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I. Partition Relations

Andr �as Ha jnal and Jean A. Larson

1. In tro duction

The study of partition relations datesback to 1930,when F. P. Ramsey[49]
proved his oft-cited theorem.

1.1 Theorem (Ramsey'sTheorem). Assume1 � r; k < ! and f : [! ]r ! k
is a partition of the r element subsetsof ! to k pieces. Then there is an
in�nite subsetX � ! homogeneous with respect to this partition. That is,
for somei < k; f \ [X ]r = f ig:

In 1941,B. Dushnik and E.W. Miller [9] looked at partitions of the set of
all pairs of elements of an uncountable set, involving P. Erd}os in solving one
of their more di�cult problems (seeTheorem 7.4). In 1942, P. Erd}os [10]
proved somebasic generalizationsof Ramsey'sTheorem, including among
others the theorem generally called the Erd}os-RadoTheorem for pairs. In
the early �fties, P. Erd}os and R. Rado [17], [19] initiated a systematic
investigation of quantitativ e generalizations of this result. They called it
the partition calculus. There are casesin mathematical history when a
well-chosennotation can enormously enhancethe development of a branch
of mathematics and a casein point is the ordinary partition symbol (see
De�nition 1.3)

� ! (� � )r
� <


invented by Richard Rado [18], reducing Ramsey'sTheorem to ! ! (! ) r



for 1 � r; 
 < ! . It becameclear that a careful analysis of the problems
accordingto the sizeand nature of the parametersleadsto an inexhaustable
array of problems, each seemingly simple and natural. These classical in-
vestigations were completed in the 1965 paper [15] of Erd}os, Hajnal and
Rado, and wereextendedin the book [14] written jointly with Attila M�at�e.
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4 I. Partition Relations

We cite this compendium from time to time for proofs we omit and as a
resourcefor someopen problesm we include.

In 1967, after the �rst post Cohen set theory conference,held in Los
Angeles,Erd}osand Hajnal wrote a list of unsolvedproblemsfor the ordinary
partition symbol and related topics. This paper [12] appearedin print four
years later.

A great many new results were proved by the then young researchers.
However, unlike many other classicalproblems,theseproblemshaveresisted
full solution. The intro duction of new methods and the discovery of new
ideas usually has given only incremental progress,and objectively, we are
as far as ever from complete answers. However, small steps requiring new
methods have been continuously made, quite a few of them during the
writing of this paper, and we will concentrate on them.

For easyreference,in the ordinary partition relation � ! (� � )r

 , we call

� the resource, � � the goals, and 
 the set of colors. We will be focusing on
two main subjects:

1. New ZFC theorems obtained via the elementary submodel
method both for ordinary partition relations and for polarized
partition relations (seeDe�nition 1.5).

2. The new results obtained in the late nineties for partition
relations with a countable resource.

Section 2 describes the classical proofs of the (balanced) form of the
Erd}os-RadoTheorem and the Positive Stepping Up Lemma. Theseare the
results where the resourceis regular and the goalsare equal and of the form
� , or � + 1 for somecardinal � . In subsection2.3 we state but do not prove
the Negative Stepping Up Lemma complementing theseresults.

In Section 3, we describe the elementary submodel method and in par-
ticular, the use of nonre
ecting ideals �rst intro duced in [4]. We give an
alternate proof of the balanced Erd}os-RadoTheorem, and give a proof of
the unbalancedform of it using the new method.

In Section 4, especially in subsection4.2, we fully develop the method of
elementary submodels. We givestreamlined proofsof both the balancedand
unbalanced forms of the Baumgartner-Hajnal-Todorcevic Theorems [4] in
subsections4.3 and 4.4. Theseresults generalizethe Erd}os-RadoTheorem
to allow goalswhich are ordinals more complex than cardinals � and their
ordinal successors,� + 1. We state a result of Foreman and Hajnal [20] for
the successorsof measurablecardinals. Using the methods of the Foreman-
Hajnal proof, in subsection4.5, we give a direct proof of a special caseof
the Baumgartner-Hajnal Theorem [2].

In Section 5, we discussthe Milner-Rado Paradox and the new ordinal

( � ) < � + intro duced in the Foreman-Hajnal result [20], which is related
to a form of the Milner-Rado Paradox.
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In Section 6, we discussa new development, the �rst in the twenty-�rst
century . Solving a problem of Foremanand Hajnal, Shelah[55] proved that
if there is a strongly compact cardinal, then there are cardinals � such that
� + ! (� + 2)2

! .
In Section 7, we brie
y discussthe caseof singular resources.We state,

but do not prove, several theorems on this subject from the 1965 Erd}os,
Hajnal and Rado paper [15] and the 1975Shelahpaper [57].

In Section 8, we describe a new variant of the elementary submodel
method called doublerami�c ation, which wasinvented by Baumgartner and
Hajnal in 8.2.

In subsection8.1, we use it for the proof of

(� )
�

� +

�

�
!

�
�
�

� 1;1




where � is weakly compact and 
 < � . Result (� ) was previously known
only if 
 < ! (see the discussionbefore Theorem 8.2). In subsection8.2,
we use the method for the proof of Shelah'sTheorem [59] stating that (� )
holds for � a singular strong limit cardinal (of uncountable co�nalit y) which
satis�es 2� > � + and for 
 < cf(� ).

In Section9, wediscussthe spectacularprogressby Carl Darby [7], [8] and
ReneSchipperus [53], [51] on the caseswhere the resource� is a countable
ordinal, listing their negative partition results in Theorem 9.9, and give a
samplecounterexample, ! ! 2

9 (! ! 2
; 6)2. This example is not optimal, but

was chosento illustrate the methods of Darby without all the complicating
detail.

In Section 10, we outline a proof of a special caseof the positive results
by Schipperus that ! ! �

! (! ! �
; 3)2 for � � 2 the sum of one or two

indecomposableordinals (Darby independently proved the result for � = 2).
We closethis section with somebackground de�nitions.

1.1. Basic De�nitions

1.2 De�nition. Let X be a set, r < ! and � ; 
 be ordinals.

1. A map f : [X ]r ! 
 is called an r -partition of X with 
 colors.

2. For � < 
 , a subset Y � X is called homogeneous for f in color � if
f \ [Y ]r = f � g:

3. The set Y � X is homogeneous for f if it is homogeneousfor f in
somecolor � < 
 .

4. A linearly ordered set X has order type � , in symbols, ot(X ) = � , if
it is order isomorphic to � .
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1.3 De�nition. Let � , � � for � < 
 , and 
 be ordinals and suppose1 �
r < ! . The ordinary partition symbol

� ! (� � )r



meansthat the following statement is true.

For every r -partition of � with 
 colors, f : [� ]r ! 
 , there exist
� < 
 and X � � such that ot(X ) = � � and X is homogeneous
for f in color � .

We write
� 6! (� � )r




to indicate that the negation of this statement is true. If all � � equal � ,
then we write

� ! (� )r

 (or � 6! (� )r


 ):

A further more or lessself explanatory abbreviation is � ! (� 0; (� ) 
 )2 in
case� � = � for 1 � � < 
 :

1.4 Remark. Note that the notation of De�nition 1.3 is so devised that
if we start with a positive partition relation � ! (� � )r


 , then the truth of
the assertion is preserved under increasing the resource ordinal � on the
lefthand side of the arrow (! ) and decreasingthe ordinal goals � � , or the
colors
 on the righthand sideof the arrow. And this latter statement holds,
with someexceptions,for the exponent r as well (see[14]).

We stated De�nition 1.3 in this generality, becauseit will su�ce for most
of what we will prove. It should be clear that further generalizationscan
be made. For example, a similar symbol � ! (� � )�


 can be de�ned where
� ; � � ; � are order types, by starting with an arbitrary ordered set hX ; �i
for which ot(X ; � ) = �, partitioning its subsetsof order type � ,

[X ]� = f Y � X : ot(Y; � ) = � g;

into 
 color classes,and as above, looking for homogeneoussubsetsof the
prescribed color and order type. As general Ramsey theory developed in
both �nite and in�nite combinatorics, problems were consideredin which
the set partitioned was a subset of [X ]� rather than all of [X ]� , and the
homogeneoussetsconsistedof possibly other kinds of subsetsof [X ]� . Par-
tition relations proliferated. For a review of someof them we refer to [14],
sincewe can not try to cover all of them in the limit spaceof this chapter.

In [15], among other generalizations, polarized partitions were intro-
duced. In fact, this paper is the only place in the published literature
where theserelations are systematically discussed.
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1.5 De�nition. Let � , � be ordinals and suppose that � 0; � 1 � � and
� 0; � 1 � � . The polarized partition relation

�
�
�

�
!

�
� 0 � 1

� 0 � 1

�

meansthat the following statement is true.

For all orderedsetsA and B of order type � , � respectively, and
all partitions f : A � B ! 2, there is an i < 2 and setsA i � A,
B i � B such that ot(A i ) = � i , ot(B i ) = � 1 and f \ A i � B i = f ig.

2. Basic Partition Relations

2.1. Ramsey's Theorem

2.1 De�nition. Assume hX ; �i is an ordered set and f : [X ]r ! 
 is an
r -partition of length 
 of X , 1 � r < ! .

1. For V 2 [X ]r � 1, de�ne f V : X � V ! 
 by

f V (u) = f (V [ f ug)

2. f is endhomogeneous on X if for every V 2 [X ]r � 1, the function f V

is homogeneouson X j � V = f u 2 X : V � u g.

3. Let

X � =

(
X � f mg if X has a maximal element m
X otherwise

4. Assume f is endhomogeneouson X . De�ne f � : [X � ]r � 1 ! 
 by
f � (V ) = � i� 8u 2 X j � V (f V (u) = � ) for V 2 [X � ]r � 1.

The next lemma follows immediately from the de�nitions.

2.2 Lemma. Using the above notation, if f is endhomogeneous on X ; Y �
X � and f � is homogeneous on Y then f is homogeneous on Y and on
Y [ f mg if m is the maximal element of X .

We �rst give a direct proof of the well-known Ramsey's Theorem us-
ing non-principal ultra�lters and postponing the more natural rami�c ation
method to the next section for two reasons. First, Erd}os and Rado con-
sidered this approach part of their \combinatorics", (Erd}os called the ul-
tra�lters \measures"). Second,having given a proof here, we do not have
to adapt the forumulation of the rami�cation to cover the casewhen the
resourceis a regular limit cardinal.
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2.3 Theorem (Ramsey'sTheorem).

! ! (! )r
k for 1 � r; k < !

Proof. By induction on r . For r = 1 the claim is obvious. Assume r > 1
and f : [! ]r ! k: Let U be a non-principal ultra�lter on ! and V 2 [! ]r � 1:
De�ne ~f (V ) and A(V ) as follows: let ~f (V ) = i for the unique i < k for
which the set A(V; i ) := f u 2 ! � V : f V (u) = i g is in U, and set A(V ) :=
A(V; ~f (V )).

We can chooseby induction on n an increasingsequencehxn : n < ! i of
integers satisfying xn 2

T
f A(V ) : V 2 [f x j : j < n g]r g for n < ! . Let

X = f xn : n < ! g: Then f � � [X ]r � 1 = ~f � [X ]r � 1 and f is endhomogeneous
on X . By the induction hypothesis, there is a Y � X with ot(Y ) = ! so
that Y is homogeneousfor f � . Finally, by Lemma 2.2, Y is the desiredset
homogeneousfor f . a

2.2. Rami�cation Argumen ts

2.4 Remark (A brief history). The �rst trans�nite generalization of Ram-
sey'stheorem appearedin the paper [9] of Dushnik and Miller. They proved
� ! (�; ! )2 for regular � and Erd}os proved this for singular � as well. His
proof wasincluded in [9]. This theorem, unique of its kind, logically belongs
to Section 7 where we will discussit brie
y .

The basic theorems about partition relations with exponent r = 2 were
�rst stated and proved in 1942 in an almost forgotten paper of Erd}os [10].
There he proved (2� )+ ! (� + )2

� for � � ! ; he indicated the counterexam-
ples 2� 6! (3)2

� and 2� 6! (� + )2
2; and he proved ! 2 ! (! 2; ! 1)2 assuming

CH. The Erd}os-RadoTheorem for exponent larger than 2 was proved later
in [19]. (SeeCorollary 2.10.) Kurepa alsoworked on related questionsquite
early (seethe discussionby Todorcevic in Section C of [37]).

Few theorems have been provided with as many simpli�ed proofs as
(2� )+ ! (� + )2

� , the Erd}os-Rado Theorem. Erd}os and Rado used the so
called \rami�cation method". We will present this method in the proof
of the next theorem. After some \streamlining," it still seemsto be the
simplest way for obtaining balanced partition relations for cardinals, ones
in which all the goals are the samecardinal. For the unbalanced case,we
will present a method worked out in [4]. This method will be used in the
proofs of a number of more recent results which will be presented in later
sections. Given limitations of time and energy, and a desire for coherence,
we decidedto focus on results amenableto this method.

2.5 Theorem. Assume2 � r < ! ; � � ! ; 
 < �; � = 2<� and

f : [� + ]r ! 
 :
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Then there exists an X � � + with ot(X ) = � + 1 such that f is endhomo-
geneous on X .

Proof. For � < � + , de�ne an increasing sequence�
�

= h� �
� : � < ' � i of

ordinals less then � and an ordinal ' � by trans�nite recursion on � . For
� = 0, set ' 0 = 0 and let �

0
be the empty sequence. For positive � , to

start the recursion, let � �
q := q for q < max(f �; r � 1g), and for � < r � 1,

let ' � = � . To continue the recursion, assumer � 2 < � and � �
� is de�ned

for � < � . Let �̂ �
� = sup(f � �

� + 1 : � < � g), and de�ne sets

B �
� := f � �

� : � < � g

A �
� := f � < � : �̂ �

� � � ^ (8V 2 [B �
� ]r � 1)( f V (� ) = f V (� )) g:

Let � �
� := min(A �

� ) if A �
� 6= ; : If A �

� = ; , put ' � = � . Clearly for each
� < � + , the set B �

' �
[ f � g is an endhomogeneousset of order type ' � + 1,

and we may de�ne f �
� on [B �

' �
]r � 1 as in De�nition 2.1. If � 2 B �

' �
, then

it is easyto show by induction on � < ' � that � �
� = � �

� . Thus if � 2 B �
' �

,
then f �

� agreeswith f �
� on [B �

' �
]r � 1.

De�ne a relation � on � + by � � � i� � 2 B �
' �

. It is easy to verify
that T := h� + ; �i is a tree on � + and rankT (� ) = ' � for � < � + . T is
called the canonical partition tree of f on � + , and T' , asusual, denotesthe
f � < � + : rankT (� ) = ' g.

For � < � + , let C� : [' � ]r � 1 ! 
 be de�ned by C� (U) = f �
� (V ) where

V = f � �
� : � 2 U g. It follows by trans�nite induction on ' that for

�; � 2 T' , if C� = C� , then � = � . Hence jT' j � j
 j j ' j � � for ' < � .
Then j

S
'<� T' j � � , T� 6= ; and for all � 2 T� , B �

� [ f � g is a set of order
type � + 1 which is endhomogeneousfor f . a

2.6 Remark. Note that (2<� )<� = 2<� can hold for singular � . Indeed
it is easy to seethat either (2<� )<� = 2<� or cf((2<� )<� ) = cf(� ) and
2<� = sup(f (2� )+ : � < � g). The proof described above givesTheorem 2.5
under the condition 
 � � provided � <� = � .

2.7 Theorem (The Stepping Up Lemma). Assume � � ! , 1 � r < ! ,

 < � and � ! (� � )r


 . Then
�
2<� � +

! (� � + 1)r +1

 :

This is an immediate consequenceof Lemma 2.2 and Theorem 2.5.

2.8 De�nition. De�ne expi (� ) by recursion on i < ! :

exp0(� ) = �;

expi +1 (� ) = 2exp i ( � ) :
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2.9 Theorem (The Erd}os-Rado Theorem). Assume � � ! , 
 < cf(� ).
Then for all 2 � r < ! ,

expr � 2

�
2<� � +

! (� + (r � 1))r

 :

Proof. Starting from the trivial relation � ! (� )1

 for 
 < cf(� ), we get

(2<� )+ ! (� + 1)2

 , by Theorem 2.7. This is the caser = 2 of the theorem.

The result follows by induction on r with repeatedapplications of Theorem
2.7. a

A better known but weaker form of the theorem is the following.

2.10 Corollary . Assume� � ! . Then for all 1 � r < ! ,

expr � 1 (� )+ !
�
� + + (r � 1)

� r
� :

Note that while Theorem 2.9 guaranteesfor examplethat � + ! (� + 1)2



holds for 
 < cf(� ) for a singular strong limit cardinal � , Corollary 2.10
doesnot say anything about this case.

2.3. Negativ e Stepping Up Lemma

2.11 Theorem (The Negative Stepping Up Lemma). Assume � > 0 is a
cardinal, 2 � r < ! , 1 � 
 and � 9 (� � )r


 , where each � � > 0 is a cardinal.
Then 2� 9 (1 + � � )r +1


 , provided at least one of the following conditions
hold:

1. 
 � 2, �; � 0; � 1 � ! and � 0 is a regular cardinal;

2. 
 � 2, �; � 0 � ! , � 0 is a regular cardinal, and r � 4;

3. 
 � 2, �; � 0; � 1 � ! , and r � 4;

4. � � ! and � � < ! for all � < 
 .

For a proof, we refer the reader to the compendium by Erd}os, Hajnal,
M�at�e and Rado [14], which includesadditional negative stepping up results.
We do quote one related open problem from that reference.

2.12 Question (Problem 25.8 in [14]). AssumeGCH. Does

@! ! +1 +1 9
�
@! ! +1 +1 ; (4)!

� 3
?

The following theorem provides a context for this question.

2.13 Theorem. AssumeGCH. Then

1. @! +1 9 (@! +1 ; (3)! )2 and

2. @! ! +1 9
�
@! ! +1 ; (3)!

� 2
.
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3. Partition Relations and Submo dels

For the rest of this paper we will adopt the following conventions. Whenever
we write \ H (� )", � will be a regular cardinal, and \ H (� )" will stand for a
structure A with domain the collection of setsH (� ) which are of hereditary
cardinalit y < � . The structure A will be an expansion of hH (� ); 2; 4i ,
where 4 is a �xed well-ordering of H (� ). The expansion will depend on
context, and will usually include all of the relevant \data" for the proof at
hand. Note that the well-ordering 4 yields well-de�ned Skolem hulls for all
setsX � H (� ).

3.1 De�nition. Assume � � ! , 2<� = � . Let H := H (� ++ ). A set N is
said to be suitable for � if it satis�es the following conditions: hN ; 2i � H ,
jN j = � , [N ]< cf ( � ) � N , [N ]<� � N if � <� = � , � + 1 � N , � := N \ � + 2
� + , cf(� ) = cf(� ). The ordinal � (N ) = � will be called the critic al ordinal
of N . Note that � � N by assumption.

We assumethat the reader is familiar with the theory of stationary sub-
setsof an ordinal. To make our terminology de�nite, for a limit ordinal � ,
a subsetB � � is a club if B is co�nal (unbounded) and closedin the order
topology of � . A set S � � is stationary if B \ S 6= ; for every club subset
of � . The notation Stat( � ) will denote the set of stationary subsetsof � .

We will make useof the following facts about elementary submodels.

3.2 Facts. Let � = 2<� . For every set A with jAj � � and A 2 H (� ++ ),
there is an elementary chain hN0; 2i � � � � � hN � ; 2i � � � � � H , with
A � N0, indexedby � < � + that is continuous,and internally approachable
(i.e. N � 2 N � +1 for all � � � ), and the set

S0 = f � < � + : � (N � ) = � and N � is suitable for � g

the intersection of a club in � + with Scf ( � ) ;� + = f � < � + : cf(� ) = cf(� ) g.

3.3 De�nition. A subset S � H (� ++ ) is amenable for this sequenceif
S \ � 2 N � +1 for � 2 S0. A function g is amenableif g� � 2 N � +1 for all
� 2 S0.

Note that S0 itself may be assumedto be amenable.
In this sectionwe will only usethe existenceof oneN suitable for � . The

ideals de�ned below were intro duced in [4] for regular � . In most of the
later applications we will only consider the regular case.

3.4 De�nition. Let N be suitable for � � ! , � = 2<� , � (N ) = � . We
de�ne a set I = I � = I (N ) � P(� ) as follows. For X � � ,

X 2 I ( ) (9Y )(Y � � + ^ Y 2 N ^ � =2 Y ^ jX � Y j < � ):
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Note that for regular � , the last clausecan be replacedby X � Y .

3.5 Lemma. Let N be suitable for � � ! , � = 2<� , � (N ) = � . We de�ne
a set F = F � as follows:

F � := f Z 2 N : Z � � + ^ � 2 Z g:

Then (i) X =2 I = I � if and only if jX \ Z j � � for all Z 2 F � ; and (ii) the
elementsZ of F � are stationary subsetsof � + .

Proof. Part (i) follows directly from De�nition 3.4. To seethat part (ii)
also holds, we verify that � 2 Z � � + , Z 2 N imply that Z is stationary.
Otherwise Z \ � = ; for someclub B 2 N . Then B \ � is co�nal in � , by
elementarit y and � 2 B sinceB is closed. a

3.6 Lemma. If N is suitable for � , then I = I (N ) is a cf(� )-complete
proper ideal on � = � (N ). Moreover, if � <� = � , then I is � -complete.

Proof. The completenessclearly follows from [N ]< cf ( � ) � N and [N ]<� � N
respectively. To seethat � =2 I , let Z 2 N be a subset of � + with � 2 Z .
It is enough to show that jZ \ � j = � . SinceZ 2 N , also sup(Z ) 2 N . As
� 2 Z and N \ � + = � , it follows that sup(Z ) = � + . Then a fortiori there
is a one-to-onefunction g : � ! Z: Hencethere is a g 2 N like this. Using
� + 1 � N , we get that ran(g) � N \ � + = � . a

In what follows we will often suppressdetails like those given above.

3.7 De�nition. AssumeN is suitable for � , � = 2<� and � = � (N ). For
X � � , we say X re
ects the properties of � if X \ Z 6= ; for all Z 2 F � .

3.8 Lemma. Assume N is suitable for � , � = 2<� and � = � (N ). If
X � � and X 2 I + , then X re
ects the properties of � , so we call I = I �

the non-re
ecting ideal on � (induced by N ).

Notation. Assume f : [X ]2 ! 
 is a function, � < 
 and � 2 X . For
simplicit y, we often write f (�; � ) for f (f �; � g), specifying which of the
ordinals � , � is smaller, if necessary. Denote the set f � < � : f (�; � ) = � g
by f (� ; � ).

3.9 Lemma (Connection Lemma). Assume � � ! and � = 2<� . Further
suppose that N is suitable for � with � (N ) = � , f 2 N is a 2-partition of
� + with 
 < cf(� ) colors, and X � f (� ; � ) \ � for some� < 
 is such that
X =2 I = I (N ). Then there is some Y � X with ot(Y ) = cf(� ) so that
Y [ f � g is homogeneous for f in color � .

Proof. Let Z be a subsetof X [ f � g maximal with respect to the following
properties: � 2 Z and Z is homogeneousfor f in color � . If jZ j � cf(� ),
then we are done. Assumeby way of contradiction that jZ j < cf(� ). Then
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sup(Z \ � ) < � and Z \ � 2 N . Let A =
T

f f (u; � ) : u 2 Z \ � g. Then A 2
N and � 2 A. Hence,by the re
ection property, A \ (X � sup(Z \ � )) 6= ; .
If y 2 A \ (X � sup(Z \ � )), then f yg [ Z is homogeneousfor f in color � ,
contradicting the maximalit y of Z . a

3.10 Theorem (Erd}os-Rado Theorem (unbalanced form)). Let � be an
in�nite cardinal and 
 < cf(� ). Then

�
2<� � +

!
� �

2<� � +
; (cf (� ) + 1)


� 2
:

Proof. Let � = 2<� , and suppose f : [� + ]2 ! 
 is a 2-partition of � +

into 
 colors. Use Facts 3.2 to chooseN suitable for � with f 2 N . For
notational simplicit y, let � = � (N ) and I = I (N ). If f (� ; � ) \ � =2 I for
some1 � � < 
 , then we are done by Lemma 3.9. By Lemma 3.6, we may
assumethat � � f (� ; 0) �

S
f f (� ; � ) \ � : 1 � � < 
 g 2 I . By De�nition

3.4, there is a set Z 2 N with Z � � + and � 2 Z for which jZ � f (� ; 0)j < � .
De�ne a set W in H (� ++ ) as follows:

W := f � 2 Z : jZ � f (� ; 0)j < � g:

Then W 2 N and � 2 W . Then by Lemma 3.5 we infer that W 2 Stat( � + )
and for g(� ) := f � < � : f (� ; � ) 6= 0g, we have jg(� )j < � for all � 2 W . By
Fodor's Set Mapping Theorem [14], there is a stationary subsetS � W free
for g (i.e. 
 =2 g(� ) for all � 6= 
 2 S), and S is homogeneousfor f in color
0. a

Note that with some abuse of notation we have proved the following
stronger result.

3.11 Theorem. Let � � ! , � = 2<� and suppose 
 < cf(� ). Then

� + ! (Stat (� + ); (cf (� ) + 1)
 )2:

This theorem should be compared with the caser = 2 of Theorem 2.9
and it should be observed that while for regular � , the above theorem is a
strengthening of Corollary 2.10, for singular � the results are incomparable.
It should also be noted that using Theorem 2.7, the above result can be
stepped up to the following.

3.12 Corollary . Assume� � ! and 
 < cf(� ). Then for all 1 � r < ! ,

expr � 2

�
2<� � +

!
� �

2<� � +
; (� + (r � 1)) 


� r
:

Finally it should be remarked that we did not try to state the strongest
possibleforms of the Erd}os-Radotheorems. Clearly the methods give simi-
lar results in caseswhere the resourcecardinal � is a regular limit cardinal.
For a detailed discussionwe refer to [14].
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4. Generalizations of the Erd}os-Rado Theorem

4.1. Overview

In this section we focus on the problem of what positive relations of the
form �

2<� � +
! (� � )2




can be proved for regular � and 
 < � in ZFC. The casefor singular � will
be almost entirely omitted becauseof limitations of space.Many problems
remain unsolved, and the simplest of thesewill be stated at the end of this
subsection. We start by discussinglimitations, the �rst of which comesfrom
the next theorem.

4.1 Theorem (Hajnal[25], Todorcevic). If 2� = � + , then

� + 6! (� + ; � + 2)2:

Proof Outline. We only sketch the proof given in [25], omitting Todorcevic's
proof for singular � , which has been circulated in unpublished notes. Let
f A � : � < � + g be a well-ordering of [� ]� . De�ne a sequenceof sets
B � 2 [� + ]� for � < � + by trans�nite recursionon � , in such a way that the
following two conditions are satis�ed:

1. jB � \ B � j < � for all � < � ;

2. B � \ A � 6= ; for all � < � for which jA � �
S

f B 
 : 
 2 F gj = � for
all F 2 [� ]<� .

To complete the proof, for � < � < � + , set f (� ; � ) = 1 if and only if
� 2 B � .

The constraint that jB � \ B � j < � for all � < � < � + implies that f has
no homogeneoussubsetsof order type � + 2 for color 1. The assertionthat
it has no homogeneoussubsetsof order type � + for color 0 follows from the
claim below.

4.2 Claim. AssumeA is a subsetof size � + . Then there is a subsetB of A
of size � which is not almost contained in the union of fewer than � many
B � 's.

On the onehand, if fewer than � many B � 's meetA in a set of size� , then
any subset B � A of size � in the complement of the union of these B � 's
provesthe claim. Otherwise, choosea sequenceB � (� ) indexed by � < � of
� many setswhoseintersection with A has cardinalit y � , and let B be the
union of the intersectionsA \ B � (� ). a

Henceforth we will assumethat the goals, � � , are all ordinals, � � < � +

for � < 
 .
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For � = ! , the best possible result, ! 1 ! (� )2
k for all � < ! 1 and

k �nite was conjectured by Erd}os and Rado [17] in 1952 and proved by
Baumgartner and Hajnal [2] in 1971,already in a more generalform. Using
a self-explanatory extension of the ordinary partition relation for linear
order types, it says

� ! (! )1
! implies � ! (� )2

k for all � < ! 1, k < ! .

Soon after it wasgeneralized(also in a self-explanatory way) by Todorcevic
to partial orders [63]. Schipperus [52] proved a topological version. The
Baumgartner-Hajnal proof used \Martin's Axiom + absoluteness". An el-
ementary proof not using this kind of argument was given by Fred Galvin
[21] in 1975. We will treat this theorem later in Section 4.5, where we will
also give a brief history of earlier work on this conjecture, becausesomeof
theseapproachesserved as starting points for other investigations.

We will treat �rst the case� = cf(� ) > ! . The reasonfor this strange
order is really technical. The results to be presented for the case� > !
were proved later and much of the method of using elementary substruc-
tures was worked out while proving them. We will give a new proof of the
Baumgartner-Hajnal Theorem which can be extendedto successorsof mea-
surable cardinals and usesthe methods developed for the treatment of the
cases� > ! .

For the cases� > ! , there are further limitations.

4.3 Theorem. Assumethat � = � + � ! 1 and GCH holds. Then there are
� -complete, � + -cc forcing conditions showingthe consistencyof the follow-
ing negative partition relations:

� + 6! (� : � )2
2 and � + 6! (� : 2)2

� :

Here the relations mean that there are no homogeneoussetsof the form
[A; B ] := f f �; � g : � 2 A ^ � 2 B g whereA < B , ot(A) = � , and ot(B ) = �
or ot(B ) = 2 respectively. The forcing results are due to Hajnal and stated
in [13]. The �rst result, � + 6! (� : � )2

2, was shown by Rebholz [50] to be
true in L . It is interesting to remark that while the proofs of Theorem 4.1
really give � + 9 (� + ; (� : 2))2 in the relevant cases,these two statements
are really not equivalent. In [35], Komj�ath proves it consistent with ZFC
that ! 1 9 (! 1; ! + 2)2 and ! 1 ! (! 1; (! : 2))2 hold.

In view of the limitations above, the following result of Baumgartner,
Hajnal and Todorcevic [4], which we prove in Subsection4.3 (seeTheorem
4.12), is the best possiblebalanced generalization of the Erd}os-RadoThe-
orem for �nitely many colors to ordinal goals: for all regular uncountable
cardinals � and �nite 
 , if � < � is an ordinal with 2j � j < � , then

�
2<� � +

! (� + � )2

 :
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Note that for 
 = 2, this result wasproved much earlier by Shelahin section
6 of [56].

As a generalization of the unbalanced form, we prove in Subsection4.4
(seeTheorem 4.18) that for all regular uncountable cardinals � and all �nite
m, 
 , �

2<� � +
! (� ! +2 + 1; (� + m) 
 )2:

In this discussionwe have restricted ourselves to 2-partitions, since the
situation is di�eren t for larger tuples. For example, Jones [27], [31] has
shown that for all �nite m; n, ! 1 ! (! + m; n)3, complementing the result
of Erd}os and Rado [19] who showed ! 1 9 (! + 2; ! )3. Milner and Prikry
[43] proved that ! 1 ! (! + ! + 1; 4)3.

We concludethis subsectionwith someopen questions.

4.4 Question. For which � < ! 1 and which n < ! does the partition
relation ! 1 ! (�; n)3 hold?

4.5 Question. Are the following statements provable in ZFC + GCH?

1. ! 3 ! (! 2 + ! ; ! 2 + ! 1)2?

2. ! 3 ! (! 2 + 2)2
! ?

Though there are additional limitations for 
 � ! , which we will discuss
in Section5, both theoremsmay actually generalizefor in�nite 
 with 2j 
 j <
� , but nothing like this is known with the exception of the following very
recent result a proof of which will be given in Section 6.

4.6 Theorem (Shelah[55]). � + ! (� + � )2
� for � < � = cf(� ) and � = 2<� ,

under the assumptionthat � < � � � for somestrongly compact cardinal � .

4.2. More Elemen tary Submo dels

In this subsectionwe prove a generalization of Connection Lemma 3.9 for
regular � . Let � = 2<� and assumethat hhN � ; 2i : � < � + i is a sequence
of submodels of H := H (� ++ ) satisfying the requirements outlined in 3.2,
with A = f f g wheref : [� + ]2 ! 
 is a given 2-partition of � + with 
 colors.
For notational convenience,we will let

S0 := f � < � + : � \ N � = � and N � is suitable for � g:

For � 2 S0, we will write I � for the ideal I (N � ) of De�nition 3.4.

4.7 Lemma (Set Mapping Lemma). Assumethat S � S0 is stationary and
g : S ! P(� + ) is a set mapping so that g(� ) � � and g(� ) \ S 2 I � for all
� 2 S. Then there is a stationary set S0 � S which is free for g. That is,
g(� ) \ S0 = ; for all � 2 S0. Moreover, if S and g are amenable,then so is
S0.
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Proof. Since S is a set of limit ordinals, for each � 2 S, we can choose
� � < � and Y� � � + so that � =2 Y� 2 N � � and g(� ) � Y� . By Fodor's
Theorem, �rst � � and then Y� stabilize on a stationary set. That is, for
somestationary S0 � S and someY � � + , we have � =2 Y and g(� ) � Y
for all � 2 S0. a

4.8 Corollary . SupposeS � S0. An element � 2 S is a re
ection point of
S if S \ � =2 I � . Then the set S � ~S is non-stationary, where ~S denotesthe
set of re
ection points of S. Moreover, if S is amenable,then so is S0.

Proof. Assumeby way of contradiction that S0 := S � ~S is stationary, and
de�ne g(� ) := S0 \ � for � 2 S0. By the Set Mapping Lemma 4.7, there is
a stationary subset S00 � S0 so that S00 is free for g. On the other hand,
if � < � are both in S00 � S0, then � 2 g(� ) := S0 \ � , contradicting the
freenessof S00for g. a

4.9 De�nition. For � < � + and � 2 <! 
 , we de�ne ideals I (�; � ) by
recursion on j� j. To start the recursion, we set

I (�; ; ) :=

(
P(� ) if � =2 S0, and
I � if � 2 S0.

If � = � _ hi i and I (�; � ) has beende�ned, then for all X � � ,

X 2 I (�; � ) ( ) f � < � : X \ � \ f (� ; i ) =2 I (� ; � ) g 2 I (�; ; ):

4.10 Lemma. Suppose � < � + and � 2 <! 
 .

1. I (�; � ) is a � -complete ideal;

2. if � =2 S0, then I (�; � ) = P(� );

3. I (�; ; ) � I (�; � ).

Proof. In the special caseof � = ; , item (1) follows either from Lemma 3.6
or the trivialit y that P(� ) is � -complete. Use recursion on j� j to complete
the proof of (1), since at each successorstage, I (�; � _ hi i is gotten by
averaging � -complete ideals according to a � -complete ideal.

Note that (2) follows immediately from the de�nition of I (�; � ).
Item (3) is alsoproved by induction on j� j simultaneously for all � < � + .

For � =2 S0, it follows from the second item, so assume� 2 S0. It is
trivial for � = ; , so assumeit is true for I (�; � ) where � = � _ hi i , and
let X 2 I (�; ; ) = I � = I (N � ) be arbitrary . By de�nition of I (N � ), there
is someY � � + so that � =2 Y 2 N � and X � Y . Since � is limit, there
is � 0 < � with Y 2 N � 0 . Since the sequenceof submodels is continuous,
Y 2 N � for all � with � 0 < � < � , and for � =2 Y , we either have X \ � 2 I �

if � 2 S0 or have X \ � 2 I (� ; 0) otherwise. Hence by the induction



18 I. Partition Relations

hypothesis, X \ � 2 I (� ; � ) for � =2 Y with � 0 < � < � . That is, if
� < � and X \ � =2 I (� ; � ), then � 2 Y [ (� 0 + 1). So X 2 I (�; � ), since
� =2 Y � (� 0 + 1) 2 N � . a

We postpone the proof that someof these ideals are proper.

4.11 Lemma (SecondConnection Lemma). Suppose X � � , X =2 I (�; � )
and suppose i 2 ran(� ). Then there is a subsetY � X [ f � g with ot(Y ) =
� + 1 homogeneous for f in color i .

Proof. The proof is by induction on j� j. If � = ; , then there is nothing
to prove. Next suppose � = � _ hj i for somej < 
 . By Lemma 4.10, we
know that X \ � =2 I (� ; � ) for some� < � with � 2 X . Thus the induction
hypothesisgivesthe statement for i 2 ran(� ). Next assumei = j . Then by
Lemma 4.10(3), we know that X =2 I � and Connection Lemma 3.9 yields
the desiredresult. a

4.3. The Balanced Generalization

In this subsectionwewill prove,asannouncedearlier, the following balanced
generalization of the Erd}os-RadoTheorem.

4.12 Theorem (Baumgartner, Hajnal, Todorcevic [4]). Suppose� is a reg-
ular uncountablecardinal, 
 is �nite and � < � is an ordinal with 2j � j < � .
Then �

2<� � +
! (� + � )2


 :

For notational simplicit y, we are �xing � , � = 2<� , a 2-partition f :
[� + ]2 ! 
 , and � as in the statement of the theorem throughout this sub-
section,and we continue the notation intro ducedin subsections4.1 and 4.2.
In what follows, it will be convenient to look at the least indecomposable
ordinal � � � , rather than � directly. In preparation for the proof, we give
several preliminary facts about ideals.

4.13 De�nition. For ordinals � , setsx � � + and sequences� 2 <! 
 , de�ne
x is (� ; � )-canonical for f by recursion on j� j. To begin the recursion, we
say x is (� ; ; )-canonical for f if x = f � g for some� < � + . For � = � _ hi i ,
we say x is (� ; � )-canonical for f if x is the union of a < -increasingsequence
hx � : � < � i so that each x � is (� ; � )-canonical for � < � and f (u; v) = i for
all u 2 x � and v 2 x � with � < � < � .

The following lemma is left to the reader as an exercise.

4.14 Lemma. Assumethat � is an indecomposableordinal and � 2 n 
 for
somen < ! . Then

1. ot(x) = � n for all x which are (� ; � )-canonical for f ;
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2. if x is (� ; � )-canonical for f , then every y � x with ot(y) = � n , is also
(� ; � )-canonical for f and J := f z � y : ot(z) < � n g is a proper ideal;

3. if x is (� ; � )-canonical for f , then for every i 2 ran(� ), there is some
y � x with ot(y) = � which is homogeneous for f in color i .

4.15 Lemma (Re
ection Lemma). AssumeX 62I (�; � ) for some� < � + ,
� 2 <! 
 , and further suppose that � < � is indecomposable. Then there is
a set x � X which is (� ; � )-canonical for f .

Proof. The proof is by induction on j� j. To start, notice the lemma is
vacuously true for � = ; . Next suppose� = � _ hi i . Construct a sequence
hx � : � < � i by recursion on � < � . Assumethat � < � and that the sets
x � � X \ f (� ; i ) are (� ; � )-canonical for f for � < � . Let Z = f � <
� + : (8� < � )(8� 2 x � )( f (� ; � ) = i ) g. Since hx � : � < � i 2 N � , we have
Z 2 N � and � 2 Z . Since f � < � : X \ � \ f (� ; i ) =2 I (� ; � ) g 62I � ,
we can choose � < � so that � 2 Z 2 N � , X \ � \ f (� ; i ) =2 I (� ; � ) and
sup(

S
f x � < � g) < � . By the induction hypothesis, we can choosea set

x � � X \ Z which is (� ; � )-canonical for f with x � < x � for all � < � .
This recursion de�nes hx � : � < � i , and x =

S
f x � : � < � g is the

required set (� ; � )-canonical for f . a

We needone more lemma which will be used in the proof of the unbal-
ancedversion (Theorem 4.18) as well.

4.16 Lemma. AssumeS � S0 is stationary and � � 
 is non-empty. Then
there are S0 � S stationary and � 2 <! � with � one-to-one such that

1. S \ � \ f (� ; j ) 2 I (� ; � ), for every � ; � 2 S0 with � < � and every
j 2 � � ran(� ), but

2. S \ � =2 I (�; � ) for � 2 S0.

Moreover, if S is amenable,then so is S0.

Proof. Let � be of maximal length so that ran(� ) � �, � is one-to-one,and

S00:= f � 2 S : S \ � =2 I (�; � ) g is stationary.

For j 2 � � ran(� ), let

gj (� ) := f � < � : S \ � \ f (� ; j ) =2 I (� ; � ) g:

By the maximalit y of � , it follows that gj (� ) \ S00 2 I � for all but non-
stationarily many � 2 S. By Lemma 4.7, there is a stationary subset
S0 � S00which is free for gj . a



20 I. Partition Relations

Let S := f � 2 <! 
 : � is one-to-oneg.
For � < � + and � 2 S, say (X ; Y) �ts (�; � ) if X � � , X =2 I (�; � ) and

f (� ; j ) \ X 2 I (�; � ) for all � 2 Y and j =2 ran(� ).
From Lemma 4.16 we get the following corollary by applying the lemma

with � = 
 .

4.17 Corollary . For every stationary set S � S0, there are � 2 S, � 2 S
and a stationary subsetS0 � S so that (S \ �; S0) �ts (�; � ).

With theselemmasin hand, we turn to the proof of the main theorem of
this subsection.

Proof of Theorem 4.12. Using Corollary 4.17, we de�ne � m 2 S0, � m 2 S,
and stationary Zm � S0 by recursion on m so that the following conditions
are satis�ed:

1. � 0 < � � � < � m < : : : ; Z0 � � � � � Zm � : : : ; and

2. (Zm \ � m ; Zm +1 ) �ts (� m ; � m ).

SinceS is �nite, � k = � n for somek < n < ! . We concludethat there are
a sequence� 2 S, ordinals � 0 < � 1, and setsX 0, X 1 such that the following
statement is true:

X 0 < X 1, X i =2 I (� i ; � ) for i < 2, and f (� ; j ) \ X 0 2 I (� 0; � ) for
every j =2 ran(� ) and every � 2 X 1.

Let � be the least indecomposableordinal with � � � . By the Re
ection
Lemma 4.15, there is a y � X 1 such that y is (� ; � )-canonical for f .

We shrink X 0 to X = X 0 �
S

f f (� ; j ) : j =2 ran(� ) and � 2 y g. Then
X =2 I (� 0; � ) since I (� 0; � ) is � -complete, jyj < � and f (� ; j ) 2 I (� 0; � ) for
j =2 ran(� ), � 2 y � X 1.

Let J = f Z � y : Z is not (� ; � )-canonical for f g. By Lemma 4.14, J is
a proper ideal on y.

For every � 2 X , there is an i (� ) 2 ran(� ) so that f (� ; i ) \ y =2 J . Thus
for every � 2 X , by Lemma 4.14(3), there is a y(� ) � y of order type � such
that f � g [ y(� ) is homogeneousfor f in color i (� ).

Using the fact that ! j � j = 2j � j � ! < � , we now obtain i 0 2 ran(� ), y0 � y
and X 0 � X with X 0 =2 I (�; � ) sothat i (� ) = i 0 and y(� ) = y0 for all � 2 X 0.
Thus f (� 0; � 1) = i 0 for all � 0 2 X 0 and � 1 2 y0.

By the SecondConnection Lemma 4.11, we get an X 00 � X 0 of order
type � homogeneousfor f in color i 0. Finally X 00[ y0 is the required set of
order type � + � homogeneousfor f in color i 0. a
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4.4. The Un balanced Generalization

4.18 Theorem (Baumgartner, Hajnal, Todorcevic [4]). Suppose� is a reg-
ular uncountable cardinal, and m, 
 are �nite. Then

�
2<� � +

! (� ! +2 + 1; (� + m) 
 )2:

This subsectionis devoted to the proof of this theorem, and for notational
conveniencewe set � = 2<� throughout. Also, �x a partition f : [� + ]2 !
1 + 
 . We also continue to use the notation intro duced in subsections4.1,
4.2 and 4.3.

The strategy of the proof is to derive Theorem 4.18 from the following
auxiliary assumption:

Q(� ) 2<� = � and 8



f � : � < � + �
� � � 9g 2 � � ( f � � g ) ;

where � is the relation of eventual domination on � � .
Then as in the original proof of the Baumgartner-Hajnal Theorem [2],

we observe that the assumption Q(� ) is unnecessary, and therefore that
Theorem 4.18 holds in ZFC.

Let us justify this observation beforegoing on to prove the theorem from
the assumption of Q(� ).

Let P0 be the natural � -closedforcing for collapsing2<� onto � . Then in
V P0 we have � = � . Working in V P0 and using a standard iterated forcing
argument (as in [1]) we can force every sequenceof functions in � � of length
� to be eventually dominated via a partial ordering P1 that is � -closedand
has the � + -chain condition. Let P = P0 � P1. Then P is � -closedand in
V P , both � = � and Q(� ) hold. Note that in V P , we will have 2� > � + ,
sincethis inequality is implied by Q(� ).

Assuming we have proved Theorem 4.18 under the assumption of Q(� ),
we may assumeit holds in V P . Suppose that f : [� + ]2 ! 
 + 1 is a 2-
partition in V . Then in V P , there is someA � � + such that either (a) A is
homogeneousfor f in color 0 and ot(A) = � ! +2 + 1, or (b) A is homogeneous
for f in color i > 0 and ot(A) = � + m. Suppose(a) holds. Note that � ! +2 + 1
is the samewhether computed in V or in V P . Let h : � ! � ! +2 + 1 be a
bijection with h 2 V . In V P , �x an order-isomorphism j : � ! +2 + 1 ! A.
Now, working in V , �nd a decreasingsequencehp� : � < � i of elements
of P and a sequenceh� � : � < � i of elements of � + such that for all � ,
p� 
 j (h(� )) = � � . This is easyto do by recursion on � , using the fact that
P is � -closed. But now it is clear that f � � : � < � g 2 V has order type
� ! +2 + 1 and is homogeneousfor f in color 0. Case(b) may be handled the
sameway.

For the rest of this subsection,assumeQ(� ) holds. We may also assume
that � > ! sincefor � = ! we have the much stronger result Theorem 4.30.

First we prove a consequenceof Q(� ).
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4.19 Lemma. Assume Q(� ). For all positive ` < ! and every sequence
hX � : � < � + i of subsetsof � ` of order type < � ` , there is a sequence
hZ � : � < � i of subsetsof � ` of order type < � ` such that every X � is a
subsetof someZ � .

Proof. Use induction on `. For ` = 1, the sets X � � � 1 = � are bounded
and we may de�ne Z � := � .

For the induction step, assumehX � : � < � + i is a given sequenceof
subsetsof � k+1 of order type < � k+1 . Write � k+1 =

S
� <� U� as the union

of an increasing sequenceU0 < � � � < U� < : : : in which ot(U� ) = � k . For
each � < � + and � < � , de�ne

Y�;� :=

(
X � \ U� ; if ot(X � \ U� ) < � k

; ; otherwise.

Sinceeach U� is isomorphic to � k , we may apply the induction hypothesis
to each sequencehY�;� : � < � + i to get hW�;� : � < � i , so that every Y�;�

is a subsetof someW�;� and each W�;� is a subsetof U� of order type less
than � k .

For each � < � + , de�ne g� : � ! � by g� (� ) is the least � so that
Y�;� � W�;� . Choosean increasingg : � ! � eventually dominating all the
g� for � < � . De�ne

Z � :=
S

�<� [
S

f W�;� : � � � ^ � � g(� ) g:

Then hZ � : � < � i satis�es the requirements of the lemma for ` = k + 1.
Therefore by induction, the lemma follows. a

From this point forward in the subsection, we assumethat there is no
homogeneousset for color 0 of the order type required. We may alsoassume
that the result is true for 
 0 < 
 .

4.20 Lemma. AssumeS � S0 is stationary. For all � � [1; 
 ] with � 6= ; ,
there are a stationary set S0 � S and a one-to-one function � 2 <! � such
that the following two properties hold:

1. for every stationary S00 � S0 there is some � 2 S00 with S00\ � =2
I (�; � );

2. for all j 2 � � ran(� ) and all � ; � 2 S0, if � < � , then f (� ; j ) \ � \ S0 2
I (� ; � ).

Proof. By induction on j� j. For the basiscaseof j� j = 1, suppose� = f ig
for somepostive i � 
 . Then either ran(� ) = f ig, the �rst property holds
with S0 = S and the secondholds vacuously, or by the Set Mapping Lemma
4.7, there is a stationary subsetS0 � S free for color i .
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For the induction step, assumethe lemma is true for some non-empty
proper subsetT � [1; 
 ] and let i 2 [1; 
 ] � T . We must show the statement
is also true for � = T [ f i g. Let ST � S and � witness that the lemma is
true for T . Consider two casesdepending on whether or not the following
statement is true, where Stat(ST ) := Stat( � + ) \ P(ST ):

(� ) 8S� 2 Stat(ST ) 9� 2 S� ( f � < � : S� \ � \ f (� ; i ) =2 I (� ; � ) g =2 I � ):

For the �rst case,assumethat (� ) holds. Then we can chooseS� = ST

and � = � _ hi i , since the �rst item holds by (� ) and the secondremains
true sinceno new j comesinto play.

For the secondcase,assumethat (� ) fails and choosea stationary S� � ST

showing the failure. De�ne

g(� ) := f � < � : S� \ � \ f (� ; i ) =2 I (� ; � ) g:

Applying the Set Mapping Lemma 4.7 to g and S� , we get a stationary
S� � S� free for g which together with � = � satisfy the required two
conditions. a

Our next lemma uses the fact that by Q(� ), we have 2<� = � . For
notational convenience,for each � 2 S0, de�ne

F � := f Z 2 N � : Z � � + ^ � 2 Z g:

Also, for any 0 < ` � 
 and any one-to-onefunction � 2 ` � 1[1; 
 ], call a set
Y (�; � )-slim if Y � S0, ot(Y ) = � ` , Y =2 I (�; � ), and for all W � Y , the
equivalenceW =2 I (�; � ) if and only if ot(W ) = � ` holds.

4.21 Lemma. For all one-to-one functions � 2 <! [1; 
 ], for all X � S0

with X =2 I (�; � ), if ` � 1 is the length of � , then there exists Y � X such
that Y is (�; � )-slim.

Proof. To start the induction, note that if X =2 I (�; ; ) = I � for some� 2 S0,
then there is someY � X with ot(Y ) = � so that Y =2 I � . This implication
is true becauseF � has cardinalit y at most � and can be diagonalized in
X . Then Y is (�; ; )-slim, by the � -completenessof I � . The rest follows by
induction on the length of � . a

The following corollary is immediate from the previous two lemmas.

4.22 Corollary . There are a stationary set S1 � S0, a nonempty subset
� � [1; 
 ] and a one-to-one function � 2 ` � 1� such that the following two
conditions hold:

1. for all stationary S � S1, there are � 2 S and X � � of order type
� ` so that X =2 I (�; � );
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2. for all � < � 2 S1 and all j 2 [1; 
 ] � � , one has f (� ; j ) \ � 2 I (� ; � ).

For notational convenience,write X = � � <� X � to indicate that X 0 <
� � � < X � < : : : and X =

S
� <� X � . For the remainder of this section, let

S1 � S0, � and ` as in the previous corollary be �xed.

4.23 De�nition. For � 2 S0, de�ne H(�; n) by recursion on n < ! . To
start the recursion, de�ne

H(�; 0) := f X � S1 : X is (�; � )-slim g:

If H (�; n) hasbeende�ned, then X 2 H(�; n+ 1) if and only if the following
conditions are satis�ed:

1. X � S1 and there exists hX � 2 H(�; n) : � < � i with X = � � <� X � ;

2. for all F 2 F � , there exists � F so that X � � F for all � > � F ;

3. for all � < � 0 < � and x 2 X � , y 2 X � 0, one has f (x; y) = 0.

Note that every X 2 H(�; n) has ot(X ) = � ` + n and X contains a subset
of order � n homogeneousfor f in color 0. Furthermore, every Y � X of
order type � ` + n has a subset in H(�; n).

We now prove the lemma containing the main idea of the proof.

4.24 Lemma (Key Lemma). Suppose � 2 S1, n < ! and X � S1 with
X 2 H(�; n). Then there are � 0 2 S1 with � 0 > � and hT� � X : � < � i
with ot(T� ) = � ` + n so that for all � 2 S1 with � > � 0, there is some� < �
such that ot(T� � f (� ; 0)) < � ` + n .

Proof. Let M be a maximal subset of S1 with the property that for all
V 2 [M ]<! , ot(

T
f X � f (� ; 0) : � 2 V g) = � ` + n . We claim that jM j � �

and then we are done, by the maximalit y of M .
Assumefor the sake of a contradiction that jM j = � + , and let

� := f
T

� 2 V X � f (� ; 0) : V 2 [M ]<! g:

Extend � [ f X � Y : Y � X ^ ot(X ) < � ` + n g to an ultra�lter U on X .
Then for every � 2 M , there is a j (� ) 2 � so that X \ f (� ; j (� )) 2 U.
Hencethere is somej 2 � so that the set M j := f � 2 M : j (� ) = j g has
cardinalit y � + . By � + ! (� + ; n)2, there is a set H � M j of size n which
is homogeneousfor f in color j . Now X \

T
f f (� ; j ) : � 2 H g is in U, so

it must have order type � ` + n . By Lemma 4.11 it contains a set W of type
� homogeneousfor f in color j . This is the contradiction that proves the
lemma. a

4.25 Lemma. AssumeS � S1 is stationary. Then for all n < ! , there are
� 2 S and X � S so that X 2 H(�; n).
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Proof. Work by induction on n. For the basis case,n = 0, the statement
follows from Corollary 4.22 and Lemma 4.21.

For the induction step, a standard rami�cation argument givesthe result.
Assumethe claim is true for somen. Let � 2 S be arbitrary . We de�ne a
sequence

f X � : � < � g � H (� � ; n)

by recursion on � < � . Assume that X � 2 H(� � ; n), X � � S \ f (� ; 0)
are de�ned for � < � . Let S� = f � 2 S :

S
f X � : � < � g � f (� ; 0) g.

Then � 2 S� and S� 2 N � . Then S� is stationary, and so by the induction
hypothesis it contains a subset X 2 H(� � ; n) for some � � 2 � \ S� . By
elementarit y, we may assumeX 2 N � . By the Key Lemma, there are
T� � X for � < � such that ot(T� ) = � ` + n and jS �

S
� <� Z � j � � where

Z � = f � < � : ot(T� � f (� ; 0)) < � ` + n g:

Then, by elementarit y S �
S

� <� Z � � � , hence� 2 Z � for some� < � and
X � = T� \ f (� ; 0) satis�es the requirement.

S
� <� X � 2 H(�; n + 1) and as

a bonus we have that
S

� <� X � � f (� ; 0). a

The samerami�cation argument givesthe next lemma as well.

4.26 Lemma. AssumeS � S1 is stationary. Then there exist an increasing
sequence h� � 2 S : � < � i and a family hX � ;n � S : � < � ^ n < ! i with
each X � ;n 2 H(� � ; n) so that if either � < � or � = � and k < `, then
X � ;k < X � ;` and f (x; y) = 0 for all x 2 X � ;k , y 2 X � ;` .

The above lemma givesthe result for � ! +1 , sincethe set

X :=
S

f X � ;n : � < � ^ n < ! g

is homogeneousfor f in color 0.
To �nish the proof, we useyet another rami�cation argument.

4.27 Lemma. Let X be a set of order type � ! +1 as described above, and
let X n :=

S
f X � ;n : � < � g. Note that ot(X n ) = � ` + n +1 . Let

J := f Y � X : 9n0 < ! 8n > n0 (ot( Y \ X n ) < � ` + n ) g:

Then J is an ideal and there are f T� 2 J + : � < � g and � 0 2 S1 such that
for all � 2 S1 with � > � 0, the set T� � f (� ; 0) is in J .

Let M be a maximal subsetof S1 so that
T

� 2 V X � f (� ; 0) =2 J for �nite
V � M .

To seethat jM j = � , we proceedjust like in the proof of Lemma 4.24.
We only needthe fact that if Z � X and Z =2 J , then for all j 2 �, the set
Z contains a subsetof type � homogeneousfor f in color j .
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Since jM j = � , the set � := f
T

� 2 V X � f (� ; 0) : V 2 [M ]<! g is a
family of size � such that for all � =2 M , there is some Z 2 � so that
Z � f (� ; 0) � Y for someY 2 �.

The next lemma is the �nal tool we need.

4.28 Lemma. Assume T 2 J + . Then there is a J � J with jJ j � �
such that for all � 2 S1 with T � f (� ; 0) 2 J , there is a Y 2 J so that
T � f (� ; 0) � Y .

Proof. ChooseJn � [X n ]` + n +1 with jJn j � � so that for all � 2 S1 with
ot(X n � f (� ; 0)) < � ` + n +1 there is a Yn 2 Jn with T � f (� ; 0) � Yn . Let

J0 := f
S

n<! Yn : 8n < ! Yn 2 Jn g:

Note that jJ0 j = � ! = � . Finally, set

J := f A [ B : A 2 J0 and B =
S

f X i : i � n g for somen < ! g:

Then J will do the job. a

4.5. The Baumgartner-Ha jnal Theorem

Here is a brief overview of the history of the Baumgartner-Hajnal Theorem
and someof its generalizations.Erd}osand Radoconjecturedthat ! 1 ! (� )2

k
and � 0 ! (� )2

k , for � 0 the order type of the reals,and for all k < ! , � < ! 1.
Fred Galvin �gured out, for order types�, that � ! (! )1

! would be the
right necessaryand su�cien t condition for � ! (� )2

k to hold for all � < ! 1.
Hajnal [25] proved in 1960that � 0 ! (� 0; � _ � � )2 where � 0 is the order

type of the rationals. More signi�can tly , Galvin proved � 0 ! (� )2
2, for � <

! 1, but contrary to the �rst expectations, this proof provided no clues for
the generalcase.For the resource! 1, Galvin could only prove! 1 ! (! 2; � )2

for � < ! 1.
Another result of Prikry [48] said ! 1 ! (�; (! : ! 1))2. This result was

later generalizedby Todorcevic [64] to

! 1 ! ((� )k ; (� : ! 1)) 2 for all � < ! 1.

Finally wemention a very signi�can t consistencyresult of Todorcevic [63]
that PFA (Proper Forcing Axiom) implies

! 1 ! (! 1; � )2 for all � < ! 1.

(For context, recall that PFA implies that c = ! 2.)
Before going back to the main line of discussion,we make another de-

tour. It wasalready asked in the Erd}os-Hajnal problem lists [12], [13] if the
partition relations ! 2 ! (� )2

2 were consistent for � < ! 2. Though there
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is nothing to refute such consistency, the results going in this direction are
weak and rare.

The �rst consistencyresult was obtained by R. Laver [40] in 1982, and
independently discovered by A. Kanamori [33], using what is now called a
Laver ideal I on � (a non-trivial, � -completeideal with the strong saturation
property that given � + sets not in the ideal, there are � + of them so that
the intersection of any < � of theseis also not in the ideal). He proved that
if there is a Laver ideal on � , then

� + ! (� � 2 + 1; � )2 holds for all � < � + .

Laver also proved the consistencyof the hypothesis that there is a Laver
ideal on ! 1 and derived as a corollary the consistency(relativ e to a large
cardinal, of course)of

! 2 ! (! 1 � 2 + 1; � )2 holds for all � < ! 2.

Foreman and Hajnal [20] tried to get a stronger consistency result for
! 2 from the stronger assumption that ! 1 carries a denseideal, and indeed,
they proved that in this case

! 2 ! (! 1
2 + 1; � )2 holds for all � < ! 2.

They however discovered that their proof gives a much stronger result for
successors.

4.29 Theorem (Foreman and Hajnal [20]). Suppose � > ! is measurable
and m < ! . Then � + ! (� )2

m for all � < 
( � ).

Here � < 
( � ) < � + is a rather large ordinal. We will comment about
theseresults in detail in Section 5, but for lack of spaceand energywe will
not include proofs.

4.30 Theorem (Baumgartner and Hajnal [2]). If an order type � satis�es
� ! (! )1

! , then it also satis�es � ! (� )2
k for all � < ! 1 and �nite k.

4.31 Corollary . For all � < ! 1 and m < ! ,

! 1 ! (� )2
m :

So we decided to give a proof of Corollary 4.31 using the ideas of the
Foreman-Hajnal proof. This will serve two purposes. It will make the
text almost complete as far as the old results are concerned, and it will
communicate most of the ideasof the new Foreman-Hajnal proof.

Notation. Let hhN � ; 2i : � < ! 1 i be a sequenceof elementary submodels
of H (! 2) satisfying 3.2 with � = � = ! , A = f f g where f : [! 1]2 ! m, and

S0 := f � < ! 1 : ! 1 \ N � = � and N � is suitable for ! g:
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Here S0 is a club set in ! 1. We may assumeS0 is amenable.

4.32 De�nition. We de�ne S� by trans�nite recursion on � < ! 1: S0 has
already beende�ned; S� +1 := ~S� , the set of re
ection points of S� (see4.8);
and S� :=

T
� <� S� if � limit.

4.33 Lemma. For all � < ! 1, the set S� is amenable.

Proof. Use induction on � and 4.8 to prove that hS� : � < � i � N � +1 for
� 2 S� . The details and the remainderof the proof are left to the reader. a

Next we are going to de�ne diagonal sets, crosssets, and crosssystems.

4.34 De�nition. For � 2 S0, for the sake of brevity, we put

F � := f Z 2 N � : Z � ! 1 ^ � 2 Z g:

(Note that for X � � , we have X =2 I � if and only if X \ Z 6= ; for all
Z 2 F � ; seethe discussionof notation after Lemma 3.6.)

Call D � � a diagonal set for � 2 S0 if sup(D) = � and jD � Z j < ! for
all Z 2 F � .

Clearly every diagonal set D for � has order type ! , and every co�nal
subset of it is also diagonal. Moreover, a diagonal set D for � is re
ecting
for � in the sensedescribed after Lemma 3.6.

4.35 Lemma. For all � 2 S0 and X � � with X =2 I � , there is a diagonal
set D � X for � . If X 2 N � +1 , then D can be chosenin N � +1 .

Proof. Since jF � j = ! , we can diagonalizeit. a

Notation. Assumethat hD n : n < ! i is a sequenceof sets of ordinals and
� 2 S0. Then the sequenceconvergesto � in N � , in symbols, Dn =) � ,
if and only if for every Z 2 F � there is some n0 so that for all n > n0,
Dn � Z .

For a set D of ordinals, wedenoteby D its closurein the ordinal topology.

4.36 De�nition. By trans�nite recursionon � < ! 1, we de�ne, for � 2 S� ,
the concept D is a crossset of rank � for � as follows:

1. For � 2 S0, the set f � g is crossset of rank 0 for � .

2. For � > 0, the set D is crossset of rank � for � if � 2 S� and there is a
witnessing sequencehD n : n < ! i satisfying the following conditions:

(a) each Dn is a crossset of rank � n for � n for some� n < � and for
� n := sup(Dn );

(b) D0 [ f � 0g < � � � < Dn [ f � n g < : : : ;
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(c) D n =) � ;

(d) if � = � + 1, then � n = � for all n < ! ; if � is a limit, then
� = sup(� n );

(e) D =
S

n<! Dn .

4.37 Remark. Note that a crossset D of rank 1 for � is a diagonal set
for � , and if f � n : n < ! g is the set of � n := sup(Dn ) for a witnessing
sequencefor D , then f � n : n < ! g is also a diagonal set for � .

The next lemma is proved by induction on � .

4.38 Lemma. If D is a crossset for � of rank � , then ot(D ) = ! � .

We now de�ne the concept of a crosssystemof rank � for � . Informally ,
this is just the closureof a crossset of rank � for � , equipped with functions
that remember the sets appearing in the de�nition of the crossset of rank
� .

4.39 De�nition. By trans�nite recursionon � < ! 1, we de�ne, for � 2 S� ,
the concept D =



D ; < D ; rankD ; succD

�
is a cross system of rank � for �

as follows:

1. For � 2 S0, a quadruple D =


D ; < D rankD ; succd

�
is a crosssystem

of rank 0 for � if and only if D = f � g, < D = ; , rank(� ) = 0, and
succ(� ) = ; .

2. For � > 0, a quadruple D =


D ; < D ; rankD ; succD

�
is a cross system

of rank � for � with underlying cross set D if there is a witnessing
sequencehDn : n < ! i of crosssystemsso that

(a) Dn is a crosssystem of rank � n for � n for all n < ! ;

(b) D =
S

f Dn : n < ! g is a cross set with witnessing sequence
hDn : n < ! i , where Dn underlies Dn ;

(c) D =
S

f D n : n < ! g [ f � g;

(d) < D is de�ned by � < D � for all � 2 D � f � g, and < D � D n = < D n

for n < ! .

(e) under < D , D is a (rooted) tree with root � ;

(f ) rankD : D ! � + 1 is de�ned by rankD (� ) = � , and rankD � D n =
rankD n for n < ! .

Finally, succD (� ) is just a redundant notation for the set of immediate
successorsof � in the tree under < D .

Note that for � > 0 and n < ! , under the notation of De�nition 4.36,
succD (� ) = f � n : n < ! g and rankD (� n ) = � n .

Note that the underlying set of a crosssystem is de�nable as the set of
elements in D of rank 0.
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4.40 Lemma. Assume D =


D ; < D ; rankD ; succD

�
is a cross system of

rank � for � . Then for all � 2 D , rankD (� ) = ; if and only if � 2 D .

The next two lemmasare proved by induction on � .

4.41 Lemma (Re
ection Lemma). Assume D is a cross systemof rank �
for � . Then for 
 2 D � D , succD (
 ) is a diagonal set for 
 .

4.42 De�nition. AssumeD is a crosssystem of rank � for � with under-
lying set D . We say that C is a ful l subsetof D if � 2 C and C \ succD (� )
is in�nite for � 2 C with rankD (� ) > 0.

4.43 Lemma (Induction lemma for crosssystems).Assume D is a cross
systemof rank � for � with underlying set D . For every ful l subsetC of D ,
there is a set B � C \ D so that B � C and B is the underlying set for a
crosssystemof rank � for � .

4.44 De�nition. By recursionon � < ! 1 de�ne, for � 2 S� , the conceptD
is an f -canonical crosssystemof rank � for � as follows.

1. For � 2 S0, the unique crosssystem of rank 0 for � is an f -canonical
crossset of rank 0.

2. For � > 0, D is an f -canonical crosssystem of rank � for � if it is a
crosssystemof rank � for � with a witnessing sequencehDn : n < ! i
for which the following additional conditions hold:

(g) for n < ! , Dn is an f -canonical crosssystem of rank � n for � n ;

(h) there is somei so that f (� ; 
 ) = i for all � 2 D n and 
 2 Dp

with n < p < ! .

This usageis slightly di�eren t from the use of the word \canonical" in
4.13. In this section we do not use the term (� ; � )-canonical.

The following is one of the oldest ideas in the subject.

4.45 Lemma (Homogeneity Lemma). For all � < ! 1 there is some� < ! 1,
so that if D is an f -canonical cross system of rank � , then there is a set
H � D of order type ! � which is homogeneous for f .

The proof is left to the reader. Detailed proofs can be found in both [2]
and in [21] of F. Galvin, where the �rst elementary proof of Theorem 4.30
was given.

We need one more technical lemma, a strengthening of Lemma 4.43,
before launching into the main proof.

4.46 Lemma (Induction lemma for canonicalcrosssystems).AssumeD is
an f -canonical cross systemof rank � for � . Suppose C is a ful l subsetof
D . Then there is a set B � C \ D so that B � C and B is the underlying
set of an f -canonical systemof rank � for � .
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Proof. Useinduction on � and the fact that every co�nal subsetof a diagonal
set for � is diagonal for � . a

By the Homogeneity Lemma 4.45, the following lemma will be su�cien t
to prove Corollary 4.31.

4.47 Lemma (Main Lemma). For all � < ! 1, � 2 S� and F 2 F � , there is
an f -canonical systemD of rank � for � with D � S0 \ F and D 2 N � +1 .

Note that it would be su�cien t to prove 4.47 without the last clause,
which is neededto support induction.

The rest of this section is devoted to the proof of 4.47. We needfurther
preliminaries. In what follows, U is a �xed non-principal ultra�lter on !
with U 2 N0.

4.48 De�nition. De�ne, by recursion on � < ! 1, deference functions i D

where D is a crosssystem of rank � for � . For � 2 S0 and a crosssystem
D of rank 0 for � , de�ne i D (� ) for � with � < � < ! 1 by i D (� ) = i if and
only if f (f �; � g) = i . Assume � > 0 and deferencefunctions have been
de�ned for cross systems of rank � < � . For a cross system D of rank
� for � , de�ne i D (� ) for � with � < � < ! 1 by i D (� ) = i if and only if
f n < ! : i D n (� ) = i g 2 U where hDn : n < ! i is the witnessing sequence
of crosssystemsfor D.

Notice that if D 2 N � +1 , then the deferencefunction i D : ! 1� (� + 1) ! m
is also in N � +1 . Note also that i D (� ) can be de�ned \inside D" for a �xed
� , as follows.

4.49 De�nition. Assume D is a cross system of rank � for � and � <
� < ! 1. De�ne j D (� ; � ) for � 2 D by trans�nite recursion on rankD (� ) as
follows. If rankD (� ) = 0, then j D (� ; � ) = f (f � ; � g). For � > 0 and � with
rankD (� ) = � , set j D (� ; � ) = j for that j < m so that f n < ! : j D (� n ; � ) =
j g 2 U, where � n is the nth element of succD (� ).

The proof that thesetwo de�nitions coincide is left to the reader.

4.50 Lemma. AssumeD is a crosssystemof rank � for � . Then for all �
with � < � < ! 1, j D (�; � ) = i D (� ).

Note that j D is an element of N � +1 if D 2 N � +1 .
Next we usea �xed enumeration of pairs of natural numbers to de�ne a

standard well-ordering for D where D is a crosssystem. For the remainder
of this section, assume' : ! � ! ! ! � f 0g is a �xed bijection which is
monotonic in both variables, and which is in N0.

4.51 De�nition. De�ne, by recursionon positive � < ! 1, for crosssystems
D of rank � , a standard well-ordering of D .
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1. For � 2 S1, if D = f � n : n < ! g is the underlying set of a cross
system D of rank 1, then the standard well-ordering of D has least
element d0 = � , and for positive k, has kth element dk = � k � 1.

2. For � > 1, if D =
S

f Dn : n < ! g is the underlying set of a cross
system D of rank � where D n is the underlying set of Dn of the
witnessing sequenceof D, then the standard well-ordering of D has
least element d0 = � , and for positive k = ' (n; j ), has kth element
dk = dn;j , where dn;j is the j th element of Dn .

By someabuseof notation, we write dn for the nth element of the stan-
dard well-ordering.

4.52 Lemma. For all positive � < ! 1 and all � 2 S� , if D is a crosssystem
of rank � for � and hdk : k < ! i is the standard well-ordering of D , then
for all positive n < ! , there is somem < n so that dn 2 succD (dm ).

Proof. The proof is by induction on � over the recursive de�nition of stan-
dard well-orderings. a

Proof of the Main Lemma 4.47. The proof is by induction on � . For � = 0,
the lemma is trivial.

For the induction step, assume� > 0 and the lemma is true for all � < � .
Let � 2 S� and F 2 F � be arbitrary . If � = � + 1, then let � n = � for all
n < ! . If � is a limit, then let h� n : n < ! i 2 N � +1 be a strictly increasing
co�nal sequencewith limit � , and assume� 0 � 1.

Now, for all n < ! , � 2 S� n +1 , so � is a limit of ordinals in S� n and
� 2 ~S� n . Temporarily �x an enumeration of F � as f Gn : n < ! g. By
de�nition of ~S� n , (S� n \ F \ G0 \ � � � \ Gn ) \ � =2 I � .

De�ne by recursion sequencesh� n : n < ! i and hDn : n < ! i . To start,
choose� 0 2 (S� 0 \ F \ G0) \ � large enough so that F; G0 2 N � 0 . Then
F; G0 2 F � n . Use the induction hypothesis on � 0, � 0, F 0

0 = F \ G0 to
�nd an f -canonical cross system D0 2 N � 0 +1 of rank � 0 for � 0 so that
D 0 � S0 \ F 0

0.
Continue, taking care to make sure the sequenceof � n 's increasesto

� . If � n has been de�ned, then choose � n +1 2 (S� n +1 \ F \ G0 \ � � � \
Gn +1 � (� n + 1)) \ � large enoughso that F; G0; G0; : : : ; Gn +1 2 N � 0 . Then
F; G0; : : : ; Gn +1 2 F � n +1 . Use the induction hypothesis on � n +1 , � n +1 ,
F 0

n +1 = F 0
n \ Gn +1 \ ! 1 � (� n +1 + 1) to �nd an f -canonical crosssystem

Dn +1 2 N � n +1 +1 of rank � n +1 for � n +1 so that D n +1 � S0 \ F 0
n +1 .

Also, sincem is �nite, there is an in�nite subsequenceof h� n : n < ! i 2
N � +1 and an i < m so that i D n (� ) = i for all n in the subsequence.
By shrinking if necessary, we may assume,without loss of generality, that
this subsequenceis the entire sequence.Now hD n : n < ! i is a witnessing
sequencefor a crossset of rank � for � by construction. HencehDn : n < ! i
is a witnessing sequencefor a crosssystem of rank � for � .
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Finally, as N � ; �; 2 N � +1 , and sinceS� is amenableby Lemma 4.33, we
may assumethat hDn : n < ! i is de�ned in N � +1 .

Claim. There is an in�nite set T � ! with T 2 N � +1 and a family f Cn :
n 2 T g so that Cn is a ful l subsetof Dn for n 2 T and f (� ; 
 ) = i for all
� 2 Cn and 
 2 Cp with n; p 2 T and n < p.

The induction step of the Main Lemma follows from the claim by Lemma
4.46,aseach Cn can be replacedby an f -canonicalsystemCn 2 N � n +1 and
hCn : n 2 T i is the witnessing sequenceof the desired f -canonical system
of rank � for � .

To prove the claim, we will pick elements of f � g [
S

f D n : n 2 ! g
according to a certain bookkeeping. We pick � �rst. In�nitely often we
pick a new element n for T , larger than any element of T picked earlier.
Our choice of n meanswe have picked the top point � n of D n . For each
point n of T , we promise that in�nitely often we will pick an element of D n

according to the standard well-ordering of D n .
For notational convenience,let n(� ) denote that value of n with � 2 D n .
Assumewe have picked a �nite non-empty set A � f � g[

S
f Dn : n < ! g

which satis�es the following condition:

� (A)
For any n < p; � 2 D n \ A and � 2 D p \ A ;

j D n (� ; � ) = j D n (� ; � ) = i :

We have to pick a new point 
 for A so that the enlargedset still satis�es
the condition � (A [ f 
 g).

For the �rst scenario,supposewe want to add a new � p to A. That is,
we want to add a new value p to T. Let

Z0 = Z0(A) =
\

f f � : j D n ( � ) (� ; � ) = i g : � 2 A g:

Note that Z0 is in N � and � 2 Z0. As succ(� ) is re
ecting, we can choose
the desired � p 2 succ(� ) as large as we want.

For the secondscenario, assumewe want to pick a � to add to A so
that � 2 D p for some p 2 T where � p 2 A and so that � 2 succ(
 )
for some 
 2 A \ D p. There are three cases,� p = min(A \ succD (� )),
� p = max(A\ succD (� )), and min(A\ succD (� )) < � p < max(A\ succD (� )).
We sketch only the last, and leave the others to the reader. Let A � :=
A \

S
f D n : n < pg, and A+ := A \

S
f D n : n > pg, and de�ne

Z + = Z + (A) :=
\

f � 2 succD p (
 ) : j D p (� ; � ) = i ^ � 2 A+ g:

Now Z + is a subset of succD p (
 ) which is a re
ecting subset of 
 by the
Re
ection Lemma 4.41. Since by � (A), j D p (
 ; � ) = i for � 2 A, and A is
�nite, it follows that Z + is a re
ecting subsetof 
 . Next de�ne

Z � = Z � (A) :=
\

f � < ! 1 : j D n ( � ) (� ; � ) = i ^ � 2 A � g:
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By Lemma 4.50, Z � 2 Nmax (A � )+1 . Since max(A � ) < 
 , it follows that
Z � 2 N 
 . By � (A), 
 2 Z � . HenceZ + \ Z � is in�nite and any element of
Z + \ Z � is a suitable choice for � .

Use the technique of \jumping around" and thesetwo scenariosto inter-
twine the recursivede�nitions of T and of all the Cn 's for n 2 T. Speci�cally ,
use the standard well-ordering of � to de�ne a sequenceh� k : k < ! i . At
stage 0, pick � 0 = � . Suppose � ` has been de�ned for ` < k. Look at
dk . If dk 2 succD (� ), then use the �rst scenarioto choose� k 2 succD (� ).
If dk 2 succD (� ` ) for some` < k, then use the secondscenario to choose
� k 2 succD (� ` ). Otherwise, set � k = � k � 1. Finally, let E = f � k : k < ! g.

Let T = f p < ! : (9k)( � k = � p) g. Since the standard order lists
all the successorsof � , the set T is in�nite and in N � +1 . For p 2 T, let
Cp = E \ D p. Temporarily �x p 2 T. For any 
 2 Cp, since� p = d` for some
`, and succD n (
 ) forms an in�nite monotonic subsequenceof f dk : k < ! g,
the set Cp has in�nitely many successorsof 
 . Thus Cp is full. Therefore T
and the sets f Cp : p 2 T g are the onesrequired to prove the claim.

As noted above, the claim su�ces to complete the induction step of the
Main Lemma, so it follows. a

5. The Milner-Rado Parado x and 
( � )

Erd}osand Rado consideredRamsey'sTheorem to be a generalizationof the
pigeon-holeprinciple (for cardinals). In 1965,Milner and Rado [44] turned
around this view, noting that the pigeon-holeprinciple is a partition relation
with exponent 1, and that a partition relation with exponent 1 and ordinal
resourceand goal would be a pigeon-holeprinciple for ordinals.

A casein point of this approach is the easily checked family of partition
relations � n ! (� n )1


 for � � ! , n < ! , and 
 < cf(� ). Soon Milner and
Rado discovered that basically nothing stronger is true.

5.1 Theorem (Milner-Rado [44]). For all cardinals � � ! and all � < � + ,

� 9 (� n )1
n<! :

Proof. It is su�cien t to prove

(� ) � � 9 (� n )1
n<! for � < � + :

Clearly we may assume� > ! . We prove (� ) by trans�nite induction on � .
We can write � � =

S
� <� A � with A0 < � � � < A � < : : : and each ot(A � ) =

� � � for some � � < � , where � = cf(� ) if cf(� ) > 1 and � = � otherwise.
By the induction hypothesis, each A � =

S
n<! A �;n where ot(A �;n ) < � n

for � < � , n < ! . In the caseof � = ! , de�ne a witnessing partition
� � =

S
j <! B j where B j = A �;n for j = 2� (2n + 1). In the caseof � > ! ,
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let B0 := ; , Bn +1 :=
S

f A �;n : � < � g. Clearly � � =
S

n<! Bn ; and
ot(Bn +1 ) �

P
� <� � n � � n +1 < � ! . a

We state oneconsequenceof the above theorem giving further limitations
on to positive relations (as discussedin Theorem 4.3).

5.2 Theorem. For all cardinals � � ! , � + 9 (� n )2
n<! .

Proof. For � < � + , use Theorem 5.1 to choose partitions � =
S

n<! A �
n

with ot(A �
n ) < � n for each n < ! . De�ne f : [� + ]2 ! ! as follows: for

� < � < � + , set f (�; � ) = n + 1 if and only if � 2 A �
n . a

The word paradox was used in referenceto Theorem 5.1 becausethis
result was so contrary to expectations. It turned out that the phenomena
described in Theorem 5.1 is involved in many problemsconcerninguncount-
able cardinals, and often it leadsto unexpected di�culties.

In this section we are trying to turn this tide and usethe paradox in our
favor. For the remainder of this section, let � be a �xed in�nite cardinal.

5.3 De�nition. For � < � + , call a partition � =
S


 2 � A 
 with � < � a
MR-decomposition of � if there is a sequencehn 
 : 
 < � i 2 � ! such that
ot(A 
 ) = � n 
 .

From Theorem 5.1 and the fact that any � < � n is the �nite sum of
ordinals of the form � m � � where m < n and � < � , we get the following
corollary.

5.4 Corollary . Each � < � + has a MR-decomposition.

Another way to put De�nition 5.3 is that � has a MR-decomposition if
there are sequenceshn 
 : 
 < � i 2 � ! and functions 	 
 : [� ]n 
 ! � for

 < � < � such that 	 
 is the canonical monotone map from [� ]n 
 ordered
lexicographically into � .

The next de�nition from [20] is motivated by this formulation.

5.5 De�nition. Call � < � + codeable if there are � < � and sequences
hn
 : 
 < � i 2 � ! and h	 
 : 
 < � i so that 	 
 : [� ]n 
 ! � for 
 < � and
for every A 2 [� ]� ,

ot(
S


 < � 	 
 \ [A]n 
 ) = �:

5.6 De�nition. Let 
( � ) be de�ned as the least ordinal 
 � � + so that
each � < 
 is codeable.

Note that this de�nition from [20] is only interesting if � is a large car-
dinal, say at least a Jonssoncardinal.

The following list of properties of 
( � ) proved in [20] givessomesenseof
this ordinal for a measurablecardinal � > ! .
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1. 
( � ) < � + ;

2. 
( � ) is closedunder the operations of ordinal addition, multiplication,
exponentiation, and taking �xed points of theseoperations;

3. 
( � ) cannot be changedby (�; 1 )-distributiv e forcing;

4. if V � W and both V and W are modelsof \ZF C + � is measurable",
then 
( � )V � 
( � )W ;

5. by using generic elementary embeddings in the situation of 4., it is
possibleto make 
( � )V < 
( � )W .

Moreover, 
( � ) is big, e.g. if U is a normal ultra�lter on � and � is the least
ordinal such that L � [U] \ � <� = L [U] \ � <� , then L [U] j= 
( � ) = � . Since
the statement � < 
( � ) is upwards absolute, this implication shows that
the value of 
( � )V is at least as big as � . Moreover � is much bigger than,
for example, the �rst � > � such that L � [U] is an admissiblestructure, but
much to our regret, we must omit the proofs.

However, we have to confessthat we know very little about the combi-
natorial properties involved in the de�nitions of 
( � ). In fact, we do not
know if 
( � ) would becomesmaller if we stipulated that the mappings 	 


be monotone.

6. Shelah's Theorem for In�nitely Man y Col-
ors.

In this section we prove Shelah's Theorem 4.6, that � + ! (� + � )2
� for

� < � = cf(� ) and � = 2<� , under the assumption that � < � � � for some
strongly compact cardinal � .

We say that B � � + hasessentialcolors for g, I , whereg is a 2-partition
of � + and I is a normal ideal on � + , if B =2 I and every C � B with C =2 I
satis�es g\ [C]2 = g\ [B ]2.

6.1 Lemma (Reduction to essential colors). Assume � < � = cf(� ), and
� := 2<� . Further suppose that g : [� + ]2 ! � is a 2-partition of � + with �
colors, I is a normal ideal concentrating on S�;� + , and A � � + is not in I .

Then there are a subsetB � A and a normal ideal J � I , such that B
has essentialcolors for g; J .

Proof. By the normalit y of I and Facts 3.2 we can choose N � H (� ++ )
suitable for � such that g; I ; A 2 N , N \ � + = � < � + , � 2 A, and N
satis�es the following condition:

(� ) for all C 2 N , if � 2 C � � + , then C =2 I .
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To seethis situation may be assumed,choosean elementary chain N0 �
� � � � N � � H (� ++ ) as in Subsection4.4 and usenormalit y to seethat

f � 2 S0 : (� ) fails for someC g 2 I :

To prove the lemma, de�ne a decreasingsequencehA � : � < � i of subsets
of � + by recursion on � < � . To start the recursion, let A0 := A. Assume
0 < � < � and A � is de�ned for � < � in such a way that

(� ) A � 2 N and � 2 A � � � + ; for � < � :

Put A � =
T

� <� A � in case� is a limit ordinal.
SupposeA � hasbeende�ned, and set � � = g\ [A � ]2. Let I � be the normal

ideal generatedon A � from

I \ P(A � ) [ f x � A � : g\ [x]2 $ � � g:

If A � =2 I � , then set A � +1 = A � . If A � 2 I � , then it is a �nite or diagonal
union of elements of the generating set. We treat the casewhere there is a
sequenceB� = hB � ;� : � < � + i such that A � =

S
� <� + B � ;� , and for � < � + ,

B � ;� \ (� + 1) = ; , and either B � ;� 2 I or g\ [B � ;� ]2 $ � � .
Then, by elementarit y, there is a sequenceB� 2 N as described above.

Moreover, � 2 B � ;� for some � < � + with � < � and � 2 N , and thus
B � ;� 2 N for this � . We set A � +1 = B � ;� for this � . Note that in this
case, � 2 A � +1 =2 I and g\ [A � +1 ]2 $ g\ [A � ]2. This de�nes the sequence
hA � : � < � i .

Sinceg maps pairs from � + into � , there are at most � < � many � with
A � $ A � +1 . Let � be the least ordinal with A � = A � +1 , and set B := A � .
Then I � is a proper ideal on B . The ideal J generatedfrom I [ I � is normal,
and B =2 J . So by de�nition of I � , B has essential colors for g; J . a

Given a 2-partition g, we say that y and z are color equivalent over x
and write y � g

x z if x < y, x < z, ot(y) = ot(z), and the order isomorphism
� : x[ y ! x[ z has� � x = id and is color preserving: g(� ; � ) = g(� (� ); � (� )).

6.2 Corollary . For any 2-partition g : [� + ]2 ! � , and any normal ideal
J , if B has has essential colors for g, J , then there is a set C � B with
B � C 2 J such that for all � 2 C, for all x 2 [� ]<� , and for all 
 2 � :=
g\ [B ]2, the set D(�; x; 
 ) is J -positive, where

D(�; x; 
 ) := f � 2 C : � < � ^ f � g � g
x f � g ^ g(�; � ) = 
 g:

Proof. To seethat the setB hasthe desiredproperty, assumeto the contrary
that for all � in someJ -positive set X � B , there are x(� ) 2 [� ]<� and

 (� ) 2 g\ [B ]2 such that the set D(�; x(� ); 
 (� )) 2 J . By normalit y and
cf(� ) = � , there are Y � X with Y =2 J such that for somex; 
 one has
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x(� ) = x, 
 (� ) = 
 for all � 2 Y . Then for some Z � Y with Z =2 J
the condition f � g � g

x f � g holds for all �; � 2 Z . If for each � 2 Z the
set f � 2 Z : g(�; � ) = 
 g 2 J , then, becauseof the normalit y, for the set
W := f � 2 Z : 8� 2 � \ Z ( g(� ; � ) 6= 
 ) g both W =2 J and 
 =2 g\ [W ]2

would hold, contradicting the fact that B has essential colors for g; J . a

The above lemma and corollary are to be usedwith di�eren t 2-partitions,
and hencewerestated in generality. Now �x a 2-partition f : [� + ]2 ! � for
which we seeka homogeneousset of type � + � .

6.3 Lemma (Pulldown Lemma). There is a subsetS0 � S�;� + closed in
S�;� + such that for all � 2 S0, for all x 2 [� ]<� , and for all z 2 [� + � (� +
1)]<� , there is a y 2 [� � sup(x)]<� such that y � f

x z.

Proof. Let S0 bethe setde�ned in 3.2. Then Lemma6.3 is true by re
ection.
a

The Pulldown Lemma 6.3 doesnot say anything about the colorsof edges
that go betweenthe setsy and z, while Corollary 6.2 detailed a situation in
which any essential color may be pre-selected.

We apply Lemma 6.1 to f and the smallest normal ideal on � + , the non-
stationary ideal, to get B0 � S0 and J0, so J0 is a normal ideal extending
the non-stationary ideal, and B0 has essential colors for f ; J0. We apply
Corollary 6:2 to get A0 � B0 so that B0 � A0 2 J0 and the other conditions
of the corollary hold for all � 2 A0. Then we choose � 0 2 A0, and put
T := A0 � � 0.

6.4 Lemma. There exists a function h : T � T ! � such that for all
x 2 [� 0]<� and z 2 [T ]<� there is a y 2 [� 0 � sup(x)]<� such that

(a). y � f
x z via � : x [ y ! x [ z and

(b). f (� ; � 0) = h(� (� ); � 0) for all � 2 y, � 0 2 z; � (� ) 6= � 0.

Proof. As � is strongly compact is su�ces to show that for every Z 2 [T ]<�

there exists a function H : Z � Z ! � as required.
Assumefor the sake of contradiction that for every H : Z � Z ! � there

is an xH 2 [� ]<� such that for all y � � � sup(xH ) satisfying (a), the
function given by (b) is not H .

Let x =
S

f xH : H : Z � Z ! � g. Then jxj < � as jxj � � jZ j < � , since
� is strongly inaccessible.

By Lemma 6.3, there is a y satisfying (a). Then (b) de�nes a function
H : Z � Z ! � . By the de�nition of x, the set xH � x is a set on which
the function de�ned by (b) for y is not H , and that is a contradiction. a

Now we de�ne k : [� + ]2 ! � � � for u; v 2 � + with u < v by

k(u; v) = hf (u; v); h(u; v)i :
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Next apply Lemma 6.1 and Corollary 6.2 to k and the normal ideal J0 and
the set T .

6.5 Corollary . We get a normal ideal J1 � J0, a non-empty set � � � � � ,
and subsetsS1 � B1 � T with B1 =2 J1, B1 � S1 2 J1 such that B1 has
essential colors for k; J1, and for each � 2 S1 and for each x 2 [� ]<� and
h
 ; � i 2 � the set E(�; x; h
 ; � i ) is J1-positive, where

E(�; x; h
 ; � i ) := f � 2 S1 : � < � ^ f � g � k
x f � g ^ k(�; � ) = h
 ; � i g:

6.6 Lemma. There is a subseta 2 [S1]<� such that for every partition of
a, say a =

S
f a� : � < � g, there is a � < � such that for every 
 < � , there

is a subsetb� ;
 of a� of type � homogeneous for f in the color 
 .

Proof. Notice that S1 =2 J . We claim that if A � S1 does not contain a
subset of order type � homogeneousfor f in color 
 for some
 2 � , then
A 2 J . Indeed, for each � 2 A choosea maximal subsetM � � (� + 1) \ A
homogeneousfor f in color 
 with � 2 M � . If A 62J then, by the normalit y
of J , M � is constant on a set not in J , and that yields, using the normalit y
of J , a set not in J not containing any edgeof color 
 in f , just like in any
standard proof of the Erd}osRado theorem. HenceS1 has the property that
any partition of it into � pieceshasa part A which contains a homogeneous
subsetof type � for every 
 2 f \ [S1]2

By the strong compactnessof � , there must be a set a � S1 of size< �
satisfying the samestatement asS1 about f , all partitions into � parts and
the existenceof homogeneoussubsetsof type � for all colors
 2 f \ [S1]2. a

We now describe the construction of the required homogeneousset.
Recall that immediately following Lemma 6.3 we chose� 0. Next choose

a as in Lemma 6.1 Then choose� 1 2 S1 satisfying Corollary 6.5.
Then � 0 < a < � 1.
De�ne a
 ;� := f u 2 a : k(u; � 1) = h
 ; � i g.
By Lemma 6.6 there is a h
 0; � 0i 2 � such that a
 0 ;� 0 contains a subset

of type � homogeneousfor color 
 for every 
 , henceit contains a subset
b � � 
 0 ;� 0 of type ot(b) = � homogeneousfor f in color � 0. This will be
\our color" and b will be the \ � -part" of our set. We are going to construct
the \ � -part" of the set by trans�nite recursion on � < � as follows. Assume
� < k and we have constructed X = X � of order type � homogeneousfor f
in color � 0 and so that all edgesfrom X to b[ f � 1g have color � 0.

We now apply Corollary 6.2 to � 1, and X [ b and we obtain an � 2 2 S1,
with � 1 < � 2 such that f � 1g � k

X [ b f � 2g and k(� 1; � 2) = h
 0; � 0i .
As a corollary of this we have � 0 = f (u; � 1) = f (u; � 2) for u 2 X , since

� 0 = f (u; � 1) for u 2 X is assumed,and h(v; � 1) = h(v; � 2) = � 0 for v 2 b,
by the choice of b.
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Apply Lemma 6.4 for � 0 to X and b[ f � 1; � 2g � T . We get b0[ f � 0
1; � 0

2g.
We claim that X � +1 = X [ f � 0

2g is homogeneousin color � 0 and sendsall
edgesto b[ f � 1g of color � 0.

Indeed f (u; � 0
2) = f (u; � 2) = � 0 for u 2 X by the equivalenceover X .

For v 2 b, we have f (� 0
2; v) = f (v; � 0

2) = h(v; � 2) = h(v; � 1) = � 0. By
choice of � 2, we have k(� 1; � 2) = hg(� 1; � 2); h(� 2; � 1)i = h
 0; � 0i . Hence
f (� 0

2; � 1) = � 0 also.

7. Singular Cardinal Resources

It should be clear to the attentiv e reader that neither the rami�cation
method as described in Remark 2.4 nor its re�nements discussedup to
now can yield any speci�c partition results for a singular resource. To get
such results the method of canonization was invented in [15].

7.1 De�nition. Assume f : [� ]r ! 
 is an r -partition of length 
 of � ,
and hA � : � < � i is a sequenceof disjoint subsetsof � . Then f is said to
be canonical on hA � : � < � i if f (x) = f (y) for all x; y 2 A :=

S
� <� A �

whenever x; y are positioned the sameway in the sequence,i.e. if

jx \ A � j = jy \ A � j for all � < �:

The idea is that, for a singular cardinal � , we want to �nd a sequence
hA � : � < cf(� ) i with jA � j < � for � < cf(� ), and A :=

S
f A � : � < cf(� ) g

of power � such that f is canonical on hA � : � < cf(� ) i and use it to piece
together large homogeneoussets. The following is the classicalcanonization
theorem.

7.2 Theorem (General Canonization Lemma [15]). Suppose that � � 2 is
a cardinal, r � 1 is an integer, h� � : � < � i is a strictly increasing sequence
of in�nite cardinals with � 0 � � j � j and exp( r

2 ) (� � ) < exp( r
2 ) (� � ) for � <

� < � . For any disjoint union A = _S f A � : � < � g, and any coloring
f : [A]r ! � , if jA � j � (exp( r

2 ) (� � ))+ for all � < � , then there are sets

B � � A � for � < � so that jB � j � � �
+ and the sequence hB � : � < � i is

canonical with respect to f .

We are omitting the proof, sinceany readerwith someexperiencein com-
binatorics should be able to reconstruct it, and sinceneither this proof nor
the subsequent proofsfall into the line of the methods we aredescribing. We
include canonization results becausewe think that no chapter on partition
relations would be complete without them.

Here is the very �rst application of Theorem 7.2.

7.3 Theorem (Reduction Theorem). Assume � > cf(� ) is a strong limit
cardinal. Then � ! (�; � � )2

1� � <
 if and only if cf(� ) ! (cf (� ); � � )2
1� � <
 .
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Indeed, the next theorem is the only oneobtained for a singular resource
using a method di�eren t from canonization. The elementary proof of the
theorem is left to the reader (see[14]).

7.4 Theorem (Erd}os; Dushnik and Miller [9]). For every in�nite cardinal
� , � ! (�; ! )2.

Seealso[14] for a proof. The GeneralCanonization Lemma implies Theo-
rem 7.4 for singular strong limit � and for cf(� ) > ! it yields � ! (�; ! + 1)2.
It has beena longstanding problem if this partition relation holds if we do
not assumethat � is strong limit. Recently SaharonShelah[54] proved this
partition relation holds under the much weaker condition that 2cf ( � ) < � .

Erd}os, Hajnal and Rado in [15] pursued the idea of �nding the right
generalizationof the form � ! (�; ! 1)2 for singular � . The �rst possiblecase
is � = @c+ , where c = 2! , and the Reduction Theorem 7.3 givesa positive
answer in case� is a strong limit. The very �rst questionof the Erd}os-Hajnal
problem list [12] asksif this additional hypothesis is necessary. Shelahand
Stanley in [60] and [61] proved that the partition relation � ! (�; ! 1)2 can
be both false and true if � is not a strong limit cardinal. A description of
this deepresult is beyond the scope of this section.

There is one more canonization result that we want to mention. It was
isolated during the discussionof the ordinary partition relation in the book
[14] that the following result should be true, and Shelah later proved it.

7.5 Theorem (Shelah[57]). Assumethat � is a singular cardinal of weakly
compact co�nality. If � < 2<� and 2� < 2<� for � < � , then

2<� ! (� )2
2:

To prove this partition relation, Shelahworked out a new group of can-
onization results in [57]. We only state here one of the main results. Call
a sequenceof cardinals h� � : � < � i exponentially increasing if � < � < �
implies 2� � < 2� � . A sequenceof sets hB � : � < � i is weakly canonical if
f (u) = f (v) whenever u; v 2 [B ]r (B =

S
� <� B � ) and ju\ B � j = jv\ B � j � 1

for every � < � . A set F � P(A) sustains A over � if for every X � A with
jX j = (2� )+ , there is Y 2 F so that Y � X and jY j = � + .

7.6 Theorem (Shelah'sCanonization Lemma [57]). Supposeh� � : � < � i
is an exponentially increasingsequence of in�nite cardinals with � 0 � � ; �; ! ,
for a cardinal � � 2. Then for any disjoint union A = _S f A � : � < � g,
any sequence hF� � P(A � ) : � < � i , and any coloring f : [A]2 ! � , if
jA � j > 2� � and F� sustains A � for all � < � , then there is a sequence
hB � : � < � i weakly canonical with respect to f with jB � j = � �

+ for all
� < � .
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8. Polarized Partition Relations

Polarized partition relations were de�ned in the intro duction. We do not
have the spaceto give an orderly discussionof the problems and results
on this partition relation. Rather, we will only give a few examples,where
the method of elementary submodels described in the previous section can
be resourcefully used. The �rst appearancein the literature of the use of
elementary submodels for the proofs of polarized partition relations is the
following theorem of Albin Joneswhich generalizesa result of Erd}os,Hajnal
and Rado [15] from 1965:

8.1 Theorem (A. Jones[30]). Let � be an in�nite cardinal and � = 2<� .
Then the following polarized partition relation holds:

0

@
� +

� +

1

A !

0

@
� + 
 � + 1

or ;

 � + � + 1

1

A

1;1

:

In the remainder of this section, we apply the method of elementary
submodels using the \metho d of double rami�cation".

8.1. Successors of Weakly Compact Cardinals

The �rst example is chosen with an eye to a clean presentation of the
method.

8.2 Theorem (Baumgartner and Hajnal [3]). Suppose that � is a weakly
compact cardinal. Then

�
� +

�

�
!

�
�
�

� 1;1



for 
 < � :

Beforegoing into the details of the proof, we give somehistorical remarks
and state an open problem. In [26], Hajnal proved that for measurable� ,
the following partition relations holds:

�
� +

�

�
!

�
�
�

� 1;n

<�
for n < ! and � < � + .

In an early paper of Choodnovsky [6], it was claimed that

�
� +

�

�
!

�
�
�

� 1;1

<�
for � < � +

remains valid for weakly compact � , but no proof wasgiven. Realizing that
this claim wasby no meansobvious, both Kanamori [32] and Wolfsdorf [66]
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published proofs that the relation is true for two colors:

�
� +

�

�
!

�
�
�

� 1;1

2
for � < � + :

Theorem 8.2 was generalizedin the thesis of Albin Jones[29], [28], who
proved, using elementary submodels, that for weakly compact cardinals � ,

�
� +

�

�
!

 �
�
�

�

m
;
�

� n

�

�




! 1;1

for m; n < � , 
 < � , � < � + .

To the best of our knowledge,the following problem remains unsolved.

8.3 Question. Does the partition relation

�
� +

�

�
!

�
�
�

� 1;1

!
hold for all weakly compact � � ! , � � � ! ?

The rest of this subsection is devoted to the proof of Theorem 8.2 for
� > ! . To that end, let � > ! be a weakly compact cardinal, and let
f : � + � � ! 
 be a �xed partition. We outline background assumptions
below, using work from earlier sections.

8.4 De�nition. Let hhN � ; 2i : � < � + i be a sequenceof elementary sub-
models of H (� ++ ) satisfying 3.2 with � = � <� = � and A = f f g. Let
hI � : � < � + i be the ideals de�ned in 3.4 and let

S0 := f � < � + : � (N � ) = � ^ cf(� ) = � ^ N � is suitableg

asde�ned in subsection4.2. Note that for � 2 S0, I � is a � -completeproper
ideal, by 3.6.

8.5 De�nition. Call N = hN �;� : � < � + ^ � < � i a double rami�c ation
system for hN � : � < � + i as in De�nition 8.4 if for each � < � + , the
sequencehN �;� : � < � i 2 N � +1 is an increasing continuous sequenceof
elementary submodelsof N � with

S
f N �;� : � < � g = N � such that jN �;� j <

� for � < � .

We usethe namedoublerami�c ation systemsince,aswe explained in the
proof of the Erd}os-RadoTheorem, the N � 's play the role of the rami�cation
system of Erd}os and Rado.

Just like in 3.2, using generalfacts about elementary submodels, and the
uncountabilit y and strong Mahlonessof � , we can seethat there is a system
satisfying the next de�nition.
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8.6 De�nition. Let N = hN �;� : � < � + ^ � < � i be a double rami�ca-
tion system such that for each � 2 S0 there is a T 0

� � � , with T 0
� 2 Stat( � )

satisfying the following conditions for all � 2 T 0
� :

1. N �;� \ � = � > 
 ;

2. � is a regular cardinal; and

3. [N �;� ]<� � N �;� .

Next we relativize certain important setsto the submodels of the double
rami�cation system.

8.7 De�nition. For each � 2 S0 and � 2 T 0
� , de�ne the following sets:

1. X �;� := N �;� \ � + ;

2. I �;� := f X � � : (9Y )(Y � � ^ Y 2 N �;� ^ � =2 Y ^ X � Y ) g;

3. Î �;� := f X � X �;� : (9Y )(Y � � + ^ Y 2 N �;� ^ � =2 Y ^ X � Y) g.

8.8 Lemma. For � 2 S0 and � 2 T 0
� , both I �;� and Î �;� are � -complete

ideals, and I �;� is proper.

Proof. The �rst statement follows from the fact that [N �;� ]<� � N �;� . To
seethat I �;� is proper, then just like in Lemma 3.6, assumeZ � � , � 2 Z
and Z 2 N �;� . Then sup(Z ) 2 N �;� , hencesup(Z ) = � and sup(Z ) \ � = � .
This implies � =2 I �;� . a

Note that Î �;� is proper for many � and � as well (see8.11 below).

Notation. For all � < 
 , let

f #(� ; � ) := f � < � : f (�; � ) = � g for � < � + ;

f " (� ; � ) := f � < � + : f (�; � ) = � g for � < � :

8.9 De�nition. For � 2 S0 and � 2 T 0
� , let

a�;� := f � < 
 : f #(� ; � ) \ � =2 I �;� g:

Note that a�;� 6= ; by Lemma 8.8 and the fact that 
 < � .

8.10 Lemma (Main Lemma). There are subsetsa � 
 and S � S0 with
S 2 Stat(� + ), and for each � 2 S, there is a subsetT� � T 0

� with T� 2
Stat( � ), so that f (�; � ) 2 a = a�;� for all � 2 S and � 2

S
f T� : � 2 S g.
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Proof. First thin each T 0
� for � 2 S0 to a stationary subset T 1

� so that for
somea� , one has a�;� = a� for all � 2 T 1

� . Then thin S0 to a stationary
subset S1 so that for some a � 
 and for all � 2 S1, a� = a. We may
assumewithout lossof generality that 
 < � for all � 2 T 1

� .
Notice that for all � 2 S1 and all � 2 T 1

� , if � =2 a, then f #(� ; � ) \ � 2 I �;� .
Hence, by the de�nition of f # and the � -completenessof I �;� , it follows
that f � < � : f (�; � ) =2 a g 2 I �;� . By De�nition 8.7, for � 2 S1 and
� 2 T 1

� , we can choose sets Y�;� � � such that � =2 Y�;� 2 N �;� and
f � < � : f (�; � ) =2 a g � Y�;� . Using Fodor's Theorem twice, we get Y � � ,
S � S1 with S 2 Stat( � + ), and



T� � T 1

� : � 2 S
�

such that T� 2 Stat(� )
for all � 2 S, and Y�;� = Y for � 2 S and � 2 T� .

Consequently , for all � 2
S

f T� : � 2 S g, we have � =2 Y , since � =2
Y� ;� = Y . However, if � 2 S and � < � are such that f (�; � ) =2 a, then for
some� 2 T� , one has � 2 Y�;� = Y, so the theorem follows. a

8.11 Corollary . There is an � < � + , so that for � -many � , the following
condition holds:

(+) (9� < 
 )( f #(� ; � ) \ � =2 I �;� ^ f " (� ; � ) \ X �;� =2 Î �;� ):

Proof. Let � be such that S \ � =2 I � . Such an � must exist by Corollary
4.8. A standard argument shows that if S \ � =2 I � , then W = f � <
� : S \ � \ X �;� 2 Î �;� g is non-stationary in � . By Main Lemma 8.10,
f (� ; � ) 2 a for � 2 T� and � 2 S \ � \ X �;� . Hencef " (� ; � ) \ X �;� =2 Î �;� for
some� 2 a and for every � 2 T� � W . On the other hand, f #(� ; � ) \ � =2 I �;�

for all � 2 a and for every � 2 T� . a

8.12 Lemma (CompactnessLemma). Assumethat for some� < � + there
are � -many � so that for someA � � X �;� , B � � � with ot(A � ) = ot(B � ) = � ,
the set A � � B � is homogeneous for f . Then there are A � � + , B � � with
ot(A) = � + 1 and ot(B ) = � such that A � B is homogeneous for f .

Proof. Use the weak compactnessof � via its � 1
1-indescribability. a

After all these preliminaries, Theorem 8.2 now follows from Corollary
8.11,the CompactnessLemma8.12above,and the Re
ection Lemmabelow.

8.13 Lemma. Assumethat for � as in Corollary 8.11 and for some� < 
 ,
the ordinal � satis�es the formula (+) of 8.11. Then there are A � X �;� ,
B � � with ot(A � ) = ot(B � ) = � so that A � B is homogeneous for f in
color � .

Proof. Let A := f " (� ; � ) \ X �;� and let B = f #(� ; � ) \ � . Since (+) holds
for � and � , we know that B =2 I �;� and A =2 Î �;� . Theselast two statements
imply the existenceof the sets A, B as required. Indeed, we can de�ne
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sequencesA = f a� : � < � g � A and B = f b� : � < � g � B by trans�nite
recursion on � < � so that for all � 0; � 00< � ,

f (a� 0; b� 00) = � ;

a� 0 2 f " (� ; � ) ;

b� 00 2 f #(� ; � )

At stage � < � , assumethis has beendone for � 0; � 00< � . First choosea� .
Toward that end, let

Z �
� := f � < � + : f (� ; b� 00) = � for all � 00< � g:

Then � 2 Z �
� since b� 00 2 f #(� ; � ) for all � 00 < � . Since f , f b� 00 : � 00 <

� g 2 N �;� , it follows that Z �
� 2 N �;� . SoZ �

� \ A � f a� 0 : � 0 < � g is not in
Î �;� , so we can choose� � from it.

Then chooseb� similarly using f " (� ; � ) in the role of f #(� ; � ) and I �;�

instead of Î �;� and taking care to make f (a� 0; b� ) = � for � 0 � � . a

8.2. Successors of Singular Cardinals

In this subsectionwe investigate the following question.

8.14 Question. Assume � is a singular strong limit cardinal and 
 < � .
Under what circumstancesdoesthe following partition relation hold?

(� )
�

� +

�

�
!

�
�
�

� 1;1




The problem was isolated in Problem 11 of [15], where it wasasked if (� )
holds for � = @! 1 under GCH. In the samepaper, it was proved that (� )
holds provided cf(� ) = ! , but we omit the proof of this fact.

After about thirt y years,a shocking partial result wasproved by Saharon
Shelah.

8.15 Theorem (Shelah [59]). Assume� is a singular strong limit cardinal
of uncountable co�nality. Then (� ) holds if 2� > � + .

For another proof of this result, seeKo jman [34]. A little extra informa-
tion is contained in an unpublished result of M. Foreman, which we prove
here using the result of Shelah.

8.16 Theorem (Foremanunpublished). Supposethat � is a singular strong
limit cardinal in V and (2� )V > (� + )V . Then there is a � -completepartial
order P which satis�es the (2� )+ -chain condition so that

V P j= 2� = � + and
�

� +

�

�
!

�
�
�

� 1;1



for
 < � :
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Proof. We can choosefor P the � + -complete Levy collapseof 2<� to � + .
For every p 2 P and every name for a partition _f , we can de�ne in V a
decreasingsequencehp� j � < � + i of conditions and a function g : � + � � !

 such that p0 = p and

8� < � + 8� � � 8� < � p� 
 _f (� ; � ) = g(� ; � ):

By Theorem 8.15, we can chooseA, B such that A � B is homogeneousfor
g and jAj = jB j = � . For some� < � , we have A; B � � and then

p� 
 9A 9B (jAj = jB j = � ^ A � B is homogeneousfor _f )

HenceV P satis�es the claim. a

All other problems remain unsolved, even for 
 = 2. For notational
convenience,for the rest of this section let � = cf(� ). We may assumethat
� > ! , and we will embark on a lengthy proof of a mild strengthening of
the result of Shelah.

8.17 Theorem. Suppose that � is a singular strong limit cardinal of un-
countable co�nality � . Then (�� ) holds if 2� > � + :

(�� )
�

� +

�

�
!

�
� + 1

�

�




The proof we are going to describe will be a double rami�cation, quite
similar in structure to the proof of Theorem 8.2 and di�eren t from the
simpli�ed proof of Theorem 8.15 in Ko jman [34].

8.18 De�nition. Choose~� = h� � : � < � i to be an increasingcontinuous
sequenceof cardinals satisfying the following properties:

1. sup(f � � : � < � g) = � ;

2. � < � 0; and

3. 2� � < � � +1 = cf(� � +1 ) for � < � .

We use results of Shelah'spcf theory [58] to guarantee the existenceof
the sequencedelineated in the next de�nition.

8.19 De�nition. Choose~� = h� � : � < � i to be an increasing sequence
of regular cardinals with � � < � � < � for � < � such that the product
� :=

Q
� <� � � satis�es

( 8f ' � : � < � + g � � ) ( 9' 2 � ) ( 8� < � + ) ( ' � � ' )

where � is the relation of eventual domination on �.
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We now choosea sequenceof models to serve as the skeleton of a double
rami�cation.

8.20 De�nition. Let A := � [ f �; f ; ~� ; ~� g. Using 3.2, we can choosean
increasing chain hhN � ; 2i : � < � + i of elementary submodels of H (� ++ )
with A 2 N0 such that

S0 := f � < � + : � (N � ) = � > � ^ cf(� ) = � ^ N � is suitable for � g

is a club in S�;� + . As in De�nition 3.4, we de�ne

I � := f X � � + : 9Y (Y � � + ^ Y 2 N � ^ � =2 Y ^ jX � Y j < � ) g;

and note that since � is singular, the last condition may no longer be re-
placed by X � Y .

8.21 Facts. The following statements hold.

1. I � is a � -complete proper ideal for all � 2 S0;

2. for every stationary S � S0, there is some� 2 S so that S \ � =2 I � ;

3. for every � 2 S0, every X 2 P(� ) � I � and every � < � , there is some
W � X with jW j = � so that W 2 N � .

Proof. The �rst item follows from Lemma 3.6, and the secondfrom Corol-
lary 4.8. To seethat the third item holds, �x � 2 S0, and assumeX 2
P(� ) � I � . By the de�nition of I � , we have jX j � � . Let � < � be given.
Sincecf(� ) = � < � , there is a � < � with jX \ � j � � . SinceN � � H (� ++ )
and � 2 N � , there is someU in N � with jUj < � and jX \ Uj � � . Then
any W � X \ U with jW j = � satis�es the requirement of the item since
jP (U)j < � and therefore P(U) � N � . a

For notational convenience,we usethe samenamesfor our double rami-
�cation system here as in the proof of Theorem 8.2.

8.22 De�nition (Double rami�cation). For each � 2 S0, we choose< � , a
well-ordering of type � of N � . ChooseN = hN �;� : � < � + ^ � < � i for
the skeleton chosenabove so that for � 2 S0, the sequencehN �;� : � < � i
is increasing, continuous and internally approachable and satis�es the fol-
lowing conditions:

1. A 2 N �; 0;

2. � � � N �;� , jN �;� j = � � , and N �;� contains the � th section of N �;� in
the well-ordering < � for each � < � .

Next we relativize certain important setsto the submodels of the double
rami�cation system.
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Notation. For each � 2 S0, de�ne the set X �;� := N �;� \ � � for � < � and
the function ' � : � ! � so that ' � (� ) := sup(X �;� ).

The following facts follow from De�nition 8.19 of � and ~� .

8.23 Lemma. For all � 2 S0, the function ' � is in � , and there is a
function ' 2 � which eventually dominates all the ' � for � 2 S0. That is,
for each � 2 S0, there is some� � < � , so that ' � (� ) < ' (� ) for all � with
� � � � < � .

For the remainder of this section, �x a function ' which eventually dom-
inates all the ' � for � 2 S0, and let � � as above be the point at which
domination sets in.

8.24 De�nition. For � 2 S0 and � with � � � � < � , de�ne

I �;� := f X � � : 9Y (Y � � ^ Y 2 N �;� ^ ' (� ) =2 Y ^ jX � Y j < � � ) g:

8.25 Lemma. Let � 2 S0 and � with � � � � < � be given. Then

1. I �;� is a proper ideal;

2. for each X � X �;� with X 2 I +
�;� , there is a W � X with jW j = � �

so that W 2 N �;� +1 .

Proof. For the �rst item, note that the set I �;� is an ideal becauseN �;� is
closedwith respect to �nite unions. To seethat X �;� =2 I �;� , let Z 2 N �;�

be a subset of � � with ' (� ) 2 Z . It is enough to show jZ \ X �;� j � � � .
Now Z 2 N �;� and sup(Z ) 2 N �;� . Hencesup(Z ) = � � . Thus there is a
one-to-onefunction g : � � ! Z . Using the fact that � � and � � are in N �;� ,
by elementarit y, there is a function g 2 N �;� like this. Using the fact that
� � + 1 � N �;� , we get that ran(g) � N �;� \ � � = X �;� .

For the seconditem, there is a subsetW � X with jW j = � � by De�nition
8.24. Also, by De�nition 8.22, we know that X �;� 2 N �;� +1 , 2� � < � � +1

and P(X �;� ) � N �;� +1 . Therefore W 2 N �;� +1 as required. a

Recall the notation f #(� ; i ) intro duced after Lemma 8.8:

f #(� ; i ) := f � < � : f (�; � ) = i g for � < � + , i < 
 .

Using the facts that 
 ; ! < � and 2� < � , we can show directly that

�
� +

�

�
!

�
Stat( � + )
Stat( � )

� 1;1



:

We get the next lemma by applying this partition relation to the coloring
f � ' of � + � � .
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8.26 Lemma. There are S � S0, T � � , � < � and i < 
 such that
S 2 Stat( � + ), T 2 Stat( � ), � \ T = ; , ' \ T � f #(� ; i ) and � � = � for all
� 2 S.

We now prove our main claim.

8.27 Lemma (Main Claim). There is an � 2 S such that S \ � =2 I � and

f � 2 T : f #(� ; i ) \ X �;� =2 I �;� g 2 Stat( � ):

Proof. By Corollary 4.8, it is su�cien t to seethat

f � 2 S : f � 2 T : f #(� ; i ) \ X �;� =2 I �;� g 2 Stat(� ) g 2 Stat( � + ):

Let T� := f � 2 T : f #(�; i ) \ X �;� 2 I �;� g for � 2 S. Assumeby way of
contradiction that for someS0 2 Stat( � + ) \ P(S), onehas T� 2 Stat( � ) for
all � 2 S0.

For � 2 S0, � 2 T� , choose Y�;� satisfying the following conditions:
Y�;� � � � , Y�;� 2 N �;� , ' (� ) =2 Y�;� , and jf #(� ; i ) \ X �;� � Y�;� j < � � . For
each � 2 S0, by Fodor's Theorem, the sets Y�;� stabilize on a stationary
subsetof T� . That is, for each � 2 S0, there are T 0

� � T� with T 0
� 2 Stat( � ),

Y� and � � < � such that Y�;� = Y� and jf #(� ; i ) \ X �;� � Y�;� j � � � for
� 2 T 0

� and
Y� \ f ' (� ) : � 2 T 0

� g = ; :

Note that
S

f X �;� : � 2 T 0
� g = � , hence

jf #(� ; i ) � Y� j � � � :

Now, using Fodor's Theorem again, Y� stabilizes on a stationary subset of
S0. That is, there are T 0 2 Stat( � ), Y and � such that for some S00 2
Stat( � + ) \ P(S0), one has T 0

� = T 0, Y� = Y and � � = � for all � 2 S00.
Now choosetwo elements � 0; � 0 2 S00with � 0 < � 0, and let � 0 2 T 0be such

that � 0 2 N � 0;� 0 and � � 0 > � . Since� 0 2 S00� S and � 0 2 T 0 � T , it follows
that f (� 0; ' (� 0)) = i by Lemma 8.26. In other words, ' (� 0) 2 f #(� 0; i ).
However, f #(� 0; i ) 2 N � 0;� 0, hence

f #(� 0; i ) \ X � 0;� 0 =2 I � 0;� 0:

This last fact contradicts the inequality jf #(� 0; i ) � Y j < � and the lemma
follows. a

To �nish the proof of Theorem8.17usingthe Main Claim 8.27,wewant to
de�ne sequenceshA � : � < � i with A � � � and hB � : � < � i with B � � S0

so that the sets are pairwise disjoint, jA � j = jB � j = � � , A � ; B � 2 N �;� � for
some � � 2 T 0, where T 0 := f � 2 T : f #(� ; i ) \ X �;� =2 I �;� g is the set
de�ned in the Main Claim 8.27, and f is constantly i on the set

S
� <� B � [ f � g �

S
� <� A � :
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To carry out an induction of length � to de�ne the desiredsequences,we
only needthe following lemma.

8.28 Lemma. Assume A; B 2 N �;� for some � 2 T 0, B � S, � < � , and
f is homogeneous of color i on (B [ f � g) � A. Then the following two
statementshold.

1. There is C 2 [� � (A [ B )] � with C �
T

f f #(� ; i ) : � 2 B [ f � gg so
that for some� 0 2 T 0 with � � 0 > � , one has C 2 N �;� 0.

2. There is D 2 [S � (A [ B )] � with A �
T

f f #(� ; i ) : � 2 D g so that
for some� 0 2 T 0 with � � 0 > � , one has D 2 N �;� 0.

Proof. For the �rst item, choose� 0 2 T 0 with � 0 > � and � � 0 > � . By the
de�nition of S, weknow f (� ; ' (� 0)) = i for � 2 B [ f � g. By the Main Claim
8.27, we know that f #(� ; i ) \ X �;� 0 =2 I �;� 0. Let Z =

T
f f #(� ; i ) : � 2 B g.

Then Z 2 N �;� 0 and ' (� 0) 2 Z . HencejZ \ f #(� ; i ) \ X �;� 0j � � by Lemma
8.25, and we can choosea subsetof this intersection for C.

For the seconditem, the set Z :=
T

f f " (� ; i ) : � 2 A g is in N �;� and
� 2 Z . SinceS \ � =2 I � , we can choosea suitable D by Facts 8.21. a

9. Coun table Ordinal Resources

9.1. Some History

In this sectionwe look at ordinal partition relations of the form � ! (� ; m)2

for limit ordinals � and � of the samecardinalit y. The goal m will be taken
to be �nite, sinceif � : � ! j� j is a one-to-onemapping, then the partition
de�ned on pairs x < y < � by

f (x; y) =

(
0; if x < y and � (x) < � (y)
1; if x < y and � (x) > � (y)

shows that � 6! (j� j + 1; ! )2.
This particular branch of the partition calculus dates back to the 1950's,

in particular to to the seminal paper of Erd}os and Rado [19] which in-
tro duced the partition calculus for linear order types and to the paper of
Specker [62], in which he provesthe following theorem.

9.1 Theorem (Specker [62]). The following partition relations hold:

1. ! 2 ! (! 2; m)2 for all m < ! .

2. ! n 6! (! n ; 3)2 for all 3 � n < ! .
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The �nite powers of ! are all additively indecomposable(AI) , since they
cannot be written as the sum of two strictly smaller ordinals. It is well-
known that the additiv ely indecomposable ordinals are exactly those of
the form ! 
 (see Exercise 5 on page 43 of Kunen [36]). We will focus
on additiv ely indecomposable� and � . There are additional combinatorial
complications for decomposableordinals.

For notational convenience in discussionsof � ! (� ; m)2, call � the
resource, � the 0-goal and m the 1-goal.

For a speci�ed countable 0-goal � and �nite 1-goal m, it is possible to
determine an upper bound for the resource � neededto ensure that the
positive partition relation holds. In particular, Erd}os and Milner showed
! 1+ �m ! (! 1+ � ; 2m )2. This result datesback to 1959and a proof appeared
in Milner's thesis in 1962. Seealso pages165-168of [65] where the proof is
given via the following stepping-up result:

9.2 Theorem. Suppose 
 , � are countable and k is �nite.
If ! 
 ! (! 1+ � ; k)2, then ! 
 + � ! (! 1+ � ; 2k)2.

9.3 Corollary (Erd}os and Milner [16]). If m < ! and � < ! 1, then
! 1+ � �` ! (! 1+ � ; 2` )2.

The partition calculus for �nite powersof ! is largely understood via the
results below of Nosal. Her work built on 9.3 and earlier work by Galvin
(unpublished), Hajnal, Haddad and Sabbagh[24], Milner [42].

9.4 Theorem (Nosal [46], [47]).

1. If 1 � ` < ! , then ! 2+ ` ! (! 3; 2` )2 and ! 2+ ` 6! (! 3; 2` + 1)2.

2. If 1 � ` < ! and 4 � r < ! , then ! 1+ r �` ! (! 1+ r ; 2` )2 and
! r + r �` 6! (! 1+ r ; 2` + 1)2:

Someprogresshas beenmade for the casein which the goal is ! 4. Nosal
showed in her thesis that ! 6 6! (! 4; 3)2, which is sharp, since! 7 ! (! 4; 4)2

by Corollary 9.3. Darby (unpublished) has shown that ! 9 6! (! 4; 5)2.

9.2. Small Coun terexamples

In this section we look at partition relations of the form � 6! (�; m)2 for
limit ordinals � and m < ! .

In the previous section, we noted that E. Specker proved that ! n 6!
(! n ; 3)2. In the 1970's,Galvin used pinning, de�ned below, to exploit the
counterexample ! 3 6! (! 3; 3)2 to the full.

9.5 De�nition. Suppose� and � are ordinals. A mapping � : � ! � is a
pinning map of � to � if ot(X ) = � implies ot( � \ X ) = � for all X � � .
We say � can be pinned to � , in symbols, � ! � , if there is a pinning map
of � to � .
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9.6 Theorem (Galvin [22]). For all countable ordinals � � 3, if � is not
AI and � = ! � , then � 6! (�; 3)2.

The �rst countable ordinal not coveredby the Specker and Galvin results
mentioned so far is ! ! . Chang showed that ! ! ! (! ! ; 3)2 and Milner
modi�ed his proof to work for all m < ! .

9.7 Theorem (Chang [5]; Milner; seealso [38], [65]). For all m < ! ,

! ! ! (! ! ; m)2:

Chang's original manuscript was about 90 pageslong, and he received
$250 from Erd}os for this proof, one of the largest sums Erd}os had paid to
that time. Paul Erd}oscontinued to focusattention on partition relations of
the form � ! (�; m)2 through o�ering money. In 1985,he [11] o�ered $1000
for a complete characterization of those countable � for which � ! (�; 3)2.

9.8 De�nition. Any ordinal � can be uniquely written as the sum of AI
ordinals, � = � 0 + � � � + � k with � 0 � � � � � � k . This sum is called the
additive normal form (ANF) of � , and in this case,we say the ANF of �
has k + 1 summands. The summand � k is called the �nal summand. The
initial part of the ANF of � is � 0 + � � � + � k � 1 if k > 0 and, for notational
convenience,is 0 if � is AI.

An AI ordinal � is multiplicatively indecomposable(MI) if it is cannot be
written as a product 
 � � where 
 , � are AI and � > 
 � � . Any AI ordinal
� can be written uniquely as a product of MI ordinals � = � 0 � : : : � � k

with � 0 � � � � � � k . This product is called the multiplicative normal form
(MNF) of � , and in this case,we say the MNF of � has k + 1 factors. The
factor b� := � k is called the �nal factor. The initial part of the MNF of � is
� := � 0 + � � � + � k � 1 if k > 0 and, for notational convenience,is � := 1 if �
is MI.

Note that if � = ! � , then � is MI exactly when � is AI. Thus Galvin's
result (Theorem 9.6) may be rephrasedto say that for all countable ordinals
� > ! 2, if � is not M I , then � 6! (�; 3)2. In the 1990's, Carl Darby [7]
and Rene Schipperus [53], [51] working independently , came up with new
families of counterexamples for MI ordinals � . Larson [39] built on their
work to improve one of the results obtained by both of them.

9.9 Theorem.

1. (Darby) If � = ! � +1 and m ! (4)3
232 , then ! ! �

6! (! ! �
; m)2.

2. (Darby; Schipperus; Larson) If � � 
 � 1, then ! ! � + 

6! (! ! � + 


; 5)2.

3. (Darby; Schipperus) If � � 
 � � � 1, then ! ! � + 
 + �
6! (! ! � + 
 + �

; 4)2.
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4. (Schipperus) If � � 
 � � � " � 1, then ! ! � + 
 + � + "
6! (! ! � + 
 + � + "

; 3)2.

We plan to sketch a proof that there is some �nite k so that ! ! 2
9

(! ! 2
; k)2, using the basic approach developed by Darby and some of his

construction lemmas. Surprisingly, the partition counterexamples devel-
oped by Darby and Schipperus were the same,even if their approaches to
uniformization were at least cosmetically di�eren t.

Rather than working directly with the ordinals, we use collections of
�nite increasing sequencesfrom ! under the lexicographic ordering. Since
our sequencesare increasing, we will identify them with the set of their
elements.

We write s_ t for the concatenation of the two sequencesunder the as-
sumption that the last element of s is smaller than the �rst element of t , in
symbols s < t .

We extend the notion of concatenation from individual sequencesto sets
of sequencesby setting

S_ T := f s_ t j s 2 S ^ t 2 T ^ s < t g:

9.10 De�nition. De�ne setsG� for � = ! ` by recursion on 1 � ` < ! .

G! := f hm i _ hk1; k2; : : : ; km i j m < k1 < k2 < � � � < km < ! g

G! k +1 :=
S

f f hm i g_

m copies
z }| {
G! k

_ � � � _ G! k j m < ! g

Given a collection of sequencesS and a particular sequencet, write
S(t) := f s 2 S j t v sg for the set of extensionsof t in S.

9.11 Lemma. For 1 � `; m; p < ! , ot(G! ` (hm i )) =
�

! ! ` � 1
� m

, ot(G! ` ) =

! ! `
, and

ot

0

@

p copies
z }| {
G! `

_ � � � _ G! `

1

A =
�

! ! `
� p

:

Proof. First observe that ot(G! (hm i )) = ! m for all 1 � m < ! and
ot(G! ) = ! ! . Next notice that for subsetsS and T � [! ]<! which have
indecomposableorder typesand which have arbitrarily large �rst elements,
the order type of the concatenation S_ T is the product of the order types
ot(T ) � ot(S). Then use induction on `, m, and p. a

9.12 Remark. Darby [7, De�nition 2.8] de�nes G� for all � < ! 1 so that
ot(G� ) = ! � using a nice ladder system to assignto each limit ordinal an
increasingco�nal sequenceof type ! . In particular, for � = � � ! where �
is an AI ordinal, the co�nal sequenceis � m = � � m.
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Our main interest is in G� for � AI. We de�ned G! k for k < ! in
De�nition 9.10. If � = � � ! where � is an AI ordinal, then

G� =
S

f f hm ig _

m copies
z }| {
G�

_ � � � _ G� j m < ! g:

If � � ! ! is an AI ordinal not of the form � = � � ! , then the co�nal
sequenceis a strictly increasingsequenceh� m : m < ! i of AI ordinals and
G� is the union of f hm i g_ G� m .

Recall we write s v t to indicate that s is an initial segment of t , and
s @t to indicate it is a proper initial segment.

9.13 De�nition. For any collection of increasingsequencesS � [! ]<! , let
S� denotethe collection of initial segments of elements of S. For any s 2 S� ,
let S(s) := f t 2 S j s v t g be the set of all extensionsof s that are in S.

9.14 De�nition (SeeDe�nition 3.1 of [7]). Suppose! < � = � � b� < ! 1

is AI but not MI with initial part � and �nal factor b� . Call a non-empty
sequencep 2 G�

� a level pre�x of G� if ot(G� (p)) = ! 
 where the �nal
summand in the ANF of 
 is � .

The next lemma is of particular interest when s is a level pre�x.

9.15 Lemma (SeeLemma 2.9 of [7]). Suppose
 � � < ! 1 where the ANF
of 
 is 
 = 
 0 + 
 1 + � � � + 
 k for k > 0. Further supposethat s 2 G�

� r f;g .
If ot(G� (s)) = ! 
 , then G� (s) = f sg_ G
 k

_ : : : _ G
 0 .

Proof. We only prove this in the special casewhere � = � � ! and 
 = � � n.
In this case, s has an extension in G� (hm i ) = f hm ig _ G� : : : _ G� for
m = min(s) by De�nition 9.10 or Remark 9.12. Let t v s be the longest
initial segment of s for which G� (t ) is the concatenation of f t g with some
�nite number of copiesof G� . There must be such a t since hm i has this
property. If s = t , then we are done. So assumeby way of contradiction
that u = s r t 6= ; . By the maximalit y of t , it follows that u 2 G�

� r G� .
Since u 6= ; , G� (u) has order type � for some� < ! � with � > 1. Let r
be the number of copies of G� in the decomposition of G� (t ). If r = 1,
then G� (s) = f t g_ G� (u) has order type � < ! � . If r > 1, then G� (s) is
the concatenationof f t g _ G� (u) with r � 1 copiesof G� , sohasorder type
! � � ( r � 1) � � , by the argument of Lemma 9.11. In both cases,since � 6= 1
and � 6= ! � , we have a contradiction to the assumption that ot(G� (s)) =
! � �n . a

9.16 De�nition (SeeDe�nition 3.1 of [7]). Suppose the MNF of � < ! 1

has at least four factors. Call t 2 G�
� a sublevelpre�x of G� if there are

a level pre�x p for G� and a level pre�x q for G� so that t = p_ q. Call
u 2 G�

� a sub-sublevelpre�x of G� if there are a sublevel pre�x t for G�

and a level pre�x r for G� so that u = t _ r .
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If we look at a pair s � lex t from G� , if s and t are disjoint as sets,
then they partition one another into convex segments. That is, s and t
can be expressedas concatenations,s = s0

_ s1
_ : : : _ sn � 1(_ sn ) and t =

t0
_ t1

_ : : : _ tn � 1 where s0 < t0 < s1 < t1 < � � � < sn � 1 < tn � 1(< sn ).
The next de�nition usesDe�nition 9.16to identify four typesof segments

usedin the proofsof the negative partition relations (2)-(4) of Theorem 9.9.

9.17 De�nition. Suppose the MNF of � < ! 1 has at least four factors.
Further supposethat s 2 G� has beendecomposedinto a convex partition
s = s0

_ s1
_ : : : _ sn where s0 < s1 < � � � < sn .

1. Call si a � -segmentof s if i = 0 or i = n or there are a level pre�x t of
G� and a 2 G� sothat s0

_ : : : _ si � 1 @t @s0
_ : : : _ si � 1

_ si v t _ a.

2. Call si a 4 -segment of s if it is not a � -segment of s and there are
a sublevel pre�x u of G� and b 2 G� so that s0

_ : : : _ si � 1 @ u @
s0

_ : : : _ si � 1
_ si v u_ b:

3. Call si a -segment of s if it is not a � or 4 -segment of s and there
are a sub-sublevel pre�x u of G� and c 2 G

�
so that s0

_ : : : _ si � 1 @
v @s0

_ : : : _ si � 1
_ si @v_ c.

4. Call si a � -segment of s there are a sub-sublevel pre�x u of G� and
c 2 G

�
so that v @s0

_ : : : _ si � 1 and s0
_ : : : _ si � 1

_ si v v_ c.

For simplicit y, we include an example for which only � -segments are
neededto illustrate the technique. We have chosento give an examplethat
is easyto discussrather than an optimal one.

9.18 Prop osition. The following partition relation holds: ! ! 2
9 (! ! 2

; 6)2.

The remainder of this section is devoted to the proof of Proposition 9.18.
We de�ne a graph � on G = G! 2 below. Then in Lemma 2, we show it has
no 1-homogeneousset of size 6. After considerably more work, in Lemma
9.31,we show it hasno 0-homogeneoussubsetof order type ! ! 2

. Thesetwo
lemmascomplete the proof.

9.19 De�nition. Let G = G! 2 . Call a coordinate x of x 2 G a box coordi-
nate if it is either the minimum or the maximum of x or if x = min(x � p)
for somelevel pre�x p v x. De�ne a graph � : [G]2 ! 2 by �( x; y ) = 1 if
and only if there are convex partitions

x = X 0
_ X 1

_ X 2
_ X 3

_ X 4 and y = Y0
_ Y1

_ Y2
_ Y3

with X 0<Y0< X 1<Y1<X 2< Y2< X 3<Y3<X 4 so that all of X 0, X 2, X 4 are
� -segments of x, Y0, Y3 are � -segments of y , and none of X 1, X 3, Y1, Y2

have box coordinates of x, y , respectively.
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For notational convenience,let 
 � (x; y ) = max(Y1), 
 + (x; y ) = min(Y2),
� � (x; y ) be the largest box coordinate of Y0, and � + (x; y ) be the smallest
box coordinate of Y3. The graphical display below shows how the two
sequencesare interlaced and which have box coordinates if �( x; y ) = 1.

X 0 X 1 X 2 X 3 X 4

Y0 Y1 Y2 Y3

9.20 Lemma. The graph � has no 1-homogeneous set of size six.

Proof. The proof starts with a seriesof claims which delineate basic prop-
erties of the partition.

Claim A. Supposex < y, �( x; y ) = 1.

1. There is a box coordinate x 2 x with min(y) < x < max(y).

2. For any box coordinate x 2 x with min(y) < x < max(y), the inequal-
ities 
 � (x; y ) < x < 
 + (x; y ) hold.

3. There is no sequence x < y < x0 2 x where min(y) < x 2 x, x0 <
max(y) and y is a box coordinate of y .

Proof. Use the diagram above to verify thesebasic properties. a

Claim B. Suppose f x; y ; z g< � G is 1-homogeneous for � . If � x 2 x,
� y 2 y, and � z 2 z are box coordinates and min(z) < � x; � y < max(z),
then either � x; � y < � z or � z < � x; � y.

Proof. Supposethe hypothesis holds but the conclusion fails. Then either
(a) � x < � z < � y or (b) � y < � z < � x. Note that min(y) < min(z) < � x
and � x < max(z) < max(y), since y < z. By Claim A(2), 
 � (x; y ) <
� x < 
 + (x; y ). Use the de�nition of � to �nd x � ; x+ 2 x such that
� � (x; y ) < x � < 
 � (x; y ) and 
 + (x; y ) < x+ < � + (x; y ). If (a) holds,
then either � x < � z < x+ or 
 + (x; y ) < � z < � y is a sequencethat
contradicts Claim A(3). If (b) holds, then either � y < � z < 
 � (x; y ) or
x � < � z < � x is a sequencethat contradicts Claim A(3). Thus the above
claim follows. a

Claim C. Suppose f x; y ; z g< � G is 1-homogeneous for � . If � x 2 x,
� y 2 y are box coordinates with min(z) < � x; � y < max(z), then some
coordinate z of z lies between � x and � y.

Proof. For the �rst case,suppose� x < � y. In this case,let z = 
 + (x; z).
Then z 2 z and by Claim A, � x < z. By de�nition of �, there is some
x0 2 x with z < x0 < max(z). Sincey < z, it follows that x0 < max(y), so
x0 < � + (x; y ) � � y. By transitivit y, � x < z < � y. The secondcasefor
� y < � x is left to the reader with the hint that z = 
 � (x; z) works. a
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Now prove the lemma from the claims. Assumeby way of contradiction
that U = f a; b; c; d; e; f g< � G is 1-homogeneousfor �. Use Claim A
to choose box coordinates " 0 2 a, "1 2 b, "2 2 c, "3 2 d, "4 2 e, so
that min(f ) < " i < max(f ). Let ij k` be a permutation of 0123 so that
" i < " j < " k < " ` . Use Claim C to choosecoordinates e0; e002 e and f 0 2 f
with " i < e0 < " j < f 0 < " k < e00< " ` . By Claim B, either (a) " 4 < " i or
(b) " ` < "4. Choosecoordinate f 002 f between" 4 and the appropriate one
of " i and " ` .

Let x; y 2 U be such that " i 2 x and " ` 2 y. By Claim A, � � (x; f ) <

 � (x; f ) < " i and " ` < 
 + (y ; f ) < � + (y ; f ).

Let e = E0
_ E1

_ E2
_ E3

_ E4, f = F0
_ F1

_ F2
_ F3 be the partition that

witnesses�( e; f ) = 1. Note that " 4 2 E2.
If (a) holds, then � + (y ; f ) 2 F3, and

"4 < f 00< e0 < f 0 < e00< � + (y ; f ):

However, this inequality contradicts the de�nition of g, sincethere are only
two blocks betweenE2 and F3. If (b) holds, then � � (x; f ) 2 F0, and

� � (x; f ) < e0 < f 0 < e00< f 00< "4:

This inequality also contradicts the de�nition of g, sincethere are only two
blocks betweenF0 and E2. In either casewe have reached the contradiction
required to prove the lemma. a

Now weturn to the task of showing that every subsetX � G of order type
! ! 2

includes a pair f x; y g< � X so that �( x; y ) = 1. The �rst challenge
is to guarantee that when we build a segment of one of x and y, we will
be able to extend it starting above the segment of the other that we will
have constructed in the meanwhile. To that end, we intro duce � -pre�xes
and maximal � -pre�xes.

9.21 De�nition. Suppose � < ! 1. Call a sequences 2 G�
� a � -pre�x of

W � G� if ot(W (s)) = � , and a maximal � -pre�x if no proper extension is
a � -pre�x.

9.22 Lemma (Galvin; seeLemma 4.5 in [7]). Supposes 2 G�
� and � is AI.

If W � G� has ot(W (s)) � � , then there is an extension t w s so that t is
a maximal � -pre�x for W .

The proof of the above lemma dependson the fact that the sequencesin
G� are well-foundedunder extension. We usethe next lemma for sequences
r which are either maximal ! 2-pre�xes or maximal ! 3-pre�xes.

9.23 Lemma. Suppose � < � � ! � for AI � and � . Further suppose
W � G� and r is a maximal � -pre�x for W . Then r has in�nitely many
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one point extensionsr _ hp i 2 W � with ot(W (r _ hp i )) � � . Also, for any
sequence s, there is a sequence t so that s < t , r _ t 2 W � , and r _ t is a
maximal � -pre�x for W .

Proof. Sincer is a maximal � -pre�x for W , ot(W (r _ hp i )) < � for all p < ! .
Consequently , since � is AI, it follows that

P
q<p<! ot(W (r _ hp i )) = �

for all q < ! . Since
P

q<p<! 
 p � � if each 
 p < � , it follows that for
in�nitely many p < ! , W (r _ hp i ) has order type � � . Thus given s, there
is p > max(s) with ot(W (r _ hp i )) � � . In particular, W (r _ hp i ) 6= ; . To
complete the proof, apply Lemma 9.22 to get t w hp i so that r _ t is a
maximal � -pre�x. a

In our construction of x, y , we must be able to iterate the processof
extending to a level pre�x. To that end, we intro duce the notion of levels.

9.24 De�nition (SeeDe�nition 5.2 of [7]). Suppose � is AI but not MI
and q is a level pre�x of G� . The level of W pre�xed by q is the set

L (W; q) := f a 2 G� j W (q_ a) 6= ; g:

A non-empty sequences 2 G�
� � G� ends in the level of W pre�xed by q if

there is somea 2 L(W; q) so that q v s @q_ a.

Next we state without proof a seriesof lemmasfrom Darby [7] that lead
up to Lemma 9.29. The interested reader can �ll in the proofs for the case
where � = ! ` < ! ! .

9.25 Lemma (SeeDe�nition 4.6 and Lemma 4.7 of [7]). Suppose � � 
 �
� < ! 1, where � , 
 are AI and 
 � � � � . If s 2 G�

� is a maximal 
 � � -pre�x
for W � G� , then the following set has order type � :

W (� ; s) := f p 2 G�
� j s v p and p is a maximal 
 -pre�x for W g:

9.26 Lemma (SeeLemma 5.5 of [7]). Suppose � < ! 1 is AI but not MI,
q is a level pre�x of G� and W � G� . If s ends in level L (W; q) and
ot(W (s)) � ! � �n , then for any 
 < � , there is an a 2 L(W; q) so that
s @q_ a and ot(W (q_ a)) � ! � (n � 1)+ 
 .

9.27 Lemma (SeeLemma 5.6 of [7]). Suppose � < ! 1 is AI but not MI,
W � G� and every level of W has order type � ! � . If s 2 G�

� and
ot(G� (s)) = ! � � � , then ot(W (s)) � ! � � � .

9.28 Lemma (SeeLemma 5.7 of [7]). Suppose � < ! 1 is AI but not MI,
W � G� (hm i ) and ot(W ) > ! 
 . Then for any � so that � � m < 
 , there is
a level of W of order type > ! � .
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The following lemma of Darby, mildly rephrasedsince the general def-
inition of G� has been omitted, is the key to constructing pairs 1-colored
by any generalization of the graph � to a � � de�ned for � = � � ! , since
it allows one to plan ahead: one takes a su�cien tly large set, thins it to
something tractable, dives into a large level to work within, knowing that
on exit from the level, one will have a large enough set of extensions to
continue according to plan.

9.29 Lemma (SeeLemma 5.9 of [7]). Suppose � is AI but not MI, 0 <
m < ! and ot(G� (hm i )) = ! � � � . Further suppose W � G� (hm i ) and
ot(W ) � ! � �n + " where " � � and 0 < n < ! , and assume� is such that
� � � < " . Then there is a set U � W and a level pre�x q so that U = U(q),
ot(L (U;q)) > ! � and ot(U(q_ a)) � ! � � (n � 1)+ " for all a 2 L (U;q).

Here our focus is on ! ! k
for �nite k, that is, on � = ! k . In this case,

G� (hm i ) has order type ! ! k � 1 �m , so the � of the previous lemma is sim-
ply m. The following weaker version of the above lemma su�ces for our
purposes.

9.30 Lemma. Suppose � = � � ! is AI but not MI, 0 < n � m < ! ,
and W � G� (hm i ) has order type � ! � �n . Further assume� is such that
� �m < � . Then there is a set U � W and a level pre�x q so that U = U(q),
ot(L (U;q)) > ! � and ot(U(q_ a)) � ! � � (n � 1) for all a 2 L (U;q).

9.31 Lemma. SupposeW � G! 2 has order type ! ! 2
. Then there is a pair

x, y from W so that �( x; y ) = 1.

Proof. We revisit the set G! 2 to better understand how it is constructed by
unraveling the recursive construction. A typical element � is

hm i _ hb1 i _ 

a1

1; : : : ; a1
b1

� _ hb2 i _ 

a2

1; : : : ; a2
b2

�
: : :_ hbm i _ 


am
1 ; : : : ; am

bm

�
:

Notice that the initial element, m, tells how many levels there will be, and
each level starts with a box coordinate, bi , which determinesthe order type
of the level, ! bi . To make the identi�cation of the various typesof elements
visually immediate, we fold the sequence� into a tree, with the initial
element at the top, the box coordinates as immediate successors,and the
remaining coordinates as terminal nodes. To rebuild the sequencefrom the
tree, one walks through the tree in depth �rst, left-to-righ t order.

,
,,

�� L
L

@
@

�� @
@

@
@

��

X X X X X X X XX

m

a1;1 a1;b1

b1

a2;1 a2;b2

b2

� � � � � �

bm� � �

am; 1 am;b m� � �
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UseLemmas9.22,9.23,and 9.30to build x = X 0
_ X 1

_ X 2
_ X 3

_ X 4 and
y = Y0

_ Y1
_ Y2

_ Y3 one convex segment at a time so that

X 0< Y0< X 1<Y1<X 2< Y2< X 3<Y3<X 4

For notational convenience,we plan to let i < j < k < ` be such that
max(X 0) = x i , max(X 1) = x j , max(X 2) = xk , max(X 3) = x` . Similarly,
we plan to let s < t < u be such that max(Y0) = ys, max(Y1) = yt ,
max(Y2) = yu . In addition it will be convenient to write b for the largest box
coordinate of X 0, b0 for the largest box coordinate of X 2, and c = � � (x; y )
for the largest box coordinate of Y0. Here is a pair of subtreesof the trees
we get by folding the sequenceswe build for x and y, that include only the
critical coordinates named above, together with max(x), max(y). These
subtrees highlight the relationships between the critical coordinates, and
allow one to seeat a glancewhich of the segments are � -segments.

,
,,

�� L
L

@
@

�� @
@

#
# l

ll

........................................

................................

m

b b0

max(x)

n

c

ys yt yux i x j xk x` max(y)

Observe that since G is the union of G(h0 i ); G(h1 i ); G(h2 i ); : : : , it
follows that for � < ! 2, there are in�nitely many m � < ! with ot(W \
G(hm� i )) � ! � . We start our construction by choosing m so that U0 :=
W \ G(hm i ) has order type at least ! ! �4.

Next we apply Lemma 9.30 to �nd a set U1 � U0 and a level pre�x p
so that U1 = U1(p), ot(L (U1; p)) > ! 5, and ot(U1(p_ a)) � ! ! �3 for all
a 2 L (U1; p). Apply Lemma 9.22to get u, a maximal ! 4 pre�x in L (U1; p).
Then b = min(u) is the box coordinate of our diagram. We set X 0 = p_ u
and note that max(u) = x i on our diagram.

Choosen > x i so that V0 := W \ G(hn i ) has order type at least ! ! �4.
Continueasin the previousstep. UseLemma9.30to �nd a setV1 � V0 and a
level pre�x q sothat V1 = V1(q), ot(L (V1; q)) > ! 7, and ot(V (q_ a)) � ! ! �3

for all a 2 L (V1; q). Let v be a maximal ! 6 pre�x in L (V1; q). Then
c = min(v) is the box coordinate of our diagram. We set Y0 = q_ v and
note that max(v) = ys on our diagram.

By Lemma 9.23, there is a sequenceX 1 with Y0 < X 1 so that u_ X 1 is a
maximal ! 3 pre�x in L (U1; p). Note that X 0

_ X 1 is not a level pre�x nor
is any one point extension.

By Lemma 9.23, there is a sequenceY1 with X 1 < Y1 so that v _ Y1 is a
maximal ! 5 pre�x in L (V1; q).

By Lemma 9.23, the sequenceu_ X 1 hasin�nitely many onepoint exten-
sionsin L (U1; p) � . By choosinga suitable onepoint extensionand then ex-
tending it into L (U1; p), we �nd w sothat Y1 < w and u_ X 1

_ w 2 L(U1; p).
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By choice of U1 and p, we know ot(U1(p_ (u_ X 1
_ w))) � ! ! �3. Use

Lemma 9.30 to �nd U2 � U1(p_ (u_ X 1
_ w)) and a level pre�x p0 so

that U2 = U2(p0), ot(L (U2; p0)) > ! 5, and ot(U2(p0_ a)) � ! ! �3 for all
a 2 L (U2; p0). Then p_ (u_ X 1

_ w) v p0. Apply Lemma 9.22 to get u0, a
maximal ! 4 pre�x in L (U2; p0). Then b0 = min(u0) is another box coordi-
nate in our diagram. Then p0_ u0 is not a level pre�x of U2, nor is any one
point extension of it a level pre�x. We set X 2 = p0 r (X 0

_ X 1), and note
that max(X 2) = max(u0) = xk on our diagram.

By Lemma 9.23, there is a sequenceY2 with X 2 < Y2 so that v _ Y1
_ Y2

is a maximal ! 4 pre�x in L (V1; q).
By Lemma 9.23, there is a sequenceX 3 with Y2 < X 3 so that u0_ X 3 is

a maximal ! 3 pre�x in L (U2; p0).
By Lemma 9.23, the sequencev _ Y1

_ Y2 has in�nitely many one point
extensionsin L (V1; q) � . Henceby �rst choosing a suitable onepoint exten-
sion and then extending it into L (V1; q), and �nally extending it into V1,
we can �nd Y3 so that X 3 < Y3 and y = Y0

_ Y1
_ Y2

_ Y3 2 V1 � W .
By Lemma9.23,the sequenceu0_ X 3 hasin�nitely many onepoint exten-

sions in L (U2; p0)� . Henceby �rst choosing a suitable one point extension
and then extending it into L (U2; p0), and �nally extending it into U2, we
can �nd X 4 so that Y3 < X 4 and x = X 0

_ X 1
_ X 2

_ X 3
_ X 4 2 U2 � W .

By construction, X 0; X 2; X 4 and Y0; Y3 are all � -segments, while X 1; X 3

and Y1; Y2 have no box coordinates. Thus x; y witnessesthe fact that W is
not a 0-homogeneousset for �. a

Lemmas 9.20 and 9.31 show that � is a witness to ! ! 2
9 (! ! 2

; 6)2.
The coloring can easily be generalizedto ! ! �

where � is decomposable,
since it was described using only box segments and segments without box
coordinates. Hencethe proof of Lemma 9.20 carries through for thesegen-
eralizations. In the proof of Lemma 9.31, we have taken advantage of the
fact that � = 2 is a successorordinal, but useof lemmasfrom Darby's paper
allow one to modify the given construction suitably.

The proof of the previous lemma gives someevidencefor the following
remark.

9.32 Remark. We have the following heuristic for building pairs. Suppose
� is a list of speci�cations of convex segments detailing which have box,
triangle, bar (or dot) coordinates and which do not. If the �rst two and last
two segments are to be box segments, then for any ordinal � of su�cien t
decomposability for the description to make sense,there is a disjoint pair
x; y 2 G! � so that the sequenceof convex segments they create �ts the
description.

For the actual construction, one needsto iterate the processof taking
levels and look at the approach taken carefully.
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10. A Positiv e Coun table Partition Relation

The previoussectionfocusedon countable counterexamples. Herewesurvey
positive ordinal partition relations of the form � ! (�; m)2 for countable
limit ordinals � and sketch the proof of one of them.

Carl Darby [7] and ReneSchipperus [53],[51] working independently , ex-
tended Chang's positive result for ! ! and m = 3 to larger countable limit
ordinals.

10.1 Theorem. (Chang for � = 1 (seeTheorem 9.7); Darby for � = 2 [7];
Schipperus for � � 2 [53]) If the additive normal form of � < ! 1 has one
or two summands,then ! ! �

! (! ! �
; 3)2.

Recall that Erd}os [11] o�ered $1000 for a complete characterization of
the countable ordinals � for which � ! (�; 3)2. It is not di�cult to show
that additiv ely decomposableordinals fail to satisfy this partition relation.
Recall that additiv ely indecomposable ordinals are powers of ! . Specker
showed that �nite powers of ! greater than ! 2 fail to satisfy it. Galvin
showed (seeTheorem 9.6) that additiv ely decomposablepowersof ! greater
than ! 2 fail to satisfy it. Thusattention hasbeenon indecomposablepowers
of ! , � = ! ! �

, that is, the countable ordinals that are multiplicativ ely
indecomposable. Schipperus (seeTheorem 9.9) showed that if the additiv e
normal form of � has at least four summands, then � 6! (�; 3)2. Thus
to complete the characterization of which countable ordinals � satisfy this
partition relation it su�ces to characterize it for ordinals of the form � =
! ! �

where the additiv e normal form of � has exactly three summands. We
list below the �rst open case.

10.2 Question. Does! ! 3
! (! ! 3

; 3)2?

In light of Theorem 9.9, Darby and Larson have completed the charac-
terization of the set of m < ! for which ! ! 2

! (! ! 2
; m)2 with the following

result.

10.3 Theorem (Darby and Larson [8]). ! ! 2
! (! ! 2

; 4)2.

We complete this subsectionwith a sketch of the Schipperus proof that
! ! !

! (! ! !
; 3)2, using somewhatdi�eren t notation than he usedoriginally.

The sketch will be divided into seven subsections:

1. representation of ! ! !
as a collection T (! ) of �nite trees;

2. analysis of node labeled trees;

3. description of a two-player gameG(h; N ) for h a 2-partition of T (! )
into 2 colors and N � ! in�nite;
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4. uniformization of play of the gameG(h; N ) via constraint on the sec-
ond player to a conservative style of play determined by an in�nite
set H � N and a bounding function b;

5. construction of a three element 1-homogeneousset when the the �rst
player has a winning strategy for all gamesin G(h; N ) in which the
secondplayer makesconservative moves;

6. construction of an almost 0-homogeneousset of order type ! ! !
when

the �rst player has no such strategy;

7. completion of the proof.

10.1. Represen tation

Recall that, by convention, we are identifying a �nite set of natural numbers
with the increasing sequenceof its members. The trees we have in mind
for our representation are subsetsof [! ]<! which are treesunder the subset
relation, and the subset relation is the sameas the end-extensionrelation
when the subsetsare regardedas increasingsequences.

In the proof that the coloring � had no independent subsetof order type
! ! 2

, we found it convenient to fold an element

x =



m; n1; a1
1; : : : ; a1

n 1
; n2; a2

1; : : : ; a2
n 2

; : : : ; nm ; am
1 ; : : : ; am

n m

�

of G! 2 into a tree with root hm i , immediate successorshm; n i i and terminal
nodes



m; ni ; ai

j

�
. Then we could walk through the tree, node by node, so

that the maximum element of each node continually increasedalong the
walk, just as the elements of x increase.

We already have representations of ! ! �
from the previous sectionas sets

of increasing sequencesunder the lexicographic ordering. The de�nition
of those sets is recursive, so we fold these sets up into trees recursively.
Speci�cally , the next de�nition usesthe representations of G! � detailed in
De�nition 9.10 and Remark 9.12.

10.4 De�nition. De�ne by recursionon � � ! a sequenceof folding maps,
F� : G! � ! T :

1. For � = hk i 2 G! 0 = G1, set F0(� ) := fh k ig.

2. For � = hm i _ � 1
_ � 2

_ : : : _ � m 2 G! n +1 , set

Fn +1 (� ) := f hm ig [
[

ffh m ig _ Fn (� i ) : 1 � i � mg:

3. For � = hm i _ � 2 G! ! , set F! (� ) := f hm ig [ fh m ig _ Fm (� ).

Let T (� ) be the range of F� .
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Prove the following lemmasby induction on � .

10.5 Lemma. For each � � ! , the mapping F� is one-to-one and � =S
F� (� ). Thus, < lex on G! � induces an order < on T (� ).

10.6 Lemma. For all � � ! and all in�nite H � ! , the collection of se-
quencesin G! � \ [H ]<! hasorder type ! ! �

, and hence so does the collection
of trees in T (� ; H ) := T (� ) \ P([H ]<! ).

Let T be the collection of all �nite trees (T; v ) of increasing sequences
with the property that if s; t 2 T and as sets, s � t, then as sequences,
s v t. Identify each t 2 T 2 T with the set of its elements. Then v and
� coincide, so this identi�cation permits one to use set operations on the
nodesof T .

10.7 Lemma. For all � < ! 1, for all T 2 T (� ), the following conditions
are satis�ed:

1. (tr ansitivity) s @t 2 T implies s 2 T;

2. (closure under intersection) for all s; t 2 T , s \ t is an initial segment
of both s and t;

3. (rooted) (T; v ) is a rooted tree with ; =2 T;

4. (node ordering) for all s 6= t in T , exactly one of the following holds:

(a) s @t,

(b) t @s,

(c) s � lex t and s < t � (s \ t),

(d) t � lex s and t < s � (s \ t).

10.8 De�nition. For all � < ! 1, for all T 2 T (� ), order the nodesof T by
u < v if and only if u @v or u < lex v.

10.9 Lemma. For all � < ! 1, for all non-empty initial segments S;T of
trees in T (� ),

S
S @

S
T if and only if S @T.

Proof. By Lemma 10.7, if ; 6= S @T v T 0 2 T (� ), then
S

S @
S

T. For
� = 0, the reverseimplication is trivially true, and for � > 0, it is true by
de�nition of the fold map and the induction hypothesis. a

10.10 De�nition. For all � � ! , de�ne e� : [! ]<! ! f� 1g [ (� + 2) by
recursion:

e� (; ) = � + 1;

e� (� _ hm i ) =

8
><

>:

� 1 if e� (� ) � 0,
e� (� ) � 1 if e� (� ) > 0 successor,

max(� ) if e� (� ) = ! limit.
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We refer to e� (x) as the ordinal of x.

Useinduction on � , the de�nition of F� , and the previous lemma to prove
the next lemma.

10.11 Lemma. For all � � ! , for all T 2 T (� ), for all t 2 T , e� (t) � 0,
and if e� (t) > 0, then t has a proper extensionu 2 T.

The following consequenceof the recursive nature of De�nition 10.10 is
useful in induction proofs.

10.12 Lemma. For all � � ! , for all hm i _ � 2 [! ]<! , e� (hm i ) = � and
if � 6= ; and 
 = e� (hm; max(� ) i ) � 0, then e� (hm i _ � ) = e
 (� ).

10.13 De�nition. SupposeT 2 T . For all t 2 T , let ] (t; T ) be the number
of successorsof t in T .

10.14 Lemma. For all � � ! , for all T 2 T (� ), for all t 2 T ,

] (t; T ) =

8
><

>:

0; if e� (t) = 0,

1; if e� (t) = ! is a limit,
max(t); if e� (t) is a successor,

10.15 Lemma. For all � � ! , for all T � [! ]<! , T 2 T (� ) if and only if
T satis�es the four conclusionsof Lemma 10.7, and for all t 2 T , e� (t) � 0
and ](t; T ) has the value speci�e d in Lemma 10.14.

Proof. By Lemmas10.7,10.11,and 10.14,if (T; v ) 2 T (� ), then it satis�es
the given list of conditions.

To prove the other direction, work by induction on � to show that if
T � [! ]<! satis�es the given conditions for � , then

S
T 2 G! � and T =

F� (
S

T) 2 T (� ). a

10.16 De�nition. For 0 < � � ! and ; 6= S @T 2 T (� ), the critic al node
of S, in symbols crit (S), is the largest s 2 S with ] (s;S) smaller than the
value predicted in Lemma 10.14. For notational convenience,let crit( ; ) = ; ,
and set crit( T ) = ; for T 2 T (� ).

The next lemma shows why the name was chosen.

10.17 Lemma. For 0 � � � ! and S v T 2 T (� ), if t := min(T � S),
then t = crit( S)_ hmax(t) i .

Proof. Let m < ! be such that hm i 2 T. Then hm i is the least element
of T . If S = ; , then t = hm i = crit( S)_ hmax(t) i and the lemma follows.
Otherwise, hm i must be in S, and becauseit is the root of T , hm i @t :=
min(T � S). Let r = t � f max(t)g. Then hm i v r @t, ] (r; S) < ](r; T ), so
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r is an element of S with ] (r; S) smaller than the value speci�ed in Lemma
10.14.

If p 2 T and p < lex t, then p 2 S, since S @ T and T = min(T �
S). Moreover, if p < lex t and p @ q 2 T, then q < lex t. Hence if
p < lex t, then ](p;S) = ](p;T ) takes on the value speci�ed in Lemma
10.14. Thus crit( S) @ t, so crit( S) v r . It follows that r = crit (S) and
t = crit( S)_ hmax(t) i as required. a

10.18 Lemma. For all � � ! , the set of initial segments of trees in T (� )
is well-founded under @.

Proof. The proof is by induction on � . For � = 0, the lemma is clearly true,
since the longest possiblesequencesare those of the form ; ; hm i for some
m < ! .

Next supposethe lemma is true for k < ! and � = k + 1. Let S0, S1,
: : : be an arbitrary @-increasing sequence,and without loss of generality,
assumeit has at least two trees in it. Then there is somem < ! so that
hm i 2 S1. By the de�nition of the fold map Fk , it follows that for i > 1,
the tree Si satis�es

S
Si = hm i _ � i; 1

_ : : : _ � i;n i for somen i � m, where
Fk (� i;j ) 2 T (k) for j < n i , and for some � 0 w � i;n i , Fk (� 0) 2 T (k), so
� i;n i =

S
Ti for Ti an initial segment of a tree in T (k). If i < ` and Ti ; T`

are such that n i = n` , then for j < n i , � i;j = � `;j . Thus by the induction
hypothesis, for each n with 1 � n � m, there can be at most �nitely many
trees in the sequencewith n i = n. Hencethe sequencemust be �nite, and
the lemma is true for � = k + 1.

The proof for � = ! is similar, sincefor all initial segments S of trees in
T (! ), either S = ; , S = f hm i g, or S = f hm i g_ S0 for somem < ! and
someS0 which is an initial segment of a tree in T (m). The details are left
to the reader.

Therefore, by induction, the lemma holds for all � � ! . a

10.2. No de Lab eled Trees

A typical proof of a positive partition relation for a countable ordinal for
pairs includesa uniformization of an arbitrary 2-partition into 2 colors, but
only for those pairs for which someeasily de�nable additional information
is also uniformized. We will intro duce node labelings to provide that extra
information, but before we do so, we examine convex partitions of disjoint
trees and the partition nodes that determine them.

10.19 De�nition. For trees S0, S1 from T (� ) with
S

S0 \
S

S1 = ; , call
t 2 S" a partition node if t < max(S" ) and there is someu 2 S1� " with
max(t) < max(u) < min (

S
S" � (1 + max(t)).

For notational convenience, write T(; ; t] for the initial segment of T
consisting of all nodes s � t 2 T , and, for t < u in T , write T(t; u] for
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f s 2 T : t < s � u g. With this notation in hand, we can state the lemma
below justifying the label partition nodes. This lemma follows from Lemmas
10.7 and 10.9.

10.20 Lemma. SupposeS0, S1 are in T (� ) and
S

S0 \
S

S1 = ; . Further
supposet0

0; t0
1; : : : ; t0

k � 1 2 S0 and t1
0; t1

1; : : : ; t1
` � 1 2 S1 are the partition nodes

of thesetrees if any exist. Set t0
� 1 = t1

� 1 = ; , t0
k = max(S0), t0

` = max(S1).
Then every node of S" is in one and only one S" (t "

i � 1; t "
i ], and the sets

� "
i =

S
S" (t "

i � 1; t "
i ] � t "

i � 1 satisfy

� 0
0 < � 1

0 < � 0
1 < � 1

1 < : : : � 0
` � 1 < � 1

` � 1(< � 0
k � 1):

Now we intro duce node labelings. For simplicit y, this concept is given a
general form.

10.21 De�nition. Suppose � � ! and N � ! is in�nite. For any initial
segment S v T 2 T (� ), a function C is a node labeling of S into N if
C : S ! [N ]<! satis�es max(C(s)) < max(s) for all s 2 S with C(s) 6= ; .

We carry over from T (� ) the notions of extension, complete tree and
trivial tree. In particular, call (T; D ) a (proper) extension of (S;C), in
symbols, (S;C) @(T; D), if S @T and D� S = C. Call (T; D ) complete(for
� ) if T 2 T (� ); call it trivial if (T; D ) = (; ; ; ).

Call a pair S;T from T (� ) local if S and T havea commonroot; otherwise
it is global. Similarly, call (S;C), (T; D ) local if S;T is local and otherwise
call it global.

10.22 De�nition. A pair ((S0; C0); (S1; C1)) is strongly disjoint if (a) ei-
ther S0 = ; = S1 or

� S
S0 [ ran(C0)

�
\

� S
S1 [ ran(C1)

�
= ; and (b) for

all s; t 2 S0 [ S1, whenever max(s) < max(t) and C" (t) 6= ; , then also
max(s) < min(C" (t)).

10.23 De�nition. Call a pair ((S0; C0); (S1; C1)) of node labeled trees
clear if S0 < S1, ((S0; C0); (S1; C1)) is strongly disjoint, all partition nodes
t 2 S0 [ S1 are leaf nodes(e� (t) = 0), and if for all " < 2 and all s 2 S" ,

� C" (s) = ; if e� (s) = 0;

� C" (s) = f ] (s;S" (; ; t]) : s @t 2 S" is a partition nodeg if e� (s) is a
successorordinal;

� C" (s) = f e� (t) : s @ t 2 S" & jC" (t)j > 1g if e� (s) = ! is a limit
ordinal.

Call a pair S0; S1 of trees from T (� ) clear if it is local or if it is global and
there are node labelings C0; C1 with ((S0; C0); (S1; C1)) clear.
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For � > ! , the value of the node labeling for s with e� (s) limit is more
complicated to describe.

Notice that for 2 � � � ! , if (S0; C0); (S1; C1) is a global clear pair and
neither C0 nor C1 is constantly the emptyset, then all initial segments of
partition nodesare identi�able: they are the root of the tree, successornodes
whose node label is non-empty, and nodes of ordinal 0 whose immediate
predecessorhasnon-empty node label that identi�es it asa successorwhich
is a partition node.

From the de�nition of clear, if u is a partition node of one of a pair of
trees, say (S;C) then for each initial segment s whose ordinal e! (s) is a
successor,the node label C(s) must have asa member the number of imme-
diate successorsof s which are lessthan or equal to u in the lexicographic
order. If we index the immediate successorsof s in S in increasing lexico-
graphic order starting with 1, then this value is the index of the immediate
successorof s which is an initial segment of u. This analysis motivates the
next de�nition.

10.24 De�nition. Consider a node labeled tree (S;C) with root hmi . A
non-root node t of (S;C) is a prepartition node if for all s @t with e� (s)
a successorordinal, ] (s;S(; ; t]) 2 C(s), and if e! (s) 2 C(hmi ) whenever
� = ! and jC(s)j > 1 The root is a prepartition node if S 2 T (0) or
C(hmi ) 6= ; or (S;C) has a non-root prepartition node. Call (S;C) relaxed
if S =2 T (0) and max(S) is a prepartition node of ordinal 0.

Node labeled trees, clear pairs, prepartition nodes and relaxed initial
segments are used in the gameintro duced in the next section.

10.3. Game

In this sectionwedevelop the gameG(h; N ) in which two playerscollaborate
to build a pair of node labeled trees.

Here is a brief description of the game. Player I, the architect, plays
speci�cations for Player I I, the builder, telling him (a) which tree to extend,
(b) whether to complete the tree or to build it to the next decision point,
and (c) what the sizeof the node label of the next node to be constructed is,
if it is not already determined. In turn, the builder extends the designated
tree by a seriesof steps, adding a node and node label at each step using
elements of N , until he reachesthe next decisionpoint on the given tree, if
he has beenso directed, or until he completesthe tree. The architect wins
if the pair ((S;C); (T; D )) created at the end of the play of the game is a
global clear pair with h(S;T) = 1; otherwise the builder wins.

Before giving a detailed description of the general game, as a warmup
exercise,consider a 2-partition h into 2 colors, an in�nite set N , and the
game G0(h; N ) in which the architect plays the strategy � 0 directing the
builder to complete the �rst tree and then complete the secondtree. The
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builder can usea fold map to fold an initial segment of N into a tree S and
assignthe constantly ; node labeling C to create his �rst response,(S;C).
Then he can fold a segment of N starting above

S
S into a tree T and assign

the constantly ; node labeling D to create his secondresponse,(T; D ). By
construction, the pair ((S;C); (T; D )) is clear, since there are no partition
nodes, so f S;T g is a clear global pair. If all pairs f X ; Yg of trees created
using nodes from N in this game have h(X ; Y ) = 1, then playing another
game,starting with (T; D) asthe initial moveof the builder and ending with
(U;E), one builds a triple f S;T; U g each pair of which h takes to color 1.
Thus if � 0 is a winning strategy for the architect, then the architect can
arrange for a triangle to be constructed.

As a secondwarmup exercise,consider a 2-partition h into 2 colors, an
in�nite set N with 0 =2 N , and the game G1(h; N ) in which the architect
plays the strategy � 1 directing the builder to build the �rst tree to the next
decision point starting from a root node whosenode label has 0 elements,
to start and complete the secondtree, and then to complete the �rst tree.

In responseto the architect's �rst set of speci�cations, the builder uses
the least element n0 of N to build the root, hn0i and givesit the empty set
as node label. He then usesthe next two elements of N , namely n1 and n2

by setting hn0; n2i as the immediate successorof the root with node label
C0(hn0; n2i ) = f n1g. He continueswith successive elements of N , extending
the critical node of the tree create to that point, giving the new node an
empty label unlessthe node to be created is the successorof a prepartition
node whoseindex is the sole element of the node label of the prepartition
node, in which casehe extends and labels it as he did the successorof the
root. He continues until he has created and labeled a prepartition node u
whoseordinal is e! (u) = 0, and the pair (S0; C0) he hasbuilt is his response.

In response to the architect's secondset of speci�cations, the builder
useselements of N larger than any used so far to build a tree T in T (! )
and gives it the constantly ; labeling. Then he responds to the �nal set of
speci�cations of the architect by completing S0 to S in T (! ) and extending
C0 to C with all new nodesreceiving empty node labels.

In the brief description of the game, the architect was allowed to direct
the builder to stop at the next decisionpoint. The decisionpoint is either
when a partition node hasbeencreatedand it is time to switch to the other
tree or when the next node to be created is permitted to have a node label
whosesizeis greater than 2. Notice that if the architect switchestreesafter
the builder has created a prepartition node with ordinal 0, then that node
becomesa partition node.

10.25 De�nition. A decision node of (S;C) is a prepartition node t with
ordinal e! (t) such that either e! (t) = 0 or e! = ` + 1 is a successorordinal
with ` 2 C(t� 1), t is the critical node of S and 1 + ](t; S) is an element of
C(t).
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In the gameG0(h; N ), the �nal pair of trees S;T had the property that
min(

S
S) < min(

S
T) and max(

S
S) < max(

S
T). Call such a pair an

outside pair. In the game G1(h; N ), the �nal pair of trees S;T had the
property that min(

S
S) < min(

S
T) and max(

S
S) > max(

S
T). Call such

a pair an inside pair.

10.26 De�nition. Suppose N � ! is in�nite and h is a 2-partition of
T (! ) into 2 colors. Then G(h; N ) is a two player game played in rounds.
Player I is the architect who issuesspeci�cations, and Player I I is the
builder whose creates or extends one of a given pair of trees in round `
to ((S` ; C` ); (T` ; D ` )). Note that if the secondtree has not beenstarted in
round `, then T` = D ` = ; .

The architect's moves: In the initial round, the architect declaresthe type
of pair to be produced, either inside or outside. In round `, the archi-
tect speci�es the tree to be created or extended (�rst or second),speci�es
whether the extension is to completion with all new nodesreceiving empty
labels or to the point at which a decisionnode is created and labeled (com-
pletion or decision), and speci�es the sizeof the label for the next node to
be created. In her initial move, the architect must specify the �rst tree be
created. Shemay not direct the builder to extend a tree which is complete.

The builder's moves: In round `, the builder createsor extendsthe speci�ed
tree through a seriesof stepsin which he adds one node and its label using
elements of N larger than any used to that point. If he has beendirected
to continue to completion, he does so while assigning the empty set node
label to all new nodes. Otherwise he adds nodes one at a time, until he
createsthe �rst decision node. He adds a node after determining the size
of the node label, and choosing the node label, since all elements of the
node label must be smaller than the single point usedto extend the critical
node. The size of the label of the �rst node to be created is speci�ed by
the architect's move. Otherwise, the builder determines if the node will
be a prepartition node with non-zeroordinal. If so, its node label has one
element and otherwise its node label is empty.

Stopping condition: Play stops at in round ` if both trees are complete.

Payo� set: The architect wins if both S` and T` are complete, the pair is
inside or outside as speci�ed at the onset, the pair ((S` ; C` ); (T` ; D ` )) is a
global clear pair and h(S` ; T` ) = 1; otherwise, the builder wins.

We are particularly interested in this game when we have a �xed 2-
partition, h : [T (� )]2 ! 2, but the game may be modi�ed to work with
2-partitions into more colors. This game may also be modi�ed to require
the builder to usean initial segment of an in�nite sequencefrom N speci�ed
by the architect in her move or be modi�ed to start with a speci�ed pair of
node labeled trees.
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10.27 Lemma. Suppose N � ! is in�nite and h is a 2-partition of T (! )
with 2 colors. Then every run of G(h; N ) stopsafter �nitely many steps.

Proof. Use Lemma 10.18. a

10.4. Uniformization

In this subsection,we prove the key dichotomy in which one or the other
player has a winning strategy, at least up to someconstraints on the play.
Basically, we build a tree out of the plays of the game, show it is well-
founded, and use recursion on the tree to de�ne an in�nite subset H � !
so that plays where the builder usessu�cien tly large elements of H are
uniform enoughto allow us to prove the dichotomy.

10.28 De�nition. SupposeN � ! is in�nite, and h is a 2-partition of T (! )
with 2 colors. Let S(N ) be the set of sequencesof consecutive movesin the
gameG(h; N ), including the empty sequence.

10.29 Lemma. For in�nite N � ! , (S(N ); @) is a rooted, well-founded
tree.

Proof. The root is the empty sequence.End-extensionclearly is a tree order
on S(N ), and @is well-founded sinceevery gameis �nite. a

The basic idea for the builder is to useelements from a speci�ed set and
to always start high enough.

10.30 De�nition. SupposeN is an in�nite set with 1 < min(N ) and no
two consecutive integersin N . Then a function b : S(N ) ! ! is a bounding
function if b(; ) = 0, and if s v t, then b(s) � b(t).

Use a bounding function and an in�nite set to delineate conservative
movesfor the builder.

10.31 De�nition. SupposeH � N � ! is in�nite with 1 < min(N ) that b
is a bounding function. If ~R is a position in the gameG(h; N ) ending with
a move by the architect, then a move ((S` ; C` ); (T` ; D ` )) for the builder is
conservativefor b and H if all new nodesand node labels are created using
elements of H greater than b( ~R).

10.32 Lemma (Ramsey Dichotomy). Suppose N � ! is in�nite, and h is
a 2-partition of T (! ) with 2 colors. Then there is an in�nite subsetH � N
and a bounding function b so that 1 < min(H ), no two consecutive integers
are in H , and the following statementshold:

1. for every position ~R 2 S(N ) ending in a play for the architect, there
is a conservative (for b and H ) move for the builder; and
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2. either the architect has a strategy � by which she wins G(h; N ) if the
builder plays conservatively, or the builder wins every run of G(h; N )
by playing conservatively (for b and H ).

Before we tackle the proof of the dichotomy, we intro duce someprelimi-
nary de�nitions and lemmas.

10.33 De�nition. Call a set B � [! ]<! thin if no u from B is a proper
initial segment of any other v from B . Call B a block for N � ! if for every
in�nite set H � N , there is exactly one u 2 B which is an initial segment
of H . Call it a block if it is a block for ! .

Note that if B is a block, then it is thin. A major tool of the proof of the
dichotomy is the following theorem.

10.34 Theorem (Nash-Williams Partition Theorem). Let N � ! be in�-
nite. For any �nite partition of a thin set c : W ! n, there is an in�nite
set M � N so that c is constant on W � M .

For a proof see[45] or [23]. The terminology thin comesfrom [23].
Here are someeasyexamplesof blocks.

10.35 Lemma. The families f;g , and [! ]k for k < ! are blocks.

10.36 Lemma. Suppose w � ! is an increasing sequence, and B � [! ]<!

is thin. Then there is at most one initial segment u of w with u 2 B . If B
is a block, then there is exactly one such initial segment.

10.37 Lemma. SupposeH � N � ! is in�nite, h is a 2-partition of T (! )
with 2 colors, and b is bounding function. For every position ~R 2 S(N )
ending in a move by the architect, there is somek � b( ~R) and a block B( ~R)
for H � k such that for all B 2 B( ~R), the builder can build his responding
move using all elementsof B .

Proof. Recall the architect may not direct the builder to extend a complete
tree, so if the architect has just moved, the tree she directs the builder to
extend is not complete. Thus the builder's individual stepsare speci�ed up
to the choice of elements of N , and his stopping point is determined by his
individual steps. Hence the set of sequencesof new elements used is thin.
Moreover, for any in�nite increasing sequencew from H above b( ~R) and
above the largest element of N used in prior moves, the builder can create
a move using an initial segment of w. Therefore the set of possiblemoves
is a block. a

At this point we are prepared to prove the main result of this section.
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Proof of RamseyDichotomy 10.32. Without lossof generality, assume1 <
min(N ) and N has no two consecutive elements, since otherwise one can
shrink N to an in�nite set for which theseconditions hold. Theseconditions
assurethat no decisionnode is an immediate successorof another decision
node.

Let � � be the rank of S(N ). Userecursionon � � � � to de�ne a sequence
hM � � N : � < � � i and a valuation v : S(N ) ! 2.

For � = 0, the sequences~R of rank 0 are ones in which the last move
completes the play of the game. Let M 0 = N , and de�ne v( ~R) = 0 on
a sequenceof rank 0 if the game ends with a win for the architect and
v( ~R) = 1 otherwise.

Next supposethat 0 < � < � � , and v has been de�ned on all nodes of
rank less than � . Enumerate all the nodes of rank � as ~R0

� ; ~R1
� ; : : : and

let M � 1
� be M � � 1 if � is a successorordinal and let M � 1

� be a diagonal
intersection of a sequenceM � for a set of � co�nal in � otherwise.

Extend v to the nodesof rank � and de�ne setsM i
� by recursion. For the

�rst case,suppose~R i
� endswith a movefor the builder, and setM i

� = M i � 1
� .

If there is somemoveai
� with ~R i

�
_ hai

� i 2 S(N ) and v( ~R i
�

_ hai
� i ) = 1, then

set v( ~R i
� ) = 1, and otherwise set v( ~R i

� ) = 0.

For the secondcase,assume~R i
� endswith an move for the architect. Let

B( ~R i
� ) be the block of Lemma 10.37for the set M i � 1

� and the position ~R i
� .

De�ne c : B( ~R i
� ) ! 2 by c(d) = v( ~R i

�
_ hP(d) i ) where P(d) is the unique

approvedmove for the builder whosenew elements are createdusing exactly
the elements of d. Apply the Nash-Williams Partition Theorem 10.34 to c
to get an in�nite set M i

� � M i � 1
� and let v(R i

� ) be the constant value of c

on B( ~R i
� ) restricted to M i

� .
Continue by recursion as long as possible, extending v to all nodes of

rank � . If there are only �nitely many of them, let M � be M i
� where ~R i

� is
the last one. If there are in�nitely many, let M � be a diagonal intersection
of the setsM i

� .
Sinceevery non-empty sequenceof movesin the gameG(N ) extends the

empty sequence,this root of S(N ) has the largest rank of any element of
S(N ), namely rank � � � 1. Let H = M � � � 1. Let v(; ) be 1 if there is some
move a by the architect so that v(ha i ) = 1, and set v(; ) = 0 otherwise.

De�ne b on S(N ) by recursion. Let b( ~R) = 2 for all ~R 2 S(N ) with
j ~Rj � 1. Continue by recursion on j ~Rj. For notational convenience,let ~R�

be obtained from ~R 2 S(N ) � f ;g by omission of the last entry . If b( ~R� )
has beende�ned and the last move in ~R is B` = ((S` ; C` ); (T` ; D ` )) for the
builder, then let b( ~R) be the least b greater than b( ~R� ) and any element ofS

(S` [ ran(C` ) [ T` [ ran(D ` )). If b( ~R� ) hasbeende�ned, the last move in
~R is a` for the architect, and ~R = ~R i

� , then let b( ~R) be the least b greater



10. A Positive Countable Partition Relation 75

than b( ~R� ) so that for all d in the restriction of B( ~R i
� ) to subsetsof H with

min(d) > b, there is a conservative move for the builder for position ~R with
new elements d. The existenceof a value for b( ~R) in this latter casefollows
from the fact that H � � M i

� by construction, and by Lemma 10.37.

Since all ~R in S(N ) are �nite, this recursion extends b to all of S(N ).
This de�nition of H and b guaranteesthat the builder can always respond
with conservative movesto plays of the architect.

If v(; ) = 1, then the strategy for the architect is to keepv( ~R) = 1. Given
the de�nition of v, the architect will always succeed,as long as the builder
moves conservatively with H and b. If v(; ) = 0, and the builder always
movesconservatively with H and b, then he will win, again by the recursive
de�nition of v and the de�nition of winning the game. a

10.5. Triangles

For this section we assumethat h : [T (! )]2 ! 0 is �xed and that an
in�nite set H � ! and a bounding function b are given so that the architect
has a winning strategy � for gamesof G(h; H ) in which the builder plays
conservatively for b and H . The goal is to outline how oneusesthe strategy
of the architect to construct a triangle.

10.38 Lemma. Suppose � is a strategy for the architect with which she
wins G(h; N ) if the builder movesconservatively for H , b. Then there is a
three element 1-homogeneous set for h.

Proof. Consider the possibilities for � (; ). The architect must declare the
pair to be built will be inside or outside, the initial move is to complete the
�rst tree or construct it to a decision point and must declare the size d of
the node label of the initial node constructed. We construct our triangles
by playing multiple interconnectedgamesin which the architect uses� , the
builder plays conservatively for H and b, and plays su�cien tly large that
his plays work in all the relevant games.While technically we should report
a pair of node labeled trees for each play of the builder, for simplicit y, we
frequently only mentioned the one just created or modi�ed.

Case 1: Using � , the architect speci�es the builder constructs a complete
tree in her initial move.

Then the architect must call for an outside pair and must set d = 0,
sinceotherwise the pair constructed will not be clear. The builder responds
via conservative play with a complete tree (S;C) whose node labeling is
constantly the emptyset. The strategy � must then specify that the builder
constructs a secondcomplete tree whose initial node has a node label of
size 0. The builder responds via conservative play with a complete tree
(T; D) whosenode labeling is constantly ; . Since � is a winning strategy,
h(S;T) = 1.
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Next the architect shifts to the gamewhere the builder has responded to
the opening move with (T; D), applies the strategy � , to which the builder
responds with (U;E), a (third) complete tree whosenode labeling is con-
stantly ; starting su�cien tly large for this responseto be appropriate for
the gamewherethe builder hasrespondedto the opening move with (S;C).
Since� is a winning strategy, h(T; U) = 1 = h(S;U). Thus f S;T; U g is the
required triangle.

Case 2: Using � , the architect declaresthe pair will be an inside pair, and
speci�es the initial node label sized = 0 and that the builder constructs to
a decisionnode.

The proof in this caseis similar to the last, with the architect starting
one game to which the builder responds with a �rst tree (S0; C0) where
the decisionnode is a prepartition node of ordinal zero, sinceno levelswere
coded for intro ducing decisionnodeswith successorordinals. Thus the next
play for the architect is to direct the builder to createa complete tree all of
whosenodesare labeled by ; .

The architect stops moving on the �rst gameand, using � , starts a new
game, directing the builder to start high enough that the tree constructed
could be the beginning of his response in the �rst game. The builder re-
sponds with a tree (T0; D0) where the decisionnode is a prepartition node
of ordinal zero The architect continues this game using � and the builder
responds with a complete tree (U;E) all of whosenodes are labeled with
; . After the architect and builder each move a �nal time on this game,the
builder has created a complete tree (T; D) extending (T0; D0). Since� is a
winning strategy, h(T; U) = 1.

Now return to the �rst game: the builder plays (T; D 0) where D 0 is
the constantly emptyset node labeling; The architect uses � to respond
and requires the builder to construct high enough that his responseworks
in the game where the builder plays (U;E) as well as the one where the
builder plays (T; D 0). Since � is a winning strategy, h(S;T) = h(S;U),
Thus f S;T; U g is the required triangle.

Case 3: Using � , the architect declaresthe pair will be an outside pair,
and speci�es the initial node label sized = 0 and that the builder constructs
to a decisionnode.

The proof in this caseis similar to the last, soonly the list of substreesto
be constructed is given. Start with (S0; C0) and (T0; D0) asresponsesto the
�rst two movesof the architect in the �rst game. Next build (U0; E0) and
(S;C) assecondand third movesin a gamewhere(S0; C0) is the �rst move,
and (U0; E0) is started high enough to be a reponse in the game starting
with (T0; D0). Finally build (T; D) and (U;E) in the game starting with
responses(T0; D0) and (U0; E0) and continuing high enoughthat play using
(S;C) in the appropriate gamesis conservative.
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In the remaining two cases,we use� and conservativeplay for the builder
to createtreesS;T; U with node labelings(S;C1) , (S;C2), (T; D 0), (T; D 1),
(U;E 0) and (U;E 1) through plays G0;1, G0;2, G1;2 of the gameG(h; H ). We
pay special attention to the creation of the initial segments up to the �rst
partition nodes for each pair and to the terminal segments, after the last
partition nodes. We refer to the remainder of the run as \the mid-game".

Case 4: Using � , the architect declaresthe pair will be an inside pair, and
speci�es the initial node label sized > 0 and directs the builder to construct
the �rst tree to a decisionnode.

We start by displaying a schematic overview of the construction:

S T U T U S U U S T T S

Next we outline the steps to be taken.

1. Choosefrom H codesfor d levelsfor S and U; choosed larger levelsfor
S and T; start the initial segment of S with respect to T ; continue it to
get the initial segment of S with respect to U (the di�erence is in the
node labelingsonly), and apply � to the results to determine the sizes
d0; d00of node labels for the roots of T; U in G0;1, G0;2, respectively.

2. Choosed0 levels for T 's interaction with U; choosed larger levels for
T 's interaction with S; start the initial segment of T with respect to
S; continue it to get the initial segment of T with respect to U; and
apply � to determine the size d000of the node label of the root of U
for G1;2.

3. Choosed000levels for U's interaction with T ; choosed00 larger levels
for U's interaction with S; start the initial segment of U with respect
to S; continue it to get the initial segment of U with respect to T .

4. Play the mid-game of G1;2 to the call for the completion of U.

5. The initial segments of T and U with respect to S are complete, so
update the node labelings C0 and C1.

6. Play the mid-game of G0;2 until the architect calls for the completion
of S. In particular, play until U is complete.

7. Update the node labeling E 1 for U by labeling all the new nodesby
the empty set.

8. Complete the play of the gameG0;1, starting by extending the part of
S created in the play of the mid-game G0;2. Such a start is possible,
since the levels of S for interaction with T are larger than those for
interaction with U.
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9. Update the node labelings C2 for S and D 2 for T by labeling all the
new nodesby the empty set.

Care must be taken to direct the builder to start high enough that all
movesin the tree plays of G(h; H ) are conservative. Sincethe construction
of the initial segments calls for intro ducing levels, we describe the �rst such
step in greater detail.

We know that we will needto chooselevelsfor splitting of S with respect
to T and U, and for splitting T with respect to U. Depending on the
strategy � , we may needto chooselevels for the splitting of T with respect
to S and for the splitting of U with respect to S and T. Here is a picture
of the approach we plan to take on thesesplitting levels, in the generalcase
where we needlevels for all pairs.
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To start the construction, choose2d+ 1 elements from H aboveb(h� (; ) i )

ending in m0, and use them to de�ne C1(



m0
�
) and C2(



m0

�
) with

C2(



m0
�
) < C1(



m0

�
).

Start playing a game G0;1 where the architect starts with R0;1
0 = � (; )

and the builder must use the elements of C1(



m0
�
) and m0 to start his

initial move, R0;1
1 . Continue to play until the architect's last move R0;1

p
before directing the builder to switch to the secondtree. One can identify
this point in the run of the game,sinceit is the �rst time the architect has
stopped on a node, call it v0, whoselevel is onemore than min(C1(hm0 i )).
Let (S1

p� 1; C1
p� 1) be the tree paired with (; ; ; ) by the builder in his last

move.
Let C2 be the node labeling of S1

p� 1 with the value of C2(hm0 i ) speci�ed
above, with the empty set assignedfor nodeswhich are not initial segments
of v0, and for initial segments of v0 longer than the root, are the singletons
needed to guarantee that v0 is a prepartition node. Then the architect
directs the builder to extend this node labeled tree to a responseR0;2

1 to
� (; ) in the secondgameG0;2. The two players continue the gameuntil the
architect, in R0;2

q , directs the builder to switch to the secondtree to start
with a node label of sized00and to go to a decisionnode. Such a move is the
only one that will lead to a clear pair. Let (S2

q� 1; C2
q� 1) be the tree played

by the builder in his previous move.
Return to game G0;1 and require the builder to respond to R0;1

p with
(S1

p+1 ; C1
p+1 ) for S1

p+1 = S2
q� 1 and C1

p+1 the node labeling where all new
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nodesthat are not initial segments of the largest node are labeled with the
empty set and initial segments of the largest node are labeled minimally so
that it is a prepartition node. Let d0 be the size of the node label for the
root of the secondtree determined by the architect's use of � in response
to this move of the builder.

The remaining details are left to the reader. The careful reader will note
that there is one possibility in which the architect initially calls for d = 1,
speci�es a node label of size 2 at the �rst decision node, and after the
completion of the �rst full segment, calls for an empty node label for the
root of the secondtree. The construction proceedsas above but is simpler,
so thesedetails are also left to the reader.

As in the previous cases,since � is a winning strategy for the architect,
the set f S;T; U g we have constructed is the required triangle.

Case 5: Using � , the architect declaresthe pair will be an outside pair,
and speci�es the initial node label size d > 0 and directs the builder to
construct the �rst tree to a decisionnode.

This caseis substantially like the previous one, so we give the schematic
below to guide the reader and a few comments on how to move from one
section to the next.

S T S T U S U S T U T U

We start by building initial segments of S and T. We begin by choosing
d small levels for the interaction of S with T and d larger levels for the
interaction of S with U. We start to build the initial segment of S with
respect to its convex partition by U, then extend that start to build the
initial segment of S with respect to its convex partition by T. We obtain
the size d0 of the root node label of the secondtree in G0;1 by applying � ,
choosed0 small levels for the interaction of T with S, and d larger levels for
the interaction of T with U. We start building the initial segment of T with
respect to U, then extend it to the initial segment of T with respect to S.

We play the mid-game of G0;1 until the architect calls for the completion
of S. In the processwe have completedthe initial segments of S and T with
respect to U, so we update C2 and D 2, and apply � to the current state of
play of G0;2 to �nd d00and to the current state of play of G1;2 to �nd d000.

We choosed00 smaller levels for the interaction of U with respect to S
and d000larger levels for the interaction of U with respect to T . We start
building the initial segment of U with respect to T , then extend it to the
initial segment of U with respect to S.

We play the mid-game of G0;2 until the builder has completed the con-
struction of S and the architect has called for the completion of U. In the
processwe have completed the initial segment of U with respect to T , and
the �nal segment of S with respect to T so we update E 1 and and C1.
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Then we play the mid-game of G1;2 and complete the play of that game
with the �nal segments of T and U. Finally, we update D 0 and E 0 on the
new elements of T and U which complete the gamesG0;1 and G0;2.

As in the previous cases,since � is a winning strategy for the architect,
the set f S;T; U g we have constructed is the required triangle. a

10.6. Free Sets

Our next goal is the construction of a subset of T (! ) of order type ! ! !

which is 0-homogeneousfor global pairs.
Recall the characterization of subsetsof G! of order type at least ! s that

dates back to the late 1960'sor early 1970's. (see[42], [41], [65]).

10.39 De�nition. A non-empty set S � f � 2 G! : min( � ) = n g is
free above coordinate k if for every x = hx0; x1; : : : ; xn i 2 S, there is
an in�nite set N � ! so that for each x0 2 N , the set of extensions of
hx0; x1; : : : ; xk ; x0 i in S is non-empty. The set S is free in s coordinates if
there are s coordinates above which it is free.

10.40 Lemma (seeLemma 7.2.2 of [65]). A set S � f � 2 G! : min( � ) =
n g has ot(S) � ! s if and only if there is a subsetV � S so that V is free
in s coordinates.

We would like to adapt this idea to setsof node labeled trees from T (� ).
By an abuseof notation, write t 2 (T; D) 2 X to mean that t 2 T for some
(T; D) 2 X . The next de�nition facilitates our discussion.Recall that e� (s)
is the ordinal of s.

10.41 De�nition. For � � ! and any s 2 (S;C) 2 T � (� ), call s a signal
node if either jC(s)j > 1 or e� (s) limit and jC(s)j = 1.

Recall De�nition 10.24of relaxed initial segments of trees in T (� ). The
�rst three parts of the next de�nition guarantee that locally �-free setshave
nice regularity properties, and the last three guarantee (1) signal nodes
are intro duced whenever there is no constraint, (2) signal nodes are given
large node labels, and (3) there are arbitrarily large starts for extensionsof
relaxed initial segments of trees in the collection. The de�nition of �-free
from locally �-free guaranteesthat there are arbitrarily large new starts for
trees as well.

10.42 De�nition. Suppose � � ! and 0 =2 � 2 [� + 1]<! . A non-empty
set X of node labeled trees from T (� ) is locally � -free for � if the following
conditions are satis�ed:

1. (commonality) if � > 0, then every tree in X has a proper relaxed
initial segment and every local pair from X has a common proper
relaxed initial segment and otherwise is disjoint;
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2. (conformity) if r 2 (S;C) 2 X and k 2 C(r ) 6= ; , then there is some
relaxed (T; D) v (S;C) so that r @max(T) and if the ordinal of r is
a successor,then ](r; T ) = k.

3. (�-signalit y) for any signal node r 2 (S;C) 2 X , either e� (r ) 2 � or
for somep @r with e� (p) = ! , there is k 2 C(p) so that e� (r ) = k.

4. (�-forecasting) for any relaxed (S;C) v (T; D) 2 X , if 
 i 2 �, then
there is some signal node r @ max(S) with e� (r ) = 
 i ; and if p @
max(S) is a signal node, k 2 C(p), and e� (p) = ! is a limit ordinal,
then there is somesignal node r @max(S) with e� (r ) = k;

5. (signal size) for any signal node r 2 (S;C) 2 X , the inequality
jC(r )j < max(r ) holds, and max(t) < max(r ) implies max(t) < jC(r )j
for all t 2 (T; D ) 2 X .

6. (push-up) for every k < ! and every relaxed initial segment (T; D) @
(U;E) 2 X , there is somecomplete extension (V; F ) A (T; D) in X
whosenew elements start above k, i.e. k < min(

S
V [ ran(F ) �

S
T [

ran(D)).

We say X is � -free for � if it is locally �-free for � , and for all k < ! , there
is somehm i 2 (S;C) 2 X such that k < jC(hm i )j if � 2 � and k < m
otherwise.

By an abuseof notation, for a collection X of node labeled trees from
T (� ), we let ot(X ) = ot (f S : 9C(S;C) 2 X g).

10.43 Lemma. For all � � ! , for all 0 =2 � 2 [� + 1]<! , if X is � -free for
� , then ot(X ) � � (� ; �) where

� (� ; �) :=

8
>>><

>>>:

! if � = 0,

! 2 if � > 0 and � = ; ,

! ! j � j
if � > 0 and ! =2 � 6= ; , and

! ! !
otherwise.

Proof. Relaxed trees, especially with a speci�ed node as an initial segment
of the max, play an important role in the de�nition of free and locally free.
Here is somenotation to facilitate the discussion. For any set X of node
labled trees, de�ne X (t) := f (T; D ) 2 X : t 2 (T; D) g.

10.44 Claim. If X is � -free for � = 0 and 0 =2 � � 1, then ot(X ) � ! .

Proof. Since 0 =2 � � 1, it follows that � = ; . Since any �-free for � = 0
set X has arbitrarily large roots, it must have order type at least ! . a
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For 1 � � � ! , � � � + 1, Y a set of node labeled trees from T (� ) and
m < ! , de�ne � (� ; � ; Y; m) := 0 unlessY(hm i ) 6= ; is locally �-free for �
and there is some(S;C) 2 Y with hm i 2 (S;C), and in the latter case,set

� (� ; � ; Y; m) :=

8
><

>:

1; if � = ;

! ! `
; if � 6= ; and � = max(�) limit,

! ! � � ` ; otherwise

where, for non-empty �, ` := jC(s)j � 1 for s the least signal node of (S;C),
� := j� j � 1. This function is well-de�ned, since if Y (hmi ) 6= ; is locally
�-free for � with � non-empty, then all elements of Y(hmi ) have a proper
relaxed initial segment in commonwith (S;C) which must include the least
signal node of (S;C).

Let � (� ; �) be the following statement.

� (� ; �)
For all locally �-free for � setsY , if hmi 2 (S;C) 2 Y ,

then ot(Y (hmi )) � � (� ; � ; Y; m).

10.45 Claim. For all � � 1 and 0 =2 � � � + 1, if X is � -free for � and
� (� ; �) holds, then ot(X ) � � (� ; �) .

Proof. Use induction on n to prove the claim for subsets� � ! of sizen.
To start the induction, considersubsetsof size0. If X is ; -free for � � 1,

then by de�nition, X (hmi ) is non-empty for in�nitely many m, and by
commonality and push-up, ot(X (hmi )) � ! , so ot(X ) � ! 2 = � (� ; ; ).

Next assumethe claim is true for subsetsof size k and that n = k + 1.
If X is �-free for � � 1 and 0 =2 � � � + 1 satis�es ! =2 � and j� j = k + 1,
then there are arbitrarily large ` for which there are m 2 (S;C) 2 X with
` < jC(hmi )j if � 2 � and with ` < m otherwise. In the latter case,by
�-forecasting and by signal size, there are arbitrarily large ` for which the
�rst signal node s 2 (S;C) 2 X has ` < jC(s)j. Since � (� ; �) holds, it
follows that there are arbitrarily large ` < m with ot(X (hmi )) � ! ! k ` for
k = j� j � 1, henceot(X ) � ! ! k +1

= � (� ; �) as desired.
Therefore by induction, the claim holds for all �nite subsets� � ! .
To complete the proof, consider � with ! 2 �. Then � = ! . SupposeX

is �-free for ! and ! 2 �. Then the root node of every tree in X is a signal
node. Also X has arbitrarily large values for jC(hmi )j by the de�nition of
�-free for � = ! 2 �. Hencefrom � (! ; �) it follows that ot(X (hmi )) � ! ! `

for ` = jC(hmi )j � 1, so ot(X ) = ! ! !
= � (! ; �) as required. a

10.46 Claim. For all � � 1 and 0 =2 � � � + 1, the statement � (� ; �) holds.

Proof. SupposeY is locally ; -free for � � 1 and hm i 2 (S;C) 2 Y . Then
by commonality and push-up, ot(Y (hm i )) � ! , so � (� ; ; ) holds.
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Use induction on � to show that for all non-empty 0 =2 � � � + 1, the
statement � (� ; �) holds. For the basis case, � = 1, the only case to be
consideredis � = f 1g. SupposeY is locally f 1g-freeand hm i 2 (S;C) 2 Y .
Then hm i is a signal node, and Z := f

S
T : (T; D ) 2 Y (hm i ) g is free

in jC(hm i )j coordinates in the senseof De�nition 10.39by conformity and
push-up. Thus Z hasorder type ! jC (hm i ) j by Lemma 10.40. HenceY(hm i )
has this order type as well, so � (1; f 1g) holds.

For the induction step, assume� (� 0) is true for all � 0 with 1 � � 0 < � .
Suppose� is non-empty with 0 =2 � � � + 1, Y is locally �-free for � and
hm i 2 (S;C) 2 Y . It follows that Y (hmi ) is also locally �-free for � . Let
(S� ; C � ) be the minimal proper relaxed initial segment of (S;C), required
by commonality. Then (S� ; C � ) is a common initial segment of all trees in
Y . Let hm; m� i be the unique initial segment of max(S� ) of length 2.

Case 1: max(�) < � or max(�) = � = ! .

For each (T; D) 2 Y, the derived tree (T̂ ; D̂ ) is de�ned by t̂ 2 T̂ if and
only if hm; m� i v hm i _ t̂ 2 T , and D̂ (t̂) = D(hm i _ t̂ ).

Let Z be the collection of derived trees. Note that hm � i is an element
of every tree in Z . Let � 0 = � � 1 and � 0 = � if � is �nite, and let � 0 = m
and � 0 = (� � f ! g) [ C(hmi ) otherwise. Then Z = Z (hm � i ) is locally � 0-
free for � 0. Also, ot(Y (hm i )) � ot(Z (hm � i )), so in this case,the desired
inequality follows by the induction hypothesis.

Case 2: � = f � + 1g.

Consider the set E � T (1) of hm; k1; k2; : : : ; km i such that there is
(T; D) 2 Y such that for all 1 � i � m, hm; ki i 2 T . By conformity
and push-up, the set E is free in ` = jC(hmi )j � 1 many coordinates, so
it has order type ! ` , by Lemma 10.40. Thus ot(Y (hmi )) � ot(E ) = ! ` =
� (� ; 
 ; Y; m) as required.

Case 3: � + 1 2 � 6= f � + 1g.

Notice that every tree (T; D) in Y (hmi ) may be thought of asa collection
of m node labeled trees from T (� ) extending from the root hmi .

Call an initial segment (T; D) of a tree in Y(hmi ) large if max(T) is
a prepartition node with ordinal 0 such that ] (s;T ) = max(C(s)) for all
proper s @t with jsj > 1. Every element of Y(hmi ) has exactly jC(hmi )j
many large initial segments.

Let � 0 = � � f � + 1g and set � = j� 0j. Fix attention on a large (T; D) for
which ](hmi ; T ) < max(C(hmi )), and let k be the least element of C(hmi )
greater than ](hmi ; T ). Let E(T; D) be the set of initial segments (T 0; D 0)
of elements of Y extending (T; D) to a tree with root hmi extended by
exactly k subtreesfrom T (� ). Then E(T; D) has order type ! ! �

, since the
collection of trees that occur for the kth slot are � 0-free for � . In fact the
set of maximal large initial segments of thesetrees also hasorder type ! ! �

,
sinceeach has exactly ! extensionsin E(T; D) and ! ! �

is multiplicativ ely
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indecomposable. From this analysis, it follows that ot(Y (hmi )) � ! ! � � ` ,
where ` = jC(hmi )j � 1, so � (� ; �) holds in this �nal case.

Therefore by induction on � , the claim follows. a

Now the lemma follows from Claims 10.44,10.45and 10.46. a

10.47 Lemma. Supposeh is a 2-partition of T (! ) with 2 colors and N � !
is in�nite with 1 < min(N ) and no two consecutive integers are in N .
Further suppose a bounding function b and H � N in�nite are such that
the builder wins every run of G(h; N ) by playing conservatively for b and
H . Then there is a set Y � T (! ) of order type ! ! !

so that h(S;T) = 0 for
all global pairs from Y.

Proof. We will use recursion to build a f ! g-free for ! set X with the
property that every global pair ((S;C); (T; D )) from X has a coarsening
((S;C0); (T; D 0)) which is a �nal play in a run of G(h; N ) in which the
builder plays conservatively for b and H . (By a coarsening, we mean that
C0(s) � C(s) and D 0(t) � D (t) for all s 2 S, t 2 T .) Sincethe builder wins
the game,h(S;T) = 0 for such pairs. Thus Y = f S : (9C)(( S;C) 2 X ) g is
the desiredset, since,by Lemma 10.43,Y has order type ! ! !

.
To start the recursion, let X 0 be the set with only (; ; ; ) in it. For

positive j < ! , we enumerate the node labeled trees in
S

i<j X i which are
proper initial segments, starting with (; ; ; ) = (S0

j; 0; C0
j; 0) and ending with

(S0
j;n j

; C0
j;n j

). Speaking generally, in stage j , for each k � n j , we consider
the kth initial segment, (S0

j;k ; C0
j;k ), usemovesof the architect and builder

in G(h; H ) to create a relaxed or complete extension, (Sj;k ; Cj;k ), using
elements of H larger than anything mentioned up to that point. Then we
let X k be the set of all (Sj;k ; Cj;k ) for k � n j .

A simple induction shows that that there are only �nitely many proper
initial segments to be consideredin each stage and they fall into at most
three types: trivial (i.e. (; ; ; )), ready for completion (i.e. a relaxed initial
segment (T; D) such that for all s � max(T) whoseordinal is a successor,
] (s;T ) = max(D(s))), or relaxed but not ready for completion.

In stagej , for the trivial initial segment, onestarts G(h; H ) at the begin-
ning. Otherwise, for the kth initial segment, onecontinuesa gamein which
the �rst tree is (S0

j;k ; C0
j;k ) and the secondtree is the relaxed initial segment

constructed to extend (; ; ; ) in this stage,namely (Sj; 0; Cj; 0).
In the gamesplayed, the architect usesthe following strategy. Shealways

directs the builder to create or extend the �rst tree. If the architect is
making her �rst move on the kth initial segment and it is relaxed, then
she declares the next node label size to be 0 and calls for completion if
(S0

j;k ; C0
j;k ) is ready for completion, and for decisionotherwise. Recall that

if the architect calls for completion, then the node label of new elements is
the empty set. Otherwise, the architect usesthe least element of H larger



10. A Positive Countable Partition Relation 85

than any usedto that point as the sizeof the next node label, and calls for
construction to the next decisionnode.

The builder always responds conservatively for H , b, and always plays
large enough to have the play remain conservative for any possible game
that could be constructed using coarseningsof the given trees.

Play stopsat the end of the �rst move by the builder in which he creates
a tree (Sj;k ; Cj;k ) which is relaxed or complete.

In any stage,with any starting initial segment, after �nitely many steps
of the game, the builder has constructed the required relaxed or complete
extension. Since there are only �nitely many trees to extend in a given
round, eventually each round is �nished. Therefore, the construction stops
after ! rounds with a set X =

S
X j of trees. Let X be the set of complete

trees in X . By construction, X is f ! g-free, so by Lemma 10.43, the set
Y := f S : (9C)(( S;C) 2 X ) g has order type ! ! !

.
To check that Y is the required set, supposethat ((S0; C0); (S1; C1)) is a

global pair from the set X with (S0; C0) < (S1; C1). By the construction,
every partition node of (S" ; C" ) is the maximum of somerelaxedsegment of
(S" ; C" ), and every splitting node r hase� (r ) in C(hm" i ), wherea splitting
node r 2 S" is one of the form s \ t for distinct partition nodes s; t 2 S" .
Hencethere are coarsenings(S0; D 0) and (S1; D 1) so that for all r 2 S" ,

D " (r ) =

8
><

>:

f ] (r; S" (; ; s]) : r @s partition nodeg e! (r ) successor;
f e! (t) : r @t splitting nodeg e! (r ) limit ;

; otherwise

Thus ((S0; D 0); (S1; D 1)) satis�es De�nition 10.23and is a global clear pair.
If max(

S
S0) > max(

S
S1), then the pair is inside, and otherwise it is

outside. Use this knowledge in the architect's initial move; use the values
of jD " (r )j for the sizes of the node labels in the architect's moves; and
orchestrate her moves to create the pair of node labeled trees when the
builder is required to usethe elements of

S
S0 [ ran(D 0) [

S
S1 [ ran(D 1).

Since the architect has no winning strategy, and the builder's plays were
large enough for any coarsening,it follows that this run of the game is a
win for the builder. Thus h(S0; S1) = 0 as desired. a

10.7. Completion of the Pro of

In this subsection,we complete the proof that ! ! !
! (! ! !

; 3)2 by assem-
bling the appropriate lemmas. We start with h : [T (! )]2 ! 2. We apply
the Ramsey Dichotomy 10.32 to h and N = ! to get H � ! in�nite, a
bounding function b and a favored player.

If the architect has a winning strategy by which shewins G(h; N ) when
the builder plays conservatively, then there is a 1-homogeneoustriangle by
Lemma 10.38.
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Otherwise, the builder wins every run of G(h; N ) by playing conserva-
tiv ely, so by Lemma 10.47, there is a set Y of order type ! ! !

so that all
global pairs get color 0. Partition Y into sets Yn so that Y0 < Y1 < : : : ,
all pairs from Yn are local, and ot(Yn ) � ! ! 1+2 n

. Apply Corollary 9.3 to
each Yn . If for somen, the result is a 1-homogeneoustriangle, we are done.
Otherwise, we get 0-homogeneoussets Zn � Yn of order type ! ! 1+ n

, and
Z =

S
Zn is the 0-homogeneousset required for completion of the proof of

the theorem.
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