
Homework Sets # 7 and #8 , Math 311:02, Fall 2008
2,6,9,13,14,31,42,Sample Solutions

§3.1 #2 Task De�ne function f on [�4; 0] by

f(x) =

�
2x2�18
x+3 if x 6= �3
�12 if x = �3

Show that f is continuous at �3:
Proof Note that �3 is an accumulation point of Dom(f) and �3 2 Dom(f): To prove that f is continuous
at �3 in this situation it is su¢ cient to prove that limx!�3 f(x) = f(�3):
When x 2 Dom(f)� f�3g we have

f(x) =
2x2 � 18
x+ 3

=
2 (x� 3) (x+ 3)

x+ 3
= 2 (x� 3) x+ 3

x+ 3
= 2x� 6

since x+ 3 6= 0: The polynomial 2x� 6 is continuous everywhere, and in particular at �3: So

lim
x!�3

f(x) = lim
x!�3

(2x� 6) = 2 (�3)� 6 = �12

Since f(�3) = �12; we have shown
lim
x!�3

f(x) = �12 = f(�3)

and it follows that f is continuous at �3.

§3.1 #6 Task Let f(x) =
p
x: Show that f is continuous at each p in Dom(f):

Proof We know that Dom(f) is the set of non-negative reals. Suppose that p � 0: Consider an arbitrary
positive ": We need to provide a positive � with the property that

for all non-negative x; jx� pj < � )
��px�pp�� < ": (6.1)

We treat the case where p = 0 separately from the case p > 0:

Case 1: p = 0
Since p = 0, we know that, for all non-negative x;��px�pp�� < ", p

x < ", 0 �
p
x < ", 0 � x < "2:

So we take � = "2: Clearly � is positive and condition (6:1) is satis�ed.

Case 2: p > 0
For non-negative x we have

p
x�pp =

p
x�pp
1

�
p
x+

p
pp

x+
p
p
=

x� pp
x+

p
p
:

From this we get a global Lipschitz condition at p

��px�pp�� = ���� x� pp
x+

p
p

���� � jx� pj
p
p

=
1
p
p
� jx� pj :

Note that
1
p
p
� jx� pj < ", jx� pj < pp � ":
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Take � =
p
p � ": Now consider arbitrary x in Dom(f). Assume that jx� pj < �: Then

��px�pp�� � 1
p
p
� jx� pj < 1

p
p
:� = ":

§3.1 #9 TASK De�ne f on (0; 1) by f(x) = x sin(1=x): Can one de�ne f(0) so that f is continuous at 0?
Explain.
Result Yes, if one de�nes f(0) = 0 then the resulting function f with Dom(f) now equal to the interval
[0; 1) will be continuous at 0:
Proof For x in the enlarged domain [0; 1) we get the estimate

x 6= 0) jf (x)� f(0)j = jx sin (1=x)� 0j = jxj � jsin (1=x)j � jxj = jx� 0j

and thus we get a Lipschitz condition at 0 :

jf(x)� f(0)j � 1 � jx� 0j

Continuity at 0 follows.

§3.2 #13 Task Suppose that f has domain D; p 2 D; and f is continuous at p: Show that There is a
positive M and a neighborhood Q of p such that jf (x)j �M for all x in Q \D:

Work Note that I prefer p to the book�s xo so I don�t have to type subscripts. Note also that the simplest
neighborhoods we know are the open intervals of the form Vr (p) = (p� r; p+ r) : So that will be what kind
of neighborhood I look for.
Try " = 1: By the continuity assumption, we get a positive � so that

for all x in D; jx� pj < � =) jf (x)� f(p)j < ":

Take the neighborhood Q = (p� �; p+ �): Take M = jf(p)j+1: Consider an arbitrary x in Q\D: Assume
further that jx� pj < �: Now we use the triangle inequality to get

jf(x)j = jf(x)� f(p) + f(p)j � jf(x)� f(p)j+ jf(p)j < 1 + jf (p)j =M

So our Q and M have the desired property.�

§3.2 #14 TASK Suppose that f is continuous at p in Dom(f): Set g(x) = jf(x)j: Show that g is
continuous at p:

Proof. Consider an arbitrary postive ": Since f is continuous at p, we can and do pick a postive � such
that, for all x in Dom(f)

jx� pj < � ) jf (x)� f(p)j < ": (14.1)

Use this � to work with g: Note that Dom(g) = Dom(f):
Consider arbitrary x in Dom(g): So we know x 2 Dom(f):
Assume that jx� pj < �:
Recall that for all real a and b

j jaj � jbj j � ja� bj :

Thus
jg(x)� g(p)j = j jf(x)j�j f(p)j j � jf(x)� f(p)j < "

by using (14.1).

§3.2 #31 This problem uses the de�nition of closed. Some of the students may have omitted it.
Task. Suppose that functions f and g are both continuous on their common domain [a; b] : Let T =
fx in [a; b] : f(x) = g(x)g. Show that T is closed.
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Work. By de�nition T is closed i¤ every accumulation point for T is in T . So we start by considering an ar-
bitrary accumulation point p for T: Thus we know that every open neighborhood of p contains in�nitely many
points of T and thus at least one point of T other than p itself. Every set of the form (p� 1=n ; p+ 1=n) is
a neighborhood of p: For each positive integer n pick xn from the in�nite set T \ (p� 1=n ; p+ 1=n)�fpg :
Now we see that
f(xn) converges to f(p) since lim (xn) = p; all xn 2 Dom (f) ; and f is continuous at p
g(xn) converges to g(p) since lim (xn) = p; all xn 2 Dom (g) ; and g is continuous at p
f(p) = lim f(xn) = lim g(xn) = g(p) since all xn 2 T; and f and g agree on each point of T
Thus p 2 T:

§3.2 #42 Find an interval of length 1 that contains a root of x3 � 6x2 + 2:826 = 0:
Result One such interval is [0; 1] :
Work Here we use the IVT. We look for an interval of length 1 on which the polynomial function

de�ned P (x) = x3 � 6x2 + 2:826 changes sign. Note that

P (0) = 2:826 > 0

P (1) = 1� 6 + 2:826 < 1� 6 + 3 = �2 < 0

So P changes sign on [0; 1] :
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