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Matrix integrals
Z:/dQexpNBDe(tr(QJ))
G
or

Z:/dQexpNBDe(tr(AQBQT))
G

over a compact grouf, are frequently encountered in physics (and in
maths) : “Bessel matrix functions”. They have been mostiylistd for
G=U(N) (B=2).

What happens whe@ = O(N) (B=1)?

If A andB are both reatkew-symmetri¢i.e. in the Lie algebra of
G = O(N)), Zis known exactly from the work afiarish-Chandra '5.7

If AandB are both reabymmetri¢ much more complicated and elusive, see
[Brézin and Hikami '02-06]



Expect things to simplify abl — oo [\Weingarten 78] Look at the “free
energies” :

1
W(J3.J") = lim ~>logZ

and
: 1
= — logZ
F(A B) I\I||Ln00|\lzlog

ThenW(X) andF (A, B) are, up to an overall factor, independent of
G=0O(N), U(N)!

(Not true at finiteN !)



More precisely,

Wo(3.0%) = JWy(3.0%) 1)
and

Proof relies either on inspection of explicit formulae (@keymmetric
case), or on the use of differential equations satisfiedpoyesp.Z, which
simplify in theN — oo limit.



For Zo = [on) dOexpNtr(J.0), follow the steps ofBrezin-Gross '80]

the trivial identity y ; 6J.J§§:<, = N23y Zo is reexpressed in terms of the

eigenvalueg of the real symmetric matrig.J':

0° Zo 2\ | (azo azo) 0Z0
4 VY

- +2N——= =N?Zp.
e 2 N, N o O

Writing as aboveZp = N*Wo angd dropping subdominant terms in the large
N limit, with Wo andW := N0Wo /dA; of order 1, we get

2?\.

IR+ 2N + = - (W W) =0 (3)

J#I

which is precisely the equation satisfied %)WU in [B-G]. This suffices to
complete the proof of (1).



An explicit expression oFy is known

trqJ.J"
Wy (3.37) = W a
Z10(Zn |_|p Gp pap)

o an(@ntyap =3 L/ —(2p)! \7P
W= (0 (2n)! prll(p!(pl)!> ’

wherea - ndenotes a partition af=0,.1+ 0.2+ ---+ay.nand

n 1
trg (X |_| (trXP)@
p:1



ForZ(©) = [, dOexpNtr (AOBO), takeA andB both skew-symmetric,
or both symmetric.

e A andB both skew-symmetri¢

O .
block-diagonal formA = diag ( A ) , B likewise
—a; O i=1,---m

det2coshXab;)
Ao(@)Ao(b)
(for O(N = 2m)), with Ao (@) = [1<i<j<nfd —af).

RegardA asN x N anti-Hermitian, eigenvalues; = +ia;, B likewise. Easy
to check that adl — oo,

Z(©) — const

det(€NAB) 7 (det(€Nabi)1i jam\” |
2008~ am ~ ( somso )~




e A andB both symmetric
Can take them in diagonal forth= diaga;, B = diagb;

Can prove thain the largeN limit,

(G) P
> NoF +i ! = trBP
-\ B 0Oy 2N & 8 —a;

HenceF (©) (B = 1) satisfies same set of equationF4? (B = 2), g.e.d.



Where does this equation come from ? Define the differengiatator
D (9/0A) by Dp(9/0A)eNTAB = NPtrBPNIAB

If Dp acts on an invariant functiof(A) = F(QAQT), how to write it in
terms ofd/da; ? ForG = U(N),

d\P" 0 0 0
p(0/0R) =1 (0A> il,.zip 0Aii, 0A i, aAipil

and

Dp = ﬁ Z (%) IOA(a) .

A(a) = Mi<j(& —aj) (anon trivial calculation!)

“Radial” expression oD given by
Dp = 3 ;(KP)ij with K amatrix differential operator

o _ 90 | B 1 A o __B_1
Kn—a_aiJF?Zj#iraj and fori # |, K'J—_éa,-—a,- .



Another prooflGuionnet-Zeitouni '02{(for A andB symmetric) as a

by-product of the construction &f; as the unique solution déflatytsin '94
flow: 3 dependence is explicit.

A Conjecture F(© (A B) = 2F(Y)(A, B) extends toA andB generic (neither
symmetric, nor skew-symmetric). Some evidence from powpagsion.

Origin of thisuniversality? Diagrammatics ? Relation between
Z = [5dQ expNBOe(tr(QJ)) andZ = [5dQ expNBOe(tr (AQBQT)) ?

In the case of UN), yes|P. Zinn-Justin—Zuber '03], [Collins '03]
For O(N) ??



Particular case whereA is of finite rank. Then in the expansion of
F =5 M({trAP) (&trBY%), terms with a single trace @ dominate.

In the UN) case (andN — o) ( )
> 1
20

whereyp(B) = p-th “non-crossing cumulant” dB ( ).

pr )Wh(B)

Z |

Application : x The 3 universality ofFg first pointed out in that finite rank
case ,



Spin glass Hamiltonian with replicas ofN Ising spins

N n
H = Z ch"c?oij Q of rank <n
I,]=1la=1
N——
Qij
with a couplingG;j, a real, orthogonal, symmetric matrix with an equal
number of+1 eigenvaluesQ =V!.D.V.

Have to comput& = [y, dV exppitr DV QV!.

Now according to Marinari, Parisi, Ritort, pretend you myi&te over the
unitary group,

computey $trQPYp(D) =: trG(Q)

and ...



AL1 WAW AWM o BANME WAL wrones

For v = i, by inverting the second relation, after some algebra we find (we omit the
suffix v = 5 for G and )

V1 +47%2 -1

1

G(z) = j; d: P (30)
which gives

G'(z) = ﬂ-"i—"—i . (31)

After integrating the last relation with the condition G(0) = 0 we find

G(z) = Llog(/T+422 = 1) — $log(22%) + 5V 1+ 42% — L (32)

where the constant term has be chosen such that G(0) = 0. ,

We have already said that we have obtained this G for V unitary. It is easy to argue
that when we integrate over orthogonal matrices the only difference is that G(Bz) gets
substituted from 1 G(28z). This can be seen, for example, by noticing that the function G
has to be the same in the two cases (since the same diagrams contribute) and at first order
in 8 orthogonal and unitary matrices have 10 give the same results, So the only allowed
renormalization will be of the kind G(z) = 0G(z/a). The counting of the eigenvalues
leads to the conclusion o = 3.

Using the fact that for integer positive &



11?27?

which shows, once again, Giorgio’s and his friends’ greaight !
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