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The FERMI-PASTA-ULAM numerical experiment

Chain of nonlinear oscillators

H (q; p) =
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A few long-wavelength Fourier modes are initally excited.
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Summary of a long story

Debye's conjecture(1914): non-linearity should yield
energy �ow and equipartition;
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Summary of a long story

Debye's conjecture(1914): non-linearity should yield
energy �ow and equipartition;

no energy �ow to equipartition is found by FPU (1955);

Kruskal & Zabusky (1965) explanation in terms of a
continuum limit equation: FPU ! Korteweg-deVries
equation ! solitons;

Izrailev & Chirikov (1966) for suf�ciently high initial
energy equipartition is approached;

Bocchieri et al. (1970) : energy threshold;

Fucito, Marchesoni, Marinari, Parisi, Peliti, Ruffo,
Vulpiani (1982): energy cascade mechanism !
exponential decay of the exchanged energy
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The Energy Cascade

N = 1024, � = � 1:, � = 0:6, " = E=N = 2:5 � 10� 4; the
energy is initially equidistributed over the �rst 10%of the
short wavelength modes.
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A suitable observable

Normal modes

Qk =

r
2

N + 1

NX

n=1

qn sin
�kn

N + 1
; Pk =

r
2

N + 1

NX

n=1

pn sin
�kn

N + 1
;

dispersion relation

! k = 2 sin
�k

2N + 2
; k = 1; : : : ; N :

harmonic energy

Ek =
1
2

(P2
k + ! 2

kQ2
k)
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... A suitable observable

phase ' k de�ned as

Qk =

s
Ek

2! 2
k

sin' k ; Pk =

r
Ek

2
cos' k :

average of the mode energies

E k(t) =
1
t

Z t

0
Ek(Qk(t0); Pk(t0))dt0 ; k = 1; : : : ; N :
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... A suitable observable

Fk =
E kP
j E j

� = �
NX

k=1

Fk logFk

f =
M
N

where M = exp �

where � is a spectral entropy.
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The FPU scenario

� = � 1:, � = 0:6, the energy is initially equidistributed over
the �rst 10%of the short wavelength modes.
Main question : does the FPU scenario persist in the
thermodynamic limit N ! 1 ?
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Con�icting results for the FPU scenario

(a) it holds for M0 and " , or f 0 and E are kept �xed
(Kantz, Livi, Ruffo: J. Stat. Phys. 76, 627 (1994)) !
inconsistent with N ! 1 ;
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Con�icting results for the FPU scenario

(a) it holds for M0 and " , or f 0 and E are kept �xed
(Kantz, Livi, Ruffo: J. Stat. Phys. 76, 627 (1994)) !
inconsistent with N ! 1 ;

(b) it holds for f 0 and " �xed (Berchialla et al. (2004)) !
consistent with N ! 1

in (a) ' k(0) = 0 , while in (b) ' k(0) are i.i.d. random
variable in [0; 2� ].
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The effect of initial phases

� = � 1:, � = 0:6, the energy is initially equidistributed over
the �rst 10%of the short wavelength modes.
How to explain the role of the initial phases?
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Scaling of the FPU scenario - 1

CASE A: M0 is kept �xed, N is large and for any choice of
the ' k(0) one has f 1 � "1=4 and � 1 � " � 3=8N 3=2;

Fundamental scaling law:

f (� � 3=4t; � � 1=4N; �"; M 0) = � 1=4f (t; N; "; M 0) :

The role of the initial conditionsin the Fermi-Pasta-Ulam problem – p. 11/32



Scaling of the FPU scenario - 1

Fundametal scaling law and random ' k(0)
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Scaling of the FPU scenario - 1

Fundametal scaling law and ' k(0) = 0
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Scaling of the FPU scenario - 1

CASE A: M0 is kept �xed, N is large and for any choice of
the ' k(0) one has f 1 � "1=4 and � 1 � " � 3=8N 3=2;

Second scaling law:
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The role of the initial conditionsin the Fermi-Pasta-Ulam problem – p. 14/32



Scaling of the FPU scenario - 1

Second scaling law and random ' k(0)

The role of the initial conditionsin the Fermi-Pasta-Ulam problem – p. 15/32



Scaling of the FPU scenario - 1

Second scaling law and ' k(0) = �= 2
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Scaling of the FPU scenario - 1

Combination of the fundamental and second scaling laws

f (� � 3=8t; N; �"; M 0) = � 1=4f (t; N; "; M 0) :

M0 = 3
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Scaling of the FPU scenario - 2

CASE B: f 0 , " are �xed and ' k(0) random:

f 1 � "1=4 and � 1 � " � 3=8f 3=2
0 ; consistent with N ! 1

f (t; �N; "; �M 0) = f (t; N; "; M 0)
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Scaling of the FPU scenario - 2
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Scaling of the FPU scenario - 3

CASE C: f 0 , E are �xed and ' k(0) = constant :

f 1 � (f 0E)1=4 and � 1 � f 3=2
0 E � 3=8; inconsistent with N ! 1

f (t; �N; � � 1"; f 0) = f (t; N; "; f 0) :
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Scaling of the FPU scenario - 3
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THEORY

The scaling properties are associated to the
fundamental group of invariance of the KdV-equation
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THEORY

The scaling properties are associated to the
fundamental group of invariance of the KdV-equation

Analyzing the thermodynamic limit ! periodic
(i.e.discrete) KdV-equation

Resonant normal form representation

Estimates consistent with FPU initial conditions
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THEORY: A new set of coordinates

Complex variables

zk =
Pk + i! kQkp

2! k
z�

k =
Pk � i! kQkp

2! k

Perturbative approach: Keeping the leading nonlinearity

H =
NX

k=1

! k jzk j2 +
i�

12
p

N + 1

NX

j;k;l =1

S3(j; k; l )

p
! j ! k ! l (zj � z�

j )(zk � z�
k)(zl � z�

l ) + O(�z 4)

where

S3(j; k; l ) = � j + k;l + � j + l;k + � k+ l;j � � j + k+ l;2N +2
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THEORY: The Resonant Normal Form

Expanding the dispersion relation

! k = � k �
1
24

� 3
k + O(� 5

k) ; � k �
�k

N + 1

The �rst order resonant normal form

H res(z; z� ) = J (z; z� ) +
NX

k=1

�
� � 3

k=24
�

jzk j2

+
i�

4
p

N + 1

NX

j;k;l =1

� j + k;l
p

� j � k � l (z�
j z�

kzl � zj zkz�
l )
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THEORY: ....

A constant of the motion

J (z; z� ) �
NX

k=1

� k jzk j2 f J; H resg = 0

Co-rotating coordinates zk = � ie� i� k t � k yield the RNF

K (�; � � ) =
NX

k=1

�
� � 3

k=24
�

j� k j2 +
�

4
p

N + 1

NX

j;k;l =1

� j + k;l
p

� j � k � l (� �
j � �

k � l + � j � k � �
l )
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THEORY: ....

uk =
p

� k � k yields the periodic KdV equation

_uk = �
i� 3

k
24

uk +
i� k �

4
p

N + 1

2

4
k� 1X

j =1

uk� j uj + 2
N � kX

j =1

u�
j uk+ j

3

5

with the speci�c acoustic energy � given by

J =
NX

k=1

juk j2 � N�

for longwavelength modes

juk(t)j2 � Ek(t) uk(0) �
p

Ek(0)ei (' k (0)+ �= 2)
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THEORY: ....

Initial data for the FPU scenario

uk(0) = i
p

E ei' 0
k ; k = 1; : : : ; M0 ;

uk(0) = 0 ; k = M0 + 1; : : : ; N :

with M0E = N� and new eq.s of motion

i _uk =
� 3

k
24

uk +
� k �

4
p

N + 1

2

4
k� 1X

j =1

uk� j uj + 2
N � kX

j =1

u�
j uk+ j

3

5
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THEORY: ....

Suitable rescaling

uk =
p

N� v k ; N = N =(� 2� )1=4; t = T=(� 2� )3=4; � k = ( � 2� )� 1=4� k :

i
d

dT
vk =

� 3
k

24
vk +

� k

4

2

4
k� 1X

j =1

vk� j vj + 2
N =(� 2 � )1=4 � kX

j =1

v�
j vk+ j

3

5 ;

vk(0) =
ei (' 0

k + �
2 )

p
M0

; k = 1; : : : ; M0 ;

vk(0) = 0 ; k = M0 + 1; : : : ;N =(� 2� )1=4 :
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Estimates

Be kH the highest excited mode
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Estimates

Be kH the highest excited mode

� kH = �k H =N rescaled variable essentially independent
of N .

fraction of excited modes M=N � kH =N � � kH (� 2� )1=4

� kH can be estimated by balancing dispersion and
nonlinearity

� 2
k �

1
vk

2

4
k� 1X

j =1

vk� j vj + 2
N =(� 2 � )1=4 � kX

j =1

v�
j vk+ j

3

5
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... Estimates

Coherent phases ( e.g., ' k(0) = 0 ):

the nonlinear term is made of M0 contributions each one
O(1=M0), while vk � 1=

p
M0

� kH � M 1=4
0 ! M=N � (M0� 2� )1=4

if M0 � p0N the right scaling variable is E , while for �xed
M0 the right scaling variable is � .
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... Estimates

Random phases ' k(0) are i.i.d. variables:

the nonlinear term is O(1=
p

M0), and vk � 1=
p

M0

M=N � (� 2� )1=4

independent of M0 and consistent with persistence of the
FPU scenario in the thermodynamic limit.
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Conclusions

The FPU scenario is found to depend crucially on the
initial conditions
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Conclusions

The FPU scenario is found to depend crucially on the
initial conditions

Scaling properties indicate a relation with the periodic
KdV equation

The Resonant Normal Form maps the FPU problem
onto the periodic KdV equation

A criterion based on the comparison between
dispersion and nonlinearity provides a consistent
explanation of the FPU scenario
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