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a) RBM may be studied via SUSY Statistical

Mechanics model - F. Wegner, K. Efetov

b) Main Result: Simpler SUSY Hyperbolic

Sigma model has a delocalized phase with

Q-diffusion in 3D.

c) Model equivalent to Random Walk in cor-

related random environment.

d) Analysis relies on SUSY Ward identities.
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SUSY hyperbolic sigma model – Zirnbauer

(1991).

This model is expected to have many of the

features of the exact SUSY models of Random

Band Matrices.

Hyperbolic Sigma model: spins are 2×2 ma-

trices:

Sj = T−1
j σ3Tj S2

j = I

where T ∈ SU(1,1) and we use Haar measure.

Tj preserves |z1|2 − |z2|2

Effective action is convex. Thus there is no

phase transition.
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SUSY Hyperbolic Sigma model

Metric:

−dz2 + dx2 + dy2 + 2dψdψ

Sigma model constraint:

−z2 + x2 + y2 + 2ψψ = −1

In horospherical coordinates:

tj, sj ∈ R, and ψj, ψj Grassmann

Aε = Σ′(cosh(tj − tj′)− 1) +
ε

β

∑
j∈Λ

cosh tj

+Σ′e(tj+tj′)
[
1

2
(sj − sj′)

2 + (ψj − ψj′)(ψj − ψj′)
]

Σ′ is over nearest neighbors in Zd ∩ Λ .
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After integrating over s, ψ, ψ fields we obtain
an effective nonconvex bosonic action Bε(t):

exp[−βBε(t)] ≡ exp[−β[Σ′ cosh (tj − tj′)− 1]]

· det1/2[βD(t) + εet] · e−εΣ[cosh(tj)−1].

0 ≤ D(t) =
d∑

α=1

(∇∗
αe
tj+tj′∇α)

(f, D(t)f) = Σ′ etj+tj′ (f(j)− f(j′))2

< F (t) > (β) ≡
∫
F (t) exp[−βBε(t)]

∏
j

e−tj dtj

Z(β, ε) =< 1 > (β) = 1
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Analogue of Q-Transport is RWRE:

< |(E + iε−H)−1(x, y)|2 >

∼= < etx+ty[βD(t) + εet]−1(x, y) > (β)

Recall D(t) =
d∑

α=1
(∇∗

αe
tj+tj′∇α)

β(E) = ρ(E)2W2 Band width W

= ρ(E)2
1

λ2
Schrödinger

Here λ = the strength of disorder.
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Theorem(Zirnbauer) Localization in 1 Dim:

< et0+tx[βD(t) + εet]−1(0, x) > (β)

=< [β
∼
D(t) + εe−t]−1(0, x) > (β)

∼= ε−1e−|x|/β

∼
D = e−tDe−t = −∆ + V (t) ≥ 0.

The saddle point t = ts minimizes Bε(t):

εe−t = 1/β 1Dim− localization

εe−t = e−β 2Dim− localization

t ∼= 0 3Dim − β large−Diffusion

εe−t ∼ 1 3Dim − β small − localization

In all dimensions key problem to control

fluctuations in t.
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Main Theorem (Di-Sp-Zi):

In 3D for large β :

< etx+ty[βD(t) + εet]−1(x, y) > (β)

∼
1

−β∗∆ + ε
(x, y)

as quadratic forms where β∗ is effective diffu-

sion constant.

Thus in 3D, if β is large the walk is transient.

Analogous to problems for edge reinforced ran-

dom walk!
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Key to Proof: SUSY Ward Identities

0SP(2|2) invariance implies Z(β, ε) = 1

More generally if F (t, s, ψ, ψ) is 0Sp(2|2) invari-

ant, then

< F >SUSY (β, ε) = F (0)

Example:

F = cosh(t0 − t`)

+ et0+t`
[
1

2
(s0 − s`)

2 + (ψ0 − ψ`)(ψ0 − ψ`)
]

is 0SP(2|2) invariant and F (0) = 1 therefore

< Fm >SUSY= 1
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Let ` = 1 and integrate out s, ψ, ψ fields

1 =< e
∼
β(cosh(t0−t1)−1)(1−

∼
βG1(t)) > (β)

Claim G1(t) ≤ 1/β. Hence

< e
∼
β(cosh(t0−t1)−1) >≤ (1−

∼
β /β)−1

Thus n.n. fluctuations are suppressed

Prob (|t0 − t1| ≥ a) ≤ e−
∼
β(cosh(a)−1)

Use induction on ` to control longer scales.
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Happy Birthday

Edouard and Giorgio
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