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Matrix integrals

Z =
Z

G
dΩexpNβℜe(tr(ΩJ))

or

Z =

Z

G
dΩexpNβℜe(tr(AΩBΩ†))

over a compact groupG, are frequently encountered in physics (and in

maths) : “Bessel matrix functions”. They have been mostly studied for

G = U(N) (β = 2).

What happens whenG = O(N) (β = 1)?

If A andB are both realskew-symmetric(i.e. in the Lie algebra of

G = O(N)), Z is known exactly from the work ofHarish-Chandra ’57.

If A andB are both realsymmetric, much more complicated and elusive, see

[Brézin and Hikami ’02-06].



Expect things to simplify asN → ∞ [Weingarten ’78]. Look at the “free

energies” :

W(J.J†) = lim
N→∞

1
N2 logZ

and

F(A,B) = lim
N→∞

1
N2 logZ

ThenW(X) andF(A,B) are, up to an overall factor, independent of

G = O(N), U(N) !

(Not true at finiteN !)



More precisely,

WO(J.J†) =
1
2

WU(J.J†) (1)

and

FO(A,B) =
1
2

FU(A,B) (2)

Proof relies either on inspection of explicit formulae (skew-symmetric

case), or on the use of differential equations satisfied byZ, resp.Z, which

simplify in theN → ∞ limit.



ForZO =
R

O(N) dOexpNtr(J.O), follow the steps of[Brézin-Gross ’80]:

the trivial identity∑ j
∂2ZO

∂Ji j ∂Jk j
= N2δikZO is reexpressed in terms of the

eigenvaluesλi of the real symmetric matrixJ.Jt :

4λi
∂2ZO

∂λ2
i

+ ∑
j 6=i

2λ j

λ j −λi

(
∂ZO

∂λ j
−

∂ZO

∂λi

)

+2N
∂ZO

∂λi
= N2
ZO .

Writing as aboveZO = eN2WO and dropping subdominant terms in the large

N limit, with WO andWi := N∂WO/∂λi of order 1, we get

4λiW
2
i +2Wi +

1
N ∑

j 6=i

2λi

λ j −λi
(Wj −Wi) = 0 (3)

which is precisely the equation satisfied by1
2WU in [B-G]. This suffices to

complete the proof of (1).



An explicit expression ofFU is known[O’ Brien-Z ’84]

WU(J.J†) =
∞

∑
n=1

∑
α⊢n

Wα
trαJ.J†

∏p (αp! pαp)

Wα = (−1)n (2n+∑αp−3)!
(2n)!

n

∏
p=1

(
−(2p)!

p!(p−1)!

)αp

,

whereα ⊢ n denotes a partition ofn = α1.1+α2.2+ · · ·+αn.n and

trα(X) :=
n

∏
p=1

1
N

(trXp)αp .



ForZ(O) =
R

O(N) dOexpNtr(AOBOt), takeA andB both skew-symmetric,

or both symmetric.

• A andB both skew-symmetric[Harish-Chandra]

block-diagonal formA = diag

((
0 ai

−ai 0

)

i=1,···,m

)

, B likewise

Z(O) = const.
det(2cosh2Naib j)

∆O(a)∆O(b)

(for O(N = 2m)), with ∆O(a) = ∏1≤i< j≤m(a
2
i −a2

j ).

RegardA asN×N anti-Hermitian, eigenvaluesA j = ±ia j , B likewise. Easy

to check that asN → ∞,

Z(U)(A,B) =
det
(
e2NAiB j

)

∆(a)∆(b)
∼

(
(det(e2Naib j )1≤i, j≤m

∆O(a)∆O(b)

)2

= (Z(O)(A,B))2



• A andB both symmetric

Can take them in diagonal formA = diagai , B = diagbi

Can prove thatin the largeN limit ,

∑
i

(

N
β

∂F(G)

∂ai
+

1
2N ∑

j 6=i

1
ai −a j

)p

= trBp

HenceF(O) (β = 1) satisfies same set of equations asF(U) (β = 2), q.e.d.



Where does this equation come from ? Define the differential operator

Dp(∂/∂A) by Dp(∂/∂A)eNtrAB = NptrBpeNtrAB

If Dp acts on an invariant functionF(A) = F(ΩAΩ†), how to write it in

terms of∂/∂ai ? ForG = U(N),

Dp(∂/∂A) = tr

(
∂

∂A

)p

:= ∑
i1,···ip

∂
∂Ai1i2

∂
∂Ai2i3

· · ·
∂

∂Aipi1

and

Dp =
1

∆(a) ∑
i

(
∂

∂ai

)p

∆(a) .

∆(a) = ∏i< j(ai −a j) (a non trivial calculation !)[Itzykson–Z ’80].

“Radial” expression ofDp given[Bergère and Eynard ’08]by

Dp = ∑i, j(K
p)i j with K a matrixdifferential operator

Kii = ∂
∂ai

+ β
2 ∑ j 6=i

1
ai−a j

and fori 6= j, Ki j = −
β
2

1
ai−a j

.



Another proof[Guionnet-Zeitouni ’02](for A andB symmetric) as a

by-product of the construction ofFG as the unique solution ofMatytsin ’94

flow: β dependence is explicit.

A Conjecture F(O)(A,B) = 1
2F(U)(A,B) extends toA andB generic (neither

symmetric, nor skew-symmetric). Some evidence from power expansion.

Origin of this universality? Diagrammatics ? Relation between

Z =
R

GdΩ expNβℜe(tr(ΩJ)) andZ =
R

G dΩ expNβℜe(tr(AΩBΩ†)) ?

In the case of U(N), yes[P. Zinn-Justin–Zuber ’03], [Collins ’03].

For O(N) ??



Particular case whereA is of finite rank. Then in the expansion of

F = ∑∏( 1
N trApi )∏( 1

N trBq j ), terms with a single trace ofA dominate.

In the U(N) case (andN → ∞) ([IZ ’80] )

F(U) ∼
∞

∑
p=1

1
p
(

1
N

trAp)ψb(B)

whereψp(B) = p-th “non-crossing cumulant” ofB ([BIPZ ’78]).

Application : ⋆ Theβ universality ofFG first pointed out in that finite rank

case[Marinari, Parisi, Ritort, ’94],



Spin glass Hamiltonian withn replicas ofN Ising spins

H =
N

∑
i, j=1

n

∑
a=1

σa
i σa

j

︸ ︷︷ ︸

Ωi j

Oi j Ω of rank ≤ n

with a couplingOi j , a real, orthogonal, symmetric matrix with an equal

number of±1 eigenvalues,O = Vt .D.V.

Have to computeZ =
R

O(N) dVexpβtrDVΩVt .

Now according to Marinari, Parisi, Ritort, pretend you integrate over the

unitary group,

compute∑ 1
ptrΩpψp(D) =: trG(Ω)

and . . .





!!??

which shows, once again, Giorgio’s and his friends’ great insight !











HAPPY        BIRTHDAY

EDOUARD and GIORGIO !


