because {S >n} C {T > n},

E[|Xnlissny] < E[|Xn|lirsny],

and hence the assumption of property (iii) for 7" implies that for S.

The proof of (ii) is slightly more involved. First notice that since the function
x — (z)T := 0 Az is increasing and convex, Proposition 1.3 implies that {(X,)*}
is a submartingale. Thus, by (19),

E [(XS/\n)+} <K [(XT/\n)+} .

for all n. Secondly, since {Xgan} is a submartingale, F[Xo] < FE[(Xsan)"] —
E[(Xsan)"]- Thus E[(Xsan)"] < E[(Xsan)T] — E[Xy], and hence

(21) E[Xspnl] = E[(Xsan) "]+ E[(Xsan) "] < 2E [|Xan]] - E[Xo)].

By Corollary 3.1 applied to the submartingale {(X,,)" }, there is a subsequence {ny }
such that limy E[(X7an,)+] = E[(X7)"]. Therefore, by taking limits in (21) along
the subsequence {ny} and applying Fatou’s lemma,

E[|Xs|] < E[(X1)"] — E[Xo] < E[|Xr|] — E[X0] < c0. diamond
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It is also possible to extend the martingale property to stopping times. The
idea is to define for any stopping time 7', a g-algebra Fr of events that occur by
time T'. Then if S and T are stopping time satisfying the conditions of Theorem
3.4, and if {X,, },>0 is a martingale (submartingale) one proves

(22) Xs = F|[Xr/Fs] (Xs < E[Xr/Fs]).

This extension is very important in advanced martingale theory, but we shall not
make further use of it, so the reader may skip this topic on a first reading.

How does one define the class of events of a filtration {F,} that occur up to
or before a stopping time? Let A be any event and consider the disjoint partition
A=U2 (ANn{T'=n}). Then we should require that for each n, AN {T = n}
depends only on the information known by time n. The next definition gives this
idea a more general looking, but equivalent, formulation.

Definition Given a filtration {F,,} and an {F, }-stopping time T,

Fr={AeF; An{T <n}e€F, Vn>0}.

Here is a simple example. Let B be any set of non-negative integers. Then {T" € B}
is an event in Fr. Doing the next exercise will help the reader understand Fr better.

Exercise. (a) Fr is a o-algebra .

(b) An event A € Fr if and only if AN {T'=n} € F,, for every nonnegative integer
n.

(¢) If {Xp}tn>o is {Fn}-adapted and if T is a stopping time, then Xp is Frp-
measurable.

(d) Let {FX} be the filtration generated by {X, }n>0. Then F5¥ is the o-algebra
generated by the random variables {X7an }n>0-

Theorem 3.5 Let {X,,},>0 be an {F, }-martingale (submartingale) and suppose
that S and T are {F,, }-stopping times that satisfy the assumptions of Theorem 3.4.
Then (22) holds.

(Proof to be added.)

6.4 Martingale Moment Inequalities

The version of the Optional Stopping Theorem expressed in Theorem 3.4, which
says that E[Xg] < F[Xr] when X is a submartingale and the stopping time S is
less than the stopping time 7', looks innocent, but has profound and remarkable
consequences for the probabilistic structure of martingales. In particular, one can
bound the moments and probability tails of maximum of a submartingale up to
time N by moments of the process at time N; in other words, the average behavior
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of the process over a time interval is constrained by its average behavior at the
terminal time. The most important of these martingale inequalities are developed
in this section.

Actually, we have already seen an example of a martingale inequality earlier
in these notes, namely, Kolmogorov’s inequality, which we proved in Chapter 3 as
part of the proof of Kolmogorov’s three series theorem. Kolmogorov’s inequality
shows how to bound tail probabilities for the maximum of a mean 0 random walk
up to time N in terms of the second moment of the value of the walk at time N.
If you examine the proof closely, you will see that it is really a stopping time argu-
ment. Kolmogorov’s inequality is in fact a prototype of the martingale inequalities
developed here, and it is worthwhile to reread its proof after studying the material
of this section.

Throughout the discussion {X,,},,>0 will be a submartingale, unless otherwise
mentioned. We shall study the auxiliary maximum process,

X, = max Xj.
0<k<n

Let T be a stopping time satisfying conditions (i)—(iii) of the optional stopping
theorem. Our first goal is to bound the probability of the event

{X7 = A}

for a positive level A\. The idea is to consider the first time before T, if any, at which
the maximum process X* exceeds A, and accordingly, we define

S:=TAmin{k; X; > \}.
Then from Theorem 3.5,
(1) E[Xs] < E[X7].
What are the consequences of (1)? Observe first that
(S<T}={X;,>A} and {S=T}={S=T Xr >\ U{X}<A}.

Observe also that Xg > Aon {S <T}U{S =T, Xy > A}. Therefore,

E[Sx]=FE [X51{5<T} + X1ls—7 x;>23 + Xsl{x;<>\}}

> AP (X7 2 A) + B | Xrlx; o)

Thus, from (1),
2) AP(XE >N <E [XT1{X;ZA}} .
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Note how much stronger this is than Markov’s inequality! This inequality and its
major consequences are summarized in the next theorem.

Theorem 4.1. (Doob’s martingale inequalities) Let {X,},>0 be an {F,}-
submartingale and let T be a stopping time satisfying (i)—(iii) of the optional
stopping theorem.

(a) For A > 0,

B [Xrlix;s]
TL{X3>\} - E[X;].
A - A
(b) If {X,,}n>0 is a martingale and A > 0, then

ElX
ZP(max}XHZA)ﬁM
0<k<T )Y

(3) P (X7 > X) <

(4) -
ZP(maX ng—)\) §%
0<k<T A

(¢) If {X,}n>0 is a non-negative submartingale and p > 1, then

6 Bl < (1) Bl

Remark. If {X,},>0 is a martingale, then, by Proposition , {|X,|} is a
submartingale, and hence by (5),

©) Bl s |0 ] < (1) Bl

Proof: Part (a) follows directly from (2).

The first inequality of (b) is a consequence of (a) applied to the submartin-
gale {|X,|}. The second inequality of (b) is derived by application of (a) to the
martingale {—X,, }.

To prove (c), recall the following formula for positive random variables Z,

E[ZP] = / P(Z? > 2)dz = / IP(Z > 2)pr " dz.
0 0

By using (a) in this formula,

B < [ B pgenlpertds = Bl [
— (2

p—1

< (CZEXED? (Bl

)E[Xr(X7)P7
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Inequality (5) now follows by some simple algebra. o

The following corollary generalizes Kolmogorov’s inequality, which now becomes a
special case.

Corollary 4.1. Let {X,},>0 be a square-integrable martingale. Then for any
N > 1,

2
P max | X |> A < Bl
0<k<N A2

Proof: Apply (3) of Theorem 3.5 to the submartingale { X2}. 0.

6.5 Doob’s Upcrossing Inequality

A picturesque way to introduce the upcrossing inequality is by consideration
of a “buy low, sell high” investment strategy in a stock. Imagine that a process
{X,, }n>0 models the successive prices of a stock with several endearing character-
istics. First, {X,, }n>0 is a submartingale—we expect to earn money. Second, the
stock never trades below a level a—perhaps whenever it threatens to go below a
a fairy godmother steps in and bids the price up to a. Finally, the stock trades
without transaction costs. A broker enters the market with no shares and decides
to trade this stock using the classic ”buy low, sell high” strategy. He fixes a level
b greater than a in advance, buys a share of the stock when it hits level a and
holds onto it until it the next time it rises to level b or above, at which time he
immediately sells. He continues to trade in this fashion, buying at a and selling at
b, making a profit of at least b — a every time, for the duration of trading.

This is a nice market for the broker—he can’t lose money because the price
never goes below a, and on the average he expects to gain—and so he might be
feeling pretty smug about his strategy. However, we onlookers, as initiates into the
secrets of martingale theory, are even more insufferably smug. We know that the
favorability of a game of chance cannot be improved by a predictable strategy and
"buy low, sell high” is predictable. Therefore we suspect that on the average our
broker will do at least as well by just buying a share of stock at time zero and
holding onto it! Let us see that this is true.

The first step is to represent the broker’s earnings process as a stochastic inte-
gral (sum) in the sense of section 2. To this end define the process V' by

Vi — 1, if the broker holds a share during period from k—1 to k;
#7110, otherwise.

Then the total earnings of the broker by time n are given by (V.X),,, in the notation
of section 2. The process V is clearly predictable because Vi depends only on
whether the stock was held in the previous period and what its price at time k—1
was. Hence {(V.X),} is a submartingale. The following lemma will clinch our
hunch about whether ”buy low, sell high” beats ”sit and wait.”
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Lemma 5.1 Let {X,,},>0 be an {F,}-martingale and let {V;} be a bounded,
{F. }-predictable process and K a positive constant such that V;,, < K a.s. for all
n. Then

(1) E[(V.X)n] < KE[X, — Xo].

Proof: For each k, 1 < k < n,

E[Ve(Xp—X31)] = E[VoE [ X — X1 /Fi)] < KE[E [ Xy, — X5t/ F]
= KE [Xp,— Xji]

The first equality is due to the predictability of V', and the middle inequality to
the bound on Vj, and the submartingale property of {X,,},>0, which implies that
0 < E[F[Xp—Xk1/Fk]] a.s. Summing up gives

n

Z(Xk—X“)] = KE[X,—Xo]. ©

E[(V.X),|=FE

> Vi (Xk—X“)] <KE
1

Return now to our hypothetical broker. For him Vj is bounded by 1 always,
and hence, by (1),

(2) E[(V.X)n] < E[X, — Xol,

and the right-hand side is just the expected profit gained by buying one share at
time 0 for price Xy and selling it at time n for its price X,,.

Inequality (2) is simple, but contains hidden depths. From it one can derive
an inequality that bounds the fluctations of the submartingale X. To explain this,
we introduce the concept of an upcrossing. Let z = (z,x1,...) be a sequence of
real numbers. The restriction (zg, Tgi1, ..., Tm) of z to the finite interval of indices
[k,m] is called an upcrossing of the interval [a, b] if

i < a, a<z;<b fork<j<m, and z,, > b.
To count upcrossings, we use the notation
U%(z) := number of upcrossings of [a,b] in (zo,...,2n,).

Returning again to the broker, buying at a and selling when the price rises
above b, notice that he makes a profit of at least b—a dollars on every upcrossing
of [a,b] completed by the stock price process { Xy, }n>0. In symbols,

(b—a)Us"* ({Xi}) < (V.X)n

By taking expectations on both sides and using (2) we have proved the following
upcrossing inequality.
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Lemma 5.2 Let {X,, },,>0 be a submartingale such that X,, > a a.s. for all n. For
any b > a,

a E[Xn B XO]
(3) E[Up({X)})] < 3.

The general martingale upcrossing inequality follows from this lemma.
Theorem 5.1 Let {X,, },,>0 be a submartingale. Then for any n > 0 and b > a,

E[(Xn—a)" = (Xo—a)"]

) E U2t ({Xe})] < —

Proof: Let Z,, := (X,, —a)*, n > 01. The function z — (z—a)* is non-decreasing
and convex and hence, from Proposition 1.3, {Z,} is a submartingale. Moreover,
{X,,} makes an upcrossing of [a, b] if and only if { Z,, } makes an upcrossing of [0, b—a].
Inequality (32) then follows by applying Lemma 5.2 to {Z,,} with a replaced by 0
and b replaced by b—a. o

The upcrossing inequalities are due ultimately to Doob. They are important in
deriving martingale convergence theorems, which are taken up in the next section.

6.6 Martingale Convergence Theorems

Martingale convergence theorems address the question of existence and prop-
erties of lim,, X,, when {X,},,>0 is a (sub)(super)martingale. Examples 2, 3 and 4
of section 1 already show that this is an interesting issue. They concern processes
of the form {F|[Z/F,]} in the cases

(i) {Fn} is a filtration and hence {E|[Z/F,]} is a martingale (examples 2 and

3), and;

(ii) {F.} is a decreasing sequence of o-algebras, and hence {F[Z/F,|} is a

reverse martingale (example 4).

How do these processes behave as n — oo 7 The answer in the first case is Lévy’s
upward theorem: lim, E[Z/F,| = F[Z/F], both a.s. and in the L'-sense, where
F~ is, in essence, the upward limit of the filtration, that is, the smallest o-algebra
containing F,, for all n. In the second case of a reverse martingale, the result is
lim, E[Z/F,) = E[Z/(\F.), both a.s. and in L', and this is similar in spirit to
the martingale case, because [, F,, may be thought of as the downward limit of a
sequence of decreasing o-algebras. These results will be proved later on as conse-
quences of more general theorems that identify conditions under which martingales
converge.

Of course, a martingale need not converge. Any mean 0 random walk with non-
degenerate, i.i.d. increments is a martingale, but almost-surely it does not converge.
(The proof is left as an exercise of medium difficulty).
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6.6.1 Almost-sure convergence of martingales
The key to martingale convergence theorems is the upcrossing inequality. Re-
call from section 6.5 that if x = (xg,z1,...) is a sequence of numbers, the number
of upcrossings of [a, b] contained in the finite portion (xg, z1,...,zy) of z is denoted
by Ut (). The number of upcrossings of [a, b] made by the infinite sequence z is
then
Ulatl(z) .= lim Ul (z).

n—oo

Upcrossings enter into convergence theory because of the following fact. Given a
sequence z, liminf,, z,, < limsup,, x, if and only if there exist finite numbers a < b,
which we may assume to be rational, such that Ule?! (z) = oo. (Here, either or both
of liminf,, x,, and lim sup,, z,, are allowed to be oo or —oc.) Therefore, if it is known
of z that U2 (z) < oo for all rational a and b such that a < b, then it must follow
that limx,, exists, although this limit might be oo or —oo. Since the upcrossing
inequality gives a way to control the upcrossings of a submartingale, it leads to a
convergence criterion.

Theorem 6.1 (Basic martingale convergence theorem)
Let {X,}n>0 be a submartingale. If

(1) sup B [ X;F] < o0,

then X =limX, exists almost surely, and E[|X|] < sup E[|X,|] < oc.

Proof: Let a < b be arbitrary real numbers. By the upcrossing inequality in
Theorem 5.1, the inequality (z — a)™ < 2 4+ |a|, and the monotone convergence
theorem,

B UL (X4)] = lim B [U({X,})] < limsup R el

+
o sup B+l _
b—a

Thus, for every a < b, IP (U(L‘é’b]({Xk}) :oo) =0, and so

Pl U {vllqxn=c}|=o.
a<b,a,beqQ

It follows that X, = lim,, X, exists almost surely, although at this point one cannot
exclude the possibility that X, = lim,, X,, = £o0.

It remains to show that, in fact, X, is integrable and hence is finite a.s. First
observe that since {X,} is a submartingale, E[X,] < F[X,] = E[X;} — X,] for
every n. Therefore FE[|X, || = F[X;]+ E[X,;] < 2E[X,[] — E[X,], and

sup E [|X,|] < 2sup F [X,[] — E[Xo] < oc.
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By Fatou’s lemma, FE [|X|] <liminf E[|X,|] <supE[|X,]] < oc. o

Here is an interesting corollary that is often useful when dealing with martin-
gales.

Corollary 6.1 If { X, },>0 is a non-negative supermartingale, then X, = lim,, X,
exits almost surely and E[X] < E[Xp].

Proof: Note that {—X,,} is a submartingale and, because {X,} is non-negative,
(—X,,)" =0 for all n. Thus the martingale convergence theorem applies to give the
existence of X. Since 0 < E[X,] < E[Xy] for all n, a Fatou’s lemma argument
implies E[Xs] < sup,, E[X,] < E[Xp]. o

For an example, consider the martingale {E[Z/F,]}, where Z is integrable
and {F,} is a filtration. Because x — z is a convex function, the conditional
Jensen inequality implies (E [Z/F,])" < E [Z"/F,]. Hence,

(2) sng (E[Z/F.))t] < sng [E[Z1)F.]] = E[ZT] < .

Therefore Theorem 6.1 implies that lim,, F' [Z/F,] exists almost surely. This goes
part way towards proving Lévy’s upward theorem. To finish one must identify the
limit with F [Z/0o(U,Fy)| and for this it turns out that one needs in addition to
prove that convergence holds in the L'-norm as well. The question of L' convergence
is taken up in a subsequent section and Lévy’s theorem will proved there as a
consequence of a more general theorem.

Theorem 6.1 as it stands does not apply directly to reverse martingales. How-
ever, since a reverse martingale {X,} considered in reverse order from any n, that
is X,,Xn1,...,X0, is a martingale, the upcrossing inequality for martingales
translates immediately to

_ BIX3)+la|

E [U};%b] (X, Xty - - > Xo) !
—Qa

Therefore, letting n — oo, the total number of upcrossings [a, b] by the reverse time
sequence is also bounded by (E[X]+a])/(b—a) < oo and hence is a.s. bounded.
Then, following the argument of Theorem 6.1, one has

Corollary 6.2 A reverse martingale converges almost surely.

Again, a statement about L'-convergence is needed to properly identify the
limit of a reverse martingale, and this will be developed later.

Meanwhile, there is a nice application of Theorem 6.1 and Corollary 6.1 to
questions of recurrence and transience of Markov chains. To explain this requires a
few definitions and then some facts about Markov chains that are intuitively clear,
but that we present without rigorous proof.
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Let a countable state space A and a stochastic transition matrix P on A be
given. States ¢ and j in A are said to communicate if a Markov chain with transition
matrix P will reach 5 with positive probability if it starts from ¢ and, conversely, will
reach ¢ with positive probability if it starts from j. It may be shown that a chain can
reach j from ¢ if and only if there is a path in A from ¢ to 7 such that the transition
probability from each state of this path to the next is positive. A chain is said to
be communicating if each state communicates with every other. (This terminology
is imprecise, but standard. Communcication of states is solely a propery of the
transition probability matrix P. To say a chain is communicating means that all
states communicate for the transition probability matrix of this chain.)

A state i for a chain is said to be recurrent if, given that the chain starts in
1, it visits ¢ again at some later date with probability 1. It is a fact that if i s
recurrent, then the chain wisits i at an infinite number of times. Indeed, since @
is recurrent with probability one there is a finite first time T at which the chain
returns to i. As a consequence of the Markov propery, it can be shown that the
process X7, X1y1,..., which is just {X,,} restarted at T, is just a Markov chain
starting from ¢ with the same transition matrix P. This fact, known as the Strong
Markov Property, requires a bit of proof which is omitted; like the Markov property
it states that the future of the process after return to ¢ depends on the past up to
the return to ¢ only through the present value ¢ at the time of return. But i is
recurrent and so the chain must return a second time to . After the second time it
has to return a third, and so on. Hence the chain will visit ¢ at an infinite number
of times. A state that is not recurrent is called transient. A Markov chain will visit
any one of its transient states only a finite number of times.

It is another fact that if i is recurrent and if the chain can reach j from i,
then j must also be recurrent. Here is the idea of the proof, again without rigor.
Assume the chain starts in a recurrent state ¢ and decompose its paths into suc-
cessive excursions starting at and returning to ¢, with no visits to ¢ inbetween. It
has been seen that the number of such excursions is infinite. The Strong Markov
property implies in addition that the excursions are independent and have identical
statistical properties. Let p be the probability that the chain visits j during one
of the excursions. This probability is the same for all excursions because they are
identically distributed. By independence of excursions, the chain can reach j from
¢ if and only if p > 0, and, in the case that p > 0, it will reach j eventually with
probability one, because it has an infinite number of independent opportunities to
do so. Thus if the chain can reach a state j with positive probability from a recur-
rent state 4, it must in fact reach j with probability one. Now, once the chain visits
7, it must return to ¢ with probability one because ¢ is recurrent. But after this
return to ¢, it must again visit j. Therefore, the probability that a chain starting
from 7 must return to 5 will be one, and so j is recurrent.

It is thus clear that in a communicating chain, either all the states are re-
current or they are all transient. A chain with communicating states is called
recurrent or transient according as the states themselves are recurrent or transient.
A communicating, recurrent chain will visit all of its states infinitely often, while a
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communicating, transient chain will visit every state only a finite (random) number
of times. It is of interest to determine whether a given chain, i.e. a given proba-
bility transition matrix, for a communicating chain is recurrent or transient. The
martingale convergence theorem gives a nice criterion.

Proposition 6.1 Let P be the probability transition matrix of a communicat-
ing chain with a countably infinite state space. If there is a non-constant P-
superharmonic function which is bounded below, then the chain is transient.

Proof: We shall do a proof by contradiction. Let {X,,} be a chain with transition
matrix P, assume it is recurrent and assume f is a non-constant superharmonic
function which is bounded below. Because constant functions are harmonic, g(i) :=
f(@) — infp f(k) is a superharmonic function which is non-negative. Therefore,
without loss of generality it may be assumed that f is non-negative. Let ¢ and j
be states for which f(i) # f(j). By Proposition 1.2, {f(X,)} is a supermartingale,
and hence by Corollary 6.1 lim,, f(X,,) exists almost surely. But since the chain is
recurrent, it visits ¢ and j infinitely often with probability one, and since f(i) # f(j),
this means {f(X,,)} cannot converge. Thus a contradiction has been obtained, and
so the chain must be transient. o

From this Proposition, one can derive the following.

Theorem 6.2 Let P be the probability transition matrix of a communicating chain
with a countably infinite state space. Then P is recurrent if and only if the only
non-negative P-superharmonic functions are constant functions.

Proof: The ’if’ direction is an immediate consequence of the previous Proposition.
The proof of the ’only if’ direction is a consequence of the following observation.
For any chain on the state space A and any fixed j € A, let

f(i) = IP (there exists n > 0 s.t. X, =5 / Xo=i), i€A.

Then f is non-negative and superharmonic. Here is the proof. Clearly f(j) = 1
and f(i) <1 for all . Thus

FG)=1=Y px =Y pinf(k) = (PH)-

keA keA

If ¢ # j then by conditioning and the Markov property (see equation (3) in section
1),

f(i) = ZZP (there exists n > 0 s.t. Xpn=j / X1=k, Xo=1) pix

keA

= Z P (there exists n > 0s.t. X;,=j / X, :k) Dik = Z f(k)pik
kEA kEA

= (Pf)(@).
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These two calculations show that f is superharmonic.

Now, if the only non-negative superharmonic function are constant, then, since
f(j) = 1, it follows that f(i) = 1 for all i. Hence, the chain reaches j from any i
with probability one, and interchanging j and i, reaches ¢ from j with probability
one. Hence, if the chain starts in ¢, it will return to ¢+ with probability one, proving
that the chain is recurrent. 0.

As an application, let us reconsider the chain on the non-negative integers
defined by
pi ,ifj =i+l
pij = {qz' S =i-1;
0 , otherwise,

if > 1. This was the chain studied in example 6 of section 1 and again in section
3, where probabilities to hit the 0 state were calculated. Let us assume here that
po1 = 1 (the chain goes to state 1 from state 0 with probability one) and that p; > 0
and ¢; > 0 for all ¢+ > 1. Then it is easy to see that this chain is communicating.
When is it recurrent and when is it transient? We can answer this directly from
Proposition 3.6, because the chain will be recurrent if and only if the probability
of reaching 0 from any other state is 1, and Proposition 3.6 says that this is the
case if and only if Z;’il qj---q1/pj---pi = 00. Let us rederive this by direct use
of Theorem 6.2. Although formally the two derivations are different, it is apparent
they are closely related, because the ’only if’ part of the the proof of Theorem 6.2
actually relied on computing the probability of hitting a given state from another.
Define f(0) =1, f(1) = 0 and let

—1
f(j):1_2u7 i>2.
j:1pj...pi

Then we know from section 1 that f is superharmonic. If

oo

q; - q1
3 = -
() bj--Di

< 00,
J=1

then f will be bounded below and hence the chain will be transient.
On the other hand, let g be any superharmonic function; then

9(i) > pig(i+1) + qig(i—1) or g<¢+1>—g<z‘>s]‘i—2<g<¢>—g<i—1», i> 1.

If (i) = g(i—1) for i <k, and if g(k+1) # g(k), it then follows that g(k+1) < g(k)
and, for ¢ > k41,

() — gl < (gh 1) — gl S L
9(i) — g g g jglpj___pk



From this one sees that

oo

qj...ql
4 = 0 -
() Pj--Di

g OO,
Jj=1

implies that any non-constant superharmonic function is not bounded below; thus,
by Theorem 6.2, (4) implies that the chain is recurrent.

6.7 Uniform Integrability

To go further in martingale convergence theory requires the concept of a uni-
formly integrable family of random variables. We interrupt the discussion of martin-
gales long enough to treat this topic, which, although ultimately a part of abstract
integration theory, is presented here in the language of probability theory.

Uniform integrability is a condition that connects convergence in probability
to convergence in L'-norm. We know that convergence in probability of a sequence
of random variables does not imply convergence in L'. A simple example is the
sequence X,, = nlga,, where {4, } is a sequence of events such that IP(4,) = 1/n
for every positive integer n. Then X,, — 0 in probability, but E[X,,] = 1 for all
n. The impediment to L' convergence here is that as n gets larger, the non-zero
values of X,, become uniformly large as well. The condition of uniform integrability
prevents this kind of behavior without imposing a uniform deterministic bound on
the value of the X,,’s.

Definition A collection of random variables {Y,; a € I}, where I is an arbitrary
index set, is said to uniformly integrable (u.i.) if

(1) lim supE [|Ya|]—{|Ya|>K}} =0.
K—oo acl

Remarks. 1. For any K > 0,
sup B[|Yal] = sup B [|Ya|lgv,<ry + Yallgyva > i)

S K + supE [|Ya|1{|Ya|>K}} .
Therefore, if {Y, ; a € I} is u.i., then it is bounded in L*:
sup E||Y,]] < 0.

2. Inequality (2) is easily generalized. For any event A,
sup E[|Ya|1A] = supE [|Ya|1A1{|Ya|SK} + |Ya|1A1{|Ya|>K}}

(3)
< KZP(A) + supE [|Ya|1{|Ya|>K}} .
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3. (Exercise) Any finite family of integrable random variables is uniformly inte-
grable.

There is an alternate characterization of uniform integrability that is a conse-
quence of inequality (3).

Lemma 7.1 {Y,; a € I} is uniformly integrable if and only if

(4) supE [[Ya|] < 00, and

(5) lim sup supE[|X,|14] =0.
00 p(A)<s «

Proof: Assume that the family of r.v.’s is u.i. Then (4) follows by remark (1). To
obtain (5) set K = 6~'/2 in (3). Then

sup sup E [|Xa|14] < 6"/2 +sup E [|Yal 1y, >5-1/2}] ,
P(A)<5 a o

and this approaches 0 as 0 | 0 by u.i.
Now assume that (4) and (5) hold. By Markov’s inequality

E||Y,
sup P (Y| > K) < S2Pa EllYall
" K
and by (4) this approaches 0 as K — oo. Thus from (5) one obtains

A sup B [[Yollgy, 5] =0,

which means that the family is uniformly integrable. o

A theorem of de la Vallée-Poussin provides a necessary and sufficient condition
for uniform integrability,

Lemma 7.2 A family {Y,; o € I'} is uniformly integrable if and only if there is a
positive, increasing function ¢ on [0, co) satisfying lim;_,~ ¢(t)/t = oo for which

(6) Sng [P(|Yal])] < o0

Proof: Assume (6), where lim;_, o ¢(t)/t = co. Then

[Yal
sup Yallgy,>xy] = {¢ Yal) o(Yal)lqva >ky

t
< (sup— sup El6(Yal).
1>k O(t)
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By assumption this approaches 0 as K — oo.
The necessity of (6) when the family of random variables is u.i. is rarely used.
We present a proof for the curious, but it can be skipped without harm. Assume
that {Y,; o € I'} is u.i. Let g be a function on [0, 00) with the following properties
(i) ¢g(0) <1 and g is continuous, nonincreasing and positive;
(i) limy—eo g(x) = 0.
(iii) There is a number NN such that

7 g(x) >supE ||Yal|liy. |say|, forallx> N.
{IYa|>=}

Such a g exists because of the uniform integrability property. We shall prove (6)
for ¢(x) :== —xIn(g(x)). For this it suffices to show

(8) sng [6([Ya) 1y s>ny] < oo

We work with this restricted expectation to more easily exploit (7).
Now let Y be in the family {Y, ; a € '}, and define the measure

py (A) == E[Y[1a(Y])],

on the Borel sets A of [0,00). Notice that u([z,00)) < g(2) for z > N. Then

E[[Y](~ng(IY )iy sny] = /[N (g p(a

_ B dg(z)
- /[N,oo>< /M e g<N>) (dy)

)
= z, 00 _dg(Z)— (0.} n
= [l oe) I (2, 00) ng(2)

<9(1) = 9(Z2)Ing(2).

This proves (8) because the right hand side does not depend on Y in the family
{Ya ;€ [} o

Remark: (For those who read the proof of the converse in lemma 7.2.) In Lemma
7.2 it may be assumed that the function ¢ is convex. Indeed, take the function
¢(x) = —xln(g(x)) constructed in the proof. It is increasing. Take the largest
convex function dominated by ¢—this can be defined as the function whose epigraph
is the convex hull generated by the epigraph of ¢. Call this function . Then one
can verify that ¢ is non-negative and lim,_,o ¥ (z)/z = oco. Since 1 is dominated
by ¢, (6) holds for 1 also.

Families of random variables of the form {E [Z/F,| can appear as martingales
or reverse martingales, if the sequence of o-algebras {F,} is increasing or decreas-
ing. The following result says that such families are uniformly integrable if Z is
integrable.
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Lemma 7.3 If {F,; a € I} is a family of o-algebras and if Z is integrable, then
{FE[Z/F,] ; a € I} is a uniformly integrable family of random variables.

Proof: Thisis left as an exercise; the lemma can be verified by checking the criterion
(1) directly. Notice also that one can use Lemma 7.2. A single integrable random
variable Z constitutes a uniformly integrable family, and hence by the Remark
following Lemma 7.2, there is a positive, convex ¢ with lim,_,o ¢(x)/x = 0o such
that E[¢(|Z]|)] < oo. By the conditional Jensen inequality, F[¢(|E[Z/G])|]] <
E[E|[¢(|Z])/G]] = El¢(|Z])], for any o-algebra G. o

Here is the main theorem of the section, relating uniform integrability with
convergence of expectations.

Theorem 7.1 Let {X,} be a sequence of random variables which converges in
probability to a random variable X. Then

9) E[|X]|] < o0, FE[X,]<oo foralln, and lim F[|X —X,||=0

if and only if
{X,} is uniformly integrable.

Proof: Assume uniform integrability. We prove (9). First, it was shown in (2) that
sup,, F[X,] < oo. Choose a subsequence {ny} such that {X,, converges a.s. to X.
Then by Fatou’s lemma

E[|X]] < lir%infE[Xnk] < sup E[| X,|] < oo.

It remains to show L!-convergence. For any € > 0, let AS := {||X — X,,| > €}.

E[|IX - Xyn|]<e+ E[|X — Xp|1ac|
(10) <e+E|[|Xy|la ]|+ E[|X|14]
<e+supk [|X;§|1A%] +F [|X|1A%}
k

Since X,, — X in probability, IP(AS) — 0. Hence by Lemma 7.1 applied to (10),

lim F[|X - X,|] <e
Now take € | 0.
Conversely, suppose that (9) holds. We shall prove uniform integrability by
verifying (5) of Lemma 7.1, Since any finite set of integrable random variables is
uniformly integrable (see Remark 3 after the definition of uniform integrability),

(11) lim sup sup FE[|X,|la] =0.
010 p(A)<s 1<n<N
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Given € > 0, choose N so that E[|X — X,|] < € for n > N. Then

sup B[ Xo[14] € sup B[ Xal1a] + sup B[IX - Xu|La] + B[ X[14]
n 1<n<N n>N

< sup E|X,|la]l+ E[|X|14] + €
1<n<N

Thus, from (11),

lim sup supE[|X,|1l4] <e.
510 p(ay<s n

Again, take € | 0 to complete the proof. o

6.8 More Martingale Convergence

We combine uniform integrability with Theorem 6.1 to obtain the following
basic result. As you will see, it implies that uniform integrability is a necessary and
sufficient condition for a martingale to be of the form {E[Z/F,]}.

Theorem 8.1 Let {X,,} be a submartingale. Then

(12) Xoo =limX,, existsand lim E[|X —X,||=0

n—oo

if and only if
(13) {X,,} is uniformly integrable.

When (12), or equivalently (13), holds,
Xn < E[Xs/Fn] as. forall n.
If {X,} is a martingale then (12), or equivalently (13), implies

Xn=FE[Xx/Fn] as. forall n.

Proof: Assume that {X,,} is uniformly integrable. Then sup,, E[|X,|] < oo, and
hence Theorem 6.1 implies that X, exists and is finite almost surely. Theorem 7.1
then implies that lim, .., F[|X — X,|] =0.

Conversely, Theorem 7.1 proves that (12) implies (13).

Now assume (12), or equivalently (13). Then, for any n

E[| E[Xoo/Fu]l = E[Xmoo/Fu] || S E[E[[Xeo = Xinl/Fn]l < E[IX — Xl].

Therefore, it follows that F [X,,/F,] convergesin L' to E[X./F,] as m — .
By the submartingale propery F [X,,/F,] > X, a.s. for all m, and hence its limit
E[Xw/Fn] > X, as. also. If {X,,} is actually a martingale, then E [X,,/F,] = X,
a.s. for all m, and equality passes to the limit also. o

40



Corollary 8.1 (Lévy’s upward convergence theorem) Let {F,,} be a filtration,
let Foo := 0(UpFy), and let Z be an integrable random variable. Then

E|Z/F,) — E|Z/Fs] asn — oo, both almost surely and in L?.

Proof: The martingale {E[Z/F,]} is uniformly integrable by Lemma 7.3. Theo-
rem 8.1 then implies that it has a limit X, and that

(14) E[Z/F,] = E[Xw/Fu], n>0.

This limit is clearly F..-measurable.
Let C be the class of all sets A satisfying

(15) E[Z14] = E[Xo14].

It is easily checked that this class C is a monotone class. We will show that C
contains the algebra U,F,. This will complete the proof, because it then follows
by the monotone class theorem that C must contain F., as well. Since (15) must
thus be true for all sets in F., and since X, is Fso-measurable, it follows that
Xoo = E[Z)Fu).

Thus it remains to show C contains U,F,,. But if A is aan event in the algebra
UnFn, there is an n such that A € F,,. Now apply (14): by conditioning inside the
expectation on F,,

E[Z14)=FE[14FE[Z/F,]]| = E[14F [Xoo/F4]
=F[1aXs]

Thus (15) is verified. o

Corollary 8.2 Let {X,,},>0 be a reverse martingale with respect to the de-
creasing sequence of o-algebras {sF,,}. Then, as n — oo, X,, converges almost
surely and in L! to F[Xo/ Ny, Fu)

Proof: Exercise.
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