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|. Partition Relations

Andr as Hajnal and Jean A. Larson

1. Intro duction

The study of partition relations datesbadk to 1930,when F. P. Ramsey[49]
proved his oft-cited theorem.

1.1 Theorem (Ramsey'sTheorem). Assumel r; k<! andf :[!]"! k
is a partition of the r element subsetsof ! to k pieces. Then there is an
in nite subsetX ! homaen®us with resgect to this partition. That is,
for somei < k; f\ [X]" = fig:

In 1941,B. Dushnik and E.W. Miller [9] looked at partitions of the set of
all pairs of elemeris of an uncountable set, involving P. Erdpsin solving one
of their more dicult problems (seeTheorem 7.4). In 1942, P. Erdps [10]
proved some basic generalizationsof Ramsey's Theorem, including among
others the theorem generally called the Erdps-RadoTheorem for pairs. In
the early fties, P. Erdps and R. Rado [17], [19 initiated a systematic
investigation of quartitativ e generalizations of this result. They called it
the partition calculus. There are casesin mathematical history when a
well-chosennotation can enormously enhancethe developmert of a branch
of mathematics and a casein point is the ordinary partition symbol (see
De nition 1.3)

P
invented by Richard Rado [18], reducing Ramsey'sTheoremto ! I (1)’
for1 r; < !. It becameclear that a careful analysis of the problems

accordingto the sizeand nature of the parametersleadsto an inexhaustable
array of problems, eath seemingly simple and natural. These classicalin-
vestigations were completed in the 1965 paper [15 of Erdps, Hajnal and
Rado, and were extendedin the book [14] written jointly with Attila Mate.

Research partially supported by NSF grants DMS-0072560 (Hajnal) and DMS-
9970536 (Larson).



4 I. Partition Relations

We cite this compendium from time to time for proofs we omit and as a
resourcefor someopen problesm we include.

In 1967, after the rst post Cohen set theory conference,held in Los
Angeles,Erdpsand Hajnal wrote a list of unsolved problemsfor the ordinary
partition symbol and related topics. This paper [12] appearedin print four
yearslater.

A great many new results were proved by the then young researters.
However, unlike many other classicalproblems, theseproblemshave resisted
full solution. The introduction of new methods and the discovery of new
ideas usually has given only incremertal progress,and objectively, we are
asfar as ever from complete answers. However, small steps requiring new
methods have been continuously made, quite a few of them during the
writing of this paper, and we will concerrate on them.

For easyreference,in the ordinary partition relation ! ( )", wecall

the resource, the gaals, and the set of colors. We will be focusingon
two main subjects:

1. New ZFC theorems obtained via the elemenary submodel
method both for ordinary partition relations and for polarized
partition relations (seeDe nition 1.5).

2. The new results obtained in the late nineties for partition
relations with a countable resource.

Section 2 describes the classical proofs of the (balanced) form of the
Erdps-RadoTheorem and the Positive Stepping Up Lemma. Theseare the
results where the resourceis regular and the goalsare equal and of the form

, or + 1for somecardinal . In subsection2.3 we state but do not prove
the Negative Stepping Up Lemma complemeriing theseresults.

In Section 3, we describe the elemenary submodel method and in par-
ticular, the use of nonre ecting ideals rst introduced in [4]. We give an
alternate proof of the balanced Erdps-Rado Theorem, and give a proof of
the unbalancedform of it using the new method.

In Section4, especially in subsection4.2, we fully develop the method of
elemenary submodels. We give streamlined proofs of both the balancedand
unbalanced forms of the Baumgartner-Hajnal-T odorcevic Theorems[4] in
subsections4.3 and 4.4. Theseresults generalizethe Erdps-RadoTheorem
to allow goalswhich are ordinals more complex than cardinals and their
ordinal successors, + 1. We state a result of Foreman and Hajnal [20] for
the successor®f measurablecardinals. Using the methods of the Foreman-
Hajnal proof, in subsection4.5, we give a direct proof of a special caseof
the Baumgartner-Hajnal Theorem [2].

In Section 5, we discussthe Milner-Rado Paradox and the new ordinal
( )< * introducedin the Foreman-Hajnal result [20], which is related
to a form of the Milner-Rado Paradox.
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In Section 6, we discussa new developmert, the rst in the twenty- rst
certury. Solving a problem of Foremanand Hajnal, Shelah[55] proved that
if there is a strongly compact cardinal, then there are cardinals sud that

L+ 22,

In Section 7, we briey discussthe caseof singular resources.We state,
but do not prove, seweral theorems on this subject from the 1965 Erdps,
Hajnal and Rado paper [15] and the 1975 Shelah paper [57].

In Section 8, we describe a new variant of the elemenary submadel
method called doublerami c ation, which wasinvented by Baumgartner and
Hajnal in 8.2.

In subsection8.1, we useit for the proof of

+ 1;1

() !

where is weakly compactand < . Result ( ) was previously known
only if < ! (seethe discussionbefore Theorem 8.2). In subsection8.2,
we usethe method for the proof of Shelah's Theorem [59] stating that ( )
holdsfor asingular strong limit cardinal (of uncountable co nalit y) which
satises 2 > * andfor < cf( ).

In Section9, we discussthe spectacular progressby Carl Darby [7], [8] and
Rene Scipperus [53], [51] on the caseswhere the resource is a countable
ordinal, listing their negative partition results in Theorem 9.9, and give a
samplecourterexample,! '~ 9 (1! *;6)2. This exampleis not optimal, but
was chosento illustrate the methods of Darby without all the complicating
detail.

In Section 10, we outline a proof of a special caseof the positive results
by Schipperusthat !'' ! (I'' ;3)? for 2 the sum of one or two
indecomposableordinals (Darby independertly provedthe result for = 2).

We closethis sectionwith somebadkground de nitions.

1.1. Basic De nitions

1.2 De nition. Let X beaset,r <! and ; beordinals.
1. Amapf [X]! is called an r-partition of X with  colors.

2. For < ,asubsetY X is called homagen®us for f in color if
f\[Y]"=f g:

3. The setY X is homayen®us for f if it is homogeneousfor f in
somecolor <

4. A linearly ordered set X hasorder type , in symbols, ot(X) = , if
it is order isomorphic to
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1.3 De nition.  Let for < ,and be ordinals and supposel
r < !. The ordinary partition symiwl
L)
meansthat the following statemert is true.
For every r-partition of with colors,f :[ ]"! , there exist
< and X such that ot(X) = and X is homogeneous

for f in color

We write
6! ()

to indicate that the negation of this statemert is true. If all equal ,
then we write

I ()" (or 6!'()):

A further more or lessself explanatory abbreviationis ! ( o;( ) )?in
case = forl <

1.4 Remark. Note that the notation of De nition 1.3 is so devised that
if we start with a positive partition relation ! ( )", then the truth of
the assertionis presered under increasing the resouice ordinal  on the
lefthand side of the arrow (! ) and decreasingthe ordinal gals , or the
colors on the righthand side of the arrow. And this latter statemert holds,
with someexceptions,for the exponert r aswell (see[14]).

We stated De nition 1.3in this generality, becauset will su ce for most
of what we will prove. It should be clear that further generalizationscan
be made. For example, a similar symbol ! ( ) canbe de ned where

; ; are order types, by starting with an arbitrary ordered set hX; i
for which ot(X; )= , partitioning its subsetsof order type |,

X] =fY X:ot(Y; )= g;

into  color classes,and as above, looking for homogeneoussubsetsof the
prescribed color and order type. As general Ramsey theory developed in
both nite and in nite combinatorics, problems were consideredin which
the set partitioned was a subset of [X] rather than all of [X], and the
homogeneoussets consistedof possibly other kinds of subsetsof [X] . Par-
tition relations proliferated. For a review of someof them we refer to [14],
sincewe can not try to cover all of them in the limit spaceof this chapter.

In [15], among other generalizations, polarized partitions were intro-
duced. In fact, this paper is the only place in the published literature
where theserelations are systematically discussed.
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1.5 Denition. Let , be ordinals and supposethat o; 1 and
0, 1 . The polarized partition relation
| 0o 1
0o 1

meansthat the following statemert is true.

For all orderedsetsA and B of ordertype , respectively, and
all partitions f : A B! 2,thereisani < 2 and setsA; A,
Bi B suchthat ot(Aj) = ,ot(Bj)= andf\ A; B;=fig.

2. Basic Partition Relations

2.1. Ramsey's Theorem

2.1 Denition. AssumehX; i is an orderedsetand f : [X] ! is an
r-partition oflength of X,1 r<1!,

1. ForV2[X] ', denefy:X VI by
fv(u)=f(V[ fug)

2. f is endhom@geneus on X if for every V 2 [X]" 1, the function fy
is homogeneouson Xj V=fu2X :V ug.

3. Let
X X fmg if X hasa maximal elemernt m
X otherwise
4. Assumef is endhomogeneoumn X. Dene f :[X ] 1! by
f (V)= i 8u2Xj V(@fyu)= )forv2[x ] %

The next lemma follows immediately from the de nitions.

2.2 Lemma. Using the alove notation, if f is endhomgen®uson X; Y
X and f is homaen®us on Y then f is homagen®us on Y and on
Y [ fmgif m is the maximal elementof X.

We rst give a direct proof of the well-known Ramsey's Theorem us-
ing non-principal ultra Iters and postponing the more natural rami c ation
method to the next section for two reasons. First, Erdps and Rado con-
sidered this approach part of their \combinatorics", (Erdps called the ul-
tra lters \measures"). Second,having given a proof here, we do not have
to adapt the forumulation of the rami cation to cover the casewhen the
resourceis a regular limit cardinal.
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2.3 Theorem (Ramsey's Theorem).
() forl rk<!

Proof. By induction onr. For r = 1 the claim is obvious. Assumer > 1
andf :[!']"! k:Let U beanon-principal ultralter on! andV 2 [I']" %
De ne f{V) and A(V) as follows: let f{V) = i for the unique i < k for
which the setA(V;i) =fu2! V:fy(u)y=igisin U, and setA(V) =
A(V; V).

We can chooseby indugtion on n an increasingsequencehx, : n <! i of
integers satisfying xpn 2 fA(V):V 2[fx; :j <ng]lgforn<!. Let
X=fxp:n<! gThenf [X] 1= [X] !andf isendhomogeneous
on X . By the induction hypothesis,thereisaY X with ot(Y) = ! so
that Y is homogeneoudor f . Finally, by Lemma2.2,Y is the desiredset
homogeneoudor f . a

2.2. Ramication Argumen ts

2.4 Remark (A brief history). The rst trans nite generalization of Ram-
sey'stheorem appearedin the paper [9] of Dushnik and Miller. They proved

I (;!)?forregular and Erdps proved this for singular aswell. His
proof wasincluded in [9]. This theorem, unique of its kind, logically belongs
to Section 7 where we will discussit briey .

The basic theorems about partition relations with exponert r = 2 were
rst stated and provedin 1942in an almost forgotten paper of Erdps[10].
There he proved (2 )* ! ( *)2? for I'; he indicated the counterexam-
ples2 6! (3)2 and2 6! ( *)3; and he proved !, ! (!,;!1)? assuming
CH. The Erdps-RadoTheorem for exponent larger than 2 was proved later
in [19]. (SeeCorollary 2.10.) Kurepa alsoworked on related questionsquite
early (seethe discussionby Todorcevicin Section C of [37]).

Few theorems have been provided with as many simplied proofs as
(2)" 1 ( *)?, the Erdps-Rado Theorem. Erdps and Rado used the so
called \rami cation method". We will present this method in the proof
of the next theorem. After some\streamlining,” it still seemsto be the
simplest way for obtaining balanced partition relations for cardinals, ones
in which all the goals are the samecardinal. For the unbalanced case,we
will presert a method worked out in [4]. This method will be usedin the
proofs of a number of more recen results which will be preseried in later
sections. Given limitations of time and energy and a desire for coherence,
we decidedto focus on results amenableto this method.

2.5 Theorem. Assume2 r<!; l: < ; =2 and

fol ]!
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Then there exists an X * with ot(X) = + 1 suchthat f is endhomo-
gen®uson X .

Proof. For < *, dene anincreasingsequence =h : <' i of
ordinals lessthen  and an ordinal * by trans nite recursionon . For

= 0,set' o= 0and let -0 be the empty sequence.For positive , to

start the recursion,let , := qforq< max(f ; r 1g),andfor <r 1,

let' = . Tocontinue the recursion,assumer 2< and is de ned
for < .Let” =supf +1: < g), anddene sets

B =f : < g

A =f < 7 A@ev2B T Hfv)=fv( )a
Let =mn(A)ifA 6 ;:IfA =;,put' = . Clearly for eath

< *,thesetB. [ f gisanendhomogeneousetof ordertype' + 1,
andwemay dene f on[B. ] !asin Deniton 2.1.1f 2 B. ,then

it is easyto show by induction on < ' that = . Thusif 2B. ,
then f agreeswith f on[B. ] 1.

De ne arelaton on * by i 2 B. . It is easyto verify
that T := h*;i isatreeon * andrankt( )="' for < *. Tis

+

called the canonical partition tree of f on *, and T- , asusual, denotesthe
f < *rranky( )="g

For < *,letC :[ ] ! bedened by C (U) =f (V) where
vV = f : 2 Ug. It follows by trans nite induction on ' that for
, 2&,ifC =C , then = . HencejTj jj'! for' < .
Thenj .. T ] , T 6;andforall 2T ,B [ f gisasetoforder
type + 1 which is endhomogeneousor f . a

2.6 Remark. Note that (2< )~ = 25 can hold for singular . Indeed
it is easyto seethat either (2< )~ = 2 or cf((2< )* ) = cf( ) and
2° =sup(f (2 )" : < ). The proof described above givesTheorem 2.5
under the condition provided < =

2.7 Theorem (The Stepping Up Lemma). Assume 1,1 r< !,
< and ! ( )'. Then

2 T+t
This is an immediate consequencef Lemma 2.2 and Theorem 2.5.
2.8 Denition. Dene exp;( ) by recursiononi < !:
expo( ) = ;
expyy () = 22900
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2.9 Theorem (The Erdps-Rado Theorem). Assume b, < cf().
Thenforall2 r<1!,

exp, , 25 1 (+(r 1) :
Proof. Starting from the trivial relaton ! () for < cf( ), we get

(2< )1 ( + 1)2, by Theorem 2.7. This is the caser = 2 of the theorem.
The result follows by induction onr with repeatedapplications of Theorem
2.7. a

A better known but weaker form of the theorem is the following.

2.10 Corollary . Assume ' Thenforalll r<!,

+ r.

exp, ,( ) ! +(r 1)

Note that while Theorem 2.9 guaranteesfor examplethat * ! ( + 1)?
holds for < cf( ) for a singular strong limit cardinal , Corollary 2.10
doesnot say anything about this case.

2.3. Negativ e Stepping Up Lemma

2.11 Theorem (The Negative Stepping Up Lemma). Assume > 0is a
cardinal, 2 r<1!,1 and 9 ( )",whereach > 0is acardinal.
Then2 9 (1+ )'*!, provided at least one of the following conditions
hold:

1. 2, ; o, 1 ! and g is aregular cardinal;

2. 2,; o !, olisaregularcardinal, andr 4;
3. 2, o1 !,andr 4

4. I'and <! forall <

For a proof, we refer the reader to the compendium by Erdps, Hajnal,
Mate and Rado [14], which includesadditional negative stepping up results.
We do quote onerelated open problem from that reference.

2.12 Question (Problem 25.8in [14]). Assume GCH. Does
@ .19 @ i@ *
The following theorem provides a context for this question.
2.13 Theorem. AssumeGCH. Then
1. @9 (@+1:(3),)° and
2@,.,9 @.,:0), "
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3. Partition Relations and Submo dels

For the rest of this paper we will adopt the following cornventions. Whenewer
we write \H( )", will be aregular cardinal, and \H ( )" will stand for a
structure A with domain the collection of setsH ( ) which are of hereditary
cardinality < . The structure A will be an expansionof HH( );2;4i ,
where 4 is a xed well-ordering of H( ). The expansionwill depend on
context, and will usually include all of the relevant \data" for the proof at
hand. Note that the well-ordering 4 vyields well-de ned Skolem hulls for all
setsX H().

3.1 De nition.  Assume 1,22 = . LetH :=H(*). AsetN is
said to be suitable for if it satis es the following conditions: N;2i H,
iNj= ,[NJ¢C)  N,[NT* Nif < =, +1 N, =N\ *2

*,cf( )= cf( ). The ordinal (N) = will be called the critical ordinal

of N. Note that N by assumption.

We assumethat the readeris familiar with the theory of stationary sub-
setsof an ordinal. To make our terminology de nite, for a limit ordinal ,
a subsetB isaclubif B is co nal (unbounded) and closedin the order
topology of . A setS is stationary if B\ S 6 ; for every club subset
of . The notation Stat( ) will denotethe set of stationary subsetsof

We will make use of the following facts about elemenary submadels.

3.2 Facts. Let = 2° . For every set A with jAj and A2 H( **),

there is an elemenary chain hNg; 2i N ;2i H, with
A Ny, indexedby < * that is continuous,and internally approachable
(i,e. N 2N 4 forall ), and the set

Sg=f < *: (N)= andN issuitablefor g
the intersectionof aclub in ™ with S . + =f < " :cf( )=cf( )a.

3.3 Denition. A subsetS H{( * ) is amenablefor this sequenceif
S\ 2N 4 for 2 Sp. A function g is amenableif g 2 N 4; for all
2 Sg.

Note that Sy itself may be assumedto be amenable.

In this sectionwe will only usethe existenceof oneN suitable for . The
ideals de ned below were introduced in [4] for regular . In most of the
later applications we will only considerthe regular case.

3.4 De nition. Let N be suitable for I, =2, (N)= . We
dene asetl =1 =1(N) P( ) asfollows. For X ,

X21() (OYXY *AY2N~A 2YAX Yj< )
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Note that for regular , the last clausecan be replacedby X Y.

3.5 Lemma. Let N be suitable for I, =2, (N)= . Wedene
asetF = F asfollows:

F =fZ2N:Z A 270

Then (i) X 21 =1 if andonlyif jX \ Zj forall Z 2 F ; and (ii) the
elementsZ of F are stationary subsetsof *.

Proof. Part (i) follows directly from De nition 3.4. To seethat part (ii)
also holds, we verify that 2 Z *,Z 2 N imply that Z is stationary.

Otherwise Z\ = ; for someclubB 2 N. ThenB\ isconal in , by
elemenarity and 2 B sinceB is closed. a
3.6 Lemma. If N is suitable for , thenl = I(N) is a cf( )-complete
proper ideal on = (N). Moreover, if = = | thenl is -complete.
Proof. The completenes<learly followsfrom [N]<¢() N and[N]* N
respectively. To seethat 21, let Z 2 N be a subsetof * with 2 Z.
It is enoughto show that jZ\ j= . SinceZ 2 N, alsosup(Z) 2 N. As
2ZandN\ * = it followsthat sup(Z) = *. Then a fortiori there
is a one-to-onefunction g: ! Z: Hencethereisa g2 N like this. Using
+1 N,wegetthat ran(g) N\ * = . a

In what follows we will often suppressdetails like those given above.

3.7 Denition. AssumeN is suitable for , =2 and = (N). For
X , wesay X reectsthe propertiesof if X\ 26 ; forallZ2F .
3.8 Lemma. Assume N is suitablefor , =2 and = (N). If
X and X 2 1*, then X re ects the properties of , sowecall | = |
the non-re ecting ideal on (induced by N).

Notation. Assumef : [X]? ! is a function, < and 2 X. For
simplicity, we often write f(; ) for f(f ; @), specifying which of the
ordinals , is smaller, if necessary Denote the setf < :f(; )= g
by f( ;).

3.9 Lemma (Connection Lemma). Assume I and = 2° . Further
suppsethat N is suitablefor with (N)= ,f 2 N is a 2-partition of
* with < cf( )colors,andX f( ; )\ for some < is suchthat
X 21 = I(N). Then there is someY X with ot(Y) = cf( ) so that

Y[ f gis homageneusfor f in color

Proof. Let Z be a subsetof X [ f g maximal with respectto the following
properties: 2 Z and Z is homogeneoudor f in color . If jZj cf( ),
then we are done. Assume by way of corntradiction that jZj < cf( ). Then
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sup(Z\ )< andZ\ 2 N.LetA= Tff(u; ):u2Z\ g ThenA?2
N and 2 A. Hence,by the re ection property, A\ (X sup(Z\ )) 6 ;.
Ify2 A\ (X sup@Z\ )), thenfyg[ Z is homogeneoudor f in color ,
contradicting the maximality of Z. a

3.10 Theorem (Erdps-Rado Theorem (unbalanced form)). Let be an
in nite cardinal and < cf( ). Then

2 T 22 Taef( )+ 1)
Proof. Let = 2° , and supposef : [ *J? ! is a 2-partition of *
into  colors. Use Facts 3.2 to chooseN suitable for with f 2 N. For
notational simplicity, let = (N)and| = I(N). If f( ; )\ 21 for

somel < , then we arg done by Lemma 3.9. By Lemma 3.6, we may
assumethat f( ;0 ff(; )\ 1 < g2 1. By Denition
3.4,thereisasetZ 2 N with Z *and 2 Z forwhichjz f( ;0)j<
De ne asetW in H( ** ) asfollows:

W:=f 2z:jz f(;0j< @

ThenW 2 N and 2 W. Then by Lemma 3.5we infer that W 2 Stat( *)
andforg( ):=f < :f(; )6 0g,wehavejg( )j< forall 2 W. By
Fodor's Set Mapping Theorem [14], there is a stationary subsetS W free
forg(ie. 2g()foral 6 2 S), and S is homogeneoudor f in color
0. a

Note that with some abuse of notation we have proved the following
stronger result.

3.11 Theorem. Let !, =2 andsupmse < cf( ). Then
1o (Stat( *);(cf( )+ 1) )%

This theorem should be compared with the caser = 2 of Theorem 2.9
and it should be obsened that while for regular , the above theoremis a
strengthening of Corollary 2.10, for singular the results are incomparable.
It should also be noted that using Theorem 2.7, the above result can be
stepped up to the following.

3.12 Corollary . Assume !'and <cf( ). Thenforalll r<!,

4 r

exp , 25 T2 T+ 1)

Finally it should be remarked that we did not try to state the strongest
possibleforms of the Erdps-Radotheorems. Clearly the methods give simi-
lar results in caseswherethe resourcecardinal is a regular limit cardinal.
For a detailed discussionwe refer to [14].
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4. Generalizations of the Erd}os-Rado Theorem

4.1. Overview

In this section we focus on the problem of what positive relations of the
form

o)

can be proved for regular and < in ZFC. The casefor singular  will
be almost ertirely omitted becauseof limitations of space.Many problems
remain unsolved, and the simplest of thesewill be stated at the end of this
subsection. We start by discussinglimitations, the rst of which comesfrom
the next theorem.

2<

4.1 Theorem (Hajnal[25], Todorcevic). If 2 = *, then
Tel(t, + 2%

Proof Outline. We only sketch the proof givenin [25], omitting Todorcevic's
proof for singular , which has been circulated in unpublished notes. Let
fA : < *gbeawell-ordering of [ ] . Dene a sequenceof sets
B 2[ *] for < * bytransnite recursionon ,in suc away that the
following two conditions are satis ed:

1.jB \ B j< forall < ;

S
2.B \ A 6; forall < for which jA fB : 2Fgj= for
alF2[ I .

To complete the proof, for < < * setf( ; ) = 1if and only if

2B .

The constraint that jB \ B j< forall < < * impliesthat f has
no homogeneoussubsetsof order type + 2 for color 1. The assertionthat
it has no homogeneoussubsetsof order type * for color O follows from the
claim below.

4.2 Claim. AssumeA is a subsetof size *. Then thereis a subsetB of A

of size which is not almost contained in the union of fewerthan many
B 's.

On the onehand, if fewerthan many B 's meetA in asetof size , then
any subsetB A of size in the complemen of the union of theseB 's
provesthe claim. Otherwise, choosea sequenceB ( ) indexedby < of

many setswhoseintersection with A has cardinality , and let B be the
union of the intersectionsA\ B (). a

Henceforth we will assumethat the goals, , areall ordinals, < *

for <
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For = !, the best possibleresult, ! 1 ! ()2 forall < !; and
k nite was conjectured by Erdps and Rado [17] in 1952 and proved by
Baumgartner and Hajnal [2] in 1971,already in a more generalform. Using
a self-explanatory extension of the ordinary partition relation for linear
order types,it says

Lo(1)t implies ! ()Zforall <!g, k<!,

Soon after it wasgeneralized(also in a self-explanatory way) by Todorcevic
to partial orders [63]. Sdipperus [52] proved a topological version. The
Baumgartner-Hajnal proof used\Martin's Axiom + absoluteness”. An el-
emertary proof not using this kind of argument was given by Fred Galvin
[21] in 1975. We will treat this theorem later in Section 4.5, where we will
also give a brief history of earlier work on this conjecture, becausesomeof
theseapproadcessered as starting points for other investigations.

We will treat rst the case = cf( ) > !. The reasonfor this strange
order is really technical. The results to be presened for the case > !
were proved later and much of the method of using elemenary substruc-
tures was worked out while proving them. We will give a new proof of the
Baumgartner-Hajnal Theorem which can be extendedto successor®f mea-
surable cardinals and usesthe methods developed for the treatment of the
cases > !.

For the cases > !, there are further limitations.

4.3 Theorem. Assumethat = * !, and GCH holds. Then there are
-complete, * -cc forcing conditions showingthe consistency of the follow-
ing negative partition relations:

Y6l ( :)zand * 6! ( :2)%

Here the relations meanthat there are no homogeneoussets of the form
[A;B]:=ff; g: 2A" 2BgwhereA< B,ot(A)= ,andot(B) =
or ot(B) = 2 respectively. The forcing results are due to Hajnal and stated
in [13. The rst result, * 6! ( : )3, wasshown by Rebholz [50] to be
true in L. It is interesting to remark that while the proofs of Theorem 4.1
really give * 9 ( *;( :2))?in the relevant cases,thesetwo statemerts
are really not equivalent. In [35], Komjath provesit consistert with ZFC
that 119 (14;! +22and! 1! (! 1;(! :2)? hold.

In view of the limitations above, the following result of Baumgartner,
Hajnal and Todorcevic [4], which we prove in Subsection4.3 (seeTheorem
4.12), is the best possible balanced generalization of the Erdps-Rado The-
orem for nitely many colorsto ordinal goals: for all regular uncountable
cardinals and nite ,if < isanordinal with 2 J < | then

2 T+ )
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Note that for = 2, this result wasproved much earlier by Shelahin section
6 of [56].

As a generalization of the unbalanced form, we prove in Subsection4.4
(seeTheorem4.18) that for all regular uncountable cardinals andall nite
m, ,

22 T ("L v m) )2

In this discussionwe have restricted ourselvesto 2-partitions, sincethe
situation is dierent for larger tuples. For example, Jones[27], [31] has
shown that for all nite m;n,! ;! (! + m;n)3, complemeriing the result
of Erdps and Rado [19] who shaved ! ; 9 (! + 2;!)3. Milner and Prikry
[43] provedthat ! 1! (I + ! + 1;4)3.

We concludethis subsectionwith someopen questions.

4.4 Question. For which < !; and which n < ! does the partition
relation ! ;1 (; n)3 hold?

4.5 Question. Are the following statemens provable in ZFC + GCH?
1.0g!l (Ta+ 114 14)22
2. 131 (1,+ 22?2

Though there are additional limitations for I', which we will discuss
in Section5, both theoremsmay actually generalizefor in nite with 21 1 <
, but nothing like this is known with the exception of the following very
recert result a proof of which will be givenin Section 6.

4.6 Theorem (Shelah[55)). *! ( + )2for < =cf( )and =2° ,
under the assumptionthat < for somestrongly compact cardinal
4.2. More Elementary Submo dels

In this subsectionwe prove a generalization of Connection Lemma 3.9 for

regular . Let =2 andassumethat hhiN ;2i : < *i is asequence
of submadels of H := H( ** ) satisfying the requiremerts outlined in 3.2,
with A = ff gwheref : [ *]?! is a given 2-partition of * with colors.

For notational convenience,we will let
So:=f < ": \'N = andN isstuitable for g:
For 2 Sg, wewill write | for the ideal | (N ) of De nition 3.4.

4.7 Lemma (Set Mapping Lemma). Assumethat S S is stationary and
g:S! P( *)isasetmappingsothat g( ) andg( )\ S21 for all

2 S. Then there is a stationary set S° S which is free for g. That is,
g( )\ S°=; for all 2 S° Moreover, if S and g are amenable,then so is
s°.
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Proof. Since S is a set of limit ordinals, for eah 2 S, we can choose
< andyY * sothat 2Y 2N andg() Y . By Fodor's

Theorem, rst and then Y stabilize on a stationary set. That is, for
somestationary S° S and someY *,wehave 2Yandg() Y
forall 2 S@ a

4.8 Corollary . SupmpseS Sp. An element 2 Sis a re ection point of
Sif S\ 21 . ThenthesetS S is non-stationary, whete S denotesthe
set of re ection points of S. Moreover, if S is amenable,then sois S°.

Proof. Assumeby way of contradiction that S°:= S S is stationary, and
dene g( ):=S° for 2 S% By the Set Mapping Lemma 4.7, there is
a stationary subsetS% SO sothat S%is free for g. On the other hand,
if < arebothin S® SO then 2 g( ):= S°\ , corntradicting the
freenessof S%for g. a

4.9 Denition. For < * and 2 < ,wedene ideals|(; ) by
recursiononj j. To start the recursion, we set

(
(1) = P() if ZSp, and
Y I if 2Sp.
If = - hiandl(; ) hasbeende ned, then for all X ,

X210 )0) f < XV A5 2I(;)g21(5):

*and 2 <

4.10 Lemma. Supmpse <
1. 1(; )isa -completeideal;

2. if 2Sp, thenl(; )=P();

3.01( ) 1)
Proof. In the special caseof = ;, item (1) follows either from Lemma 3.6
or the trivialit y that P( ) is -complete. Userecursiononj j to complete
the proof of (1), since at eadt successorstage, | (; - hii is gotten by

averaging -completeidealsaccordingto a -completeideal.

Note that (2) follows immediately from the de nition of I (; ).

Item (3) is alsoproved by induction onj j simultaneously for all <
For 2 Sy, it follows from the seconditem, so assume 2 Sp. It is
trivial for = ;, soassumeit is true for I(; ) where = - hii, and
let X 21(;;)=1 =1(N ) bearbitrary. By de nition of I (N ), there
is someY * sothat 2Y 2N and X Y. Since is limit, there
is o< with Y 2 N ;. Sincethe sequenceof submadels is contin uous,
Y 2N forall with g< < ,andfor 2Y,weeitherhaveX\ 21
if 2 Sg or have X \ 2 1( ;0) otherwise. Hence by the induction

+
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hypothesis, X \ 21(; ) for 2ZY with o< < . That is, if
< and X\ 2ZI(; ), then 2Y[ (o+1). SoX 21(; ), since
2Y (o+1)2N. a

We postpone the proof that someof theseideals are proper.

4.11 Lemma (SecondConnection Lemma). Supmse X X ZI1(; )
and supmsei 2 ran( ). Then there is a subsetY X [ f g with ot(Y) =
+ 1 homayenaus for f in color i.

Proof. The proof is by induction onj j. If = ;, then there is nothing
to prove. Next suppose = - hji for somej < . By Lemma 4.10, we
know that X\ 21[( ; ) forsome < with 2 X. Thusthe induction
hypothesisgivesthe statemert for i 2 ran( ). Next assumei = j. Then by
Lemma 4.10(3), we know that X 2 | and Connection Lemma 3.9 yields
the desiredresult. a

4.3. The Balanced Generalization

In this subsectionwe will prove, asannouncedearlier, the following balanced
generalization of the Erdps-RadoTheorem.

4.12 Theorem (Baumgartner, Hajnal, Todorcevic [4]). Suppse is a reg-
ular uncountablecardinal, is nite and < is an ordinal with 2} <
Then

2 T+ )%
For notational simplicity, we are xing , = 2% , a 2-partition f
[ *]?! ,and asin the statemert of the theorem throughout this sub-

section, and we cortin ue the notation introducedin subsections4.1and 4.2.
In what follows, it will be cornveniert to look at the least indecomposable
ordinal , rather than directly. In preparation for the proof, we give
seweral preliminary facts about ideals.

4.13 De nition.  For ordinals , setsx * andsequences 2 < ,dene

x is (; )-canonical for f by recursiononj j. To begin the recursion, we

say X is ( ;;)-canonical for f if x=f gforsome < *.For = - hii,

wesay X is ( ; )-canonical for f if x is the union of a <-increasingsequence
hx : < isothat eath x is( ; )-canonicalfor < andf (u;v) =i for

alu2x andv2x with < <

The following lemma is left to the readeras an exercise.

4.14 Lemma. Assumethat is an indecomposableordinal and 2 " for
somen < !. Then

1. ot(x) = " for all x which are ( ; )-canonical for f;
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2. if xis (; )-canonical for f, theneveryy x with ot(y) = ", is also
(; )-canonical for f andJ :=fz y:ot(z) < "gis aproperideal;

3. if x is ( ; )-canonical for f, then for everyi 2 ran( ), there is some
y X with ot(y) = whichis homayeneus for f in color i.

4.15 Lemma (Re ection Lemma). AssumeX 62 (; ) for some < *,
2 <, and further supmsethat < is indecomposable. Then there is
asetx X whichis ( ; )-canonical for f.

Proof. The proof is by induction on j j. To start, notice the lemma is

vacuouslytrue for = ;. Next suppose = - hii. Construct a sequence
hx : < i byrecursionon < . Assumethat < and that the sets
X X\ f( ;i) are (; )-canonical for f for < . LetZ = f <

(8 < )8 2x )(f(; )=1i)g Sincehx : < i 2N, wehave
Z2N and 2 Z. Sincef < X\ \f(;i)zI(; )ge62l ,
Wecgnchoose < sothat 2Z2N ,X\ \Vf(;i)z2I(; ) and
sup( fx < @) < . By the induction hypothesis, we can choosea set
X X\ Z which is ( ; )-canonical for f with x § X forall <

This recursiondenes hx : < i,andx = fx : < gisthe
required set ( ; )-canonical for f . a

We need one more lemma which will be usedin the proof of the unbal-
ancedversion (Theorem 4.18) as well.

4.16 Lemma. AssumeS S is stationary and is non-empty. Then
there are S° S stationary and 2 < with  one-to-onesuchthat

1. S\ \f(;j))21(; ), forevery ; 2S%with < andevery
j 2 ran( ), but

2.8\ 2I(; )for 280
Moreover, if S is amenable,then sois S°
Proof. Let be of maximal length sothat ran( ) , is one-to-one,and
S%=f 2S:S\ 2I(; )gisstationary.
Forj 2 ran( ), let
g()=1Ff < S\ Vf())2I(;)a

By the maximality of , it follows that g ( )\ S%2 I for all but non-
stationarily many 2 S. By Lemma 4.7, there is a stationary subset
S%  S%which is free for g;. a
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LetS:=f 2< : isone-to-oneg.

For < *and 2SS say(X;Y) ts (; )ifX , X 2I1(; )and
f(;))\VX21(; )foral 2Y andj 2ran( ).

From Lemma 4.16 we get the following corollary by applying the lemma
with =

4.17 Corollary . For every stationary setS Sg, thereare 2 S, 2 S
and a stationary subsetS® S sothat (S\ ; S9 ts (; ).

With theselemmasin hand, we turn to the proof of the main theorem of
this subsection.

Proof of Theorem 4.12. Using Corollary 4.17,wedene 4, 2 Sp, m 2 S,
and stationary Z,  Sp by recursionon m sothat the following conditions
are satis ed:

1. o< < m<:iiiiZo Zm i and
2. (Zm\ miZm+1) 1S (mi m)-

SinceSis nite, k= , forsomek < n < ! . Weconcludethat there are
asequence 2 S, ordinals ¢ < 1, andsetsXg, X sud that the following
statemert is true:

Xo< Xg, Xi2I1(; Yfori<2,andf( ;j)\ Xg21( o; ) for
everyj Zran( ) andevery 2 Xj.

Let be the leastindecomposableordinal with . By the Re ection
Lemma4.15,thereisay X sud that yis ( ; )-canonicalfor f .

We shrink Xg to X = Xj ff(;j):j 2ran( )and 2 yg. Then
X 21( o; )sincel( o; )is -complete,jyj< andf(;j)21( o; ) for
jZ2ran( ), 2y X;j.

LetJ=fZ y:Zisnot(; )-canonicalforf g. By Lemma4.14,J is
a proper ideal on y.

For every 2 X, thereisani( )2 ran( ) sothat f( ;i)\ y2J. Thus
for every 2 X, by Lemma4.14(3),thereisay( ) vy ofordertype sud
that f g[ y( ) is homogeneoudor f in colori( ).

Using the factthat 11 = 211 I < | wenow obtain ip 2 ran( ), y° vy
and X% X with X°%21(; )sothati()=ipandy( )= y°forall 2 X©°
Thusf( o; 1) =ipforall ¢2 X%and ;2 y°

By the SecondConnection Lemma 4.11, we get an X °° X © of order
type homogeneousor f in colorig. Finally X %9 yCis the required set of
order type + homogeneoudor f in color . a
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4.4. The Unbalanced Generalization

4.18 Theorem (Baumgartner, Hajnal, Todorcevic[4]). Suppse is a reg-
ular uncountable cardinal, and m, are nite. Then

2 T ("1 +m) )%

This subsectionis dewoted to the proof of this theorem, and for notational
conveniencewe set = 2° throughout. Also, x a partition f : [ +]2 !
1+ . We alsocontinue to usethe notation introduced in subsections4.1,
4.2 and 4.3.

The strategy of the proof is to derive Theorem 4.18 from the following
auxiliary assumption:

Q() 2 = and8 f : < ° 9g2 (f 9);

where is the relation of evertual domination on

Then as in the original proof of the Baumgartner-Hajnal Theorem [2],
we obsene that the assumption Q( ) is unnecessary and therefore that
Theorem 4.18 holds in ZFC.

Let usjustify this obsenation beforegoing on to prove the theorem from
the assumption of Q( ).

Let Py bethe natural -closedforcing for collapsing2< onto . Then in
VPe wehave = . Working in VP and using a standard iterated forcing
argumert (asin [1]) we can force every sequenceof functionsin  of length

to be eventually dominated via a partial ordering P, that is -closedand
hasthe *-chain condition. Let P = Py P;1. Then P is -closedand in
VP, both = and Q( ) hold. Note that in VP, we will have2 > *,
sincethis inequality is implied by Q( ).

Assuming we have proved Theorem 4.18 under the assumption of Q( ),
we may assumeit holds in VP . Supposethat f : [ *]? ! +1lisaz2-
partition in V. Then in VP, there is someA * such that either (a) A is
homogeneousor f in colorOandot(A) = ' *2+ 1, or (b) A is homogeneous
for f incolori > Oandot(A) = +m. Suppose(a) holds. Notethat ' *2+1
is the samewhether computedin V orin VP. Leth: ! '*2 + 1pea
bijection with h 2 V. In VP, x an order-isomorphismj : '*2 + 1! A,
Now, working in V, nd a decreasingsequencehp : < i of elemers
of P and a sequenceh : < i of elemens of * suc that for all ,
p j(h()) = . This is easyto do by recursionon , using the fact that
P is -closed. But now it is clear that f . < g2V hasordertype

'*2 4+ 1 and is homogeneoudor f in color 0. Case(b) may be handled the
sameway.

For the rest of this subsection,assumeQ( ) holds. We may also assume
that > ! sincefor = ! we havethe much strongerresult Theorem 4.30.

First we prove a consequencef Q( ).
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4.19 Lemma. Assume Q( ). For all positive ~ < | and every sequene@
hX : < *i of subsetsof ~ of order type < , there is a s@uen@
hZ : < i of subsetsof ~ of order type <  suchthat every X is a
subsetof someZ .

Proof. Useinduction on*. For * = 1, the sets X 1= are bounded
andwe may dene Z =

For the induction step, assumehX : < *i issa given sequenceof
subsetsof k*! of ordertype< k*1. write k*' =~ _ U asthe union
of an increasing sequencely < < U < :::inwhichot(U) = X For

eah < *and < ,dene

(
v o X VUG ifex \U)< K
T otherwise.

Sinceead U is isomorphicto K, we may apply the induction hypothesis
to eadh sequencenY. : < TitogethW. : < i, sothat everyY.
is a subsetof someW. andead W. isasubsetof U of ordertype less
than .

Foreah < *,deneg : ! by g () is the least so that
Y. W. . Choosean increasingg: ! eventually dominating all the
g for < . Dene

S S
z = _ [ fw,; : n a( ) o

Then hZ : < i satis es the requiremerts of the lemmafor * = k + 1.
Therefore by induction, the lemma follows. a

From this point forward in the subsection, we assumethat there is no
homogeneouset for color O of the order type required. We may alsoassume
that the result is true for °<

4.20 Lemma. AssumeS Sy is stationary. For all [1; Jwith 6 ;,
there are a stationary setS° S and a one-to-onefunction 2 < such
that the following two properties hold:

1. for every stationary S®° SO there is some 2 S®with SO 2

L)
2. forallj2 ran( )andall ; 2S%if < ,thenf( ;j)\ \S°2
e ).
Proof. By induction onj j. For the basiscaseof j j= 1, suppose = fig
for somepostive i . Then either ran( ) = fig, the rst property holds

with S°= S and the secondholds vacuously or by the Set Mapping Lemma
4.7, there is a stationary subsetS® S free for colori.
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For the induction step, assumethe lemma is true for some non-empty
proper subsetT [1; Jandleti 2 [1; ] T. We mustshow the statemert
isalsotrue for = T[ fig. Let St S and witnessthat the lemmais
true for T. Considertwo casesdepending on whether or not the following
statemert is true, where Stat(St) := Stat( *)\ P(St):

() 85 2Stat(Sr)9 2S (f < :S\ \f(:)21(;)g2l )

For the rst case,assumethat ( ) holds. Then we can chooseS = Sy
and = - hii, sincethe rst item holds by ( ) and the secondremains
true sinceno newj comesinto play.

For the secondcase,assumethat ( ) fails and choosea stationary S St
shawing the failure. De ne

g )=f < S\ \f(;D)zI(;)o:

Applying the Set Mapping Lemma 4.7 to g and S , we get a stationary

S S free for g which together with =  satisfy the required two
conditions. a
Our next lemma usesthe fact that by Q( ), we have 2 = . For

notational corvenience,for eah 2 Sy, de ne

F =fZ2N :Z A 2749

Also, forany 0< ° and any one-to-onefunction 2 ~ 11; ], call aset
Y (; )-slimifY Sg,ot(Y)= ,Y 2I(; )\, and for all W Y, the
equivalenceW 21 (; ) if and only if ot(W) = holds.

4.21 Lemma. For all one-to-one functions 2 < [1; ], for all X So
with X 21(; ),if ° 1isthelengthof , thenthere existsY X such
that Y is (; )-slim.

Proof. Tostart the induction, notethat if X Z21(; ;)=1 forsome 2 Sy,
then there is someY X with ot(Y) = sothat Y 21 . This implication
is true becauseF has cardinality at most and can be diagonalized in
X. Then Y is (; ;)-slim, by the -completenessof| . The rest follows by
induction on the length of . a

The following corollary is immediate from the previous two lemmas.

4.22 Corollary . There are a stationary setS;  Sp, a nonempty subset
[1; ] and a one-to-onefunction 2 ! suchthat the following two
conditions hold:

1. for all stationary S Sy, thereare 2 S and X of order type
sothat X 21(; ):
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2. forall < 2S;andallj 2[1; ] ,onehasf ( ;j)\ 21( ;).

For notational convenie§ce,write X = < X to indicate that Xg <
<X <:rand X = . X . For the remainder of this section, let
S1  Sp, and’ asin the previous corollary be xed.

4.23 Denition. For 2 Sp, dene H(; n) by recursiononn < !. To
start the recursion, de ne

H(; 0):=fX S;:Xis(; )-slimg:

If H(; n) hasbeende ned, then X 2 H(; n+ 1) if and only if the following
conditions are satis ed:

1. X S; andthereexistshX 2 H(; n): < iwithX= . X ;
2. forall F 2 F , there exists ¢ sothat X F foral > ¢;
3.forall < %< andx2X ,y2X o, onehasf(x;y) = 0.

Note that every X 2 H(; n) hasot(X) = *" and X contains a subset
of order " homogeneousfor f in color 0. Furthermore, every Y X of
ordertype *" hasa subsetin H(; n).

We now prove the lemma containing the main idea of the proof.

4.24 Lemma (Key Lemma). Suppse 2 S;, n <! and X S1 with
X 2 H(; n). Then thereare o2 S; with o> andhT X < i
with otf(T ) = *" sothat for all 2 S; with > o, thereis some <
suchthat ot(T  f( ;0) < *".

Proof. Let M a maximal subset of S; with the property that for all
V2[MI ,ot( £X f(;0): 2Vg= *" Weclaimthat jMj
and then we are done, by the maximality of M .

Assumefor the sake of a contradiction that jMj= *, and let

T <l
=1 L,y X f(;0:V2[M]" g

Extend [fX Y:Y XA*ot(X)< *"gto anultralter U on X.
Then for every 2 M, thereisaj( )2 sothat X\ f( ;j()) 2 U.
Hencethere is somej 2  sothat the setM; :=f 2 M :j( )=jghas
cardinality *. By * ! ( *;n)? thereisasetH M; of sizen which
is homogeneoudor f in colorj. Now X\ ff( ;j): 2Hgisin U, so
it must have order type *". By Lemma4.11it cortains a setW of type

homogeneoudor f in color j. This is the contradiction that provesthe
lemma. a

4.25 Lemma. AssumeS S; is stationary. Then for all n < !, there are
2Sand X Ssothat X 2 H(; n).
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Proof. Work by induction on n. For the basiscase,n = 0, the statemert
follows from Corollary 4.22 and Lemma 4.21.

For the induction step, a standard rami cation argumert givesthe result.
Assumethe claim is true for somen. Let 2 S be arbitrary. We de ne a
sequence

fX : < g H(C ;n)

by recursionon < . Assumethat X Zé—l( in), X S\ f( ;0
aredened for < . LetS =f 2S: fX : < g f(;0)0
Then 2 S andS 2 N . Then S is stationary, and so by the induction
hypothesisit contains a subsetX 2 H( ;n) forsome 2 \ S. By
elemenarity, we may assumeX 2 N . By the Kgy Lemma, there are
T X for < sucthatot(T )= *"andjS < Zj where

Z =f < :oT f(:;0)< *"g

S
Then, by elemenarity S . Z ,herce 2 Z forsome < and
X =T \f(;0) sati§es the requiremert. . X 2H(; n+1l)andas
a bonus we havethat _ X f(;0). a

The samerami cation argumer givesthe next lemma as well.

4.26 Lemma. AssumeS S is stationary. Then there exist an increasing
squene h 2S: < i anda family hX ., S: < ~n<!i with
each X n 2 H( ;n) sothat if either < or = andk < 7, then
X k<X - andf(x;y)=0forall x2 X x,y2X -

The above lemma givesthe result for ' *!, sincethe set

S
X= fX4,4: < ~n<lyg

is homogeneoudor f in color 0.
To nish the proof, we useyet another rami cation argumert.

4.27 Lemga. Let X be a set of order type ' *1 as descrited atove, and
let Xn:= fX .,,: < g Notethatot(X,)= *"*. Let

J:=fY X:9ng<! 8n>ng(ot(Y\ Xn)< *Ma:

Then J is anideal andtherearef T 2J* : < gand 2 S; suchthat
forall 2 S; with > o, thesetT f( ;0)isin J.

T
Let M be a maximal subsetof S; sothat  ,,, X f( ;0)2J for nite
vV M.
To seethat jMj = , we proceedjust like in the proof of Lemma 4.24.
We only needthe fact that if Z X andZ 2 J,thenforallj 2 , the set
Z contains a subsetof type homogeneoudor f in colorj.



26 I. Partition Relations

SincejMj = , the set := - WX f(;0:V2[M]Y gisa
family of size sud that for all 2 M, there is someZ 2  so that
Z f(;0) Y forsomeY 2 .

The next lemmais the nal tool we need.

4.28 Lemma. AssumeT 2 J*. Thenthereis aJ J with jJj
suchthat for all 2 S; with T  f( ;0) 2 J, thereisaY 2 J so that
T f(:0) V.

Proof. ChooseJ, \[xn]‘n+l with jJnj sothat for all 2 S; with
otf(X, f(;0)< *" thereisaY,2J,with T f( ;0) VY. Let

Jo::fsn<! Yo:8n<! Y,2Jd0
Note that jJoj = ' = . Finally, set
J=fA[B:A2JyandB = Sin i ngforsomen<! g
Then J will do the job. a

4.5. The Baumgartner-Ha jnal Theorem

Hereis a brief overview of the history of the Baumgartner-Hajnal Theorem
and someof its generalizations. Erdpsand Rado conjecturedthat ! ; ! ( )ﬁ

and o! ()2, for otheordertypeofthe reals,andforallk <!, <1;.
Fred Galvin gured out, for order types , that ! (! )} would be the
right necessaryand su cien t condition for ! ( )2 to hold for all <! .
Hajnal [25] provedin 1960that o! ( o; _ )% where g is the order

type of the rationals. More signi cantly, Galvin proved o! ( )3, for <
! 1, but contrary to the rst expectations, this proof provided no clues for
the generalcase. For the resource! 1, Galvin could only prove! 1 ! (! ?; )?
for < 1!,.

Another result of Prikry [48 said! 1! (; (! :!1))?. This result was
later generalizedby Todorcevic [64] to

il (g ( ito))? forall <!y,

Finally we mention a very signi cant consistencyresult of Todorcevic[63]
that PFA (Proper Forcing Axiom) implies
Ly! (1q; )2foral <!;.
(For context, recall that PFA implies that c= ! 5.)
Before going badk to the main line of discussion,we make another de-
tour. It wasalready asked in the Erdps-Hajnal problem lists [12], [13] if the
partition relations ! , ! ()3 were consistert for < !,. Though there
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is nothing to refute such consistency the results going in this direction are
weak and rare.

The rst consistencyresult was obtained by R. Laver [40] in 1982, and
independertly discovered by A. Kanamori [33], using what is now called a
Laverideal | on (anon-trivial, -completeideal with the strong saturation
property that given * setsnot in the ideal, there are * of them sothat
the intersection of any <  of theseis alsonot in the ideal). He proved that
if there is a Laver ideal on , then

*1 ( 2+1 )?holdsforall < *.

Laver also proved the consistencyof the hypothesis that there is a Laver
ideal on ! ; and derived as a corollary the consistency(relative to a large
cardinal, of course) of

o0 (11 2+ 1 )2holdsforall <! ,.

Foreman and Hajnal [20Q] tried to get a stronger consistencyresult for
I, from the stronger assumption that ! ; carries a denseideal, and indeed,
they provedthat in this case

o1 (1124 1; )2 holdsforall <1!,.
They however discovered that their proof givesa much stronger result for
successors.

4.29 Theorem (Foreman and Hajnal [20]). Suppse > ! is measurable
andm<!. Then *! ()2 forall < ( ).

Here < ( )< * isarather large ordinal. We will commert about
theseresults in detail in Section5, but for lack of spaceand energy we will
not include proofs.

4.30 Theorem (Baumgartner and Hajnal [2]). If an order type satis es
I (1), thenit alsosatises ! ()2 forall <!;and nite k.

4.31 Corollary . Forall <!;andm< !,

Ll ()a:

So we decided to give a proof of Corollary 4.31 using the ideas of the
Foreman-Hajnal proof. This will sere two purposes. It will make the
text almost complete as far as the old results are concerned,and it will
communicate most of the ideas of the new Foreman-Hajnal proof.

Notation. Let hhiN ;2i : <! ;i bea sequenceof elemeriary submaodels
of H(! ,) satisfying 3.2with = =1, A= ffgwheref : [l ;]! m, and

So:=f <I3:11\' N = andN issuitable for! g:
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Here Sy is a club setin ! ;. We may assumeS, is amenable.

4.32 Denition. Wedene S by trans nite recursionon < !3: Sy has
already beende ned; S 4; = S, the setof re ection points of S (see4.8);
andS = _ S if limit

4.33 Lemma. For all <! 4, thesetS is amenable.

Proof. Useinduction on and 4.8to provethat hS : < i N 4 for
2 S . The details and the remainder of the proof are left to the reader. a

Next we are going to de ne diagonal sets crosssets and cross systems

4.34 De nition. For 2 Sy, for the sake of brevity, we put
F =fZ2N :2z "1~ 2Zg

(Note that for X ,wehave X 21 ifandonlyif X\ Z 6 ; for all
Z 2 F ; seethe discussionof notation after Lemma 3.6.)

Call D adiagonalsetfor 2 Sgpif sup(D)= andjD Zj<! for
alZz2F .

Clearly every diagonal set D for has order type !, and every co nal
subsetof it is also diagonal. Moreover, a diagonal set D for is re ecting
for in the sensedescribed after Lemma 3.6.

4.35 Lemma. For all 2 Sp and X with X 21| , there is a diagonal
setD X for . If X 2N 4, thenD can bechosenin N ;.

Proof. SincejF j= 1!, we can diagonalizeit. a

Notation. Assumethat D, : n < !i is a sequenceof sets of ordinals and

2 Sp. Then the sequenceconvergesto in N , in symbols, D, =) ,
if and only if for every Z 2 F there is someng so that for all n > ng,
D, Z.

For asetD of ordinals, we denoteby D its closurein the ordinal topology.

4.36 De nition. By trans nite recursionon <!, wedene, for 2 S,
the conceptD is a crosssetof rank for asfollows:

1. For 2 Sg, the setf gis crossset of rank O for

2. For > 0,the setD iscrosssetofrank for if 2 S andthereisa
withessing sequencdD, : n < ! i satisfying the following conditions:

(a) eath D, is acrosssetof rank , for , for some , < and for
n = sup(Dn);
() Do[ f og< <Dn[f ng<:ii;
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(©) Dn =) ;

(dif = +1,then , = foralln<!;if isalimit, then
= sup( n);

() D= o Dn.

4.37 Remark. Note that a crossset D of rank 1 for is a diagonal set
for ,andiff , :n <! gisthe setof , := sup(Dn) for a witnessing
sequenceor D, thenf |, :n <! gis alsoa diagonal set for

The next lemmais proved by induction on
4.38 Lemma. If D is a crosssetfor of rank , thenot(D) = !

We now de ne the conceptof a crosssystemof rank for . Informally,
this is just the closureof a crosssetof rank for , equippedwith functions
that remenber the setsappearing in the de nition of the crossset of rank

4.39 De nition. By trans nite recursionon <!, wedene, for 2 S,

the conceptD = D;<p;rankp;sucg is a crosssystemof rank for
as follows:

1. For 2 Sy, aquadruple D = D;<p rankp;sucg is a crosssystem
of rank O for if andonlyif D = f g, <p=;, rank( ) = 0, and
succ( ) = ;.

2. For > 0,aquadruple D = D;<p;rankp;sucg is a crosssystem
of rank for  with underlying crossset D if there is a withessing
sequencenD, : n < ! i of crosssystemsso that

(@) Dy isacrosssystemofrank , for , foralln<1!;

(b) D= fDpj:n <! gisa crosssetwith witnessing sequence
hD, ;n< ! i, whereD, underliesDy;

(g D= fDh:n<!g[f g

(d) <pisdenedby <p forall 2D f g,and<p D, =<p,
forn< !,

(e) under <p, D is a (rooted) tree with root ;

(f) rankp :D! +1lisdenedbyrankp( )= ,andrankp D, =
rankp, forn<!.

Finally, sucg ( ) isjust aredundart notation for the setof immediate
successor®f in the tree under <p.

Note that for > 0 and n < !, under the notation of De nition 4.36,
suc( )=f p:n<!tgandrankp( n)= n.

Note that the underlying set of a crosssystemis de nable asthe set of
elemerts in D of rank 0.
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4.40 Lemma. AssumeD = D;<p;rankp;sucg is a cross system of
rank for . Thenfor all 2D, rankp( )= ; if andonlyif 2D.

The next two lemmasare proved by induction on

4.41 Lemma (Re ection Lemma). AssumeD is a cross systemof rank
for . Thenfor 2D D, sucg( ) is a diagonal set for

4.42 De nition.  AssumeD is a crosssystemof rank for  with under-
lying setD. We say that C is a full subsetof D if 2 C and C\ sucg ( )
isinnite for 2 C with rankp( ) > 0.

4.43 Lemma (Induction lemma for crosssystems). AssumeD is a cross
systemof rank for  with underlying setD. For every full subsetC of D,
thereis asetB C\ D sothat B C and B is the underlying set for a
crosssystemof rank  for

4.44 De nition. By recursionon < !; dene, for 2 S, the conceptD
is an f -canonical crosssystemof rank for asfollows.

1. For 2 Sp, the unique crosssystemof rank O for is an f -canonical
crossset of rank O.

2. For > 0, D is an f -canonical crosssystemof rank for if it isa
crosssystemof rank for with awitnessingsequencehD, :n <! i
for which the following additional conditions hold:

(g) forn< !, Dy is an f -canonical crosssystemof rank , for , ;

(h) there is somei sothat f( ; )=1iforal 2 D, and 2 D,
with n< p<!.

This usageis slightly dierent from the use of the word \canonical" in
4.13. In this sectionwe do not usethe term ( ; )-canonical.
The following is one of the oldestideasin the subject.

4.45 Lemma (Homogeneity Lemma). For all < ! ; thereis some <!,
so that if D is an f -canonical cross systemof rank , then there is a set
H D of ordertype! whichis homaen®us for f.

The proof is left to the reader. Detailed proofs can be found in both [2]
and in [21] of F. Galvin, wherethe rst elemenary proof of Theorem 4.30
was given.

We need one more technical lemma, a strengthening of Lemma 4.43,
before launching into the main proof.

4.46 Lemma (Induction lemma for canonical crosssystems). AssumeD is
an f -canonical crosssystemof rank for . SupmseC is a full subsetof
D. ThenthereisasetB C\ D sothat B C and B is the underlying
set of an f -canonical systemof rank for
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Proof. Useinduction on and the fact that every co nal subsetof a diagonal
setfor is diagonal for . a

By the Homogeneity Lemma 4.45, the following lemma will be su cien t
to prove Corollary 4.31.

4.47 Lemma (Main Lemma). Forall <!;, 2S andF 2 F , thereis
an f -canonical systemD of rank for with D Sg\ F andD 2 N ;.

Note that it would be sucient to prove 4.47 without the last clause,
which is neededto support induction.

The rest of this section is devoted to the proof of 4.47. We needfurther
preliminaries. In what follows, U is a xed non-principal ultra lter on!
with U 2 No.

4.48 De nition. De ne, by recursionon < !, defelence functions ip
where D is a crosssystemof rank for . For 2 Sy and a crosssystem
D ofrank O for ,dene ip( ) for with < < 1l;ibyip()=iif and
only if f(f ; g) = i. Assume > 0 and deferencefunctions have been
de ned for crosssystemsof rank < . For a crosssystem D of rank

for ,deneip() for with < <! byip()=1iif and only if
fn<! :ip,()=1i9g2 U wherehD, :n <! i isthe witnessing sequence
of crosssystemsfor D.

Noticethat if D 2 N 41, then the deferencdfunctionip :!1 ( +1)! m
isalsoin N 4; . Note alsothat ip( ) canbe de ned \inside D" for a xed
, asfollows.

4.49 De nition. AssumeD is a crosssystem of rank for and <

<!;. Dene jp( ;) for 2 D by trans nite recursionon rankp( ) as
follows. If rankp ( ) = O,then jp( ; )=f(f ; g. For > 0Oand with
rankp( )= ,setjp( ; )=j forthatj < msothatfn<! :jp( n; )=
j 92 U, where , isthe nth elemen of sucg ( ).

The proof that thesetwo de nitions coincide s left to the reader.

4,50 Lemma. AssumeD is a crosssystemof rank for . Then for all
with < <14, jp(; )=1ip().

Note that jp isanelemen of N 41 if D2 N 4.

Next we usea xed enumeration of pairs of natural numbersto de ne a
standard well-ordering for D where D is a crosssystem. For the remainder
of this section, assume' : ! I'1 I fOgisa xed bijection which is
monotonic in both variables, and which is in Ng.

4.51 De nition.  De ne, by recursionon positive < !4, for crosssystems
D of rank , a standard well-ordering of D.
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1.For 28, if D=1f 5:n<1!gisthe underlying set of a cross
system D of rank 1, then the standard well-ordering of D has least
elemen dy = , and for positive k, haskth elemen dx = ¢ 1.

2.For > 1,if D = S1‘ D, : n <! gis the underlying set of a cross
system D of rank  where D, is the underlying set of D, of the
witnessing sequenceof D, then the standard well-ordering of D has
least element dy = , and for positive k = ' (n;]j), has kth elemen
dk = dnj , Wheredy; is the jth element of Dj,.
By someabuseof notation, we write d, for the nth elemen of the stan-
dard well-ordering.

4.52 Lemma. For all positve < !;andall 2 S ,if D is acrosssystem
of rank for and hdg : k<! i is the standard well-ordering of D, then
for all positive n < !, there is somem < n sothat d, 2 sucg (dn).

Proof. The proof is by induction on over the recursive de nition of stan-
dard well-orderings. a

Proof of the Main Lemma4.47. The proof is by induction on . For = 0,
the lemmais trivial.

For the induction step, assume > 0 and the lemmais true for all <
Let 2S andF 2 F bearbitrary. If = + 1,thenlet , = for all
n<!.If isalimit, thenleth ,:n<!i2 N 41 beastrictly increasing
conal sequencewith limit , and assume ¢ 1.

Now, foralln< !, 2 S 4,so isalimit ofordinalsin S 6 and

2 S,. Temporarily x an enumeration of F asfGp : n <! g By
de nition of S, (S, \ F\ Gp\ \ Gy)\ 2]

De ne by recursionsequence® , :n<!iandhD,:n< ! i. To start,
choose o2 (S,\ F\ Gp)\ largeenoughsothat F;Go 2 N ,. Then
F;Go 2 F ,. Usethe induction hypothesison o, o, F(? = F\ Gg to
nd an f-canonical crosssystemDg 2 N .41 of rank o for o so that
Do So\ F.

Continue, taking care to make sure the sequenceof ,'s increasesto

If n hasbeende ned, then choose 41 2 (S,,;, \ F\ Go\ \
Gns1 ( nt+ 1))\ largeenoughsothat F; Go; Go;:::;Gns1 2 N . Then
F;Go;:::1;Gns1 2 F ., . Usethe induction hypothesison n:+1, n+1,
Fo1 = FO\ Gnaa V !'1 ( n+1 + 1) to nd an f -canonical cross system
Dn+1 2N, 41 Of rank o4 for 41 sothat Dyser So\ FO,y .

Also, sincem is nite, thereis aninnite subsequencefh ,:n<!1i2
N 41 and ani < m sothat ip,( ) = i for all n in the subsequence.
By shrinking if necessarywe may assume,without loss of generality, that
this subsequencas the ertire sequence.Now hD, : n < ! i is a withessing
sequencdor a crosssetofrank for by construction. HencehD, :n < ! i
is a witnessing sequencedor a crosssystemof rank  for
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Finally, asN ;; 2 N 41, and sinceS is amenableby Lemma 4.33, we
may assumethat hD, :n< ! iisdened in N ..

Claim. Thereis aninnite setT !_vvith T2 N 4 anda family f Cp, :
n2 Tgsothat C, is a full subsetof D, forn2 T andf( ; ) =i for all
2Chand 2Cpwithn,p2Tandn< p.

The induction step of the Main Lemma follows from the claim by Lemma
4.46,asead C, canbereplacedby an f -canonicalsystemG, 2 N .1 and
hG, :n 2 Ti is the withessing sequenceof the desired f -canonical system
of rank for S

To prove the claim, we will pick elemens of f g[ fDn:n21!g
according to a certain bookkeeping. We pick  rst. Innitely often we
pick a new elemen n for T, larger than any elemern of T picked earlier.
Our choice of n meanswe have picked the top point , of D,. For eat
point n of T, we promisethat in nitely often we will pick an elemen of D,
accordingto the standard well-ordering of D ,.

For notational corvenience,let n( ) denotethat value of§ with 2 D,.

Assumewe have pickeda nite non-empty setA f g[ fD,:n<!g
which satis es the following condition:

Foranyn<p; 2Dp\ Aand 2D,\ A;
jo, (5 )=ip, (3 )=

We haveto pick a new point for A sothat the enlargedsetstill satis es
the condition (A[ f Q).

For the rst scenario,supposewe want to add a new , to A. That is,

we want to add a newvaluepto T. Let
\
Zo=Zo(A)= ff :jp,,(:)=1ig: 2AgQ

(A)

Note that Zgisin N and 2 Zy. As sucq ) is re ecting, we can choose
the desired , 2 sucq ) aslarge aswe want.

For the secondscenario, assumewe want to pick a to add to A so
that 2 5,, for somep 2 T where , 2 A and so that 2 succ( )
for some 2 A\ ﬁp. There are three cases, p, = min(A\ sucg ( )),

p = max(A\ suce (), andmin(A\ suce ( ) < p < max(A\ suce ( )).
We §<et£h only the last, and leave tge others to the reader. Let A =
A\ fD,:n<pg,and A* ;== A\ fD,:n> pg, andde ne

\
Z'=Z"(A):= f 2sucep,():jp,(;)=i" 2A"g

Now Z* is a subsetof sucg () which is a re ecting subsetof by the
Re ection Lemma 4.41. Sinceby (A), jp,(; )=1ifor 2 A, andA is
nite, it followsthat Z* is are ecting subsetof . Next de ne

\
Z =Z (A)= f <liijp,(h(;)=1" 2A g
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By Lemma 4.50,Z 2 Npaxa )1 - Sincemax(A ) < , it follows that
Z 2N .By (A), 2Z .Hencez*\ Z isinnite andany elemen of
Z*\ Z s astuitable choice for

Usethe technique of \jumping around" and thesetwo scenariosto inter-
twine the recursivede nitions of T and of all the C,,'sforn 2 T. Speci cally,
use the standard well-ordering of to de ne a sequenceh  : k<! i. At
stage O, pick o = . Suppose - has beendened for ° < k. Look at
dgc. If dq 2 sucg (), then usethe rst scenarioto choose k 2 sucg ( ).
If dq 2 sucg ( +) for some™ < k, then usethe secondscenarioto choose
k 2 Sucg ( +). Otherwise,set x = 1. Finally,letE=f (:k<!g.

let T = fp<! :(9K)( k = p)g Sincethe standard order lists
all the successorof ,thesetT isinnite andin N ;. Forp2 T, let
Cp = E\ Dp. Temporarily x p2 T. Forany 2 C,, since p = d- for some
*, and sucg, () forms an in nite monotonic subsequenceff di : k<! g,
the set Cy hasin nitely many successor®f . Thus C, is full. Therefore T
and the setsf C, : p2 T g are the onesrequired to prove the claim.

As noted above, the claim su ces to complete the induction step of the
Main Lemma, soit follows. a

5. The Milner-Rado Paradox and ( )

Erdpsand Rado consideredRamsey'sTheoremto be a generalizationof the
pigeon-holeprinciple (for cardinals). In 1965, Milner and Rado [44] turned
around this view, noting that the pigeon-holeprinciple is a partition relation
with exponert 1, and that a partition relation with exponert 1 and ordinal
resourceand goal would be a pigeon-holeprinciple for ordinals.

A casein point of this approac is the easily chedked family of partition
relations " ! ( M) for l,n< ! and < cf( ). Soon Milner and
Rado discoveredthat basically nothing stronger is true.

5.1 Theorem (Milner-Rado [44]). For all cardinals I andall < *,
9 ( M« -

Proof. It issucient to prove

() 9 ("pa for <

Clearly we may assgme > I'. We prove ( ) by trans nite induction on
We can write = < A with Ag < <A <:::andeath ot(A )=
for some < |, where = cf()if gf( )> land = otherwise.
By the induction hypothesis, eath A na A whereot(A,) < "
for & ,n< 1. Inthecaseof =1, dene a witnessing partition
B; whereBj = A, forj = 2 (2n+ 1). In the caseof > 1!,

j<!
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S

let Bo = ;pBnu = fA, @ < g Clearly = ,a Bn;and

Ot(Bn+1) B n n+l o« a

We state one consequencef the above theorem giving further limitations
on to positive relations (as discussedin Theorem 4.3).

5.2 Theorem. For all cardinals L, T 9 (M2, .
S
Proof. For < *, useTheorem 5.1 to choosepartitions =, A,
with ot(A,) < " foreadhn<!. Denef :[ *]?! ! asfollows: for
< < *,setf(; )=n+1lifandonlyif 2A,. a

The word paradox was used in referenceto Theorem 5.1 becausethis
result was so cortrary to expectations. It turned out that the phenomena
describedin Theorem5.1is involvedin many problems concerninguncount-
able cardinals, and often it leadsto unexpected di culties.

In this sectionwe are trying to turn this tide and usethe paradox in our
favor. For the remainder of this section,let bea xed innite cardinal.

S
5.3 Denition. For < ™, call apartion =, A with < a
MR-decomposition of if there is a sequencehn : < i 2 ! sud that
otf(A )= " .

From Theorem 5.1 and the fact that any < " is the nite sum of
ordinals of the form ™ wherem < nand < , we getthe following
corollary.

5.4 Corollary . Each < * hasa MR-decomposition.

Another way to put De nition 5.3 is that hasa MR-decomposition if
there are sequencedin : < i 2 ! and functions L for

< < sud that is the canonical monotone map from [ ]" ordered
lexicographically into

The next de nition from [20] is motivated by this formulation.

5.5 Denition. Call < * codeable if there are <  and sequences
hn : < i2 !andh : < isothat :[]"! for < and
foreveryA2[ ], s
ot . \[A]" )=

5.6 De nition. Let ( ) be dened asthe least ordinal * sothat
eadh < iscodeable.

Note that this de nition from [20] is only interesting if is a large car-
dinal, say at least a Jonssoncardinal.

The following list of propertiesof () provedin [20] givessomesenseof
this ordinal for a measurablecardinal > !.



36 I. Partition Relations

=

()< T

. () isclosedunder the operations of ordinal addition, multiplication,
exponertiation, and taking xed points of these operations;

N

3. ( ) cannot be changedby (; 1 )-distributiv e forcing;

4. ifV W andboth V and W are modelsof \ZF C + is measurable",
then ( )V ()W,

5. by using generic elemenrary embeddingsin the situation of 4., it is
possibleto make ( )V < ( )W.

Moreover, () is big, e.g. if U isanormal ultralter on and is the least
ordinal such that L [U]\ < =L[U]\ < ,thenL[U]F ( )= . Since
the statement < () is upwards absolute, this implication shows that
the value of ( )V is at leastasbig as . Moreover is much bigger than,
for example,the rst > sud that L [U] is an admissible structure, but
much to our regret, we must omit the proofs.

However, we have to confessthat we know very little about the combi-
natorial properties involved in the de nitions of ( ). In fact, we do not
know if () would becomesmaller if we stipulated that the mappings
be monotone.

6. Shelah's Theorem for Innitely Many Col-
ors.

In this section we prove Shelah's Theorem 4.6, that * ! ( + )? for
< =cf( )and = 2° ,underthe assumptionthat < for some
strongly compact cardinal
We say that B * hasessentialcolors for g, | , whereg is a 2-partition
of * andl isanormalidealon *,ifB 21 andeveryC B with C 21|
satises g [C]? = o [B].

6.1 Lemma (Reduction to essetial colors). Assume < = cf( ), and
:= 2= . Further supmsethat g: [ +]2 ! is a 2-partition of * with
colors, | is a normal ideal concentrating on S. -+, and A T isnotin I.

Then there are a subsetB A and a normal ideal J |, suchthat B

has essential colors for g;J.

Proof. By the normality of | and Facts 3.2 we can choose N H(*)
suitable for such that g;I;A 2 N, N\ * = < * 2 A andN
satis es the following condition:

() foral C2N,if 2C . thenC 21.
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To seethis situation may be assumed,choosean elemenary chain Ng
N H( ** ) asin Subsection4.4 and usenormality to seethat

f 2Sp: () fails for someCg21:

To provethe lemma, de ne a decreasingsequencénA : < i of subsets
of * by recursionon < . To start the recursion, let Ag := A. Assume
0< < andA isdened for < in suc away that

() A 2Nand 2A i ofor <

T
Put A = _ A incase isalimit ordinal

SupposeA hasbeende ned, andset = g [A ]°. Let | bethe normal
ideal generatedon A from

INPA)[fx A d[xP$ g

If A 21 ,thensetA ., = A . IfA 21 ,thenit isa nite or diagonal
union of elements of the generating set. We treat the casewherethere is a
sequenceB =B . : < *isuhthat A = _ . B . ,andfor < ¥,
B.\( +1)=;,andeitherB . 21 org [B . *$

Then, by elemenarity, there is a sequenceB 2 N as described above.
Moreover, 2 B . for some < * with < and 2 N, and thus
B. 2 N for this . WesetA ,; = B . for this . Note that in this
case, 2 A4 21l andgd[A +1]>$ o [A ]°. This de nes the sequence
hA @ < .

Sinceg maps pairs from * into , thereareat most < many with
A $ A .. Let bethe leastordinal with A = A .1, andsetB = A .
Then| isaproperidealonB. The idealJ generatedfrom | [ | is normal,
and B 2 J. Soby de nition of | , B hasessetial colorsfor g;J. a

Given a 2-partition g, we say that y and z are color equivalent over x
andwritey 9zif x<y, x< z ot(y) = ot(z), and the order isomorphism
:X[y! x[zhas x = idandiscolorpreserving:g( ; )=9( (); ().

6.2 Corollary . For any 2-partition g: [ *]? ! , and any normal ideal
J, if B has has essential colors for g, J, then thereis a setC B with
B C2Jsuchthatforall 2C,forallx2[]° ,andforall 2 :=
9 [B]?, thesetD(; x; ) is J-positive, where

D(;x; )=f 2C: < ~f g 2f gnrg(; )= @

Proof. Toseethat the setB hasthe desiredproperty, assumeto the cortrary
that for all in someJ-positive set X B, therearex( )2 [ I and

() 2 0 [B]? suc that the setD(; x( ); ( )) 2 J. By normality and
cf( )= ,thereareY X with Y 2 J suc that for somex; one has
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= forall 2 Y. Then for someZ Y with Z 2 J
the condition f g 2 f gholdsforall ; 2 Z. If foreah 2 Z the
setf 2Z:9(; )= g2J, then, becauseof the normality, for the set
W:=f 272:8 2 \Z(g(;)6 )gbothw 2Jand 2g[W]?
would hold, contradicting the fact that B hasessetial colorsfor g;J. a

x()=x ()
n

The above lemmaand corollary areto be usedwith di erent 2-partitions,
and hencewere stated in generality. Now x a 2-partition f : [ *]?! for
which we seeka homogeneousset of type +

6.3 Lemma (Pulldown Lemma). There is a subsetS, S. - closa in
S. . suchthatforall 2 Sp, forallx2[ ]° ,andforallz2[* ( +
1]° ,thereisay2[ sup(x)]* suchthaty ! z.

Proof. Let Sy bethe setde ned in 3.2. Then Lemma6.3is true by re ection.
a

The Pulldown Lemma 6.3 doesnot say anything about the colorsof edges
that go betweenthe setsy and z, while Corollary 6.2 detailed a situation in
which any essetial color may be pre-selected.

We apply Lemma6.1to f and the smallestnormal ideal on *, the non-
stationary ideal, to get By Sy and Jo, soJg is a normal ideal extending
the non-stationary ideal, and By has essetial colors for f;Jo. We apply
Corollary 6:2to getAg Bg sothat By Ag 2 Jp and the other conditions
of the corollary hold for all 2 Ap. Then we choose ¢ 2 Ap, and put
T:= Ag 0-

6.4 Lemma. There exists a function h : T T ! such that for all
X2[ o] andz2 [T]° thereisay2][ o sup(x)]* suchthat

(@.y fzvia :x[y! x[zand
). f(: 9=h( () Yforal 2y, 92z ()6 ©°

Proof. As is strongly compactis su ces to show that for every Z 2 [T]*

there existsa function H : Z Z ! asrequired.

Assumefor the sake of contradiction that foreveryH :Z Z! there
isan xqy 2 [ ]I sud that for all y sup(xy ) satisfying (a), the
function gi\sen by (b) isnot H.

letx= fxy:H:Z Z! g Thenjxj< asjxj %< | since

is strongly inaccessible.

By Lemma 6.3, there is a y satisfying (a). Then (b) de nes a function
H:zZz Z! . By the de nition of x, the set xy X IS a set on which
the function de ned by (b) for y is not H, and that is a contradiction. a

+

Now wedene k:[ *]?! for u;v 2 with u < v by

k(u;v) = H (u;v); h(u;v)i:
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Next apply Lemma 6.1 and Corollary 6.2 to k and the normal ideal J, and
the setT.

6.5 Corollary . We geta normal ideal J;  Jo, a non-empty set ,
and subsetsS; By T with By 234, By S; 2 J; suchthat B; has
essential colors for k;J;, and for each 2 S; and for eachx 2 [ ] and
h;i2 thesetE(; x;h; i) is Jy-positive, wher

E(; x;h;i):=f 2S: < ~fg Xf grk(; )=h;ig

6.6 Lemmg There is a subseta 2 [S;]° suchthat for every partition of
a,saya= fa : < g, thereisa < suchthatfor every < , there
is a subsetb . of a oftype homayeneusfor f in the color

Proof. Notice that S; 2 J. We claim that if A S; doesnot contain a
subsetof order type homogeneoudor f in color for some 2 , then
A 2 J. Indeed, for eath 2 A choosea maximal subsetM ( +D\VA
homogeneoudor f in color with 2 M . If A 62] then, by the normality
of J, M is constart on a setnot in J, and that yields, using the normality
of J, asetnot in J not containing any edgeof color in f, just likein any
standard proof of the Erdps Rado theorem. HenceS; hasthe property that
any partition of it into pieceshasa part A which contains a homogeneous
subsetof type for every 2 f\ [S;]?
By the strong compactnessof , there must be aseta S; of size<

satisfying the samestatemert asS; about f , all partitions into parts and
the existenceof homogeneousubsetsof type for all colors 2 f\ [S;]°. a

We now describe the construction of the required homogeneousset.
Recall that immediately following Lemma 6.3 we chose (. Next choose
a asin Lemma6.1 Then choose ; 2 S; satisfying Corollary 6.5.
Then < a< 1.
Denea. =fu2a:k(u 1)=h; ig
By Lemma 6.6thereisah o; oi 2 sud that a ,. , contains a subset
of type homogeneoudor color for every , henceit contains a subset
b 0. o Of type ot(b) = homogeneoudor f in color o. This will be
\our color" and bwill bethe \ -part" of our set. We are going to construct
the\ -part" of the setby trans nite recursionon < asfollows. Assume
< k and we have constructed X = X of order type homogeneoudor f
in color o and sothat all edgesfrom X to b[ f ;g have color .
We now apply Corollary 6.2to 1, and X [ band we obtain an , 2 Sy,
with < , sudthat f ;g ‘;([bf >gandk( 1; 2)=hg; of.
As a corollary of this we have o= f(u; 1) = f(u; 2) foru2 X, since
o= f(u; 1) foru?2 X isassumed,and h(v; 1) = h(v; 2)= oforv2hb,
by the choice of b.
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Apply Lemma6.4for oto Xandb[ f 1; g T.Wegett’[ f ¢; Jg.
We claim that X 43 = X [ f 9g is homogeneousn color  and sendsall
edgesto b[ f 19 of color o.

Indeed f (u; 9) = f(u; 2) = o for u2 X by the equivalenceover X .
Forv2 b wehavef( 9;v) = f(v; 9 = h(v; 2) = h(v; 1) = . By
choice of ,, we have k( 1; 2) = hg( 1; 2);h( 2; 1)i = hg; oi. Hence
f( (2); 1) = o also.

7. Singular Cardinal Resources

It should be clear to the attentive reader that neither the rami cation
method as described in Remark 2.4 nor its re nements discussedup to
now can yield any speci c partition results for a singular resource. To get
such results the method of canonization was invented in [15].

7.1 De nition. Assumef :[ ] ! is an r-partition of length of
and hA : < i is asequenceof disjoint subsetsof . Then f ig said to
be canonical on hA : < i if f(x) = f(y) forall x;y 2 A = A
whene\er x; y are positioned the sameway in the sequencej.e. if

<

XVA j=jy\V Ajforall < :

The idea is that, for a singular cardinal , we want do nd a sequence
hA : <cf( )i with jJAj< for <cf( ),andA:= fA : <cf()g
of power sud that f is canonicalon hA : < cf( )i and useit to piece
together large homogeneousets. The following is the classicalcanonization
theorem.

7.2 Theorem (General Canonization Lemma [15]). Suppse that 2is
acardinal, r  lisaninteger,h : < i isastrictly increasing seguene
of in nite cardinals with ¢ I and exp(rz)( ) < exp(rz)( ) for <

< . For any disjoint union A = —fA : < g, and any coloring
fofAlr b i JA ] (exp(rz)( )* for all < , then there are sets
B A for < sothat B j * and the sguene hB : < i s

canonical with respect to f .

We are omitting the proof, sinceany readerwith someexperiencein com-
binatorics should be able to reconstruct it, and since neither this proof nor
the subsequen proofsfall into the line of the methods we are describing. We
include canonization results becausewe think that no chapter on partition
relations would be complete without them.

Here s the very rst application of Theorem 7.2.

7.3 Theorem (Reduction Theorem). Assume > cf( ) is a strong limit
cardinal. Then ! (; )? _ ifandonlyif cf( )! (cf( ); )2 . .
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Indeed, the next theorem is the only one obtained for a singular resource
using a method di erent from canonization. The elemenary proof of the
theoremis left to the reader (see[14]).

7.4 Theorem (Erd)ps; Dushnik and Miller [9]). For every in nite cardinal

L GDA
Seealso[14] for a proof. The GeneralCanonization Lemmaimplies Theo-
rem 7.4for singular strong limit  andforcf( ) > ! ityields ! (; ! +1)2

It has beena longstanding problem if this partition relation holds if we do
not assumethat is strong limit. Recerly SaharonShelah[54] proved this
partition relation holds under the much weaker condition that 2°( ) <

Erdps, Hajnal and Rado in [15] pursued the idea of nding the right
generalizationofthe form ! (; ! ;)?for singular . The rst possiblecase
is = @, wherec= 2, and the Reduction Theorem 7.3 gives a positive
answerin case isastronglimit. The very rst questionofthe Erdps-Hanal
problem list [12] asksif this additional hypothesisis necessary Shelahand
Stanley in [60] and [61] proved that the partition relation ! (; !1)? can
be both false and true if is not a strong limit cardinal. A description of
this deepresult is beyond the scope of this section.

There is one more canonization result that we want to mention. It was
isolated during the discussionof the ordinary partition relation in the book
[14] that the following result should be true, and Shelahlater proved it.

7.5 Theorem (Shelah[57]). Assumethat is a singular cardinal of weakly
compact conality. If <25 and2 < 2° for < |, then

2 1 ()

To prove this partition relation, Shelahworked out a new group of can-
onization results in [57]. We only state here one of the main results. Call
a sequenceof cardinalsh : < i expnentially increasing if < <
implies 2 < 2 . A sequenceof setshB : < i is weakly canonical if
f(u)=f(v)whenewru;v2 [B]" B= _ B)andju\B j=jwB | 1
forevery < . AsetF P(A) sustainsA over if forevery X A with
jXj=(2 )" ,thereisY 2 F sothat Y X andjYj= *.

7.6 Theorem (Shelah'sCanonization Lemma [57]). Suppseh : < i
is an expnentially increasing sequene of in nite cardinalsglith 0 S
for a cardinal 2. Then for any disjoint union A = _fA : < g,
any sequen@ hF~ P(A ): < i, and any coloring f : [A]? ! , if
jJAj> 2 andF sustainsA for all < , then there is a sgquen®
hB : < i weakly canonical with respgct to f with jB j = * for all

<
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8. Polarized Partition Relations

Polarized partition relations were de ned in the introduction. We do not
have the spaceto give an orderly discussionof the problems and results
on this partition relation. Rather, we will only give a few examples,where
the method of elemenary submodels described in the previous section can
be resourcefully used. The rst appearancein the literature of the use of
elemerary submaodels for the proofs of polarized partition relations is the
following theorem of Albin Joneswhich generalizesa result of Erdps, Hajnal
and Rado [15] from 1965:

8.1 Theorem (A. Jones[30Q]). Let be aninnite cardinal and = 2° .
Then the following polarized partition relation holds:

0o .,1 o ., +111;1

@ A @ or : A

+ + +1

In the remainder of this section, we apply the method of elemenary
submadels using the \metho d of double rami cation".

8.1. Successors of Weakly Compact Cardinals

The rst example is chosenwith an eye to a clean presenation of the
method.

8.2 Theorem (Baumgartner and Hajnal [3]). Supsethat is a weakly
compact cardinal. Then

! for <

Before goinginto the details of the proof, we give somehistorical remarks
and state an open problem. In [26], Hajnal proved that for measurable
the following partition relations holds:

¥ 1n

! forn<! and <

<

+

In an early paper of Choodnovsky [6], it was claimed that

4 1;1
! for <
<

+

remainsvalid for weakly compact , but no proof was given. Realizing that
this claim was by no meansobvious, both Kanamori [32] and Wolfsdorf [66]
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published proofs that the relation is true for two colors:

" 11
! for <
2

+ .

Theorem 8.2 was generalizedin the thesis of Albin Jones[29], [2§], who
proved, using elemenary submadels, that for weakly compact cardinals

1;1

! ; formn< , < , <
m

+

To the best of our knowledge, the following problem remains unsolved.

8.3 Question. Doesthe partition relation

+ 1;1
! hold for all weakly compact !, '?

The rest of this subsectionis dewted to the proof of Theorem 8.2 for

> 1. Tothat end, let > ! be a weakly compact cardinal, and let
f. ! be a xed partition. We outline badkground assumptions
below, using work from earlier sections.

8.4 Denition. Let hhN ;2i : < ™ i be a sequenceof elemenary sub-
models of H( ** ) satisfying 3.2with = < = and A = ffg. Let
hl : < *i betheidealsde ned in 3.4 and let

So=f < *: (N)= ~cf()= A~ N issuitableg

asde ned in subsection4.2. Note that for 2 Sp, | isa -completeproper
ideal, by 3.6.

8.5 Denition. CallN = hN. : < *2 < i adoubleramic ation

systemfor hN : < *i asin Denition 8.4 if for eah < *, the

sequencehN; : < i 2 N .1 ds an increasing continuous sequenceof

elemenary submadelsof N with fN. : < g= N sudthatjN. j<
for <

We usethe namedoublerami c ation systemsince,aswe explainedin the
proof of the Erdps-RadoTheorem, the N 's play the role of the rami cation
system of Erdps and Rado.

Just likein 3.2, using generalfacts about elemenary submaodels, and the
uncountabilit y and strong Mahlonessof , we can seethat there is a system
satisfying the next de nition.
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8.6 Denition. LetN = hN. : < *2 < | beadouble ramica-
tion systemsuch that for eath 2 Sy thereisaT® , with T° 2 Stat( )
satisfying the following conditions for all 2 T°:

I.N. \ = > ;
2. is aregular cardinal; and
3.[N. I N .

Next we relativize certain important setsto the submaodels of the double
rami cation system.

8.7 Denition. Foread 2 Spand 2 T?, de ne the following sets:
1.X. =N. \ *;

2. 1.

fX (Y)Y AY2N. A~ 2YAX  Y)g;
3. =X X, :(9YXY *AY2N. A 2YAX  Y)g

8.8 Lemma. For 2 Spand 2 T° bothl. and['. are -complete
ideals, and | . is proper.

Proof. The rst statemert follows from the fact that [N. ]° N. . To

seethat |. is proper, then just like in Lemma 3.6, assumeZ , 22
andZ 2 N. . Thensup(Z) 2 N. , hencesup(Z) = andsup(Z)\ =
This implies 21. . a

Note that f‘; is proper for many and aswell (see8.11 below).
Notation. Forall < ,let
fPC; ) =1f < f(; )= gfor < *;
f'(;)=f < *":f(; )= gfor <
8.9 Denition. For 2 Spand 2 T9, let
a,. =f < % ;)\ 2. g
Note that a. 6 ; by Lemma 8.8 and the fact that <

8.10 Lemma (Main Lemma). There are subsetsa and S Sp with
S 2 Stat( *), and for each 2 S, there is a subsetT S TO with T 2
Stat( ), sothatf(; )2a=a. forall 2Sand 2 fT : 2 Sg.
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Proof. First thin ead T for 2 Sy to a stationary subsetT! sothat for
somea , onehasa. = a forall 2 T Then thin Sy to a stationary
subset S; so that for somea and for all 2 S;,a = a We may
assumewithout lossof generality that < forall 2 T2

Notice that forall 2 S;andall 2 T if 2a,thenf#( ; )\ 21.

Hence, by the de nition of f# and the -completenessof | . , it follows
that f < :f(; )Zag2 1. . By Denition 8.7,for 2 S; and
2 T1!, we can choose sets Y. sucdh that 2 Y. 2 N. and

f < :f(; )2ag Y. . UsingFodor's Theorem twice, we getY ,
S S;with S2Stat( *),and T T!': 2S sudthat T 2 Stat( )
forall 2S,andY. =Y f 2Sand 2T.

Consequetly, forall 2 fT : 2 Sg, wehave 2 Y, since 2
Y. =Y. Howewer, if 2Sand < aresucthat f(; )2 a, then for
some 2T ,onehas 2Y. =Y, sothe theorem follows. a

8.11 Corollary . Thereis an < *, sothat for -many , the following
condition holds:

*) (O < )P\ 21, A7)V X, 2l )

Proof. Let besuc that S\ 21 . Such an must exist by Corollary
4.8. A standard argumert shows that if S\ 2] ,then W = f <
:S\ \ X. 2. gisnon-stationary in . By Main Lemma 8.10,
f(;)2afor 2T and 2S\ \ X, .Hencef (; )\ X, 2, for
some 2 aandforevery 2T W. Ontheother hand,f#( ; )\ 21.
forall 2 aandforewery 2T . a

8.12 Lemma (CompactnessLemma). Assumethat for some < * there
are -many sothat for someA X. ,B with ot(A )= ot(B ) = ,
thesetA B is homa@en®usfor f. Then there are A B with
ot(A) = + landot(B)= suchthat A B is homayeneus for f .

Proof. Usethe weak compactnessof via its i-indescribability. a

After all these preliminaries, Theorem 8.2 now follows from Corollary
8.11,the Compactnessd_emmaa8.12above, and the Re ection Lemmabelow.

8.13 Lemma. Assumethat for asin Corollary 8.11 and for some < ,
the ordinal satis es the formula (+) of 8.11. Then thereare A X . ,
B with ot(A ) = ot(B ) = sothat A B is homayeneus for f in
color

Proof. Let A:=f"(; )\ X. andletB = f#(; )\ . Since(+) holds
for and ,weknowthat B 21. andA 2. . Theselast two statemerts
imply the existenceof the sets A, B as required. Indeed, we can de ne
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sequencedA = fa : < g AandB=fb: < g B bytansnite
recursionon < sothat forall ¢ %<

f(aojbow= ;
ao2f'(;);
bo2f# ;)

At stage < , assumethis hasbeendonefor % %< | First choosea .
Toward that end, let

Z =f < *:f(:bw)= foral %< g

Then 2 Z sincebw2 f#( ; ) forall %< . Sincef,fbw: %<
g2 N. ,it followsthat Z 2N. .SoZ \ A fao.: %< gisnotin
(‘; , Ssowe can choose  from it.
Then chooseb similarly usingf"( ; ) in the role of f#*( ; ) and I .
instead of f‘; and taking careto makef(a o;b )= for © . a

8.2. Successors of Singular Cardinals
In this subsectionwe investigate the following question.

8.14 Question. Assume is a singular strong limit cardinal and <
Under what circumstancesdoesthe following partition relation hold?

+ 1;1

() !

The problem wasisolated in Problem 11 of [15], whereit wasasked if ( )
holds for = @, under GCH. In the samepaper, it was proved that ( )
holds provided cf( ) = !, but we omit the proof of this fact.

After about thirt y years,a shocking partial result wasproved by Saharon
Shelah.

8.15 Theorem (Shelah[59]). Assume is a singular strong limit cardinal
of uncountable co nality. Then ( ) holdsif 2 > *.

For another proof of this result, seeKojman [34]. A little extra informa-
tion is contained in an unpublished result of M. Foreman, which we prove
here using the result of Shelah.

8.16 Theorem (Foremanunpublished). Supmsethat is a singular strong
limit cardinal in V and (2 )¥ > ( +)V. Then there is a -complete partial
order P which satis es the (2 )" -chain condition so that
" 1;1
VPE2 = * and [ for <
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Proof. We can choosefor P the *-complete Levy collapseof 2° to *.
For every p 2 P and ewvery name for a partition f_, we candene in V a
decreasingsequencenp j < * i ofconditionsandafunctiong: * !

such that pg = p and
8 < "8 8 < p fL;)=9:)

By Theorem 8.15, we can chooseA, B such that A B is homogeneoudor
gandjAj=jBj= . Forsome < ,wehaveA;B and then

p 9A 9B (jAj=jBj= "~ A B is homogeneoudor f)

HenceVP satis es the claim. a
All other problems remain unsolved, even for = 2. For notational
cornvenience,for the rest of this sectionlet = cf( ). We may assumethat

> |, and we will embark on a lengthy proof of a mild strengthening of
the result of Shelah.

8.17 Theorem. Suppsethat is a singular strong limit cardinal of un-
countableco nality . Then () holdsif 2 > *:

+ + 1

() !

The proof we are going to describe will be a double rami cation, quite
similar in structure to the proof of Theorem 8.2 and dierent from the
simpli ed proof of Theorem 8.15in Kojman [34].

8.18 De nition. Choose~=h : < i to bean increasingcortinuous
sequenceof cardinals satisfying the following properties:

1. sup(f o< 9= ;
2. < o;and
3.2 < 4 =cf( 4)for <

We useresults of Shelah'spcf theory [58] to guarantee the existenceof
the sequencedelineatedin the next de nition.

8.19 Denition. Choose™ = h : < i to be an increasingsequence
of reqﬁllar cardinals with < < for < sud that the product
= L satis es
(8f* : < Tg )(92 )8 < ")( ")

where is the relation of evertual domination on .
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We now choosea sequenceof modelsto serve asthe skeleton of a double
rami cation.

8.20 De nition. Let A : [ f; f;~7g. Using 3.2, we can choosean
increasing chain hhN ;2i : < * i of elemenary submadels of H( **)
with A 2 Ng sud that

So=f < *: (N)= > ~cf()= ~ N issuitable for g
isaclubinS. .. Asin De nition 3.4, we de ne
I =1X TI9Y (Y TAY2N M 2YMXOYi< )g

and note that since is singular, the last condition may no longer be re-
placedby X Y.

8.21 Facts. The following statemerts hold.
1.1 isa -completeproperideal for all 2 Sp;
2. for every stationary S Sp, thereissome 2 Ssothat S\ 21 ;

3. forevery 2 Sp,everyX 2P( ) | andewery < ,thereissome
W X with jWj= sothat W2 N .

Proof. The rst item follows from Lemma 3.6, and the secondfrom Corol-
lary 4.8. To seethat the third item holds, x 2 Sg, and assumeX 2

P( ) | . By the denition of | , we havejX] . Let < begiven.
Sincecf( )= < ,thereisa < with jX\ | . SinceN H(*)
and 2 N , thereis someU in N with jUj< andjX \ Uj . Then
any W X\ U with jWj = satis es the requiremert of the item since
jP(U)j < andthereforeP(U) N . a

For notational corvenience,we usethe samenamesfor our double rami-
cation systemhereasin the proof of Theorem 8.2.

8.22 De nition  (Double rami cation). For each 2 Sp, we choose< , a
well-ordering of type of N . ChooseN = hN. : < *~ < | for
the skeleton chosenabove sothat for 2 Sp, the sequencenN. : < i
is increasing, continuous and internally approachable and satis es the fol-
lowing conditions:

1.A2N.q;

2. N. ,jN. j= ,andN. containsthe th sectionof N. in
the well-ordering < for eah <

Next we relativize certain important setsto the submaodels of the double
rami cation system.
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Notation. Foreahh 2 Sy, denethesetX. :=N. \ for < and
the function * : ! sothat ' () = sup(X. ).

The following facts follow from De nition 8.190of and ™.

8.23 Lemma. For all 2 Sy, the function ' is in , and there is a

function ' 2 which eventualy dominatesall the' for 2 Sp. That is,

for each 2 Sp, thereissome < ,sothat’ ()< ' () forall with
<

For the remainder of this section, x afunction ' which eventually dom-
inates all the ' for 2 Sy, and let as above be the point at which
domination setsin.

8.24 De nition. For 2 Spand with < ,dene

l. =fX 9Y (Y  AY2N. A ()2ZYAX O Yi< g
8.25 Lemma. Let 2 Sy and with < be given. Then

1. 1. is a proper ideal;

2. foreachX X, with X 217 ,thereisaW X with jWj =
sothat W 2 N. 4.

Proof. For the rst item, note that the setl. is anideal becauseN. is
closedwith respectto nite unions. To seethat X. 2. ,letZ 2 N,
be a subset of with ' () 2 Z. It is enoughto show jZ\ X . j .
Now Z 2 N. andsup(Z) 2 N. . Hencesup(Z) = . Thusthereis a
one-to-onefunction g: ! Z. Using the fact that and areinN. |,
by elemenarity, there is a function g2 N . like this. Using the fact that

+1 N. ,wegetthat ran(g) N. \ =X. .

For the seconditem, thereisasubsetW X with jWj= by De nition
8.24. Also, by De nition 8.22,we know that X . 2 N. 4,2 < g
andP(X. ) N. 4. ThereforeW 2 N. ,; asrequired. a

Recall the notation f #( ;i) introduced after Lemma 8.8:

f ;i):=f < f(; )=igfor < *,i<

Using the factsthat ;! < and2 < , we canshow directly that
1;1
*, Stat( %) .
' Stat( )

We get the next lemma by applying this partition relation to the coloring
f ' of *
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8.26 Lemma. There are S So, T , — < and i < such that
S2stat( *), T2Stat( ), \ T=;,'\T f# ;i)and = —for all
2 S.

We now prove our main claim.
8.27 Lemma (Main Claim). Thereisan 2 S suchthat S\ 21 and

f 2T:f% ;i)\ X. 21, g2 Stat( ):
Proof. By Corollary 4.8, it is su cien t to seethat
f 2S:f 2T:f# ;i)\ X. 21. g2 Stat( )g2 Stat( *):

Let T :=f 2T :f# i)\ X. 21. gfor 2 S. Assumeby way of
contradiction that for someS°2 Stat( *)\ P(S), onehasT 2 Stat( ) for
all 2 s°

For 2 S% 2 T, chooseY. satisfying the following conditions:
Y. Y. 2N, ' ()2Y. ,andjf#( ;i)\ X. Y. j< . For
eadv 2 SO by Fodor's Theorem, the setsY. stabilize on a stationary
subsetof T . That is, foreadh 2 SO thereareT® T with T° 2 Stat( ),

Y and < suchthat Y. =Y andjf# ;i)\ X. Y. | for
2 T%and
Y \f'(): 2T%=;:
S
Note that fX. : 2T%g= |, hence
i) Y

Now, using Fodor's Theorem again, Y stabilizes on a stationary subset of
S% That is, there are T° 2 Stat( ), Y and sud that for some S 2
Stat( *)\ P(SY, onehasT°=T%Y =Y and = forall 2 S%

Now choosetwo elemens % 92 S%with %< 0 andlet °2 T%besud
that °2 N o oand o> . Since °2 S Sand °2T% T,it follows
that f( %' ( 9) = i by Lemma 8.26. In other words, ' ( 9 2 f#( %i).
Howewer, f #( %i) 2 N o o, hence

fAC %)\ X 0021 o o

This last fact contradicts the inequality jf #( %i) Yj< and the lemma
follows. a

To nish the proof of Theorem8.17usingthe Main Claim 8.27,wewant to
de ne sequencehA : < i with A andhB : < i with B So
sothat the setsare pairwise disjoint, jJA j=jB j= ,A ;B 2 N. for
some 2 TO whereT®:=f 2 T:f# ;i)\ X. 21. gisthe set
de ned in the Main Claim 8.27,and f is constartly i on the set

s S
<BI[f g A
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To carry out an induction of length to de ne the desiredsequencesywe
only needthe following lemma.

8.28 Lemma. AssumeA;B 2 N. forsome 2T° B S, < ,and
f is homayeneus of color i on (B[ f g) A. Then the following two
statementshold.

T
1. ThereisC2[ (A[ B)] with C ff#;i): 2B[f ggso
that for some °2 T® with o> , onehasC2 N. o.

-
2. Thereis D 2 [S (A] B)] with A ff#( ;i): 2 Dg sothat
for some °2 T®with o> ,onehasD 2 N. .

Proof. For the rst item, choose °2 T® with °> and o> . By the
de nition of S, weknowf ( ;' ( 9) =ifor 2B[f § By the Main Claim
8.27,we know that f#( ;i)\ X. o21. o. LetZz= ff# ;i): 2Bg
ThenZ 2 N. ocand' ( 92 Z. Hencejz\ f#( ;i)\ X. o by Lemma
8.25, and we can choosea subset of thi§ intersection for C.
For the seconditem, the setZ := ff"(;i): 2 Agisin N. and
2 Z.SinceS\ 21 , we can choosea suitable D by Facts 8.21. a

9. Countable Ordinal Resources

9.1. Some History

In this sectionwe look at ordinal partition relations of the form ! ( ;m)?
for limit ordinals and of the samecardinality. The goalm will be taken
to be nite, sinceif : ! j jis aone-to-onemapping, then the partition

dened onpairsx<y< by

0, ifx<yand (x)< (y)

f(xy) = 1, ifx<yand (x)> (y)

showvsthat 6! (j j+ 1;!)2.

This particular branch of the partition calculusdatesbadk to the 1950's,
in particular to to the seminal paper of Erdps and Rado [19] which in-
troduced the partition calculus for linear order typesand to the paper of
Spedker [62], in which he provesthe following theorem.

9.1 Theorem (Speder [62]). The following partition relations hold:
1.121 (1Zm)2forallm<!.

2.1"6l (1™3)2foral3 n<!.
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The nite powersof ! are all additively indecomposable(Al) , sincethey
cannot be written as the sum of two strictly smaller ordinals. It is well-
known that the additively indecomposable ordinals are exactly those of
the form ! (see Exercise 5 on page 43 of Kunen [36]). We will focus
on additiv ely indecomposable and . There are additional combinatorial
complications for decomposableordinals.

For notational corveniencein discussionsof ! ( ;m)?, call the
resource, the O-goal and m the 1-gaal.

For a speci ed countable 0-goal and nite 1-goalm, it is possibleto
determine an upper bound for the resource neededto ensurethat the
positive partition relation holds. In particular, Erdps and Milner shoved
P+ mop (11t . 2M)2 This result datesbadk to 1959and a proof appeared
in Milner's thesisin 1962. Seealso pages165-168of [65] where the proof is
given via the following stepping-up result:

9.2 Theorem. Supmse , are countableandk is nite.
ifr 1 (0™ ;Kk)? then! * 1 (11 :2Kk)2,

9.3 Corollary (Erdpsand Milner [16]). If m< ! and < !4, then
1 1+ - 1 (| 1+ ,2)2

The partition calculusfor nite powersof! is largely understood via the
results below of Nosal. Her work built on 9.3 and earlier work by Galvin
(unpublished), Hajnal, Haddad and Sabbagh[24], Milner [42)].

9.4 Theorem (Nosal [46], [47]).
1.1f1 “<!,then!? 1 (132)2and!? 6! (32 + 1)
2.1f1 “<! and4 r<!,then! ™" I (11%7:2)2 and
Lreroel (112 + 1)2%

Someprogresshas beenmade for the casein which the goalis ! 4. Nosal
showed in her thesisthat ! ® 6! (! #;3)2, which is sharp, since! 7! (! #;4)2
by Corollary 9.3. Darby (unpublished) has shown that ! ° 6! (! 4;5)2.

9.2. Small Coun terexamples

In this section we look at partition relations of the form 6! (; m)? for
limit ordinals andm<!.

In the previous section, we noted that E. Speder proved that ! " 6!
(! ™;3)2. In the 1970's, Galvin used pinning, de ned below, to exploit the
counterexample! 2 6! (! 3;3)? to the full.

9.5 De nition.  Suppose and areordinals. A mapping : ! isa
pinning map of to if ot(X) = impliesot( \ X) = for all X
Wesay canbepinnedto ,in symbols, ! ,if thereis a pinning map

of to
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9.6 Theorem (Galvin [22]). For all countable ordinals 3, if is not
Al and =! ,then 6! (; 3)°.

The rst countable ordinal not coveredby the Speder and Galvin results
mertioned so far is ! ' . Chang shoved that ! ' ! (!';3)? and Milner
modi ed his proof to work for all m < I.

9.7 Theorem (Chang [5]; Milner; seealso[38], [65]). For all m< I,
thr 0t m)%:

Chang's original manuscript was about 90 pageslong, and he received
$250from Erdps for this proof, one of the largest sums Erdps had paid to
that time. Paul Erdpscortinuedto focusattention on partition relations of
the form ! (; m)? through o ering money. In 1985,he[11] o ered $1000
for a complete characterization of those courtable  for which | (; 3)2.

9.8 Denition. Any ordinal can be uniquely written asthe sum of Al
ordinals, = o+ +  with ¢ k. This sum is called the
additive normal form (ANF) of , and in this case,we say the ANF of
hask + 1 summands The summand  is called the nal summand The
initial part of the ANF of is o+ + | 1if k> 0and, for notational
corvenience,is 0 if is Al

An Al ordinal is multiplicatively indecomposable(MI) if it is cannot be

written asa product where , areAl and > . Any Al ordinal

can be written unlquely as a product of Ml ordinals = ¢ ::: g
with ¢ . This product is called the multiplicative normal form
(MNF) of ,andi |n this case,we say the MNF of hask + 1 factors. The
factor b :=  is calledthe nal factor. The initial part of the MNF of is
—i= g+ + 1 if k> 0and, for notational corvenience,is —:= 1if
is MI.

Note that if = ! ,then is Ml exactly when is Al. Thus Galvin's

result (Theorem 9.6) may be rephrasedto say that for all countable ordinals

> 12 if isnot MI, then 6! (; 3)2. In the 1990's, Carl Darby [7]
and Rene Sdaipperus [53], [51] working independertly, came up with new
families of counterexamplesfor Ml ordinals . Larson [39] built on their
work to improve one of the results obtained by both of them.

9.9 Theorem.
1. (Darby) If =1 *1 andm! (4)3,,then!' 6! (1" ;m)2
2. (Darby; Schipperus; Larson) If 1, then!' " 61 (' " :5)2

3. (Darby; Schipgerus) If 1,then!! " " el (1! T 42
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4. (Schipperus) If " I then!' " T T el (! T 3)2

We plan to sketch a proof that there is some nite k so that !’ ‘9
(B 2;k)2, using the basic approach deweloped by Darby and some of his
construction lemmas. Surprisingly, the partition counterexamples devel-
oped by Darby and Schipperus were the same, even if their approacesto
uniformization were at least cosmetically di erent.

Rather than working directly with the ordinals, we use collections of
nite increasing sequencedrom ! under the lexicographic ordering. Since
our sequencesare increasing, we will identify them with the set of their
elements.

We write s- t for the concatenation of the two sequencesinder the as-
sumption that the last elemen of s is smaller than the rst elemen oft, in
symbols s < t.

We extend the notion of concatenation from individual sequenceso sets
of sequencedy setting

S-T=fs-tjs2Sr"t2T" rs<tg

9.10 De nition. Dene setsG for =1! by recursiononl <!,
G =fhmi- hky; ket kpijm< kg < ky < <kn<!g
m gopies
s _ [
Ga == ffhmig- G «- -G ««jm<lg

Given a collection of sequencesS and a particular sequencet, write
S(t) ;= fs2 Sjtv sgfor the setof extensionsof t in S.

N m
9.11 Lemma. Forl ;m;p<!,ot(G, (hmi)= '' ' oG )=
', and
p ies
ot @G, - Cﬂ) =1 "
Proof. First obsene that ot(G, (hmi)) = !'™ for all 1 m < ! and
ot(G,) = !''. Next notice that for subsetsS and T [' ] which have

indecomposableorder typesand which have arbitrarily large rst elemerts,
the order type of the concatenation S- T is the product of the order types

ot(T) ot(S). Then useinduction on ~, m, and p. a
9.12 Remark. Darby [7, De nition 2.8]denes G for all < ! sothat
ot(G ) = ! using a nice ladder systemto assignto ead limit ordinal an
increasing co nal sequenceof type! . In particular, for = — ! where ™

is an Al ordinal, the co nal sequencds ,, =~ m.
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Our main interest is in G for Al. We dened G,« for k < ! in

De nition 9.10.If = — ! where ™ is an Al ordinal, then
s oz ¢
G = ffhmig- G— -G-jm<! g
If I'' is an Al ordinal not of the form = — I, then the conal

sequencds a strictly increasingsequenceh , : m <! i of Al ordinals and
G isthe unionof f hmig- G .

Recall we write s v t to indicate that s is an initial segment of t, and
s @t to indicate it is a proper initial segment

9.13 De nition.  For any collection of increasingsequences [! ]<! , let
S denotethe collection of initial segmeits of elemens of S. Foranys2 S
let S(s) :=ft 2 Sjsv tgbethe setof all extensionsof s that arein S.

9.14 De nition  (SeeDe nition 3.1 of [7]). Suppose! < =7~ b< !l
is Al but not MI with initial part — and nal factor b. Call a hon-empty
sequencep 2 G alevelprex of G if ot(G (p)) = ! wherethe nal

summandin the ANF of is ™
The next lemmais of particular interest when s is a level pre x.

9.15 Lemma (SeeLemma 2.9 of [7]). Suppse < !'; where the ANF
of is = o+ 1+ + | for k> 0. Further supmpsethats2 G r f,g .
If ot(G (s)) =! ,thenG (s)=fsg-G - :::- G ,.

Proof. We only prove this in the special casewhere = — ! and = — n.
In this case,s has an extensionin G (hmi) = fhmig- G—:::- G— for
m = min(s) by De nition 9.10 or Remark 9.12. Let t v s be the longest
initial segmen of s for which G (t) is the concatenation of ftg with some
nite number of copiesof G—. There must be such at sincehmi has this
property. If s = t, then we are done. So assumeby way of contradiction
that u = sr t 6 ;. By the maximality of t, it followsthat u 2 G—r G—.
Sinceu 6 ;, G—(u) hasorder type for some < ! with > 1. Letr
be the number of copiesof G— in the decomposition of G (t). If r = 1,
then G (s) = ftg- G—(u) hasordertype <! . If r > 1,then G (s) is
the concatenationof ftg- G—(u) with r 1 copiesof G—, sohasorder type
1D py the argument of Lemma 9.11. In both cases,since 6 1
and 8 ! , we have a contradiction to the assumption that ot(G (s)) =

P a
9.16 De nition  (SeeDe nition 3.1 of [7]). Supposethe MNF of < I
has at least four factors. Callt 2 G a sublevelpre x of G if there are
alevel prex p for G and alevel prex q for G— sothat t = p- g. Call

u 2 G a sub-sublevepre x of G if there are a sublewel prex t for G
and a level pre x r for G=sothat u = t-r.
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If we look at a pair s ex t from G , if s and t are disjoint as sets,
then they partition one another into corvex segmeits. That is, s and t
can be expressedas concatenations,s = Sp- S1— :::- Sp 1(- Sp) andt =
to- t1— 1ii-th 1 wheresp< tg< s1<t1< < sy 1<ty 1(< Sp).

The next de nition usesDe nition 9.16to identify four typesof segmets
usedin the proofs of the negative partition relations (2)-(4) of Theorem 9.9.

9.17 De nition.  Supposethe MNF of < !; has at least four factors.
Further supposethat s2 G hasbeendecompsedinto a convex partition
S= Sp- S1- :i:- S, wheresy < 51 < < 8.

1. Callsia -sgmentofsifi= 0ori = northerearealevelprex t of

G anda?2 G—sothat sp- :::- S 1 @t @Sp- :::-S| 1- SV t- a.
2. Call s; a4 -sggmentof s if it isnot a -segmen of s and there are
a sublewel prex uof G andb 2 G=sothat sp- :::-5 1 @QUu @
So- ii:-S 1- SV u-b:
3. Call s; a=-sggmentof sif it isnot a or 4 -segmen of s and there
are a sub-sublewl prex u of G andc 2 G=sothat sp- :::- 5 1 @
V @Sp- :ii- S 1- S @v- C.

4. Call s; a -sggment of s there are a sub-sublewel prex u of G and
c2 Gz=sothat v @sp- :::-S jandspg- :::-S 1- SV V- C.

For simplicity, we include an example for which only -segmets are
neededto illustrate the technique. We have chosento give an examplethat
is easyto discussrather than an optimal one.

9.18 Prop osition. The following partition relation holds:!'* 9 (1 '°;6)2.

The remainder of this sectionis devoted to the proof of Proposition 9.18.
Wede ne agraph onG = G,, below. Then in Lemma 2, we shaw it has
no 1-homogeneousset of size 6. After considerably more work, in Lemma
9.31,we shaw it hasno 0-homogeneousubsetof order type! ' *. Thesetwo
lemmas complete the proof.

9.19 Denition. Let G= G,:. Call acoordinate x of x 2 G a box coordi-
nate if it is either the minimum or the maximum of x or if x = min(x p)
for somelevel prex pv x. Dene agraph :[G]?! 2by (x;y)= 1if
and only if there are convex partitions

X = Xg- X1— Xo- X3—- X4 andy = Yo- Y1- Yo- Y3

with X <Y< X 1<Y 1<X 2<VY,< X 3<Y3<X 4 sothat all of Xq, X,, X4 are
-segmetts of x, Yo, Y3 are -segmeits of y, and none of X1, X3, Y1, Yz
have box coordinates of x, y, respectively.
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For notational corveniencelet  (x;y) = max(Y1), *(x;y) = min(Y2),

(x;y) be the largest box coordinate of Yy, and * (x;y) be the smallest
box coordinate of Ys. The graphical display below shows how the two
sequenceare interlaced and which have box coordinatesif ( x;y) = 1.

Xi Xs
Y Y.

9.20 Lemma. The graph hasno 1-homayeneus set of size six.

Proof. The proof starts with a seriesof claims which delineate basic prop-
erties of the partition.

Claim A. Supmwsex <y, (x;y)=1
1. There is a box coordinate x 2 x with min(y) < x < max(y).

2. For any box coordinate x 2 x with min(y) < x < max(y), the inequal-
ities  (x;y) < x< *(x;y) hold.

3. There is no seuene x < y < x%2 x where min(y) < x 2 x, x°<
max(y) and y is a box coordinate of y.

Proof. Usethe diagram above to verify these basic properties. a

Claim B. Supmsef X;y;z0< G is 1-homageneus for . If x 2 x,
y2y,and z 2 z are hox coordinates and min(z) < x; y < max(z),
theneither x; y< zor z< Xx Y.

Proof. Supposethe hypothesisholds but the conclusionfails. Then either
(@ x< z< yor(b) y< z< x. Notethat min(y) < min(z) < x
and x < max(z) < max(y), sincey < z. By Claim A(2), (x;y) <

X < *(x;y). Usethe denition of to nd x ;x* 2 x sud that

x;y) < x < (x;y) and *(x;y) < x* < *(x;y). If (@) holds,
then either x < z < x* or *(x;y) < 1z < vy is a sequencethat
contradicts Claim A(3). If (b) holds, then either y < 2z < (x;y) or
X < z< xisasequencehat contradicts Claim A(3). Thusthe above
claim follows. a

Claim C. Supmwsef x;y;z0< G is 1-homagenmus for . If  x 2 x,
y 2 y are box coordinates with min(z) < x; y < max(z), then some
coordinate z of z lies between x and .

Proof. For the rst case,suppose X < . In this case,letz= *(x;2).
Then z 2 z and by Claim A, x < z. By de nition of , there is some
x%2 x with z < x%< max(z). Sincey < z, it follows that x°< max(y), so
x0< *(x;y) y. By transitivity, x < z < y. The secondcasefor

y < X is left to the readerwith the hint that z = (x;z) works. a
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Now prove the lemma from the claims. Assumeby way of contradiction
that U = fa;b;c;d;e;fge G is 1-homogeneoudor . Use Claim A
to choose box coordinates "o 2 a, "1 2 b, "2 2 ¢, "32d, "4 2 e so
that min(f) < "; < max(f). Let ij k® be a permutation of 0123 so that
"i <" <"g<". UseClaim C to choosecoordinates €% €”2 e and f °2 f
with " < e2< " < f0< " < < .. By Claim B, either (a) "4 < "j or
(b) "+ < "4. Choosecoordinate f °°2 f between", and the appropriate one
of " and "-.

Let Xx;y 2 U besudh that "; 2 x and "+ 2 y. By Claim A, (x;f) <

(Gf)y<tiand™ < F(y;f) < F(y;f).

Let e= Eg- E;- Eo- E3g- E4, f = Fo- F1- Fo- F3 bethe partition that
witnesses ( e;f) = 1. Note that "4 2 E».

If () holds,then *(y;f) 2 F3, and

||4 < f00< eO< f0< eOO< +(y,f)

However, this inequality corntradicts the de nition of g, sincethere are only
two blocks betweenE, and F3. If (b) holds, then (x;f) 2 Fo, and

(X,f) < e0< f0< e00< fOO< -.4:

This inequality also contradicts the de nition of g, sincethere are only two
blocks betweenFg and E,. In either casewe have reached the contradiction
required to prove the lemma. a

Now weturn to the task of showing that every subsetX G of ordertype
1'% includes a pair f x;yg< X sothat ( x;y) = 1. The rst challenge
is to guarantee that when we build a segmen of one of x and y, we will
be able to extend it starting above the segmen of the other that we will
have constructed in the mearwhile. To that end, we introduce -pre xes
and maximal -pre xes.

9.21 De nition. Suppose < !;. Call asequences2 G a -prex of
W G ifot(W(s)) = , andamaximal -prex if no proper extensionis
a -prex.

9.22 Lemma (Galvin; seeLemma4.5in [7]). Suppses2 G and is Al.
If W G hasot(W(s)) , then there is an extensiont w s sothat t is
a maximal -pre x for W.

The proof of the above lemma dependson the fact that the sequencesn
G arewell-founded under extension. We usethe next lemmafor sequences
r which are either maximal ! 2-pre xes or maximal ! 3-pre xes.

9.23 Lemma. Supmpse < I for Al and . Further supmse
W G andr is a maximal -prex for W. Then r hasin nitely many
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one point extensionsr- hpi 2 W with ot(W (r- hpi)) . Also, for any
squene s, there is a sqquenet sothat s< t, r-t 2 W , andr-tis a
maximal -pre x for W.

Proof. Sincer isamaximal -pre x for W, ot(W(r— hpi)) < forallp<!.
Consequetly, since F;s Al, it follows that q<p<! ot(W(r- hpi)) =
for all g < !. Since if eahh , < , it follows that for

<p<! p
innitely many p<!, Wq(rp— hpi) hasorder type . Thus given s, there
is p > max(s) with ot(W(r- hpi)) . In particular, W(r- hpi) 6 ;. To
complete the proof, apply Lemma 9.22to gett w hpi sothat r-t is a
maximal -pre x. a

In our construction of x, y, we must be able to iterate the processof
extending to a level pre x. To that end, we introduce the notion of levels

9.24 Denition  (SeeDe nition 5.2 of [7]). Suppose is Al but not MI
and g is a level pre x of G . The levelof W pre xed by q is the set

L(W;q) =fa2G-jW(g-a)6 ;g

A non-empty sequences2 G~ G endsin the level of W pre xed by q if
there is somea 2 L(W;q) sothat qv s @g- a.

Next we state without proof a seriesof lemmasfrom Darby [7] that lead
up to Lemma 9.29. The interested readercan Il in the proofs for the case
where =1 <1I',

9.25 Lemma (SeeDe nition 4.6 and Lemma 4.7 of [7]). Suppse
< !4, where , areAl and . If s2 G isamaximal -pre x
for W G , then the following set has order type

W( ;s)=fp2G jsv p andp is a maximal -prex for W g:

9.26 Lemma (SeelLemma 5.5 of [7]). Supmse < ! is Al but not M,
qis alevelprex of G and W G . If sendsin level L(W;q) and

ot(W(s)) I T, then for any < —, thereis an a 2 L(W;q) so that
s@q- a and ot(W(g- a)) ! (m D*

9.27 Lemma (SeelLemma 5.6 of [7]). Supmse < ! is Al but not M,
W G and every level of W has order type . Ifs2 G and
ot(G (s)) =!  ,thenot(W(s)) !

9.28 Lemma (SeelLemma 5.7 of [7]). Suppse < ! is Al but not MI,
W G (hmi) andot(W)>"! . Thenfor any sothat m< |, thereis
a level of W of order type > !
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The following lemma of Darby, mildly rephrasedsince the general def-
inition of G has beenomitted, is the key to constructing pairs 1-colored
by any generalization of the graph to a dened for = = I, since
it allows one to plan ahead: one takes a su cien tly large set, thins it to
something tractable, divesinto a large level to work within, knowing that
on exit from the level, one will have a large enough set of extensionsto

continue according to plan.

9.29 Lemma (SeelLemma 5.9 of [7]). Supse is Al but not MI, 0 <
m < ! and ot(G (hmi)) = ! . Further suppseW G (hmi) and
ot(W) ! """ whee" ~andO< n< !, andassume is suchthat
< ". ThenthereisasetU W andalevelprex g sothat U = U(Qq),
ot(L(U;q)) >! andot(U(g-a) ! (™ D*" forall a2 L(U;q).

Here our focusis on ! ' “ for nite k, that is, on = !X, In this case,
G (hmi) has order type ! < M sothe of the previous lemma is sim-
ply m. The following weaker version of the above lemma su ces for our
purposes.

9.30 Lemma. Supmse = — ! is Al but not MIl, 0 < n m< |,

andW G (hmi) hasorder type ! ". Further assume is suchthat
m < —. ThenthereisasetU W andalevelpre x q sothat U = U(q),

ot(L(U;q)) >! andot(U(g-a) ! (™ D foralla2lL(U;q).

9.31 Lemma. SupmseW G, . hasorder type! '* Then there is a pair
X,y fromW sothat ( x;y) = 1.

Proof. We revisit the setG, = to better understand how it is constructed by
unraveling the recursive construction. A typical elemen s

hmi- hbyi- aj;:::;af, - hbpi- ai;:i;ad - hbgi- af;:a)

Notice that the initial elemen, m, tells how many levels there will be, and
ead level starts with a box coordinate, by, which determinesthe order type
of the level, ! ®. To make the identi cation of the various typesof elemeris
visually immediate, we fold the sequence into a tree, with the initial
elemen at the top, the box coordinates as immediate successorsand the
remaining coordinates as terminal nodes. To rebuild the sequencerom the
tree, one walks through the tree in depth rst, left-to-right order.

mxx
) @@XXXXXX(
07 Brm
@ @

@
by az;1 @2;b2 am; 1 Am;b p,

2=,

ain
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UselLemmas9.22,9.23,and 9.30to build x = Xg- X1- X2- X3- X4 and
Yy = Yo— Yi- Yo— Y3 one corvex segmem at a time so that

Xo<Yp< X1<Y 1<X 2<Y2< X 3<Y 3<X 4

For notational cornvenience,we plan to leti < j < k < * be suc that
max(Xo) = Xj, max(X1) = Xj, max(Xz) = Xk, max(Xz) = x-. Similarly,
we plan to let s < t < u be such that max(Yo) = ys, max(Y1) = Vi,
max(Y2) = yy. In addition it will be corvenien to write bfor the largestbox
coordinate of X, b’ for the largest box coordinate of X,, andc= (X;y)
for the largest box coordinate of Y. Hereis a pair of subtreesof the trees
we get by folding the sequencesve build for x and y, that include only the
critical coordinates named above, together with max(x), max(y). These
subtrees highlight the relationships between the critical coordinates, and
allow oneto seeat a glancewhich of the segmeits are -segmetts.

- o— 5

LL @@ . #

Xi X Xk X max(x) Ys Y& Yo max(y)

Obsene that since G is the union of G(h0i); G(hli); G(h2i);::: , it
follows that for < ! 2, there are innitely many m < ! with ot(W \
G(hm i)) ! . We start our construction by choosing m sothat Ug :=
W\ G(hmi) hasorder type at least! ' *.

Next we apply Lemma 9.30to nd asetU; Uy and alevel prex p
sothat U; = Ui(p), ot(L(Uy;p)) > !5, and ot(Us(p- a)) !' 2 for all
a2 L(Uy;p). Apply Lemma9.22to getu, a maximal ! 4 pre x in L(Uy;p).
Then b= min(u) is the box coordinate of our diagram. We set Xo = p- u
and note that max(u) = x; on our diagram.

Choosen > x; sothat Vo := W\ G(hni) hasorder type at least! ' .
Continueasin the previousstep. UseLemma9.30to nd asetV; Vpanda
level pre x q sothat Vi = Vi(q), ot(L(Vi;q)) > ! 7, andot(V(gq- a)) !'3
for all a 2 L(Vy;q). Let v be a maximal ! ® prex in L(Vi;q). Then
¢ = min(v) is the box coordinate of our diagram. We set Yo = g- v and
note that max(v) = ys on our diagram.

By Lemma 9.23, there is a sequenceX ; with Yy < X3 sothat u- X isa
maximal ! 3 pre x in L(Uy;p). Note that Xo- X1 is not a level pre x nor
is any one point extension.

By Lemma 9.23, there is a sequenceY; with X; < Y; sothat v- Y3 is a
maximal ! 5 pre x in L(V1;q).

By Lemma9.23,the sequencai- X i hasin nitely many onepoint exten-
sionsin L (Uy;p) . By choosing a suitable one point extensionand then ex-
tending it into L (Uz; p), we nd w sothat Y; < w andu- X3-w 2 L(Uq;p).



62 I. Partition Relations

By choice of U; and p, we know ot(U;(p- (u- X1- w))) '3 Use
Lemma 9.30to nd U, Ui(p- (u- X1- w)) and a level prex p° so
that Uy = Ux(p9, ot(L(Uz;p9) > !'®, and ot(Uy(p%-a)) !' 3 for all

a2 L(Uy;p9. Then p- (u- X1- w) v p% Apply Lemma 9.22to getu® a
maximal ! 4 pre x in L(Uz;p9. Then B°= min(u9 is another box coordi-
nate in our diagram. Then p% u®is not a level pre x of U,, nor is any one
point extensionof it a level pre x. We set X, = p°r (Xo- X1), and note
that max(X,) = max(u% = xx on our diagram.

By Lemma 9.23, there is a sequenceY, with X, < Y, sothat v- Yi- Y,
is a maximal ! 4 pre x in L(V1;q).

By Lemma 9.23, there is a sequenceX 3 with Y, < X3 sothat u% X3 is
amaximal ! 2 pre x in L(U,;p9.

By Lemma 9.23, the sequencev- Yi- Y, hasin nitely many one point
extensionsin L(V1;q) . Henceby rst choosing a suitable one point exten-
sion and then extending it into L(V1;q), and nally extending it into Vi,
wecan nd Yz sothat Xz3< Yzandy = Yo- Yi- Y- Y32V W,

By Lemma9.23,the sequencai® X 3 hasin nitely many onepoint exten-
sionsin L(Uz;p% . Henceby rst choosing a suitable one point extension
and then extending it into L(U,;p9, and nally extending it into U,, we
can nd X4 sothat Ya< Xzgandx = Xg- X1- Xo- X3- X242 U, W.

By construction, Xo; X2; X4 and Yp; Y3 areall -segmets, while X1; X3
and Y1; Y2 have no box coordinates. Thus x;y witnessesthe fact that W is
not a 0-homogeneouset for . a

Lemmas 9.20 and 9.31 show that is a witnessto '~ 9 (1'°:6)2.
The coloring can easily be generalizedto ! ' where is decompsable,
sinceit was described using only box segmens and segmeits without box
coordinates. Hencethe proof of Lemma 9.20 carries through for these gen-
eralizations. In the proof of Lemma 9.31, we have taken advantage of the
factthat = 2isasuccessoordinal, but useof lemmasfrom Darby's paper
allow oneto modify the given construction suitably.

The proof of the previous lemma gives some evidencefor the following
remark.

9.32 Remark. We have the following heuristic for building pairs. Suppose

is a list of speci cations of convex segmens detailing which have box,
triangle, bar (or dot) coordinates and which do not. If the rst two and last
two segmets are to be box segmets, then for any ordinal  of su cien t
decomposability for the description to make sense,there is a disjoint pair
X;y 2 G, sothat the sequenceof convex segmeits they create ts the
description.

For the actual construction, one needsto iterate the processof taking
levels and look at the approac taken carefully.
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10. A Positiv e Countable Partition Relation

The previous sectionfocusedon countable counterexamples. Here we survey
positive ordinal partition relations of the form ! (; m)? for courtable
limit ordinals and sketch the proof of one of them.

Carl Darby [7] and Rene Schipperus [53],[51] working independertly, ex-
tended Chang's positive result for ! ' and m = 3 to larger courtable limit
ordinals.

10.1 Theorem. (Changfor = 1 (seeTheorem 9.7); Darby for = 2 [7];
Sdipperus for 2 [53)) If the additive normal form of < !; hasone

or two summands,then!' | (I'' ;3)2

Recall that Erdps [11] o ered $1000for a complete characterization of
the courtable ordinals for which ! (; 3)2. It is not dicult to show
that additively decomposableordinals fail to satisfy this partition relation.
Recall that additively indecomposable ordinals are powers of | . Speder
showed that nite powers of ! greater than ! ? fail to satisfy it. Galvin
showed (seeTheorem 9.6) that additively decomposablepowersof! greater
than ! 2 fail to satisfy it. Thusattention hasbeenon indecomposablepowers
of !, = 1! | that is, the countable ordinals that are multiplicativ ely
indecomposable. Schipperus (see Theorem 9.9) shaved that if the additive
normal form of has at least four summands,then 6! (; 3)2. Thus
to complete the characterization of which countable ordinals  satisfy this
partition relation it su ces to characterizeit for ordinals of the form =
I'' wherethe additive normal form of hasexactly three summands. We
list below the rst open case.

10.2 Question. Does! '’ (1'°;3)2?

In light of Theorem 9.9, Darby and Lagson havze completed the charac-
terization of the setof m < ! for which! '~ 1 (1! ":m)? with the following
result.

10.3 Theorem (Darby and Larson[8]).!'* 1 (1'7;4)2.

We complete this subsectionwith a sketch of the Schipperus proof that
1Y 1 (1" :3)?, using somewhatdi erent notation than he usedoriginally.
The sketch will be divided into sewen subsections:

1. represenation of ! '" asa collection T(!) of nite trees;
2. analysis of node lakelda trees;

3. description of a two-player game G(h; N) for h a 2-partition of T(!)
into 2 colorsand N ! in nite;
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4. uniformization of play of the gameG(h; N) via constraint on the sec-
ond player to a conservative style of play determined by an in nite
setH N and a bounding function b;

5. construction of a three elemernt 1-homogeneouset when the the rst
player has a winning strategy for all gamesin G(h; N) in which the
secondplayer makes consenative moves;

6. construction of an almost 0-homogeneousset of order type! ' when
the rst player hasno such strategy;

7. completion of the proof.

10.1. Representation

Recallthat, by convertion, we are identifying a nite setof natural numbers
with the increasing sequenceof its members. The trees we have in mind
for our represenation are subsetsof [! ]<! which are treesunder the subset
relation, and the subsetrelation is the sameas the end-extensionrelation
when the subsetsare regardedas increasing sequences.

In the proof that the coloring had no independert subsetof order type
1'*, we found it corveniert to fold an elemert

of G, 2 into atree with root hm i, immediate successorbm; n; i and terminal
nodes m;n;; a} . Then we could walk through the tree, node by node, so
that the maximum elemen of ead node cortinually increasedalong the
walk, just asthe elemeris of x increase.

We already have represertations of | ' from the previous section as sets
of increasing sequencesunder the lexicographic ordering. The de nition
of those sets is recursive, so we fold these sets up into trees recursively.
Speci cally, the next de nition usesthe represenations of G, detailed in
De nition 9.10and Remark 9.12.

10.4 De nition.  De ne by recursionon I a sequenceof folding maps
F .G I T:

1. For = hki 2 G0 = Gy, setFo( ) := fhkig.

2.For =hmi- 13- 2- :ii- 171 2G;nna, set

[
Fns1 () :=fhmig[ ftfh mig- Fo(i):1 i mg:

3. For =hmi- 2G, ,setF ():=fhmig[ fhrmig- Fn( ).
Let T( ) bethe rangeof F .
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Prove the following lemmasby induction on

$0.5 Lemma. For each I, the mapping F is one-to-oneand =
F (). Thus, <igx on G, inducesan order < on T( ).

10.6 Lemma. For all I and all innite H I', the collection of se-

quenesin G, \ [H ]<! hasordertype! ' , and hene so doesthe collection

of treesin T( ;H):= T( )\ P([H]").

Let T be the collection of all nite trees (T;v) of increasing sequences
with the property that if s;t 2 T and as sets,s t, then as sequences,
sv t. Identify eadht 2 T 2 T with the set of its elemens. Then v and

coincide, so this identi cation permits one to use set operations on the
nodesof T.

10.7 Lemma. For all < !4, forall T 2 T( ), the following conditions
are satis ed:

1. (transitivity) s@t 2 T impliess2 T;

2. (closure under intersection) for all s;t 2 T, s\ t is an initial segment
of both s and t;

3. (rooted) (T;v) is a rooted tree with ; 2 T;
4. (node ordering) for all s6 t in T, exactly one of the following holds:
(@) s@t,
(b) t @s,
(c) s extands<t (s\1t),
(d)t exsandt<s (s\t).

10.8 Denition. Forall < !4, forall T2 T( ), orderthe nodesof T by
u< vifandonly if u @v or u < V.

10.9 Lemma. dora < 14, for all non-empty initial segmentsS;T of
treesin T( ), S@ Tifandonlyif S@T.

S S
Proof. By Lemma 10.7,if ; 6 S@T v T°2 T( ), then S @ T. For
= 0, the reverseimplication is trivially true, and for > 0, it is true by

de nition of the fold map and the induction hypothesis. a
10.10 De nition.  For all l,denee :[ ]<! I f 1g[ ( + 2) by
recursion:
e() = L+1
G) 8
2 1 ife() O,
e ( -hmi) = >e() 1 if e ( )> 0successor,

" max( ) ife()=" limit.
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We refer to e (x) asthe ordinal of x.

Useinduction on , the de nition of F , and the previouslemmato prove
the next lemma.

10.11 Lemma. For all I foral T2T( ), forallt2T,e (t) O,
and if e (t) > 0O, thent hasa proper extensionu 2 T.

The following consequenceof the recursive nature of De nition 10.10is
usefulin induction proofs.

10.12 Lemma. For all I, for all hmi- 21! ]<! , e (hmi)= and
if 6;and =e (hm;max( )i) O, thene (hmi- )=-e ().

10.13 De nition. SupposeT 2 T. Forallt2 T, let ](t; T) be the number
of successor®ftin T.

10.14 Lemma. For all IL,foral T2T( ), foralt2T,
8
20; if e (t) =0,
It T) = L if e (t) = is a limit,

" max(t); if e (t) is a successor,

10.15 Lemma. For all Iyforall T [1]¥,T2T()if and only if
T satis es the four conclusionsof Lemma10.7,andfor allt2 T,e (t) O
and |(t; T) hasthe value specied in Lemma 10.14.

Proof. By Lemmas10.7,10.11,and 10.14,if (T;v) 2 T( ), then it satis es
the given list of conditions.

To prove the other direction, work by induction en to show that if
T gl ¥ satis es the given conditions for ,then ~ T2 G, andT =
F( T)2T(). a

10.16 De nition. For 0< I and; 6 S@T 2 T( ), the critical node
of S, in symbols crit(S), is the largests 2 S with ](s;S) smaller than the
value predicted in Lemma 10.14. For notational convenience let crit(;) = ;,
and setcrit(T) =; for T 2 T( ).

The next lemma shows why the name was chosen.

10.17 Lemma. For O LandSv T2 T(),ift:= mn(T S),
then t = crit( S)- hmax(t)i.

Proof. Let m < ! besud that hmi 2 T. Then hmi is the least elemen
of T. If S=;,thent= hmi = crit(S)- hmax(t)i and the lemma follows.
Otherwise, hmi must be in S, and becauseit is the root of T, hmi @t :=
min(T S). Letr =t fmax(t)g. Then hmi v r @t, ](r;S) < ](r; T), so
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r is an elemen of S with ](r; S) smaller than the value speci ed in Lemma
10.14.

If p2 Tandp <ix t,thenp 2 S, sinceS @T and T = min(T
S). Moreover, if p <ex tandp @q 2 T, then q <iex t. Henceif
P <ix t, then J(p;S) = ](p;T) takes on the value specied in Lemma
10.14. Thuscrit(S) @t, socrit(S) v r. It follows that r = crit(S) and
t = crit( S)- hmax(t) i asrequired. a

10.18 Lemma. For all I', the set of initial segmentsof treesin T( )
is well-founded under @

Proof. The proofis by induction on . For = 0, the lemmais clearly true,
since the longest possiblesequencesare those of the form ; ;hmi for some
m< !,

Next supposethe lemmaiis true for k < ! and = k+ 1. Let Sp, Sy,
.1 be an arbitrary @increasing sequence,and without loss of generality,
assumeit has at least two treesin it. Then there is somem < ! sothat
hmi 2 S;. By the d§ nition of the fold map Fy, it follows that for i > 1,
the tree S; satises S, = hmi- ;1- :::- in, for somen; m, where
Fk( ij )g2 T(k) for j < nj, and for some ®w i, Fi( 9 2 T(k), so

in, = T; for T; aninitial segmen of atreein T(k). If i < ~and T;; T
are such that n; = n+, then forj < nj, j = -j. Thusby the induction
hypothesis,for eadh n with 1 n m, there can be at most nitely many
treesin the sequencewith nj = n. Hencethe sequencemust be nite, and
the lemmais true for = k+ 1.

The proof for =1 is similar, sincefor all initial segmeis S of treesin
T(!), either S=;,S=fhmig, orS=fhmig S°for somem < ! and
someS° which is an initial segmen of a tree in T (m). The details are left
to the reader.

Therefore, by induction, the lemma holds for all . a

10.2. Node Labeled Trees

A typical proof of a positive partition relation for a countable ordinal for
pairs includes a uniformization of an arbitrary 2-partition into 2 colors, but
only for those pairs for which someeasily de nable additional information
is also uniformized. We will intro duce node labelingsto provide that extra
information, but before we do so, we examine corvex partitions of disjoint
trees and the partition nodesthat determine them.

S S
10.19 De nition.  For trees S°, ST from T( ) with ~ S°\ ~ S = call
t 2 S" a partition node ikt < max(S") and there is someu 2 S' " with
max(t) < max(u) < min(~ S" (1 + max(t)).

For notational convenience,write T(;;t] for the initial segmem of T
consisting of all nodess t 2 T, and, fort < u in T, write T(t; u] for
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fs2T:t<s ug With this notation in hand, we can state the lemma
below justifying the label partition nodes This lemmafollows from Lemmas
10.7and 10.9.

10.20 Lemma. SupmwseS°, St arein T( ) and S SO\ S St = ;. Further

supmsetd;t9;:::;t2 ;2 S®and t;t];:::;t! | 2 St are the partition nodes

of thesetreesif any exist. Sett®, = t1, = ;, t2 = max(S°), t° = max(S?).

Then gvery node of S’ is in one and only one S'(t; ;;t;], and the sets
=TS ] g satsty

0 1 0 1_... 0 1 0 .
0< 0< 1< 1< < T4 o)

Now we intro duce node labelings. For simplicity, this conceptis given a
generalform.

10.21 De nition.  Suppose ! and N I isinnite. For any initial
segmeh Sv T 2 T( ), afunction C is a node lakeling of S into N if
C:S! [N]¥ satises max(C(s)) < max(s) for all s2 S with C(s) 6 ;.

We carry over from T( ) the notions of extension, complete tree and
trivial tree. In particular, call (T;D) a (proper) extension of (S;C), in
symbols, (S;C) @(T;D), if S@T andD S= C. Call (T;D) complete (for

YIf T2 T( ), callit trivial if (T;D)=(;;).

Call apair S;T from T () local if Sand T haveacommonroot; otherwise
it is global. Similarly, call (S;C), (T;D) local if S;T is local and otherwise
call it global.

10.22 De nition. A gair (s%C%; (Sl;%l)) is strongly disjoint if (a) ei-
ther S°=; = Stor ~ S°[ ran(C? \ S'[ ran(C') = ; and (b) for
all s;t 2 S°[ S?, whenewer max(s) < max(t) and C'(t) 6 ;, then also
max(s) < min(C" (t)).

10.23 De nition.  Call a pair ((S°;C%);(S*;C')) of node labeled trees
clear if S° < S, ((S°; C%);(St; CY)) is strongly disjoint, all partition nodes
t 2 SO[ S! areleaf nodes(e (t) = 0), andif forall" < 2andalls2 S,
C'(s)=; ife(s)=0;
C'(s) = f](s;S'(;;t]) : s @t 2 S’ is a partition nodeg if e (s) is a
successouordinal;

C'(s)=fe(t) :s@t2 S &jC'(t)j > 1gif e (s) = ! is a limit
ordinal.

Call a pair S%; S of treesfrom T ( ) clear if it is local or if it is global and
there are node labelings C%; C! with ((S°; C?);(S?;C1)) clear.
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For > !, the value of the node labeling for s with e (s) limit is more
complicated to describe.

Notice that for 2 L, if (S9;C9%);(St; CY) is a global clear pair and
neither C° nor C! is constartly the emptyset, then all initial segmertts of
partition nodesareidenti able: they arethe root of the tree, successonodes
whose node label is non-empty, and nodes of ordinal 0 whoseimmediate
predecessohasnon-empty node label that identi es it asa successowhich
is a partition node.

From the de nition of clear, if u is a partition node of one of a pair of
trees, say (S;C) then for ead initial segmen s whose ordinal e (s) is a
successorthe node label C(s) must have asa member the number of imme-
diate successor®f s which are lessthan or equalto u in the lexicographic
order. If we index the immediate successor®f s in S in increasing lexico-
graphic order starting with 1, then this value is the index of the immediate
successof s which is an initial segmen of u. This analysis motivates the
next de nition.

10.24 De nition.  Consider a node labeled tree (S;C) with root hmi. A
non-root node t of (S;C) is a prepartition node if for all s @t with e (s)
a successorordinal, ](s;S(;;t]) 2 C(s), and if e (s) 2 C(lmi) whenewer

= I and jC(s)j > 1 The root is a prepartition node if S 2 T(0) or
C(hmi) 6 ; or (S;C) hasa non-root prepartition node. Call (S;C) relaxal
if S2T(0) and max(S) is a prepartition node of ordinal 0.

Node labeled trees, clear pairs, prepartition nodes and relaxed initial
segmetts are usedin the gameintroducedin the next section.

10.3. Game

In this sectionwe developthe gameG(h; N) in which two playerscollaborate
to build a pair of node labeled trees.

Here is a brief description of the game. Player |, the architect, plays
speci cations for Player |1, the builder, telling him (a) which tree to extend,
(b) whether to complete the tree or to build it to the next decision point,
and (c) what the sizeof the node label of the next nodeto be constructedis,
if it is not already determined. In turn, the builder extendsthe designated
tree by a seriesof steps, adding a node and node label at ead step using
elemerts of N, until he reachesthe next decisionpoint on the giventree, if
he has beenso directed, or until he completesthe tree. The architect wins
if the pair ((S;C);(T;D)) created at the end of the play of the gameis a
global clear pair with h(S;T) = 1; otherwise the builder wins.

Before giving a detailed description of the general game, as a warmup
exercise,consider a 2-partition h into 2 colors, an in nite set N, and the
game G(h; N) in which the architect plays the strategy  directing the
builder to complete the rst tree and then complete the secondtree. The
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builder can usea fold map to fold an initial segmen of N into atree S and
assignthe constartly ; node labeling C to creage his rst response,(S;C).
Then he canfold a segmen of N starting above S into atree T and assign
the constartly ; node labeling D to create his secondresponse,(T;D). By
construction, the pair ((S;C);(T;D)) is clear, sincethere are no partition

nodes,sof S;T g is a clear global pair. If all pairs f X; Y g of trees created
using nodesfrom N in this gamehave h(X;Y) = 1, then playing another
game,starting with (T; D) asthe initial move of the builder and ending with

(U;E), onebuilds a triple f S;T;U g ead pair of which h takesto color 1.
Thus if ¢ is a winning strategy for the architect, then the architect can
arrange for a triangle to be constructed.

As a secondwarmup exercise,considera 2-partition h into 2 colors, an
innite set N with 0 2 N, and the game G;(h; N) in which the architect
plays the strategy ; directing the builder to build the rst tree to the next
decision point starting from a root node whosenode label has 0 elemerts,
to start and complete the secondtree, and then to completethe rst tree.

In responseto the architect's rst set of speci cations, the builder uses
the least elemer ng of N to build the root, hngi and givesit the empty set
asnode label. He then usesthe next two elemens of N, namely n; and n;
by setting mg; n,i asthe immediate successorof the root with node label
Co(g; noi) = fnyg. He continueswith successie elemerts of N, extending
the critical node of the tree create to that point, giving the new node an
empty label unlessthe node to be createdis the successonf a prepartition
node whoseindex is the sole elemen of the node label of the prepartition
node, in which casehe extends and labelsit as he did the successorf the
root. He continuesuntil he has created and labeled a prepartition node u
whoseordinal is e (u) = 0, and the pair (Sp; Co) he hasbuilt is his response.

In responseto the architect's secondset of specications, the builder
useselemerns of N larger than any usedso far to build atree T in T(!)
and givesit the constartly ; labeling. Then he respondsto the nal set of
speci cations of the architect by completing Sp to S in T (! ) and extending
Co to C with all new nodesreceiving empty node labels.

In the brief description of the game, the architect was allowed to direct
the builder to stop at the next decisionpoint. The decisionpoint is either
when a partition node hasbeencreatedand it is time to switch to the other
tree or when the next node to be createdis permitted to have a node label
whosesizeis greaterthan 2. Notice that if the architect switchestrees after
the builder has created a prepartition node with ordinal 0, then that node
becomesa partition node.

10.25 Denition. A decision node of (S;C) is a prepartition node t with
ordinal g (t) sudh that either e (t) = Oor e = "+ 1is a successoordinal
with = 2 C(t 1), t is the critical node of S and 1+ ](t; S) is an elemen of
C(v).
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Inéhe game G)gu N), the nal soair of trees§;T had the property that
min( S) < min( T) and max( S) < max( T). Call such a pair an
outside pair. In tfge game Gl(g; N), the naIS pair of trees S;T had the
property that min(  S) < min( T) andmax( S) > max( T). Call suc
a pair an inside pair.

10.26 De nition.  Suppose N ! is innite and h is a 2-partition of
T(!) into 2 colors. Then G(h;N) is a two player game played in rounds.
Player | is the architect who issuesspeci cations, and Player Il is the
builder whose creates or extends one of a given pair of trees in round °
to ((S;C);(T-;D+)). Note that if the secondtree has not beenstarted in
round ", then T- = D = ;.

The architect's moves: In the initial round, the architect declaresthe type
of pair to be produced, either inside or outside. In round °, the archi-
tect speci es the tree to be created or extended (rst or second), speci es
whether the extensionis to completion with all new nodesreceiving empty
labelsor to the point at which a decisionnode is created and labeled (com-
pletion or decision), and speci es the size of the label for the next node to
be created. In her initial move, the architect must specify the rst tree be
created. Shemay not direct the builder to extend a tree which is complete.

The builder's moves: In round °, the builder createsor extendsthe speci ed
tree through a seriesof stepsin which he adds one node and its label using
elemens of N larger than any usedto that point. If he has beendirected
to continue to completion, he does so while assigningthe empty set node
label to all new nodes. Otherwise he adds nodes one at a time, until he
createsthe rst decisionnode. He adds a node after determining the size
of the node label, and choosing the node label, since all elemerns of the
node label must be smaller than the single point usedto extend the critical
node. The size of the label of the rst node to be created is speci ed by
the architect's move. Otherwise, the builder determines if the node will
be a prepartition node with non-zeroordinal. If so,its node label has one
elemert and otherwiseits node label is empty.

Stopping condition: Play stopsat in round " if both trees are complete.

Payo set: The architect wins if both S- and T- are complete, the pair is
inside or outside as speci ed at the onset, the pair ((S:;C:);(T-;D)) isa
global clear pair and h(S-; T-) = 1; otherwise, the builder wins.

We are particularly interested in this game when we have a xed 2-
partition, h : [T( )] ! 2, but the game may be modied to work with
2-partitions into more colors. This game may also be modi ed to require
the builder to usean initial segmen of anin nite sequencdrom N speci ed
by the architect in her move or be modi ed to start with a specied pair of
node labeled trees.
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10.27 Lemma. SupmseN ! isinnite and h is a 2-partition of T(!)
with 2 colors. Then everyrun of G(h; N) stopsafter nitely many steps.

Proof. UselLemma 10.18. a

10.4. Uniformization

In this subsection, we prove the key dichotomy in which one or the other
player has a winning strategy, at least up to someconstraints on the play.
Basically, we build a tree out of the plays of the game, show it is well-
founded, and use recursion on the tree to de ne an in nite subsetH !

so that plays where the builder usessu cien tly large elemeris of H are
uniform enoughto allow us to prove the dichotomy.

10.28 De nition.  SupposeN ! isin nite, andh is a2-partition of T (! )
with 2 colors. Let S(N) be the set of sequence®f consecutive movesin the
gameG(h; N), including the empty sequence.

10.29 Lemma. For innite N 1, (S(N); @ is a rooted, wel-founded
tree.

Proof. The root is the empty sequence End-extensionclearly is a tree order
on S(N), and @is well-founded since every gameis nite. a

The basicidea for the builder is to useelemerns from a speci ed setand
to always start high enough.

10.30 De nition.  SupposeN is an in nite set with 1 < min(N) and no
two consecutiwe integersin N. Then a function b: S(N)! ! is abounding
function if b(;) = 0, and if sv t, then b(s)  b(t).

Use a bounding function and an in nite set to delineate conservative
movesfor the builder.

10.31 De nition. SupposeH N ! isinnite with 1< min(N) that b
is a bounding function. If R is a position in the game G(h; N) ending with
a move by the architect, then a move ((S:;C-);(T-;D")) for the builder is
conservativefor b and H if all new nodesand node labels are created using
elemens of H greater than b(R).

10.32 Lemma (Ramsey Dichotomy). SupmpseN ! is innite, and h is
a 2-partition of T (! ) with 2 colors. Then there is an in nite subsetH N
and a bounding function b sothat 1 < min(H), no two conseutive integers
are in H, and the following statementshold:

1. for every position R 2 S(N) endingin a play for the architect, there
is a conservative (for b and H) move for the builder; and
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2. either the architect has a strategy by which shewins G(h; N) if the
builder plays conservatively, or the builder wins every run of G(h; N)
by playing conservatively (for b and H).

Before we tackle the proof of the dichotomy, we intro duce someprelimi-
nary de nitions and lemmas.

10.33 Denition. Call asetB [ ]¥ thin if no u from B is a proper
initial segmem of any other v from B. Call B ablack for N ! if for every
innite setH N, there is exactly oneu 2 B which is an initial segmem
of H. Call it a block if it is a block for ! .

Note that if B is a block, then it is thin. A major tool of the proof of the
dichotomy is the following theorem.

10.34 Theorem (Nash-Williams Partition Theorem). Let N I bein-
nite. For any nite partition of a thin setc: W | n, there is an in nite
setM N sothat cis constanton W M.

For a proof see[45] or [23]. The terminology thin comesfrom [23].
Here are someeasy examplesof blocks.

10.35 Lemma. The families f;g , and [! ]¥ for k < ! are blocks.

10.36 Lemma. Supmsew ! is an increasing sequene@, and B [! ¢
is thin. Then there is at most one initial segmentu of w with u2 B. If B
is a black, then there is exactly one suchinitial segment.

10.37 Lemma. SupmseH N ! isinnite, his a 2-partition of T(!)
with 2 colors, and b is bounding function. For every position R 2 S(N)
ending in a move by the architect, there is somek b(R) and a black B(R)

for H Kk suchthat for all B 2 B(R), the builder can build his respnding
move using all elementsof B.

Proof. Recall the architect may not direct the builder to extend a complete
tree, soif the architect has just moved, the tree she directs the builder to
extend is not complete. Thus the builder's individual stepsare specied up
to the choice of elemerts of N, and his stopping point is determined by his
individual steps. Hencethe set of sequencesf new elemers usedis thin.
Moreover, for any in nite increasing sequencew from H above b(R) and
above the largest elemen of N usedin prior moves,the builder can create
a move using an initial segmen of w. Therefore the set of possible moves
is a block. a

At this point we are preparedto prove the main result of this section.
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Proof of RamseyDichotomy 10.32. Without lossof generality, assumel <
min(N) and N has no two consecutive elemeris, since otherwise one can
shrink N to anin nite setfor which theseconditions hold. Theseconditions
assurethat no decisionnode is an immediate successoinf another decision
node.

Let bethe rank of S(N). Userecursionon to de ne a sequence
hM N: < iandavaluationv:S(N)! 2.
For = 0, the sequencesR of rank O are onesin which the last move

completesthe play of the game. Let My = N, and dene v(R) = 0 on
a sequenceof rank 0 if the game ends with a win for the architect and
V(R) = 1 otherwise.

Next supposethat 0< < |, and v has beende ned on all nodes of
rank lessthan . Enumerate all the nodesof rank asR%;R';::: and
let M 1 beM if isa successorordinal and let M ! be a diagonal
intersection of a sequenceM for asetof conal in otherwise.

Extend v to the nodesof rank and de ne setsM ' by recursion. For the
rst case,supposeR' endswith amovefor the builder, andsetM' = M' 1.
If there is somemovea with R' - ha' i 2 S(N) andv(R' - ha' i) = 1, then
setv(R') = 1, and otherwise set v(R' ) = 0.

For the secondcase,assumeR' endswith an move for the architect. Let
B(R') be the block of Lemma 10.37for the setM' ! and the position R' .
Dene c:B(R')! 2byc(d) = v(R'- hP(d)i) where P(d) is the unique
approved move for the builder whosenew elemerts are created using exactly
the elemerns of d. Apply the Nash-Williams Partition Theorem 10.34to ¢
to getaninnite setM’ M’ ! and let v(R') be the constart value of ¢
on B(R') restricted to M ' .

Continue by recursion as long as possible, extending v to all nodes of
rank . If there are only nitely many of them, let M beM' whereR' is
the last one. If there are in nitely many, let M be a diagonal intersection
of the setsM .

Sinceevery non-empty sequenceof movesin the gameG(N ) extendsthe
empty sequencethis root of S(N) has the largest rank of any elemer of
S(N), namely rank l.LetH=M . Let v(;) be 1if there is some
move a by the architect sothat v(hai) = 1, and setv(;) = 0 otherwise.

Dene bon S(N) by recursion. Let b(R) = 2 for all R 2 S(N) with
jRj 1. Continue by recursion on jRj. For notational corvenience,let R
be obtained from R 2 S(N) f;g by omissionof the last entry. If b(R )
has beende ned and the last movein R isB- = ((S;C); (T ;D)) for the

uilder, then let b(R) be the least b greater than b(R ) and any elemen of

(S [ran(C)[ T-[ ran(D-)). If (R ) hasbeende ned, the last movein
R is a for the architect, and R = R', then let b(R) be the least b greater
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than b(R ) sothat for all d in the restriction of B(R' ) to subsetsof H with

min(d) > b, there is a consenative move for the builder for position R with
new elemerts d. The existenceof a value for i(R) in this latter casefollows
from the fact that H M' by construction, and by Lemma 10.37.

Sinceall R in S(N) are nite, this recursion extends b to all of S(N).
This de nition of H and b guaranteesthat the builder can always respond
with consenative movesto plays of the architect.

If v(;) = 1, then the strategy for the architect is to keepv(R) = 1. Given
the de nition of v, the architect will always succeed,aslong asthe builder
moves consenatively with H and b. If v(;) = 0, and the builder always
movesconsenatively with H and b, then he will win, again by the recursive
de nition of v and the de nition of winning the game. a

10.5. Triangles

For this section we assumethat h : [T(!)]? ! 0Ois xed and that an
innite setH ! and a bounding function b are given sothat the architect
has a winning strategy for gamesof G(h; H) in which the builder plays
consenatively for band H. The goalis to outline how one usesthe strategy
of the architect to construct a triangle.

10.38 Lemma. Supmse is a strategy for the architect with which she
wins G(h; N) if the builder movesconservatively for H, b. Then there is a
three element 1-homageneus set for h.

Proof. Consider the possibilities for (;). The architect must declare the
pair to be built will be inside or outside, the initial move is to complete the
rst tree or construct it to a decisionpoint and must declarethe sized of
the node label of the initial node constructed. We construct our triangles
by playing multiple interconnectedgamesin which the architect uses , the
builder plays consenatively for H and b, and plays su cien tly large that
his plays work in all the relevant games. While technically we should report
a pair of node labeled trees for ead play of the builder, for simplicity, we
frequertly only mentioned the onejust created or modi ed.

Case 1: Using , the architect speci es the builder constructs a complete
tree in her initial move.

Then the architect must call for an outside pair and must setd = 0,
sinceotherwise the pair constructed will not be clear. The builder responds
via consenative play with a complete tree (S;C) whose node labeling is
constartly the emptyset. The strategy must then specify that the builder
constructs a secondcomplete tree whose initial node has a node label of
size 0. The builder responds via consenative play with a complete tree
(T; D) whosenode labeling is constartly ;. Since is a winning strategy,
h(S;T) = 1.
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Next the architect shifts to the gamewherethe builder hasrespondedto
the opening move with (T;D), appliesthe strategy , to which the builder
responds with (U;E), a (third) complete tree whose node labeling is con-
stantly ; starting su cien tly large for this responseto be appropriate for
the gamewhere the builder hasrespondedto the opening move with (S;C).
Since is awinning strategy, h(T;U) = 1= h(S;U). Thusf S;T;Ugis the
required triangle.

Case 2: Using , the architect declaresthe pair will be an inside pair, and
speci es the initial node label sized = 0 and that the builder constructs to
a decisionnode.

The proof in this caseis similar to the last, with the architect starting
one game to which the builder responds with a rst tree (Sp; Co) where
the decisionnode is a prepartition node of ordinal zero, sinceno levelswere
coded for intro ducing decisionnodeswith successoordinals. Thusthe next
play for the architect is to direct the builder to createa completetree all of
whosenodesare labeledby ;.

The architect stops moving on the rst gameand, using , starts a new
game, directing the builder to start high enoughthat the tree constructed
could be the beginning of his responsein the rst game. The builder re-
sponds with a tree (To; Do) where the decisionnode is a prepartition node
of ordinal zero The architect corntinuesthis gameusing and the builder
responds with a complete tree (U;E) all of whose nodes are labeled with
;. After the architect and builder eadh move a nal time on this game,the
builder has created a completetree (T; D) extending (To; Do). Since isa
winning strategy, h(T;U) = 1.

Now return to the rst game: the builder plays (T;D9% where D° is
the constartly emptyset node labeling; The architect uses to respond
and requires the builder to construct high enoughthat his responseworks
in the game where the builder plays (U;E) as well as the one where the
builder plays (T;D9. Since is a winning strategy, h(S;T) = h(S;U),
Thusf S;T; U g is the required triangle.

Case 3. Using , the architect declaresthe pair will be an outside pair,
and speci es the initial node label sized = 0 and that the builder constructs
to a decisionnode.

The proof in this caseis similar to the last, soonly the list of substreesto
be constructed is given. Start with (Sp; Co) and (To; Do) asresponsesto the
rst two movesof the architect in the rst game. Next build (Up; Eg) and
(S;C) assecondand third movesin a gamewhere (Sp; Cp) is the rst move,
and (Up; Eo) is started high enoughto be a reponsein the game starting
with (To;Dg). Finally build (T;D) and (U;E) in the game starting with
responses(To; Do) and (Ug; Ep) and contin uing high enoughthat play using
(S;C) in the appropriate gamesis consenative.
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In the remaining two caseswe use and consenativ e play for the builder
to createtreesS; T; U with nodelabelings(S;C?), (S;C?), (T;D°), (T;D%),
(U;E®) and (U;E?) through plays Gy.1, G2, Gi.» of the gameG(h; H). We
pay special attention to the creation of the initial segmens up to the rst
partition nodes for ead pair and to the terminal segmets, after the last
partition nodes. We refer to the remainder of the run as\the mid-game".

Case 4. Using , the architect declaresthe pair will be an inside pair, and
speci es the initial node label sized > 0 and directs the builder to construct
the rst tree to a decisionnode.

We start by displaying a schematic overview of the construction:

S TUI[T Ul[suUululsT|TSs

Next we outline the stepsto be taken.

1. Choosefrom H codesfor d levelsfor S and U; choosed larger levelsfor
S and T; start the initial segmem of S with respectto T; continueit to
get the initial segmen of S with respectto U (the di erence is in the
node labelingsonly), and apply to the resultsto determine the sizes
d% d®of node labels for the roots of T;U in Gy.1, Go.2, respectively.

2. Choosed levels for T's interaction with U; choosed larger levels for
T's interaction with S; start the initial segmen of T with respect to
S; cortinue it to get the initial segmen of T with respect to U; and
apply to determine the size d°®of the node label of the root of U
for G.».

3. Choose d*@levels for U's interaction with T; choose d®larger levels
for U's interaction with S; start the initial segmen of U with respect
to S; continue it to get the initial segmen of U with respectto T.

4. Play the mid-game of G;.» to the call for the completion of U.

5. The initial segmets of T and U with respectto S are complete, so
update the node labelings C° and C*.

6. Play the mid-game of &, until the architect calls for the completion
of S. In particular, play until U is complete.

7. Update the node labeling E?® for U by labeling all the new nodes by
the empty set.

8. Complete the play of the game &1, starting by extending the part of
S createdin the play of the mid-game &.». Sudh a start is possible,
since the levels of S for interaction with T are larger than those for
interaction with U.
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9. Update the node labelings C2 for S and D2 for T by labeling all the
new nodeshby the empty set.

Care must be taken to direct the builder to start high enoughthat all
movesin the tree plays of G(h; H) are consenative. Sincethe construction
of the initial segmetts calls for intro ducing levels, we describe the rst sud
step in greater detalil.

We know that we will needto chooselevelsfor splitting of S with respect
to T and U, and for splitting T with respect to U. Depending on the
strategy , we may needto chooselevelsfor the splitting of T with respect
to S and for the splitting of U with respectto S and T. Here s a picture
of the approach we plan to take on thesesplitting levels,in the generalcase
where we needlevels for all pairs.

A/_\ for S
AA for T
—\: for S AA
== for T A for U A
j f0r U \s A
S T U

To start the construction, choose2d+ 1 elemertis from H aboveb(h (;)i)
ending in m°, and use them to dene C*( m°® ) and C?( m°® ) with
C?( m% )< CY( mO%).

Start playing a game &1 where the architect starts with Rg;l = (;)
and the builder must use the elemens of C1( m® ) and m° to start his
initial move, RY"*. Continue to play until the architect's last move RQ
before directing the builder to switch to the secondtree. One can identify
this point in the run of the game,sinceit is the rst time the architect has
stopped on a node, call it vg, whoselevel is one more than min(C(hm©°1i)).
Let (S; 1:C5 1) be the tree paired with (;;;) by the builder in his last
move.

Let C? bethe node labeling of S ; with the value of C#(hm®i) speci ed
above, with the empty set assignedfor nodeswhich are not initial segmers
of vp, and for initial segmers of vy longer than the root, are the singletons
neededto guarantee that vy is a prepartition node. Then the architect
directs the builder to extend this node labeled tree to a response Rg’:z to
(;) in the secondgame &y.,. The two players cortinue the gameuntil the
architect, in Rg?z, directs the builder to switch to the secondtree to start
with a node label of sized®and to go to a decisionnode. Such a move s the
only onethat will lead to a clear pair. Let (S5 ;;CZ ;) be the tree played
by the builder in his previous move.

Return to game G.1 and require the builder to respond to Rg?l with
(Sps1:Cpya) for S3,; = S 4 and Cj,; the node labeling where all new
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nodesthat are not initial segmers of the largest node are labeled with the
empty setand initial segmeits of the largest node are labeled minimally so
that it is a prepartition node. Let d° be the size of the node label for the
root of the secondtree determined by the architect's useof in response
to this move of the builder.

The remaining details are left to the reader. The careful readerwill note
that there is one possibility in which the architect initially calls for d = 1,
speci es a node label of size 2 at the rst decision node, and after the
completion of the rst full segmen, calls for an empty node label for the
root of the secondtree. The construction proceedsas above but is simpler,
sothesedetails are also left to the reader.

As in the previous cases,since is a winning strategy for the architect,
the setf S;T; U g we have constructed is the required triangle.

Case 5: Using , the architect declaresthe pair will be an outside pair,
and speci es the initial node label sized > 0 and directs the builder to
construct the rst tree to a decisionnode.

This caseis substartially like the previous one, sowe give the schematic
below to guide the reader and a few commens on how to move from one
sectionto the next.

S T|s T]Ju s u|ls | T ul TuU

We start by building initial segmens of S and T. We begin by choosing
d small levels for the interaction of S with T and d larger levels for the
interaction of S with U. We start to build the initial segmem of S with
respect to its convex partition by U, then extend that start to build the
initial segmen of S with respect to its convex partition by T. We obtain
the size d° of the root node label of the secondtree in Gy.1 by applying
choosed® small levels for the interaction of T with S, and d larger levels for
the interaction of T with U. We start building the initial segmen of T with
respect to U, then extend it to the initial segmen of T with respectto S.

We play the mid-game of Gy.1 until the architect calls for the completion
of S. In the processwe have completedthe initial segmets of S and T with
respectto U, sowe update C? and D2, and apply to the current state of
play of G.» to nd d°and to the current state of play of G., to nd d°®

We choose d® smaller levels for the interaction of U with respect to S
and d°larger levels for the interaction of U with respectto T. We start
building the initial segmen of U with respect to T, then extend it to the
initial segmen of U with respectto S.

We play the mid-game of G.» until the builder has completed the con-
struction of S and the architect has called for the completion of U. In the
processwe have completed the initial segmen of U with respectto T, and
the nal segmen of S with respectto T sowe update E* and and C*.
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Then we play the mid-game of G;., and complete the play of that game
with the nal segmets of T and U. Finally, we update D° and E° on the
new elemeris of T and U which complete the games&.1 and Gy.».

As in the previous cases,since is a winning strategy for the architect,
the setf S;T; U g we have constructed is the required triangle. a

10.6. Free Sets

Our next goal is the construction of a subsetof T(!) of order type ! !
which is 0-homogeneousdor global pairs.

Recall the characterization of subsetsof G, of order type at least! ° that
dates badk to the late 1960'sor early 1970's. (see[42], [4]], [69)]).

10.39 De nition. A non-empty set S f 2 G :min() = ngis

there are s coordinates above which it is free.

10.40 Lemma (seeLemma 7.2.20f [65]). AsetS f 2 G, :min( ) =
ng hasot(S) !®if and only if there is a subsetV S sothat V is free
in s coordinates.

We would like to adapt this ideato setsof node labeledtreesfrom T ( ).
By an abuseof notation, write t 2 (T;D) 2 X to meanthat t 2 T for some
(T;D) 2 X . The next de nition facilitates our discussion.Recallthat e (s)
is the ordinal of s.

10.41 De nition.  For l'andanys2 (S;C)2 T (), call s asignal
node if either jC(s)j > 1 or e (s) limit and jC(s)j = 1.

Recall De nition 10.24 of relaxed initial segmens of treesin T( ). The
rst three parts of the next de nition guaranteethat locally -free setshave
nice regularity properties, and the last three guarantee (1) signal nodes
are introduced wheneer there is no constraint, (2) signal nodes are given
large node labels, and (3) there are arbitrarily large starts for extensionsof
relaxed initial segmeits of treesin the collection. The de nition of -free
from locally -free guaranteesthat there are arbitrarily large new starts for
trees as well.

10.42 De nition.  Suppose land02 2[ + 1Y . A non-empty
set X of node labeledtreesfrom T( ) islocally -free for if the following
conditions are satis ed:

1. (commonality) if > 0, then every tree in X has a proper relaxed
initial segmem and every local pair from X has a common proper
relaxed initial segmem and otherwise is disjoint;
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2. (conformity) if r 2 (S;C) 2 X and k 2 C(r) 6 ;, then there is some
relaxed (T;D) v (S;C) sothat r @max(T) and if the ordinal of r is
a successorthen 1(r; T) = k.

3. (-signalit y) for any signal noder 2 (S;C) 2 X, eithere (r) 2 or
for somep @r with e (p) = !, thereisk 2 C(p) sothat e (r) = k.

4. (-forecasting) for any relaxed (S;C) v (T;D) 2 X,if ;2 , then
there is somesignal node r @ max(S) with e (r) = ;; andif p @
max(S) is a signal node, k 2 C(p), and e (p) = ! is a limit ordinal,
then there is somesignal node r @max(S) with e (r) = k;

5. (signal size) for any signal node r 2 (S;C) 2 X, the inequality
JC(r)j < max(r) holds, and max(t) < max(r) implies max(t) < jC(r)j
forallt2 (T;D) 2 X.

6. (push-up) for every k < I and every relaxed initial segmen (T;D) @
(U;E) 2 X, there is some complete extension (é/; F) A (T; D)Sl;n X
whosenew elemerts start abovek, i.e. k < min( V[ ran(F) T[
ran(D)).

Wesay X is -freefor if it islocally -free for , andfor all k <!, there
is somehmi 2 (S;C) 2 X such that k < jC(hmi)jif 2 andk< m
otherwise.

By an abuse of notation, for a collection X of node labeled trees from
T( ), weletot(X)=ot(f S:9C(S;C) 2 X g).

10.43 Lemma. For all I, forall0z 2[ +1]¥ ,if X is -freefor
, then ot(X) ( ;) wher
8 .
5! if =0,
(1) = 12 if >0and =;,
Tz’ i >o0and! 2 6, and
"1t otherwise.

Proof. Relaxedtrees, especially with a speci ed node as an initial segmen
of the max, play an important role in the de nition of free and locally free.
Here is somenotation to facilitate the discussion. For any set X of node
labled trees,dene X (t) .= f(T;D)2 X :t2 (T;D)g.

10.44 Claim. If X is -freefor = 0and02 1, thenot(X) !.

Proof. Since0 2 1, it followsthat = ;. Sinceany -free for =0
set X hasarbitrarily large roots, it must have order type at least! . a
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For 1 L, + 1, Y a setof node labeled trees from T( ) and
m<1!,dene (; ;Y;m):= 0unlessY(hmi) 6 ; islocally -free for
and there is some(S;C) 2 Y with hmi 2 (S;C), and in the latter case,set

8
21 if =;
(; ;Y;m)::>!! ; if 6 ; and = max() limit,
"1 7, otherwise
where, for non-empty , ~ := jC(s)] 1 for s the leastsignal node of (S;C),

= j j 1. This function is well-de ned, sinceif Y (hmi) 6 ; is locally
-free for with  non-empty, then all elemens of Y (hmi) have a proper
relaxedinitial segmei in commonwith (S;C) which must include the least
signal node of (S;C).

Let ( ;) bethe following statemert.

For all locally -free for setsY, if mi 2 (S;C) 2,

) then ot(Y (hmi))  ( ; ;Y;m).

10.45 Claim. For all land 0 2 +1,if X is -freefor and
( ;) holds,then ot(X) ().

Proof. Useinduction on n to prove the claim for subsets I of sizen.
To start the induction, considersubsetsof size0. If X is ; -free for 1,

then by de nition, X (hmi) is non-empty for in nitely many m, and by
commonality and push-up, ot(X (tmi)) ! ,soot(X) 12= ( ;;).

Next assumethe claim is true for subsetsof sizek and that n = k + 1.
If X is -free for land 02 + lsatises! 2 andj j=k+ 1,
then there are arbitrarily large = for which there are m 2 (S;C) 2 X with
T < jC(hmi)jif 2 and with © < m otherwise. In the latter case,by
-forecasting and by signal size, there are arbitrarily large ~ for which the
rst signal node s 2 (S;C) 2 X has ™ < jC(s)j. Since ( ;) holds, it
follows that there are arbitrarily large~ < m with ot(X (hmi)) ! Y for
k=jj 1 henceot(X) !'“" = ( ;) asdesired.

Therefore by induction, the claim holds for all nite subsets I,

To complete the proof, consider with ! 2 . Then =1!. SupposeX
is -free for! and! 2 . Then the root node of every tree in X is a signal
node. Also X has arbitrarily large valuesfor jC(hmi)j by the de nition of

-free for =1 2 . Hencefrom (! ;) it follows that ot(X (hmi)) !
for > = jC(mi)j 1,soot(X)=1!"' = (!;) asrequired. a
10.46 Claim. For all land0 2 + 1, the statement ( ;) holds.

Proof. SupposeY is locally ; -free for land hmi 2 (S;C) 2 Y. Then
by commonality and push-up, ot(Y (hmi)) !,so ( ;;) holds.
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Useinduction on to show that for all non-empty 0 2 + 1, the
statemert ( ') holds. For the basiscase, = 1, the only caseto be
consideredis = f1g. SupposeY is Iocallgf 1g -freeandhmi 2 (S;C) 2 Y.
Then hmi is a signal node, and Z : :(T;D) 2 Y(hmi)gis free
in jC(hmi)j coordinates in the senseof De n|t|on 10.39by conformity and
push-up. Thus Z hasorder type! 1€(hmDi by | emma 10.40. HenceY (hm i)
hasthis order type aswell, so (1;f1g) holds.

For the induction step, assume ( 9 is true for all °with 1 0<
Suppose is nhon-empty with 0 Z + 1,Y islocally -free for and
hmi 2 (S;C) 2 Y. It followsthat Y (hmi) is alsolocally -free for . Let
(S ;C ) bethe minimal proper relaxed initial segmen of (S;C), required
by commonality. Then (S ;C ) is a commoninitial segmem of all treesin
Y. Let hm; m i bethe unique initial segmen of max(S ) of length 2.

Case 1: max() < ormax() = =1.

For each (T;D) 2 Y, the derived tree (T;D) is de ned by 2 T if and
only if hm;m iv hmi-£2 T, and B(f) = D(hmi- f).

Let Z be the collection of derived trees. Note that hm i is an elemen
of every treein Z. Let °= land °= if is nite, andlet %= m
and °= (  fl g)[ C(hmi) otherwise. Then Z = Z(hm i) is locally *
freefor © Also, ot(Y(hmi)) ot(Z(hm 1i)), soin this case,the desired
inequality follows by the induction hypothesis.

Case 2: =f + 1g.

Consider the set E T (1) of hm;Ky;ko;:::;kmi such that there is
(T;D) 2 Y sudch that for all 1 i m, hm; kji 2 T. By conformity
and push-up, the set E is freein * = jC(tmi)j 1 many coordinates, so

it has order type! , by Lemma 10.40. Thus ot(Y (hmi)) ot(E) = ! =
( ; ;Y;m) asrequired.

Case 3: +12 6f + 1g.

Notice that every tree (T;D) in Y (hmi) may be thought of asa collection
of m node labeled trees from T () extending from the root hmi.

Call an initial segmen (T;D) of a tree in Y (lmi) large if max(T) is
a prepartition node with ordinal 0 such that ](s;T) = max(C(s)) for all
proper s @t with jsj > 1. Every elemen of Y (hmi) has exactly jC(hmi);j
many large initial segmeits.

Let 0= f + 1gandset =j Y. Fix attention on alarge (T;D) for
which ](hmi;T) < max(C(hmi)), and let k be the least elemen of C(hmi)
greater than J(tmi;T). Let E(T;D) be the set of initial segmets (T% DY)
of elemeris of Y extending (T;D) to a tree with root mi extended by
exactly k subtreesfrom T( ). Then E(T;D) hasorder type!' , sincethe
collection of trees that occur for the kth slot are “free for . In fact the
set of maximal large initial segmetts of thesetrees alsohasorder type! ' ,
sinceead has exactly | extensionsin E(T;D) and ! ' is multiplicativ ely
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indecomposable. From this analysis, it follows that ot(Y (hmi)) !' -,
where™ = jC(hmi)j 1,so0 ( ;) holdsin this nal case.
Therefore by induction on , the claim follows. a

Now the lemma follows from Claims 10.44,10.45and 10.46. a

10.47 Lemma. Supmseh is a 2-partition of T (! ) with 2 colorsandN !
is innite with 1 < min(N) and no two conseutive integers are in N.
Further supmse a bounding function b and H N in nite are such that
the builder wins every run of G(h; N) by playing ‘conservatively for b and
H. ThenthereisasetY T(!) of ordertype!' sothat h(S;T) = 0 for
all glokal pairs from Y.

Proof. We will use recursion to build a f! g-free for ! set X with the
property that ewvery global pair ((S;C);(T;D)) from X has a coarsening
((S;CY;(T; DY) which is a nal play in a run of G(h;N) in which the
builder plays consenatively for band H. (By a coarsening, we mean that
CYs) C(s)andD9t) D(t)foralls2S,t2 T.) Sincethe builder wins
the game, h(S;T) = 0O for such pairs. ThusY = fS:(9C)((S;C) 2 X) g is
the desiredset, since,by Lemma 10.43,Y hasorder type! '

To start the recursion, let Xy be the set with onIyS(; ;) init.  For
positive j < !, we enumerate the node labeledtreesin . X; which are
proper initial segmetts, starting with (;;;) = (S0 C?,) and ending with
(Sj?nj ;Cj‘;’n J_ ). Speaking generally, in stagej, for eadr k  n;, we consider
the kth initial segmen, (SJ ;CJ ), usemovesof the architect and builder
in G(h;H) to create a relaxed or complete extension, (Sjx ; Cjx ), using
elemerns of H larger than anything mentioned up to that point. Then we
let X bethe setof all (Sjx ;Cjx ) fork n;j.

A simple induction shows that that there are only nitely many proper
initial segmerts to be consideredin ead stage and they fall into at most
three types: trivial (i.e. (;;;)), ready for completion (i.e. a relaxed initial
segmen (T;D) sud that for all s max(T) whoseordinal is a successor,
1(s; T) = max(D(s))), or relaxed but not ready for completion.

In stagej, for the trivial initial segmen, onestarts G(h; H) at the begin-
ning. Otherwise, for the kth initial segmem, one cortinuesa gamein which
the rst treeis (Sj?k ;Cj‘;’k ) and the secondtree is the relaxedinitial segmen
constructed to extend (; ;;) in this stage, namely (S; o; Cj: 0)-

In the gamesplayed, the architect usesthe following strategy. Shealways
directs the builder to create or extend the rst tree. If the architect is
making her rst move on the kth initial segmen and it is relaxed, then
she declaresthe next node label size to be 0 and calls for completion if
(Sj?k ;Cj?k ) is ready for completion, and for decisionotherwise. Recall that
if the architect calls for completion, then the node label of new elemeris is
the empty set. Otherwise, the architect usesthe least elemert of H larger
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than any usedto that point asthe size of the next node label, and calls for
construction to the next decisionnode.

The builder always responds consenatively for H, b, and always plays
large enoughto have the play remain consenative for any possible game
that could be constructed using coarseningsof the given trees.

Play stopsat the end of the rst move by the builder in which he creates
atree (Sjk ; Cjx ) which is relaxed or complete.

In any stage,with any starting initial segmen, after nitely many steps
of the game, the builder has constructed the required relaxed or complete
extension. Since there are only nitely many trees to extend in a given
round, eventually ead round iss nished. Therefore, the construction stops
after ! roundswith asetX = ~ X; of trees. Let X be the set of complete
treesin X. By construction, X is f! g-free, so by Lemma 10.43, the set
Y := f S:(9C)((S:;C) 2 X) g hasorder type! ' .

To ched that Y is the required set, supposethat ((S°%; C?);(S*;C')) isa
global pair from the set X with (S°;C°) < (S*;C?'). By the construction,
every partition node of (S"; C") is the maximum of somerelaxed segmen of
(S";C"), and every splitting noder hase (r) in C(hm" i), wherea splitting
noder 2 S is one of the form s\ t for distinct partition nodess;t 2 S".
Hencethere are coarsenings(S°; D) and (S*;D?) sothat for all r 2 S”,

8

2f](r;S"(;;s]) : r @s partition nodeg e (r) successar
D(r) = _fe (1) :r @t spliting nodeg e (r) limit;

T otherwise

Thus ((g7;D%); (S*; DY) satis es De nition 10.23and is a global clear pair.
If max(~ S° > max( S?), then the pair is inside, and otherwise it is
outside. Usethis knowledgein the architect's initial move; use the values
of jD"(r)j for the sizesof the node labels in the architect's moves; and
orchestrate her moves to create the paircof node Iabeledérees when the
builder is required to usethe elemerts of ~ S°[ ran(D®) [ ~ S[ ran(D?).
Since the architect has no winning strategy, and the builder's plays were
large enoughfor any coarsening,it follows that this run of the gameis a
win for the builder. Thus h(S°; S) = 0 asdesired. a

10.7. Completion of the Pro of

In this subsection,we complete the proof that ! L (! ! :3)? by assem-
bling the appropriate lemmas. We start with h : [T(!)]? ! 2. We apply
the Ramsey Dichotomy 10.32to hand N = ! to get H I innite, a

bounding function b and a favored player.

If the architect has a winning strategy by which shewins G(h; N) when
the builder plays consenatively, then there is a 1-homogeneoudriangle by
Lemma 10.38.
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Otherwise, the builder wins every run of G(h;N) by playing consena-
tively, so by Lemma 10.47, there is a set Y of order type ! ' sothat all
global pairs get color 0. Partition Y into setsY, sothat Yo < Y; < :::,
all pairs from Y, are local, and ot(Y,) !' e Apply Corollary 9.3 to
ead Y,. If for somen, the result is a 1-homogeneoudriangle, we are done.
Othegwise, we get 0-homogeneoussetsZ,, Y, of order type ! """ and
Z = Z, isthe 0-homogeneouset required for completion of the proof of
the theorem.
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