COMBINATORIAL K-THEORY

ANDERS SKOVSTED BUCH

1. INTRODUCTION

Let X be an algebraic variety. The Grothendieck ring K(X) of X is defined
as the free abelian group generated by isomorphism classes [F] of algebraic vector
bundles on X, modulo the relations [F] = [F’] + [F"] whenever there exists a short
exact sequence 0 — F/ — F — F” — 0. Multiplication is defined by the tensor
product, [Fi] - [F2] = [F1 ® F3]. Any morphism f : X — X' of varieties defines a
pullback ring homomorphism f* : K(X') — K(X) given by f*([E]) = [f*E].

In the following, we will assume that X is non-singular and quasi-projective.
This implies that any coherent Ox-module G has a resolution

O—=F, —F,1—--—F—=F—-G-0

by locally free sheaves on X. One can therefore define the class of G in the
Grothendieck ring by

9] = 3 (~1)'[F] € K(X).
i=0
In particular, if ¥ C X is a closed subvariety (or subscheme), we define the
Grothendieck class of Y to be the class [Oy] of its structure sheaf.

Suppose Z is another closed subvariety of X. In intersection theory one studies
the geometry of the intersection YN Z. This can be done using (Chow) cohomology
by examining the product [Y]-[Z] € H*(X), or with K-theory by studying the prod-
uct of Grothendieck classes [Oy] - [Oz] € K(X). When Y and Z meet sufficiently
transversally, these products give the respective classes of the intersection, in the
sense that [YNZ] =[Y]-[Z] € H*(X) and [Oynz] = [Oy] - [Oz] € K(X). For ex-
ample, one can show that these identities hold when Y and Z are Cohen-Macaulay,
and all components of ¥ N Z have dimension dim(Y) + dim(Z) — dim(X).

The Grothendieck ring has a topological filtration K(X) = Fo D F1 D ---
by ideals. The ideal F; is generated by all classes [Oy] for which ¥ C X has
codimension at least ¢. There is a group homomorphism H*(X) — gr(K (X)) =
@D,~o Fi/Fit1 from the Chow ring to the associated graded ring of K (X) given by
[V] + [Oy], and this map becomes an isomorphism of rings after tensoring with Q
(see [11, Ex. 15.2.16]). The geometric meaning of this is that intersection theory in
the cohomology ring only captures the lowest graded piece of information available
in the Grothendieck ring.

Example 1. Let C C P? be a curve of degree 3. Since C' can be degenerated
into a union of three lines, its cohomology class is [C] = 3([line]. The Grothendieck
class is finer and can “see” that these lines overlap in three points. Thus [O¢] =
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3[Ohine] — 3[Opoint]. This example generalizes easily to a hypersurface of any degree
in P™.

The goal of these notes is to explain the combinatorics that arises in the study
of K-theoretic intersection theory of some concrete varieties and degeneracy loci.
The material is mostly taken from the papers [5, 4], as well as from joint work [8]
with A. Kresch, H. Tamvakis, and A. Yong.

Our notes are based on a lecture series presented at the Mini-School on Schubert
Varieties at the Banach Center in the Spring of 2003. We thank Piotr Pragacz,
Andrzej Weber, and the Banach Center for their kind invitation and hospitality.
We also thank R. Vakil for private communication concerning a symmetry property
of K-theoretic Schubert structure constants.

2. K-THEORY OF GRASSMANNIANS

Let X = Gr(d,n) be the Grassmann variety of d-dimensional subspaces of C™.
For each partition A = (A; > -+ > A\g > 0) with Ay < n — d, there is a Schubert
variety

X\ ={VeX|dim(VNnCr =) >ivl <i<d}.

Here C¥ c C” denotes the subspace of vectors where the last n — k coordinates are
zero. The codimension of X in X is equal to the weight [A| = 2?21 A; of A, We
will identify the partition A with its Young diagram of boxes, which has A\; boxes in
the top row, A2 boxes in the second row, etc. For example, we write (3,1,0) = H
If we let R = (n—d)? denote a rectangular partition with d rows and n—d columns,
then the Schubert varieties in X correspond to the Young diagrams A contained in

R.

n—d
We will write Oy = [Ox,] for the Grothendieck class of the Schubert variety X.
In the notation of Brion’s lectures we have Oy = Of for I = {\g+1,...,\; +d}
(see [2, Ex. 3.4.3]). These classes form a basis for the Grothendieck ring of X:

K(X)=EPzZ-0,.

As a first example of the multiplicative structure in this ring, we compute the
Grothendieck class of the intersection of two general translates of the divisor X ).

Example 2. Set ¥ = X;) = Xgand Z = {V € X | VN M # 0}, where
M=C"%1g0pC®0% ! C C"is the sum of C*"~?"! and the line spanned by
the (n — d + 1)st standard basis vector in C". Since Z is a translate of Y by the
action of GL,(C) on X, it follows that [Oy] = [Oz] = Og. By the definitions we



COMBINATORIAL K-THEORY 3

have Y NZ = XU XH. Since we have a reduced intersection XN XH = XEP’

we obtain a short exact sequence

0— Oynz = Oxy ® Ox — Ox— — 0,

5

where the first map is given by f +— (f, f) and the second by (f,g9) — f — g.
Since Y and Z are Cohen-Macaulay, it follows that Og - Og = [Oy] - [Oz] =
[Oynz] = O + OH - OEP in K(X). We note that the geometric construction

in this example is a special case of the degeneration techniques used by Vakil to
compute cohomology products on Grassmannians [27].

More generally, given two partitions A\, u C R, we can write
Or- 0, =) &,0,
v

for unique structure constants c5 , € Z. These structure constants depend only on
the partitions A, i, v, and not on our choice of Grassmann variety X = Gr(d, C").
Our first goal will be to describe these constants, which determine the K-theoretic
intersection theory on X. Using the isomorphism H*(X) = gr(K (X)) it follows
that the integer cf,, is non-zero only when [v[ > [A[ + |u[. When we have equality
[v| = [Al + |, the coefficient cf, is a structure constant in the cohomology ring.
These cohomology constants are called Littlewood-Richardson coefficients and play
an important role in numerous fields, including representation theory, geometry,
and combinatorics, see e.g. [13]. Lenart [22] has proved that the K-theoretic Pieri
coefficients c(”p)) L can be expressed as plus or minus a binomial coefficient.

Set-valued tableaux. We will formulate a general rule for the structure constants
S and for this purpose we introduce some notation. Define a set-valued tableau
to be a labeling of the boxes of a skew diagram with finite non-empty sets of
positive integers, so that the numbers in the diagram increase weakly along rows
and increase strictly down columns. More precisely, the maximum number of any
box must be less than or equal to the minimum of the box to the right of it, and
strictly smaller than the minimum of the box below it. For example

1123
12p34
2135|7

T =

is a set-valued tableau whose shape is the skew diagram (4,3,3)/(2,1). Define
the content of a set-valued tableau to be the sequence (c1,co,...), where ¢; is the
number of boxes containing the integer i. We also define the word of a set-valued
tableau to be the sequence of integers in its boxes when read from left to right then
bottom to top; the integers of a single box are arranged in increasing order. The
above tableau T has content (2,4,3,1,1,0,1) and word (2,3,5,7,1,2,2,3,4,1,2, 3).
A sequence of integers is called a reverse lattice word if every integer ¢ > 2 in the
sequence is followed by more 7 — 1’s than i’s.
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Given two partitions A and p, we let A % u denote the skew shape obtained by
attaching the Young diagrams for A and p corner to corner as shown.

o

The following theorem from [5] is a K-theoretic generalization of the classical
Littlewood-Richardson rule [23].

Theorem 1. The structure constant ¢, is equal to (=D)PI=IN=1el times the number
of set-valued tableaux of shape \ x u, such that the word is a reverse lattice word
with content v.

Example 3. Let A\ =p = (2,1) = and v = (3,3,1) = EEE‘ Then there are two

set-valued tableaux of shape A x p such that the word is a reverse lattice word with
content v.

1| 1]1]

1123 112
2 23

It follows that c§, = —2. The complete product of Oy and O, is given by

Op Op = O@]+OHE+0§E]+2O§3]+OEE+O@+OEH
- Op - 39 —wEE— _m—zo —30?3—0@
+2OB£D O@:D O@H :|||+OEEH+2O$3

BT

It follows from the theorem that K-theoretic structure constants on Grassman-
nians have signs that alternate with codimension, that is (—1)"’|*|>‘H“‘CKM > 0.
This alternation in sign has in fact been established by Brion for all homogeneous
spaces G/P, where G is a simply connected semisimple algebraic group [3]. This
is one of the topics discussed in Brion’s lectures [2]. One can also derive from
Theorem 1 that, if O, occurs with non-zero coefficient in Oy - O,, then we have
XaNX, D X, DU, X,, where the last union is over all partitions p such that [X ]
occurs in the cohomology product [X,] - [X,] € H*(X). In Example 3 above, this
says that all shapes occurring in the square of O(5 1) are contained in the union of
the shapes in the first row of terms.

Another consequence of the theorem is the following symmetry property of the
K-theoretic Schubert structure constants cf,,. For a partition A C R we let \¥ =
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(n—d—MAg,...,n—d— A1) be the dual partition.

A
I\

Corollary 1. For any three partitions A, p,v C R we have c5,, = c’)flvlv.

Notice that when |v| = |A| + |u|, this is immediate from the identity c, =
Jx[X] - [X,] - [X,v] for cohomological structure constants.

The proof given below was produced in response to a question of R. Vakil, who
had observed that the corollary follows from a conjectured K-theoretic puzzle rule
of A. Knutson and T. Tao. We note that this conjecture has now been proved by
Knutson and Vakil by translating K-theoretic puzzles to set-valued tableaux [17].

Proof. Let p : X — {point} be a map to a point. The corresponding pushforward
map ps : K(X) — K(point) = Z is the linear map given by p.(Ox) = 1 for all
A C R. Define the bilinear form

KX)o K(X)—=Z ; a®f—pla-0).

We claim that this is a perfect pairing, and that the dual basis element of O equals
tOyv, where t = 1 — Oyy. (This class t represents the top exterior power of the
tautological subbundle on X.) The corollary is immediate from this claim since
CKN = p*(OA ’ OP« ’ tOVV) = cl;u\/'

It follows from Theorem 1 that tO) = Oy — O1) - Ox = 3, (=1)"/N O, where
the sum is over all partitions v such that A C v C R and v/A has at most one box
in any row or column. This implies that p.(tOx) = 0x g, and we obtain

p«(tOx - O,) = Z 5 Px(tOy) = Cfu .

Finally, it is an easy exercise to check from Theorem 1 that cfu =0auv- O

A geometric proof that the bases {O)} and {tOx} of K(X) are dual to each
other can be found in Brion’s lectures [2] (see Thm. 3.4.1 and Ex. 3.4.3). In the
notation used there, we have t = [L~1] where L is the ample generator of the Picard
group of X.

3. THE BIALGEBRA OF STABLE GROTHENDIECK POLYNOMIALS

For a set-valued tableau T with content (c1, ¢z, . .., ¢, ), weset 21 = xPr st e alr.

For any partition A we define a stable Grothendieck polynomial for this partition by

Gy = Z (—1)|T|_|>“ 2T e Z]z1,x2,...].
sh(T)=X

The sum is over all set-valued tableaux T of shape A. This is a special case of the
stable Grothendieck polynomials studied by Fomin and Kirillov [9] (see section 6).
One can check from the definition that the power series G is symmetric in the
variables x;.

The term of lowest total degree in G is the Schur function sy. This power series
can be expressed as the determinant sy = det(e)\ﬁj,i)lg,jg()\/) where )\’ is the
conjugate partition of A, defined so that A} is the number of boxes in the ith column
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of A\, and e; is the elementary symmetric function of degree 4, i.e. the sum of all
monomials which are products of ¢ distinct variables. Given a vector bundle F on a
variety X, one defines a characteristic class s)(E) = det(cy4;-i(E)) € H*(X) by
substituting the i’th Chern class ¢;(E) for e;. When X = Gr(d, C") is a Grassmann
variety and SV is the dual of the tautological subbundle S C C" x X, then the
classical Giambelli formula says that s)(SV) is equal to the cohomology class of
the Schubert variety X . As a consequence, the cohomology ring of a Grassmann
variety is a quotient of the ring of symmetric functions A = €, Zs.

The stable Grothendieck polynomials GG provide a K-theoretic analogue of this
construction. For a vector bundle which can be written as a direct sum of line
bundles, E = L1 & --- ® L., we define

GAE)=G\(1—-L{',...,1—=L;*0,0,...) € K(X).

Since G is symmetric, this can be written as a polynomial in the exterior powers
of the dual bundle EV, so the definition also makes sense when E is not a direct
sum of line bundles. With this notation, it follows from [21] or [14, Thm. 3] that
Oy = GA(S8Y) in the Grothendieck ring of Gr(d,C"). We explain more about this
in section 6.

Example 4. We compute G 1)(1 —ai,1 —az,1—a3) =1—ajaz —araz — azaz +
atasaz+aia3aztaraza’—ala3a? = 1—(arjaz+ajaz+azas)+(a;+az+asz)(aiazaz)—
(a1aza3)®. It follows that for a vector bundle E of rank 3, we have G51)(E) =

1-[A’EV]+[EY @ N EY] - [N’ EV]? € K(X).
Since the lowest term of G is the Schur function sy, it follows that the power
series G are linearly independent. We let I denote their linear span.

I' = @ZGA C Z[[xl,ﬂiz, .. ﬂ
A
The following result generalizes Theorem 1.

Theorem 2. For any partitions A and p we have

Gr-Gu=> ¢&,G,
where the sum is over all partitions v, and the constants cy, are given by Theorem 1.

It follows from this theorem that each product G - G, is a finite linear com-
bination of stable Grothendieck polynomials G,. In particular, I' is a subring of
the power series ring Z[x1,xo,...]. This ring provides a combinatorial model for
the Grothendieck ring of a Grassmann variety. The topological filtration of the
Grothendieck ring K (X) corresponds to ideals I; = €D|,>; ZGx of I', and the ring
of symmetric functions is recovered as the associated graded ring A = €9 >0 Li/Ti
of I'.

For partitions A, p, and v, we set df, = ¢’ n, where R is a rectangular partition
which is wider than A and taller than u, and p = (R4 u, ) is the partition obtained

by attaching A and p to the sides of R.
R

7

p = (R+pmA) =
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It is not hard to see that df , is independent of the choice of the rectangle R. Given a
finite set of variables x1, . .., z,, we write Gx(z1, ..., zn) = Ga(z1,...,2,,0,0,...).
The coefficients df ., have the following interpretation.

Theorem 3. For any partition v and integers 0 < m < n we have

Gu(Z1y oy Ty T 1y -+ -5 Tp) = ZdK#GA(xl,...,xm) CGu(@mag, ) -
A

Theorem 3 implies that we can define a coassociative and cocommutative co-
product A: ' = T'® I on I' by setting

A(G)) = d,Gr®G,.
Ap
Example 5. Let v = (2,1) =H. Using Theorem 2 we compute
Gm-Gm=G G G G G G
P P P
- 2@ -G -G -G -G — 2@
e e
+ G + G 1+ G O+ G -G ] -
T IS I T

1]

It follows that
A(GEF\):1®GEFH—GD@G\:D+GD®GH+G\:D®GD+GH®GD+GEF\®1
_2GD®GH]_GED@GED_GED@GH_GH®G‘:D_GH®GH_2GH]®GD
+Gm®GHj+GH®GHj+GEF\®G[D+GEF\®GH—GEF\®GEP.

The coproduct A corresponds to the pullback along the embedding
t: Gr(dy,n1) X Gr(de,n2) — Gr(dy 4+ d2,n1 + n2)

which maps a pair (V; € C™" Vo € C™) to V1 @ Vo C C™t72, In fact, if we let
S1, Sa2, and S denote the tautological subbundles on Gr(di,n1), Gr(da,ne), and
Gr(di + d2,n1 + n2), respectively, then *(G,(5)) = G, (1*S) = G,(S1 & S2) =
ZAM dK#GA(Sl) - G (S2). Here we have identified S1 and Sy with their pullbacks
to the product Gr(dy, n1) x Gr(dz, ng).

The coproduct A makes I' into a commutative and cocommutative bialgebra.
The linear map I' — Z which sends 1 = G (o) to one and G to zero for [A| > 0
furthermore gives a counit. The bialgebra I' also has an involution I' — I' defined
by Gy — G.. This involution corresponds to the duality isomorphism Gr(d,n) =
Gr(n — d,n) of Grassmannians. Equivalently, the structure constants of I' satisfy
the identities c§, = CK;#/ and df , = dKi#/.

4. GEOMETRIC SPECIALIZATIONS OF STABLE GROTHENDIECK POLYNOMIALS

Given two vector bundles F and F' over the variety X and a partition v, we
define

G,(F—-E) = > d{,G\(F)-Gu(EY) € K(X)
Ap
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where EV is the dual bundle of E and y’ is the conjugate partition of u. It is
proved in [5] that G5 (F — E) is a specialization of the double stable Grothendieck
polynomials of Fomin and Kirillov [9]. It therefore follows from a super symmetry
property of the latter polynomials that, for any vector bundle H we have

(1) G\FeH-E®H)=G\(F-F).

In other words, G gives a well defined linear map G : K(X) — K(X). Since the
coproduct A is coassociative, it follows from this that

(2) Gu(F ~E) =Y d§,G\(F — H)-G,(H — E).
Ap

Another useful identity is GA\(F — E) = Gy (EY — FV), which was first proved by
Fomin (see [5, Lemma 3.4].)

If the bundles F and F' have ranks e and f, and if A\ and p are partitions such
that £(\) < f and p1 < e, we also have the factorization formula

(3) GletyauF = E) = GA(F) Gty (F = E) G, (—E)

where (ef) + A, u denotes the partition (e + A1,..., e+ Afy 1, 2, ).

Given a proper morphism 7 : X — X’ of varieties, there is a corresponding
pushforward homomorphism 7, : K(X) — K(X’), which is defined by 7. ([G]) =
> is0(=1)[RIm.(G)] for any coherent sheaf G on X. The factorization formula (3)
is a special case of the following Gysin formula from [4]. Tt generalizes Pragacz’s
cohomological Gysin formula from [25] and [15, (4.4)] to K-theory.

Theorem 4. Let E and F be vector bundles of ranks e and f over X, and let
m: Gr(d, F) — X denote the Grassmann bundle of subbundles of F of rank d, with
universal exact sequence 0 — S — m*F — Q — 0. Set q = f —d. Let A\ and u be
partitions such that £(X) < ¢, and A > max(e, 1 +d). Then we have in K(X)
that

W*(GA(Q - W*E) ' G#(S - 7T*E)) = G()q7d7...7)\q7d,p,1,p,27...)(F - E) .

Like Pragacz’s cohomological Gysin formula, this result remains true with slightly
weaker conditions. Namely, one may drop the requirement that \; —d > p1. This
means that the sequence I = (A; —d,..., Ay —d, p1, p2,...) is not necessarily a
partition; the definition of G; when I is an arbitrary sequence of integers is given
in [4, §3], but will not be discussed here. It is curious to note that the same formula
is also true in cohomology when A and p are arbitrary partitions such that £(\) < ¢
and £(u) < d [25], [15, (4.3)], but this case of the formula is false in K-theory. For
example, if F' = 0?22 is a trivial bundle of rank 2 and d = ¢ = 1, then one can
check that m.(G2(Q — 7" E)G1(S — 7 E)) = G(1,1)(—F) + G (—E) — G3,1)(—E),
and this agrees with Gy 1)(F — E) only when E has rank at most two.

5. DEGENERACY LOCI
Let ¢ : E — F be a map of vector bundles of ranks e and f over X. Given an
integer ¢ < min(e, f), there is a degeneracy locus
Oy = N(p) = {z € X |rank(¢, : E(x) — F(x)) < t}.
This locus has a natural structure of subscheme of X, given as the zero-section of

the map Afttg : APTLE — AMTLE. The expected (and maximal possible) codimen-
sion of € is the number (e — ¢)(f —t). When this codimension is attained, the
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classical Thom-Porteous formula expresses the cohomology class of €2; as a Schur
determinant (see [11, §14.4]). This formula generalizes to K-theory as follows.

Theorem 5. If Q; has codimension (e —t)(f —t) in X then its Grothendieck class
is given by
[0q,] = Ge—pyr—(F — E) € K(X).

The Thom-Porteous degeneracy locus 2; can be generalized as follows. Let
FEy — Fy — --- — E, be a sequence of vector bundles and bundle maps over X.
A set of rank conditions for this sequence is a collection 7 = {r;;} of non-negative
integers, for 0 <14 < j < n. This data defines the quiver variety

Q, = Q. (E.) ={z € X | rank(E;(z) — E;(x)) <riy Vi <j}.

We will demand that the rank conditions can occur, i.e. there exists a sequence of
vector spaces and linear maps Vyp — Vi — --- — V,, such that dim(V;) = rank(E;)
and rank(V; — V;) = r;; for all i < j. If we set r;; = rank(E;) for each i,
then this condition is equivalent to demanding that 7;; < min{r;, =15 Tit1, j} for all
0<i<j<mnandr;+ri_1j41 > Ti—1, +7ij+1 forall 0 <i <j <n [1]. In this
case, the expected codimension of the quiver variety (2, is equal to

d(r) =Y (rij-1 —rij)(rig1,; —74) -
i<j
In work with Fulton [7], we proved a formula for the cohomology class of a quiver
variety €. The following theorem from [4] generalizes this formula to K-theory.

Theorem 6. Let Eg — E; — --- — E, be a sequence of vector bundle maps such
that the quiver variety Q. (E,) has codimension d(r) in X. Then the Grothendieck
class of this quiver variety is given by

[OQT] = Z CH(T) GMI (El - EO) : GNQ (E2 - El) t Gun (En - Enfl) S K(X)

where the sum is over sequences = (U1, ..., pwn) of partitions u;, and the coeffi-
cients ¢, (r) are integers depending on the rank conditions.

The coefficients ¢, (r) of this formula are called quiver coefficients. They are
uniquely determined by the fact that the theorem is true for all varieties X, as
well as the requirement that c,(r) is non-zero only if ¢(u;) < r4; for all i. These
coefficients can furthermore be computed by an explicit combinatorial algorithm
based on the operations of the bialgebra I', see [4, §4].

A quiver coefficient ¢, (r) is non-zero only when ;| > d(r). When > || =
d(r), the coefficient ¢, (r) also appears in the formula for the cohomology class of Q,;
these coefficients are called cohomological quiver coefficients. It was conjectured in
[7] and proved by Knutson, Miller, and Shimozono in [16] that cohomological quiver
coefficients are non-negative. The K-theoretic quiver coefficients were conjectured
to have alternating signs, in the following sense.!

Conjecture 1. For any rank conditions r and sequence of partitions p, we have

(—1)2 il =d(r) cu(r) > 0.

L After these lectures were presented, this conjecture from [4] has been proved in the papers [6]
and [24].



10 ANDERS SKOVSTED BUCH

We explain how to prove Theorem 6 for a sequence of three vector bundles
E — F — H of ranks e, f, and h. In this case the quiver variety is defined as

Q={ze X |rank(E — F) <r,rank(F — H) < s,rank(F — H) < t}

for some non-negative integers r, s, and t. The requirement that these rank
conditions can occur says that r < min(e, f), s < min(f,h), ¢ < min(r,s), and
fH+t>r—+s.

To make sure that the bundle maps are maximally generic, we start by replacing
X with the bundle Hom(E, F')®@Hom(F, H) and the bundle maps with the universal
maps E — F — H on this bundle. (In the rest of this section we avoid explicit
notation for pullbacks of bundles.)

Form the product Y = Gr(r, F') x x Gr(s, H) of Grassmann bundles with projec-
tion 7 : Y — X, and let F' C F and H' C H denote the tautological subbundles
on Y. On the subset Z = Z(E — F/F'YNZ(F — H/H') C Y, the bundle map
from FE to F factors through F’, and the map F' — H factors through H’.

E F H

h / ; /
AN N
NN L

F’ H’

This gives a map F/ — F — H' on Z, and we let Q, = Q,(F' — H') C Z denote
the corresponding Thom-Porteous locus.

Since all the rank conditions are satisfied on €, it follows that 7(£2;) C €.
In fact, by using that the bundle maps are universal, one can show that = maps
; birationally onto © (see [7, Lemma 1].) Since quiver varieties have rational
singularities [18] and 7 is proper, it follows that 7.(Oq,) = Oq and Rim,(Oq,) =0
for all j > 1, so we get

m([0a]) = [Oa] € K(X).

Let R = (r —t)*"! be a rectangle with s —t rows and r — ¢ columns. By Theorem 5
and equations (2) and (3) we have

[0a,] = Goyr— (F/F' — E)Gpyn—e(H/H' — F)Gr(H' — F')
= G(eyr—(F/F' — E) G- (H/H' — Zd GA\(F/FG,(H — F)

= d}, Goyr-rir(F/F = E) G(pyn-s (H/H ~F)G.(H —F)
Ap

in the Grothendieck ring of Y. Using Theorem 4 we therefore obtain

[OQ] = ﬁ*([OQt]) = deu G(efr)f_TJr)\(F - E) ! G(ffs)h_s,p,(H - F)
Ap

in K(X) as required. Notice that the quiver coefficients for a sequence of three
bundles are just the coproduct coefficients df . In particular, they have alternating
) N2

signs.

Example 6. Suppose rank(E) = rank(F') = 5, rank(H) = 4, r = 3, s = 2, and
t = 1. Then we have (e — )/ =" =HH, (f —s)"* =HH, and R = (r —t)*~t = .
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Since A(Gr) = GM®1+Go® Go+1® G— G ® Go— Go® G, we obtain

[Oq] = GF(F —FE) GHEE(H —F)+ GHHZ\(F —FE) G@(H —F)

+GHE|(F_E)G@E\(H_F)_GHHI(F_E)GHEE(H_F)
- Gp(F - B) G@E‘(H—F).

6. GROTHENDIECK POLYNOMIALS

For each permutation w € S,1, there is a double Grothendieck polynomial
Gu(z;y) = Sy(x1, .., Tnj Y1, .-, Yn) defined as follows. If w = wy is the longest
permutation in S,,41, then we set

Guo(w;y) = [ (@i+y — ).
itj<nd1

Otherwise there is a simple transposition s; € S, 11 such that £(ws;) = £(w) + 1.
In this case we set

Sy ($§ y) = Wi(ngSi)

where the Demazure operator m; is defined by

(I =) f(@r, . @i, Tig1s - n) — (L —2) f(@1, -, @ige1, Ty - Tp)
T — Tit1 '

mi(f) =

Since the Demazure operators satisfy the Coxeter relations m;m;417; = T 4+1T;Ti41
and m;m; = m;m; for |i — j| > 2, it follows that this definition is independent of the
choice of s;. The specialization &, (z1,...,T,) = Gy(21,...,2;0,...,0) is called
the single Grothendieck polynomial for w.

Grothendieck polynomials were introduced by Lascoux and Schiitzenberger [21,
19] as representatives for the Grothendieck classes of Schubert varieties in a flag
variety. More generally, the double Grothendieck polynomials have the following
interpretation. Let Fy C Fo C --- C F,, —» H, —» --- — Hy — H; be a sequence
of bundles on X consisting of a full flag F, with a general map to a dual full flag
H,, such that rank(F;) = rank(H;) = i for all . Given a permutation w € Sy41,
Fulton [12] defined the degeneracy locus

Qy = Qu(F. — H,) = {z € X | rank(Fy(z) — Hp(z)) < rw(p,q) YD, 4},

where 7., (p,q) = #{i < p | w(i) < q}. Fulton proved that the cohomology class
of 2, is given by a double Schubert polynomial [12]. This was generalized to the
following formula for the Grothendieck class in [4, Thm. 2.1] as an application of
(14, Thm. 3].

Theorem 7. If the codimension of Q,, equals the length of w, then
where x; =1 — L7 ' € K(X) for L; = ker(H; — H;_1), and y; = 1 — M; € K(X)

K2

fO’f’ Mi = E/Fi—l-
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Fulton’s degeneracy locus €2, is a special case of a quiver variety, that is ,, =
Q. (F, — H,) where r = {r;;} is the set of rank conditions defined by

ro(2n+1—j,1) fi<n<j
Tij = ) lf] <n
Mm+1—j ifi>n+1.
It follows from this that &, (z;y) = [Oq,], so

4)  Gy(ry) = Z Cou Gy (F2 = F1) - Gy, (Hy — F) -+ Gy, (H1 — Ha)

n
where the constants ¢,, , = ¢, (r) are quiver coefficients. Note that G, (Fi41—F;) =
G, (M;11) is either zero or a power of 1 — M;_ll =1— (1 —y;r1)" !, which can
be expressed as a formal power series in y;1. Similarly G,,, ,(H; — Hi11) =
G, _;(—Liy1) is a power of 1 — (1 —z;41)~". In section 7 we describe a proof that
the coefficients c,,,, have alternating signs.

Let Y = Fl(n+ 1) be the variety of complete flags in C"*!, and S; Cc --- C S,, C
C"*! x Y the tautological flag of subbundles on Y. If we let H, be the dualized
flag SY — SY | — .-+ = S} and let F, C C"*! x Y be the trivial flag given by
F, = (0"T1=P 3 CP) x Y, then the degeneracy locus Q,,(F, — H,) C Y is identical
to the Schubert variety denoted by Yy, in Brion’s lectures (see [2, Def. 1.2.2]). Tt
follows that the single Grothendieck polynomial &,,(x1, ..., x,) gives a formula for
the Grothendieck class of this Schubert variety in K (Y') [21].

The double Grothendieck polynomials are related to stable Grothendieck poly-
nomials as follows. Given a permutation w € Sy,y1, we let 1" X w € Sp4nt1
denote the shifted permutation, which acts as the identity on the set {1,2,...,m}
and maps m + 4 to m + w(i) for i > 1. The stable double Grothendieck polynomial
Guw(z;y) of Fomin and Kirillov [9] is defined by

Gw(xlw"axm;yla"wym):®lm><w(x17'~'7xm707"'70;y17"'7ym707"'70)'

Let A = (A1 > -+ > Ag > 0) be a partition. The corresponding Grassmannian
permutation wy with descent at position d is defined by wx (i) = ¢ + A\gy1—; for
1 < dand wy(i) < wr(i+ 1) for i # d. With the notation of section 3, we have
Gi(z) = Gy, (z;0) and

Guy(z3y) = Ga(w3y) = > d),Go(2)Grr(y) .

One can also show that the single Grothendieck polynomial for wy is given by
Gy, () = Ga(z1,...,24), but no such identity holds for the double Grothendieck
polynomial &,,, (z;y).

Let X = Gr(d,C"*!) and let p : Y = Fl(n + 1) — X be the projection that
maps a complete flag V, € C"*! to its subspace Vy of dimension d. Then we
have p~1 (X)) = Qu, = Qu, (F, — H,). Since X\ C X and ,, C Y have the
same codimension |A| = £(w)), and since Schubert varieties are Cohen-Macaulay
[26], it follows from this that p*(Ox) = [Oq,,| = Guw,(21,...,2,). Since the
Grothendieck classes of the Schubert varieties in Y are linearly independent, this
implies that the pullback map p* : K(X) — K(Y) is injective. If § C C"*! x X
is the tautological subbundle on X, then we also have p* (G, (SY)) = GA(p*SY) =
Gx(Hg) = Gx(z1,-..,x4) = Gy, (21,...,Ty), which shows that Oy = G5(SY) in
the Grothendieck ring of X.
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Every stable Grothendieck polynomial G, (x;y) can be written as a finite linear
combination of the polynomials G (x;y) given by partitions [5]. We will describe a
formula of Lascoux for the coefficients of this linear combination, which shows that
they have alternating signs.

Given a permutation w, let 7 be the last descent position of w, i.e. 7 is maximal
such that w(r) > w(r +1). Set w’ = wr., where k > r is maximal such that
w(r) > w(k). We also set I(w) = {i < r | {(w'ry) = £(w)}. Define a relation
> on the set of all permutations as follows. If I(w) = @ we write w > v if and
only if v = 1 x w. Otherwise we write w > v if and only if there exist elements
iy < --- <ip of I(w), p > 1, such that v = w'r;,,...7;,,. The following is an
immediate consequence of [20, Thm. 4].

Theorem 8 (Lascoux). For any permutation w we have
Gw = Z Ao, \ G)\
A

where the sum is over all partitions A\, and a,. s equal to (—1)”‘"6(“’) times
the number of sequences w = wi > wg > -+ > Wy, Ssuch that w, = wy is a
Grassmannian permutation for A and w; is not Grassmannian for i < m.

Example 7. For the permutation w =2143, wegetr =3,k =4, w’ =2134, and
I(w) = {1,2}. The sequences of permutations of Theorem 8 are w > 3124 = w(y),
w>2314=wqy,and w>3214>143251> 24135 = w(y ). It follows that

Gw:GD]+GH—GH:|.

7. ALTERNATING SIGNS OF THE COEFFICIENTS Cw,p

In this section we outline a proof that the quiver coefficients ¢, of (4) have
alternating signs, based on our joint paper [8] with Kresch, Tamvakis, and Yong.
Suppose we are given a sequence of vector bundles

FFCcCFC---CcF,CcV—»H, —»---—» Hy —» Hy

consisting of a full flag F, of a bundle V of rank n + 1, followed by a dual full flag
H, of V. Set F/ = V/F; and H] = ker(V — H;). We then obtain a sequence

H c---CcH CV —F - - F|

and it is an easy exercise to show that Q.,(F, — H,) = Qgz(H. — F!) as subschemes
of X, where @ = wow™lwy. It follows that &, (z;y) = [Oq.], so we obtain

Suiy) = 3 oG (Hyy — HL) - G (FL — HY) -+ G (FL — Fly)
m
= Z C@7uGu1 (mn) T G,un (331; yl) to Gu2n—1 (0, yn)
m

where z; and y; are defined as in Theorem 7. Notice that G (z;) equals xf when
A = (p) is a single row with p boxes, and is zero otherwise. Similarly G(0;y;) is a
power of y; or zero, and furthermore G (v1;91) =3, , dr. Gy (71)Grr (y1).

Corollary 2. The monomial coefficients of Grothendieck polynomials are special
cases of the quiver coefficients cy .
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The degenerate Hecke algebra is the free Z-algebra H generated by symbols
s1,82,..., modulo the relations s? = s; and s;5;115; = S;4158:5;41 for all i, and

K3
s5is; = s;8; for |t — j| > 2. This algebra has a basis of permutations, corresponding
to reduced expressions in the generators.

Now define the universal Grothendieck polynomial for the permutation w € S,
to be the element

Py = Z Cu,p Gﬂl @ Gﬂ2n—1 S F®2n_1 .
o

The following theorem gives an explicit formula for these polynomials.
Theorem 9. For w € S, 41 we have
Pw = Z(_I)ZZ(Ui)ié(w) GU1 Y GU2 - 'Gu2n_1 S F®2n71 )

where the sum is over all factorizations w = uy-us -« - - Usp—1 0 the degenerate Hecke
algebra H such that w; € Swin(i2n—i)+1 for each i.

This theorem combined with Lascoux’s formula for the expansion of stable
Grothendieck polynomials in the basis of I implies the following explicit formula
for the quiver coefficients ¢ .

Corollary 3. The quiver coefficients cy,, of Py are given by

2n—1

Cw,u = (_1)E|M|_E(w) Z H |aui7m| ’
=1

where the sum is over all factorizations w = wuq - us---uUzn_1 n the degenerate
Hecke algebra H such that u; € Spin(i,2n—i)+1 for each i, and the constants a., ,,
are given by Theorem 8.

The proof of Theorem 9 is based on some identities of universal Grothendieck
polynomials. For 1 <1i < j < 2n — 1 we define

P,li, jl = Z Copl® - ®10G, ® @G, ®1x 1.
pipp=0 for k¢li,j]
Using a Cauchy identity for double Grothendieck polynomials of Fomin and Kirillov
[10] as well as some geometry of quiver varieties, one obtains the identity
Py= > (=1)WP,[1d]-Pli+1,2n-1].
u-v=weH
By iterating this formula, we obtain
P, = > (—1)2 )=t p 11 1] Pyy[2,2] -+ Py, [2n— 1,20 —1].
UL U2p -1 =WEH

Finally we use the identity

Pulisi] = 1971 @ Gy ® 19277170 if w € Sipin2n—i)+1
e 0 otherwise.

This was proved in [4] for ¢ = n, and the remaining cases are easy consequences of
this. Theorem 9 follows immediately from these identities.



[1]

[9]
(10]

(11]

(12]

(13]

(14]

(15]

[16]

[17)
(18]

(19]
20]

(21]

(22]
(23]

[24]
[25]

[26]

27)

COMBINATORIAL K-THEORY 15

REFERENCES

S. Abeasis and A. Del Fra, Degenerations for the representations of an equioriented quiver
of type Am, Boll. Un. Mat. Ital. Suppl. (1980), no. 2, 157-171. MR 84e:16019

M. Brion, Lectures on the geometry of flag varieties, this volume.

, Positivity in the Grothendieck group of complex flag varieties, J. Algebra 258
(2002), no. 1, 137-159, Special issue in celebration of Claudio Procesi’s 60th birthday. MR
2003m:14017

A. S. Buch, Grothendieck classes of quiver varieties, Duke Math. J. 115 (2002), no. 1, 75-103.
MR 2003m:14018

, A Littlewood-Richardson rule for the K-theory of Grassmannians, Acta Math. 189
(2002), no. 1, 37-78. MR 2003j:14062

, Alternating signs of quiver coefficients, preprint, 2003.

A. S. Buch and W. Fulton, Chern class formulas for quiver varieties, Invent. Math. 135
(1999), no. 3, 665-687. MR 2000f:14087

A. S. Buch, A. Kresch, H. Tamvakis, and A. Yong, Grothendieck polynomials and quiver
formulas, To appear in Amer. J. Math., 2003.

S. Fomin and A. N. Kirillov, Grothendieck polynomials and the Yang-Baxter equation, Proc.
Formal Power Series and Alg. Comb. (1994), 183-190.

, The Yang-Bazter equation, symmetric functions, and Schubert polynomials, Discrete
Math. 153 (1996), 123-143.

W. Fulton, Intersection theory, Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Re-
sults in Mathematics and Related Areas (3)], vol. 2, Springer-Verlag, Berlin, 1984. MR
85k:14004

, Flags, Schubert polynomials, degeneracy loci, and determinantal formulas, Duke
Math. J. 65 (1992), no. 3, 381-420. MR 93e:14007

, Young tableauz, London Mathematical Society Student Texts, vol. 35, Cambridge
University Press, Cambridge, 1997, With applications to representation theory and geometry.
MR 99f£:05119

W. Fulton and A. Lascoux, A Pieri formula in the Grothendieck ring of a flag bundle, Duke
Math. J. 76 (1994), no. 3, 711-729. MR 96j:14036

W. Fulton and P. Pragacz, Schubert varieties and degeneracy loci, Lecture Notes in Mathe-
matics, vol. 1689, Springer-Verlag, Berlin, 1998, Appendix J by the authors in collaboration
with I. Ciocan-Fontanine. MR 99m:14092

A. Knutson, E. Miller, and M. Shimozono, Four positive formulas for type A quiver polyno-
mials, preprint, 2003.

A. Knutson and R. Vakil, manuscript in preparation.

V. Lakshmibai and P. Magyar, Degeneracy schemes, quiver schemes, and Schubert varieties,
Internat. Math. Res. Notices (1998), no. 12, 627-640. MR 99g:14065

A. Lascoux, Anneau de Grothendieck de la variété de drapeauz, The Grothendieck Festschrift,
Vol. 111, Progr. Math., vol. 88, Birkh&user Boston, Boston, MA, 1990, pp. 1-34. MR 92j:14064
, Transition on Grothendieck polynomials, Physics and combinatorics, 2000 (Nagoya),
World Sci. Publishing, River Edge, NJ, 2001, pp. 164-179. MR 2002k:14082

A. Lascoux and M.-P. Schiitzenberger, Structure de Hopf de l’anneau de cohomologie et de
l’anneau de Grothendieck d’une variété de drapeauz, C. R. Acad. Sci. Paris Sér. I Math. 295
(1982), no. 11, 629-633. MR 84b:14030

C. Lenart, Combinatorial aspects of the K-theory of Grassmannians, Ann. Comb. 4 (2000),
no. 1, 67-82. MR 2001j:05124

D. E. Littlewood and A. R. Richardson, Group characters and algebra, Phil. Trans. R. Soc.,
A 233 (1934), 99-141.

E. Miller, Alternating formulae for K -theoretic quiver polynomials, preprint, 2003.

P. Pragacz, Enumerative geometry of degeneracy loci, Ann. Sci. Ecole Norm. Sup. (4) 21
(1988), no. 3, 413-454. MR 90e:14004

A. Ramanathan, Schubert varieties are arithmetically Cohen-Macaulay, Invent. Math. 80
(1985), no. 2, 283-294. MR MR788411 (87d:14044)

R. Vakil, A geometric Littlewood-Richardson rule, preprint, 2003.




