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ABSTRACT. A previous result of the authors with Chaput and Perrin states
that the union of all rational curves of fixed degree passing through a Schubert
variety in a homogeneous space G/ P is again a Schubert variety. In this paper
we identify this Schubert variety explicitly in terms of the Demazure product,
and we use combinatorics of the Weyl group to obtain bounds on its dimension.
This provides an explicit formula for any two-point Gromov-Witten invariant.
We apply this to give a new proof of the quantum Chevalley formula for G/P
as well as its equivariant generalization.

1. INTRODUCTION

Let X = G/P be a homogeneous space defined by a semisimple complex Lie
group G and a parabolic subgroup P. Each element w in the Weyl group W defines
a Schubert variety X (w) in X. Given an effective degree d € Hs(X;Z), the degree
d neighborhood of X (w) is the variety I'y(X (w)) C X defined as the closure of the
union of all rational curves of degree d that meet X (w). It was proved in [3] that the
variety T'g(X (w)) is also a Schubert variety in X. When X is a Grassmannian of
type A, the partition describing I';(X (w)) can be obtained by removing the first d
rows and columns from the partition describing X (w). This operation on partitions
has appeared in several references, possibly starting with [8]. More generally, the
variety I'q(X (w)) was identified in [3] whenever X is a cominuscule variety. The
main new result of this paper is an explicit description of the Weyl group element
corresponding to I'y(X (w)) when X is an arbitrary homogeneous space.

Our description of I'g(X (w)) is formulated using the Demazure product on W
[6], which by definition is the unique associative monoid product such that, for any
simple reflection sz and w € W we have

wsg if L(wsg) > L(w) ;
w-Sg =
s w otherwise.

Let Wp C W be the Weyl group of P, and let WP C W denote the subset of
minimal length representatives for the cosets in W/Wp. Then dim X (w) = £(w)
for each w € WP, Let z; € W be the unique minimal representative for the
degree d neighborhood of a point, i.e. T'y(X (1)) = X (zq4).

Theorem 1. For every w € W we have I'y(X (w)) = X (w - zq).
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Given a positive root a with s, ¢ Wp, let C,, C X be the unique T-stable curve
that contains the T-fixed points 1.P and s,.P, where T' C P is the maximal torus.
The element z,4 is easy to obtain using the following result.

Theorem 2. If [C,] < d, then z4Wp > zq - s Wp in the Bruhat order of W/Wp,
where d' = d — [C,]. It is possible to choose a such that zgWp = zq - $aWp.

When X = GL(n)/B, one can always choose « to be the highest root for which
[Co] < d, which makes the description of z4 completely explicit.

The degree d neighborhood T'y(X (w)) is related to Fulton and Woodward’s work
[8] on determining the smallest degree of the quantum parameter that appears in a
product of Schubert classes in the (small) quantum ring QH(X). Let Mo (X, d)
denote the Kontsevich moduli space of n-pointed stable maps to X of degree d,
with evaluation map ev = (evy,...,ev,) : Mo,(X,d) — X". The degree d
neighborhood of X (w) can then be defined by I'q(X (w)) = evy(evy (X (w)). Let
X (w)°? = wy.X (w) be the opposite Schubert variety of X (w), obtained by trans-
lating with the longest element wy € W. It is proved in [8] that the quantum
product [X (u)] * [X (w)] contains a term ¢ [X (v)] with d’ < d if and only if the
Gromov-Witten variety evy (X (u)°P) Nevy (X (w)) is not empty in Mo 2(X, d).
The later condition is equivalent to I'q(X (w)) N X (u)°P # @, which holds if and
only if wouWp < w - zgWp in the Bruhat order of W/Wp.

Define the Gromov-Witten variety GW4(w) = evy (X (w)) € Mo2(X,d) and
consider the surjective map evy : GWy(w) — T'y(X(w)). It was proved in [3]
that the general fibers of this map are unirational. This implies that the pushfor-
ward (evy).[GWq(w)] € H}(X;Z) is equal to [ X (w - z4)] whenever dim GW4(w) =
dim X (w- z4), and otherwise (evy).[GW4(w)] = 0. It follows that any (equivariant)
two-point Gromov-Witten invariant of X is given by

LX) = [ X)X w)
M) 1 if dim GWy(w) = dim X (w - zq) and X (w - zq) = X (wou) ;
~ 10 otherwise.

We apply our methods to give a new proof of the (equivariant) quantum Cheval-
ley formula for any product of a Schubert divisor with an arbitrary Schubert class
in the equivariant quantum ring QH,(X). In fact, all Gromov-Witten invariants
required in such a product can be obtained from (1) combined with the divisor
axiom in Gromov-Witten theory [12]. The quantum Chevalley formula was first
stated in a lecture given by Dale Peterson at M.I.T., and a proof was later supplied
by Fulton and Woodward [8]. The equivariant generalization is due to the second
author [16] and states that all terms of a product involving a Schubert divisor in
QH;(X) are also visible in the equivariant cohomology H3.(X) or in QH(X).

We remark that if P is not a Borel subgroup of G, then the ring QH,(X) is not
generated by divisor classes. However, it was demonstrated in [16] that all (3 point,
genus zero) equivariant Gromov-Witten invariants of X can be computed with
an explicit algorithm based on the equivariant quantum Chevalley formula. This
has been applied by Lam and Shimozono to prove that the equivariant Gromov-
Witten invariants of X coincide with certain structure constants of the equivariant
homology of the affine Grassmannian [14].
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Our paper is organized as follows. In section 2 we recall some basic facts about
Schubert classes on X. Section 3 proves a bound on the length of a reflection in a
Weyl group. In Section 4 we define the Demazure product and give combinatorial
proofs of its main properties. Section 5 contains the proof of Theorems 1 and 2 as
well as a bound on the length of z;. In Section 6 we give a formula for equivari-
ant two-point Gromov-Witten invariants. Section 7 finally proves the equivariant
quantum Chevalley formula.

We thank Pierre-Emmanuel Chaput and Nicolas Perrin for inspiring collabora-
tion on related projects, and Mark Shimozono for helpful discussions.

2. SCHUBERT VARIETIES

In this section we fix our notation for Schubert varieties and state some basic
facts. Proofs can be found in e.g. [9]. Let X = G/P be a homogeneous space
defined by a connected, simply connected, semisimple complex Lie group G and a
parabolic subgroup P. Fix also a maximal torus 7" and a Borel subgroup B such
that T C B C P C G. Let R be the associated root system, with positive roots
R™ and simple roots A C RT. Let W = Ng(T)/T be the Weyl group of G and
Wp = Np(T)/T the Weyl group of P. The parabolic subgroup P corresponds to
the set of simple roots Ap = {# € A | sg € Wp}. The group Wp is generated by
the simple reflections sg for 8 € Ap. Set Rp = RNZAp and RS = Rt NZAp,
where ZAp = Spany(Ap) is the group spanned by Ap.

For each element w € W we let I(w) = R* Nw™}(—R*) = {a € R* | w(a) < 0}
denote the inversion set of w. The second expression uses the partial order < on
RA = Spang(A) defined by o > § if and only if a — § is a linear combination
with non-negative coefficients of the simple roots A. The length of w is defined
by ¢(w) = |I(w)|. Equivalently, ¢(w) is the minimal number of simple reflections
that w can be a product of. Define the length of the coset wWp € W/Wp to be
{(wWp) = |I(w) ~ Rp|. The element w can be written uniquely as w = uv such
that I(u) N Rp =0 and v € Wp. We then have ulWp = wWp and £(u) = {(wWp).
The element u is called the minimal representative for the coset wWp. Similarly, if
wp denotes the longest element of Wp, then uwp is the mazimal representative for
wWp. Let WP C W be the set of all minimal representatives for cosets in W/ Wp.

Let wg be the longest element in W and let B°? = woBwy C G be the Borel
subgroup opposite to B. For w € W we define the B-stable Schubert variety
X(w) = Bw.P C X and the B°P-stable Schubert variety Y (w) = B°%Pw.P C
X. These varieties depend only on the coset wWp and we have dim X (w) =
codimY (w) = L(wWp). We also have X (w) N Y (w) = {w.P}. The collection of
points w.P for w € W is the set of all T-fixed points in X.

The Bruhat order on W/Wp is defined by uWp < wWp if and only if X (u) C
X (w). This order is compatible with the Bruhat order on W in the sense that
uWp < wWp whenever u < w in W. This follows because X (u) is the image of
Bu.B under the projection G/B — X.

Let (—,—) denote the W-invariant inner product on RA. Each root a € R has
a coroot oV = (jz). The coroots form the dual root system RV = {aV | « € R},
with basis of simple coroots AY = {3Y | 8 € A}. For 5 € A we let wz € RA denote
the corresponding fundamental weight, defined by (wg, @) = 04,5 for a € A.
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Lemma 2.1. Let « € R and let S C R be any set of roots such that s,(S) = S.

Then we have
D (@) =) (r,a¥)=0.

vyES yES

Proof. Since s, is an involution of S defined by s4(7) =7 — (v, @")a, we obtain

Z(%av) _ Z W—Za(V) —0.

yeS y€ES

Since we have s,v(SY) = SV, the first sum of the lemma is also equal to zero. [

We need the following observation, which can also be found in [8, p. 648].

Lemma 2.2. Let « € RT R;. Then o is uniquely determined by the coset
saWp € W/Whp.

Proof. Set A = ZBEA\AP wg. Then Wp acts trivially on A, while A — s4.A =
(A, @¥) a is a non-zero multiple of @. The lemma follows from this because distinct
positive roots are never parallel. [l

It is convenient to identify H?(X;Z) with the span Z{ws | 3 € A~ Ap} and
Hy(X;Z) with the quotient ZAY /ZAY,. More precisely, for each § € A\ Ap we
identify the class [X (sg)] € Ha(X;Z) with Y +ZAY, € ZAV/ZAY, and we identify
[Y(sp)] € H?(X;Z) with wg. The Poincare pairing H?(X;Z) @ Ho(X;Z) — Z is
then given by the W-invariant inner product (—, —) on RA.

For each positive root oo € Rt R; there is a unique irreducible T-stable curve
C, C X that contains 1.P and s,.P. We can restate [8, Lemma 3.4] as the identity

(2) [Co] = a¥ + ZAY, € Hy(X;7Z) .

According to [8, Lemma 3.5] we have

(3) alx) = Y. v € H(X;Z).
YERT\R},

Indeed, if we let ¢; = Z,YGRJr\R; ~ denote the right hand side of (3), then the cited
lemma implies that (¢1,8Y) = fX(SB) c1(Tx) for 8 € AN Ap, and Lemma 2.1 shows
that (c1,8Y) =0 for each 3 € Ap, hence ¢; € Z{wg | B € AN Ap} = H*(X;Z).

If A€ Z{wsg | B € AN Ap} is an integral weight, then the assumption that G
is simply connected implies that A is represented by a character A : T — C*. It
therefore defines the line bundle Ly := G x¥ Cy = (G x C)/P over X, where P
acts on G x C by p.(g,z) = (gp~*, A(p)z). By [8, Lemma 3.2] we then have

(4) ci(Ly) = A € H*(X;Z).

3. SMALL AND LARGE ROOTS

Set p = %Zwe}% v = 1e1(Tgyp). For each simple root 8 € A it follows from
Lemma 2.1 applied to R \ {3} that (p,3") = (38,") = 1, so we also have p =
>_sea ws- The height ht(a) of a root « is the sum of the coefficients obtained when
« is written as a linear combination of simple roots. Notice that ht(a) = (p,a").

Similarly we have ht(a) = %Zwelﬁ (o, 7).
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Definition 3.1. A positive root o € R is large if it is long and can be written as
the sum of two short positive roots. Otherwise « is small. The root « is colarge if

oV is large, and « is cosmall if o is small.

Notice that all short positive roots are small and all long positive roots are
cosmall. If R is simply laced, then all positive roots are both small and cosmall.

Theorem 3.2. For any positive root o € R we have {(s,) < 2ht(a) — 1. More-
over, the following are equivalent.

(a) The root « is small.
(b) We have £(s,) = 2ht(a) — 1.
(c) For all v € I(s4) ~ {a} we have (a,7V) = 1.

Proof. For any root v € I(s,) we have s,(7) =7 — (7,a¥)a <0, hence (y,a") > 1
and (a,v"Y) > 1. Since s, stabilizes the set RT \ I(s,), Lemma 2.1 implies that

() 2ht(a) = Y (@)= Y (@) =2+ 3 (@) 2 fsa) 1.

YERT YEI(sa) 'yEI(sa)\{a}

This proves the inequality as well as the equivalence of (b) and (c). We will show
that o is large if and only if (c) is false.

If « is large, then « is long and we can write a« = 3 + v where 8 and v are
short positive roots. Since (3,aY) 4+ (v,a") = (o,a") = 2 we may assume that
(7,a¥) > 1. Since 1 < (v,aY) < (a,7"), Table 1 in [10, p. 45] shows that we
must have (y,a") =1 and («,7") > 2. Finally we have s,(y) =7 —a = -3 <0,
hence (c) is false. Conversely, if (c) is false, then choose v € I(s,) ~\ {a} such that
(a,7Y) > 2 and set 8 = —s4(y) = @ — . Then « is long, v and 3 are short, and
a = 3+ . This shows that « is large, as required. |

Corollary 3.3. For a € R™ we have {(s,) = 2min(ht(«), ht(a¥)) — 1.

Proof. This follows because s, = sov and either «a or oV is small. O

Theorem 3.2 has the following ‘parabolic’ version. Recall the expression (3) for
the Chern class ¢1(Tx).

Theorem 3.4. For any root o € R* ~ R} we have £(s,Wp) < (c1(Tx),a") — 1.
Furthermore, £(soWp) = (c1(Tx),a") — 1 if and only if (R* ~ RE) N so(RE) =0
and (v,a") =1 for all v € I(s4) ~ (R} U {a}).

Proof. Define A = I(s,) ~ (R5 U {a}), B = (RT ~ R5) N so(RE), and C =
(R* N RE)Nso(RY N RE). Since RT \ R} is the disjoint union of {a}, A, B, and
C, we obtain from (3) that

(Cl(TX)’av) =2+ Z(,y’a\/> + Z(W?av) + Z(’Yaav) .

yEA yEB ~yeC

The result follows because |A| = £(saWp) — 1, (,a") > 1 for all y € AU B, and
> ec(r,aY) =0 by Lemma 2.1. O

Definition 3.5. The root a € R is P-cosmall if {(soWp) = (c1(Tx),a) — 1.
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4. THE DEMAZURE PRODUCT

Our description of curve neighborhoods is formulated in terms of the Demazure
product, which provides a monoid structure on the Weyl group W. This product
was introduced by Demazure in [6] as a combinatorial description of compositions
of Demazure operators. It has been used frequently in the study of K-theory of
homogeneous spaces, for example in Kostant and Kumar’s paper [13]. While the
Demazure product and its properties are well known, we do not know about a
reference that gives a short unified exposition, so we have taken the opportunity to
provide one here.

For u € W and 8 € A, define

usg if usg > u;
(6) uosg=q W
u if usg < u.

Let u,v € W and let v = sg, g, - - - 3, be any reduced expression for v. Define the
Demazure product of u and v by

U V=U"83, "SBy " +---"S53»
where the simple reflections are multiplied to w in left to right order.
We claim that this product is independent of the chosen reduced expression for
v. In fact, any reduced expression for v can be obtained from any other by using
finitely many braid relations, i.e. by steps that replace a subexpression of the form
toty - tm—1 with t1te - - t,,, where to; = s, and tg;41 = sg for given simple roots
a,f € A and all i € N. Tt is therefore enough to show that

(7) Wetg by ooty =Uty oty by

Let W, 3 C W denote the parabolic subgroup generated by s, and sg. Then
tot1 - tm—1 = tita - - -ty is the longest element of W, g, and both sides of (7) are
equal to the unique maximal representative for the coset uWy, g in W/W, g.

Given u,v € W, we will say that the product wv is reduced if £(uv) = £(u)+£(v).
This implies that w-uwv = (w-u) - v for all w € W. Notice also that for 5 € A and
v € W we have

(8) . sgv  if sgv > v;
v if sgv < w.

In fact, if we set v = sgv, then the identity is clear if £(v") > £(v), and otherwise
v = sgv’ is a reduced product, hence sg-v = (sg-sg)-v' = sg-v' = .
Proposition 4.1. Let u,v,v,w € W.

(a) The Demazure product is associative, i.e. (u-v)-w=u-(v-w).

(b) We have (u-v)~ !t =v=t - u~t.

(c) Ifv<v thenu-v-w<u-v- w.

(d) We haveu <u-v, v <u-v, uww <u-v, and £(u-v) < L(u)+ £(v).

(e) The element v’ = (u-v)v~"' satisfies v’ <u and v'v=u'-v=u-v.

(f) I(v) C I(u-v).

Proof. To prove (a) it is enough to show that (u-sg)-w = u-(sg-w) for each § € A.
This is clear if sg-w = sgw, and it is also clear if u-sg = v and sg-w = w. Assume
that - sg = usg and sg - w = w, and set w’ = sgw. Since w = sgw’ is a reduced
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product, we obtain (u-sg)-w = ((u-sg)-sg)-w = (u-sg)-w =u-w=wu-(sg-w), as
required. Part (b) follows from the associativity together with (6) and (8). To prove
(c) it is enough to show that v - sg < v - sg for each 8 € A. This is true because
Wps = {1, s3} is a parabolic subgroup of W, v- sg is the maximal representative for
vWpg in W/Wg, v' - sg is the maximal representative for v'Wp3, and vWp < v'Wj.
For (d), the inequality u < u - v follows from (6), and v < u - v follows from (8). If
we write v = v’'sg as a reduced product with § € A, then it follows from (c) and
induction on £(v) that u-v = (u-v") - sg > w' - sg > uv’sg = uv. The inequality
Lu - v) < L(u) + £(v) is clear from the definition. For (e), let u = 54,84, " * Sa,
be a reduced expression for u, and set y; = Saj " Sajiq " Sap U for each j.
Let {i1 < 42 < --- < ip} be the set of indices j for which y; # y,;4+1. Then
UV = Sa; Sa;, " Sa,, v is a reduced product, so U’ = Sq,, Sa,, ** " Sa,, satisfies the
requirements. Finally, part (f) follows from (8). O
Proposition 4.2. Let u,v € W. The following are equivalent.

(a) The product uv is reduced.
(b) f(u-v) = ((u) + ((0)
(c) u-v=uv.

(d) I(v) € I(uwv).

(6) I(u) N I(v~1) = 0.

Proof. All of the implications (a) = (b) = (¢) = (d) = (e) = (a) follow easily
from the definitions and Proposition 4.1. O

The Demazure product also defines a product W x W/Wp — W/Wp given by
u- (WWp) = (u-w)Wp.

To see that this is well defined, write w = w'w” with w’ € WP and w” € Wp,
and set v = u-w’ and p = v~ 1(v-w”). Then v -w = (u-w') - w"” =v-w" = vp,
and since p < w” by Proposition 4.1(e) we must have p € Wp. It follows that
(u-w)Wp = (u-w")Wp, as required.

Notice also that for g € A we have
sgwWp if sgwWp > wWp;
wWp if sgwWp < wWp.

(9) s (WWp) = {

In fact, if sgwWp > wWp, then we must have sgw > w by compatibility of
the Bruhat orders, and otherwise the inequality wWp < (sg - w)Wp implies that
sgwWp = wWp. The identity follows from this.

Proposition 4.3. For u,v € W we have {(u - vWp) < L(u) + £(vWp). Moreover,
if l(u-vWp) = L(u) + L(vIWp) then we must have u - vWp = uwvWp.

Proof. This follows from equation (9). |

5. CURVE NEIGHBORHOODS

5.1. The element z,. Given an effective degree d € Ho(X;Z) = ZAY JZAY,, let
Mo (X, d) be the Kontsevich space of n-pointed stable maps of degree d to X,
with total evaluation map ev = (evy,...,ev,) : Mg ,(X,d) — X™. We have

dim Mg (X, d) = dim(X) + (¢1(Tx),d) +n — 3



8 ANDERS S. BUCH AND LEONARDO C. MIHALCEA

where ¢1(Tx) is given by (3). Given any subvariety Z C X, define the degree
d neighborhood of Z to be T'4(Z) = evi(evy*(Z)). If Z is a B-stable Schubert
variety in X, then so is T'y(Z) by [3, Cor. 3.3(a)]. We wish to determine the
corresponding Weyl group element. Let zg € W’ be the unique element such
that Ty(X (1)) = X(z4). Notice that if d < d then zy < z5. We also have
wp - 2gWp = z4Wp where wp is the longest element of Wp. In fact, if we choose
w < wp such that wzgWp = wp - zgWp and let C C X be a rational curve of
degree d from 1.P to z4.P, then w.C is a rational curve of the same degree from
1.P = w.P to wzqg.P = wp - 24.P, s0 wp - 24.P € X(29). If « € R RJIS, then
since the curve C, connects 1.P to s,.P and has degree [C,| = oY + ZA}, we
obtain s4.P € X(zqv), 80 s4Wp < z4,vWp. Here we misuse notation and write
Zav = Zavizay,- We will see below that z,vWp = s,Wp whenever « € Rt is
P-cosmall. We can now prove the results stated in the introduction.

Theorem 1. For any w € W we have T'y(X(w)) = X (w - z4).

Proof. Since both varieties are B-stable Schubert varieties in X, it is enough to
show that they have the same T-fixed points. Choose a rational curve C C X
of degree d that contains the points 1.P and z4.P. Set v = (w - z4)z;'. Then
v.P € X(w) and v.C is a curve of degree d from v.P to vz4.P = w - z4.P. This
proves that X (w - z4) C I'g(X (w)).

Now let u.P € T'g(X(w)) be any T-fixed point. Since the locus of curves from
X(w) to u.P is a closed T-stable subvariety of Mg (X, d), it follows that this
locus contains a T-stable curve C, and this curve must contain a T-fixed point
v.P € X(w) with v € WF. Then v < w, and since v~*C is a curve of degree d
from 1.P to v~ 'u.P, we also have v 'uWp < z4Wp. We finally obtain uWp =
v u)Wp < w - 2gWp, 50 u.P € X (w - z4) as required. O

Corollary 5.1. For effective d,d’ € Hyo(X;Z) we have zq - za Wp < zgra Wp.
Proof. X(z4-za) =T (X(2a)) =Ta(Ta(X(1))) C Tara (X(1)) = X (244a/). O

The following theorem can be used to compute z4 for any effective degree d €
Hy(X;Z). Notice that w.C, is the unique irreducible T-stable curve from w.P to
wsqe.P, and we have [w.C,] = [Cy] = ¥ + ZA}, € Hy(X;Z).

Theorem 2. Let0 < d € Hy(X;Z). For any root a € RY\ R} with o +ZAY, < d
we have zgWp > zq-5oWp, where d = d— (" —|—ZA1V3). Furthermore, it is possible
to choose o such that zgWp = zg - soaWp.

Proof. The inequality follows from Corollary 5.1 because zovWp > s,Wp. Let
C C X be a T-stable curve of degree d containing 1.P and z4.P. This curve must
be a connected union of irreducible T-stable components. At least one component
contains z4.P, and any such component has the form z4.C, with o € RT RJIS
and connects z4.P to 245..P. We may choose a component z4.C, so that ¢/ =
O~ 24.C,, connects 1.P to zgSo.P. Write 248, = uv with u € WF and v € Wp.
Since [C'] < d' = d — (¥ + ZAY), it follows that u < zgy. We deduce that
2aWp = uvs,v 1 Wp = uSy(a)Wp < zar - Sy(a)Wp < 2aWp. The result follows
from this because v(a) + ZAY, = o+ ZAY,. O

Remark 5.2. For d' € Hy(G/B;Z) = ZAY we let 2/, € W be the element defining
the degree d’ neighborhood of 1.B in G/B. Theorem 2 implies that for any effective
degree d € Hy(X;Z) we have zqWp = max{z), Wp | d' +ZA}, = d}.
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Proposition 5.3. Let 0 < d € H*(X;Z). Then £(zq) < (c1(Tx),d) — 1. Further-
more, if €(z4) = (c1(Tx),d) — 1, then there exists a unique root a € R* \ R}, such
that z4Wp = soWp. This root « is P-cosmall and we have d = ¥ + ZA}.

Proof. By Theorem 2 we can choose o € RT \ RJIS such that zgWp = z4 - s Wp
where d’ = d— (a¥ +ZAY,). Theorem 3.4 implies that {(s,Wp) < (¢1(Tx),a")—1.
If ' > 0, then it follows by induction on d that £(zqWp) < l(zg') + €(saWp) <
(1(Tx),d) =14 (aa(Tx),a¥) =1 = (c1(Tx),d) — 2. We deduce that, if £(z4) =
(c1(Tx),d) — 1, then d' = 0, z4Wp = s,Wp, and « is P-cosmall. The uniqueness
of a follows from Lemma 2.2. O

Corollary 5.4. Ifa € RT R; 18 a P-cosmall root, then zovWp = s, Wp.

Proof. This follows because £(soaWp) < €(2ov) < (c1(Tx), ") — 1 =L4(s,Wp). O

Example 5.5. Assume that X = G/P is a cominuscule variety, i.e. ANAp = {7}
consists of a single cominuscule root . Then it follows from [3, Lemma 4.3] that
2gWp = (wpsy) - (wpsy) - ... (wpsy)Wp (m-fold Demazure product).

5.2. The moment graph. The element z; € W can also be constructed using
the moment graph of X. The vertices of this graph are the T-fixed points X7 and
the edges are the irreducible T-stable curves in X. More precisely, there is an edge
between u.P and w.P if and only if wWp = us,Wp for some root o € Rt ~ R;;
the corresponding T-stable curve is u.Cy, C X which has degree [C,] = oY +ZAp €
Hy(X;Z). Define the weight of a path in the moment graph to be the sum of the
degrees of its edges. Given d € Hy(X;7Z), let Zg4 C X7 be the subset of points w.P
for which there exists a path from 1.P to w.P of weight at most d. Then Theorem 2
implies that z4.P is the unique maximal element of Z; in the Bruhat order on X7,
defined by u.P < w.P if and only if uWp < wWp.

Example 5.6. Let X = SO(5)/B = OF(5) be the variety of isotropic flags in the
vector space C® equipped with an orthogonal form. The corresponding root system
has type Bs. Let A = {1,032} be the simple roots, with 8; long and (5 short.
The remaining positive roots are @ = 31 + B2 and v = (1 + 202, with coroots
a¥ =287 + By and vV = B + By. Write s; = sg, for i = 1,2. The moment graph
of X is displayed below, with each edge labeled by its degree. Since the paths of
weight vV starting at 1 are 1 — s; — 8182, 1 — S — 8251, and 1 — 5y = 525152,
we have z,v = s,. On the other hand, the paths of weight oV starting at 1 include
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1 — 81 — wp, SO 2qv = Wy # Sq = S15251-

A . v 515281

P2

S182

5.3. A criterion for z,v = s,. In this subsection we assume that X = G/B. In
this case the converse of Corollary 5.4 is also true.

Corollary 5.7. Let a € RT be any positive root. The following are equivalent.

(a) The root a is cosmall.
(b) We have ((zov) = (c1(Tg/p), ) — 1.
(c) We have zov = s4.

Our proof is based on the following lemma, which we have proved by classifying
the large roots of all non-simply laced Weyl groups. The proof is not illuminating
and is omitted here.

Lemma 5.8. Assume that o € RV is large, and write o = §+ v with 3 and ~
short positive roots. Then {(sq) < (sg - S~).

We remark that the stronger inequality £(s,) < ¢(sgs,) is also true, except when
« is the highest root of type Gs.

Proof of Corollary 5.7. The implication (a) = (b) follows from Corollary 5.4, and
(b) = (c) follows from Proposition 5.3. Assume that « is colarge and write o =
BY +~Y where 3 and v are short coroots. Then Lemma 5.8 and Theorem 2 imply
that £(sq) < U(sg - sy) < £(zqv), 8O zZqv # Sq. This proves (c) = (a). O

It would be interesting to find a similar criterion in the more general case when
X =G/P.

5.4. Varieties of complete flags of type A. We give an explicit formula for z4
when X = SL,,+1(C)/B is a complete flag variety of type A,. We have W = S, 11,
A:{ﬁi,i+1 | 1 SZSTZ}, RJF:{ﬂij ‘ 1 SZ<] §n+1}, and 5/37‘,;' :tij = (Z,]),
where 3;; = e; —e; € R"™. For each i € [I,n+ 1] = {1,2,...,n + 1} we set
tii =1 € Spy1.

Lemma 5.9. Let o;; and ay; be positive roots of type A.

(a) We have t;j -t = tg - ti; if and only if [i,j] N [k, 1] = 0 or [i,j] C [k,I] or
[k, 1] € [2, 5]
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(b) Assume that t;; - tg; # ti - ti;. Then we have i <1, k < j, tij -t < ti - tij,
bt - tij <t -t and by -ty =ty - ta.

Proof. The easy verification is left to the reader. O

Theorem 5.10. Let 0 < d € H3(SL,41(C)/B;Z). Choose a € R* mazimal
such that oV < d, i.e. there is no root v € RT such that oV < «V < d. Then
Zd = Zd—aV " Sa = Sa ' Zd—aV -

Proof. By Theorem 2 we can choose a sequence of positive roots aq,ao,...,qp
such that d = >~ oy and 24 = Sa, * Say -+ * Sa,. Then choose i such that ay is
maximal. Assume that s,, does not Demazure-commute with all other reflections
Sa;- By moving s, through some commuting reflections, we can assume that
j=1+1 (or j =i — 1 which is treated by a symmetric case). Lemma 5.9(b)
implies that there are positive roots 7,7, € R such that v +v; = o + «;,
Vi > > Q5 > Y, Sy, 0 Sy; 2 Sa; * Sa;, and Sy, - 8y, = 8, + S,,. Theorem 2
implies that zy = sq, *+* 8y, - 54, * "+ Sa,, SO We can replace oy, a; with v;,v;. By
repeating this procedure finitely many times and then placing «; at the end of the
sequence, we may assume that o, is maximal and s,, Demazure-commutes with
all reflections s, for j < p. We finally deduce from Theorem 2 and Corollary 5.1
that zqg = sa; * -+ " Sap_y * Sa, < Zd—ay * Sa, < zq4, as required. O

6. GROMOV-WITTEN INVARIANTS
Given w € W and d € Hy(X;Z), define the Gromov-Witten variety
CGWg(w) = evy H(X(w)) C Moa(X,d).

We have dim GWy(w) = {(wWp) + (¢1(Tx),d) — 1, and Theorem 1 implies that
evi(GWy(w)) = Tg(X (w)) = X(w - zq). We need the following consequence of |3,
Prop. 3.3].

Proposition 6.1 ([3]). The variety GWgq(w) is unirational, and the evaluation
map evy : GWg(w) — T'g(X (w)) is a locally trivial fibration over the open B-orbit
in Dg(X(w)). In particular, the general fibers of evy are unirational.

Theorem 6.2. Let w € WF and 0 < d € Hao(X;Z). Then (evy).[GWg(w)] is
non-zero in H*(X;Z) if and only if L(wzqWp) = L(w) + (c1(Tx),d) — 1. In this
case we have £(zq) = (c1(Tx),d) — 1, wzq € WP, and (ev1).[GW4(w)] = [X (wz4)].

Proof. Notice first that £(wzgWp) < dim X (w - zq) < l(w) + £(zq) < l(w) +
(c1(Tx),d) =1 = dim GWy(w). If L(wzgWp) = (w) + (c1(Tx),d) — 1, then we
must have dim GWy(w) = dim X (w - z4), so Theorem 1 and Proposition 6.1 imply
that (ev1)«[GWgy(w)] = [X(w - z4)]. On the other hand, if (evy).[GW4(w)] # 0,
then we obtain {(w - z4Wp) = £(w) + ¢(zq4) and £(zq) = (c1(Tx),d) — 1, and the
first equality implies that wzyWp = w - 24Wp by Proposition 4.3. (]

Let H7(X;Z) denote the T-equivariant cohomology ring of X. Each T-stable
closed subvariety Z C X defines an equivariant class [Z] € H5(X;Z). Pullback
along the structure morphism X — {point} gives Hx(X;Z) the structure of an
algebra over the ring A := H(point;Z), and H}(X;Z) is a free A-module with
basis {[Y(w)] : w € WP}, For any class Q € H;(X;Z), we let [, Q € A denote
the proper pushforward of Q along the structure morphism X — {point}. The
Kontsevich space My (X, d) has a natural T-action given by (¢.f)(y) = t.f(y) for
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any stable map f : C — X and t € T, and the evaluation maps ev; : Mg, (X,d) —
X are T-equivariant. Given classes Q,...,Q, € H3(X;Z) and d € H3(X;Z), the
associated equivariant Gromov- Witten invariants is defined by

Iy(Q,...,Q,) = / evi (1) -evy(Q)---evi(Q,) €A.

Mo, n(X,d)

Notice that Theorem 6.2 holds for the equivariant class (ev1).[GWy(w)] € H3(X),
with the same proof.

Corollary 6.3. Let w,u € WP and 0 < d € Ho(X;Z). The two-point Gromov-
Witten invariant I([X (w)], [Y (u)]) is non-zero if and only if there exists a root
a € RY N\ R}, such that d = ¥ + ZAY,, l(ws,Wp) = L(w) + (c1(Tx),d) — 1, and
uWp = wsoWp. In this case o unique and P-cosmall, and I;([X (w)], [Y (v)]) = 1.

Proof. The projection formula and Theorem 6.2 imply that I;([X(w)], [Y (u)]) =
Jx (ev1)«[GW4(w)] - [Y (u)] is non-zero if and only if we have {(wzgWp) = £(w) +
(c1(Tx),d) — 1 and u = wzg. In this case it follows from Proposition 5.3 that
d=a" +ZAY for a unique P-cosmall root o € Rt RJIS with s, Wp = zgWp. O

The divisor axiom [12] (see also [7, (40)]) is valid for equivariant Gromov-Witten
invariants. Let Z C X be any T-stable divisor and 0 < d € H5(X;Z), and consider
the variety ev, '(Z) C Mo ,(X,d) and the morphism ¢ : ev,, (Z) — Mo —1(X,d)
that discards the n-th marked point in the domain of its argument. For a gen-
eral stable map f : C — X in Mg,_1(X,d) we can identify the fiber ¢~1(f)
with f=1(Z) C C, so it follows from Kleiman’s transversality theorem [11] that
#671(f) = ([Z],d) = [,[Z] for all points f in a dense open subset of Mo ,—1(X,d).
We deduce that ¢.[ev,(Z)] = ([Z],d) - [Mon-1(X,d)], so the projection formula
implies that

(10) Id(Qh ey anly [Z]) = ([Z], d) . Id(Qh ey anl) €A

for all classes Qq,...,Q,_1 € H}(X;Z). In particular, the equivariant Gromov-
Witten invariant I;(,...,Q,—-1,[Z]) depends only on the class of Z in the ordi-
nary cohomology ring H*(X;Z) and not on its equivariant class in H5(X;Z).

Corollary 6.4. Let u,w € WP, g€ A, and 0 < d € Hy(X;Z). If the Gromov-
Witten invariant I4([Y (u), [Y (sg)], [X (w)]) is non-zero, then there exists a unique
root a € RY \ R} such that (i) d = o + ZA}, (i) L(wWp) = L(uWp) + 1 —
(c1(Tx),aY), and (iii) wWp = usoaWp. If « € Rt \ R} is any root satisfying (i),
(i), and (iii), then we have ([Y (u)], [Y (sg)], [X (w)]), = (wg, ") € Z.

Proof. It I;([Y (w)], [X (w)], [Y (sg)]) # 0 then it follows from (10) and Corollary 6.3
that there exists a root v € R \ R}, such d = vV + ZAY, ((wWp) = {(uWp) +
1—(c1(Tx),7Y), and uWp = ws,Wp. Since u*ws, € Wp we deduce that o :=
u~tw(—y) € Rt \ R} satisfies (i), (ii), and (iii). O

Remark 6.5. The K-theoretic two-point invariants are easier to compute, since
Proposition 6.1 together with the K-theoretic Gysin formula of [4, Thm. 3.1] imply
that (ev2)«[Oaw,(w)] = [Ox(w-20)] € Kr(X) for any degree d > 0. It follows that
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any equivariant K-theoretic two-point Gromov-Witten invariant of X is given by
Xoro . (@V11Ox )] - ev3[Oy w)]) = Xx ([Ox(w20)] - [Ov(w)])

1 iqupgw-dep;

= O w-z w =
Xx (Ox (wza)n (w)) {0 otherwise.

We refer to [4, §4] for notation. Unfortunately, the K-theoretic invariants do not
satisfy a divisor axiom, so this formula does not reveal any 3-point invariants.

7. THE EQUIVARIANT QUANTUM CHEVALLEY FORMULA

The T-equivariant quantum cohomology ring QHp(X) is an algebra over the
polynomial ring Alg] := Afgg : 8 € AN Ap|], A = H}(point), which as a Ag]-
module is defined by QH,(X) = H*(X;Z) ®z Alg]. The multiplicative structure of
QH,(X) is given by

Y ()] % [Y ()] = Y La([Y ()], [Y (o)), [X (w)]) ¢* [Y ()]
w,d

where the sum is over w € W¥ and 0 < d € Ho(X;Z), and we write ¢¢ = 15 qéwﬁ’d).

It was proved in [15, 16] that if v = sg is a simple reflection, then the product
[V (u)]x[Y (sp)] contains no mized terms, i.e. if d # 0 then the coefficient of ¢?[Y (w)]
is always an integer. This fact is also a consequence of Corollary 6.4.

To state the equivariant quantum Chevalley formula, we need some notation.
Since G is simply connected, each integral weight A € Z{wg | 8 € A} can be iden-
tified with a character A : T' — C*. Let C, be the corresponding one-dimensional
representation of T, defined by ¢.z = A(¢)z. This representation can be viewed as a
T-equivariant vector bundle over a point, so it defines the equivariant Chern class
er(X) :=cF'(Cy) € A. This class should not be confused with the class that A might
represent in H2(X;Z) = Z{wg | B € A ~ Ap} by the notation of section 2. The
ring A is the polynomial ring over Z generated by the classes cr(wg) for § € A.
The equivariant quantum Chevalley formula is the following result [5, 8, 16].

Theorem 7.1. Letu € W and § € A\ Ap. Then we have
Y (w)] *[Y(sp)] =
Y (wsa) [Y(usa)] + er(ws —uwws) [Y(W)] + Y (ws,a¥) g™ [V (usa)] ;

the first sum is over a € R\ R}, such that ((usqWp) = (uWp) + 1, and the
second sum is over « € R\ R}, such that {(uso,Wp) = L(uWp)+1—(c1(Tx),aV).

Proof. Tt follows from Corollary 6.4 that the second sum accounts for all terms
with non-zero g-degrees. The remaining terms come from the equivariant product
[Y(u)] - [Y(sg)] € H(X;Z), and the coefficient of [Y (w)] in this product is

o, = / Y ()] [ (s5)] - [X (w)] = / ¥ () N X (w)] - [Y(s5)] €A.
X X

This coefficient is non-zero only if u < w and £(wWp) < L(uWp)+ 1. If L(wWp) =
L(uWp) + 1, then the intersection Y (u) N X(w) is a one-dimensional closed T-
stable subvariety of X whose T-fixed points consist of u.P and w.P. It follows that
Y (u) N X(w) = u.Cy and w.P = us,.P for some root o € R* \ R}, and we have
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sy = ([Y(58)],[Ca]) = (wp,a") as claimed. This argument can also be found in

e.g. [8, Lemma 8.1] or [2, Prop. 1.4.3].

The last remaining term is ¢, , [Y'(u)]. The projection formula implies that

s = [ o)) (0P = [V ()l
X

where [Y'(sg)]u.p € A is the restriction of [Y (sg)] to the T-fixed point u.P € X. Set
A = wg and notice that Ly = G xP C, is a G-equivariant line bundle with action
defined by ¢'.[g, 2] = [¢'g, z]. According to the Borel-Weil theorem [17] there exists
a B°P-stable section o € H°(X, L), unique up to scalar, and we have Co = C_,
as a T-representation. This implies that ¢ : X x C_, — L) is a morphism of
T-equivariant line bundles. The T-equivariant class of Y'(sg) is therefore given by

Y (sp)] = [Z(0)] = ¢f (La) — ¢f (X x C_) € HF(X;Z) .
Since the fiber of Ly over u.P is Ly(u.P) = C_, ), we obtain

Y (sp)lur = ¢ (Cour) = ¢f (Cox) = er(wp — wwp).
This finishes the proof. (]
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