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Preface

This document contains class notes from a course on AlgelwraVarieties
taught by Anders Buch at Rutgers in the fall of 2006. The notewere typeset
in TeX by Charles Siegel in real time from the blackboard, urmubtedly xing
many mistakes in the process. Any that remain should be blameon the
lecturer.

The content of the notes is roughly equivalent to courses thavere taught
earlier at Massachusetts Institute of Technology (in the faof 2000 and in
the fall of 2001) and at Aarhus University (in the spring of 203). We owe
many thanks to the participants in these courses.

The choice of content is inspired or stolen from various sates, including
Kempf's book Algebraic Varieties Hartshornes's bookAlgebraic Geometry
and notes from an earlier course at MIT by Ravi Vakil. The mairreferences
on commutative algebra is Eisenbud's booRommutative Algebra with a view
toward Algebraic Geometryand Lang's bookAlgebra



Chapter 1

A ne Varieties

We will begin following Kempf's Algebraic Varieties, and esntually will
do things more like in Hartshorne. We will also use various smes for
commutative algebra.

What is algebraic geometry? Classically, it is the study oftte zero sets
of polynomials.

We will now x some notation. k will be some xed algebraically closed
eld, any ring is commutative with identity, ring homomorphisms preserve
identity, and a k-algebra is a ringR which containsk (i.e., we have a ring
homomorphism : k! R).

P R anideal is prime i R=P is an integral domain.

1.1 Algebraic Sets

polynomials.

De nition 1  (Algebraic Sets) Let S Kk[x1;:::;xn] be any subset. Then
V(S)=fa2 A":f(a)=0 for all f 2 Sg.
A subset ofA" is called algebraic if it is of this form.

e.g., apointf(ag;:::;a,)g= V(X1 ai;::;Xn an)-
Exercises



1.1 =(9S) is the ideal generated byS. Then V(S) = V(I).
2.1 J) V(@) V().

V([ 1)= V(P I )y=\Vv().

4.VO\ 3=V )=V VQ).

De nition 2 (Zariski Topology). We can de ne a topology orA" by de ning
the closed subsets to be the algebraic subséts. A" is openi A"nU =
V(S) for someS  K[Xxq;:::;Xn]

Exercises 3 and 4 imply that this is a topology.

The closed subsets oA! are the nite subsets andA? itself.

De nition 3  (ldeal of a Subset) If W A" is any subset, then (W) =
ff 2 k[xq;:::;%,]:f(a)=0 forall a2 Wg

Facts/Exercises

1.V W) (W) 1(V)

2.1(G)=0Q) = Kk[Xqg;:::;x%n]

3. 1(A™) =(0).
De nition 4 (A ne Coordinate Ring) . W A" is algebraic. ThenA(W) =
KIW] = K[Xq;:::0xa]=1H (W)

We can think of this as the ring of all polynomial functionsf : W ! k.

De nition 5 (Radical Ide?,l) Let R be aring andl R be an ideal, then
the radical of | is the ideal | = be R:f'2 1 for somei 2 Ng
We call |l a radical ideal if | =

Exercise p_
If | is an ideal, then | is a radical ideal.

Proposition 1. W A" any subset, therd (W) is a radical ideal.

Proof. We have Watl (W) P I (W)
Supposef 2 I (W). Thenf' 2 | for somei. That is, for all a2 W,
fi(a)=0. Thus, f(a)™ =0= f(a). And so,f(a) 2 1I. O
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Exercises

1. S K[Xxi;:::5;xp], then'S 1 (V(S)).

2.W A"thenW V(I (W)).

3. W A" is an algebraic subset, theW = V(I (W)).

4.1  K[xi;:::; %] is any ideal, thenV (1) = V(p 1) and pl_ L(V(1))

Theorem 1 (Nullstellensatz). L%_k be an algebraically closed eld, and
| K[Xy;:::;X,] is an ideal, then | = 1(V(l)).

Corollary 1. K[V ()] = K[x1;::: ;xn]:p l.
To prove the Nullstellensatz, we will need the following:

Theorem 2 (Nether's Normalization Theorem). If R is any nitely gener-

Proof is in Eisenbud and other Commutative Algebra texts.

Theorem 3 (Weak Nullstellensatz) Let k be an algebraically closed eld,

theny, P+ y; Pfo+ i+ y, My 1+ f,=0for f; 2 Kys;:::;ym]. Multiplying
through by y? gives 1 = (yafy + ::o+ yP My 1+ yPf,) 2 (y1), which
contradicts the algebraic independence.

Thus, the eld R is algebraic overk. As k is algebraically closedR = k.
k  K[xg::x]! R=Kk

Let & = the image in k of x;. Then x; & 2 |. Thus, the ideal
generated by &1 a;;::i;Xn  an) | ( K[Xg;:::;X,], and so theyl =
(X1 ag;::ii; X, @), asitis a maximal ideal.

V(I)=V(X1 a::ixn an)="f(a;:::;a,)9086 ; O
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Note: Any maximal ideal ofKk[x4;:::;X,] is of the form (x; ai;:::; X,
a,) with a 2 k.

This is NOT true over R, look at the ideal (x>+1) R[x]. Itis, in fact,
maximal.

Now, we can prove the Nullstellensatz.

Proof. Let |  K[xy;:::;Xp} be any ideal. We will prove thatl (V (1)) = g I.

It was an exercise that | 1 (V(l)). B
Letf 2 I(V(l)). We must show thatf 2 1.
Looking at A", we have the variablesxy;:::;Xn;y. SetJ = (I;1

yf)  K[X1 i Xa )

(ag;::;a0) 2 V(I),then (1 yf)(p)=1 bf(ag;:::;a,). Butf(ay;:::;a0)=
0,s0(1 yf)(p)=1,andsopzZV(J).
By the Weak Nullstellensatz,J = Kk[Xq1;:::;Xn;y]. Thus 1 = hygp + ::: +
hmonm + Q@ yf)whereg;;:::;gn 21 andhy; i hm; g2 K[Xg; 0005 X Y]
Sety = f 1, and multiply by some big power off to get a polynomial
equation once more.

And so, we havef N 2 |, and thus,f 2~ 1, by de nition. O
exercise V(I (W)) = W in the Zariski Topology.

1.2 Irreducible Algebraic Sets

Recall: V(y? xy x%y+x3) =V X)[ V(y x?), andV(xz;yz) =
V(x;y) [ V(2).
De nition 6  (Reducible Subsets) A Zariski Closed subseWw A" is called

reducible ifW = Wy [ W, whereW,; ( W and W; closed.
Otherwise, we say thaWV is irreducible.

Proposition 2. Let W A" be closed. ThenW is irreducible i 1 (W) is a
prime ideal.

Proof. ) : Supposel (W) is not prime. Then 9f;f, 2 | (W) such that
flfz 2 W. SetW; = W\ V(fl) and W, = W\ V(fz)

As f; 21 (W), W 6 V(f;), and soW; ( W. Now we must show that
W = W; [ W,. Leta2 W. Assumea 2 W,;. Then fy(a) 6 0, but
f1(a)f,(a) =0, so fy(a) =0, thus a2 W,.
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( : Exercise O

This gives us the beginning of an algebra-geometry dictiona

Algebra Geometry
K[X1;::0Xn] A"
radical ideals closed subsets
prime ideals irreducible closed subsets
maximal ideals points

In fact, this is an order reversing correspondence. $0 J | V()
V (J), but this requires 1;J to be radical.

De nition 7 (Netherian Ring). A ring R is called Netherian if every ideal
| R is nitely generated.

Exercise A ring R is Netherian i every ascending chain of ideald ;
[, :::stabilizes, thatis,9N such thatly = Iy« = 175

Theorem 4 (Hilbert's Basis Theorem) If R is Netherian, then R[X] is
Netherian.

Corollary 2. K[x1;:::;X,] is Netherian.

De nition 8 (Netherian Topological Space) A topological spaceX is Netherian
if every descending chain of closed subsets stabilizes.

Corollary 3. A" is Netherian.
W, W5 ... closed inA", then | (W,) I (W5) ;1 ideals in

Theorem 5. Any closed subset of a Netherian Topological Space is a
union of nitely many irreducible closed subsets.

Proof. Assume the result is false9W a closed subset oK which is not the
union of nitely many irreducible closed sets.

As X is Netherian, we may assume thatV is a minimal counterexample.
W is not irreducible, and soW = W; [ W,, whereW; ( W and W; closed.
The W,; can't be counterexamples, asV is a minimal one, but thenW =
W; [ W, and eachW; is the union of nitely many irreducible closed sets.
Thus, W cannot be a counterexample. O



Corollary 4. Every closedW A" is union of nitely many irreducible
closed subsets.

Example V(xy)= V(X)[ V(y)[ V(X 1y).

Recall: X is a topological space, then iff X is any subset, it has
the subspace topology, that isU Y is openi 9U° X open such that
U= uo Y.

Note:

1. W Yisclosedi W= W\ Y, where the closure is inX .
2. X is Netherian implies that Y is Netherian in the subspace topology.

De nition 9  (Zariski Topology onX  A"). If X A", then the Zariski
Topology onX is the subspace topology.

De nition 10 (Components ofX ). If X is any Netherian Topological Space,
then the maximal irreducible closed subsets Xf are called the (irreducible)
components ofX .

Exercises

1. X has nitely many components.

2. X = the union of its irreducible components.

3. X 6 union of any proper subset of its components.

4. A topological space is Netherian if and only if every sule$ is quasi-
compact.

5. A Netherian Hausdor space is nite.

De nition 11. If f 2 A(X), setD(f)=fa2 X :f(a) 6 0g.
Proposition 3. The setsD(f ) form a basis for the Zariski Topology orX ..

Proof. Let p 2 U X, U open. Show thatp 2 D(f) U for some
f 2 A(X). Z=XnU aclosed subset oK, andZ ( Z [f pg implies that
1(2)) H(Z[f pg).

Take anyf 2 1(Z)nl(Z[f pg). Then f vanishes onZ but not at p, so
p2 D(f). O



1.3 Regular Functions

Let X A" be an algebraic subset, antl X is a relatively open subset
of X.

De nition 12  (Regular Function). A function f : U ! Kk is called regular
if f is locally rational. That is, 9 open coverU = [ U and functions
p;q 2 A(X) suchthat8a2 U, g (a) 60 andf(a)= p (a)=q (a).

We de ne k[U] to be the set of regular functions fronJ to k.

Note:
1. k[U] is ak-algebra.
2. A(X) K[X].

Example

Let X = V(xy zw) A* f :U! kcan be dened byf = x=w on
D(w)andf = z=yon D(y). Thus, f 2 k[U].

Exercise 6 P;q2 A(X) such that g(a) 6 0 and f (a) = p(a)=qa) for all
a2 U.

Lemma 1. Let qu;:::;¢ 2 A(X). Then D(q) [ :::[ D(gp) = X i

Proof. ( : 1= hiqg, h; 2 A(X), then the g cannot all vanish at any point,
and so we are done.
) : Take Q; 2 K[x1;:::;%n] such thatg = Q; 2 A(X). D(a) [ :::]

D(gn) = X, soX \ V(Q)\ :::\ V(Qm) = 5 = V(I(X);Qu;:::,Qm) = 5,
and so, by the weak nullstellensatz,|(X); Q1;:::;Qm) = (1)  K[Xq1;:::;Xn],
and so u;:::;0n) = (1) = A(X). O

Theorem 6. Let X A" be an algebraic set. Thek[X]= A(X).

Proof. Let f 2 k[X]. Then X = U;[ :::[ Uy and there arep;; g 2 A(X)
such thatg 6 0 and f = p=q on U;.

We can re ne the open cover such that eact; = D(g;) for someg;. Note:
f =p=q-= % onU;, = D(g) = D(gqg). We can replacep; with p;gi and g
by g

Then we can assume that); is D(q) = D). Thus, X = D(&) [
11 D(cg). By the lemma, we know that 1 =" 2 hic?, hj 2 A(X). Note
f = gp ond), and g = Outside of U;.

f=1f = T hf = T hgp,sof 2 AX). O
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1.4 Spaces with functions

De nition 13. A space with functions (SWF) is a topological spac¥ to-
gether with an assignment to each opéh X of ak algebrak[U] consisting
of functionsU ! k. These are called regular functions. It must also satisfy
the following:

1. If U=[U is an open cover and : U! k any function, thenf is
regular onU i fjy is regular onU for all

2. IfU X is open,f 2 k[U], thenD(f)= fa2 U :f(a) 6 0g is open
and * 2 k[D(f)].

Note: Oy (U) = k[U] is another common notation.
Examples

1. Algebraic sets. These are called A ne Algebraic Varietie
2. M is a di erentiable manifold, k = R, k[U] = fC! functionsU ! Rag.
3. X isa SWF,U X open subset, therlJ is a SWF.Oy(V) = Ox (V).

De nition 14  (Morphism of SWFs). Let X;Y be SWFs, then a morphism
" X ! Y is a continuous map which pulls back regular functions to tegr
functions. i.e., if V Y is open,f 2 Oy(V), then' (f) 2 Ox (" *V)),
()=~ .

De nition 15  (Isomorphism). * : X ! Y is an isomorphism if' is a
morphism and9 a morphism :Y ! X such that' =idy and "=
idy .

Exercises

1. The id function of a SWF is a morphism.
2. Compositions of morphisms are morphisms.

3. Let X be any SWF andY A" closed, that is, an a ne variety. Then
f=(fy:inf): X1 Y, isamorphismi f; 2 k[X] for all i.

Example: AlnfOgis (isomorphic to) an a ne variety de ned by V(1 xy).

9



1.5 Localization

Let R be aring andS R multiplicatively closed subset. That is,s;t 2
S) st2Sand 12 S.

WedeneS 'R=ff=s:f 2 R;s2 Sg. We considerf=s to be the same
element asg=ti there exists u 2 S such thatu(ft sg)=0. Thisis a ring
by f_Q: f&and + ?— ft;gs

ExerC|se Check these assertions.

Special Caself f 2 R, then R = S 'R whereS = ff" : n 2 Ng. In

fact, Ry = R[y]=(1 fy).

De nition 16 (Reduced Ring) RpIS areducedringi f" =0 impliesf =0
for all f 2 R. Equivalently, (0) = = (0).

Facts:

1. R reduced impliesS 'R is reduced

2. R=l reducedi | = pl_

Proposition 4. Let X A" be a closed a ne variety andf 2 A(X). Then
D(f) if an a ne variety, with a ne coordinate ring A(X)s.

Proof. Letl = 1 (X) K[Xg;:::;xp]dened =(1;yf 1)  K[Xqg;:::Xn: Y]

Let :D(f)! V@) A" by(a;;:::;a,) 7! (ag;::a0f(ag: a0 b).
Note: is an isomorphism.

What remains is to compute the coordinate ring.A(X) is reduced, and
soA(lg()f is reduced. A(X)s = K[Xy1;:::;Xn;Y]=d, soJ is a radical ideal, so
J = = 1 (V(J)). Therefore, KID(f)] = K[V(I)] = K[X1;:::; Xn; Y= =
A(X )f. O

De nition 17  (Prevariety). A prevariety is a space with functionsX such
that X has a nite open coverX = U[ :::[ Uy, whereU; is an a ne variety.

Example: Any a ne variety is a prevariety.

Exercise Any prevariety is a Netherian Topological Space

Example An open subset of a prevariety is a prevariety. This follows
from the previous proposition and the fact that principle ogn sets are a
basis for the topology of any a ne variety.
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Proposition 5. X is a space with functions)Y A" an a ne variety, we
have a 1-1 correspondence:
fmorphismsX ! Yg ( f k-algebra homomorphismA(Y) ! K[X]g
by* (0
Proof. Note 7! is a well de ned map. Write A(A") = Kly1;:::;Ynl,
then 1 (Y) Klyi;:::;¥a]- Theny; is the image ofy; in A(Y). Assume that
A(Y) ! K[X]is ak-algebra homomorphism. We dene : X ! A" by

If £ 21(Y)thenf(y;:i5yn)=0,80f( 15015 n)= (Flyssiiiiyny) =

0,and so (X) Y. Note, (y)=YV = ;= (y). Thus, =
If :X ! Y isamorphism, then ; =y, = ()
Thus, is the morphism that we construct from . O

Corollary 5. Two a ne varieties are isomorphic i their a ne coordinate
rings are isomorphic ask-algebras

Exercise A"nf(0;:::;0)gis notane for n 2.

Proposition 6. We have a one-to-one correspondence between a ne vari-
eties and reduced nitely generated-algebras, up to isomorphism, by 7!
K[X].

Proof. Last time, we proved that two a ne varieties are isomorphic i their
coordinate rings are isomorphic. ThusX 7! k[X] is injective.

| is radical, asR is reduced, s&k[X]= K[xq;:::; X, " R. O

Note: Assumem R is a maximal ideal, then : K[X:;:::;X,]! R as
in proof, then M = (m) is maximal, and M = (X; a;;:::;Xn  a).

Canonical Construction

Let R be a nitely generated reduced-algebra. Then de ne Spec m(R) =
fm R max idealg.

The topology will be that the closed set&/(I)=fm [Ijl R andideal

0.
Letf 2 R. We denef : Spec m(R) ! k by f(m) =image of f in
R=m = k. Sof is a function from Spec m to k.

11



lLE., f(m) 2 k R is the unique element such that f(m) 2 m.

Finally, if U  Spec mis open,f : U! Kk is some function, thenf is
regular if f is locally of the formf (m) = p(m)=gm) wherep;q2 R.

Exercise Spec m(R) = X, whereX is the a ne variety with coordinate
ring R, as spaces with functions.

Subspaces of SWFs

Let X be any space with functions, and X any subset. Then giveY
an "inherited" SWF structure as follows:

We giveY the subspace topology, andi) Y isopenandf :U! kisa
function, then f is regulari f can be locally extended to a regular function
on X. That is, for every pointy 2 U, there is an open subset)® X
containingy and F 2 Ox (U9 such that f (x) = F(x) forall x 2 U\ U°.

Exercises

1.Y isa SWF
2.i:Y ! X the inclusion map is a morphism.

3. LetZ bea SWF, :Z! Y function. Then is a morphismi i
is a morphism.

4. The SWF structure onY is uniquely determined by (2) and (3) to-
gether.

5. LetZ Y X. Then Z inherits the same structure fromY and X .

Example X A" an algebraic set inherits structure fromA". If Y X
is closed, thenY inherits structure from X (or A").

Proposition 7. A closed subset of a prevariety is a prevariety.

Proof. Let X be a prevariety, andY X a closed subsetX = U;[ :::[ Uy
where U; are open a ne subsets ofX .

Ui\ Y is a closed subset dfJ;, which implies that U;\ Y is a ne, and so
Y has the open covery;\ Y)[ :::[ (U,\ Y), and so is a prevariety. [
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Chapter 2

Projective Varieties

2.1 Projective space

Theorem 7. Two distinct lines in the place intersect in exactly one poin
(except when parallel)

Theorem 8. A line meets a parabola in exactly two points. (except when
false)

We need projective space to remove the bad cases.
De nition 18  (Projective Space) De ne an equivalence relation omA"*! n
fOg by

SoP"= (A" nfog)= and :A" nfOg! P" the projection.

There is a topology onP" given byU P"isopeni }(U) A"l s
open.

The regular functions onP" aref : U ! k such that (f) = f:

u)! kis regular.

Thus, P" is a SWF called Projective Space. NoteP" = flines through
the origin in A"*1g, and this method of thinking is often very helpful.

i1 a,) =0 ornot.
Denition 19. D,(f)=f(ap:::::ay)2P":f(ap:::::a,) 60g.

13



Theorem 9. P" is a prevariety.

Proof. Let Uy = D+ (xj) P"forO i n.
Claim: U; ' A",
A" Uii(agiiiia assiiian) M (ag ey 1l iaer il an)

U AMi(agiiiiian) 7! g;:::;—_;:::;—

NotelP" = D.(Xo) V:(Xo) = A" P" 1 thatis, A" = f(1 : & :
:1:a,)g the usualn-space andP” 1= f0:a;:::::a,g points at 1 .

The points at 1 correspond to lines through the origin iPA", that is, we
can think of them as being directions.

Example: P? has "homogeneous coordinate ringk[x; y; z]. We can think
of thatas A= D, (z) P? and we know thatk[A?] = K[x=z;y=4. We want
to intersect a parabola with a line.

The vertical lineisV(x=z 1) = V. (x z)andthe parabolaisV(y=z (x=2)?) =
V. (yz x2).

Andso,Vi(x 2z)\ Vi(yz x?)=f(@:1:1);(0:1:0), where (0:1:0)
is the point at in nity in the direction "up".

Exercise K[P"] = k.

Exercise X a SWF, :P"! X a function, then is a morphism i

A"l nfOog! X is a morphism.

De nition 20  (Projective Coordinate Ring ofP"). We de ne K[Xq; X1;:::; Xn]
to be the coordinate ring ofP". An ideal | K[Xo;:::;Xn] iIs homogeneous
if it is generated by homogeneous polynomials. Equivalgntt 2 | i each
homogeneous component is ih.

De nition21. If W P"isasubset, then (W)= I( YW)) K[Xo;:::;Xn].
Notice that| (W) is homogeneous. Let = fo+:::+f42 I (W), f; a form of

i+ Y g(ag;iii;an). As this is true for all |, fi(ag;:::;a,) =0 for all i,
and sof; 2 1 (W).

De nition 22. If | K[Xo;:::;Xn] IS @ homogeneous ideal, then de ne
Vi(l)=f(ag:::i;an) 2 P":f(ag;:::;a,)=0 forallf 21g

14



Theorem 10 (Projective Nullstellensatz) If I K[Xq;:::;Xn] is @ homoge-
neous ideal, then

1. Vo(1)=3;) (Xo;:::;%)N | for someN > 0. That is, pI_:(l) or

(X05 2273 Xn)
2. V,(1)6 ; thenl(V,(1)) = pI_.
Proof. 1. Vi(l) =; 0 V()= ; orV()= f0Og. By the regular
nullstellensatz, T = 1 (V(1)) = (1) or ( Xo;:::;%n).

2. V.(1) 8 ;. Then 1(}~.{+_(I)): Nvi(1) [f 0g= V() A", So

L(Ve(1)= (V)= T.
O

This gives us a 1-1 correspondence between closed subset®"ofind

is often called the irrelevant ideal.

De nition 23  (Locally Closed subset) X is a topological spaceW X
a subset is locally closed if it is the intersection of an opeset in X and a
closed set inX .

Note: A locally closed subset of a prevariety is a prevariety

Terminology: a projective variety is any closed subset & considered as
a space with functions. A Quasi-projective variety is a lodly closed subset
of P". An a ne variety is a closed subset ofA". A quasi-a ne variety is a
locally closed subset oA".

We notice that anything a ne is also quasi-a ne and anything quasi-
ane is quasi-projective. Something that is projective wil also be quasi-
projective.

Exercise P" is not quasi-ane for n 1. Later: If X is both projective
and quasi-a ne, then X is nite.

De nition 24  (Projective Coordinate Ring) X  P" is a closed projective

Warning: This de nition depends on the embedding oX in P".

Examplee :P'! P?2by (a:b)=(a?:ab:P). Thisis a morphism.
In fact, it is an isomorphism of P! and V. (xz  y?), but the coordinate ring
of P! is k[s; t] and the coordinate ring ofV, (xz  y?) is K[x;y; z]=(xz  y?).
These two rings are NOT isomorphic ak-algebras.
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De nition 25  (Projective Closure of an a ne variety). X A" is ane.
Then we know thatA" = D. (Xo) P", and X A" P" makesX a
guasi-projective variety, so we takX = the closure ofX in P".

I = 1(X)  K[Xq;::xaJIFf =fo+ 00+ fg42 K[Xq;:::; %] Wheref; is a
form of degreei. Then we de nef = xify+ xg Yo+ 492 K[Xor 110 Xal
And | is the ideal generated byff :f 2 1gin K[Xo;:::;Xn].

Exercise | (X) = I (X) .

Example | = (y x%z x? Kk[xy;z]. Then X = V() A3
Di(w) P.I(X)=1 =(yw x%y 2) (wy x%wx x?)

SoVi(wy x%wz x2)= X[ Vi(x;w).

We now recall that a graded ring is a ringR with decomposition R

4 oRg as an abelian group such thaRy Re Rg+e.
e.g.,R=K[xo;:::;x:]. f 2 Rg) Ry is aZ-graded ringg 2 Ry, implies
that g=f™ 2 Ry is homogeneous of degrgg md.

De nition 26. Ry = fhomogeneous elements of degree zpr (R¢)o =
fg=f™:g92 Rym0Q.

Exercise f 2 K[Xo;:::;X,] homogeneous implies thak[xo;:::;Xn]r) is @
nitely generated reducedk-algebra.

Theorem 11. f 2 k) D.(f) P" is ane and in fact k[D.(f)] =

Proof. kK[D. (f)]=fh2 Kk[D(f)]: h(x)= h(x);8 2k ;x2 D(f)g.
If h2 K[D(f)] = Kk[Xo;:::;Xn]s, h=g=f", g2 K[Xo;:::;Xn].

The identity map k[D. (f)] ! Kk[D. (f)] gives a morphism : D, (f) !
Spec m(k[D. (f)]) by (x) = My whereMy = 1(fxg) K[D+(f)]

Observe that ifx;y 2 D, (f ), x 6 y then 9 homogeneousg 2 K[Xq;:::;Xn]
such that deg@) = d and g(x) = 0 with g(y) 6 0. SOM, 6 My. 2 M,;2
My. Thus, is injective. Seth; = Xf—:j 2 k[D.(f)]forO i n.

U =D(h) D.(f),Vi=D(h) Spec m([D.:(f)])=fm63;g.
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Now we must check thatD.(f) = [ L,U and Spec m(k[D. (f)]) =
n
n,Vi.
i=0 VI
It is enough to prove that :U;! V; is an isomorphism for alli.
D.(xi) P"isane. K[D:(Xi)]= K[Xo=Xi;:::;Xn=X] = K[Xo0;::%; Xn]ixi)-
Thus, U, = D(f=x9) D, (x;) is ane, so k[U;] = (K[Xo;::: ;xn](xi))fzxg,
which isK[Xo;:::; Xnlixry = K[D+ (f)]n, = K[Vi]. Thus, U ' V. O

Example f = xz  y?2 k[x;y;z]. X = D.(f) P? R=K[xy;Z]s). R
is generated byA = x?=f, B = y>=f, C = z2=f, D = xy=f, E = yz=f, and
F = xz=f.

SoX ' V(AB D?AC F?BC E%F B 1) ASby(x:y:
z) 7! (A;B;C;D;E;F).

ExerciseX P" a projective varietyf 2 R = Kk[Xo;:::;X,]=1(X) is ho-
mogeneous, the. (f) X is a ne with a ne coordinate ring K[D. (f)] =
R(f).

17



Chapter 3

Abstract Varieties

3.1 Products

Let X;Y be two sets. ThenX Y, the cartesian product, is the sef (x;y) :
Xx2X;y2Yg.

What is X Y, really? Well, it is a set with projection x : X Y ! X
and y : X Y ! Y. This set with the projections satis es a universal
property in the category of sets.

For any setZ with arbitrary functions f : Z! X andg:Z! v, there
exists a unique fli?ction :Z! X Y suchthatf = andg= v

Y

De nition 27  (Product of SWFs). Let X;Y be spaces with functions. A
product of X andY is a SWF calledX Y with morphism x : X Y ! X
and y : X Y ! Y which satis es the above universal property except with
"morphisms" rather than "functions”.

Exercise Assume that P; x; v) and (P% $; 9) are two products of
X andY. Then they are isomorphic by unique isomorphism. (See homenk
problem)

Example: A Al = A2 NOTE: A2 does not have the product topology!

18



3.1.1 General Construction

X;Y spaces with functions. ThenX Y = f(x;y):x 2 X;y 2 Ygis the
pointset. fU X andV Y areopen,thend V X Y isopen, as
itis LHU)\ (V). P

Letgi;::i:;00 2 Ox(U)andhy;:::;hy 2 Oy (V) setf (u;v) = L) gi(u)hi(v).
Thenf :U V! k must beregular. Thus,Dy v(f)=f(u;v)2 U V
f (u;v) 8 0g must be open inX Y. And so, we de ne our topology by
S X Yisopeni itis a union of setsDy y(f). The regular functions
F :S! k are the functions that can locally be written asf Yu;v)=f (u;v)
on someDy v (f).
P That is, 8(x;y) 2 S 9U g open andV Y open andf (u;v) =

" g(uhi(v) and fqu;v) = 7 gu)hd(u) with g;g° 2 Ox (U) and
hi;h? 2 Oy (V) suchthat (x;y) 2 Dy v(f) SandF(u;v) = f qu;v)=f(u;v)
for all (u;v) 2 Dy v(f).

Exercises(for X Y above)

1. X Y isan SWF
2. x:X Y! Xand y:X Y! Y are morphisms.

3. X Y isthe product of X and Y.

Remark: X;Y SWFs, andU X,V Y are arbitrary subsets,U;V
have inherited structure as SWFs. TherJ V has the product space with
functions structure and subspace SWF structur®) V X Y. These are
in fact the same, due to the universal properties.

For now, we callU V the product. We obtain the following diagram.

U — >X
U/ X/
zZ- —>U Vv-'»Xx Y
N\ N\
V- — >Y
is a morphism i i is one, and so we see that the two structures are

the same.

3.2 Separated spaces with functions

De nition 28. A SWF X is separated if8 SWFsY and morphismsf; g :
Y! X thesetfy2Y :f(y)=g(y)g Y is closed.
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Example: Let X = (Alnf0g)[f O1;0,9. We candene ;:Al! X by

, a aéo
[
taking a 7! O a=0
We de ne a topology byU X isopeni ; *(U) Alis open for alli.
Afunction f :U! kisregulari (f)=f ;: ,U)! kisregular for
all i.

X is a prevariety asX = (AY)[ (A} and ;(Al)' AL However, it
is not separated, afa2 A': i(a)= ,(a)g= Alnf0Ogis not closed inAl.

De nition 29  (Algebraic Variety). An algebraic variety is a separated pre-
variety.

Exercise
1. Any subspace of a separated SWF is separated.
2. A product of separated SWFs is separated.

Remark: If X is any SWF, then : X I X X :x 7! (X;x) is a
morphism. Now we set x = ( X) X X. Then : X! x Is an
isomorphism.

Lemma 2. X isseparatedi x X X is closed.

Proof. ) : :X X! X bethe projections. x =fz2 X X : (2=
2(2)g is closed.
(:LetY beaSWF,f;g:Y! X maps. Dene :Y! X X by

(y) = (f(y);9(y)) is @a morphism. Nowfy 2 Y :f(y)= g(y)g)  *( x)
is closed. 0

Exercise A topological spaceX is Hausdor i x X X is closed.
NB: Product topology!
Exercise A" A™ = A"*m,

Proposition 8. All a ne varieties are varieties.
Proof. Enough to show thatA" itself is separated.

an A" A" = A s closed, ak[A?"] = [Xq; i Xn Y4ttt Yal, SO
an = V(X yig). O
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3.3 Ane and projective products

Lemma 3. Let A;B be nitely generated reducedk-algebras. ThenA B
is a nitely generated reductedk-algebra andk algebraically closed.

Recall: ring structure onA B by (a1 b)(ax )= aja, bb,.

Proof. If A is generated bya;;:::;a, and B is generated byb,;:::;h, then
A B is generated bya;, 1;:::;a, 1,1 by:::;1  b,. For example,
KX;:iioXn]l  Klya o yml = KIXa oo Xn Ve oo Yml-

Let X;Y be ane varieties such that k[X]= A;k[Y]= B. We de ne
A (B! thesetofall functionsX Y ! kbyf g7! (x;y)7! f(x)g(x)
is ak -algebra homomorphism.

is injective (which implies thatA B is reduced): Suppose( o) =

0. WIFQG we can assumey;:::; g, are linearly independent. Letx 2 X.
Then 1, fi(x)g =0 2 B, but fggis linearly independent sd(x) = 0 for
alli and x, thusf; =0 2 A. O

Theorem 12. 1. If X;Y areanethen X Y isaneand k[X Y]=
KIX] «K[Y].

2. A product of prevarieties is a prevariety.

Proof. 1) 2: X;Y prevarieties,X = [ U;, Y = [ V; with U;;V;, ane. Then
X Y:[i;jUi Vjane.

Now, we must only prove 1. Set = Speci(k[X] k[Y]), We have
k-algebra homomorphism&([X] ! Kk[X] K[Y]:f 7' f 1 andk[Y]!
k[X] Kk[Y]:g7'1 g. These give morphismy :P! X and y:P! Y.
Clam: P=X Y.lLetZbeaSWF,p:Z! X andq:Z'! Y.

De ne k-alg homomorphismk[X] 7! K[Y]! k[Z]byf g7!p (f)q(g).
This gives us a morphism :Z ! P demonstrating that P is the product.

0
Remark If Y is ane and X Y is closed, thenk[X] "' K[Y]=I(X).
On the other hand, assumeX;Y areane, ' : X ! Y is a morphism and
: k[Y] I K[X] is surjective. Then setl =ker(' ) K[Y], we get
KI¥E — »Kk[X]-¥ X
N m]\ A
KLY ]=I V()
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Therefore' is an embedding ofX as a closed subset of .
Recall: : X I X X :x7!'(x;x)givesX ' x =( X)=f(x;x):
X2 Xg.

Proposition 9. A prevariety X is separated i 8 open ane U;V X,
U\ Visane and k[lU V] = k[U] K[V]! KU\ V] = K[ uv]is
surjective.

Proof. ) : U\ V' wv = x\ (U V) U Visclosed, thusU\ V is
ane and k[U V]! k[U\ V]is surjective.
( :IfU;V;U\ Vareaneand k[lU V]! K[U\ V]is surjective, then
: U\ V! U Visaninclusion of closed subsets. Thus,x \ (U V)
U Vclosed. SoiftX X =[U Visanopencoverthen x X X
is closed. O

Exercises

1. X is a prevariety such that8x;y 2 X there is an openaneU X
such thatx;y 2 U. Then X is separated.

2. P" has this property.
Corollary 6. Quasi-projective varieties are separated.

We want to show that the products of projective varieties aregain pro-
jective.

Let X P'andY P™ areclosed. ThenX Y P" P™is closed.
It is enough to show thatP" P™ is projective, that is, P P™ PN is
closed.

Segre Map If N =(n+1)(m+1) 1=nm+ n+ m,then we can de ne

s:P" PM1 PN (Xo:iiiiXn) (Yo:riiiiym) 7! (XoYo:XoYi:iiiiXoYm :
X1Yo i il XnYm)-
We call the projective coordinates oM asz; for0 i n;0 j m.

Exercise s: P" P™! V.(fzjz,q ZiqZ9) P"
Note: P"  P" P"**2n js closed.
Exercise pn = Vi (f Z; Zji 0) PN,
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3.4 Complete Varieties

Aanalogues of compact manifolds.

De nition 30 (Complete). A variety X is complete if for any varietyY,
the projection v : X Y ! Y isclosed. (i.,e..Z X Y is closed implies
that v(Z) Y is closed)

Note: 1) closed subsets of complete varieties are complete.

2) Products of complete varieties are complete.

ExamplesPoints are complete.

Alis not complete, asZ = V(xy 1) A! A'=A2=X Y issuch
that y(Z) is not closed, as it isA' nfQOg

Proposition 10. Let' : X ! Y be a morphism of varieties. IfX is
complete, then' (X) is closed inY and is complete.

Proof. (')=f(x;' (x))2X Y:x2Xg X Y=( 1) Y)

As Y is separated, () X Y isclosed.X is complete implies that
"(X)= v((")) Y isclosed.

Now, letZ ' (X) Y%be closed. Then

X Ye >-'1(X) \&

~yo

Yo
Mo
W= ( 1) %2) X YCisclosed, vo(Z) = vo((' 1)(W)) =
~vo(W) is closed. O

Exercise ' : X ! Y is a continuous map of topological spaces thex
is irreducible implies that' (X) is irreducible.

Proposition 11. If X is an irreducible complete variety thek[X ] = k.

Proof. Let f 2 k[X]. f : X ! Al a morphism. AsX is complete,f (X)
must be is irreducible, closed and complete. Thus, it must keepoint. Thus,
f is constant. O

Proposition 12. A complete quasi-a ne variety is nite.
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Proof. X is such a variety, without loss of generalitX is irreducible. X A"
is locally closed, thenx; : X A" Ik must be constant, and s is a
point. O

Theorem 13. P" is complete.

Note: | S = K[Xxo;:::;Xn] @ homogeneous ideal, theW, (I) is not
emptyi lgq( Sgforalld2 N.

Proof. Let Y be a variety andZ P" Y be closed. Show that yv(Z) Y
is closed.
Y = [ Y; and open a ne cover. Itis enough to show that v(Z)\ Y; Y,
is closed, thatis, v,(Z\ (P" Y;))isclosed. So we takey, : P" Y, ! Y.
Thus, WLOG, we assumeY is ane. Then let C(Z) =( id) 1(2)
ALY KIA™Y Y]=S  K[Y]= K[Y][Xoi:iiXa]l = g oS¢k K[Y], so
it is a graded ring.

for 2 k.

Thus, 1 (C(Z)) Kk[A"*! Y]isahomogeneous ideal. We writg(C(2)) =
(fg;iifm) with £ 2 S5 K[Y].

Fory2 Y, fi(y)= fi( ;y) 2 Sy. We observe thaty 2 y(Z)i 9x 2 P"
such that (x;y) 2 Z. This happens i V. (fi(y);:::;fm(y)) 6 ; P". This
istruei (fi(y);:::;fm(y))a6 Sqforalld O.

Fix d O,F;heny 2 Y denes alinear map v @ 2;Sqq ! Sq:
(Gu:inign) 70 I fi(y)g.

Note: Every entry of the matrix vy is a regular function ofY.

Now, (fa(y);:::;fm(Y)a €& Sgi rank( v) < dim(Sy) = n; d which

holds i all minors in y of size n:\ d vanish. Therefore Wy = fy 2 Y :

closed. 0

Challenge Find a complete variety that is not projective.
Exercise

1. Let X be a topological space an®v X is a subset. W = X i
W\ U 6 ; for all nonempty open setdJ X.

2. f :X ! Y continuous andW = X andf (X)=Y thenf (W)=Y
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3. X is irreducible and; & U X is open. ThenU = X and U is
irreducible.

3.5 Rational Map

X and Y are irreducible varieties. The ideal is that a morphisni : X ! vy
is uniquely determined by restriction to any non-empty opersubset ofX .

Consider pairs U;f) whereU X nonempty and openand :U! Y
is a morphism. Relation: U;f) (V;g9 i f = gonU\ V becauseY is
separated andX is irreducible, this is an equivalence relation. Checkindhts
IS an exercise.

De nition 31 (Rational Map). A rational map f : X 99KY is an equiva-
lence class for .

X irreducible implies thatU\ W U\ V\ W dense, andY separated
implies that f = h on a closed subset a \ W.

Remark If f : X 99KY then there is a maximal operlJ X wheref is
de ned as a morphism.U = [ (v, 1V  X.

Example: f : A2 99KAZ? : (x;y) 7! (x=y;y=X) de ned as a morphism of
D (xy).

Exercise f : A299KA2 P2, Find the max open wheref : A% 99KP? is
de ned.

De nition 32  (Rational Function). A rational function on X is a rational
mapf : X 99KA! = k. f is given by a regular functionf : U ! k where
;6= U X open.

k(X) = ff : X 99Kkg is the eld of rational functions on X .

Note: If (U;f);(V;g9 2 k(X)thenf + g;f g;fg:U\ V! kdene
rational functions on X . If f 6 0 in k[U] then; & D(f) U is open, and
1=f :D(f)! Kkisregular. Thus, Ef = (D(f);1=f) 2 k(X).

Proposition 13. Let X be an irreducible variety
1. If ;& U X open, thenk(X) = k(U).
2. If X is ane, then k(X) = K[X]o = eld of fractions of k[X].
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Proof. 1. k(X)! k(U):(V;9! (V\ U;gv\ u) is isomorphism.

2. Dene k[X]o! k(X):f=g 7! (D(g);f=0).

Injective: As this is a homomorphism of elds, it is enough teay that
it is not identically zero, and it maps 1 to (X; 1), which is not the zero
function.

Surjective: Iff : U! kisregular,; & U X open. Find 06 g2
k[X] such that; & D(g) U. Thenf 2 Kk[D(g)]= k[X]g K[XIx,-
]

De nition 33  (Dominant). (U;f): X 99KY is dominant if f (U) = Y.

Indep. of rep.: If; & VU open, thenf (V) = Y by the homework.

Suppose U;f) : X 99KY is dominant and (V;g) : Y 99KZ is any rational
map, then we can composg f : X 99KZ, asf(U)= Y sof (U)\ V 6 ;,
sof }(v)6; U.

g f=(f Y(V)g f)

Exercise If f;g both dominant, theng f dominant.

Proposition 14. X;Y irreducible varieties, then there is a one to one cor-
respondence betweeh : X ! Y with dominanty and eld extensions
k(Y) k(X)by 7! =[h7'h ]

Proof. WLOG X;Y are ane. The map 7! is:

Injective: So we let : X 99KY dominantand = . TakeD(h) X
such that and are both de ned onD (h).
k(Y ->k(X)
KI¥: —>k[X]h

This diagram commutes, and so = on D(h).

Surjective: Let : k(Y)! Kk(X) be ak-algebra homomorphism.k[Y]

is generated byfq;:::;f,. (fi) = g=h, g;h 2 k[X]. Leth = hy:::h, 2
k[X]. So : Kk[Y]! K[X], is ak-alg hom. This gives us a morphism

:D(h)! Yand = . O

De nition 34  (Birational). Let f : X 99KY be a rational map. It is
birational if f is dominant and there is a dominang : Y 99KX such that
f g=idy andg f =idyx as rational maps.
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De nition 35 (Birationally Equivalent) . X and Y are birationally equiva-
lent (often X andY are birational) written X Y if there existsf : X 99KY
a birational map.

Examples A2 P2 P! P
If U;V X open andX irred., thenU Y.

Theorem 14. The following are equivalent

1.X Y
2. k(X)" k(Y) ask-algebras
3.9, U X;V Y opensuchthatU' V as varieties.

Proof. 3) 2 is clear from the rst prop on this topic.

2) 1is clear from the second prop on this topic.

1) 3: Let (U;f) : X 99KY and (V;g : Y 99K X be inverses. Set
U=f (V) U.Theng f :Uy! V! X must be the inclusion ofU,
into X. Thus, g(f (o)) Uy, sof (Ug) g *(Up). SetVy =g Y(Uy) V.
Then Uy 'V as varieties byf; g. O

De nition 36  (Rational Variety) . An irreducible variety is rational if it is
birational to A" for somen.

Examples Any curve C  P? of degree 2 is rational.

Let C = V(y? x3® x2) AZisrational. Let :C99KA'by (x;y)=
y=x. The inverse should be : A'! Cby (t)=@1 t%t 3. So

(t)=(t t3=1 t? =t =ida, and the opposite is also an identity

(Exercise, show this).

Challenge Show thatE = V(y? x3+ x) AZ?is not rational.

Big Challenge If C is any irreducible variety and there exists a dominant
rational map A! 99KC then C is rational.
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Chapter 4

Dimension

4.1 Transcendence Degree

Let k L a eld extension. ThenL is algebraic overk if for all f 2 L, there
is a polynomial equationf " + a;f" 1+ :::+ a, =0 for g 2 k.

S L subseteq, thenS is algebraically independent ovek if for all
S1;::5;Sn 2 Swith s 6 s; fori 6 j, then K[xq;:::;%xp] ! L by x; 7! si is
injective.

De nition 37 (Transcendence Basis)A transcendence basis fot. over k
is a setB L such thatB is algebraically independent ovek and L is
algebraic overk(B).

Theorem 15. 1. All transcendence bases have the same cardinality.

2. 1f S L subsets such tha$ is alg indep overk and L is alg over
k() , then there exists a transcendence badss for L over k such that
S B

Proof. The idea is as "any vector space has a basis." O

Exercise Prove wherelL is a nitely generated extension ofk.
Lang's Algebra contains the proof.

De nition 38  (Transcendence Degree)Tlhe transcendence degrdedeg, (L) =
trdeg(L) = the number of elements in any transcendence basis foover k.

De nition 39  (Dimension). Let X be an irreducible variety. Then de ne
dim(X) =trdeg( k(X)).
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Examples

2. If X is irreducible and dimX) =0, then k k(X) is algebraic exten-
sion, thenk(X) = k. Thus, X is a point.

Some terminology: a curve is a variety of dimension 1, a sucis a
variety of dimension 2, and am-fold is a variety of dimensionn.

Notation: If R is a nitely generated domain overk, then we write
trdeg(R) = trdeg( Ro).

We will state the following without proof.

Theorem 16 (Principle Ideal Theorem) If R is a nitely generated domain
overk and06 f 2 RandP R is a minimal prime, then P is a minimal
prime containing f . Then trdeg(R=P) =trdeg(R) 1.

Geometric Statement If X is any irreducible variety and 06 f 2 k[X]
andif Z V(f) is an irreducible component then dinZ =dim X 1.

Proof. TakeU X openanesuchthatU\ Z 6 ;. ThenZ\ U= V(P)
U, P Kk[U] prime ideal. Z is a component ofV(f) ) P is minimum over
(f) KUl

Thus, dim(Z) = trdeg(k[U]=P) =trdeg k[U] 1=dimX 1. O

Theorem 17. Let X be an irreducible variety, and let & Xq ( X1 ( :::(
Xn = X be a maximal chain of irreducible closed subsets. Théim(X) = n.

Proof. WLOG, X isane. Take 0 6 f 2 1 (X, 1). Then X,, 1 V(f)isa
component. PIT says that dimX,, ; =dim X 1.
Induction implies that dim X,, 1= n 1, so dimX = n. O

De nition 40. If X is any variety, setdim(X) =the supremum of alln
such that9 a chain; & X, ( X1 ( :::( X, X whereX; irreducible
and closed for alli.

Exercises
1. X = X[ :::[ Xmand X; X closed, then dimX = maxdim(X;)
2. dm(X Y)=dim X +dimY
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Recall: If R is a ring, then dim(R) is the supremum of alln such that 9
Po( Ph1( :::( Po R whereP; is a prime ideal.
Note: If X is a ne then dim X =dim K[X].

Theorem 18 (PIT For Several Equations) If X is an irreducible variety

dmX r.

Proof. Enough to show thatifW X is a closed subset and each component
of W has dim d, then each component o'W \ V(f) has dim d 1 for
all f 2 k[X].
Let Z W be acomponent. Iffj; =0then V(f)\ Z=Z. Iffj; 60
then every component oZ \ V(f) has dim=dim(Zz) 1 d 1.
ThereforeW \ V(f) = union of nitely many irreducible closed subsets
ofdm d 1. O

Lemma 4 (Prime Avoidance). X is an ane variety, Z X an irreducible
closed subset an¥ 1;:::; X, X are also irreducible closed subsets, then if
Xi 6 Z then9f 2 1(Z) such thatf 2 1(X;).

Proof. Induction on m.

fm=1then X:6 Z) 1(Z2)6 1(X1))9 f 21(Z)nl(Xy).

For m 2, take f; 2 1(Z) such that f; 2 I (X;) for j 6 i. If any
fi 21(X;), then done. Takef = f;.

If f; 2 1(X;)foralli,thenf = f+ ffy:::f, 21(2). O

De nition 41  (Codimension) If X is any variety,Z X closed and irre-

dim(X,[ :::[ Xm) dimZ.

E.g. X is the union of a line and a planeZ is a single point ofX . Then
codim(Z; X) is 2 if it is a point in the plane, 1 otherwise.

Theorem 19 (Reverse PIT). X ane, Z X irreducible closed andc =

ducible component.

Proof. If Z is a component ofZ, then c=0.

Otherwise, no components oK are contained inZ, so the lemma implies
that there existsf; 2 k[X] such thatf; 2 1(Z) and f; does not vanish on
any component ofX . PIT implies that codim(Z;V (f)) <c.

component ofV (fq;:::;f¢). O
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Resultants
Let K be an arbitrary eld, and f(T) = a,T" + :::+ a4T + ay and
gT)= b, T+ :::+ T+ by 2 K[T].
Q: Dof (J') and g(T) have a cognmon factor?
ah & a & 0

g anazalao§

SetA=8h, b h .

bh b by
b b b

De nition 42  (Resultant). We de ne Resf;g) =det A 2 K.

K™ Then (g 1+ i+ CT+co)f (T)+(dy 1T 244 i T+ do)g(T) =
Fmen 2 T™" T4 0004+ 1T + 1o

Proposition 15. Supposea, 6 0, then Resf;g) 6 0 | (;g) =12
KI[T].

Proof. Resf;g)=0i 9v2 K™ " suchthatv A=0i 9p(T);q(T) of deg
m 1;n 1 such thatp(T)f(T)= q(T)g(T),i ( f;g) 6 1. O

P .
If f(T)= ., aT' then we allow formal di erentiation, that is, f {T) =
T T 12 K[T].
Note that (fg)°= f Y9+ fg and similar rules still hold.

Corollary 7. If f(T) = a,T" + i1+ aT + a then f (T) hasn dierent
roots in K i Resf;f 9 60.

Proof. f(T) = anQirzléT )%, where ;6  fori 6 j. Thenf{qT) =
ir=1 di(T i)di ! jei(T j)dj-

Resf;f 9=0i (f;f961i f{ )=0forsome i d 2 for some

[

De nition 43  (Discriminant). The discriminant of f (T) is Resf;f 9.

Exercise a6 0and f (T) = aT2+ bT+ cthen discriminant= a(l’ 4ac).

Remark If char(K) =0 and if f (T) 2 K[T] is an irreducible polynomial,
then (f (T);fqT)) = 1 so Resf;f 9 6 0. In char(K) = p, then f {T) may
be zero, for example TP +1)°= 0.

Remark: ' : X ! Y is a morphism, then dim{ (X)) dim(X). This is
ask(' (X)) k(X).
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Theorem 20. : X I Y is a dominant morphism of irreducible vari-
eties, such thatk(Y) Kk(X) is a nite extension of degreed. Suppose that
char(k) =0 or k(X )=k(Y) is separable. Ther® dense operV Y such that
i Yy)j=dforally2V.

Proof. AssumeX;Y ane and K[X] = K[Y][f]. Let P(T) = agT9+ ::: +
T+ a2 k(Y)[T] be the minimum polynomial forf 2 k(X) over k(Y). ie
P(f)=0 2 k(X).

WLOG, & 2 k[Y] for all i and we can replacer with D(ag) and X with

}(D(ag)) X. We may assume that,y = 1. Now k[X ] = K[Y][T]=(P(T)).
This impliesthat X ' V(P) Y A'!YY,and :X ! Y goes through
this path. P

If (y;t) 2 Y Althen we setP,(T) = L, a(y)T' 2 k[T]. (y;t) 2 X
i Py(t)=0. Let =Res( P;P9 2 k[Y]. P(T) irreducible and chark) =0
imply that 6 0. Note that Res(Py; P{) = ().

Thus, if y 2 D(), then Py(t) =0 has exactly d solutions.

Now the general caseX and Y are irreducible varieties and : X !
Y dominant. Let V Y and U Lv) X be open anes. Then
dim( (X nU)) dim(X nU) < dim(X) =dim(Y). Thus (X nU) ( Y,
and so9h 2 k[V] such thatD(h)\ (X nU) = ;.

We can replaceX with D( h) and Y with D(h). And so, WLOG, X;Y
ane.

dominant implies that k[Y] k[X] and k[X] generated byf;:::;f,.
Then k[Y]  K[Y][f4] cir K[Y[f g fa] = Kk[IX] gives X = X, !
Xn 1! il Xy! Y asequence of dominant maps.

Induction on n: 9 a dense opeJ X such that all points of U are hit
by d; = [k(X) : k(X4)] pts of X.

As above: (X:nU) ( Y implies 9h 2 Kk[Y] such that D(h)\ (X n
U)=;,and so D(h) = D( h) u. :D( h)y ! D(h) gives
KID( h)]= KIX] n = K[X]n. Thus, K[Y][f1]n = K[Y]n[f1] = K[D (h)][f 1].

Thus, the rst case implies that9; & V  D(h) Y open such that
i Yy =[k(X1) k(Y)]. Since  *(D(h)) U we havej *(y)j=[k(X1):
k(Y)] dy=d. O

Exercise v : X Y ! Y isanopenmap. Thatis, ifuU X Y is
open then v (U) is openinY.

Corollary 8. : X I Y is a dominant morphism of irreducible varieties.
Then (X) contains a dense open subset Wf.
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Proof. We can assume thalX;Y are ane. ChooseB = ffq;:::;fhg K[X]

Then kK[Y] K[Y][f1;:::;fn]  Kk[X]givesX ! 'Y A"IY Y and is
the composition.

The theorem says that there is a open subsél Y A" such that
U (X). As v is an open mapping, y(U) is open. O

De nition 44. Let X be a variety.

1. W X is locally closed ifW = open\ closed.

2. W X is constructible if W =the union of nitely many locally closed
subsets.

Examplee W = D(xy)[f Og A2 Notice: :A%2! A?:(xyy) 7!
(x2y;xy), then (A?)= W.

Exercise : X ! Y is an arbitrary morphism of varieties, then (X) is
constructible.
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Chapter 5

Nonsingular Varieties

Local Rings

De nition 45 (Local Ring at a point). If X is an irreducible variety and
X 2 X then Oxx = ff 2 k(X) : f(x) denedg. This is a local ring with
maximal idealm, = ff 2 Oxx : f(x)=0g.

Note: If U X is any open subset, therk[U] = szu Oxx  k(X).

LetU X openane, x2 UthenM = 1(fxg) Kk[U]. f 2 Oxx thenf
isdened onD(h) U for someh 2 k[lU]nM, sof = g=h" whereg 2 k[U].
And so, Oxx = fg=h:g;h2 k[U]; h(x) 6 0g = k[U]um .

Remark X not irreducible implies that Ox, = |im 0
open ane, x 2 U we still have that Oxx = K[U]; (xg)-

Note: If X is irreducible then dim(X) = dim Ox for any x 2 X. If we
let X be any variety, then dim(X ) = maxy,x dim Ox. .

L, Ox(U). If U X

De nition 46  (Regular Local Ring) If (R; m) is a local ring, thenF = R=m
is a eld called the residue eld ofR and m=m? is an F-vector space.
R is a regular local ring if dimg (m=m?) = dim R.

Exercise If R is a Netherian Local Ring then dim: (m=m?) =min number
of generators fom  dim(R). The equality is from Nakayama, the inequality
from PIT.

De nition 47. Let X be a variety andx 2 X.
1. X is nonsingular atx if Oxy is a regular local ring.

2. Otherwise, X is singular at x.
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3. X is nonsingular if all pointsx 2 X are nonsingular.

Exercise S is a commutative ring, andM S is a maximal ideal, then
setR = Sy alocal ring. Then unigue maximal ideam= MS,,. Show that
S=M"' R=m and M=M 2 = m=m?.

Example: Let C = V(f) AZ acurve. LetP = (0;0)2 C. Sof
ax + by+ HOT. And K[C] = K[x;y]=(f). Let M = I(fPQg) = (X;y)
(x; y)=(f) KIC].

mp=mz = M=M2 = (x;y)=(x*xy; y* f) = (X y)=(x? xy; y% ax + by). So
P 2 Cis nonsing i dimg(M=M 2) =dim(C)=1. Thisisi ax+ by60 2
K[x;y], note that ax + by 6 O implies that V(f) looks like V(ax + by) close
to the point.

Exercise Find all singular points of V(y? x3 x2);V(y? x3).

X A" aclosed ane variety. Then | = I(X) = (fq;:::5;f)) S =
K[X1;:::;X%n]. Idea: X is nonsing atP 2 X i X has a tangent space aP.

h [
De nition 48  (Jacobi Matrix). Let Jp = %(P) be at n matrix, we

call this the Jacobi matrix.

p in the dlrectlon A,
ker(Jp) = f¥2 k" : J, ¥= Og is a candidate for a tangent space.

Lemma 5. LetP 2 X A", thenrank(Jp) + dim y(mp=m3) = n.

Proof. SetM = I (fPg) S.Dened:M ! k"byd(f)=( S (P);:::; 2H(P)).
d is surjective asd(x; p;) = &. Note: f;g 2 S that d(fg) = f(P)d(g)+
d(f )g(P). Sod(M?) =0. Thus, d: M=M?2! k" is an isomorphism if it is
injective. It is injective as the two vector spaces are of theame dimension
and it is surjective. =

d(f;) = i™ row of Jp and d( gfi)= g (P)d(f;) sod(l) =row span of
Jp ink". Thusd: | + M2=M?! row span ofJp is an isomorphism. Thus
rank(Jp) +dim( M=l + M 2) = dim(M=M2) = n. Finally Oxp =(S=I)u and
mp=m3 = (M=1)=(M=1)2= M=l + M2, O

Theorem 21. P 2 X A" thenrank(Jp) n dim(Oxp) andrankJp =
n dimOxp | P nonsingular.

Proof. rank(Jp) = n  dim(mp=m3) n dimOxp .
We have equality i dim(mp=m3) =dim Oy . O
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Examplee X = V(z2 x%y?) A% where chark) 6 2;3. ThenJ =
[ 2xy% 2x%y;3z%]. p2 X is a nonsingular point i rank(Jp) =3 x =1,
S0 Xsing = V(Z3  x%y% xy?; x?y;2%) = V(xy; z).

Exercise X is a variety andp 2 X. Then Ox.p is a domain i pis in
only one component.

Theorem 22. Any Netherian regular local ring is a domain. (in fact, a
UFD, and even Macaulay)

Conclude The points on an intersection of two components are singula
Proposition 16. Xsng X is a closed subset of.

groof. Let X 3 X1[ i1 Xm be the components ofX. Then Xgng =
M (Xi)sing [ is; Xi\ Xj. The latter are closed, so without loss of gener-
ality, X irreducible and a ne.
X A" closed,| (X)=(fq;::0f)  KXgiiiiXn], P2 Xging 1 P2 X

Lemma 6. If p2 X = V(gi;:::;0) A" and if rankJp(ou;:::;f) = r
then Oy, is regular local of dimensiomn r.

Proof. PIT implies that dim Ox,, n r.

functions in a classical nbhd opb 2 C". Supposedet g—;(p) L 6 0.
iij ¢

Then 9 holomorphic functionswy;:::;w, on classical open subset a@" ©
and classical open subs&t C" such thatp2 V and so that for allz 2 V,
fi(2)=:1:=1f(2)=01i z 1=wW(Zs1;:::;zy) foralll i1 c

Theorem 24. X C" a complex a ne variety. p2 X a nonsingular point.
Then a classical neighborhood gf in X is holomorphic to a classical open
subset ofC? whered = dim Oxp,.
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regular local of dimensiord.

Now, only one component oY containsp, p2 X and X Y. dimX is
the same as the dimension of the component ¥f containing p, and asX is
irreducible, X is the component ofY containing p. Then there exists open

Dene :C"! CYby (2) = (Zw1;:::;2). Then X\ V!
(X\V) CY is an holomorphism, as we can get an inverse map? :
XN V) X\ Vby (Zer:::0:20) 70 (We(2)5::05We(2)5 Zeen 50005 20). O

Corollary 9. Every nonsingular complex variety variety is a complex man-
ifold.

If X is an ane variety, recall that pts in X are in 1-1 correspondence
with max ideals in k[X].

So X an irreducible variety, p 2 X corresponds to local ringOx.p =
ff 2 k(X):f(P)dened g.

Lemma 7. X anirred var, x;y 2 X, if Oxx  Oxy thenx =y.

Proof. Take openane x2 U X,y2V X. X is separated, sdJ\ V
isaneand K[X] Kk[Y]! k[U\ V]is surjective, andk[U] Ox.x  Ox,y
with k[V] Ox,y, thus, kK[lU\ V] Ox,y.

kK[V] k[U\ V] Oy, provesthaty 2 U\ V. Thenk[U\ V]\ m, is a
max ideal ink[U\ V] so it corresponds to a point inU\ V which maps to
y underU\ V! V the inclusion.

Thus,x;y 2 U X. Uisane. If x 6 vy, then there is anf 2 k[U] such

that f(x) 6 0, f(y) =0. Then 2 Oy, and { 2 O, . O
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Chapter 6

Nonsingular Curves

De nition 49  (Curves). A curve is an irreducible variety of dimension one.

Example: C = Al k[C] = k[t] and k(C) = k(t). Let0 6 f 2 k(t). What
is the order of vanishing off at 0?

f = p=q p;q2 k[t], we can writep = t"py and q = t™q with py(0) 6 O
and p(0) 6 0. f =(po=q)t" ™, sov(f)= n mis the order of vanishing.

Note that Oc.q = K[t]) with mg = (t)  Oc,o is a maximal ideal. Then
f = ut" ™ whereu = py=@ is a unit in Oc.o.

De nition 50 (Discrete Valuation Ring). A discrete valuation ring, or DVR,
is a Netherian regular local ring of dimension 1.

Examples areOc.p whereC is a curve andP a nonsingular point.

Let (R; m) be a DVR, m = (1), t is a uniformizing parameter, andK = Ry
is the eld of fractions of R.

Claim: Any f 2 K = K nf0g can be writtenf = ut" whereu2 Rnm
aunitin Randn2 Z. WLOG, f 2 Rnf0g.

Assume that the claim is false, then choose a counterexamech that
(f) is maximal. f is not a unit implies that f 2 m, sof = gt for someg 2 R.
f)( (ggas(f)=(g)) g=hf) f =thf ) th =1, contradiction.

Sog= ut", u2 R a unit implies that f = ut"*!.
Check that if f = ut", u a unit, then u;n are unique.n =minfp2 Z:
f2({tP) Kag

De nition 51  (Valuation Map). v: K ! Z is a valuation mapv(f) = n
if f =ut"withu2Rnm.
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Note that R = ff 2 K :v(f) Og[f Ogandm=ff 2 K :v(f) >
Og[f Og.

Rules: v(fg) = v(f )+ v(g). v(f +g) min(v(f);v(g))if f;g;f +g2 K .
If f = ut";g=vt™andn m,thenf + g=(u+ vt™ "t" = u&"t".

Example: C a curve,p 2 C nonsing, thenR = Oc,, is a DVR with
K = Ro=k(C). v, : K(C) ! Zis a valuation, f 2 k(C) vp(f) =the
order of vanishing off at p. v,(f)>0i f 2 my, vp(f)=0i f(p)60and
Vp(f) < 01 f isnotdened atp.

Lemma 8. LetR be a DVR,Rp = K andS anyring such thatR S K.
ThenS=R or S= K.

Proof. If S 6 R, thentakef 2 S, f 2 R. m=(t), f = ut", n < 0,
S R[f]=K. O

Recall: A domainR is called integrally closed i for allf 2 Rq, f is
integral over R implies that f 2 R.

Theorem 25. If R is any Netherian Local Domain of dimension one, then
R is regulari R is integrally closed.

Exercise Prove) (easy, asDVR ) PID ) UFD ) int closed, so
prove the last one)

Proposition 17. Let A be a domain.A is integrally closed i Ap is integrally
closed for all maximal ideals® A.

Proof. ) : Easy
( : A=\p AAp over maximal idealsP. O

Note: A a f.g. domain overk, X = Spec m(A), then A = K[X] =
\ p2 X Ox;p = \Ap.

De nition 52  (Dedekind Domain) A Dedekind Domain is an integrally
closed Netherian domain of dimension 1.

Note: If X is an irred a ne variety, X nonsingular curve i Kk[X] is a
Dedekind domain.

Oxp aDVR forall p2 X i K[X], integrally closed for all max idealsp
by the theorem, each of these is integrally closed k[X] is, and that is the
def of a Dedekind domain.
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Finiteness of Integral Closure

Let R be a nitely generated domain ovelk, K = Rg, and K L a nite
eld extension. ThenR is de ned to be the integral closure oR in L. That
is, ff 2 L : f integral over Rg. Fact R is an integrally closed domain with
eld of fractions L.

Letf 2 L. Thenf"+ af" 1+ :::4+ a, =0 with & 2 K. Takeb2 R
such that ba 2 R for all i. Then (bf)" + ba(bf)" '+ :::+ b'a, = 0. Thus
bf 2 R. b2 R, sof 2 (R)o.

Theorem 26 (Finiteness of Integral Closure) R is a nitely generated R-
module.

In particular: R is a nitely generated K algebra.

De nition 53 (DVR of K=k). k K is a eld extension, a DVR of K=k
is a subringR K such that:

1. Ris a DVR
2. Rp=K
3.k R.

Let K be a function eld of dimension 1 overk.

i.e., k K is nitely generated as a eld extension and it has transcen-
dence degree 1.

Q: 9 a nonsingular curveC such thatk(C) = K?

Key construction: Letf 2 Knk. Thenk(f) K isa nite eld extension.
Itis nitely generated by assumption, andff g must be a transcendence basis
for K=k, thus it is algebraic, and so it is a nite eld extension.

SetB = k[f] K.

Finiteness of integral closure says tha is a nitely generated k-algebra,
and soB is a Dedekind domain withBy = K.

Proposition 18. X = Spec m(B) is a nonsingular curve.

1. Points in X are in 1-1 correspondence with DVR& of K=k such that
f 2R.

2. Points in V(f) correspond to the DVRSR of K=k such thatf 2 mg.
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Proof. X I'f DVRs R 3 f gis well-de ned and injective.

Let R be a DVR of K=k with f 2 R.

kf ] R) B R.

SetM =B\ mg B aprimeideal. ThenBy, R6 K) M 60 and
soBy is a DVR of K=Kk.

And so, the lemma implies thatBy = R.

Now we prove (b).M 2 V(f) ( f2M | f2MBy = m. O

Corollary 10. Every DVR R of K=k is the local ring of a nonsingular curve
at some point. In particular, R=mg = K.

Proof. Letf 2 Rnk, B = k[f] K.
Then R = By for some maximal idealM 2 Spec m(B). SoR =
Oxp -

O

Corollary 11. Givenf 2 K , there are only nitely many DVRs R of K=k
such thatf 2 mg.
Also have nitely many R such thatf 2 R.

Proof. WLOG, f 2 k. SetB = k[f] K. fR:f 2 mggisin correspondence
with V(f) Spec m(B). PIT implies that dim V(f)=0. Thus, V(f) is a
nite set.

Note: f 2 Ri 1=f 2 mg. O

De nition 54. Cyx = fDVRs of K=kg
Elements of Cx will be called "points" P. DVR given by P is Rp with
maximal idealmp.

We de ne a topology onCk to have as closed sets the nite sets and all
of Ck. We also letf 2 K and P 2 Cx, assumef 2 Rp.

De nition 55. f (P) is de ned to be the image of by Rp ! Rp=mp = k.
ie. f(P)=f modmp.

The regular functions on a nonempty open subset Cx are then the
Setk[U] =\ p2U Rp K.

This makesCx a SWF.

Note: If U Cg open,f 2 k[lU]thenD(f)=fP 2 U :f(P) 6 0g =
fP2U:f 2 mpgis open by the second corollary.

Example Let K = k(t). The DVRs of K=k are K[t]; 5 for a 2 k and
K[1=t]1=y).
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Then C¢ and P! are in 1-1 correspondence, witk[t]: » corresponding
to a2 Al and the other point corresponding to the point at in nity.
Note: If f 2 K[t} o thenf(t) = f(a) mod (t a), f (K[tlx &)= f ().

Theorem 27. Cg is a non-singular curve andk(Cx ) = K.

Proof. Take anyf 2 K nk. B =Kk[f] K. U=fp2Cx :f 2 Rpg Ck
is open.

We dene :Spec m(B)! UbyM 7! By. The prop implies that
this is bijective.

is @ homeomorphism, as the closed sets are the nite sets intho It

remains to show that this is a morphism of spaces with functis.

For V Spec m(B) open, thenk[V] = \ m2vBm = \p2 v\)Rp =
k[ (V).

Thus, :Spec m(B)! U is anisomorphism of spaces with functions.

Note: If P 2 Cx thenf 2 Rp or 1=f 2 Rp. Thus, Cx = Spec m(K[f ]|
Spec m(k[f 1]). This is an open a ne cover, and soCy is a prevariety.

Let P;Q2 Ck. Enoughto nd anopenane U Cg suchthatP;Q2
U. Takef 2 Rpnmp andf 2 k. (f =1+ t, (t) = mp).

If f 2 Ro then P; Q are both in Spec m(K[f ]).

Otherwise, Ef 2 Rq, so both are in Spec m(k[1=f]).

Thus Cx is a variety. It is nonsingular and of dimension one by constc-
tion. We must show that it is irreducible.

Ck Is, in fact, irreducible because its proper closed sets areite and Cg
is in nite. O

Proposition 19. Let C be an irreducible curve and® 2 C a nonsingular
point. Let Y be any projective variety and : CnfPg! Y is any morphism
of varieties. Then9! extension :C! Y.

Note: No points inY are "missing".

Proof. Y  P" closed subset. It is enough to make: C! P".
WLOG (Cnfpg) 6 V.(x;) forall i. SetU = D(Xo;X1;:::;%,)  P™.
(Cnfpg)\ U6 ;.
Setfj = x;=x, 2 k(C). Denedon *(U)6 ;.
vp 1 K(C) ! Z is the valuation given byOcp.
Setr; = vp(fip) for O i n. Choosej such thatr; minimal.
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As ;(—J' = ;(jiz))((z, i = in:ija SOVp(f i ) =TI 0. ThUS,fij 2 Oc;p for
alli. Note thatif Q2  (U), then (Q)=(fg(Q):fy(Q):::::f;(Q)=
100015 (Q)).
We can then extend to P by this expression. Then is a morphism on
NU)[f pgandso :C! P"is a morphism. O

Lemma 9. R K is a local ring, k R, R is not a eld. Then R is
contained in some discrete valuation ring oK=K.

Proof. SetB = R K. Lying over implies that there exists some maximal
idealM B suchthatM \ R = mg.

Claim: By is a DVR of K=Kk.

Let 06 f 2 mg. S = k[f]is a Dedekind domainS B.NM =M\ Sis
a maximal ideal of S.

Thus S, is a DVR of K=k. S, Bn ( K and a lemma from before
says that we have equality ofS;; and By . O

Theorem 28. Cg is a projective curve.

Proof. Let f 2 K nk. U = Spec m(Kk[f]), V = Spec m(k[f 1]), and
Ck = U[ V an open ane cover.

U AN closed.U PN projective closure.

The proposition implies that the inclusionU ! U extends to a morphism
" CK I U.

Similarly, we take V to be the projective closure ofV. ThenV ! V
extendsto' ,:Cx ! V.

We now dene' :Cc! U V by' (P)=("41(P);" 2(P)). SetY =
"(Ck) U V.

Y is a projective variety.

Claim: " : Cx ! Y is an isomorphism.

Note: ' (U) U V is aclosed subset. Let ="', id:U V!
V. V.'(U=fuv2U V:'yu =vg= I} y)closed. Thus,
"(U)= Y\ (U V), which impliesthat' :U! Y\ (U V) is bijective,
isomorphism.
So y:Y\ (U V)! Uisthe inverse.
Similarly, ' : V! Y\ (U V) is an isomorphism.
Note: k(Y) = k(Ck) = K, and forallP 2 Cx, Oy (,y = Rp K. Thus,
is injective.
For surjective, lety 2 Y. Thenk Oy, K is a local ring. By the
lemma, Oy, Rp forsomeP 2 Cx. Oy,, Rp = Oy.:(pysoy="(P). O
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Corollary 12. Any curve is birational to some nonsingular projective cue:

Corollary 13. X is any nonsingular curve, thenX = some open subset of
Ck, K = k(X).

Proof. ' : X I Ck by ' (x) = P whereP 2 Cx such thatRp = Oxx K.
Injectivity is clear. Claim: ' (X) Cg isopen. TakeU X open a ne.

k[U] is generated byfq;:::;fp. P2 ' (U)i k[U] Rp,i f;2 Rp foralli.
Thus, ' (U) =\, Spec m(K[f;]) open. Thus' (X) Cg is open.
"X T (X) is a homeomorphism. To check that is an isomorphism,

then U X open givesk[U]\ you Ox.x = \ p2 (YR (x) = K[' (U)]. O

Exercise Two nonsingular projective curves are isomorphic i they hve
the same function eld.
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Chapter 7

Degree of Projective Varieties

counted with multiplicity, then it is equal to d;:::d,.
Classical De nition: X P" closed, then deg) = #( X \ V) where
V  P"is a linear subspace with dinv +dim X = n.

#( V. (f)\ general line) = degf .

Warning: V. (xz y?), V.(x) P2 These are isomorphic but have
di erent degrees. So degree is not a property of a projectivwariety, but
rather one of the embedding into projective space.

Example: f 2 Sis square-free, defj = d. Then X = V. (f), I (X) = (f),
R = S<f) is the projective coordinate ring.

Note: dimy(Sy) = m; : , Where S, is all forms of degreem. This

is %(m + n)(m+n 1):::(m+ 1), which is actually a polynomial in m of
degreen with lead coe cient 1.

Consider 0! S 1" S1 R ! Oimpliesthat 0! Sy ! Sp!
Rn ! Ois exact. Then dimR, =dim S,, dimS,, 4, which is m+n

m+n d ,whichis L(m+n):::(m+1) L(m+n d)::(m+1  d).

Which is a polynomial of degr
This has lead coe cient 2 (* i (i d)= nd= (ndl)!.

n!

Recall: A gradedS-module is a moduleM with a decompositionM =
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¢2zM4 as abelian group such thaS,My M +4.

De nition 56. Ann(M) = ff 2 S: fM = 0g is a homogeneous ideal,
SuppM) = V. (Ann(M)) P".

Reason for Supp isx 2 P", P = I(fxg) S is a homogeneous prime
ideal. Mp 601 P Ann(M),i x 2 SuppM).

Example: X  P" closed, then AnnG=I(X)) = 1(X), so SuppE&=I(X)) =
V. (1 (X)) = X.

Note: My is a k-vector space for alld 2 Z becauseSpMy My. If M is
a nitely generated gradedS-module, then dimi M4 < 1 forall d.

De nition 57  (Hilbert Function) . H ; (d) = dim M4 is the Hilbert function
of M.

Theorem 29. If M is a nitely generated gradedS-module then9!Py, (z) 2
Q[z] such thatPy (d) = dim ((M4) for all d su ciently large. We call Py (2)
the Hilbert Polynomial.

De nition 58 (Numerical Polynomial). P(x) 2 Q[z] is a numerical polyno-
mial if P(d) 2 Z for all d su ciently large in Z.

m!

Example: ri =12z 1):::(z m+1).

Note: ; :m2 N is a basis overQ for Q[z].

Lemma 10. P(2)= ¢+ ¢ i +:0+ G f 2 Q[z], ¢ 2 Q. Then TFAE

1. P(z) is a numerical polynomial.

2. P(d)2Zforalld2 Z.

3.¢62Z.
Proof. 3) 2) 1 are easy, so we need)l 3.
We know that 21 £ = % ThusP(z+1) P(2)=
m m m 1
G+ cC Z o yis z
R A
We perform induction onr: P(z) is numeric, thenP(z+1) P(2)is also
numeric. Thus,c;;:::;¢ 2 Z, and soc, must also be an integer. O

46



Theorem 30 (A ne Dimension Theorem). X;Y A" closed and irre-
ducible, thenZz X \ Y component hasdimZ dimX +dimY n.

Proof. X\ Y =(X Y)\' an=(X Y)\V(Xy Vyi;::5Xn Yn) A" A"

use PIT. 0
WARNING: Does not prevent X \ 'Y = ;.
Theorem 31 (Projective Dimension Theorem) X;Y P" closed irre-

ducible,Zz X \ Y a component, thendmzZ dimX +dimY n. If
dimX +dim Y n is nonnegative, thenX \ Y is nonempty.

Proof. First statement follows from ADT.

Sets =dim X;t =dimY. C(X)= 1X) A", then dmC(X) =
s+1,dmC(Y)=t+1.

Every component ofC(X )\ C(Y) has dimension s+1+t+1 n 1=
s+t n+1 1,and 02 C(X)\ C(Y), so such a component exists. [

De nition 59  (Twisted Module). Let = 2 Z, M (") is the twisted module
given byM (7)g = M-,4. i.e., we are shifting the grading, but doing nothing
else.

De nition 60 (Homogeneous Homomorphism)A homomorphism' : M !
N of gradedS-modules is homogeneous if(Mq) My for all d.

De nition 61 (Homogeneous Submodule)A submoduleN M is homo-
geneous ifN = gz(N\ My).

This implies that N and M=N = Mg=(N \ My) are graded and 0!
N! M! M=N1! O0is a short exact sequence of homogeneous homomor-
phisms.

Note: Letm 2 M be homogeneous of degree that is, m 2 M-, then
| = Ann( m) S is a homogeneous ideal. Sé& = S m M, then
o!' I't S! NI O0is a short exact sequence, but it is not quite of
homogeneous maps, unless we chartgid to S( );1( 7). Thus, (S=1)( )
is isomorphictoN =S m M.

Exercise M f.g. module over a Netherian ring, thenM is a Netherian
module.

Lemma 11. M a f.g. graded module over a Netherian graded rin§, then
9 lItration O = MO i M =M such thatM' M is a homogeneous
submodule andM'=M' ' S=R(’;) whereP; is a homogeneous prime ideal
and’; 2 Z.
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Proof. Let N M be maximal homogeneous submodule such that the
lemma is true forN.

Claim: N = M. ElseM %= M=N 6 0, Take 06 m 2 M °°homogeneous
such that Ann(m) S is as large as possible.

Claim: P = Ann(m) prime ideal. P 6 S. Let f;g 2 SnP. Enough to
show thatfg 2 P. Note: gm 6 0 and Ann(gm) ) Ann(m), thus Ann(gm) =
Ann(m). So we must havefg 2 Ann(m), elsef 2 Ann(gm).

Thus, Sm' (S=P)( °), " = degm. SoM ! M=N = M® Sm,
N M is the inverse image oEm, and N ( N, and the lemma is true for
N. O

De nition 62  (Eventually Polynomial). f : Z! Z is eventually polynomial
if 9P (z) 2 Q[z] such thatf (n) = P(n) for all n>> 0.

Set f(n)=f(n+1) f(n)

Lemma 12. f is eventually polynomial of degree i f is eventually poly-
nomial of degreer 1.

Proof. ) : Obvious.

( : Assume f(n)= Q(n) for all n >> 0 whereQ(z) = ¢+ ¢, Z 4

1
z — z z
S o " 1.SetP(z)—cl 1 + i+ G .
Then P =Q,so (f P)(n)=0forall n>> 0. Thusf(n) P(n)= ¢
a constant forn >> 0. O

SetS = K[Xo;:::;X,], M a f.g. gradedS-module.
Hilbert Function: Hy (d) = dim (M), and SuppM) = V. (Ann(M))

P".
Note: IfO! MO!I M I M%! 0is a short exact sequence of graded
S-modules, then Suppi!) = Supp(M 9 [ SuppM %.

- Ann(M)  Ann(M9Y\ Ann(M 9.

s Let x 2 P". If x 2 SuppM 9 [ SuppM %, then 9f 2 Ann(M 9 such
that f (x) 8 0 and 99 2 Ann(M % such that g(x) 8 0, then fg 2 Ann(M),
but fg(x) 6 0.

Ann(MYANN(MS  Ann(M)  Ann(M9Y\ Ann(M9%.

Theorem 32. M f.g. graded module oveB = K[Xo;:::;X,] thenHy (d) is
eventually equal to a polynomiaPy (d) of degreedim(Supp(M)).
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Proof. 9 ltration 0 = M°® :::  M'" = M. such that M'=M' 1
(S=R)(";) where P; P Sisa homogenegus prime.

NOte:HM(d): IlHMIMI l(d)— IlHS pl(d+ |)

SuppM) = [ SuppM'=M' 1) = [, V. (P)). WLOG, M = S=P, P
a homogeneous prime. Induction 0¥, (P):

If P =(Xo;:::;Xn), then the theorem is true if we take dim = deg0 =

1.

Otherwise, somex; 2 P. Setl = P +(X;). Then V. (1) ( V:(P), so
dimV.(I)=dim V. (P) 1 by the projective dimension theorem.

By induction, Hs- (d) is eventually polynomial and degPs-,) = dim V. (P)
1

0! (S=P)( 1)! S=P! S=I! 0,s0 Hsp(d 1) = Hs-p(d)
Hs-p(d 1) = Hg(d), soHs=p(d) is eventually polynomial of degree equal
to dim V. (P). O

Note: Py (2) = ¢+ ¢, i +i0+ G f 2 Q[z] is a numeric polynomial,
sog 2 Z.

r =dim Supp(M), sor!(lead coef ofPy (2)) 2Z O

De nition 63  (Hilbert Polynomial of a Variety). Let X  P" be a closed
subvariety of dimensiorr, then Px (z) = Ps-(x)(2) is the Hilbert Polynomial
for X.

We now de nedeg(X) = r!(lead coef ofPyx (2)).

Examples
1. degV, (f) =degf
2.V P" linear subspace. WLOGV = V. S(X;+1;:::;%X). S=I(V) '

K[Xo;:::5%c], SOPs=(x)(d) = ' J; d , SO lead coef is 4r!, so we get

degree 1.

Proposition 20. X;X, P" closed,dim X; =dim X, = r, no components
in common, thendeg(X,[ X,) =deg X, +deg X,

Proof. 11 = 1(X1), X2 = 1(Xy).
I (X1[ X2) =11\ 15,5000 SHI\ 1) ! S=Il; S=l,! SHl;+1,)! O.
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The rst takes f 7! (f;f ) and the second takesf(g) 7! f g. They
are injective and surjective, and so we see this this is a shexact sequence.
Thus Px, (d) + Px,(d) = Px,[x,(d) + Ps=1,+1,)(d), so SuppS=(I1 + I2)) =
V+(|1 + |2) = Xl\ Xo. dim<r , SO LC(PXl) + LC( sz) = LC( le[ Xz)' O

Corollary 14. If X  P" has dim zero, therdeg(X ) = the number of points
in X.

De nition 64 (Simple Module). If R is aring andM an R-module, thenM
is simple if M has no nontrivial submodules an®1 6 0. This is equivalent
to M ' R=P whereP R is a maximal ideal.

De nition 65 (Decomposition Series) A decomposition series forM is a
Itration 0= Mg ( My ( :::( M, = M such thatM;=M; ; is simple for
all'i.

De nition 66  (Artinian Module) . If there exists a decomposition series,
then M is an Artinian module and we de nelength(M) = r.

Assume thatR is Netherian and that M is a nitely generated R-module.
Then there exists a ltration 0 = Mg ( M1 ( ::: ( M, = M. such that
M;=M; , is isomorphic toR=P; whereP; R is maximal.

Note: Ann(M) P; for all i.

Lemma 13. If P R is a minimal prime over Ann(M) then Mp is an Ar-
tinian Rp-module which hadengthz, (Mp) = jfi : P; = Pgjin the lItration
of M.

Proof. 0 = (Mo)p (Ml)p M (Mr)p = Mp, and (Mi)pz(Mi 1)p =
(Mi=M; 1)p = (R=P)p.
If P = P;, then we getRp=PRp, else we get 0. O

X P"is a closed subvarietyS = K[Xo;:::;Xn], then dimg(S=I(X))q4 =
Px (d) for all d >> 0. dim(X) = deg(Px) and deg(X) = (dim X)!LC(Px)

Assume X P" has pure dimensionr. That is, all components ofX
have dimensionr.

Y = V. (f) P"ahypersurface such that no component &f is contained
in Y. Also assume thatf 2 S is square-free.

Let Z X \'Y be a component. Thendinz = r 1. SetM =
SHI(X)+(f)). Supp(M) = X\ Y, do if P = 1(Z), then P is minimal
prime over Ann(M ).
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De nition 67  (Intersection Multiplicity) . 1 (X Y;Z)=lengthg, (Mp)
P
Theorem 33. degX)deg(Y)= , 4,y ! (X Y;Z)deg@).

Proof. Setd = deg(X), e=deg(Y).

Then we have a short exact sequence! 0 S=I(X) ) S=I(X)! M! 0.

This gives us 00 (S=I(X)): ¢! (SHI(X)))-! M- 0 will be a short
exact sequence for each where this is breaking it into homogeneous parts.

Thus Py (\) = Py (\) Px (\ e). Thus LC(PM) =r e LC(Px) =
red=rl = %

Take ﬁtration 0= Mo( My ( :::( M¢=M,M; M is homogeneous
and M;=M; ; is isomorphic to S=R Where P, P is a homogeneous prime
ideal. P P

SoPu ()= i Bwmi ()= o s hom primePs=o()if i : Q= Pigi
and from this we get pz X\ Yicomponent S 1 Pi =1 (Z)gjPz(")+ LOT. So we
have LC(Py) = G 1), s xvy (X Y;Z)deg@). O

Corollary 15 (Bezout's Theorem) LepX; Y P? be curves of degred and
e such thatX \ Y is a nite set, then .., !(X Y;P)= de

Exercise P2 X\ Y P?thenl(X Y;P)=1 ( P is a nonsingular
point of both X andY and X andY have di erent tangent directions atP.

Bezout's Theorem forP"

Idea: If X FP” is closed and irreducible and¥  P" is a hypersurface,
then [X] [Y]= . «\vI(X Y;Z) [Z].

Suppose thatYy; Yy, 0 Yy P" are hypersurfaces 1gj,lch that their in-
tersectlon is nite. Then (:::([P"] E{l]) [YQ] D) [Yal= 2, G[Pi] where

Y\ iV Y, =Py Pyg. Then . = Jldeg(Y,)

In fact: (:::([P"] [Y)::) [V, ]— Iqum)[ i] whereYy\ 2\ Yy, =
Zy[ :::[ Zn, components, then™ ., deg(Y;) = |2 ¢™ deg@).

Fact: ¢; q-(m) do not depend on the order of multiplication.

Corollary 16. Y;\ :::\ Y, nite implies that jY;\ :::\ Yqj Q deg(y;).
Useful Fact: X41;:::; Xm  P" irreducible closed,d 2 N then there exists

irreducible hypersurfaceY  P" of degreed such that X; 6 Y for all i.
vg:P"! PN,N = n;d 1 the veronese map, thery = P"\ H,

H PN hyperplane.
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Intrinsic: fhypersurfaces of degred in P"g $ P(Sy) nonsquarefree by
Vi(f)$ [f]

firreducible hypersurfaceg $ P(Sy) N[ p+gq=d' p:g(P(Sp)  P(Sq)) where
"t P(Sp)  P(Sg) ! P(Speq) 1 [f] [0l 7! [fgl

n+p _ n+q n+p+q
n n n

Now, if X  P"is closed, thenX  V.(f)i f 21(X)q4. Thus

fhypersurface6 Xg$ Wyx = P(Sq) nP(l (X)g). Now, we can conclude
that firreducible hypersurfacesy in P" of degreed such that X; 6 Y for all
i correspond toU\ Wy, \ :::\ Wy P(Sy) is still a dense open subset.

soU P(Sy) is a dense open subset.
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Chapter 8

Sheaves

De nition 68 (Presheaf) Let X be a topological space. A preshe&f of
abelian groups orX is an assignmentU 7! F (U) of an abelian groupF (U)
to each open subseted of X plus group homomorphismsyy : F (U) !
F (V) wheneverV U X open with

1 UU:id
2 vw uv= uw WhenW V U

Notation: elements ofF (U) are called sections ofF over U, yy are
called restriction maps ands2 F (U), V U, thensjy = yv(S). Also, say
(UF)=F (V).

De nition 69 (Sheaf) A sheaf is a presheaF such that
31fs2F (U)andU = [V; an open cover, thersjy, =0 i s=0.

4 1f U = [V an open cover and have sectiorss 2 F (Vi) and sijjv\v, =
Sijvay, for all i;j, then there existss 2 F (U) such thatsjy, = s;.

Note: The sections of axiom 4 is unique by axiom 3.
Remark: We can easily de ne sheaves of rings, sets, modulet.
Examples:

1. X is a SWF, then we can de neOyx of k-algebras byOyx (U) = k[U].
This sheaf is called the structure sheaf of .
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2. Let M be a manifold, Oy (U) = fC! f : U ! Rg. Then there
is :TM ! M the tangent bundle, (x)= TyM. ThenTM $ a
sheafT of Oy -modules. T (U)=fs:U! TM suchthat (s(x)) = x
forall x 2 Ug. T (U) is a Oy (U)-module.

De nition 70  (Morphism of Sheaves) A morphism' : F ! G of (pre)sheaves

consists of homomorphism$ : F | G for all U X open such that
s2F,V Uopen,then' y(s)jv =" v(sjyv) 2 G(V) and
G\ —->G(U)

‘l V ‘I U
F (W ~F ()

If* :F ! Gand :G! H are morphisms,wedene ' :F ! H
by ( "Ju = u '"u- Anisomorphism is a morphism with an inverse
morphism.

De nition 71  (The stalk of F at x). If F is a presheaf onX, x 2 X then

the stalk ofF at x is Fx = |im U3x F (U). This means

1. F, is an abelian group (or whatever)

2. If x 2 U we have homomorphismyy : F (U) ! Fy, ifx2V U
then yx= vx uv.

3. If G is any abelian group with homomorphismsy : F (U) ! G such
that y = v yy forall x 2 V U, then there exists a unique
group homomorphism , :F,! Gsuchthat y = , ux

Example: X a variety, x 2 X. Then Oxx = !im U3x Oy =local ring of X
at x. L
Construction F , = usx F (U) =N0;:::;0;s;0;:::;0; Sjy;0;:::;0):
8s2F (U);x2V Ui.

Notation: If s2 Fy andx 2 U write s, = yx(S) 2 F .

ExerciseLet F be a presheatf.

1. All elements ofF  can be written ass, for somes 2 F (U), x 2 U.

2.52F (U),x2U,5,=02F4i sjy=02F (V)forx2V U.
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Exercise F isasheaf.s2 F (U). s=0 | sx =0forall x2 U.
Note: A morphism' : F ! G gives a homomorphism , : F, ! G,
"x(sx) = "u(S)x, S2 F (U);x 2 U.

X 2 U:
G- — »GU)

|

Fx— ~F (V)

Proposition21. ' :F ! G is amorphism of sheaves. is an isomorphism

i 'x:Fyx! G are isomorphisms for allx 2 X.

Proof. ) : Clear

( : We must show that' : F (U) ! G(U) are isomorphisms. ' y is
injective ass 2 F (U), if ' y(s) =0 2 G(U) then ' 4(sx) = ' u(S)x =0, but
' ¢ is injective, and sos, =0 for all x 2 U, sos=0.

To see that' | is surjective, taket 2 G(U). ' 4 surjective implies that
ty = ' x(s(X)x) 2 G for somes(x) 2 F (V) whereV, U are open subsets
containing X.

Nowty = ' v, (S(X))x. We can makeV, smaller such thattjy,, = ' v, (s(x)) 2
G(W). " (s(X)ivav vy) = tivvyy ' (S(Y)ivi v ) Thus s(X)jv, v, = S(Y)ivi v, -

Patch: There exists a uniques 2 F (U) such that sjy, = s(x) 2 F (V)
forall x 2 U. " y(9)jv, = ' v.(Slv,) = " v (S(X)) = tjy,. Thus' y(s) =t 2
G(U). O

Remark: F is a sheaf onX, U X is open. De neF jy to be the sheaf
onUby (ViFju)=( V;F)

Example: Let S = f(x;y) 2 R? : x2+ y? = 1g. De ne sheavesF ;G
by F (U)=ff :U! R:f islocally constang and G(U) = fg:U! R:
%9= 1g. If U ( StopenthenF jy' Gy by f(xy) 7! f(x;y)+Arg( x;y),
soF,' Fy forall x2 S but F and G are not isomorphic as= (S') = R

and G(SY) = ;.

Shea cation

Let F be a presheaf orX, de ne a sheafF I as follows:U X open
setF " (U) to be the set of all functionss: U! ., Fx such that

1. s(x) 2 F for all x
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2. 8x 2 U there exists an open se¥ with x 2V U andt 2 F (V) such
that s(y)=ty, 2 F, forally 2 V.

De nition 72. We dene amorphism : F ! F " byt2 F (U), y(t)=
X 7' t,]2 F T (V).

Exercise: s :Fy! F .

Proposition 22. Let F be a presheaf an& be a sheaf’ :F ! G is any
morphism. Then there exists a uniqueé* :F * ! G such that' ="'~

Proof. Let s2 F *(U). i.e. s: U! «wu F x. For x 2 U chooset(x) 2
F (W) s.t. x 2V, U open ands(y) = t(x)y forally 2 V.
Set (x)= "y, = " v (X)) 2 G(W):
If y 2 Vy, then (x)y = ' (t(X))y = " y(t(X)y) = " y(s(y)) 2 G,. Thus,
XD\ v, = (X2)lvi,\ vy, » Which gives thatf (x)g glue to 2 G(U). Set
" u(s) = t. Exercise: Check the details! O

De nition 73. ' :F %l F is a morphism of sheaves.
We say' is injective if ' y is injective for all U  X. If ' is injective,
then we sayF ° F is a subsheaf a§ qQU) F (U).

Exercise ' injectivei ', :F 2! F, isinjective for allx 2 X.
Consequence: If : F ! G is a morphism of presheaves such that
"u:F U)! G(U) injective forall U X open,then'* :F* 1 G is
injective.
Proof. Check: ' , : Fy, ! G injective forallp 2 X. If ' ,(sp) =0 2 G,
fors2 F (U), p2 Uthen' y(s), =0so"' y(s)jy =0forp2V U, so
"v(sjyv) =0. Thus sjy =0, sosp =0. O

In particular: If a presheafF is a subpresheaf of a she® then F * is
a subsheaf ofG.

De nition 74 (Kernel and Image) Let' : F | G be a morphism of
sheaves of abelian groups.

Then ker' = the sheafU 7! ker(" y) F (U).

Im" = the shea cation of the presheafU 7! Im(* y) G(U).

Note, ker' F,Im' G are subsheaves, and injective i ker ' =0.

De nition 75  (Surjective). ' is surjective if Im(* ) = G.
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WARNING: " surjective DOES NOT IMPLY that ' | is surjective.
Exercise ' surjectivei ' ,:F,! G, surjective forallp2 X.

De nition 76  (Quotient Sheaf) F ° F a subsheaf, therF =F ° = the
shea cation of [U 7! F (U)=F qU)]

We have a surjective morphisnF ! F =F %which has kernelF °.

Notation: A sequence of sheaves F i !' Fi*1 [ Fi¥2 | ---jg5 g
complex if i1 i=0forall i andis exactifIm ; =ker ;.1 foralli.

Equivalently, complexes and exact sequences of the stalkghe category
of abelian groups.

Example, 0! F%! F | F®I Qisexacti F° F andF %
F=F°C

De nition 77. f : X ! Y a continuous map,F a sheaf onX, thenf F
is a sheaf onY dened byf F (V)= F (f 1(V)).

Example X avariety, Y X closed,i : Y ! X the inclusion,U X
open, thenl y(U) = ff 2 Ox(U)jf(y) =0;8y2 U\ Yg, Iy Oy isa
subsheaf of ideals. The®y (U)=l v (U) are the regular functionsU\ Y I k
which can be extended to all ofJ.

Ox=l y ' 1 Oy because we can extend locally. We have exact sequence
O! T y! Ox! i Oy! 0,which will often be written 0! | y ! Oy !
Ooy! 0.

Example,f : X I 'y a morphism of SWFs, we get morphismi : Oy !

f Ox by Oy (V) ! f (Ox(V))= Ox(f Y{(V)),h7'h f =1 h.

Exercise Find a morphismf : X I Y of varieties such thatf : Oy !
f Ox is an isomorphism, butf is NOT an isomorphism.

De nition 78 (Inverse Image Sheaf)Letf : X ! Y continuous, G a sheaf
onY.U X open, denepre f 1G(U):I,imV (L) G(V).

We have mapsG(V) ! pre f G(U),s7!'f 1s, f(U) V. pre
f 1G(U) = ff sjs2 G(V);V f(U)g. f 1s=0 siw = 0 where
f(U W V. This is a presheaf onX. We dene f G to be the
shea cation of this presheaf.

Special CaseX Y isasubseti:X ! Y the inclusion, Gjx =i !G.
Example: X Y open,pre i 'G(U) =lm v U G(V) = U. ltis already
a sheaf, and so the special case just mentioned above holds.
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Exercise: € 'G)p= G-

Adjoint Property

f : X I Y continuous, F a sheaf onX, G a sheaf onY, let ' :
G! f F be a morphism of sheaves of. U X open,V  f(U), then
G(V)!"Y F (f Y(V))! F (U)and maps are compatible with restrictions of
G, so this induces y : pre f 'G(U)! F (U), which gives a morphism

pre f G! F,wesheafytoget *:f 1G! F.

Exercise hom(G;f F)! hom(f 'G;F):' 7! * is an isomorphism
of abelian groups.

Category Theory Interpretation: f ! is a left adjoint functor to f and
f is a right adjoint functor to f 1.

Let X be a variety (ringed-space)

De nition 79  (Ox -module). An Ox-module is a sheaF on X such that
F (U) is an Ox (U)-module for all openU X, such that ifV U open
thenF (U)! F (V) is Ox (U)-homomorphism (ie,f 2 Oy (U), m 2 F (U),
(f mjv ="~fjyv mjy.)

An Oy -homomorphism' : F ! G is a morphism of sheaves such that
"u:F (U)! G(U) is an Oy (U)-homomorphism for allU X open.

Note ker' F and Im' G are subOyx -modules,F is an Ox -module
implies that F p is an Ox.p -module.

De nition 80 (Tensor Product). F ;G, Ox-modules,F o, G =[U 7!
FU) o w G

Exercise: € o, G)p=Fp o G

S
De nition 81  (Locally Free). An Ox -moduleF is locally free if9 U =
X an open cover such thaF j, ' O,".

Example: :A"™' nfOg! P", letm?2 Z.

De nition 82. A sheafO(m) = Opn (M) of Opn-modules is ( U;O(m))
fh2 k[ (U):h(x)= ™hx)8 2 U); 2kag.

Note: f 2 S = K[xo;:::;Xn] homogeneous of degree 0. k| (D, (f))] =
KID(f)l= St. So ( D+ (f);0(m)) = (St )m.

O(m) is an invertible Opn-module (invertible means locally free of rank
1).

OnU = D.(xi): Oy ! O(mM)jy, h 7! x"h. Note that Opn(0) = Opn.
( P";0(m)) = Sy, whenm 0 and O else.
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Lemma 14. O(m) p O(p)' O(M+ p).

Proof. U P"open. (U;O(m)) (U;O0(p)! (U;O(m+p),f g7!fg.
Shea cation gives a mapO(m) O(p) ! O(m + p), restricting to U we
have OUi OUi ! OUi . U

Consequence:O(m) ' O(p)i m=p. If m pand O(m)"' O(p)
implies that O(m p) * O(p p), on the right we have nonzero global
sections, on the left we only do im  p nonnegative, sam = p.

Later: Any invertible sheaf onP" is isomorphic toO(m), m 2 Z.

Coherent Sheaves

Let X be an ane variety and A = K[X], let M be anA-module.

De nition 83  (Quasi-Coherent Sheaf)M =[U 7! M 5 Ox (U)]* is called
a quasi-cohereniOy -module.

Note: M AOx(D(f)): M A Af = My,

ExamplesA= Ox,Y X closed,l =1(Y) A.I'=1y Ox.

Exercise: A=l = i Oy.

Claim: My = M, forp2 X, 1(p)= I (fpg) A.

M@ ! Npby m=f 7! (m 1=f),, this tensor product is in M (D (F)).
Surjectivity is clear.

Injective: if m=f 7! 02 NI, then (m 1=f)jp ) = 0 for someh 2 Anl (p),
som 1=f=02M AA,= My, thush"m=02 M, and som=f =0 2
Mi () .
ConsequencévT (U) =set of functions s : U ! p2u Mi(p) such that 8p 2
U, thereexistsp2 V. Uandm 2 M;f 2 A such tthat s(p) = m=f 2 M,
forallq2 V.

Proposition 23. M(D(f)) ' Ms.
Corollary 17. 1. Oy (D(f)) = As
2. (X;Nr)= M.
We now prove the proposition.

Proof. :M¢ ! NI(D(f)) the obvious m
It is injective, as if (m=f")=0then m=f" =0 2 M, forallp2 D(f).
Thus, for allp 2 D(F), there existsh, 2 Anl (p) with hym=0 2 M. D(f)
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s D(hp) ) V(fl}, V(fhyg), sof 2 1(V(fhyg)) meansf™ = P o &phyp for
a2A. f¥m=" ahym=0, thus m=f" =0 2 My. S

Surjectivity: Let s 2 Nr(D(f)), there exists a coverD(f) = ., V,,
m; 2 M, h; 2 A such thats = m;=h onV,. WLOG V, = D(g) and
V; = D(hy) (replacem; 7! gm; by h; 7! gh;).

On D(h|hj) = D(h|)\ D(hj), s= mi=h = m; :hj 2 M(D(I’hhl )), injectiv-
ityfor D(h|hj) . mi=hi = m; :hj 2 Mhihj' So Cnihj)N (hj m; himj) =02 M.
Replacem; @ hNm;, h; 70 hNSE, hymy = himy;.

D(f) D(hj) sof" = a;h; wherea; 2 A. Setm = P am; 2 M.
Claim: s = (m:f”)P P

Forallj,hm=ham;=( ;ah)m; =f"m;.

Som=f" = m;=h = sonD(h;). O

De nition 84  (Quasi-Coherent and Coherent) Let X be any varietyS An
Ox -mdule F is quasi-coherent if there exists an open ane coveX = U,
and k[U;]-modulesM; such thatF jy, ' M; as Oy, -modules.

F is coherent if M; nitely generated k[U;]-modules for alli.

Examples:

1. All locally free Ox-modules are coherentlJ = Spec m(A), A™" =
o,".

2. Y X closed,| y andi Oy are coherentOyx -modules.

Oa(U) 02U

. — 1 — A

Example: X = A+, F (U) = 0 02U

extension of theOaunroq Dy zeros. F is an Ox -module, but is not quasi-
coherent, asifU X isopenaneand 02 U, then (U;F )=0 but F jy
is not the zero sheaf.

Exercises:

This is called the

1. F is quasi-coherenti F jy ' F {U) for all openane U X.

2. F is coherent impliesF (U) is nitely generated k[U]-module for all
a ne open U.

3. f : X ! Y amorphism of varieties.

(@) f ane implies that f Oy quasi-coherent.
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(b) f nite f Ox coherent.

Example: M a nitely generated A-module, X = Spec m(A). Then M
is locally freeOx -module of rankr i M is a projective A-module of const.
rank r. S
(M loc free i X =~ D(fi), Mpg,) ' Opyyr i My = A" i M
projective.)

Recall: X is complete implies (X; Ox) = k. More general fact: F a
coherent sheaf on a complete varietX then dimy ( X; F ) < 1 . We will
use this without proof. (Projective case in Hartshorne, Gaaral in EGA.)

Note that ( Al; Oa:) = K[t] which has in nite dimension.

Pushforward, Pullback

Letf : X ! Y be a morphism of varietiesF an Oyx-module, thenf F
is af Ox-module, we have ring homomorphisni : Oy ! f Oy, and so
f F is an Oy-module.

Let G be aOy-module f G is anf 'Oy-module. ¢ h f s =
f *(hs))

Oy ! f Ox isthe same ag 'Oy ! Ox by the adjoint property.

De nition 85 (Pullback). Dene f G = f G ; 10, Ox, we call it the
pullback.

Examples

1. f Oy = Ox.

2. (f G)p=(f *G)p « 2002 Oxp = G(») Ovy () Oxip-

3.U Yopeni:U! Yinclusion,i G= Gjy o,j, Ou = Gju.

Adjoint Property

f : X ! Y a morphism of SWFs.G an Oy-module. We havef Oy -
homomorphismf G ! f G by s 7! s 1. This gives an : Oy-
homomorphismF ! f f G.

Lemma 15. G is anOy-module,F is anOx-module. Thenhomo, (f G;F )"
home, (G;f F ).

Proof. Given :f G! F weobtain :G! ff G' fF.
Given :G! f F,weobtain ~:f 'G! F whichis anf Oy-hom.
Take :f G=f F { 10,O0x! F bys h7'h Ts). O
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Functoriality X "y 9z morphism of SWFs. IfF is a sheaf onX,
g(f F)=(of) F.

Proposition 24. 1. G on Z implies that (gf) ‘G =f (g 'G)
2. G an Oz-module implies that(gf) G=f (g G).

Proof. We will prove case 2.
id:(gf) G! (gf) GgivesG! (gf) (gf) G=gf (gf) Ggivesg G'!
f (gf) G which givesf (g G)! (gf) G.
We have a global homomorphism, so enough to check stalks.(g G), =
(9 G)t(p oy rOxip- THiSIS (Gyt (p) 0741 (5 OVt @) Ovs (»Oxp = Gt (0) Oz ()
Ox;p =((9f) G)p 0
Letf : X ! Y be a morphism of SWFs.G is an Oy-module, andf G
isanf 'Oy-module.

De nition 86  (Pullback). f G=1f G ¢ 1o, Ox is an Ox-module.

f :0Oy! f Oy induces a mapf 'Oy ! Ox.
Some sections: 2 G(V),wesetf =f 1 12 (f Y(V);f G). The
stalks (f G)p = Gf(p) Ovi (p) OX;p-

fz1° X 1" Y, then (fg) G= g (f G).

Corollary 18. If G is a locally free Oy-module, thenf G is a locally free
Ox -module of the same rank.

S
Proof. Let Y = V; be an open cover such thaGjy, ' Ovir. SetU; =
fiv)  X.

f
¥— — >Y
fO
U- — >V
f Gjuy=pf G=1°qG"' f°q(0,")= Oy O

Lemma 16. f : X ! Y a morphism,0! G°! G! G O0is a short
exact sequence dDy-modules. Thenf G°! f G! f G% 0is an exact
sequence 0Dy -modules. If G%is locally free, then the rst map is injective.
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Proof. On stalks we start with 0! G%, ! G ! GY),! O exact. Tensor
produce is right exact and gets us téd , ad so we have the rst part of the
theorem immediately.

If G%is locally free, thenGY), is a freeOy s (;-module, and so the original
sequence is split-exact. O

De nition 87  (Generated by Finitely Many Global Sections) The Oy -
moduleF is generated by nitely many global sections i9 a surjective map
om! F.

as anOx;,-module.

Example: Any quasi-coherentOy -module, if X is a ne (this is just gen-
erated by global sections, requires coherent to be geneidtsy nitely many)

Suppose thatf : X | P"is a morphism, thenOp,"** I O(1)! 0 exact
implies that O,"** I f O(1)! Oisexact, sd O(1) is generated by global

Proposition 25. X a variety, L invertible Ox -module generated by global
sectionssy;:::;S, 2 (X;L ). Then9f : X I P" such thatf O(1)' L
andf (xi) $ s.

Proof. SetU; = fp2 Xj(si)p 2 mpL 0.

U open: IfV X open withL jy ' Oy, then L jy is generated by
t2 (V;L)sowe writes; = hit onV with h; 2 k[V]. Then U\ V = fp2
Vjhi(p) 6 0gis open inV. S

Note: L is generated bysp;:::;s, implies that X = i”=1 U, and Oy, '
L jy, implies that 1 7! sijy, .

On U;, we can writes; = hy s; for someh; 2 k[U;]. We de ne a map
g:U! P by f(p)=(hio(p):::::hin(p)).

The maps are compatible: OrlJ;\ U, hys = s = hjs; = hjhys, so
hy = hih;j. The map onU :p 7! (ho(p):::::hn(p) = hi(p)hio(p) @ ::::
h- (p)hin (p). Thus, we have a morphisnf : X I P".

Claim: 9 isomorphismL ! f O(1) by s; 7! f (Xx;). On U;, we de-
ne Ljy ! f O@Q)jy by hs; 7! hf (x;). This means thats = hys; 7!
hi f (Xi), we must check thatf (x:) = h;yf (x;). The de nition of f implies
that (x-=x) f = % = hy, sof (x:)=f (%xi)z f (§—;)f (xi) = hp f (X).
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And now we prove uniqueness: If : X ! P” is any morphism such
that L ' f O(@) ands $ f (x;) on U., hesi = f (x)=f (x) =
f (- -)f (xi) =1 (& -)si, sof (x-=x) = h; onU. O

De nition 88  (Very Ample Sheaf) Let L be an invertible sheaf orX. L

is very ample i L is generated by ( nitely many) global sections and the
mapf : X | P" given by generatorsy;:::;s, 2 ( X; L ) is an isomorphism
f: X! W P"locally closed.

Exercise Opn(m) is very amplei m 1.
De nition 89 (PGL). PGL(n) = GL(n+1)=k .

Exercise P GL(n) is an a ne algebraic group.
FACT: Every invertible sheaf onP" is isomorphic toO(m) for somem.

Corollary 19. Aut(P") ' PGL(n).

Proof. PGL(n) Aut(P") is trivial.

Letf : P" ! P" be an automorphism. The fact implies thatf O(1) °
O(m) for somem. In fact, ”’;nm = dim ( P":0(m)) = dim ( f O(1)) =
dm (O(1))= n+1,som=1. P

f Xo;::1;f Xn 2 (P";0(1)) form a basis. We writef (x;) =, &; X
fora; 2 k. Then A =(a;) 2 GL(n+1).

Dene,' : P"! P by ' (Xo::i:i: r])—( ag Xj :iilloanXj).
L (E)= e (%)
Thus, f =" 2PGL(n) O

Corollary 20. P" is not an algbriac group.
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Chapter 9

Normal Varieties

De nition 90  (Normal Variety). X is irreducible. Then X is normal i
Ox.p Is normal (integrally closed) for allp.

Example: Nonsingular varieties.

Note: X ane, then X is normal i Kk[X], normal for all maximal m i
k[X] is normal.

Exercise If A is a domain,S A multiplicative, then S IA = S A,

De nition 91  (Normalization). If f is an ane variety, K[X] k(X),
then k[X] k(X) is the integral closure. The normalization ofX is X =

Spec m(k[X]).

As we have the inclusiork[X]! Kk[X], we get a projection mapX ! X
which is nite.

Lemma 17. ' : U ! X morphism of anes, ' an open embedding i
of ;;:::f  n 2 K[X] such that(" fq;:::;" fn) = (1) k[U] and '
kK[XJ, ! K[U] ¢, is an isomorphism for alli.

S
Proof. ) : Take gpen coverU = i, D(fi), fi 2 K[X].

(:Setv= "1, D(fi) X.( fgi fi)=() Kk[U] implies that
'(U) V. Thus, we have that' :' YD(f;)) ! D(f;) is an isomorphism,
so' :U! V isomorphism. O

Lemma 18. AssumeX ane, U X is an open ane, then U X open
ane.
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Proof. K[X] k[U] k(X). Thus, k[X] k[U], so we have a morphism
iUl XL Take fy; i fa 2 K[X]as inlemma wrtU - X

(fe;::0:f0) = (1) K[U], and K[U];, = k[U];, = k[X], = k[X],. And
so, the lemma implies that' is an open embedding. O

Exercise Given pre-varieties X q;:::; X, open subsetsU; X; and
isomorphisms' j : U; ! U; such that Uy = X;, ' =id, for all i;j;k,
' i (Uij \ Uik) = Uji \ Ujk and' Kk = ik 'ij on Uij \ Ui , then 9! prevariety
X with morphism% i - X;j ! X suchthat ; : X; ! open X is an
isomorphism,X = in=1 i(Xi), i(Uij): i(Xi)\ j(Xj)and i= lij
on Uij .

De nition 92  (Normal). A variety X is normal i X is irreducible and
Ox.p are normal for all p.

Construction: X an irreducible variety, X = X[ :::[ X, open ane
cover, setU; = X;\ X;. ThenU; is ane, have j :U; ! U; nbe the
identity. Now Uj X; and still have j : U; ! U is the identity, so
the satisfy the hypotheses of the exercise. Thus, there dxsisa prevariety
X = X[ :::] X,. We call this the normalization of X .

Note: k[X;] is a nitely generated k[X;]-module, so we have nite
Xi ! Xj, which we can glue to a morphism : X ! X.

Exercise :X ! X is nite. (Check that (X;) = X;)

Exercise ' : X ! Y ane morphism of pre-varieities. Then Y is sepa-
rated implies that X is serpated, and s& is an irreducible normal separated
variety.

Example X irred curve implies : X ! X resoluton of singularities.

De nition 93 (Local Ring along Subvariety) Let X be a variety,V X

irreducible and closed. TherOy., = [im U XU\VE Ox (V).

If X is irreducible, thenOx.y, = ff 2 k(X) : f is de ned at one point of
Vag.

General Case:U X openane, U\ V6 ;,P=1(U\ V) KU,
Ox;v = k[U]p

De nition 94  (Regular alongV). X is regular alongV if Oyx., Is a regu-
lar local ring. i.e., the maximal ideal in Oy, is generated bydim(Ox., ) =
codim(V; X) elements. This happens iV 6 Xging.
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Chapter 10

Divisors

Let X be a normal variety.

De nition 95  (Prime Divisor). A prime divisor on X is a closed irreducible
subvariety of codimension 1.

Note: Y a prime divisor implies that Ox.y is a normal Netherian local
ring of dimension 1. That is,Ox.y is a DVR.
Consequences

1. codimXging; X) 2.
2. Have valuation mapvy : k(X) ! Z for each prime divisorY X.

Lemma 19. Letf 2 k(X) . Then v (f) =0 for all but nitely many Y.

Proof. Showvy (f) < 0 for nitely many Y. SetU X open set wherd
dened. Z=XnU. w(f)<O0i f2Oyxy i f isnotdened atany point
ofYi Y Z component. O

De nition 96  (Divisor Group). De ne Div(X) = free abelian group gener-
ated by all prime di\ﬁi,sors.
An elementD = ni[Yi;] is a nite sum and is called a Weil Divisor.

De nition 97. For f 2 k(X) , set(f) = P v W(f) [Y]2 Div(X).

Note f )= (f), (fg)=(f)+(g) Thus k(X) ! Div(X) by f 7! (f)
is a group homomorphism.
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De nition 98 (Class Group) De ne C (X ) =Div( X)=f(f): f 2 k(X) g.

Example C (A") = 0, as every hypersurface corresponds to a prime
divisor.

Remark X complex, dim(X) = n, then C(X) $ Ha, 2(X;2).

Remark X irreducible but not normal, we can still de ne C(X), use
Vy (f:g) = lengthOx;Y (OX:Y =(f )) lengthOx;Y (OX:Y :(g))

Divisors onP"

Note: All prime divisors are hypersurfacesf = V. (h) whereh 2 S =
K[Xo;:::;Xp] is an irreducible form.

P
Qe nition 99. Degree of a Divisordeg : Div(P") ! Z bydeg( mi[Y;]) =
m; degy;.

P Letf 2 k(P"), m 2 Z,g= Qir:1 h™, h; 2 S irreducible form. Then
m; degh;) = 0, so Y; = Vi (h;)) P" is a prime divisor, sovy, (h;) = 1,
Vy, (f ) = rri‘.'b P
(f) = ., mi[Y;] implies that degf) = m; degh;) = 0, thus, deg :

cC(PM! Zis well-de ned.
Claim: Isomorphism.
P Surjective: H P" hyperplane, degih[H]) = m. Injective: Let D =
mi[Yi]z2 Div(P"), suppose ded?) = O, tftsn Y, = Vi(hy), hj 2 S irred
form, so  m;degh;) =deg(D)=0,sof = ~ h™ 2 k(P") andD =(f).
Later: X nonsingular implies C(X) "' Pic(X), thus Pic(P") = Z.
X normal, Y X prime divisor implies that Ox.y is a DVR.

Theorem 34. R normal Netherian domain implies R = \ ;-1 R, where
ht p = dim R, the maxm such that90 ( p; ( :::( pm = Pp.

Corollary 21. If X is normal, f 2 k(X) , thenf 2 k[X]i w(f) O for
allY X prime divisors.

Lemma 20. R Netherian, then R is a UFD i all prime ideals of height one
are principal.

Proof. ) : AssumeR a UFD. P R prime of height 1, letx 2 P be an
irreducible element, O( (x) P, soP =(x).

( : Exercise: R any Netherian domain then every element olR is a
product of irreducible elements.

Unique Factorization: Showx 2 R irred and xjfg implies that xjf or xjg,
ie, xX) R isprime,letP (x) min prime, PIT implies ht(P) = 1 implies
P=(y),x=ay,a2 R aunit. O
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Proposition 26. X irreducible a ne variety, k[X]a UFDi X normal and
C'(X)=0.

Proof. ) : UFD implies normal. LetY X a prime divisor, P = 1 (Y)
k[X] prime of height 1. P = (h)  Kk[X], h 2 k[X]. So h) =[Y] implies
[Y]=0 2 C (X).

( : Let P K[X] prime of height 1,Y = V(P) X a prime divisor,
[Y]=02 C(X)so[Y]=(h) 2 Div(X), h 2 k(X). vz(h) 0 for all
Z X prime divisors impliesh 2 k[X]. Claim: P =(h) K[X]. s clear.
Let g2 P, thenw(g) 1, sovz(g=f) O forall Z, sog=f 2 k[X], and
g= af 2 (f). O

Proposition 27. X normal, Z X is a proper closed subset) = X nZ.
Then

1. C(X)! C(U)by[Y]7'[Y\ U]if Y\ U6 ; andO else is surjective
2. If codim(Z;X) 2,thenC (X)=C (U).
3. If Z prime divisor, thenz! C(X)! C(U)! O0is exact.

Proof. 1. Well de ned Div(X) ! Div(U). f 2 k(X) , (f) 7! (fju) (be-
cause ifY X is a prime divisor,Y \ U 6 ; then Ox.y = Ou.u\v).

Thus, C'(X) ! C (U) is well de ned. Surjective: IfV U a prime
divisor, V. X is a prime divisor M] 7! [V].

2. Div(X) = Div( U), so () = (fju).

3. If D = P ny[Y] 7! 02 C (U), then 9f 2 k(X) : w(f) = ny for all
Y6Z.D (f)=m[Z]) D= m[Z]2 C(X).
]

Example X = V(xy 2z2) A3

Exercise X (above) is normal.L = V(y)\ X = V(y; z) is a prime divisor
onX.

Max ideal of Ox.. is generated byz, y = ZX—2 2 Oy, .

SetU = X nL ane, k[U] = (k[x;y;z]=(xy 2z2)), = K[y; 2]y is a UFD,
soC(U)=0. z! C(X)! C(U)=0. SoC(X)=fm[L]: m 2 Zg,
y 2 k(X). (y) = ve.(Y)IL] = v.(ZD[L] = 2[L]. Thus, C(X) = Z=2Z or
C(X)=0. As k[x;y;z]=(xy z?)is not a UFD, C'(X) = Z=2Z.

69



Picard Group

Invertible Ox -module = line bundle.

Let X be any variety, L ; and L , are line bundles, thenL; o, L, is
a line bundle. L is invertible implies that we can deneL ! =[U 7!
homo, (L ju; Ou)l-

Exercise:L ! is an invertible Ox -module andL L ' O.

De nition 100 (Picard Group). Pic(X) = fisomorphism classes of invert-
ible sheaves oIX g.

This is a group under tensor product.

Notation: X irreducible variety, L an invertible sheaf onX and s 2
L (U),t2 L (V) are nonzero sections. Tak&/ U\ V open such that
L jw ' Ow generated byu 2 L (W). Then sjy = fu and tjy = gu,
f;g 2 K[W]. De ne s=t= f=g 2 k(X) .

Example: sg;:::58, 2 (X;L ). Dene f : X 99KA" P". f(x) =

ate L , then f extends to a morphismf : X I P".
X is a normal variety,s2 L (U), s60, Y X is a prime divisor, take
V X open such thatL jy ' Oy generated byt2 L (V)andV\ Y 6 ;.

De nition 101. W/ (s) = W (s=t).

Well de ned, if VO X, VO\ Y 6 ;, L jyo generated byy®2 L (V9
implies that t=t° nowhere vanishing function onv \ V¢ sot=t%is a unit in
OX’Y .

Thus, Vy (s=t9 = W (s=t t=t9 = W (s=t) + 0.

De nition 102. (s) = P v W (s)[Y] 2 Div(X).

Note: If s°2 L (U9 then (s = (s) + (s%s). Then (s%) = (s) 2 C'(X),
so all nonzero sections of a line bundle are equivalent in tietass group.

Thus, we have a well de ned map PicX)! C (X)by L 7! (s).

Check: s; 2 Lq(U), s 2 L(U),thens; s, 2 L; L,U) and
(s1  s2) =(s1)+(s2), so this map is a group homomorphism.

Cartier Divisors

X normal.

P
De nition 103  (Cartier Divisor). A Cartier is a Well Divigor D= niYi]
which is locally principal. I.E. there exists an open coverg -, U, = X such
that Djy, =0 2 C'(U;) for all i.
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Note: Djy, = (f;) wheref; 2 k(U;) . We can think about D as the
collection f f; g of these generators.

De nition 104  (Cartier Class Group) CaC (X) = f Cartier Divisors on
Xg=f(f): f 2 k(X) g.

Regall: L is an invertible Ox -module,s 2 L (U) nonzero section, then
(s)= prime Vv (s) [Y]2 Div(X) wherew (s) = w(s=t)fort2 L (V)
generator ofL jy ' Oy,Y\ V 6 ;.

Note: (s) is Cartier.

Thus, we have a group homomorphism Pi() ! CaC (X) C (X).

Line Bungdles from Divisors

LetD = ny[Y]2 Div(X).

De nition 105. Oy -moduleL (D) or Ox (D) ( U;L (D))= ff 2 k(X) jvy(f)
ny for all prime divisors Y such thatY \ U6 ;g[f Og.

Example: L (0) = Ox (0) = Oy.

Example: X = P, Q=(a:b 2 X,D = n[Q], Q = Vi(h), h =
bXy, ax; 2 k[Xg;X1]. SO0 (N[Q]) * Op:(n) by f 7! h"f.

Note: If h 2 k(X) then Ox(D +(h)) ! Ox(D) by f 7! hf is an
isomorphism. vy () ny wi(h) ( vy (fh) Ny .

ConsequenceD is a Cartier Divisor implies that Ox (D) is an invertible
Ox -module.

If Djy = (h) 2 Div(U), then Ox (D)ju = Oy((h)) * Oy. Note, this says
we have a map CaQX)! Pic(X) by D 7! Ox (D).

WARNING: If f 2 ( U;Ox (D)) then f a rational function. The notation
(f) means two things!

Proposition 28. Pic(X)' CaC (X) as abstract groups.

Proof. Will cp,eck that Pic(X)! CaC (X) are inverse maps.

Let D = ny[Y] a Cartier Divisor. SetV = X n([ n,<0Y) X open.
Then 12 k(X) is a section ofOx (D) over V. (vy (1) ny ( ny 0).

Claim: (1) = D 2 Div(X). If Djy = (g) 2 Div(U), then Ox (D)jy '
Oy gneerated byh * 2 (U;0x (D)), Y\ U 6 ; implies that vy (1) =
vy (1=h *) = vy (h). Thus, (1)jy = (h)ju = Dju.

Thus, CaC (X)! Pic(X)! CaC (X) is the identity.

Let L be aline bundle onX. t2 ( U;L ) a non-zero section.
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Note: If06 s2 L (V),thenY\ V 6 ; impliesvy (s=t) = v (S) vy (t)

vy (1), and sos=t2 ( V;Ox ((1))).

Claim: L ' Ox((t)) by s7! s=t. If L jy ' Oy gneerated byu 2 L (V)

then (t)jy = (t=u) 2 Div(V) implies that Oy ((t))jv is generated byu=t as
u7! u=twe getL jv ' Ox((1))jv. O

Examples:

1. Pic(A") = CaC (A") C (A") = 0, so all line bundles onA" are

trivial.

Fact: Any locally free Oan-module of nite rank is trivial.

S
. P" = "1, Di(Xi), C(D«(xi)) = 0, so all Weil divisors are Cartier,

thus Pic(P") = CaC (P")=C (P") = Z.
By the maps we have, any line bundle is isomorphic t@p (M[H]),

whereH P" is a hyperplane.l (H) = (h), Opn(Mm[H]) * Opn(m) by
f 7! h™f . Thus, Pic(P") = fO(m)g.

X =Vxy z2) A L=V(y)\ X,I1(L)=(y;2) K[A%. Claim:

[L] is not Cartier. Otherwise there exists open aneU X such that
P =(0;0,0)2 Uwith[L\ U]=(fjy) 2 Div(U). Thus f 2 k[U] and
I(L\ U)=(f) Kk[U],sol(L) Oxp =(Yy;2) Ox.p is principal.
But P 2 X is a singular point, so dim(mp=(m)3) = 3, sofx;y;zgis a
basis, and so dim(y; zZ)+ md=m3) = 2,so(y;z) Ox.p is not principal,
which is a contradiction. Thus CaC(X) =Pic(X)=0 6 C (X).

Note: Ox.p Is not a UFD, as (;2) Ox.p is height 1 prime but not

principal.

De nition 106  (Locally Factorial). An irreducible variety X is locally fac-
torial if Ox.p isa UFD forallp2 X.

Example: Nonsingular implies locally factorial implies normal.

Proposition 29. X locally factorial implies Pic(X) = C "(X).

Proof. Show that any prime divisor [Y] is Cartier. First: U = X nY, [Y]ju
0. LetP 2 Y,thenl(Y) Oxp Ox.p isaheight 1 prime, sd (Y) Ox.p

(f)

Oxp,f 2 Oxp  K(X).
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Note: w(f)=1,if Z 6 Y prime divisor,p2 Z, thenf 2 Ox; Igde ned
atP)andf 2 1 (Z) Oxp. Thus,vz(f)=0,andwe have ) =[Y]+ n;[Zi]
wherep 2 Z; for all i.

SetU = X n([Z) openinX, p2 U. Then [Y]ju = (f)ju 2 Div(U)
principal, so [Y] is Cartier. O

Example: X = V(xy z2) A3, X,= X nf0;0;0g, X, is nonsingular,
so Pic(Xg) = C (Xp) = C (X) = Z=2Z, so there exists a unique nontrivial
line bundle onX, which is NOT equal to the restriction of a line bundle on
X.

De nition 107 (A ne, Finite) . Letf : X | Y be a morphism of varieties.
fisaneif f }(vV) X isaneforall V Y isopen ane.
f is niteifitisane and Kk[f (V)] is a nitely generated k[V]-module.

Exercise Enough that this is true for an open a ne cover ofY.
Examples X;Y ane, f : X ! Y morphism is a ne.
X Y closed, then the inclusion is nite.

10.1 Divisors on Non-Singular Curves

Recall that X nonsing complete curve implies thaX is projective. X  Cg
open,K = k(X), X = Ck.

Lemma 21. Let X be a complete, nonsingular curve, then any nonconstant
morphismf : X I Y is nite.

Proof. WLOG: Y is a curve. Thus,f :k(Y) Kk(X)isa nite eld exten-
sion. TakeV Y open ane, k[V] k(Y). SetA = ] Kk(X), then A
is a nitely generated k[V]-module.

U = Spec m(A) a nonsingular curve,k(U) = k(X)) we have diagram
f
X — Y

|

- — >V

Claim: f (V)= U. x2f Y(V)) Kk[V] Oxyx, SOA Oy, thus
Ox.x = Ap for someP A prime.

Thus, x = P 2 U =Spec m(A). O
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De nition 108 (Degree off ). Letf : X I Y be a nite, dominant mor-
phism, thendeg( ) = [ k(X) : k(Y)].

Pullback of Divisors on Curves
f : X ! Y a nite morphism of nonsingular curves.Q 2 Y, mg = (t)
Oy;Q. If f (P) = Q thenf OY;Q ! Ox;p ,ft2 Mp.

P
De nition 109. f :Div(Y)! Div(X):[Q]! pat 1(q) VP (DIP].
Alternatively, if D 2 Div(Y), setV =Y SuppD), thens =1 2
(V;L (D)). Note: (s) = D. Thenf s2 (f (V);f L (D)) is the pull-
back.

Exercise:f D = (f s) 2 Div(X).

De nition 110 (Torsion Free). Let R be a domain,M an R-module. M is
torsion free if 8a2 R;x 2 M, thenax =0 impliesa=0 or x =0.

Fact: Any f.g. torsion-free module over a PID is free.

P
e nition 111 (Degree ofa Divilgor) X anonsingularcurveD = n;[Pi] =
niP; 2 Div(X). SetdegD) = n;

Warning: If X is not complete, then deg is not de ned on O X).

Proposition 30. f : X I Y is a nite morphism of nonsingular curves,
D 2 Div(Y). Then degf D) =deg(f)degD).

Proof. ETS if Q 2 Y a point, then degf Q) =deg(f). V Y open ane
with Q2 V. Thenf (V) =Spec m(A) X,A=k[V] k(X).

Q k[V]amaxideal, setB = Ag = (k[V]nQ) *A. A nitely generated
k[V]-module impliesB f.g. k[V]o = Oy,o-module. Oy, a DVR, B torsion
free, soB is free Oy.qo-module.

ranko,., (B) = dim vy k(X) =deg(f). mg =(t) Oy,q. Oy;o=tOy,q =
k. Thus, dim(B=tB) = deg(f).

Note: points in f 1(Q) correspond to max ideals inP A such that
P\ k[V] = Q, which correspond to max ideals ilAq = B.

Write f 1(Q) = fPy;:::;Psg, P, A maxideals,B =\%,Bp ) tB =
\iS=1tBPi = \iSZl(tBPi \ B)

By the Chinese Remainder TheoremB=tB ' _, B=(tBp, \ B).

Injective: clear
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Surjective: t 2 P; for all i, Bp, DVR, sotBp, = (PiBp,)", sotBp, \ B
PB andtBp, \ B 6 P;B forj 6 i.

Thus, this is an isomorphism after Bp, (only the i™" summand survives).

Now: B:(tBPi\ B) = (B:(thl\ B))pi = (B:tB)pi = BPi:tBPi =
Ox;piz(t). Thus dlmk %=(tB P \ B) = Vp (t)

Thus, degf Q)= vp,(t) =dim ((B=tB) = deg(f). O

Lemma 22. h2 k(Y) impliesf ((h))=(f h). f h=h f 2 k(X).

Proof. LetP 2 X, Q=f(P)2Y. mp =(S) Oxp.Mmg=(t) Oyo.
h=ut™, u2 Oygaunit. f t=vs", v2 Oxp aunit.
Coef of P]in f ((h)) = vo(h)vp(t) = mn.
fh=1f (u™) =(f u)(f )™ = (f u)v™s", so coef of P] in (f h) is
nm. O

So, we have a group homomorphisih : C (Y)! C (X).
Corollary 22. X complete nonsing curvef 2 k(X ) impliesdeg(f))=0.

Proof. f is dened on openU X. Thenf :U! A! Plis a regular
function. As P! is complete,f extends tof : X ! Pl As X is complete,f
iS nite.

K[A'] = K[t], f (1) = f 2 k(X). (f) =(f t) = f ((t)), so deg(f)) =
degf ((t))) = deg(f)deg(t).

(t)=[0] [1 ]2 Div(P) so deg(f)) = 0. 0

So if X is a complete nonsingular curve, there exists deg (X)) ! Z.
Notation: D;D°2 Div(X), D D% D = D% C(X).

Proposition 31. If X complete nonsingular curve, theX rationali 9P 6
Q 2 X such thatP Q.

Proof. ) : X = P, thenP Qforall P;Q2 P.

(: 9f 2 k(X) suchthat (f) =[P] [Q]2 Div(X). f : X! Pla
morphism. Then )= (f t)=f ((t))=f (O] [1 ]).

This tells us that f ([0]) =[P]andf ([1])=[Q]. So degf [0]) =1 =
degf ) 1, sof is degree 1, so it is birational. Thus isomorphism. O

De nition 112  (Elliptic Curve) . An elliptic curve is a nonsingular closed
plane curveE  P? such thatdegE) = 3.
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Example: V. (zy?> x3+ z?x) P2

Claim: No elliptic curve is rational.

Exercise Set Og(1) = Opz2(1)je. Then ( E;Og(1)) = (S=I(E))s, S =
Kx;y; z].

Therefore, dim¢ ( E; Og (1)) = B

LetL P?bealine. LE = Lo, gl(L E;PYPI=P+Q+R2
Div(E).

Exercise Og (1) = Opz([L])je = Oe([L:E]), so9D(= L:E), D 2 Div(E)
such that degD) = 3 and dimy ( E; Og(D)) = 3.

Let D 2 Div(P?) such that degD) = 3. Then Op:(D) = Op:(3), this
gives us that (P*; Op:(D)) = ( P} Op(3)) = K[Xo; X1]3. The dimension of
this is 4.

Conclude: E is not rational.

Let X  P? be any nonsingular curve. deg : GX)! Z;[P]7! 1.

De nition 113. C°(C) = ker(deg). So we have a short exact sequence
0! C%X)! C(X)! Z! Othatsplits, soC(X)=C °(X) Z.

Fact: C° corresponds to a nonginular complete abelian algebraic gm
the Jacobi Variety of X .

Let L =pVi(f), M = V. (g) be lines inP?.

XL = ,I(X L;P)P =P+ :::+ P, wheren = deg(X). XM =
Qi+ i1+ Qn.

Exercise f=g 2 k(X) and (f=g) = X;L X:M 2 Div(X).

XL XM =P+ P+ P3 Ql Q2 Q3202C\(X)f0rx = E.

Theorem 35. Let Py 2 E be any point, thenE | C°%E) byP 7' P P,
is bijective.

Proof. Injective: If P Pp=Q Py2 C%E)thenP QsoP = QasE
is not rational.

Surjective: Let M P? be tangent line toE at Pp. M:E = 2P, + R,
R2E.LetD2 CO%E). Wiite D= ni(Qi Po)forQi2 E, n; 2 Z.

Assume thatn; < 0. ThenL =line through Q; andR, L:E = Q;+ R+ Q?,
0=LE ME=Q+R+Q% 2P, RsoQ; Py= (Q° Py 2 CPO®E).

ReplaceQ; by Q% n; 7! n;, WLOG, n; 0. p

Clgm: D =P Pg2 C°(E), P 2 E. Inductionon  n;.

If  n; 2,thenQ; Py, Q2 Py have positive coe cients. L =line
through Q1;Q,, L:E = Q; + Q, + Q°2 Div(E).

76



Let L° be the line through Q° and Py. Then L%E = Q%+ Py + Q%

LE L°E=Qi+Q; Py Q®=0,50(Q1 Po)*+(Qz Po)=(Q® Po)2
C°(E). 0

Example: chark 62, 2k, 60;1.E = V.(zy> x(x 2)(x 2z))
P2, Take P, = (0:1:0) 2 E E corresponds to CO(E )by P 7! P P,.
Let beagroupoponwW. Q; Q,= Q%(Picture omitted)

Fact: Any elliptic curve is isomorphic toE by P $ (0:1:0).

Theorem 36. E is an algebraic group.

Proof. (chark 6 2): WLOG, E=E ,Py=(0:1:0). Dene' :E E! E
by ' (P; Q) = R the unique point such that9 a lineL with L.E = P+ Q+ R.
It is enough to show that' :E E ! E is a morphism.

P Q="(Po;" (P;Q), P =" (P1;Po). SetU; = D.(z) and U, =
D. (y) subsets ofE. E = U; [ U..

Show that (Ui  Uj)\ ' Y(U)! U by' is a morphism for alli;j;* 2
f0; 1g.

U = V(y? x(x D ) A2 (U U)\ ' YUp)! U! kis
the regular function given by

(Xgy)) (X23y2) 7!

< (y2 y1)?

(x2 x1)2 (X1 + X2)+1+ if X1 6 X»
2 2 2 .
X1+X1X2+X2;1+y(21+ JXitxa) "4 q 4 (X1 + X)) ify1+y,60

O
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Chapter 11

Di erentials

R is aring, S is a commutative R-algebra,M an S-module.

De nition 114  (R-derivation). A function D : S! M is an R-derivation
if D(fg) = fD (g)+ gD(f) for all f;g 2 S, D(f + g) = D(f)+ D(g), and
D(f)=0 forall f 2 R.

Remark: the third conditioon holds i D is an homomorphism ofR-
modules.
) :f2R) D(fg)= fD (g) and ( is an exercise (us® (1) = 0).

De nition 115 (Module of Kahler di erentials) . F=free S-module with ba-
sisfd(f)jf 2 Sg = ,sS d(f). F°=submodule generated bgi(f) for
f 2R, d(fg) fd(g) gdf) d{f +g) d(f) d(g).

We de ne s-r = F=F%is the module of Kahler di erentials of S overR

We dened=ds = ds-g : S'! sk by f 7! d(f)+ F° This is the
universal R-derivation of S.

It has the universal property that given anyR-derivation D : S! M,
there exists a unique maiB-homomorphismD : s-r ! M such thatD =

D ds.
Exercise Let P(X1;:::;Xn) 2 R[Xy;::i;xp] and fy;:::;f, 2 S, and D :
S! M isanR-derivation. ThenD(P(fq;:::;f0)) = 1L, gf(fl;:::;fn)D(fi).

Consequence: IS generated byf,;:::;f, as anR-algebra, then g is
gererated byds(f1);:::;ds(f,) as anS-module.

Proposition 32. S = R[X3;:::;Xy]. Then sk is the free S-module on
dxq; oo dx,.

78



Proof. Have a surjectveS-hom from S" ! s=r Which sendsg 7! dx;. This
is surjective. We deneD :S! S" by P(xqy;:::;x,) 70 @F:::; @ gy

@x’ T @x%
the universal property, there is a uniqueS-homomorphismD : s ! S",
by de nition, d(x;) 7! D(x;) = &, so this is an inverse. O
Proposition 33. Given ring homomorphism&R! S! Y then we have an
exact sequence of -modules g s T! T-R ! 1=s ! O.
Proof. S1 T 1=r IS an R-deriv of S. So we getS-hom' : 4!
1=k Via ' (ds(f)) = dr(f). Thus, we have aT-hom g T k T=r by
' h7th (V).
Note: Image(- =submodule of t-g generated byd;(f ) forf 2 S. Thus
T=R=IM(~) = 7=s. U
Note: | Sanideal, T = S=I, thenlI=I2isaT-module,T I=I2! [=|?

by (F +1) (h+12)=fh +1221=I2

Proposition 34. T = S=I. We have an exact sequence bfmodulesl=| ? !
ssk sT! 1! 0, wherethe rst map is given byh+ 12 7! dg(h) 1.

Proof. SetM equal to the image of=12in s-x sT. Then M is generated
by fds(h) 1jh2 Ig.

WedeneD:T! ( sk T)=MbyD(f +1)=(ds(f) 1)+ M. This
is an R-derivation.

Thus, there is a uniqueT-homD : t=r! ( s=r sT)=M byd(f +1) 7!
(ds(f) D1+ M O

" Tdx =T .
The image off; under I=121 T ™ dy(f;) 1= @':::;@—; . Set

J= g—; 2 Mat(p n;T) is the Jacobi matrix.

Sotheimage of; iseJ, so 1-r = coker(I=12! g T)=coker(TP
™).
e.g. T = kixyl=(y? x3+x),s0J =[1 3x%2y],s0 t=T T=h1
3x%)er + (2y)e.

Proposition 35. S an R-algebra,U S multiplicatively closed subset, then
uissR= U 1 osg
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Proof. S! U 1S u 1s=r IS an R-derivation. Thus, it induces anS-
homomorphism - ! u ts=r, ds(f) 7! d(f), where d is the universal
derivation of U 1S.

This inducesU S-homU ! gg! y 15 by ds(f)=u7! u d(f).

WedeneD :U 'S! U ! g byD(s=u) 7! WO Eyercise:D is
well de ned R-derivation.

This inducesD : | 15-gr ! U ! g is the inverse map. O

Let X be a topological spaceR ;S sheaves of ringsoX, R ! S a
ring hom.

De nition 116. pre s-x(U)= sw)=ru forU X open. ForvV U
open,S (U) ! S (V) 1 pre (V) is an R(U)-derivation. So, we get
S (U)-hompre (U)! pre (V).

We dene g-g =(pre s=r)", the shea cation.

Let ' : X ! Y morphism of varieties, then we have ring hom
" 10y ! Ox.
De nition 117  (Relative cotangent sheaf) x-v = o,= 10, is called the
relative cotangent sheaf

Special case:X ! f ptg, x = x=« = x=fptg- This is called the
cotangent sheaf.
Proposition 36. ' : X ! Y a morphism of a ne varieties, then y-y =

K[X]=K[Y]

Proof next time.
As a consequence, x=y is always coherent.

Lemma 23. If (A;m) is a local Netherian domain, N a nitely generated
A-module, then we set = dim a=(N=mN). If r  dima,(No), then N is
free of rankr.

Proof. Nakayama's Lemma implies thatN can be generated by elements.
Thus, there exists an exact sequence!0 K ! A"! N ! 0, localization
is exact, so 0! Ko! Af! Ng! O0is exact, so the last morphism is an
isomorphism of vector spaces, s ' No, SOKg =0. Thus, K =0 as itis
torsion free and localizes to zero, sA" ' N. O
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Recall: Let X A" be a closed irreducible variety. Let = 1(X) =
(fy;::::fs). Let P 2 X. SetM = 1(fpg) K[A"], M=M2 ' k" via

So we have an exact sequence £ M?)=M?1 M=M2! mp=m3 ! O.
mp Oxp a max ideal, thereforek® ! k" ! mp=m2 ! O is also exact
where the rst map is J(P), and we call the second .

fh2 M, then S8xP);:::; 8%P) = h+ md.

Note: rank(k(X)s 1’ k(X)") c=codim(X;A"). (If hisany (c+1)
(c+ 1)-minor of J, then h 2 K[X], and h(P) = (c+1) (c+ 1)-minor.
J(P)=0forall P2 X.Soh=0 2 k[X].)

Theorem 37. AssumeX is an irreducible variety of dimensiorr, letP 2 X.
Then P is a nonsingular point i xp ' Oyp. If mp is generated by
hy;:iih 2 mp, thendhy;:::;dhy 2 xp is a basis for xp .
Proof. WLOG: X A" ane. 1(X)=(fq;::::fs), = g—; .

KIXIE T KX ! yxje ! OvyieldsOSe ' O2p | xp ! O, which
we will call ().

We mod out by mp, and getk® AP xAMp  x:p I 0.

Thus, mp=m2 ' xp=mp xp by h+ md 7! jr‘:l @%{‘(P)dxj.

Assume that xp is free of rankr, then dimy(mp=m3) = r, thus P is a
nonsingular point.

Assume that dim(mp=m2) =r. (1)) k(X)® ? k(OX)" ! ( xp)o! O
is exact.

Note: r = dim k( x:p =Mp x;p) dimk(x)(( X:P )0)

The lemma implies that xp ' Oyp . O

Lemma 24. ' : X ! Y is a morphism of a ne varieties. Then ( X; pre
x=y ) = K[X 1=k[Y]

Proof. S = ( X;' Oy), ring homomorphismsk[Y]! S ! Kk[X]. Thus,
s=ky] s KIXT!  wxp=v) ! wixg=s ! O where the last is (X;pre
x=y ), SO enough to show that the rst map is zero.

Letf 2 Im(S! Kk[X]). We must show thatd =0 2 yxj=v;. There
exists open coveX = [ L, U, such thatf j,, 2 image of (U;;pre ' Oy) =

!Iimv ) Oy (V)
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WLOG, U; = Xy whereg 2 K[X]. Enough to show thatd = 0 in

KIXJ=KIYT o for eachi, sinceg'd = 0 2 =y and @ ;:::;d)) =
(1) = k[X].

But  «xj=kv] 4 = kuil=ky)- SO we replaceX with U, we may assume
that f 2 image of (X;pre ' !Oy)= \'im v ) Oy (V). LE. there exists
V. Y open,f°2 Oy(V) such that' (X) V andf ="' (f9 2 K[X].
Now V = [T VY, hi 2 K[Y], f®2 Kk[Y]y,, sohNfO 2 k[Y] for all i, so
hiN+1d = d(h|N+1f): 02 K[X 1=k[Y]-

Now, X = [ Xy, ) (hY;:::;hN)y=(1) Kk[X], sod =0. O
Proposition 37. ' : X ! 'Y morphism of anes. Then x-v = xJ=ky]
Proof. Set = xj=kv]- We have ' ( X;pre x=y ) ! (X x=v ),
this gives anOyx -homomorphism™!  yy.

Letf 2 k[X]. (Xt;T= = wxg=v1 = ( Xeipre  xav).

f X g is a basis for the top, and so they have the same stalks. O
Corollary 23. ' : X ! Y any morphism of varieties. Then -y is coher-
ent.

Proof. LetY = [V, openanecover. ' (V)= [U; X isanopenane
cover of X.  x=v ju; = Tkpu; 1=kvil- O

Corollary 24. If X irreducible, then X is nonsingular i  x is a locally
free Ox -module.

Example: X = P!, g is aline bundle. The projective coordinate ring is
K[Xo; X1]. Sett = i—; 2 k(PY) . t2 Op(D4 (X)), dt 2 ( D4 (Xo); pt). Find
(dt) 2 Div(PY).

U = D:+(x), Up= At PL If p2 Uy, thent p generatedm,, SO pip
is generated byd(t p) = dt, sovy(dt) =0 forall p2 Up.

K[Ui]=K[s], s=t L, dt=d(s )= s s v, (dt)= vy (s?) = 2.
Thus (dt) = 2[1 ]2 Div(P!),and so p: ' Op( 2[pt]) = Op( 2).

Example E = E P? an elliptic curve. Then g ' O.

Linear Systems P

Let X be a nonsingular projective variety.D = ny[Y] 2 Div(X). We
say thatD is eectiveif ny Oforall Y. If D is e ective, we write D 0.

De nition 118 (Complete Linear System ofD). Given anyD 2 Div(X),
dene jDj=fD%2 Div(X):D° D andD® 0Og.
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Theorem 38. If X is projective andF is a coherentOx-module, then
dmg ( X;F)< 1.

De nition 119. Let (D) =dim ( X; Ox(D)).
Theorem 39. P(( X; Ox(D))) !'j Dj bys7! (s) is bijective.

Proof. Let s2 ( X; Ox(D)),then (s) 0Oand(s) D. So the map is well
de ned.

Injective: Supposes;;s; 2 ( X; Ox (D)), assume that ;) = (s2) 2
Div(X). Then (s;=%) = (s1) (s2) =0, so s;=5 2 k[X] = k.

Surjective: LetD?2 jDj. Then D® D, soD®= D + (f) wheref 2
k(X) . We dene s to be the section given byf 2 ( X; QX(D)). This
is a global section, becausey (f) ny forall Y, (D = ny[Y]). Set
So=12 (U;0x(D)). (s)=(f so)=(f)+(so)=(f)+ D= DO O

Lemma 25. X is a complete nonsingular curveD 2 Div(X), if (D) 6 0
thendeg@) Oandif (D)60 anddeg@D)=0 thenD O.

Proof. (D) 80, then jDj6 ;,soD D° 0. So degD)=deg(D9 O.
If deg(D) = 0, then deg(D9 =0, but as D°is e ective, D°= 0. O
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Chapter 12

Riemann-Roch Theorem

Let X be a complete nonsingular curve.

De nition 120 (Canonical Divisor). K 2 Div(X) is a canonical divisor on
X if x ' O(K).

De nition 121 (Genus) The genusg= (K)=dimy ( X; x)

Example X = P}, == O( 2),sog=0.
Example E = E P2 elliptic curve, g' Og. Sog=1.

Theorem 40 (Riemann-Roch) For any D 2 Div(X) whereX is a complete
nonsingular curve, we have(D)+ (K D)=deg(D)+1 g.

Example X = P!, K = 2P for someP 2 P!. The RRT theorem says
that "(nP)+ ( 2P nP)= n+l1 0,soifn 0, we have that (nP) = n+1.
fn= 1,then0+0= 1+1=0.1f n 2, we also see that it works.

Example SetD = K, then (K) (K K)=deg(K)+1 g, so
g 1=deg(K)+1 g,sodegKk)=2g 2.

Corollary 25. A nonsingular curve is either a ne or projective.

k(C), X = Ck. If m>> 0, then (mP)) = m+1 g 2. Lf; 2
( X; Ox (mPy)), f; 2 k. b

(fi) = ri[Pi] e ective divisor in Div(X). Setf = i”:l fi 2 k(X).fis
de ned exactly onC X, soC"' Spec m(k[f]) is a ne. O

Corollary 26. X isrationali g=0.
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Proof. ) : genus ofP! is 0.

(:LetP 6 Q2 X. SetD = P Q 2 Div(X). By Riemann-Roch,
(D) degD)+1 g,so’(D) 1. ThusjDj6 ;, so thereisD® 0 such
that D D but deg(D%) =0, so D°=0. O

Corollary 27. X complete nonsingular curve af =1, Py 2 X, char(k) 6 2.
Then 9 isomorphismX ' E = V,(zy? x(x 2z)(x z)) P?for some
not O or 1, that sendsP, 7! (0:1:0).

Proof. degK)=2g 2 =0, so Riemann-Roch implies(nPg)= n+1 1=n
foralln 1,k=( Ox)= ( Ox(Pg) ( (Ox(2Pg)) ( :::( k(X).

Take x 2 ( Ox (2Pg)) nk. vp,(X) = 2(X)= A+ B 2P, for A;B 2 X.

x:X ! Plisamorphismx ([0] [1]) = A+B 2Pg, sox ([0]) = A+B,
thus [k(X) : k(x)] = deg(x) =2

Takey 2 ( Ox(3Pg)) n ( Ox (2Pp)). Ve,(y) = 3, but as this is odd,
y 2 k(x). Thus k(X) = k(x;y).

f1;%;y; x% xygis a basis for (Ox (5Po)), 1;X; y; x2;xy; x%;y2 2 ( Ox (6Po)),
dim = 6.

So there exists a linear relations. Rescaley: y? + byxy + bpy = x3 +
aXx? + aX + ap. Replacey with y + Z(bix + by), y?=(x a)(x b(x c)
wherea; b; c2 k.

Claim: a6 b6 c6 a.

"X nfPyg! C=V(y? (x a)(x b(x c) Az P7 (x(P);y(P)).
This is birational, ask(X) = k(x;y).

Assumea = b= c. Then C is a curve with a cusp, and is rational, s&X
would be rational, contradiction.

Assumea = b6 c, then C is the nodal curve, which is also rational.

x(x 1)(x )where = ££60;1.
X nfPyg! C A? extends to an isomorphisnX ! E . O

Proof. WLO% Py 6 Q; for alli.
SetD = Q. (D) degD)+1 g=2. Thus, 9h 2 (X' OX(D))
such thath 2 k. Setf = h h(Pg) 2 k(X) . (f)= D+ Po+ P+ :::+ Py

02 C(X). O
Corollary 28. The Map X9 = X ::: X with g factors to C'°(X) by
(Pi;:ii;Pg) 70 P (P Py) is surjective.
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such that (g+1)Py Q+ Pi+ i+ Pg,s0 (Q Po)= L (P Pg) 2
C O(X).

LetD = no(Q Po) 2 C°(X). The note impligs that we can assume
ng 0, and the lemma implies that we may assume ng g: O

12.1 Blow-Up of Varieties

Let Y be an ane variety and X Y a closed subvariety. Writel =
I(X) = (fo;:::;fn)  K[Y]. Then dene the map' :Yr X ! P" by
"(y) = (foly): - fn(y)). We de ne the Blow-up of Y along X to be the
closure of the graph of inY P".

De nition 122. SetB x(Y) = f(y;" (¥)jy2Yr Xg Y P" and let
1:B x(Y)! Yand ,:B x(Y)! P" denote the projections.

The point of this construction is that if Y is singular alongX , then usually
B x (Y) is less singular. Notice that sincé(y;' (y))jy2 Yr Xgis closed in
(Yr X) P", this set agrees with ; *(Yr X),so 1: ;Y(Yr X)! Yr Xis
an isomorphism. IfY r X isdense inY,then ;:B x(Y)! Y issurjective;
this follows becauseP” is a complete variety. Notice also that ify  Y?°
is a closed subvariety, therB x (Y) B x (Y9 is also a closed subvariety,
while if U Y is an open subvariety, therB x\ y(U) B x(Y) is an open
subvariety.

The subvariety E = ;*(X) B x(Y) is called the exceptional divisor
It is always a Cartier divisor in B x (Y), with ideal sheaf isomorphic to

ring of P" and setd = I (B x(Y)) K[Y][z;:::;z]. Thenfizy f;z2J
for all i;j. SetL = ,(O( 1)) and de ne the global sections = fy=7 =
fi=z = = fr=5, 2 (B x(Y);L ). Then the exceptional divisor is the
zero sectionE = Z(s) B x (Y).

Example 1. LetY A" be an closed subvariety containing the origin,
and setX = fOg Y. Then I (X) = (Xo;:::;%n)  K[Y] = K[AM1]=1(Y)
andthemap' :Yr X! Y P"sends a pointy to (y; ), where" is the
line in A" throughO andy. It follows that E ~ P" can be identi ed with
the set of tangent directions olY at the origin.
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Example 2. LetY = V(y> x%(x+1) A?andX = f(0;0)g. Then

1(X)=(x;y) Kk[Y]and' :Yr fOg! P! maps a pointP to the line

through 0 and P. We haveB x (Y)= f(P;" (P))jP 2 Y r Xg[f (0;(1:
1));(0; (1 : 1))g.

The variety B x (Y) is independent of the chosen generatofs of | (X).
It is a fact that the variety B x (Y) can be recovered from the graded homo-

| . This sum can be identi ed with the subring ~ , , 1% of k[Y][t] generated
by k[Y] as well astfy;:::;tf,. Dene :Y Al Y A" py (y;t)=

soJ=1( (Y AY) K[Y]zo;:::;2.]. Now Iik[Y][zo;:::;zn]! KIYT[t]
satises (z)= tf;, Ker( )= Jand Im( )= , .19 which establishes
the isomorphism.

Let Y be an arbitrary variety and X Y a closed subvariety. Choose
an open ane coverY = [Y;. Then thg varietiesB x v, (Vi) can be glued
together to form the blow-upB‘ x(Y)= B x\v(Yi). This variety can also
be clc_Jnstructed as Proj( 4 o 3, wherel x Oy is the ideal sheaf ofX,
and 4 ,! ¢ is the corresponding sheaf of grade@y -algebras overY .
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