QUANTUM PIERI RULES FOR ISOTROPIC GRASSMANNIANS

ANDERS SKOVSTED BUCH, ANDREW KRESCH, AND HARRY TAMVAKIS

Abstract. We study the three point genus zero Gromov-Witten invariant s
on the Grassmannians which parametrize non-maximal isotro pic subspaces in
a vector space equipped with a nondegenerate symmetric or sk ew-symmetric
form. We establish Pieri rules for the classical cohomology and the small quan-
tum cohomology ring of these varieties, which give a combina torial formula for
the product of any Schubert class with certain special Schub ert classes. We
also give presentations of these rings, with integer coeci ents, in terms of
special Schubert class generators and relations.

0. Introduction

Let G be a classical Lie group of type B, C, or D, andP any maximal para-
bolic subgroup of G. The homogeneous spacX = G/P is a Grassmannian which
parametrizes isotropic subspaces in a vector space equippevith a nondegenerate
symmetric or skew-symmetric bilinear form. The small quantum cohomology ring
QH(X) is a deformation of the cohomology ring H (X, Z), de ned using structure
constants given by the (three point, genus zero) Gromov-Witen invariants of X.
The ring QH(X) is generated as an algebra oveEZ[q] by certain special Schubert
classes, in a similar fashion to the ordinary cohomology rig of X, which is recov-
ered when the formal variableq is set equal to zero. The main purpose of this
paper is to formulate and prove aquantum Pieri rule, a combinatorial formula
which describes the product of a special Schubert class withn arbitrary one in the
guantum cohomology ring.

A quantum Pieri rule for the usual type A Grassmannian was proved by Bertram
[Be], while corresponding rules for the Grassmannians of mamal isotropic sub-
spaces were established by the second and third authors [KTKT2]. We deal here
with the remaining cases, whereX is a non-maximal isotropic symplectic or or-
thogonal Grassmannian. Our results are applied to obtain pesentations of QHX)
with integer coe cients in terms of special Schubert class gnerators and relations.

One notable feature is that the quantum Pieri rule in the orthogonal cases in-
volves quadratic q terms, which is a new phenomenon for Grassmannians. Al-
gebraically, it is simplest to understand the transition between the maximal and
non-maximal isotropic cases in type D, by considering the spce OG(h  k, 2n) of
isotropic (N k)-dimensional subspaces oC?", for k 0. When k = 1, the Pi-
card group of this orthogonal Grassmannian has rank two. Theefore the quantum
cohomology ring of OG( 1, 2n) involves two deformation parametersq; and gz,
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whereas OGf, 2n) and OG(n k, 2n) for k > 1 have only one deformation param-
eter q. Formally, the single quantum parameter on OG(n, 2n) is replaced with two
square roots on OGf 1,2n), which in turn are identied on OG( n  2,2n).

The proofs of the quantum Pieri rules in this article use the kernel{span and
dimension counting ideas of the rst author [Bu] in an essental way; the earlier
papers [Be, KT1, KT2] used intersection theory on certain Qut scheme compacti -
cations of the moduli space of maps from the projective lined X. Furthermore, we
continue the program set out in [BKT1] of equating the Gromov-Witten invariants
on X (of any degree) with classical triple intersection numberson related varieties
X% However the analysis here is considerably more subtle, afié parameter space
X0 of kernel{span pairs will no longer be a homogeneous spacerfthe group G,
in general. For instance, the parameter space of lines on anrthogonal Grassman-
nian is a two step orthogonal ag variety, but the analogous gatement is false in
the symplectic case, where additional geometric argumentsare needed to relate
the degree one Gromov-Witten invariants to classical Schubrt structure constants
(Proposition 1.2).

On the other hand, in degrees greater than one, the sympleati Grassmannians
are much better behaved than the orthogonal ones, from this pint of view. We are
able to show that the function ¢ which sends a rational map (or curve) counted by a
Gromov-Witten invariant to the pair consisting of its kerne | and span is a bijection
in the symplectic case, but for orthogonal Grassmannians te map ¢ is N to 1,
where N is an explicitly determined power of two. Additional compli cations stem
from the fact that for any two points on the maximal orthogonal Grassmannian
OG(d, 2d), the corresponding subspaces o€2Y must intersect in at least a line, if
the integer d is odd; this makes it impossible to place three points of OG(, 2d) in
\pairwise general position" in the sense of [BKT1, Prop. 4].

Our Pieri rules and presentations are new even for the classal cohomology ring
H (X, Z). Over each GrassmannianX, there is a universal exact sequence of vector
bundles

orstv x1!1Qt 0

with S the tautological subbundle of the trivial bundle Vx . Pragacz and Ratajski
[PR1, PR2] proved Pieri-type rules for the product of an arbitrary Schubert class
with the Chern classes ofS . An important part of our work was the discovery of
new classical Pieri rules for multiplying with the Chern classes ofQ. Aside from
being much simpler than the formulas in [PR1, PR2], the new Peri rules are also
essential for our applications to quantum cohomology. To bespecic, we prove
that any quantum product of c,(Q) with another Schubert class on a symplectic
Grassmannian can be obtained from the product of these class in the ordinary
cohomology ring of a larger Grassmannian. However, we do né&now such a relation
for all products involving the Chern classes ofS (see Example 1.3).

Our method for proving the new classical Pieri rules is compgétely di erent (and
much shorter) than that of loc. cit. We use a geometric appro&h, following Hodge's
classical proof of the Pieri rule for the usual Grassmannias via triple intersections
[H]; see also [Se, So]. In type D, the Chern classes of the talbgical bundlesS
and Q do not generate the cohomology ring H(X, Q), and thus a direct approach
by intersecting Schubert cells seems necessary to obtain ¢hfull picture. We also
note that the classical Borel presentation [Bo] of the cohomlogy ring of orthogonal
Grassmannians requires rational coe cients, and uses a dierent set of generators.
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Another innovation of this article is our parametrization o f the Schubert vari-
eties by k-strict partitions , a convention which makes their codimension apparent.
This notation is most convenient when working algebraicaly, in the classical or
guantum cohomology ring, and extends the traditional parametrization for type A
and maximal isotropic Grassmannians. An underlying reasorwhich vindicates this
choice is our work on Giambelli-type formulas for these vareties [BKT2]; in fact,
the latter project has a ected the exposition here in more ways than one. After
the rst three sections we introduce a di erent parametrization of the Schubert
varieties by index sets which is closer to their geometric de nition as the closures
of Schubert cells. Our proof of the classical Pieri rules isn this latter language,
where they are somewhat easier to state.

The aforementioned motivation for the new classical Pieri vles is the reason
behind the in medias resorganization of this paper, where we begin by studying the
guantum cohomology rings and follow this with a more detailal look at the Schubert
varieties, culminating with our proofs of the classical Piai rules. The various
sections are ordered according to the three dierent Lie types considered. The
guantum cohomology of isotropic Grassmannians of type C, Band D is examined
in Sections 1, 2, and 3, respectively. In Section 4 we begin ostudy of the Schubert
varieties from scratch, parametrizing them by index sets aw relating these to k-
strict partitions. Section 5 contains short proofs of our classical Pieri rules, using
the language of index sets, and then translates these rule®tthe initial statements
in terms of k-strict partitions. The reader who is willing to grant the cl assical Pieri
rules can omit Section 5 entirely. Finally, we provide an appendix which discusses
the quantum cohomology of the orthogonal Grassmannian OG{, 2n + 2). Most
of the results of this paper were announced in the survey [T]which employed the
older notation of Weyl group elements and partition pairs.

The authors wish to thank Michel Brion, William Fulton, Laur ent Manivel,
Piotr Pragacz, and Miles Reid for helpful discussions. We ao thank Sheldon Katz
and Stein Arild Str mme, the authors of the Maple package "Sdwbert’, and Jan-
Magnus kland for helpful comments about this software. We would like to thank
the referees for their careful reading of the manuscript andheir helpful suggestions.

1. The Grassmannian 1G(n k,2n)

1.1. Schubert classes. Fix a vector spaceV = C?" with a non-degenerate skew-
symmetric bilinear form ( , ), and x a non-negative integer m n. Throughout
this section we let the symbol IG, without parameters, denoe the Grassmannian
IG(m, 2n) which parametrizes m-dimensional isotropic subspaces of . This alge-
braic variety has dimension 2n(n  m)+ m(m+1) /2. The Schubert varieties in 1G
are described below; our indexing conventions for these vaties appear to be new,
and we refer the reader to Section 4 for elementary proofs ofhe relevant facts.
A partition is a weakly decreasing sequence of non-negativetegers A = (A;
Am  0). We will identify a partition A with its Young diagram of boxes,
which hasA; boxes in rowi. The weight of A is the sumjAj = A; of its parts, and
the length [(A) is the number of non-zero parts ofA. We setA; =0 for i > [(A).

Denition 1.1. Let k be a non-negative integer. We say that the partition A is
k-strict if no part greater than k is repeated, i.e.,A\j > k) A+ <.

Setk = n m. The Schubert varieties in IG are indexed byk-strict partitions
A which are contained in anm  (n + k) rectangle; we denote the set of all such
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partitions by P (k,n). An isotropic agin V isacomplete ag0=Fq ( Fq( (
Fon = V of subspaces such that~,.; = Fn? i foreach 0 i n. The Schubert
variety for any A 2 P (k, n) relative to the isotropic ag F is de ned by

X (F)=1f 21Gjdm( \ Fo(,) 1§ 81 j [Ng,

where
piA)=n+k+1 N+#Ti<j:N+N 2k+j g
The codimension of this variety is equal tojAj. We let ¢ =[X ]2 HZ I(IG) =
H2 j(IG ,Z) denote the cohomology class Poincake dual to the cycle detrmined by
X (F ). These Schubert classes form &-basis for the cohomology ring of IG.
The k-strict partition A has a unique dual partition A~ 2 P (k,n), for which
Pi(A-)=2n+1 pms j(A) foZr 1 j m. With this notation we have

c 0 =9, _
IG
1.2. Classical Pieri rule.  The Schubert varieties Xp(F ) = X, (F ) for 1
p n + k are called special, and are de ned by the single Schubert catition
\ Fn+k+1 p 8 0. Consider the exact sequence of vector bundles over IG

0Istv. !Q! 0,

where V|g denotes the trivial bundle of rank 2n and S is the tautological subbun-

dle of rank m. The special Schubert classs, = [ Xp(F )] is equal to the Chern

classcy(Q) of the tautological quotient bundle on IG. These classes geerate the

cohomology ring of IG. Whenm < n, one also has a set of special classeg ),

for1  p m, which are the Chern classes,(S ). These latter classes form a
di erent set of generators of H (1G).

When m = n and IG = LG( n, 2n) is the Lagrangian Grassmannian of maximal
isotropic subspaces, Hiller and Boe proved a Pieri rule for my product involving
a special classo, [HB]. For m < n, Pragacz and Ratajski have proved a more
general formula for multiplying with the classes o(;») [PR1]. Our rst result is a
new Pieri rule for products involving the special classess, = ¢,(Q) for general
isotropic Grassmannians. This rule is easier to state than lte rule proved in [PR1].
Furthermore, our methods for obtaining quantum generalizaions of the Pieri rules
only work for the special classess, (see Proposition 1.2 and Example 1.3).

De nition 1.2.  Let A be ak-strict partition. We will say that the box in row r
and columnc of A is k-related to the box in row r®and columnc®if jc k 1j+r=
jc® k 1j+ r°% For example, the grey boxes in the following partition arek-related.
k
/—M

(ro
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The notion of k-related boxes is one of the ingredients of Pragacz and Rataki's
formula for products involving the special classesy(;») [PR1].

Given two Young diagramsA and pwith A L, the skew diagramp/A is called a
horizontal (resp. vertical) strip if it does not contain two boxes in the same column
(resp. row).

De nition 1.3.  For any two k-strict partitions A and Y, we have a relationA!
if 1 can be obtained by removing a vertical strip from the rst k columns of A and
adding a horizontal strip to the result, so that

(1) if one of the rst k columns ofu has the same number of boxes as the same
column of A, then the bottom box of this column is k-related to at most one box
of ur A; and

(2) if a column of p has fewer boxes than the same column dX, then the removed
boxes and the bottom box ofu in this column must each bek-related to exactly
one box ofpr A, and these boxes ofir A must all lie in the same row.

If A1, we let A be the set of boxes ofur A in columns k + 1 through k + n
which are not mentioned in (1) or (2). Then de ne N(A, ) to be the number of
connected components ofA which do not have a box in columnk + 1. Here two
boxes are connected if they share at least a vertex.

Theorem 1.1 (Pieri rule for IG( m, 2n)). For any k-strict partition A and integer

p2[1,n+ k], we have
X
Op 0 = NG g

Psdd=sigre
This theorem will be proved in Section 5.

Example 1.1. For the Grassmannian IG(4,12) we havek =2. For A=(5,3,2,2)
we get the following shapequ 2 P (2,6) such that A! p and juj = jAj +4:

By Theorem 1.1 we therefore obtain
O4 O =40(;4,22) *207:52:2) +207.4;3.2) + O6:5:32) T O(8;4;3,1) -

1.3. Presentation of H (IG). F%every partition A, de ne a monomial g in the
special Schubert classes by = ~; 0 ,. We also use the convention thatgp = 1

ando, =0for p<Oorp>n+k.

Theorem 1.2. a) The cohomology ringH (IG, Z) is presented as a quotient of the

polynomial ring Z[04, ..., 0n+ k] modulo the relations
(1) det(o1+j i)1 ij r =0, n k+l1 r n+k
and
n)d( r )
(2) 02 +2 ( Dor+ior =0, k+1 r n.

i=1

b) The monomialso with A 2 P (k,n) form a Z-basis forH (1G, Z).
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We prove Theorem 1.2 below based on the following lemma, whitwas shown
to us by Miles Reid. It provides a method to obtain presentations of cohomology
rings with integer coe cients which simpli ed our earlier p roofs of Theorems 1.2,
2.2, and 3.2,

Lemma 1.1 (Reid). Let R = Z[ay,...,aq] be a free polynomial ring with homo-
geneous generatorsy;, let | R be an ideal generated by homogeneous elements
bi,...,bg 2 R, and let @ : R/I ! H bg a surjective ring homomorphism. Assume

that (i) H is a free Z-module of rank ", (degh;/ dega;), and (ii) for any eld K,
the K-vector space(R/1) z K has nite dimension. Then ¢ is an isomorphism.

Proof. The second assumption implies that by,...,bq) is a regular sequence in
Kla,...,aq], for any eld K. We deduce that R/l is at as a Z-module; this

follows from [EGA, 0.15.1.16], which reduces the result to a application of the

local criterion for atness, as explained in [L, Lemma 4.3.8]. Sinceg is a surjection

from R/1 onto a free Z-module, the kernel of @ is also at, so it is enough to show
that C=(R/1) zQandH ;Q have the same dimension a§-vector spaces. As
the graded ring C is a complete intersection, its Hilbert series [Sta] is giva by

Y& 1 tdegh

X _

j=0 i=1
This is a polynomial which evaluates toQi(degbi/degai) att=1.

Lemma 1.2. The quotient of the graded ringZ[ay, ..., aq] with dega; = i modulo
the relations

det(az+; i)1 ij r =0, m+1 r m+d
is a free Z-module of rank mgd .

Proof. The displayed quotient ring is one of the standard presentaibns of the co-

homology ring of the usual (type A) Grassmannian of m-dimensional subspaces
of a vector space of dimensiomm + d. Moreover, the Euler characteristic of this

Grassmannian equals mg d

Proof of Theorem 1.2. We write o A if the partition p strictly dominates A, i.e.
L6 Aandpy + ptH A+ + A for eachi 1. It follows from the Pieri rule
that 0 = o + c 0 ,wherec 2 Z and the sum is over partitions p with
i A. This implies (b). In particular, the special Schubert classesoy, ..., On+k
generate the ring H (1G, 2).

SetR = Z[ay,...,an+«k], Wherea; is a homogeneous variable of degreie and let
¢:R! H (IG,Z) be the surjective ring homomorphism de ned by ¢(a;) = ;. We
alsowriteag=1and as =0for i<Oori>n+ k. Fo)r(r 1 we de ne

dr =det(am+j i)1ij r and b =a?+2 ( V'a.iar .
i1

Let t be a formal variable. By expanding the determinantd, along the top row,
we obtaind, = a;d, 1 axd;, .+ +( 1) la,, which is equivalent to the identity
of formal power series

xk X o
3) at ( D'dit =1.
i=0 i 0
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The de nition of b, implies that

- k - k - k
(4) ( I)'bit? = at ( Dat

i=0 i=0 i=0

Considerthe ideall = (dm+1,---,0n+k:0k+1,-..,0n) R. Weclaimthat @(1) =

0. Indeed, sinceg; = ¢;(Q) for each i, the Whitney sum formula ¢;(S)c:(Q) = 1
and equation (3) imply that ¢(d;) = ¢ (S ), so @(d;) =0 for r > m. Notice that
the symplectic form gives a pairingS Q! O , which in turn produces an injection
SOQ . It therefore follows from (4) that

( D'olr)=cx(Q Q )=rcax(Vic/S Q )= ca(Q /S)=0 for r>Kk,

which proves the claim. Using the induced mape : R/I ! H (IG) we are left
with checking (i) and (ii) of Lemma 1.1. Property (i) follows because degi;) = r,
deg@;) = 2r, and rankH (IG) =# P(k,n)=2" | .

To prove (ii) it is enough to show that d; 2 | for n+ k < r  2n, since this

implies that R/1 is a quotient of R/(dm+1,--.,d2,), which is a free Z-module of
nite rank by Lemma 1.2. It follows from (3) and (4) that
Kk Kk X )
a;t = ( D' 2 dit' ,
i=0 i=0 i 0

which implies that
Kk X T X . X .
at ( D'b 2+ ( D' t? dit' + dit
i=0 i=0 i=n+l i=0 i n+k+1
modulo the homogeneous ideal R. By equating terms of equal degrees in this
congruence, we obtairdn+ k+1  dn+k+2 d2n  Omodulol, as required.

1.4. Gromov-Witten invariants. A rational map of degreed to IG is a morphism
of varieties f : P 1G such th%t

f[PY o1=d,
IG

i.e. d is the number of points in f 1(X.(E )) when the isotropic ag E is in
general position. All the Gromov-Witten invariants considered in this paper are
three-point and genus zero. Given a degred 0 andk-strict partitions A, ., v such
that jAj+ juj+ jvj =dim(IG)+ d(n+1+ k), we de ne the Gromov-Witten invariant
ho ,0 ,0 iy to be the number of rational mapsf : P! IG of degreed such that
f(0)2 X (E), f(1) 2 X (F),and f(1) 2 X (G), for given isotropic ags E ,
F , and G in general position. As in [BKT1], we will show that these morphisms
are maps to a Lagrangian Grassmannian LGq, 2d) contained in IG whose image
curves pass through three general points of LG.

Following [Bu], we de ne the kernel of a rational map f : PL | IG as the
intersection of all the subspaces ; = f(t) in the image of f, and the span of f as

the linear span of these \subspaces i X
Ker(f) = t V and Spanff)= t V.

If ¥ has degreed then dimKer(f) m d and dimSpan(f) m+ d (see [Bu,
Lemma 1]). Notice that Ker(f) Span(f) Ker(f)? .
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For any integer d m, let Y4 be the variety parametrizing pairs (A, B) of
subspaces oV suchthat A B A’, dmA=m d, and dmB = m+ d.
SinceYy is a G(2d, 2k +2d)-bundle over IG(m  d, 2n), we compute that dim(Yq4) =
dim(IG)+ d(n+1+ k) 3d(d+1)/2. The algebraic group Sp,, acts on the ambient
vector spaceV, and hence also onyq, but this action is not transitive. Let Tq4 be
the variety of triples (A, ,B) of subspaces oV such that (A,B) 2 Y4, 2 IG,

and A B. Letm:Tyq! Yq4 be the projection.
For eachk-strict partition A, de ne a subvariety Y Yq4 by the prescription
Y(E)=f(ALB)2Y3j9 2X (E):A Bg.

Let T(E)=f(A, ,B)2Tygj 2 X (E)g. Thenwe haven(T (E))= Y (E).
Since the general bers ofrt are isomorphic to Lagrangian Grassmannians LGq, 2d),
it follows from this that the codimension of Y (E ) in Y4 is at leastjAj d(d+1)/2.
The following lemma implies that this codimension is obtaired if and only if A
contains the staircase partitionpg = (d,d 1,...,2,1) with d rows.

Lemma 1.3. The restricted projection m: T (E)! Y (E ) is generically one to
one whenpy A, and has bers of positive dimension whernpg 6 A.

Proof. We can assume thate, = Spanfey,...,e,gwherefey,...,ex,0gis a standard
symplectic basis forV , i.e. (e, e ) =0when i+ j 6 2n+1. We will drop the ag E
from the notation and write simply X ,Y ,andT . Setp; = pj(A\)forl j m,
Po =0, pm+1 =2n+1,and #; =#fi<jjp +p =>2n+1g. Then we have
pp=n+k+1 N +#; by Proposition 4.3. We also de ne

si=max(m+d+p 2n J0)=max(d+1l j AN +#;,0).
For (A,B)in Y , we setA; = A\ E, and B; = B\ E,, . By de nition there exists

in X, with A B. Weset j = \ Ep,sothatdim( ;) j. Now,
(5) dim(A) j d,
(6) dim(B;) j+s.
since A is of codimensiond in , and B; is the intersection of spaces of dimension
m+ d and p;, while also ;j Bj. For j such that equality holds in (6) we have
j dim( 7.\ Bj)=j+s dim( ; -)+dim( ; -\ B)for e2f0,1g, since
( 7\ Bj)? = j «+B/. Therefore, equality in (6) implies
7 dm(Bj\ B7) i s,
(8) dim(B; 1\ Bj?) J 1 5.

De ne U to be the open subset of points A, B) in Y satisfying equality in (5)
forj dandin (6), (7), (8 for1 j d. We will show that if pg A, then

U 6 ;,andfor (A,B) 2 U there is a unique point 2 X with A B.
For the nonemptiness, we have from\; d+1 jthats; #;. Forj>dand
si > 0we also haves; d+1 j+#; #fi djp+p =>2n+1g We can

therefore choose a permutatiorm 2 Sq such thatforalll j m+landi s,
ni)<j and piH+p 2n+2+ s .

Now we de ne A = Span(ep,,, ,...,€p,) and B = Span(ep,,...,€p, ,U1,...,Ud),
where uj = esn+1 p o Fep 1 o5+ fors; 1 <i sj. Equality holds in (5) for
J d. Noticethat2n+1 pg p 1 s+iandp 1<p; 1 s;+iwhen

sj 1 <1i sj. Itfollows that B; = Span(ep,,...,€p,U1,...,Us ), SO equality in
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(6) holds for all j. By the pairings (e, ,,ui) 6 0 and (ep |, Uio) =0 for i°> i, we
have that the restriction of the bilinear form to the spanofep (,, , ..., € (), U1, ...,
Us, is nondegenerate, for anyj. So dim(B; \ Bj?) dim(Bj) 2s;=j sj. Since
B; 1 contains the rst s; +s; 1 of these vectors, dim@; 1\ Bj?) dim(B; 1)
(si+sj 1)=J 1 sj. Equalityin (7) and (8) is established.

Let (A,B)2U and 0 j d. We claim that there exists a unique isotropic

subspace ; B; of dimensionj, such that

9) dim( j\ Bj) i

for 1 i Jj. We prove this by induction on j, the base case] = 0 being

clear. The equalities (6) and (7) imply that a maximal isotropic subspace ofB;

has dimensionj. If ; satises (9) then the induction hypothesis implies that
i\ Bj 1= | 1,s0itis enough to show that ; 1 extends to a unique isotropic

subspace of dimensiorj in B;, i.e. dim( J" 1\ Bj) = ]j. This follows from equality
(8) because dim( 7 1\ Bj)=s; +1+dim( ; 1\ B7) j. Now 4\ A=0by

the equality (5) for j = d, hence, if we set = 4+ A, then 2 X . Conversely,
forany 2 X with A B we have dim( \ Bj) i for all i, therefore
\ Bg= gqand = d+ A.

We nally show that when pq 6 A we have dim(Y ) < dim(T ). Let X X
be the Schubert cell. It is enough to show that if (A,B) 2 Y satis es Aq =0, then
there exists °2 X r X with A 0 B. If this is false, then we can choose

2 X with A B. Set = \ Ep forl i m. For somej we have
A d jwhichimplies that s; >#;, hencedim( / ;\ Ey) p #;>p .
Using (6) we obtain dim( J" 1\ Bj) > j, so there exists aj-dimensional isotropic
extension JQ of j 1 containedinB\ E, ;. Fori=j+1,...,dwe now choose
an i-dimensional isotropic extension 2 of ¢ , contained in B;. This is possible
becauseB; already contains thei-dimensional isotropic subspace ;. The subspace

0= %+ Athensatises °2X r X andA ° B.

The next proposition is used to reconstruct rational maps from their kernel
and span. Special cases are equivalent to computing the Groow-Witten invariant
counting curves through three general points in maximal iséropic Grassmannians,
which was rst done in [KT1, Cor. 8] and [KT2, Cor. 7]. Althoug h these results
su ce to handle the case of IG, for the non maximal orthogonal Grassmannians we
will need to work more generally.

Consider a vector spaceW = C2¢ with an arbitrary bilinear form ( ,), and
let G(d, W) denote the Grassmannian of dimensiond subspaces oW which are
isotropic with respect to ( , ). There is a closed embedding of G(d, W) into the
type A Grassmannian G(d, W), and we say that a morphismf : P |  G(d, W)
has degredl if the composite 1 f has degreed. We say that two points U;, U, of
G(d, W) are in general position if the intersectionU; \ U, is trivial.

Proposition 1.1.  Let Uy, U, and Uz be three points ofG(d, W) which are pairwise
in general position. Then there is a unique morphismf : P I G(d, W) of degree
d such that f(0) = Uy, f(1) = Uy, and f(1 ) = Us.

Proof. For any basis fvy,...,vqg of Uy, write v = u; + w; with u; 2 U; and
w; 2 Us. As in the proof of [BKT1, Prop. 1], one shows that the map f(s :
t) = Span(su; + twa,...,Suq + twgg is the unique one satisfying the condition in
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the proposition. Here (s : t) are the homogeneous coordinates o®. For any
1 i,J dthe quadratic form g; (s,t) := (su; + tw;,su; + tw;) vanishes at (1, 0),
(1,1), and (0, 1), and hence vanishes identically. It follows that the subgaces ofW
in the image of f are all isotropic.

Example 1.2. We haveho , , [point], [point]i,, = 1 for all isotropic Grassmannians
IG =1G( m, 2n). In fact, it follows from Lemma 1.3 that Y  has codimension zero
in Yn, soY ., = Yn. Let U,V 2 IG be general points. By setting (A,B) =
(0,U V) 2 Yq, the lemma implies that exactly one point 2 X _ satises

U V. Note that the span of any curve counted by the Gromov-Witten
invariant must be contained in UV, and therefore the curve is itself contained in
LG(m,U V) IG. The claim now follows from Proposition 1.1.

The following theorem generalizes [BKT1, Thm. 2]. The vanifing statement in
part (d) was proved for Lagrangian Grassmannians in [KT1].

Theorem 1.3. Letd 0 and chooseA, v 2 P (k,n) such thatjAj + juj + jvj =
dim(IG)+ d(n+1+ k). Let X , X , and X be Schubert varieties olG(m, 2n) in
general position, and letY ,Y ,Y be the associated subvarieties ofy.

(&) The subvarietiesY , Y , and Y intersect transversally in Yq, andY \' Y \' Y

is nite. For each point (A,B)2Y \'Y \ Y we haveA= B\ B?.

(b) The assignmentf 7! (Ker(f), Span(f)) gives a bijection of the set of rational
mapsf : P1 | IG of degreed such thatf(0) 2 X , f(1) 2 X , (1) 2 X , with
the points of the intersectiorkY VY V'Y in Yq.

(c) We haveho ,0 ,0 i4= IYTIYTIY]
Ya
(d) If A does not contain the staircase partitionpg, thenho ,0 ,0 i;=0.

Proof. Forintegers 0 e;,e; dandr O we letY] .., be the variety of pairs
(A,B) suchthat A B A? V,dm(A) = m e, dm(B) = m+ ey, and
dm(B\ B?)=m e; + r. These varieties have a transitive action of Sp,, and
Yq is the union of the varieties Y4 for even numbersr  min(2d, 2k). In general,
Yerl;ez is empty unlessr min(e; + e;,2k+ e; ep)and e; + e; ris even. We
also set
Y'=f(AB)2Yg ., i9 2X :A Bg.

Our rstgoalisto provethat Y\ Y'\ Y' is empty unlesse; = e; = dandr =0,
in which case the intersection is a nite set of points.

The smooth mapYg ., ! IF(m e;,m e+ r;2n)given by (A,B) 7! (A,B\
B?) has bers isomorphic to open subsets of the type A Grassmanian G(e; + e,
r,2k+2e; 2r), so we obtain

dim(Yerl;eZ)=%(n2+2nk 3kZ2+ m+2me; e2+4ek 285 e +r  r?).

De ne the variety T' = f(A, ,B)j(A/B) 2 Y .,.,, 2IGA Bg, and
letmy :T"! IGandm :T" ! Y{ ., bethe projections. ThenY" = my(m, HX)).
Given a point (A,B) 2 Y .., the ber m, L((A, B)) is the union of the varieties

Qs=f 2IGjA B,dim( \ B\ B’)=m e;+ sg

for all integers s. Notice that the dimension of an isotropic subspace oB is at most
equaltom+(r e;+e5)/2,andif 2 Qsthen +( B\ B?)is such a subspace of
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dimensionm + r s. This implies that Qs is empty unless 2 r+e; e;. Since
the map Qs ! 1G(e; s,B/(B\ B?))givenby 7! (+( B\ B?))/(B\ B?)
has bers isomorphic to open subsets of G{;,e1 + r s), it follows that when Qs
is not empty, we have

) 1
dmQs = Z(2e1e, €2+ e +2e1S 2e,5+2rs 352 s).
2 1

Chooses such that Qg has the same dimension as the bers ofi,. Then the
codimension ofY" in Y. .., is at leastjAj dim Qs. It follows that codim(Y ") +
codim(Y ") + codim(Y") dim(Y{ ..,) is greater than or equal to the number
( en,ez,rs):=dimIG+ din+1+ k) dim(Y ) 3dimQs. A computation
shows that ( e1, e, r,s) is equal to

(r 3s)(r 3s 1)/2+(d e))+(n+k)(d e)+(m+e, 2e +3s)(ex e1).

SupposeY "\ Y"\ YT & ;. Since the action of Sp, on Y .., is transitive, it
follows from the Kleiman-Bertini theorem that ( ej,ep, r,s) 0. If e; €3 then
this immediately implies that e; = e, = d, so we may assume thate, < e;. If
(A,B)2 Y"\ Y"\ YT then we can nd a subspaceB®? A containing B, such
that dim B®= m+ e;. Since (A, B% must be a point in the intersection of modi ed
Schubert varieties in some varietnglo;el, it follows that ( eq,eq, r%s9 0, so
e1 = d. Still assuming e, < e;, we can take a subspacd8 A’ containing B,
such that dimB®= m+ d 1. Since @, B% lies in the intersection of modi ed

Schubert varieties in some space/dr;z0 1, it follows that
(dd 1,r0%9=(r% 35%(r%° 350 1)/2+2k+1 359+ d

is non-positive, and sincer® 2k + 1, this number is also greater than or equal
to (r% 3s%9(r® 3s%+ 1)/2 + d. But this number is positive, which gives a
contradiction. We conclude that e; = e, = d, so ( d,d,r,s)=(r 3s)(r 3s
1)/2 0. This is possible only ifr=3sorr=3s+1. Since2s r+e; e€;=r,
we nally obtain r = s =0 as required.

It is now clear that part (a) is true. In fact, the intersectonY \' Y \' Y is
contained in the open Sp,-orbit Y, of Y4, so this intersection is transverse by
the Kleiman-Bertini theorem. Furthermore, since codim(Y ) j Aj dimQq =
jAj d(d+1)/2, we deduce that the intersection is nite.

Let f : P | IG be a rational map of degreed such that f(0) 2 X , f(1) 2
X ,and f(1) 2 X . Then (Ker(f), Span(f)) must be a point of an intersection
Y"\V Y"\ Y'" in some spaceY .,, necessarily withe; = e = d, so we must
have dimKer(f) = m d and dimSpan(f) = m + d. This shows that the map
f 7! (Ker(f), Span(f)) of part (b) is well de ned. In particular we have d m. On
the other hand, let (Ap,Bo)2Y \ Y \ Y Y4 be any point. To establish (b), we
must show that there is a unique rational mapf : P | IG of degreed such that
f0)2 X ,f(1)2 X ,f(1)2 X, and (Ker(f), Span(f)) = ( Ao, Bo).

Setting W = Bg/Ag we can identify G(d, W) with f 2 1G j Ag Bog.
Since By \ B{ = Ag by part (a), we have G(d, W) = LG(d,2d). Let P 2 X \
G(d,W), Q2 X \ G(d,W),and R2 X \ G(d,W). We claim that P\ Q = Aq.
Otherwise there existsA; A3 P\ Q with dim A= m d+1. Now de ne

Y= f(AA°B)j(AB)2Yd, A A B, dmA’=m d+1g.
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Notice that the action of Sp,, on this variety is transitive, and that dim Y©° =

dimYg+2d 1. We alsosetY®= f(A,A°B)2Y%j9 2X :A° Bg. Our
assumptions show that @, A3, Bo) 2 YO\ YO\ m (Y )wherem:Y?! Yy isthe
projection. SetT%= f(A,A°% ,B)j(AA°B)2YC% 2IG,A° Bg and let

md:TO IGand nd: T YCbe the projections. The bers of n9 are isomorphic
to LG(d 1,2d 2), so they have dimensiond(d 1)/2. SinceY = nd(n? *(X )),
this implies that codim(Y% j Aj d(d 1)/2. It follows that

codim(Y 9 + codim( Y 9 + codim(m (Y ))
N Ui+ v 2d(d 1)72 d(d+1)/2 = dim(Yg) +2d > dim(Y9).

Since this implies that YO\ YO\ m (Y ) = ;, we conclude thatP \ Q = Aq as
claimed.

Notice that the intersection X \ G(d, W) must have dimension zero, since oth-
erwise one could choose the poinP 2 X \ G(d,W) such that P\ Q I A,.
By Lemma 1.3 this implies that ps A (which proves (d)), and X \ G(d,W)
must furthermore be a single point. We conclude that X \ G(d,W) = fPg,
X \ G(d,W)=fQg, X \ G(d,W)=fRg,andP\ Q= Q\ R= R\ P = A.
Now by Proposition 1.1 there is a unique rational mapf : P* | Z of degreed such
that f(0) 2 X , f(1) 2 X , and f(1 ) 2 X . This proves (b), and (a) and (b)
together imply (c).

Set X* = IG(m+1,2n+2). The following proposition was proved in [KT1,
Prop. 4] for Lagrangian Grassmannians. As in loc. cit., the poof is based on an
explicit correspondence between lines irXX = IG( m, 2n) and points in X*, but the
underlying geometry is more challenging in the general case

Proposition 1.2.  Let A, 4, v bek-strict partitions such that jAj+ jyj+ jvj = dim X+
(n+ k+1) and A) + (W) + E(SIJ)Z 2m+1. Then

ho ,0 ,01i -1 [X*] [X*] [X*].
2 IG( m+1;2n+2)

Proof. Let E ,F ,G V = C?" be isotropic ags in general position. LetH = C?
be a two-dimensional symplectic vector space, and choosemgric elementse, f,g 2
H. SetV* =V HandletE*,F*,G" V7' be the augmented ags given by
Eg = E, 1 Ce, Fg =F, 1 Cf, and Gg = Gp 1 Cg. We will prove that
the assignment * 7! ( *\ V,( * + H)\ V) gives a well de ned 2-1 map from
X*(E*)\ X* (F*)\ X*(G") onto the intersectionY (E)\Y (F)\Y (G) V.
Notice that X" (E*)=f * 2 X* jdim( *\ (E,()+Ce) . 81 j g

The group G = Sp(V) SL(H) acts on X* and our choices imply that the
varieties X*,X*,X* are in general position for this action. It is easily seen tha
the G-action on X* has the following four orbits.

O;=IG(Mm+1,V)

O, =I1G(m,V) IG(1,H)

Oz;=f *2X*"jdim( *\' V)=m, *\ H=0g

Os=f *2X*"jdim( *\'V)=m 1g

We start by showing that the intersection X \ X* \ X* is contained in the
open orbit O4. Notice at rstthat X' (E )\ IG(m+1,V) is the Schubert variety in
IG(m+1,V) given by the partition A=(A; 1,... ,A'() 1) obtained by deleting
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the rstcolumn of A. SincejAj+ jHj+jVj = jAj+juj+jvj 2m 2=dimIG( m+1,V),
it follows that X* \ X*\ X*\ IG(m+1,V)=;.

Now assume * 2 X"\ X*\ X*\ O,. Then * = Ch where 2 X
and 06 h 2 H. We may assume thath 62Cf and h 62Cg, which implies that

2 X (F)\ X (G). De ne the k-strict partition n by n = Aj+1 for j <Ay 2k;
Ni = A+ 1forAr 2k j<[A);andn =0for j [A). SinceA; + A
2k+j 1 implies that j > A; 2k, it follows that pj+1 (A) pj (n) for each
J <M. Sincedim( \ E,, () ]Jforallj, thisimpliesthat 2 X (E). But
nitiki+jvi j Ajtjg+jvi n k>dimX,soX \ X \ X = ;, a contradiction.

We nally check that no point of X\ X* \ X* is contained in O3. We have a
smooth mapm: 03! X givenbyn( *)= *\ V. The beroverapoint 2 X
is an open subset ofP(H ?/),sodim O3 =dim X +2k+1 =dim X* m.
Now suppose * 2 X*\ X*\ X*\ Os. If * 6 V Ce, then the dimension
of *\ (V Ce)isatmostm. But *\ V has dimensionm, so we must have

*\(V Ce)= *\ V. Inparticularwe obtain *\ (Ei Ce)=( *\ V)\ E
for eachi,so *\ V 2 X and * 2 m (X ). Now notice that * cannot be
contained in bothV CeandV Cf, so by permuting A, 4, v, we may assume that

*6V Cfand * 6V Cg. Thisimpliesthat * 2 m (X )\ m (X ). Since
m Y(X \ X \ X )=;,wethendeducethat * V Ce. However, all components
ofthevariety Z=f * 2 X*j * V Ceghave dimension strictly smaller than
the dimension of X*, so the codimension inOz of each of the components oZ\ O3
is at leastj\j m+ 1. SincejAj m+1+ jyj+ jvj=dim X +2k+2 > dimO3
we conclude thatm (X \ X )\ Z\ Oz = ;, a contradiction. This veri es that
X*\ XY\ Xt Oy,

Notice that for * 2 O, we must have *\ H =0, since otherwise *\ H = Ch
forsome 06 h2 H,and * (Ch)” =V Ch. This implies that dim( *\ V)
m, a contradiction. Since dm( * + H)= m+3and( * + H)+ V =V H,
it follows that dim(( * + H)\ V) = m+ 1. Thus we have a well de ned map
@:04! Yygivenby * 70 ( "\ V,( Y+ H)\ V)

If * 2 X"\ Oy thendim( *\ (E, () Ce) j implies thatdim(( *\
V)\ Ep()) J 1foreachj. Sincee 62 * we also have dim(( * + H)\
(Ep, ¢y Ce)) j+1, whichimplies thatdim(( * + H)\ E, ()) ]J. Itfollows
from this that (X" \ O4) Y , and we conclude thatg gives a well de ned map
XPAUXPAV XYL Y \NY A\ Y Y

Now let (A,B) 2 Y(E)\ Y (F)\ Y (G ) be given. We must prove that
o Y((A,B)\ X*\ X*\ X* contains exactly two points. We know from Theo-
rem 1.3 (a) that A = B\ B?,soW = B/A H is a symplectic space of dimension 4,
and LG(2, W) is identi ed with the subset of * 2 X* such that A * B H.
Since A,B) 2 Y (E ) we have dm(A\ E, () J landdm(B\ Ep()) ]
for all j. By the proof of Theorem 1.3, there exist unique points ; 2 X (E),

22X (F), 32X (G)suchthat A i B for eachi, and these points are
pairwise distinct. SetE= ; Ce,F= , Cf,and&= 3 Cg. Thenthereare
exactly two points * 2 X*, such that A * B Handdm( *\ E) m,
dm( *\ PF) m,dim( *\ & m. This is true because exactly two isotropic
planes of LG(2 W) are incident to all of the subspaces /A Ce, /A Cf, and

3/A Cg. Since dm@E\ (E, () Ce)) j+landdim( *\ E) m, we obtain
dim( *\ (Ep()+Ce) j,so *2X". Similarly we have * 2 X*\ X*.
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On the other hand, if * 2 X*\ X*\ X* is such that A * B H,
thenA= *\VandB=( *+H)\ V. Weclaimthat ;=( *+ Ce)\ V.
In fact, the isotropic m-plane 2 = ( * + Ce)\ V satises A ¢ B. Since
dim(( * + Ce)\ (Ep()\ Ce)) j+1we getdim( N\ Ep ()) ] foreachj, so

¢ = 1 must be the unique isotropic m-plane from X (E ) which lies betweenA
and B. It follows from the claim that * + E *+Ce,sodim( TV E) m.
Similarly we see that dim( *\ ) m and dim( *\ & m, which nally
establishes the required 2 to 1 map.

Example 1.3. The length condition in Proposition 1.2 is essential. For example,
for X =1G(2,8) and X* =ZIG(3 , 10) we haveho;.1,04.1, 06511 = 0 and

- [xf;l] [XZ;1] [Xg;s] =1.

1.5. Quantum cohomology.  The (small) quantum cohomology ring QH (IG) is
a Z[q]-algebra which is isomorphic to H (IG,Z) 7z Z[q] as a module overZ[q]. The
degree of the formal variableqzhere is given by

deg(@) = c1(Tic) Og. =n+k+1.
G

The ring structure on QH (IG) is determined by the relation
X
6 0= to,0,0_izo q4

the sum overd 0 and k-strict partitions v with jvj = jAj+ juj (n+ k+1)d. For
any partition v, de ne v by removing the rstrow of v, thatis, v =(vz,vs,...).

Theorem 1.4 (Quantum Pieri rule for IG) . For any k-strict partition A 2 P (k, n)
and integer p 2 [1,n + K], we have
X
Op 0 = NG g+ NG ) 1g g

! !
in the quantum cohomology ring oflG(n  k,2n). The rst sum is over partitions
M 2 P(k,n) such thatjuj = jAj + p, and the second sum is over partitionsv 2
P(k,n+1) with jvj= jAj+ pandvy; = n+ k+1.

Proof. The rst sum is dictated by the classical Pieri rule (Theorem 1.1). Theo-
rem 1.3 (d) implies that the coe cient of q¢ in the product 0p 0 vanishes for all
d 2. By Proposition 1.2, the coe cient of ¢ q in the product is equal to

. 1
top,0 0 iy =5 DG X IXTL
X +
where v- denotes the dual partition of v with respect to the Grassmannian IG =
IG(m, 2n). One checks that the result of dualizing v- with respect to X* =
IG(m+1,2n+2)is v* =(n+ k+1,vq,...,Vy) (information on dual partitions
is given in Section 4.4). Finally, it follows from Theorem 11 that the coe cient of

o qis equalto NG ") Lif A1 v*, and otherwise this coe cient is zero.

Example 1.4. In the quantum ring of IG(4 , 12) we haveos 0(5:3.2.2) = 40(g;4;2;2) +
20(1;5:2:2) *20(7;43:2) * O(6:5:3:2) * 0(8:4:3:1) *20(a;2:0) §+20(3:22) 4+ O3;2:1,0) G- The
g-terms can be found by expanding the product K; ] [X(+5;3;2;2)] inH (IG(5, 14)).
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Theorem 1.5 (Ring presentation). The quantum cohomology ringQH (IG) is

presented as a quotient of the polynomial rin@[o1, .. ., 0n+k, q] modulo the relations
(10) det(oi+j i)1 5 r=0, n k+1 r n+k
and
nk r )
(11) o?+2 ( Vovior i=( D"X "0 0k 10, k+1 r n.

i=1
Proof. According to [ST] (see also [FP, Sec. 10]), we only need to chk how the
classical relations in Theorem 1.2 deform under the quantunproduct. The relations
(10) are true in QH (IG) because the degree of is grelgter thann+ k. Using (2) for
X* =1G( m+1,2n+2) we obtain the identity [ X;* 2+ ™% "( 11X, 10X (1=
( 1)n+k r[er1r+k+1][X;r n k 1] =( 1)n+k r[><(+n+k+l;2r n k 1):| in H (X+)' If
2r < n+ k + 1 then the right hand side is understood to be zero. The quantm
Pieri rule for IG now implies that the g-terms of (11) agree.

1.6. Computing Gromov-Witten invariants. For any partition A= (Ag,...,A")
in P (k, n), iterating the quantum Pieri rule as in the proof of Theorem 1.2(b) gives
X
6, 06.=0+ c¢g 0q°

d;

in QH (IG), where ¢cg. 2 Z and the partitions p in the sum satisfy p = A or
jHj < jAj. Therefore our quantum Pieri formula can be used recursivel to identify a

given Schubert class with a polynomial in the special Schulr classes andg. These
expressions together with the quantum Pieri rule can then beused to evaluate any
quantum product ¢ ¢ , and hence any Gromov-Witten invariant ho ,6 ,0 ig on
IG, as in the following example.

Example 1.5. In QH (IG(3,10)) we have
0403 = 0422 + Oa;31) +30(s;2:1) + 40(6;1,1) + 30(5:3) + 50(6:2) + 80(7.1) + 20,
This, combined with other quantum Pieri products, leads to the expression
Ou4:2:2) = 0405 040307 050,01 + 0503 +20701 (.
Using this identity we can evaluate the product
O0@:22) O(5;3:1) = (0405 040301 050201 + 0503 20701 4) O(5;3,1)
= 0764 *407:2 9+ O30 4+ O@:11) 4+ 20(:2.1) 4 +30(6:3) 4+ O(s,4) 4 + 0107,

Since the Poincae dual of g is 0(7,6.4), We obtain ho(.2.2), 0(s;3;1), 0(7;6;4)1 2 = 1.

2. The Grassmannian OG(n k,2n+1)

2.1. Schubert classes. Consider a vector space&/ = C>"*1 and a nondegenerate
symmetric bilinear form on V. For eachm = n k < n, the odd orthogonal Grass-
mannian OG = OG(m, 2n+1) parametrizes the m-dimensional isotropic subspaces
in V. The algebraic variety OG has dimension 2n(n. m)+ m(m+ 1) /2, the same
as the dimension of IGfn, 2n). Moreover, the Schubert varieties in OG are indexed
by the same set ofk-strict partitions P (k, n) as for IG.
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An isotropic ag F of V is a complete ag 0 = Fo ( F1 ( ( Foner =V
such that Fo.i = FZ,; ;foralll i n+21. Foreachsuch agandA 2P (k,n),
de ne the Schubert variety

X (F)=f 20Gjdim( \ F5(¢)) J 81 j [Ng,
where (
2 iftN Kk

A=k N r#T<iiNE N g odgr

The codimension of this variety is equal tojAj. We dene t 2 H2 1(0G) =
H? 1(OG, Z) to be the cohomology class dual to the cycle given by< (F ). These
Schubert classes form &-basis for the cohomology ring of OG.

2.2. Classical Pieri rule.  The following comparison of structure constants be-
tween IG and OG is well known; in fact this extends to the compkte ag varieties

in types B and C; see [BS, Sec. 3.1]. For eadk-strict partition A, let L{A) denote
the number of parts A; which are strictly greater than k. Consider A and [ in

P (k,n) and suppose that X

g0 = €. 0

inH (IG(n k,2n)). Then for the corrg(sponding formula

TT = L

inH (OG(n k,2n+ 1)), we have
(12) f. =2 «() () w()ag,

It follows that the map H (0G,Z) ! H (IG,Q) sendingt to 2 «()g is an
isomorphism onto its image.
The special Schubert varieties for OG are the varietiesX, = X (F ), for 1

p n+ k. These are de ned by a single Schubert condition as followslet
2 ifp Kk,

13 gp)=n+k +
(13) (P) P¥ 1 ifp>k

Then Xp(F)=f 20Gj \ F. (, 60g. We let 1, denote the cohomology class
of X,. The classical Pieri rule for OG will involve the same relaton A! p and set
A pr Athat appeared in De nition 1.3. For each A and p with A, we let
NYA, p) equal the number (respectively, one less than the number) bcomponents
of A, if p Kk (respectively, if p > k).

Theorem 2.1 (Pieri rule for OG(m,2n + 1)). For any k-strict partition A and
integer p 2 [1,n + K], we have

X
(14) T, T = NG g
Psdg=sigre
Proof. The result follows immediately from Theorem 1.1 and (12).

Example 2.1. For OG(4, 13) we havek =2 and n =6 as in Example 1.1. Using
the diagrams displayed there, we obtain

T4 T5:3;2,2) = 278422 + T7:5:2:2) ¥ 2T7:4:32) + T(6:5;3;:2) + T(8:4;3:1)
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2.3. Presentation of H (OG,Z). If S (respectively Q) denotes the tautological
subbundle (respectively, quotient bun((JIIe) over OGHh k,2n+1), then one has that

B, ifp Kk

15 =
(15) QD= o, itp>k
Let o, =1,if p k, andd, = 2, otherwise.

Theorem 2.2. a) The cohomology ringH (OG(n k,2n+1),Z) is presented as

a quotient of the polynomial ring Z[t1, ..., Th+«] modulo the relations
(16) det(d1+j iTi+j i)1 5 r=0, n k+1 r n,
X
17) ( 1Ptpdet(di+j iTivj )15 r p=0, N+1 1 n+k,
p=k+1
and
X .

i=1

b) The monomialst = Q' T, with A2 P (k,n) form a Z-basis forH (OG, Z).

Proof. The statement (b) is proved exactly as the corresponding parof Theorem
1.2, in particular the special Schubert classes, generate H (OG). We will use
Lemma 1.1, and begin by noting that the rank of H (OG) as a Z-module is the
same as that of H(IG(n k,2n)). The Whitney sum formula shows that the
relations (16) hold in the cohomology ring of OG. The remainng relations follow
easily from the Pieri rule. For (17), one observes that for eah r,

det(d1+j iTi+j i)1 i r = Tar)-
This proves that condition (i) of Lemma 1.1 holds.
To prove (ii), let K be any eld of characteristic di erent than 2. For each r,

seth, = det(ci+j )1 ij r. Using the change of variables in (15), we see that it
su ces to show that the quotient of the ring K]cy,...,cnh+k] modulo the relations

X
h =0, n k+1 r n, ( 1)Pcphy p=0, n+1 r n+k,
p=k+1
and

X )
cZ2+2  ( D'c+ic =0, k+1 r n
i=1
is nite dimensional. By Lemma 1.2, it will su ce to show that the relationsh, =0
forn+1 r n+ kare also true in this ring. The formal identity
!
Xk L K1 L
hn+1 = ( 1)p+ Cphn+1 p + @ ( 1)p+ Cphn+1 PA
p=1 p=k+1

and the rst line of relations prove that hn.+1 = 0; the vanishing of h, forr >n+1
is established similarly.

Next, suppose that char(K) = 2. We will show that each generator T, is a
nilpotent element of the quotient of K[ty,...,Th+k] modulo relations (16), (17),
and (18). In characteristic 2, the equations (16) assert thevanishing of Schur
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determinants in ty,..., T forr=n k+1,...,n, and we know by Lemma 1.2 that
this implies 14, ..., Tk are nilpotent. Now rewrite (17) as
X 1
T = ( P r,det(e) iTaej )1 r pr N+l 1 n+k
p=k+1

As all determinants on the right hand side are nilpotent, so s eacht, for r =

n+1,...,n+ k. Finally, the relations (18) are used to complete the proof &
(a).
2.4. Gromov-Witten invariants. In this and the following section we assume

that k > 0, or equivalently m < n. Given a degreed 0 and partitions A, 4,V 2
P (k, n) such that jAj+ juj+ jvj = dim(OG)+ d(n+ k), we de ne the Gromov-Witten
invariant ht ,T ,T iq to be the number of rational mapsf: P! OG of degreed
such that f(0) 2 X (E ), f(1) 2 X (F ), and f(1 ) 2 X (G ), for given isotropic
ags E , F, and G in general position. Here a rational map of degreel to OG
is a morphismf : P I OG such that f [P!] 1, = d. We de ne the kernel
and span of such a map as in Section 1.4; again we have dmKd&)( m d and
dimSpan(f) m+ dforany map f:P!! OG of degreed.

In the orthogonal Lie types, the basic model for degreal maps to OG will have
target OG(d, 2d), when d is even, but a di erent space OG = OG(d, 2d) when d is
odd. The variety OG parametrizes isotropic subspaces of dimensiod in a vector
spaceW = C% equipped with a degenerate symmetric bilinear form such tha
Ker(W ! W ) has dimension 2.

For any integer d m the variety Yq parametrizes pairs A, B) of subspaces of
V with A B A’, dmA=m d, and dmB = m+ d, as in Section 1.4.
Moreover, for any Schubert variety X in OG, the subvariety Y of Y4 consists of
the set of pairs (A, B) 2 Y4 such that there existsa 2 X with A B. Here
we compute that dim(Yy) = dim(OG)+ d(n+ k) 3d(d 1)/2, and we'll show that
the codimension ofY in Y4 is at least equal tojAj d(d 1)/2. Whend= m+1,
the role of Yq4 is played by the GrassmannianY,+1 := G(2m+1,V) of all subspaces
B V withdim B =2m+1, and the varieties Y Ym+1 are de ned in the same
way.

Let T4 be the variety of triples (A, ,B) such that (A,B) 2 Y4, 2 OG, and
A B. Letm: Tq ! Yq be the projection. For A 2 P (k,n) we de ne
T(E)=fA ,B)2Tyg] 2 X (E)g. We haver(T (E))=Y (E).

When d m, we let YQ denote the variety parametrizing triples (A, A% B)
of subspaces oV with (A,B) 2 Y4 and A° isotropic with A A° B and
dim A= dim A+ 1. There is a projection map ¢ : Y?! Yq. Moreover, to each
Schubert variety X in OG there corresponds subvarietyY © of Y, de ned as the
locus of (A, A%, B) such that there existsa 2 X with A° B. Let T? denote
the variety of nested spaces A, A%, ,B) with 2 OGand B A’. Thereis a
projection map m% TJ! Y. We dene T? to consist of (A, A°, ,B) in T? with

2 X . ThennqT% = YO

Attached to each (A, B) 2 Yq4 there is an invariant r = dim( B\ B?) dim(A).
The quantity r measures the degeneracy of the induced bilinear form oB/A. The
general point ofYq hasr = 0, while the r = 2 locus of Y4 is a locally closed subvariety
of Y. For A2P (k,n) we dene Ng = Ng(A)=# fj mjAN =d j ko
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Lemma 2.1. (a) The restricted projecton m : T (E) ! Y (E) is generically
2Na-to-1 whenpy 1 A and has bers of positive dimension wherpg 1 6 A.

Whend m, we furthermore have:
(b) The restriction of m over ther = 2 locus ofY (E ) is generically unrami ed 2N¢-
to-1 when(pg 1,1) A and has bers of positive dimension when(pg 1,1) 6 A.

(c) The mapn®: TYE )! YXE) is generically 1-to-1 whenpg 1 A.
(d) The restriction of m°to the r = 2 locus is genericallyl-to-1 when(pg 1,1) A.

Proof. We can assume thatE, = Spanfe;,...,eg where fe;,...,e;n+109 IS a
standard orthogonal basis forV, i.e. (ej,e;) = O when i+ j 6 2n+2. We
write X for X (E), Y forY (E), and T for T (E). Setp = pj(A) for
1 m, po =0, Ppms1 =2Nn+2, #; =#fi <jjp+p > 2n+2g and
s =max(m+d+p 2n 1 j,0). We rstprove statements (a){(d) in the case
d m, then we state the modi cations necessary to obtain (a) in csed = m + 1.

For (A,B)in Y , we setA; = A\ Ep and B; = B\ Ep, . By de nition there

exists in X with A B. Weset j = \ Ep,sothatdim( ;) j. Now,

(19) dim(A) j d,

(20) dim(Bj) j+ s,

since A is of codimensiond in , and B; is the intersection of spaces of dimension
m+ d and p;, while also ;  Bj. For j such that equality holds in (20) we have
jodim( 7.\ Bj)=j+s dim( ; «)+dim( ; -\ B)for €2f0,1g, since
( 7.\ By)?= j «+B/. So, equality in (20) implies

(21) dim(Bj\ B7) j s,

(22) dm(B; 1\ B/) j 1 s.

When) = d j kwehaves; =1+# j,andhencedim(; 1\ B’) j 1 #; =
J sj, which gives us the following strengthening of (22):
j s, whenA; =d j Kk,
j 1 sj, otherwise

Dene U to be the open subset ofY of (A, B) satisfying equality in (19) for
j dandin (20), (21), 23)for1 j d. We show: U contains a point in
the r = 0 locus whenpy 1 A and contains a point in the r = 2 locus when
(pg 1.1) A. Then we show for A, B) in U that there are precisely 2¢ possible

(23) dim(B; 1\ B/)

2 X satisfying A B.
The condition A; d jimpliess; =1+# ; whenA; =d j k,ands; #j
otherwise. For j > d we also haves; #fi  djp+ p = 2n+2g9. We can

therefore choosen 2 Sq such thatforalll j m+1landi s; we have

. Js whenA; =d j Kk,
(24) (M) j 1, otherwise

(25) P@H+p 2n+3+ s i

Further, we dictate that among all permutations satisfying (24), (25), n is chosen
so that m 1(d) is as large as possible.

We exhibit a point in the r = 0 locus of U . Set A = Span(ep,,, ,..-,€p,)
and B = Span(ep,,...,€p,,U1,...,Us) Where Ui = €zx+2 p , + €y 1 s+i for
sj 1 <i sj. Equality holds in (19) for j  d and, by (25) equality holds in
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(20) for all j. The pairings (ep ,,ui) =1 and (&p ,,Uic) = 0 for i°> i imply the
nondegeneracy of the restriction of (, ) to Span(ep ,, ,..-,€p (5 Yoo us, ) for
any j. So (A,B) lies in the r =0 locus of Y , and from (24) we have equality for
all j of (21) and (23), hence A,B) 2 U .

Under the further assumption that [[A) d, we exhibit a point in the r = 2
locus of U . We setig = m %(d), de ne jo to satisfy Sjp 1 <o Sj,, and set
to=pj, 1 sj,+ioBy(25),wehavety 2n+2 pg. Now we distinguish two
cases.

First is the casety > 2n+2 pg. Then we de ne A and B as above, but with
Ui, = €,. By (24), jo > d, and we havety > p;, 1 ps. The computation of
dim(B;j) goes through as before. We have the pairinge ,,ui) = 1 for i 6 i,
and (ep (i),uio) = 0 for all i and i°with i°> i. Sincesy < i, the argument for
equality in (21), (23) for j  d goes through as before. Now we claimeg, , uj,) = 0
for all j d. So we havee,,, U, 2 B?, while a direct argument shows that
the bilinear form restricted to Span(ep,,...,€p, ,,U1,..., Uiy 1,Uig+1,...,Ud) iS
nondegenerate. HenceA, B) lies in the r = 2 locus of U .

Suppose, to the contrary, there existsc  d with (ey.,ui,) 8 0. Then p; =
2n+2 ty, andc<d. We seti; = m 1(c) and de ne j; sosj, 1<i1 sj,. Then

(26) pi. 1 sj,+it 2n+2 pc=p, 1 sj,+ o,

hence the inequality is strict, and i; > ig. Now, if we de ne ® 2 Sy by ®(i) = n(i)
for i Zfio,i19, with #(ip) = ¢ and ®(i;) = d, then ® satis es (24), (25). The only
inequality needed to be checked ip. + pj, 2n+3+ sj, o, and this holds by
(26). Sinceresatis es ® 1(d) > m %(d), we have reached a contradiction.

In casetp =2n+2 pg we de ne A and B as above, but with u;, = e¢, where
c is de ned to be the smallest positive integer not equal top; or to 2n+2  p;
for any j. A general remark is that if equality in (25) holds for somei s, then
n(i% > n(i) for all i°<i. Indeed, if i°< i then

0 p(i°)+pj 2n 3 Sj+i0<p(i0)+pj 2n 3 Sj+i:p(i0) p(i)-
In this case we have such equality foii = ip. Henceip =1. The n+d+1 Kk Jo

integers
P1y..yPd, 2N+2 Py, 2N+2 Py

are distinct and less than or equal to 1 +2 to. But n+d+1 k Jo =

2n+2 pj, +Sj, =2n+2 to, SOpy, ..., pg Must be the rst d integers not equal
to2n+2 p; for any j > d. An inductive argument shows that (i) = d+1 i
fori=1, ..., d, with equality in (25) for each i. As before, we haveey,, ui, 2 B?,
and (A,B) liesinthe r =2 locus of U .

Given (A,B) 2 U, we claim that for j  d are precisely Z ! il i=d i kg

isotropic spaces ;  Bj such that dim( ; \ B;) ifori j. We prove this by
induction on j, the base casg = 0 being clear. The equalities (20) and (21) imply
that a maximal isotropic subspace ofB; has dimensionj. So, using the induction
hypothesis, we have that dim( ; \ B;) ifori jimplies ;\ B 1= ; 1.
So, it is enough to show that ; 1 extends in precisely two ways to an isotropic
subspace of dimensiorj in B; whenA; = d j Kk, and extends uniquely to such
a subspace otherwise. I\; = d j  k, then we have dim( ]’ 1V Bj)=5+1+

dim( j 1\ Bj?):j+1,and j?l\ Bj\(l?l\ Bj)?: j 1+(Bj\Bj?): i1
(sinceBj\ B/ = j 1\ B),so( 7 1\ Bj)/ j 1is two-dimensional with induced
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nondegenerate symmetric bilinear form. Otherwise, we havelim( J’ 1\ Bj) ],

so the extension is unique. By the equality (19), ¢4\ A=0,soifweset = 4+A
then 2 X . Forany 2 X with A B we have dim( \ B;) i forall i,
hence \ B4y= g4and = 4+ A

By the same argument, with families of vector spaces over lad Artinian C-
algebras, we see that the morphisnm ! Y is unramied (henceetale) over U .

Now supposeq 1 6 A. We want to show that dim(Y ) <dim(T ). Let X X
be the Schubert cell. It suces to show that if (A,B) 2 Y with Aq = 0, there
exists 92 X r X with A 9 B. If this is false, then we can choose 2 X
with A B.Set = \Epforl i m. WehaveA; <d j for somej
with A; k. Thens; > 1+#, hencedim( [ ;\ Ey) p  #;>p s +1.
Using (20) we obtain dim( J" 1\ Bj) = j+1, so there exists aj-dimensional
isotropic extension JQ of j 1 containedin B\ E, 1. Fori=j+1,...,dwe
now choose ani-dimensional isotropic extension ? of ¢ ; contained in B;. The
subspace = 9+ Athensatises °2X r X andA 0 B, and statement
(a) is proved.

To complete the proof of (b) it suces by semi-continuity of ber dimensions
to treat the case that py 1 A and [(A) = d 1. Generically on ther = 2 locus
of Y , the intersection of B\ B? with Ep, . is trivial, since Ag 1 1. Soit
su ces to show that if ( A,B) lies in the r = 2 locus of Y and satises Ay =0
and B? \ By 1 =0 then there exists 92 X r X with A 0 B. If this is
false, then we can choose 2 X with A B. SinceAqy = 0, the assumptions
imply dim(B” \ Bg) =2. Weset 4 1= \ Ep, ,. SinceB’? \ By meets ¢ 1
trivially, there exists an isotropic extension 3 of 4 1 of dimensiond contained in
B\ Ep, 1. The space °= J+ Athensatises %2 X r X .

Statements (c) and (d) follow from (a) and (b). If (A,B) 2 U then the generic
A%with (A, A% B) 2 Y0is contained in a unique with A Band 2 X .

In cased = m + 1, then exactly as above we have (20), and equality in (20)
implies (21) and (23). We dene U Y by equality in (20), (21), (23) for
1 j m. Whenpg 1 A, the construction of a point in the r = 0 locus of U
is as above, except that we takeuj, = €q+1 i, + €n+1 d+i, Whereip = m (d),
and this satis es (ep, ,uij,) =0for1 j m (if for some c we have g, ui,) 6 O,
then p. = d+1 o, and this contradicts the maximality of m 1(d), as argued
above). ThenB = Span(ep,,...,€p, ,U1,...,Uq) liesin the r =0 locus of U , since
(ui,,Ui,) 6 0. The argument that exhibits precisely 2# ! 11 i=d 1 kg jsotropic

i Bjsuchthatdim( ;\ Bj) ifori Jgoesthroughforj m, leading to
= m 2 X . The argument whenpg 1 6 A is unchanged except thati ranges
from j +1to m in the construction of 9 andthen %= O liesin X r X .

To state our main theorem relating Gromov-Witten invariant s to classical inter-
section numbers, we need some further notation. We leZ, be the r = 2 locus of
Yq. De ne Zy4 to be the variety parametrizing triples (A, N, B) of subspaces such
that A N B N?,dmA=m d,dmN=m d+2, anddimB=m+ d.
For A 2 P (k,n), de ne a subvariety Z Zq4 by setting

Z(E)=f(AN,B)2Z4j9 2X (E):A Bg.

Notice that there is a dense open subset af4 (where dim(B\ B?) =dim( A) +2)
that is isomorphic to Z;.
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Let Z2 denote the variety parametrizing 4-tuples (A, A% N, B) of subspaces of/
with (A,N,B) 2 Z4 and A% isotropic with A A° B and dimA°=dim A + 1.
There is a projection mapy : Z3! Z4. For A 2 P (k, n), de ne a subvariety Z°
Z9 as the locus of @, A% N, B) such that there exists a 2 X with A° B.

In contrast to the symplectic case, the mapT ! Y can be nite-to-one for
orthogonal Grassmannians, so it is important to distinguish between the image
Y = n(T ) and the image classm [T ]. For this purpose we setv = m [T ]
and v° = n°[T°. We analogously de neZ and Z° to be the image classes, taking
values in the homology (or Chow groups) oZ4 and Z$ respectively, of the variety of
(A,N, ,B)and (A A°N, ,B)respectively, with 2 X . The function sending a
rational map f : P1 ! OG to the pair (Ker( ), Span(f)) in general will be 2M ¢« -to-1,
where My = My(A, 1, V) is a multiplicity de ned by

min #fijNg(A) 1g¢,2 ifd m,

x@
1 32 33\ — i
(27) My, A A%) = Na(N) ifd=m+1.

i=1

For each pair (A,B) 2 Y4, we identify the Grassmannian G(d, B/A) with the
locus of isotropic of dimension m such that A B. Let r(d) be 0 when
d is even and 2 whend is odd. Whend m, let Sq = Sq(A, 1,V) be the set of
pairs (A,B) inthe r = r(d) locus ofY \ Y \ Y such that if two or three among
the setsX \ G(d,B/A), X \ G(d,B/A), X \ G(d,B/A) have cardinality one,
the corresponding two or three subspaces dB/A are in pairwise general position.
Whend= m+1liseven, letSq=Y \'Y \ Y, and whend = m+1 is odd, let
Sd = .

Theorem 2.3. Letd 0 and chooseA, v 2 P (k,n) such thatjAj + juj + jvj =
dim(OG) + d(n+ k). Let X , X , and X be Schubert varieties ofOG(m, 2n + 1)
in general position, with associated subvarieties and clags in Yy, Ydo, Zq4, and zg.

(a2) The subvarietiesY , Y , and Y intersect transversally in Y4, and their inter-
section is nite. For each point (A,B) 2 Y \ Y \ Y we haveA = B\ B? or
dm(B\ B?)=dim A+2.

(b) The assignmentf 7! (Ker(f), Span(f)) gives a2V ¢-to-1 association between
rational maps f : P! !  OG of degreed such thatf(0) 2 X , f(1)2 X , f(1 )2 X
and the subsetSg of Y \' Y \ Y .

(c) Whend mis even, the Gromov-Witten invariant ft ,t ,T i, is equal to

z
b v v 1 (v 02 V0+1% dpu VL WV Hu)
Y7 2 YO
1
¢ i+s Wl P+ wr O+ w.
Z4 29
Whend mis odd, the Gromov-Witten invariant ht ,T ,T iy is equal to
z z
1
¢t 5 We P+l P+ ).
Z4 z9
Whend = m+1 is even, we have
z
ht , 1 ,tig= u U L.

G(2m+1;2n+1)
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(d) We havelt ,T ,T iy =0 if A does not containpg 1 whend is even, or does
not contain (py 1,1) whend is odd.

Proof. GivenintegersO0 e; m,0 e d m+1l andr O, weletYy.,
be the variety of pairs (A,B) such that A B A7 V, dim(A) = m ey,
dim(B) = m+ ey, and dim(B\ B?) = m e; + r. In general, Yo, e, IS €MPly
unlessr min(e; + e,2k + e;  €3). These varieties have a transitive action of
SOn+1, and, whend  m, Yq is the union of the varieties Y4 for all numbers r
with0 r min(2d, 2k). Set

YI=f(AB)2Y . j9 2X :A Bg.

We claimthat Y™\ Y"\ YT is empty unless (i)e; = e; = d and r 2 f 0, 2g, or (i)
eg1=m,e;=d=m+1, and r =0. In both of these cases,Y"\ Y"\ Y' will be a
nite set of points.

Following the proof of Theorem 1.3 we compute that the dimengon of Y. .., is
equal to

%(n2+2nk 3k2+n k+2ne; 2ke; e2+4ek 2ei+e +2e; r r?).

De ne the variety T" = f(A, ,B)j(A,B)2 Y. ..,, 20GA Bg, and let

m:T'! OGandm :T"! Y ., bethe projections. ThenY' = my(m, X )).
Given a point (A,B) 2 Y .,, the ber m, L((A, B)) is the union of the varieties

(28) Qs=f 20GjA B, dim( \ B\ B’)=m e +sg

for all integers s. We have that Qs is empty unless 2 r+ e; €. The map
Qs! OG(e; s,B/(B\ B?))givenby 7! (+( B\ B?))/(B\ B?) has bers
isomorphic to open subsets of G;,e1 + r s). It follows that

dim Qs = %(26162 €2 e +2eS 2e5+2rs 352+ ),

wheneverQs is not empty.

If s is such that Qs has the same dimension as the bers oft,, then the codi-
mension of Y" in Y. . is at leastjAj] dimQs. It follows that codim(Y") +
codim(Y ") + codim(Y") dim(Y{ ..,) is greater than or equal to the number

Yes,ez,r1,8) :=dimOG+ d(n+ k) dim(Yg .e,) 3dimQs. A computation shows
that %es,eo,r,s) is equal to

(r 3s)(r 3s+1)/2+(n+k)(d e)+(n k 1+e, 2e;+3s)(ex e1).

SupposeY'\ Y'\ YT 6 ;; then the Kleiman-Bertini theorem implies that
Yes,en,r,8) 0. If e > e, then we must havee, = e; +1 = d= m+1 and
r=s=0. When e, e; an argument as in the proof of Theorem 1.3 shows that
e1 = e, = d. Butthen 2 9d,d,r,s)=(r 3s)(r 3s+1) 0, which implies
that r =3sorr =3s 1. Combining this with 2s r, we get (r,s) = (0,0) or
(r,s)=(2,1). SoY \ Y \ Y is nite and contained in the union of the r = 0 and
r=2loci,and Y%\ Y%\ Y%andY \ Y \ Y \ Z, are smooth. The transversality

assertion (a) is, however, stronger. Its proof uses the fadwing result.

Lemma 2.2. Let f:Y ! X be a nite at morphism of schemes of nite type
over an algebraically closed eldk. Suppose that for any closed pointy 2 Y and
x 2 X with f(y) = x there exists a (smooth, connected, quasi-projective) poted
curve (C,p) and a mapC ! X sendingp to x with the property that the projection
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m:C x Y ! C admits a sections such that the restriction of m to s(C r fpg) is
unrami ed. Then f is unramied over a nonempty open subset ofX.

Proof. Denote by d the degree off, and for x 2 X let n¢ (X) be the number of
geometric points of f 1(x). By [EGA, 1V.15.5.1] the function n; is lower semi-
continuous. The morphism f is unrami ed over a nonempty open subset ofX if
and only if n; (X) = d for somex 2 X. So, suppose that the largest value ofi; is
smaller than d, and let x 2 X be a closed point at whichn; (x) achieves this value.
Sinceny (X) < d the ber ¥ 1(x) contains a non-reduced pointy. Let C ! X, with
m and s, be as in the statement of the lemma. SinceC is smooth andm is at,
the irreducible components(C) of C x Y must intersect some other irreducible
component. Letting D denote the scheme-theoretic closure o€ x Y r s(C) in
C x Y, we have a morphismC g D! C x Y of schemes at overC, that
is an isomorphism overC r fpg. Denoting by ¢ the morphism D! C we have
n (p) = n (p), hence for generap®2 C we haven (p% =1+ n (p% 1+n (p)=
1+ n (p). So there existsx®2 X with n¢ (X% > n¢ (x), and we have reached a
contradiction.

We observe that Y, ,.1)(E ) = Yqa)(E ). One containment is obvious. The
equality now follows from the fact that Y, , ,.,)(E ) is a variety of codimension
1in Yg, while Y14)(E ) is a variety but is not the whole of Yq, since for general
(A,B) we have dmB \ En+x+q) = 2d 1 with ( ,) restricted to B\ Ej+k+d
nondegenerate, so there can be no isotropic subspace Bf\ Ep. x+4 of dimension
d. We have containments

Zy Yao(E) Vg
and hence an induced morphism of conormal bundles

v i | _
Ny, o =valz, 'N z =y,

Let us de ne W(E ) to be the open subset ofZ; consisting of (A, B) where A\
En+k+d+1 = 0 and the morphism of conormal bundles is nondegenerate.

Fix A° = (pg 1,1), and setp? = pj(A°) for 1 j ~m. Fix some permutation
in Sq4 satisfying the conditions stated in the proof of Lemma 2.1. Then the proof
explicitly constructs a point (A,B) in the r = 2 locus of U o, such that :=

Spanp,, ..., ep, ) is contained in B, and A\ En+k+d+1 =0. Since 2 X , and
To! Yo isetale over U o, the point (A, B) is a nonsingular point of Y o = Y(44).
Hence we have A, B) 2 W (E ). Given an arbitrary orthogonal basis €Y, ..., €J,.;
of V, with corresponding isotropic ag E°, the same construction yields a point
(29) (A° B9 2 W(ED.

Now supposeA A%, and setp; = pj(A) for1 j m. Since [d) d, there
exists an orthogonal basis, ..., €3,,; consisting of basis vectors o/, such that

egjo =e,, forl j d
€9, ke a1 = €c for somec > py,
€t krdris | = Epgy;. fOrl jomod.

Given such a basis, with corresponding isotropic age®= E°()), we have
(30) (A°BY2Y (E),
(31) Y(E) Yuae(EY,
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the latter a consequence of the fact thate,, E?, . 4. Notice that Y (E )\ W(E°)
is an open subset of ther =2 locus on Y (E ), and is nonempty by (29) and (30).

In the situation where Y2\ Y2\ Y2 6 ; we must haveA A° by Lemma 2.1
(b). Letting Z (E ,E°(A)) = Y (E )\ W(E%A)), we may assume by Kleiman-
Bertini that Y2\ Y2\ Y? is contained in the intersection of the translates of
Z (E ,E°(\), Z (E ,E%w), and Z (E ,E°(v)); the assertions thus far concerning
Y V'Y \ Y are valid on the translates coming from a nonempty open subge
U SOxp+1 SO+ SOsn+1 . We now verify the condition in Lemma 2.2 for
themapY ! U whereY is the family of intersections of translates ofY , Y , and
Y . Supposey 2 Y maps to x 2 U, where x and y are closed points. Ify is a
reduced point in the ber over x then we can takeC ! U to be a constant map.
So we supposg to be a non-reduced point in the ber over x, which implies that y
lies in the r = 2 locus, and we proceed to construct C,p) and C! U as required.

Without loss of generality the rst component of x is the identity element of
SO+ . So we have A,B) 2 Z (E ,E°(N). Set N = B\ B? \ E2, . 4:1 (N).
Since (A,B) 2 W(E%A\)) we have dim(N) = 2. Let M be a vector space of
dimension 4 containingN and contained in A? , such that the restriction of (, ) to
M is nondegenerate. ThenC?"*! is the direct sum of M and M~ .

Every element of GLy extends uniquely to an element of SG , which we regard
as an element of SG,.;1 by letting it act trivially on M7 . This way we may regard
SLy as asubgroup of SG,+1 . Now SLy acts onYy xing ( A, B). The subvariety Z
of Yq is SLy -invariant. So, SLy acts on the conormal space taZ, in Yq at (A, B).
The component of the xed point locus for the SLy -action containing (A, B) is
contained in Z,, hence the the conormal space t&, at (A, B), when decomposed
into irreducible SLy -representations, has no trivial factors. A three-dimensonal
representation of SLy without trivial factors is irreducible. From the orbit stru cture
we know that the conormal vector given by a de ning equation for Y(ld)(EO) inside
Yq4, which is well-de ned up to scale and nonzero since 4, B) 2 W(E°A)), has
SLy -orbit not contained in any proper linear subspace ofNz_-v,:as )-

We make a similar analysis of copies of Si sitting inside the second and third
factors of SOy,+1, as above but with E and E%) replaced by corresponding
translates of E and E%u) or E%v). So we haveu, v, w 2 Nz -v,;ag) and a
triple of actions of SL, on Nz_-v,;(as) such that images ofu, v, and w under a
generic triple of group elements spaNz_ -v,:as ). We have, then, a map

SL, Sk Sky! SOn+1 SOnmiz  SOon+r

sending the identity element to x and a dense open subset intdJ, such that (A, B)
is a point in every ber of the image and an unramied point in t he ber over
the generic point of the image (the latter assertion followsfrom (31) and the fact
that the images of u, v, and w generically spanNz_-v,:(as))- Taking C to be a
general curve in Sl  SL, Sl containing the identity, with p equal to identity,
the condition of Lemma 2.2 is satis ed. So, part (a) is estabished.

Ford m,we considerapair@®,B)2Y"\Y"\Y". Whenr =0, G(d, B/A) has
two connected components. Wherr =2, let N = B\ B? and call an isotropic
with A B valid if dim( \ N) =1. The locus of all valid also splits into two
connected components, depending on the family of the isotqic (d 1)-dimensional
space ( + N)/N in B/N. We also call any point of G(d, B/A) valid when r = 0.
LetP 2 X \ G(d,B/A), Q2 X \ G(d,B/A), and R2 X \ G(d,B/A). Itis easy
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to construct examples whereP \ Q 6 A; however a dimension counting argument
as in the proof of Theorem 1.3 shows that 0 dim(P\ Q) dim(A) 1.

Consider a morphismf : P} | OG of degreed such that f(0) 2 X , (1) 2
X ,and (1) 2 X . Then (Ker(f), Span(f)) must be a point of an intersection
Y\ YT\ Y" in some spaceYy, .,; thus d m+ 1. Moreover, we must have
(e1,€2) = (d,d) and (r,s) 2 (0,0),(2,1)g, if d m, or (e1,e2) =(m,m+1) and
r=s=0,if d= m+1. The next result can be justi ed by an argument similar to
the proof of [Bu, Lemma 1].

Lemma 2.3. Let f: P! ! G(c,c+ d) be a morphism of degread. Assume that
¢ d, Ker(f) = 0, and Span(f) = C° 9. Then any two distinct c-dimensional
subspaces in the image of are in general position.

When d = m+ 1 is odd, then G(d 1, B/A) has no rational curves of degree
d, and statements (b) and (d) in this case reduce to trivialities. Whend m and
r 6 r(d) (thatis, dis odd andr = 0 or d is even andr = 2) then there exists
no triple of distinct valid points of G(d, B/A) in general position. By Lemma 2.3,
now, the assignment in (b) maps anyf to a point (Ker( f), Span(f)) in Sq(A, 1, V).

Supposed m. We claim that the set Sy in the statement of (b) is precisely
the set of points (A,B) in Y \' Y \ Y for which there exists a triple of points
in G(d, B/A) in general position, one in each Schubert varietyX , X , X , and
that the number of such triples is precisely <. This claim follows easily, once
we observe that whenNg(A) 1 the 2V¢ points of X \ G(d, B/A) are distributed
equally amongst the two components of valid 2 G(d, B/A). Now, part (b) is
established by invoking Proposition 1.1.

Whend= m+1is even, thenG(d 1,B/A) = OG(d, 2d) and all triples are in
general position. The number of triples is 2'¢ by Lemma 2.1 (a). So (b) is true in
this case. Statement (c) in this case follows immediately.

In cased m, statement (c) follows from (b) by keeping track of the possble
distributions of triples among the two connected componens of valid points of
G(d, B/A), and by noting that the degrees in Lemma 2.1 parts (a) and (b) are
equal, and the degrees in Lemma 2.1 parts (c) and (d) are equalStatement (d)
follows from Lemma 2.1.

Example 2.2. On OG(4, 11) we havehtgas, Te431, Teazzi 4 = 1. For general isotropic
ags F , G , the intersection Yga31(F.)\ Ys432(G.) has two irreducible components,
one with the (generically) unique lifts to Xgs31(F ) and to Xgs32(G ) in general
position, and one with the lifts both containing F7\ Gs. A general translate ofYes3

intersects each of these components in a single point, heng€ Y \' ¥ \ 'Y )=2

and (since N4(643) = 1) we have

z

Uss3 Ups3r Ussz2 = 4.
Ya

The setS4(643,6431,6432) is just a single point, and the formula in Theorem 2.3(3
gives I3, Teas1, Teaz2ia =4 (1/2) 6. (Notice, since [(643) < 4, the intersection
Y V'Y \' Y s contained in the r = 0 locus, and there is no contribution from the
integrals over Z, and ZJ.)
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We have seen that the parameter space of lines on OG is the ortlgonal two-step
ag variety Z; =OF(m 1,m+1;2n El). It follows that
(32) e ,t,tih= [Z2]11[2] (2]

Zy
whereZ ,Z , and Z are the associated Schubert varieties irZ;.

For any Young diagram A, let A denote the diagram obtained by deleting the
leftmost column of A; henceA; = maxfA; 1,0g. Given any Schubert variety
X in OG(m,V), we will consider an associated Schubert varietyX— in OG(m +
1,V), with cohomology classt-. The following result characterizes the degree 1
guantum correction terms in the quantum Pieri rule, and is an exact analogue of
what happens for type A Grassmannians. What is di erent from type A is that
there will also be degree 2 quantum correction terms in the Riri rule for OG.

Proposition 2.1.  For any integer p 2 [1,n+ k] and A, pn 2 P (k, n) with jAj+ juj +
p=dimOG+ n+ k, we have

(33) Tt ,t ,1i= T T T o1

OG(n k+1;2n+1)
Proof. Consider the three-step ag variety U =OF(m 1,m,m+1;2n+ 1), with
its natural projections m; : U ! OG andm, : U ! Z;. Note that for every
A 2 P(k,n) and isotropic ag F, we haveZ = my(m (X )). We have the
following commutative diagram

U —2ToF(m,m+1;2n+1) —~J10G(m,2n + 1)

2

0 O
z, ——1oG(m+1,2n+1)

where every arrow is a natural smooth projection andmn; = ¢1¢,. Observe that
for each A we haven(cbll(x (F)) = X—(F). We now apply (32) and use the
projection formula repeatgdly to obtain

e, T, pia= [Z2] [Z2] [Zp)]

ZZ

= o T T T & T 1
i

= M T T G, T 1
ZU

= ¢ L, T G T M 2

OF( m;m +1;2 n+1)

Z

= Tmn¢T ;T Mg

OF( m;m +1;2 n+1)

Z

= To,T TPt Tpa

OG( m+1;2 n+1)

Z

= - T Tp
OG(m+1;2n+1)
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2.5. Quantum cohomology.  The quantum cohomology ring QH (OG) is de ned
similarly to that for I1G, but the degree of q here isn+ k. The quantum Pieri formula
for non-maximal orthogonal Grassmannians involves both hear and quadratic q
terms. This is surprising since the corresponding Pieri rug for the maximal isotropic
Grassmannian OGf, 2n + 1) (which is isomorphic to OG(n + 1,2n + 2)) has only
linear g terms. Note that the degree ofq on OG(n, 2n+1) is 2n, which is twice the
expected value, since its degree on O®( k,2n+1) equals n+ k whenk > 0. In
fact, when k > 0, the g2 terms in the quantum Pieri formula for OG(n k,2n+ 1)
behave like the q terms in the analogous formula for OGf, 2n + 1), while the g
terms on OG(n Kk, 2n+1) behave (and may be computed) like theq terms in the
guantum Pieri rule for the usual (type A) Grassmannian.

Geometrically, this jump in g-degree is explained by the degree doubling phe-
nomenon on the maximal orthogonal Grassmannian, whereby fies are mapped to
conics in projective space under the Placker embedding (sice the rst Chern class
of the universal quotient bundle Q is twice a Schubert class). Algebraically, itis sim-
plest to understand the transition between the maximal and ron-maximal isotropic
cases by considering the variety OGA+1 k,2n+2) for k 0, as explained in
the Introduction. Formally, the single quantum parameter q on OG(n+1,2n + 2)
is replaced with two square rootsg; and g, on OG(n, 2n + 2), which in turn are
identied on OG(n 1,2n+2). Compare Theorems 3.4 and A.1 for further details.

To formulate the quantum Pieri rule for OG, we require some mae notation. Let
PYk,n+1) be the setofv 2 P (k,n+1) for which [(¥) = n+1 k,2k v; n+Kk,
and the number of boxes in the second column of is at mostv, 2k +1. For any
v 2Pk, n+1), we let e 2 P (k, n) be the partition obtained by removing the rst
row of v as well asn+ k v; boxes from the rst column. That is,

e =(Vv2,V3,...,V), wherer=v; 2k+1.
Recall also from Section 1.5 that for any partition A, we setA = (Az,As,...).

Theorem 2.4 (Quantum Pieri rule for OG) . For any k-strict partition A 2 P (k, n)
and integer p 2 [1,n + k], we have

X o X o X
(34) T T = 2N(, )-[ + 2N(, )Teq"' 2N( ')_[ q2

in the quantum cohomology ringQH (OG(n k,2n+ 1)). Here (i) the rst sum
is classical, as in (14), (i) the second is overv 2 PYk,n+1) with A! v and
jvj = jAj+ p, and (iii) the third sum is empty unlessA; = n+k, and overp 2 P (k, n)
such thatps = n+ k, A ! p,andjpj=jA] n k+p.

Our proof of Theorem 2.4 will require several auxiliary reslts. Let p- be the
dual partition to p in P(k,n). From the the picture of p- given in Section 4.4
it is straightforward to prove that [(i-) = n Kk if and only if p; < [(u) + 2Kk.
Proposition 2.1 shows that for A, u 2 P (k, n), the coe cient of T q in the Pieri
product T, T in QH (OG(n k,2n+ 1)) is equal to the coe cient of T—). in the
product T, 1 T-inH (OG(n+1 k,2n+1)), when [[A) = [{k-)= n k, and equals
0, otherwise. By computing the dual partition in P(k 1,n) to p—, we deduce the
following result.

Proposition 2.2.  Consider A, p 2 P (k,n) with juj+ n+ k= jAj+ p,for 1 p
n+ k. If A)=n kandp < [{w)+ 2k then, in QH (OG), the coe cient of
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T gin T, T is equal to the coe cient of T yi2k 1, IN T, 1 T-2 H (OG(n+1
k,2n + 1)) . Otherwise, the coe cient vanishes.

To characterize the g2 terms that occur in Pieri products we follow the model
of the maximal orthogonal Grassmannian OGf, 2n + 1), and idea in the proof of
[BKT1, Thm. 6]. We will need the next proposition.

Proposition 2.3.  SupposeA 2 P (k,n) with A; < n+ k. Then, for any p, the
coe cient of g2 in the quantum Pieri product T, T vanishes.

Proof. For degree reasons we may assunie n 2. Degree 2 mapsf : P1! OG
are studied by considering their image conicsC  OG. Let X,(E ), X (F ), and
X (G ) be given, for somep 2 P (k, n), and consider the following conditions.

(i) There are only nitely many conics C in OG incident to Xy(E ), X (F),
and X (G);

(i) No such conic is incident to the intersection of any two of these varieties;

(iif) Each conic C has dimKer(C) = m 2 and dimSpan(C) = m + 2;

(iv) The induced bilinear form on Span(C)/ Ker(C) is always nondegenerate.
We claim that conditions (i){(iv) imply that the set of conic s incident to X,(E ),
X (F ), and X (G ) is empty. Conditions (i){(iv) hold in particular when jAj +
jHj+ p=dimOG+2( n+k)and E ,F ,and G are general (by dimension reasoning,
plus Theorem 2.3).

The rst step in the proof of the claim is a reduction to the case

p=n+Kk, A212A% Alg, u=(n+k,...,2k+1),

where A\ = (n+k 1,...,2k)and A'=(n+ k 1,...,2k+1). Assume (i){(iv)
and let C denote a conic in OG satisfying the incidence conditions. Reall that
Xp(E)=f j VE(;) 609 If 2X,(E)\ Cand08 x2 \ E: (), then
f jx2 gis a translate of X,. contained in X,(E ). Let 2 X (F)\ C. If
[A)= m,wedenef,. =( 7\ F)+ with ichosen so this space has dimension
m+1, and then X o(F) X (F). If @A) <m, thenput R=\ F with j
chosen so that dimR = m 1, and dene B, = (R’ \ F;)+ R for i such that this
has dimensionm. Then X :(F) X (F). Set A=Ker(C) and B = Span(C).

Case 1. SupposeA = A°. The three Schubert varieties are the pointGy,, the
locus of containing X, and the locus of Fm+1 . The spaceB contains X, G,
and an m-dimensional subspace oF,,+1 containing A. By conditions (ii) and (iii),
the space Gm + hxi) \ Fpn+1 must contain some vectort not in A, and applying
condition (iv) also, we see that for generaly 2 Fn,.1, the spaceB?:= G, + hx,yi
has dimensionn  k+2 with the symmetric form nondegenerate onB%A. Let C°be
the component containing Gy, of the space of maximal isotropic spaces containing
A and contained in B%. Set %= A+ ht,yi; then ° Fy.+ and 92 CO soC®
is a conic incident to the three Schubert varieties. There ae in nitely many such
conicsC% so we have a contradiction to (i).

Case 2. SupposeA = Al. The three Schubert varieties are the pointG,, the
locus of containing x, and the locus of withdim( \ F,) m 1. Let ;be
a point of C in the last of these varieties. We may suppose 1 6 Fn,, for otherwise
we can reduce to Case 1. S™M = 1\ F, has dimensionm 1. If A Fqy
then there exists isotropic ° of dimension m containing A + hxi and contained
in (x> \ Fp)+ hxi, and we quickly get a contradiction to (ii). So A 6 Fn,, and
hence dmA\ M)=m 3. If, now, F, B, ie., dim(F,\ Gyn)= m 2, then
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the component containing G, of the space of maximal isotropic spaces containing
Fm \ G, and contained in B is a conic, and as before we reduce to Case 1. So
Ag = Fn \ G has dimensionm 3. With By = F, + G, there are two
possibilities for the bilinear form on Bo/Ay: it could be nondegenerate or it could
have 2-dimensional kernel. In the former case, the in nite &mily of spacesA° of
dimensionm 2 with Ay A° G\ x° gives rise to an in nite family of conics
COwith Ker( C% = A%and Span(C9 = ( A9? \ By, contradicting (i). In the latter
case there is a family of conics with kerne/A and varying span contradicting (i).

Proof of Theorem 2.4. Theorem 2.3 (d) implies that the quantum Pieri product

T, T contains at most quadratic g terms. We begin by studying the g-linear terms
in this product. For dimension reasons, the right hand side 6 (33) vanishes when
either A or p has length less thann k.

The classical Pieri rule for OG (Theorem 2.1) implies that fa A, pu 2 P (k, n)
with [A)=n kandp, < [U)+2k, we haveA! ([W+2k 1, @ in P(k 1,n)
ifand only if A1 ([W+2k,p, 1" ¥ ())in P(k,n+1), with the same coe cients
N It follows by Proposition 2.2 that for A, p 2 P (k, n), the coe cientof T qinthe
quantum product T, T in QH (OG) is equal to the coe cient of T o k. 10 « ()
in the cup product Tt in H (OG(n+1 Kk,2n+3)) when [A) = n Kk and
M1 < [Qu)+2k, and is 0 otherwise. Observe that the condition{A) = n k may be
omitted, since when[(A) <n K, the product T inH (OG(n+1 K,2n+3))
involves no terms indexed by partitions of lengthn+1 k. Notice that v 7! e
induces a1-1 magPqk,n+1) ! P (k,n)withimage fpu 2 P (k,n) : py < [(u)+2 kg,
and the inverse of this map is given byp 7! (I() + 2k, u, 1" ¥ ()). Combining
these facts, we see that the coe cient of T g on the right hand side of (34) is
equal to the coe cient of T in the product T,t inH (OG(n+1 k,2n+3)), for
v 2 PYk,n+ 1), and these are all the linear q terms.

We next show that the basic relation 12, , = g holds in QH (OG). Note that
12, vanishes in cohomology, and the coe cient ofq vanishes by Proposition 2.2.
So 12, = cq? for somec 2 Z. That ¢ = 1 can be shown geometrically by
exhibiting a unique conic on OG passing through a point and tw general translates
of X,+k. An alternative argument uses associativity of the quantumproduct. We
have To+k Tan k) = Tan «y g by Proposition 2.2. Hencet?, , Tun «y = Tun k0,
andc = 1.

According to Proposition 2.2 the term T ¢ appears in a Pieri product only when
M1 < [uw)+2k, and in particular, u; < n+ k. Proposition 2.3 asserts that whenever
A1 < n+K, the product 1, T carries only such degree one quantum correction terms
T . One now completes the proof of the Theorem as follows. It suces to consider
products T, T whenA; = n+ k. In this case we have an equatiort = T,+x T in
QH (OG). If p=n+ Kk, then To+x T =12, T =T @2 and the quantum Pieri
formulais veried. If p <n+Kk, thenwe write T, T = Ty+« (T, T ). By Proposition
2.3, the product in parentheses receives only linear quantm correction terms, and
hence is known by Proposition 2.2. As the quantum Pieri rule 6r multiplication by
Tn+ k has already been proved, it remains only to show that the resit agrees with
the formula in the theorem, and this is easily checked.
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Example 2.3. In the quantum cohomology ring of OG(4, 13) we have
T4 Ts:3,22) = 2784220 + T7:5:2,2) ¥ 2T7:4:32) + T(6:5;3:2) + T(8:4:3;1)
+t2T4;2:2) 0+ T30 0+ 27322, 0+ 2Tas2i150) O
On the same Grassmannian we also have
T Tga11) = Teean 216730 + Tema * Tz 0+ 276311 O
+ 15410 0+ Ty 0% + 2Ty 0% + 473 02

Theorem 2.5 (Ring presentation). The quantum cohomology ringQH (OG) is

presented as a quotient of the polynomial rin@ [T, . .., Tn+«,q] modulo the relations
(35) det(61+j i T1+ i1 ij r=0, n k+1 r n,
X
(36) ( DPrpdet(di+j iTi+j )15 r p=0, N+l r<n+k,
p=k+1
- k

(37) ( 1)pr det(d1+j iTi+j i)1 ij n+k p=0

p=k+1
and

X _

(38) ?’+ (1% T+ i=0, k+1 r n.

i=1
Proof. Seth; =det(d1+j iTi+j i)1 ij r. We have thath; = 14y forr n Kk,
while hy =0for n k+1 r <n+ k, because these relations hold classically and
the degree ofg is n+ k. This proves (35) and (36). The quantum Pieri rule implies
that for p = K, Tphn+x p = 0 unless p = 2k, when tokh, « = q. We deduce that
(37) also holds in QH (OG).

We are left with proving that there are no quantum correction terms in relation
(38); the result then follows from [ST]. When n k > 1, this is immediate since
the quantum Pieri rule does not give rise to any quantum corretion terms. In the
case of the quadric OG(12n + 1) the quantum Pieri rule gives

2 1 —
T, Th+1 Ty 1t +( 1)n Ton 1T1=CT1(

with the coecient c=1 2+2 2 1=0.

3. The Grassmannian OG(n+1 k,2n+2)

3.1. Schubert classes. In this section, we consider the even orthogonal Grass-
mannian OG® = OG(m, 2n + 2), which parametrizes the m-dimensional isotropic

subspaces in a vector spac¥ = C2"*2 with a nondegenerate symmetric bilinear

form. The variety OG°has dimension In(n+1 m)+ m(m 1)/2.

Two subspaceskE and F of V are said to bein the same family if dim(E \
F) (n + 1)(mod2). Fix once and for all an isotropic subspaceL of V with
dim(L) = n+1. Anisotropic ag is a complete ag F of subspaces o¥ such that
Frawi = FZyy forall0 i n,and Fyyy and L are in the same family. As
the orthogonal spaceF? /F, contains only two isotropic lines, to each such agF
there corresponds an alternate isotropic aglf such that § = F; forall i n but
with .1 in the opposite family from Fp.1 .
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Setk = n+1 m > 0. The Schubert varieties in OG’ are indexed by a set
B(k, n) which di ers from that used in previous sections. To any k-strict partition
A we associate a number inf0, 1, 2g called the type of A, denoted type(A). If A
has no part equal tok, then we set type(\) = O; otherwise we have type(\) =1 or
type(A) = 2 (thus “type' is a multi-valued function). The elements of B(k, n) are the
k-strict partitions contained in an m (n+ k) rectangle of all three possible types.
For every A 2 B(k,n), we de ne an index setP%= fp? < <plg [L2n+2]
with

PPN =n+k AN+#fi<jjn+XN 2k 1+j ig

1 if A >k, orA =k<XA jandn+ j+type(A) is even
2 otherwise

Given any isotropic ag F , eachA 2 B(k, n) indexes a codimensiorjAj Schubert
variety X (F ) in OG° de ned as the locus of 2 OG°such that

dim( \ Fp) ], if p’6 n+2, and dim( \ ) j, if p’=n+2,

forall jwithl j [(A). For eachA 2 B(k,n), we let T denote the cohomology
classin H 1(OG® Z) dual to the cycle determined by the Schubert variety indexed

by A. Each such Schubert class has a type which is the same as thepiy of A;

this serves to distinguish two separate classes for each giaion A with some part

)\i = k.

3.2. Classical Pieri rule.  The special Schubert varieties for OG(n+1 k,2n+2)
are the varieties Xy, ..., Xk 1,Xk,X,§’, Xk+1,+-.,Xn+k. These are dened by a
single Schubert condition as follows. Forp 6 k, we have

Xp(F)=f 20G° \ F.()60g
where g(p) is given by (13). If n is even, then
X (F)=f 20G% \ Fo.1 60g

and

XAF)=f 20G° \ P, 60g¢,
while the roles of Fr41 and I€,,; are switched if n is odd. We let T, denote the
cohomology class ofXp(F ) for1 p n+ k and 10 denote the cohomology class
of X2(F ); note that type( k) = 1 and type(T0) = 2.

The Pieri rule for OG° requires a slightly di erent shifting convention than that
used for IG and OG. Given ak-strict partition A, we say that the box in row r and
column c of A is k%related to the box in row r®and columncPif jc (2k+1)/2j+r=
jc® (2k +1)/2j + r% Using this convention, the relation A ! p is de ned as in
De nition 1.3, with the added condition that type( A) + type( ) 6 3. Moreover,
the multiplicity NYA, p) is equal to the number (respectively, one less than the
number) of components ofA, if p  k (respectively, if p > k).

Let g(A, 1) be the number of columns ofy among the rst k which do not have
more boxes than the corresponding column oh, and

h(A, W) = g(A, W) + max(type( A), type(k)).
If p6 k, thensetd =1.If p=k and NYA, ) > 0, then set
8 =3 =1/2



QUANTUM PIERI RULES FOR ISOTROPIC GRASSMANNIANS 33

while if NYA, p) =0, de ne

5 = 1 if h(A, W) is odd, and 50 = 1 if h(A, W) is even

0 otherwise 0 otherwise.

Theorem 3.1 (Pieri rule for OG(m, 2n + 2)). For any elementA 2 B(k,n) and
integer p 2 [1,n + k], we have

X Of .
(39) B t= & NGIg,

where the sum is over allu 2 B(k,n) with A! p and jyj = jAj + p. Furthermore,
the productt T is obtained by replacingd  with 3° throughout.

This theorem will be proved in Section 5.

Example 3.1. For the Grassmannian OG(5 14) we havek = 2 and n = 6. For
the partition A = (8,7,2,1,1) with type(A) = 1, we get the following partitions
U2 B(2,6),all of type 0 or 1, such that A! p and jyj = jAj + 2:

We obtain T T = Tg;7.4;1;1) + Tg;7;3;2;1) + T(8;7;6) @Nd Wt = Ts:7:4:1:1) T (8:7:3:2:1) -
Notice that the product (T, + 19) T is obtained from (39) by ignoring &

3.3. Presentation of H (OG%Z). If S (respectively Q) denotes the tautological
subbundle (respectively, quotient bLéndIe) over OG, then one has that

27 if p<Kk,
(40) p(Q)= | W+ ¥ ifp=k,
AT if p>Kk.

For eachr > 0, let , denote ther r Schur determinant
r=det(Civj i)t i v

where each variablec, represents the Chern class,(Q). For each A 2 B(k, n) we
dene a monomiabT in the special Schubert classes as follows. K is not of type
2, thensett = ;1 .. If type(A) = 2 then 1 is de ned by the same product

formula, but replacing each occurrence ofty with TY.

Theorem 3.2. a) De ne polynomials ¢, using the equations (40). Then the coho-
mology ringH (OG(n+1 k,2n+2),Z) is presented as a quotient of the polynomial

ring Z[ty,... ,Tk,r,?,rk+1 ,+ -+, Tn+ k] modulo the relations
(41) r =0, n k+l<r n,
-1
(42) Tk n+1 k= T;? n+l k = ( 1)p+ kel Tp n+1 ps
p=k+1
X
(43) ( 11 r p=0, nN+1<r n+k,

p=k+1
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and
X )
(44) ?+  ( 1)'t+ic i=0, k+1 r n,
i=1
Xk .
(45) Tk'l.'|?+ ( 1)|Tk+iTk i =0.

i=1

b) The monomialst with A 2 B(k, n) form a Z-basis for H (0G°, Z).

Proof. We prove only part (a), as the proof of (b) is similar to that of Theorem
1.2. We rst note that H (OGY is a free abelian group of rank 2+1 k ™
and argue using the Pieri rule for OG that the special Schubert classes generate
the cohomology ring of OG’ over Z. The Whitney sum formula and the Pieri
rule may be used to show that the displayed relations hold in H(OGY, as in the
proof of Theorem 2.2. The rst equality in (42) also follows from the relation
(k  Tcn1 k(S) =0; a proof of this is given in [T, Sec. 6.1].

We proceed to apply Lemma 1.1 once again. To prove that the diglayed relations
form a regular sequence inA = K[1y,..., T, T2, ..., Tn+k] for any eld K, we may
assume thatK is algebraically closed. We claim that the a ne variety dete rmined
by all the relations is a single point (the origin). This suc es, since Hilbert's
Nullstellensatz then asserts that the ideall of relations is contained in some power
of the maximal ideal at the origin, and thus A/I is a nite dimensional K-vector
space. To prove the claim, we again separate cases accordithge the characteristic
of K. In addition, one of the relations is (Tk T,?) n+1 k = 0, which implies 1y = rf
or nh+1 k=0.

If char(K) 6 2 and 1 = T2, then the relations (41){(45) and the power series
argument in the proofs of Theorems 1.2 and 2.2 show that , «+2 = = on41 =
0. Lemma 1.2 then implies that all the T, must vanish. If char(K) 6 2 and

n+1 k = 0, then the relations (41){(43), (44) and the same argument may be
used to show that

U= ST 1T WHTE T = = Tpeg = 0.
It follows that T« = T2, and now (45) givest = T = 0.

If char(K) =2 and 1« = T,?., then the Schur determinants involving T1,..., Tk 1
in degreesn k+2,...,n all vanish, so by Lemma 1.2 we get; = =1 1=0.
Now (42) implies that 1,41 = 0, and then relations (43) give 1,42 = = Th+k = 0.
The remaining relations now show that all the 1; vanish. Finally, if char( K) = 2 and

n+1 k =0, then we have determinantal relations involving 1y, ..., T« 1,Tk + T,? in
degreesn k+1,...,n. Therefore all these elements are zero, in particulary = T,

and we are reduced to the previous case.

3.4. Gromov-Witten invariants. The theory here is quite similar to the case of
the odd orthogonal Grassmannian of Section 2.4. However sie the Picard group
of the Grassmannian OGf, 2n+2) has rank two, we will assume that m < n in this
and the following section, and discuss the quantum cohomolyy of OG(n, 2n+2) in
the Appendix. When m < n (or k > 1), the Gromov-Witten invariants ht ,T ,T ig
are de ned as in Section 2.4, for elements\, Y, and v of B(k,n) such that jAj +
juj + jvj = dim(0G % + d(n + k).
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For any integer d m and Schubert variety X in OG? the varieties Yq, 4
Z4, Z§ and the associated subvarietiesf , YO Z , Z9, classesu , v°, C , Z°, and
quantity r are de ned exactly as in Section 2.4, together with the projetion maps
¢:Y! Ygandy:Z9! Z4. Whend= m+1, we have Y1 = G(2m+1,V)
with subvarieties Y~ Ym+1 as before. ForA 2 B(k,n) we dene NJ = NJ(A) =
#fj mjA =d j <kg and we de ne the quantity MJ as in (27) but with NJ
in place of Ng. The subsetSq(A, 1,Vv) of the r = r(d) locus ofY \' Y \' Y s also
de ned as before.

Lemma 3.1. (a) The restricted projecton m : T (E) ! Y (E) is generically
2Nd-to-1 when pa 1 A and has bers of positive dimension wherpg 1 6 A.
Whend m, we furthermore have:

(b) The restriction of 1 over ther = 2 locus ofY (E ) is generically unrami ed NG
to-1 when(pg 1,1) A and has bers of positive dimension when(pg 1,1) 6 A.
(c) The mapn® TYE )! YYE) is generically 1-to-1 whenpg 1 A

(d) The restriction of n°to the r = 2 locus is genericallyl-to-1 when(pg 1,1) A.

Proof. The proof of Lemma 2.1 can be copied, with the following modications.
We take p; = pjo()\), Pm+1 =2n+3,#; =fi<jjpi+ p; >2n+3g, and

max(d J k,0), whenA; = k<X 1,
max(m+d+p 2n 2 j0), otherwise

Thenpg 1 Aimpliess; =#;+1whenA\; =d j<kands; #; otherwise.
Throughout, A = d j k should be replaced byA; = d j <k, Ng by NJ, 2n
by 2n+1, and Aj, Bj, j dened by intersecting with E,+; whenp; = n+2.

In the argument with pg 1 6 A, an additional caseA; = kK < min(A; 1,d )
must be considered. In this case we have; > 0, so dimB;) j+1. Hence
dm(B\ E,) j, so there exists aj-dimensional isotropic extension jo of j 1
contained in B\ E,.

Sj =

Theorem 3.3. Letd 0 and chooseA, yu,v 2 B(k,n) such thatjAj + jyj + jvj =
dim(OG%+ d(n+ k). Let X , X , and X be Schubert varieties 0OG(m, 2n + 2)
in general position, with associated subvarieties and clags in Yy, Ydo, Z4, and zg.
(&) The subvarietiesY , Y , and Y intersect transversally in Y4, and their inter-
section is nite. For each pointin (A,B)2Y \' Y \'Y we haveA= B\ B? or
dim(B\ B?)=dim A+2.

(b) The assignmentf 7! (Ker(F), Span(f)) gives a2 -to-1 association between
rational maps f : P11 OGP° of degreed such thatf(0) 2 X , f(1)2 X , f(1) 2
X and the subsetSg of Y \' Y \' Y.

(c) then d mis even,zthe Gromov-Witten invariant ht , T ,T iy is equal to

- (v V2 V+0® pu WO+ LY W Hu)
Y7 2 Y0
O N SR SR S RSN <Y N RS}
Z4 z9
When dZ m is odd, the Gzromov-Witten invariant ht , Tt ,T iy is equal to
1
ZZ ¢ < EZO(IIJZ P+ W P+ .
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Whend = m+1 is even, we have
Z

ht,t,tiy4= u U L.
G(2m+1;2n+2)

(d) We havert ,T ,Ti4 =0 if A does not containpg 1 whend is even, or does
not contain (py 1,1) whend is odd.

Proof. The argument is very similar to that in Theorem 2.3. Given integers 0
ez mO0 e d m+l,andr OweletY, . be the variety (or in some
cases, disjoint union of two varieties) of pairs &, B) suchthat A B A? V,
dim(A) = m e, dim(B) = m+e,, and dim(B\ B?)= m e+ r. These varieties
have a transitive action of SO+ . Let

YI=f(AB)2Y/ . j9 2X :A Bg.

We will show as before thatY"\ Y'\ Y' is empty unless ()e; = e = d and
r2f0,2g,or (i) es=m,e;=d=m+1,and r =0.

Following the proof of Theorem 1.3 we compute that the dimengon of (any
component of) Y{ ., is equal to

%(n2+2nk 3k?+ n+3k+2ne; 2ke; ef+4dek 2e2+3e; r r?).

The varieties Qs de ned by equation (28) have the same dimension as in the profoof
Theorem 2.3. We deduce that codimy ') + codim(Y ") + codim(Y") dim(Y{ .,)
is greater than or equal to the number 9e;,e,,r,s) := dimOG %+d(n + k)

dim(Yq,e,) 3dimQs, which is equal to
(r 3s)(r 3s+1)/2+(n+k)(d e)+(n k+e 2e;+3s)(ex e1).

The remainder of the argument is exactly the same as in the casof OG. The
analysis ofY o can be carried out with A° = (pg 1, 1) of arbitrary type (the analysis
yields Y o = Y(14), SO the type is irrelevant).

For A 2 B(k,n), let A denote the diagram obtained by deleting the leftmost
column of A, with the convention that type( A) = type( A).

Proposition 3.1. For p 2 [1,n+ k] and A, p 2 B(k,n) with jAj + juj + p =
dimOG%+n + k, we have
z
(46) ht, 1,11 = - T Tp 1.
OG(n+2 k;2n+2)
Moreover, whenp = k, we have
Z
(47) he ,t,tiy = - T T,
OG(n+2 k;2n+2)

Proof. The argument is the same as the one in the proof of Propositior2.1.
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3.5. Quantum cohomology. As in Section 2.5, the degree of the variabley in
QH (0GYis n+ k, and the quantum Pieri rule will involve both g and g2 terms. Let
BYk, n+1) be the set ofv 2 B(k,n+1)suchthat [(¥)= n+2 k,2k 1 v; n+Kk,
and the number of boxes in the second column of is at most v; 2k + 2. For
any v 2 BYk,n + 1), we let @ 2 B(k,n) be the element of Bk, n) obtained by
removing the rst row of v as wellasn+ k+1 v; boxes from the rst column.
That is,
e =(Vv2,V3,...,V), wherer=v; 2k+1.

Moreover, we have typeg) = type( v), if type(v) = 0, and otherwise type(e) =
3 type(v). Finally, for any A 2 B(k,n), we de ne A with type(A ) =type( A) by
A 2()\2,}\3,...).

Theorem 3.4 (Quantum Pieri rule for OG 9. For any k-strict partiton A 2 B(k, n)
and integer p 2 [1,n + k], we have

X O . X O . X 0 .
T = 8 NG I+ 5 NG g+ 5 20 g ¢?

in the quantum cohomology ringQH (OG(n+1 k,2n+2)). Here (i) the rst

sum is classical, as in (39), (ii) the second sum is ovew 2 BYk,n+1) with A! v
and jvj = jAj + p, and (iii) the third sum is empty unless A; = n+ k, and over
p2 B(k,n) suchthatpy=n+k, A ! p,andjpj=jA n k+ p. Furthermore,
the product 1 T is obtained by replacingd with 3° throughout.

Proof. The argument is similar to the proof of Theorem 2.4. Theorem 33(d) im-
plies that the quantum Pieri products T, T and T2t contain at most quadratic g
terms. A dimension count shows that the right hand side of eqgations (46) and
(47) vanishes when eitherA or p has length less thann+1 k.

If u- is the dual partition to pin B(k, n) (see Sections 4.3 and 4.4), the{u-) =
n+1 kifandonlyif uy < [QW)+2k 1. Furthermore, if k > 1 and pu 2 B(k, n)
satises g < W) +2k 1, then (u-)- = (W) +2k 2,[@)Y, where the dagger
y means that type(([() + 2k 2,[)Y) = type( p), if type(p) = 0, and otherwise
type(([Gw) +2k 2,0)Y)=3 type(n). We deduce the following result.

Proposition 3.2.  Consider A, p 2 B(k,n) with juj+ n+ k = jAj + p, for 1

p n+k If [A)=n+1 kandps < [u)+2k 1then, in QH (0OGY, the
coe cient of T g in T, T is equal to the coe cient of To( yok 2y IN T, 1T-2
H (OG(n+2 k,2n+2)). Otherwise, the coe cient vanishes.

Theorem 3.1 implies that for A, p 2 B(k,n) with [A) = n+1 kand py; <
[ +2k 1,wehaveA! ([ +2k 2 @Y in Bk 1,n)ifandonlyif A!
(+2k 1,1 K "0y in B(k,n+1), with the same coe cients (  and N°
numbers). It follows that for A, u 2 B(k, n), the coe cient of T g in the quantum
product T, T in QH (OGY is equal to the coe cient of Te( 2k 15104 Kk O))y
in the cup product i, T in H (OG(n+2 k,2n+4)) when py < [ +2k 1
(and [A) = n+1 k), and is 0 otherwise. In addition, v 7! @ induces a 1-1 map
BYk,n+1) ! PB(k,n) with image fu2 B(k,n) : p; < [(U)+2k 1g, and the
inverse of this map is given byp 7! ([GW) +2k  1,p, 1" kK ())Y. We deduce
that the coe cient of T.q in Theorem 3.4 is equal to the coe cient of T in the
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product T, T inH (OG(n+2 k,2n+4)), for v 2 BYk,n +1), and these are all
the linear q terms. The linear q terms in 12T are handled similarly.

The rest of the argument is the same as in the proof of Theorem .2, using the
basic relation t2,, = ¢ in QH (OGY.

Example 3.2. In the quantum cohomology ring of OG(5, 14) we havet; Tg.7.2:1.1) =
Ts:7:410) T Us;7:3.210) T Tsi76) T T(07;2;2;1;1) q+ Te;11;1) g%+ T2;2;1) g%+ T3:1;1) g% and
B sz = Terannt Teraznt ranny 0 Ty 04 Teizn 02+ e 05
The Schubert classr(%;z;z;l;l) has type 2 while all remaining classes in these expan-
sions have types 0 or 1.

Theorem 3.5 (Ring presentation). The quantum cohomology ringQH (OGY is
presented as a quotient of the polynomial ringZ[t, ..., T, T, Ta+1 - -, Tn+k, 0]
modulo the relations

(48) r =0, n k+l<r n,
Kl-l
(49) Tk n+1 k=T|? n+l k = ( 1)p+k+lTp n+l ps
p=k+1
X
(50) ( Py r p=0, n+l<r<n+k,
p=k+1
%k
(51) ( 1)pr n+k p= 0,
p=k+1
and
X )
(52) ?+  ( 1)'t+ice =0, k+1 r n,
i=1
X _
(53) Tk'l.'|?+ ( 1)|Tk+iTk i =0,

i=1
where the variablesc, are de ned by (40).

Proof. We proceed as in the proof of Theorem 2.5. The relations (48)Y60) are true
because they hold classically and the degree gfis n + k. The quantum Pieri rule
implies that the only the p =2k 1 summand in (51) gives a non-zero quantum
correction, equal to . The remaining relations are easily checked to hold in
QH (0G% when k < n, but the casek = n yields the quadric OG(1, 2n + 2), which
must be checked separately. In this case the degree qfis 2n, and we must verify
(53) using the quantum Pieri rule. The coe cient of g in 1,10 is 1 whenn is even,
and 0 whenn is odd, while the ith term in the sum, for1 i n 1, contributes
( 1)'g. So, (53) holds in QH (OG(1, 2n + 2)).

Remark. The method of computing Gromov-Witten invariants explained in Sec-
tion 1.6 carries over to types B and D, using polynomial exprssions in the special
Schubert classes of the orthogonal Grassmannians.
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4. Schubert varieties in isotropic Grassmannians

We begin this section by giving a uniform description of the Shubert varieties
in isotropic Grassmannians X, parametrizing them using index sets These sets
record the attitude of a subspace inX with respect to a xed isotropic ag, and
are important ingredients in our proof of the classical Pief formula for X.

Let V = CN be a complex vector space equipped with a non-degenerate ske
symmetric or symmetric bilinear form (, ). Given a non-negative integerm  N/2,
we let X denote the Grassmannian ofm-dimensional isotropic subspaces o¥ ,

X=f Vjdim()= mand(,)j 0g.

This variety has a transitive action of the group G = Sp(V) or G = SO(V) of
linear automorphisms preserving the form onV . There is a single exception: when
m = N/2 and the form is symmetric, then the space of isotropic subsgces has two
isomorphic connected components, each a single SO orbit.

Let F be an isotropic ag of V. The Schubert varieties in X relative to the ag
F are the orbit closures for the action of the stabilizerB G of F . We proceed
to give an elementary description of these varieties.

For any subsetH V we lethHi V denote the linear span ofH. We will say
that a basisfe,...,en g of V is a standard basiswith respect to the isotropic ag
F,if(e,e)=0for i+ j6& N+1,(e,en+1 i)=1,forl i b (N+1)/2c, and
Fp = tes,...,epi for eachp.

Lemma 4.1. Given any isotropic subspace V and an isotropic ag F V,
there exists a standard basife;,...,exg of V with respect to F such that =
hfe;,...,eng\ .

Proof. Choose a vector 06 e; 2 F;. We choose a second vectogy 2 V r Fy 1
such that (e;,en) =1 as follows. If e; 2 then choose ey 2V r Fy 1. If e1 62
and Fn 1 then chooseey 2 7 r Fy 1. Finally, if e; 62 and 6 Fn 1
then chooseey 2 r Fyn 1.

SetVO9= teg,eni?, %= \ V% and F®= Fi, \ VO By induction we can
nd a basis fe?,...,e% ,g for VO satisfying the requirement of the lemma with
respect to %and F% We obtain the required basis forV by setting e = e? , for
1<i<N.

For any point 2 X we de ne a subsetP () [1, N] of cardinality m by
P()= fp2[1L,N]j VF) \F 10.

Notice that P( 9 = P() for any point  %in the orbit B. X. On the other
hand, it follows from Lemma 4.1 that any point °2 X such that P( 9 = P()
must be in this orbit. We call a subset P  [1,N] of cardinality m an index set
if forall i,j 2 P we havei+ j 6 N +1. Any set P() is an index set, since no
vector in Fir F; 1 is orthogonal to a vectorinFy+1 it Fy . On the other hand,
given any index setP we can construct a point 2 X with P()= P. In fact, if
fe1,...,engis a standard basis forV with respectto F ,then = he; :i2 Pi has
this property. In other words, the B-orbits (or Schubert cells) in X correspond 1-1
to the index setsP. We let X, (F ) denote the Schubert cell given byP, that is

Xo(F)=f 2XjP()= Pg.

The Schubert variety Xp (F ) is de ned as the closure of the Schubert cellX; (F );
we let jPj be its codimension in X. For each index setP = fp;g, let [Xp] 2
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H2Pi(X,Z) denote the cohomology class Poincae dual to the cycle dened by
Xp (F ).

4.1. Type C. Let V = C?" be a symplectic vector space andX = IG( m,2n).
Given another index setQ = fgy <  <gmgwe write Q P if g p; for eachj.

Proposition 4.1. For any index setP = fpy<p2< <pmg [1, 2n] we have

(54) Xp(F)=f 21Gjdim( \ F,) Jj, 81 j mg.

Proof. The set on the right hand side of (54) is closed and equals thenion of the

orbits X, for all index sets Q such that Q  P. We must show that each of these

orbits is contained in the closure ofX,. AssumingQ < P, itis enough to construct
an index setP%such that Q P9<P and Xpo Xp.

Choosej minimal such that ¢ < p; and x a standard basis fes,...,exng of
V with respectto F. If 2n+1 g 62P or g + pj = 2n+ 1, then set P =
fg1,...,G,Pj+1,---,Pmd, and de ne a morphism P* ! G by

[s:t 7" [sj=Pep,,....€p ,,S€q + t&p ,€p .y ..., Ep,i.

Since (10 2 Xpo and (s} 2 Xp for t 60, it follows that Xpo X
If2n+1 q 2P andg +p 62n+1,set P°=(Pr fp,2n+1 qog)|
fgj,2n+1 p;g. We then use the morphismP! ! IG given by

[s:]7 (cq=hep:p2P\ P h seq +tey,Seons1 p  teone1 g,

where the sign is chosen so that . is isotropic, to show that Xy, K, as
required.

De ne the dual index set P- = fp;g by setting pr =2n+1  pm+ .
Proposition 4.2.  For any inzdex setsP and Q, we have

[Xp] [Xql= dqp- -
G

Proof. Let F and G be general isotropic ags inV, and assumeP = fp; < <
pmgand Q = fgq; < < gmg are index sets such thatXp (F )\ X5(G ) 6 ;.
For any point in this intersection we have dm( \ Fp ., ;) m+1 jand
dim( \ Gg) J,whichimplies that F, ., , \ Gg 6 0. It follows from this that
g 2n+1 L Pm+1 for each j. Notice also that Xp (F ) \RXp_(G ) = f og,
where ¢ = ]-(ij \ Gon+1 pna ;) V. Itfollows that [Xp] [Xp_] =1,
and that X (F ) and X,_ (G ) have complementary dimensions in IG. IfQ 6 P-
then Q > P-, so X,_(G ) must be a proper closed subset ofX,(G ) and the
intersection Xp (F )\ X4 (G ) has positive dimension.

Setk = n m. We establish a bijection between the index setd and the set
P (k, n) of k-strict partitions A contained inanm (n+ k) rectangle, i.e.[[A) m
andA; n+k.LetP =fp;<p,< <pmgbeanyindexset. Choose0 s m
such that ps N <ps+1, wherepo =0 and pm+1 =2n+1. Write

[n+1,2n]r f2n+1 p1,...,2n+1 psg=fri<r, < <r, sg

and choose indices 1 tg+1 < <tn n ssothatpj=r, fors+1 j m.
The bijection maps P to t?e k-strict partition A =(Ag,...,An) given by
n+k+1 p ifl j s,
k+j s t ifs+1 J m.
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Since the subsets of ry,...,r, sg of cardinality m s correspond 1-1 to the par-
titions (As+1,--.,Am) contained in an (m s) k rectangle, it follows that the
assignmentP 7! A gives a bijection between the index sets? and the k-strict
partitions A in P(k,n). We use the notation X (F) Xp(F ) for the Schubert
varieties in IG relative to the isotropic ag F .

Proposition 4.3. LetP = fp; < < pmg [1,2n] be an index set and\ =
(A1,--.,Am) the correspondingk-strict partition. For 1 i j m we have

(i) Ay kifandonlyif pj >n;

(i) v+ A 2k+j iifandonlyif pi+ p >2n+1;

(i) Ay =n+k+1 p+#fi<j:pi+p >2n+1lg; and

(iv) pj=n+k+1 N+#fi<J:AN+XN 2Kk+j ig

Proof. The rst point (i) is clear from the de nitions. Let s, fr; < <r, s0
and ftgy, < < tmg be chosen as above. Foj > s we havet; = # fi

n s:r pig=p n #fi s:2n+1 p < pjg so we obtainA; =
n+k p+j s+#fi S:p +p > 2n+1g, which implies (jii). Point
(ii) is clearly true if p; n or pj > n, so assume thatp; n < p;. Then
A+ A =2n+2k+2 (pi+p)+#ETI<jip+p =2n+1g, and (i) follows
because # 1 <j :p/+p; = 2n+1gis smallerthan orequaltoj i+(pi+p; 2n 2)
whenp; + p; >2n+1, while it is greaterthanorequalto j i 1 (2n p  pj)
whenp; + p; < 2n+ 1. Finally (iv) follows from (ii) and (iii).

We note thatif A; = 0 then the Schubert conditiondim( \ Fy )  j is redundant.
In fact, we havep; = n+ k+1+# fi<j:pi+pp >2n+1g. If p1+p; >2n+1
then pj = n+ k+ j, so the Schubert condition holds automatically. Otherwise

choosei  j maximal so that p; + pj < 2n+1 andsetC = \ Fy. Then
pj = n+ k+ j i. We claim that the above Schubert condition is a consequencef
the condition dim(C) i. In fact, since C? andF, Fan p = F; C7,

we obtain dim( \ Fp) m+p  (2n i)= j as required.

Corollary 4.1.  For each partition A 2 P (k, n), the Schubert variety indexed by\
is given by

X (F)=f 2Xjdm( \ F, ) J 81 j [Ng
wherep;(A) = n+ k+1 N +#fi<j:AN+XN 2k+]j g

One can also check that the Schubert condition dim( \ Fp ) j is redundant
ifA =N +1  k+2,0rif Ay = A1 <2k+j A However, the following
example shows that a Schubert condition dim( \ Fy ) j may be necessary, even
if 7\j = 7\j +1 -

Example 4.1. Let X =1G(3,8) and A =(3,1,1). Then X (F ) is the variety of
points 2 X suchthatdim( \ F3) 1,dim( \ Fs) 2,anddim( \ F;) 3.
One may check thatf 2 Xj \ F360and Fg= X (F)[ Xs(F).

Choose a standard basi$es, ..., esngfor V with respect to F . The B-orbit given
by P is an a ne space with coordinates given usingm 2n matrices A = fa; g in
which some entriesa;, are free parameters and others are determined by the free
entries. The matrix corresponds to the subspace V spanned by its rows. Each
entry a;p, of Alis equal to 1, whilea; =0 for r > p;. We also setaj,; = 0 for
i<j. Ifr<p andr62f,2n+1 pgforall i <j then a; is a free variable.



42 ANDERS SKOVSTED BUCH, ANDREW KRESCH, AND HARRY TAMVAKIS

Finally, for each i < j such that p; + p; > 2n+1, the entry a; 2n+1 p; IS uniquely
determined from the free variables by the requirement that owsi and j in A are
orthogonal. For example, ifm =3, n=5, and P = f3,5,9g then the matrix A has
the shape 2 3

10

A=4 0

0
Since the number of free variables in row j of Ais equaltop;, j #fi<j:
pi+p>2n+1lg=n+k+1 j A, it follows that the dimension of X (F ) is
m(n+ k+1) m(m+1)/2 j Aj.

0
1
0

Proposition 4.4. The dimension of IG(m, 2n) is 2m(n m)+ m(m + 1) /2, and
the codimension of X (F ) is jAj.

For a k-strict partition A we de ne the dual partition A- to be the unique k-strict
partition such that p;(A-)=2n+1 pm+1 j(A). Proposition 4.3 implies that

Apa j=2k+1 N +#FiIi<jIN+N  2k+] g
t#fi=j N+ N >2k+10  jg.
The relationship between the diagrams ofA and A- is described in Section 4.4. If

[X 12 HZ i(IG) denotes the cohomology class which corresponds tX (F ), then
Proposition 4.2 gives z

X ] [X]=3; -
IG
4.2. Type B. The situation here is very similar to that in the previous type C
section, so we will point out the main di erences and leave tle details to the reader.
We equipV = C?"*1 with a non-degenerate symmetric bilinear form (, ), and let
X =0G(m,2n+1). This algebraic variety has the same dimension as 1Gfn, 2n).
For every 2 OG, the index set

P=P()= fpi<p2< <pmg [L2n+]]
satises n+1 Z P, and the closure of the Schubert cellX, (F ) in OG is the
Schubert variety
Xp(F)=f 20Gjdm( \ F,) j, 81 j mg.

Note that Proposition 4.2 holds for OG as well as IG.

The index sets P [1,2n + 1] for OG are in bijection with the index sets
P [1,2n] for IG and the k-strict partitions in P (k,n). For any A 2 P (k, n), the
corresponding index setP = fp, <  <p,,g satis es

pN+L if A K,
) if A >k,

wherep; (A) = n+k+1 N+# fi<j:AN+XA  2k+] igaretheindices usedinthe

previous subsection. The dual index seP - in type B satis es Pr =2n+2 pPm+1 .
Let fes,...,eon+1 g be a standard basis ofV with respect to the isotropic ag

F . We may then represent the Schubert cell indexed byP by an m (2n+ 1)

matrix A = fa;, g whose rows span the subspaces in the cell, as in type C. Each

entry a;;p of Ais equalto 1,a, =0 for r >pj, while a;p =0for i <j. If r <7,

andr 62 f,,2n+2 p;gforalli jthen a; is a free variable. Finally, for each

BN =
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i jsuchthatp, + pj > 2n+2, the entry aj 2n+2 5, is determined from the free
variables and the isotropicity condition on the rows of A. For example, if m = 3,
n=5and P = 3, 5,2109 then the matrix A has the shape

1 00 0 0 O O OO
A=4 0 10 00 0 0 05.
= 0 0 = =10
By counting the number of free entries in A, we see that the codimension of
X (F ) in OG is equal to jAj.

4.3. Type D. Let V = C?"*2 pe a complex vector space equipped with a non-
degenerate symmetric bilinear form (, ). For any nonnegative integerm < n + 1,
let OG® = OG(m,2n +2). The index sets P = fp; g parametrize the B-orbits
Xp(F ) in OG 9 as before. However the closures of these orbits behave drently.
Given another index setQ = fg; g, we will write Q P wheng; p; for eachj and
if pj = n+2 for somei then g 6 n+ 1. The next result shows that the Schubert
variety Xp (F ) is equal to the union of the orbits X (F ) for all index sets Q such
that Q P.

Proposition 4.5. LetP = fp; <p; < <pmg [1,2n+2] be an index set. If
n+2 Z P, then

Xp(F)=1f 20G%dim( \ Fy) j, 81 j mg,

while if n+2 2 P, then

Xp(F)=f 20G% \ Fy= \ Fpu, dim( \ Fo,) 1,81 j mg
=f 20G% dim( \ Fo,) J,ifpp6n+2, dim( \ B.1) j, if pp=n+2g.
Proof. The sets displayed on the right hand sides of the above equains are closed.
Following the proof of Proposition 4.1, it will su ce to cons truct, for every index
setQ P anindex setP%suchthatQ P° P and Xpo X,.

Choosej minimal such that g; < p; and x a standard basis fey, ..., e+ g Of

V with respectto F . If 2n+3 g; 6P we setP®= fqy,...,0j,pj+1,...,Pmd, and
use the morphismP! I OGP given by
[s:t 7" [sj=Pep,,....€p ,,S€q + t&p ,€p .y ..., Ep, i,
as in the symplectic case. If; + p; = 2n+3, use the same seP °and the morphism
[S:t]7 ()= Pepy,....€p ;,S%€q + St(ens1 + €ns2)  tP€p €. 4..., Epy i
Finally, if2n+3 g 2P andgj + p; 62n+3,setP°=(Pr fp,2n+3 qg)|
fgj,2n+3 pjg, and use the morphism

[s:]7 (cq=hep:p2P\ P h seq +tey,Seonsa p  teonsz gli-
In type D, for any index set P, the dual index setP- is de ned by

2n+3 pm+1 j ifnisoddorp Zfn+1,n+2g,

o= Pj if nisevenandp; 2fn+1,n+2g.
The next proposition is then proved exactly as in type C.

Proposition 4.6.  For any iEdex setsP and Q, we have

[Xp] [Xql= dqp - -
0G0
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We say that each index setP has atype, which is a number type(P) 2 f 0, 1, 2g.
If P\f n+1,n+2g=;, then type(P) = 0. Otherwise, type(P) is equal to 1 plus
the parity mod 2 of the codimension of \ Fp.1 in Fnip, for all in the Schubert
cell X; (F ). Equivalently, type( P), when non-zero, is equal to 1 plus the parity of
the number of integers in [Ln+1]r P.

Setk = n+1 m. We will denne a dierent set B(k,n) of indices for the
Schubert classes in O&which makes their codimension apparent. As with index
sets, we agree that anyk-strict partition A has a type inf0,1,29. If A\; = k for
somej, then type(A) 2 f 1, 2g; otherwise, type(\) = 0. The elements of B(k, n) are
the k-strict partitions of all possible types which are contained in an m (n + k)
rectangle.

Given an index setP®= fp} <pd < <pdg [1 2n+ 2], the corresponding
element A 2 B(k,n) satis es type(A) = type( P9, and its underlying partition
is obtained by a prescription similar to that in Section 4.1. Chooses such that
p? n+1<pl,,and write

n+2,2n+2]r f2n+3 pf,....,2n+3 plg=fri<ro< <rnu <0

Next, choose indices 1 tgy < < tn n+1 s so that pj° = r for
s+1 j m. Then P%maps to the k-strict partition A = (A1,...,An) given by

n+k+1 p) ifl1 j s,

A =
) k+j s t ifs+1 j m.

Arguing in the same way as in Proposition 4.3, we prove

Proposition 4.7. Let P%= fp§ < <p%g [1,2n+2] be an index set and
A=(A1,...,An) the corresponding element of2(k,n). For 1 i j m we have
(i) A kifand only if p?>n;
(i) Ay = k<X 1 if and only if pj°2fn+1,n+Zg;
(i) For i(<j, N+ AN 2k 1+j iifandonlyif p?+ p’=>2n+3;and
, n+k+1 p° if p n+1,
(iv) A = ] P o
n+k+2 pl+#fi<j:pl+p’>2n+3g if p>n+1.

Conversely, for everyA 2 B(k,n), the associated index setP® [1,2n + 2]
satis es

ij:n+k N+#TI<JIN+N 2Kk 1+) g

1 if A=k, orA =k<XA jandn+ j+type(A) is even
2 otherwise

The conditions de ning the Schubert variety X (F ) indexed by an elementA of
B(k,n) are given in Section 3.1.

Let fes,...,e2n+2 g be a standard basis ol with respect to the isotropic ag F .
The Schubert cells indexed by a seP ° may then be represented by aim  (2n+2)
matrix A = faj, g as before. Each entryaj; o of Ais equal to 1,a, =0 for r > pj°,
while ajp0 = 0 for i <j. If r<plandr62pP2n+3 pPgforalli j then
ajr is a free variable. Finally, for eachi j such that p? + pjO > 2n + 3, the entry
A;2n+3 p? is determined from the free variables and the isotropicity @ndition on
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the rows of A. For example, if m =3, n=5, and P°?= f4,8, 11g then the matrix

A has the shape
3

0 0O
0 0 05.
10

00

Inm 1 o
Iloo

1 0
A=4 0 1
= 0 0

It follows that the codimension of X (F ) in OG%is equal tojA|.
For each A 2 B(k, n), we de ne a dual elementA- 2 B(k, n) by requiring that

O\ ) = 2n+3 pp, j(A) ifnisoddorp’(A) Zfn+1,n+2g,
P PPN if nis even andp’(A\) 2fn+1,n+2g.

As in Proposition 4.6, for any two elementsA, u 2 B(k, n), we have
Z

X1 XI=98 _.
0G?

4.4. Dual partitions.  We now give a pictorial description of the relationship be-
tween a k-strict partition A, the corresponding index set, and the Poincae dual
partition A-. We begin our discussion in types B and C.

Let be the diagram obtained by attaching an m k rectangle to the left side
of a staircase partition with n rows. Whenn =7 and k = 3, this looks as follows.

The elements of P (k, n) are exactly the k-strict partitions whose diagrams t
inside . For A 2 P(k,n) we let bAck be the set of boxes ofA in columns k + 1
through k+ n. If P = fp; < < ppgis the index set corresponding toA, then the
valuesp; which are less than or equal ton are obtained by subtracting the number
of boxes in thei-th row of bAcy from n+1,for1 i LJA).

We will organize the boxes of the staircase partition which ae outside A into
south-west to north-eastdiagonals Notice that exactly m [{A) of these diagonals
arenot k-related to one of the bottom boxes in the rst k columns of A. We will call
these diagonalsnon-related. In type C we obtain the integers p; which are greater
than n by adding n to the length of each of the non-related diagonals; in type B
we add n + 1 to these lengths. For example, the partition A = (7,4, 2) results in
the (type C) index setP = f8 4,8 1,7+3,7+7g= f4,7,10, 14g.

| | le @O +[+[+|o]o]o]olo]o]o]
A = | [eoc/®e @0 - A = [ele[+[o]0]O
J. [+ eoee0 00
+ k0 @®®O0 o0
@ @O0
@ O

O
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The parts of A- which are larger than k are obtained by addingk to the lengths
of the non-related diagonals. In other words, these lengthsire the parts of bA-cy.
Finally, for1 j k, the number of boxes in thej-th column of A- is equal to the
number of boxes of thej-th column of which are outside A, plus the length of the
diagonal that is k-related to the bottom box of column j of A, minus (k+1 j).
The dual of the partition A =(7,4,2) is - = (10,6, 3,2).

Consider the analogous picture in type D. The shapes of the ements of B(k, n)
are the k-strict partitions that t inside the diagram with m=n+1 k. Let
A2 PB(k,n)and let P°= fp? < < pd g be the corresponding index set. The
values p® which are less than or equal ton are obtained by subtracting the parts of
bAc from n+ 1. The values p? which are greater thann + 1 depend on type()) as
well as the lengths of the non-related diagonals.

The dual partition A- can be constructed as follows. The parts obA- ¢, consist
of the lengths of the non-related diagonals, as in types B andC. For 1 j Kk,
the number of boxes in columnj of A- is equal to the number of boxes in thej-th
column of which are outside A, plus the length of the diagonal that is k%related
to the bottom box of column j of A, minus (k ). For example, whenk = 3 and
n =7, the dual of the partiton A =(10,8,3,2,1)is A~ =(7,5,3,1).

] e|+|+|o[0]o|0]
° _ oo |00
A= eCeOC @ . A = |ee]e
+toe0 e °
++e0e®
oe
e

We have type(A-) = 0 if and only if type( A) = 0. Notice that when type( A) > 0,
we have[ {A)+ GIA-) = n Kk, sincepd(A) 2 f n+1,n+2gfor somei. As type(P9 is
equal to 1 plus the parity of the number of integers in [Ln+1]r PS we deduce that
LAA) +type(A) n+ LAA-)+type( A-) (mod 2). It follows that when type( A) > 0,
we have typeA-) k+type(A) (mod 2).

4.5. Other parametrizations. In this short section we indicate how our notation
for Schubert varieties compares to that used in previous relted works, in particular
[PR1], [PR2], and [T].

Let W, = S, nZ} be the Weyl group for the root system C,, thought of as
a group of permutations with a sign attached to each entry. The group W, is

generated by simple re ectionssg,...,Sy 1, and the symmetric group S, is the
subgroup of W, generated by the transpositionss; = (i,i+1) for i > 0. If W
denotes the parabolic subgroup ofW, generated byfs; j i 6 kg, then it is well

known that the set W) W, of minimal length coset representatives ofW
parametrizes the Schubert varieties in IGh  k,2n) and OG(n k,2n+1).

Pragacz and Ratajski [PR1] de ned a set of partition pairs in bijection with the
elements of W(). The Schubert varieties are thus parametrized by the set of &
partition pairs (aj ) with a contained inak (n k) rectangle and strict such
that B;  n and ag [{B). Each such partition pair corresponds to a unique
k-strict partition A 2 P (k,n), de ned by A= a°+ B, wherea®is the conjugate (or
transpose) ofa.
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Let W,.1 be the Weyl group for the root system of type Dp+; and W& the
corresponding parameter set for the Schubert varieties in G(n+1  k,2n + 2).
The translation from elements of () to partitions A 2 B(k, n) is similar to the
above, following [T, 6.1]. However in the present work our denition of type( A)
when type(A) 2 f 1,2g diers from the convention in [T], and is essentially that
introduced in [PR2]. When type(A) > 0, we have type@) = 1 if and only if the
rst entry of the corresponding Weyl group element is unbarred. This relates the
notation used in this paper to the cited earlier works; for further details, we refer
the reader to [T, 4.1, 5.1, 6.1].

5. The classical Pieri rules

We present here our proofs of the classical Pieri rules for ta Grassmannians
X parametrizing isotropic subspaces in a vector spac¥ . It is worth noting that
one can achieve a uniform proof, in all three Lie types, of a rle for products with
the Chern classes, (Q) of the universal quotient bundle over X. To do this, we
introduce the projectivization P(S) of the universal subbundle with the natural
projec%ionsn :P(S)! X and lIJZZ P(S)! P(V). The projection formula then gives

(55) ) ¢ (Q) [Xp] [Xq 1= P(V)cl(O(l))’“ By n [Xe(F)\ Xo (G,

where P, Q are index sets andF , G are isotropic ags in V in general position.

We claim that whenever Yp.q = Xp(F )\ Xg_(G ) is non-empty, then the
restriction of ¢ to m (Yp.q) either (i) has positive dimensional bers, in which
case the integral (55) vanishes, or (ii) is a birational isonorphism onto a target
variety which is a complete intersection of N quadrics in P(V), when the integral
is equal to the degree 2. The rule for multiplication by ¢, (Q) in the ring H (X)
follows immediately, and for the Grassmannian IG(n, 2n), this is enough to nish
the proof of the Pieri rule. In the orthogonal cases, a supplmentary analysis is
required to establish the rule for multiplication with the s pecial Schubert classes;
this uses the quadric inP(V) de ned by the symmetric form.

5.1. Types C and B. Let V = C2" be a symplectic vector space and IG =
IG(m, 2n). For any index setP = fp; < < pmg [1,2n] and isotropic ag
F V,let Xp(F ) be the Schubert variety in IG de ned by (54). We set pp =0
and pm+1 =2n+1 for convenience.

If Q is another index set, then we haveQ P ifand only if Xp (F )\ Xq_(G ) 6
; for all isotropic ags F and G , where Q- is the index set dual to Q. When
Q P wesetD(P,Q)=1f(j,c)jg ¢ p;g, and consider this as a northwest to
southeast skew diagram of boxes. De ne &ut through the diagram D(P, Q) to be
any integer c¢ 2 [0, 2n] such that no row of D(P, Q) contains boxes in both column
¢ and columnc + 1. Equivalently, we have p; ¢ < g+ for somej. Let

I(P,Q)=fc2[0,n]:cor2n cis a cutthrough D(P, Q)g,

and let N(P, Q) be the number integersc 2 I1(P,Q) suchthat ¢ 2andc 162
1(P,Q).

Fix a symplectic basises,...,exn of V, such that (ej,e) =  i+j 2n+1 . We let
X1,...,X2n 2 V be the dual basis. Given index setd, Q with Q P, we de ne
Zpq P(V) to be the subvariety cut out by the following equations.
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(@) X1 Xon ¢+ Xe+2 Xon ¢ 1+ +XgXan+1 o = 0, wheneverc < d are consecutive
elements ofl (P,Q) suchthatd ¢ 2.

(b) xc = 0, whenever D(P, Q) has no boxes in columnc, or a row of D(P, Q)
contains exactly one box, which is located in column ga+1 c.

It follows that Zp.q is an irreducible complete intersection of degree "2(P\Q).

Let F and G be the isotropic ags dened by F;, = hes,...,ei and G; =
Peon+1 i,...,€2ni0, and setYpg = Xp(F )\ Xo_(G) IG. Recall that we have
natural smooth mapsm:P(S)! IGand ¢ :P(S)! P(V).

Lemma 5.1. We have thaty(n *(Ypq)) Zpq.

Proof. Let 2 Yp,go and let v be a non-zero vector in . We must show that v
satis es the equations (a) and (b). Let ¢,d be consecutive elements of (P, Q) such
that jd ¢j 2, andchoose cuts®2fc,2n cgandd®2fd,2n dgfor the diagram
D(P,Q), as well as integersi,j such that pi c®<gi+1 andp; d°<g+1. By
the choice ofc and d, we must havei 6 j. After possibly interchanging ¢ and d, we
may assume thati < j. Since dim( \ Fy) i, dim( \ Gons1 g, \ Fp) J 1,
anddim( \ Gap+1 ., ) M J,wecanwritev=vi+Vvy+vzwherevy 2 \ Fp,
V22 \ Gonsr g \ Fp,andvg2 \ Gopsr g, - The equation (a) amounts to
(v2,v3)=0if c<dandto (vi,v2) =0if c>d.

Now consider an equationx, = 0 of type (b). If D(P,Q) has no boxes in
column c, then p; < c¢ < gj+1 for somej, and the equation is true because =
( \Fp)+( \ Gans1 g, ). Otherwise we haveq; = pj =2n+1 ¢ for somej,
and the equation follows becaus&zn+1 ¢ 2 .

Given two index setsQ P, we will write P ! Q if the diagram D(P, Q)
contains no 2 2 squares, and whenever this diagram contains two boxes in konn
c, it contains one box in column 2n+1 c. In other words we haveP ! Q if and
onlyif i) Q P, (i) pjj g+ forl j m 1,and (i) wheneverp; = gj+1 we
haveqi <2n+1 p; <p; for somei.

Proposition 5.1.  For index setsQ P we havedim(n (Yp.q)) dim(Zpq),
with equality if and only if P ! Q. When the latter occurs, the mapy : 1 1(Yp.q) !
Zp.q is a birational isomorphism.

Proof. Assume at rstthat D(P, Q) containsno 2 2 squares, i.ep; 0j+1 for each
j. Inthis case we will show thaty mapsm *(Yp.q) onto Zp.q . We may assume that
m 2, and, after possibly replacing €, Q) with (Q-,P-), that p1 + qn 2n+1.
It is enough to show that the image of contains any vectorx = ( Xg,...,Xz) of
Zp.q such that each coordinatex is non-zero, unless an equation (b) says otherwise.
Notice that x 2 ¢(mt 1(Yp.q)) if and only if there exists 2 Yp.o with x 2 .

SetP%= fpy,...,pmgand Q°= fqy,...,qmg. We claim that for somea 2 C, the
vectorsv = (Xg,...,Xp, @,0,...,002V andv®=(0,...,0,8,Xp,+1,...,Xon) 2 V
satisfy (v,v9 =0 and v°2 Zpogo. If p1 = gz then Xgn+1 p, 6 O, provided that
p1+ pm > 2n+1, so it is possible to choosea such that (v,v% = 0, while (v,v% =0
for any choice ofa whenp; + p,, < 2n+1. The vector v°then satis es the quadratic
equations de ning Zpo.qo becausex = v + V0 satis es the equations de ning Zp.q .
Otherwise we havep; < g2, and we can takea = 0. Since p; is a cut through
D(P, Q), it follows from the equations de ning Zp.q that (v,v% = 0.

By induction there exists °2 Ypogo IG(m 1,V) such that v®2 © Since
dim( °\ Fp, ;) m 2andv®62F, , becausex, 6 0, it follows that °
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Fom 1 Cv% Now sincepy + pm 1 P11+ Om We obtain p; + pm 1 <2n+1, so
(v, 9=0. Since ° Gz ¢ and xq 6 0, we deduce that = Cv Ois a
point of IG(m, V). Since dim( A\ Fy ) j 1foreachj anddim( A\ Gzns1 ¢ )
m+1 jforj 2, itfollowsthat 2 Yp.q, as required.

Let Up.g Yp.o be the open subset of isotropic spaces =huy,...,uni, for
which each vectoru; can be written asu; = ajq, € +  + &p, €y, With a;c 6 0
unlessZp,q satis es the equation X = 0. We claim that Up,q 6 ;. In fact, by
induction on m there exists %= huy,...,Uni 2 Upogo. If g1 = p;1 then we set
Uy = €p,; if p1+ pm > 2n+1, so that gn < 2n+1 p; < pm, we furthermore replace
the coordinate am;2n+1 p, Of Um with zero. Then = hug,...,uni is a point of
Up.q . Otherwise we haveq; < p;. The condition that ( uy, um) = 0 amounts to the
linear equation am;2n+1 g a1:q; + + @m;2n+1 p,arp, = 0 in the coordinates of
uz. If p1+ pm < 2n+1 then this equation is trivial, while if p;+ pm > 2n+1, then
since 92 Upo,go we haveam;on p, 6 0 and am;2n+1 p, 6 0, SO this equation has
a solution for which a;.c 60forall g1 ¢ pg,and = huy,...,uni2 Upg, as
required.

The intersection of two Schubert cells in general position $ irreducible by re-
sults of Deodhar [D, Cor. 1.2, Prop. 5.3(iv)], and this immedately implies the
irreducibility of the intersection of two Schubert varieti es in general position. It
follows that Up.q is a dense open subset ofp,o. We note that in our special
case, this can also be checked directly, but leave this as arxercise to the reader.
We deduce thatm (Yp.q) has a dense open subset of pairsC, ), for which

= hug,...,uni 2 Upg With uj 2 Fp, \ Gonsr g and X = ug + + up.

Suppose the diagramD(P, Q) contains two boxes in some columrc and no boxes
incolumn2n+1 «c,andlet = huy,...,uni2 Upg and x = uy + + uy be
as above. Thenc = p; = gj+1 for somej, and = hug,...,u; 1,U; + tec, Uj+1
tec,Uj+2,...,Uni is a point of Yp.o with x 2  for eacht 2 C. This shows that
¥ 1(x) has positive dimension, so dimft (Yp.q)) > dim(Zp.q).

On the other hand, if the diagram D(P, Q) contains a box in coumn 2n+1 ¢
whenever there are two boxes in columrc, then we haveP ! Q, and we must
show that ¢ : m }(Yp.q) ! Zp. is birational. It is enough to show that if =
hug,...,umi2 Upr.q with uj 2 ij \ Gon+1 G then ¢ l(U;|_‘|' +um)\ T l(Up;Q)
contains a single point, or equivalently, is the only point of Up.q containing
the vector x = ujp + + Um. In fact, we claim this is true with Up.q replaced
by the larger open subsetWp.q Yp.q oOf isotropic spaces = hug,...,Uni,
for which each vector u; can be written as u; = ajq,€q + + @p, ep, With
a;c 80unless h+1 (g <c <pj or Zpg satises the equation X; = 0.
Suppose = hug,...,Umi 2 Wpgq and x = ug + + up, is also contained in

O=h?,...,uli2 Wpq, WhereujO 2 Fp\ Gons1 g - Thenx = a;uf+ +apupd,
wherea; 2 C. We claim that alu(l) = u;. Thisis clearif p; < g. Otherwisep; = 0z,
and we can writea;u? = uy + bep, for someh 2 C. Since 0 = (a;u?, x) = b(ep,,X) =

bXon+1 p, and Xon+1 p, 6 0, it follows that b = 0. Now since hua,...,uni and
hud,...,udi are points of Wpogo  IG(m 1,V), both containing u; +  + Up,
it follows by induction on m that hu,...,uni = hud,...,u%i. Therefore °=
as required.

It remains to prove that if the diagram D(P, Q) contains a 2 2 square, then
dim(m 1(Yp.q)) > dim(Zp.q). We do this by induction on dim(Yp.q) = jQj | Pj.
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Choosej minimal such that p; > gj+1, i.e. j is the top row of D(P, Q) containing
(the upper half of) some 2 2 square. This implies thatp; 1 ¢ <(j+1 .

Assume rstthat2n+1 r 2 P forall r 2 [gj+1,p; 1]. Then choosei such
that pp = 2n+2 p;, and notice that pp = p; i+ | forall | 2 [i,lo], where
lo =i+ p g+ 1. This implies that g < p;, since otherwise we would get
Uo = Pio=2N+1 g+1. SetP°=(Pr fp,pjo)[f pi 1,p; 1g. Then we have
dim(Ypog) =dim( Yp,o) landdim(Zpog) dim(Zpq) 1. We distinguish three
cases. Ifp; < gi+1 then the diagram D(P° Q) has no boxes in columnp;, while it
has two boxes in columnp; 1. If p; = gi+1 thengj+1  p; 2, which implies that
D(P° Q) contains a 2 2 square. In both of these cases we obtain by induction
that dim(m 1(Ypoq)) > dim(Zpoq). Finally, if gi+1 < pi then Zpog = Zp.g, and
by induction we have dim(m (Ypog)) dim(Zpog). In all three cases we deduce
that dim(m (Yp.q)) < dim(Zp.q) as required.

If the above assumption fails, then chooser < p; maximal such that 2n +
1 r62P. Thenr (g+1. SetP%=(Pr fpjg) [f rg. In this case we obtain
dim(Ypoq) =dim( Yp,o) 1andZpoq = Zp.g, and the induction hypothesis shows
that dim(m (Ypog)) dim(Zpog). This completes the proof.

Theorem 5.1 (Pieri rule for IG( m,2n)). For any index set P and integer r 2
[1,n+ k], we have

X
o [Xp]= 2P [Xq],
where the sum is over all index set® such thatP ! Q and jQj = jPj+r.

Proof. For any indgx setQ, the coe cient of [ Xq] in the expansion of the product
or [Xplisequalto ;¢ (Q) [Xp] [Xq-]. The result now follows from Proposition
5.1 and the projection formula, as explained earlier.

Now supposeV = C?"*! is an orthogonal space and consider OG = OGf, 2n+
1). As noted in Section 2.2, the Pieri rule for OG is equivalehto the corresponding
rule for IG. Given any two index sets P, Q we de ne the diagram D(P, Q) and the
relation P ! Q as before, and set

I9P, Q)= fc2[0,n]:cor2n+1 cis a cutthrough D(P,Q)g[f n+1g.

Moreover, let NYP, Q) be the number (respectively, one less than the number) of
integersc 2 1P, Q) suchthatc 2 andc 1629P,Q),if r k (respectively, if
r > k).

Theorem 5.2 (Pieri rule for OG(m, 2n + 1)) . For any index set P and integer
r 2 [1,n+ k], we have X

T [Xp]l= INP:Q) Xol,
where the sum is over all index set® such thatP ! Q and jQj = jPj+r.

5.2. Type D. LetV = C2"*2 pe an orthogonal vector space and O&= OG( m, 2n+
2). For any isotropic ag F  V and index setP, we have an open Schubert cell

Xp(F)=f 20Gj \Fp) \Fy 181 j mg.

The Schubert variety Xp (F ) is the closure of this set.

We will use the order Q P on the index sets de ned in Section 4.3; this is
equivalent to the condition Xp (F )\ Xq_(G ) 6 ; for all isotropic ags F and
G. WhenQ P wesetD(P,Q)= f(j,c)jg ¢ pjg. Dene a cut through



QUANTUM PIERI RULES FOR ISOTROPIC GRASSMANNIANS 51

the diagram D(P, Q) to be any integer ¢ 2 [0,2n + 2] such that p; ¢ <@+ for
somej. Set

I9P, Q)= fc2[0,n]:cor2n+2 cis a cut through D(P,Q)g[f n+1g,

and let N(P,Q) be the number of integersc 2 1P, Q) such that ¢ 2 and
¢ 1629P,Q).

Given index setsQ P for OG%we will write P ! Q if (i) the diagram D(P, Q)
contains no 2 2 squares, except that a single 2 2 square is allowed across the
middle (in columns n+ 1 and n + 2), (i) whenever column ¢ of D(P, Q) contains
two boxes, column 2+ 3 ¢ contains at least one box, and (iii) D(P, Q) cannot
have exactly 3 boxes in columnasn+1 and n + 2.

Fix an orthogonal basis es,...,ex+2 0Of V such that (ej,e) = di+j 2n+3 and
hei,...,en+1 1 is in the same family as our chosen maximal isotropic subspa&cL.
We let Xi,...,Xon+2 2 V  be the dual basis. For index setsQ P we de ne

Zpq P(V) to be the subvariety cut out by the following equations.

(8) Xc+1 Xon+2 ¢+ Xer2 Xon+1 ¢t + XgXon+3 d =0, whenever c < d are consec-
utive elements of IYP,Q) suchthatd ¢ 2.

(b) xc = 0, whenever D(P, Q) has no boxes in columnc; or some row ofD(P, Q)
contains exactly one box, which is located in column 8+3 c¢;orc2fn+1,n+2g
and only one row of D(P, Q) contains a box in column ¢, and this row starts or
terminates at column 2n+3 c.

We see thatZg., is an irreducible complete intersection of degree 2(P:Q).
Let F and G be the isotropic ags de ned by F; = tey,...,¢i, for eachi, and

Gi = heon+z i,..., 80421 (for 1 i n,while
G _ Pensz, .. eonapi if nis odd,
n+l — . . .
Fen+1,€n+3,...,6n421 if Nis even

SetYpo = Xp(F )\ Xo_(G) OG° Let S be the tautological subbundle over
OG% and letm: P(S) ! OGYand ¢ : P(S) ! P(V) be the natural projections.
Arguing as in the previous section, we prove the following.

Proposition 5.2.  For index setsQ P we havedim(n (Ypq)) dim(Zp.q),
with equality if and only if P ! Q. When the latter occurs, the mapy : 1 1(Yp.q) !
Zp.q is a birational isomorphism.

Corollary 5.1.  For any index setP an)cé integerr 2 [1,n + K], we have
a(Q) Xel= 2V [Xg],
where the sum is over all index set® such thatP ! Q and jQj = jPj+ r.

We now re ne Corollary 5.1 to obtain the Pieri rule for products by the special
Schubert classes in O& De ne

S=fi2[4n+1] : g i p for somejg,

S°=fp2P :p n+2and2n+3 p2 Sg,
and seth(P,Q) = jSj+ jSY+ n. Let NqP,Q) = N(P, Q) (respectively, NP, Q) =
N(P,Q) 1)ifr k (respectively, if r > k). If r 6 k, then setdpg = 1. If r=k

and NP, Q) > 0, then set
pq = dpg =172,



52 ANDERS SKOVSTED BUCH, ANDREW KRESCH, AND HARRY TAMVAKIS

while if NP, Q) =0, de ne

1 if h(P,Q) is odd,
0 otherwise

1 if h(P,Q) is even

and 8%, =
PQ 0 otherwise

BPQ =
Theorem 5.3 (Pieri rule for OG(m, 2n + 2)). For any index set P and integer
r 2 [1,n+ k], we have

X |
(56) T [Xel= ¥pg 2V PR [Xq],

where the sum is over all index set€Q such thatP ! Q and jQj = jPj+ .
Furthermore, the product T2 [Xp ] is obtained by replacingdpq Wwith GSQ throughout.

Proof. Whenr 6 k, equation (56) follows immediately from (40) and Corollary 5.1.
For the remaizning terms we must compute the intengaIs

I, = Tk [XP] [XQ,] and I, = T|? [Xp] [XQ, ]
0G?° 0G?

The argument uses the projection formula and the quadric hygrsurfacew  P(V)

de ned by the orthogonal form on V. Let h = ¢1(Op()(1)jw) denote the hy-

perplane class in H(W), so that h" = e + f, where e is the class of the ruling

P(L) W, and f is the class of the opposite ruling. If6 : P(S) ! W denotes the

natural morphism, then (

T if nis even
57 moe=
&7 ¥ if nis odd,

while the opposite relations hold formt 8 f.

Let 1: W 0O P(V) be the inclusion map, so thaty = 18. The image of the map
1 CH2(P(V)) ! H2"(W) consists of classes with equal coe cients in the rulingse
and f. If the degree 2 (PQ) of Zp.o is greater than one, then the clas® 1 [Yp.q]
must lie in the image of t . Applying the projection formula, we deduce from this
and the relations (57) that 1, = 1, =2N(PiQ) 1 a5 required.

On the other hand, if Zp.g is a linear subspace oP(V) lying inside the quadric
W, it suces to determine its ruling class. Note that in this si tuation we have
I1YP,Q) =[0,n+1]and N(P,Q)=0. Let T = f2n+3 p : p 2 SY; it follows from
the linear equations (b) de ning Zp.q that Zp.g \hes,...,eqns1i =t ji2 Sr Ti.
To see this, note that if p; 2 S%is such that pj > n+2, then g; = p;, i.e., there is
only one box in row j of D(P, Q). Indeed, if g <p;, thenp; 1 is nota cut, and
since there is a box in column 2+3 p; of D(P,Q) and 2n+3 p; 6 p; for all
i, we seethat i+2 (p; 1) is not a cut either. This contradicts the fact that
19P,Q) =[0,n+1].

We deduce that if h(P, Q) is odd, then Zp,o and P(L) are in the same family, and
in opposite families if h(P, Q) is even. In H (W) we have the relationse? = f2 =0
and ef = eh", if nis odd, ande? = 2 = eh" and ef = 0, if n is even. Using the
projection formula again, we conclude thatl; = 1 and 1, = 0, if h(P,Q) is odd,
with the roles reversed ifh(P, Q) is even. This completes the proof.

5.3. Proofs of Theorems 1.1 and 3.1.  We show how to derive Theorem 1.1
from Theorem 5.1, by going from index sets to partitions. It su ces to establish
the equivalence of the Pieri relations W! p"and \P ! Q", together with the
equality of the corresponding intersection multiplicities. This is the content of the
following two propositions.
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Proposition 5.3. Let P and Q be index sets forlG(n k,2n) and let A and p be
the correspondingk-strict partitions. Then P! Q if and only if A! p.

Proof. The assumptions of the proposition tell us thatA; = n+ k+1  p; + jAj]
andpy; = n+ k+1 g + jBjjforeachj, where Aj = fi<j:pi+p >2n+1g
andB; = fi<j:gi+q =>2n+1g.

Assume that P | Q. We rst show that p can be obtained by removing a
horizontal strip from the rst k columns of A and adding a horizontal strip to the
result. We need to check thatA; 1 p; A; 1 foreachj, andA;  p when
A > k. Toseethaty; A 1, noticethatif i 2 Bjr Aj tandi<j 1then
2n+1 g <@g pi<2n+1 p 1, whichcan hold for at mostg; p; 1 1
integersi. If p; 1 <g; we therefore getjB;j j Aj 1j+ 0 pj randA 1 W =
O P 1+jA 1j J Bjj 0. Ifp; 1= gj,then the condition P ! Q implies that
g <2n+1 g <pforsomei. lfi<j 1theni2 A; 1r Bj,whileifi j 1
theng 1+0q g+ <2n+1 soj 162B;. Itfollows that jBjj j A 1j
and p; Aj 1, as required. If A; > k then g Pj n, which implies that
A =n+k+1 p n+k+1 ¢ = . Ingeneral we note thatifi <j 1
satisesthat i 2 Aj andi+1 62Bj,then2n+1 p <p G+« <2n+1 g,
which is true for at most p; g 1 integersi. If g < p;, this implies that
iBij i A pt+togandp AL If g = p then jB;jj j Ajj 1, which implies
that o A; 1, as required.

We next verify that condition (2) of De nition 1.3 holds. Ass ume that the box
(J,Aj)isnotin y,i.e.yj = A; 1. Then the above analysis shows that; = p; and
iBji = jAjj 1. Ifwe seti=min( A;), then Aj =[i,j 1],B; =[i+1,j 1], and
Aj=n+k+1 pj+]J i SinceA; A weseethatA; = ;,s0A = n+k+1 p;
and = n+k+1 . Setc=p; n+k+1. Thenc k 1+i=Kk+1 XN+],
so the box (j, Aj) is k-related to (i,c). Sincei 2 A; r B; we furthermore obtain
g <2n+1 p; <p;, which is equivalentto Ay <c¢ 1< ;. We deduce that the
boxes (,c 1)and (i,c) belong to ur A, and these boxes ark-related to (j 1, Aj)
and (j, Aj).

For condition (2) it remains to prove that .2 ¢ 3andA; 1 c¢+1. Notice
that gi+1 + 0j 6 2n+ 2; otherwise we obtain from 2n+1 p; <p; gi+1 that
pi = Qi+1, SO we must haveq <2n+1 p; <p, for somel, and this would imply
that g <g = p; p. We therefore obtainc 3 i+ =G+ + ¢ 2n 3 0.
Similarly, if pj 1+ pj =2nthenp 1 0 <2n+1 @ shows thatp; 1 = g, so
g <2n+1 @ <p for somel, but this implies that o ¢; = p; <pi. It follows
that A 1 ¢ 1=2n 1 p 1 p O, asrequired.

We nally verify that condition (1) holds. Assume that A and p have equally
many boxes in columnc, wherec k, and let j be the number of boxes in this
column. Then we havepj+1 <c¢ Aj. Now suppose the box f, c) is k-related to
two boxes (i,c%) and (i 1,c%1) of ur A, wherec®> k. Thenc+ c®=2k+2+ j i
and c®= p; = A 1. Sincec®> k, the latter equality implies that p; ; = g;. Since
A 1+ N cP+c>2k+j i, itfollowsthat g +pj = pi 1+ p; <2n+1. Similarly,
sincep + Wj+1  c%+c 1=2k+(j+1) i, weobtaing + g+ >2n+1. But now
we havep; <2n+1 ¢ <0+, So the diagramD(P, Q) has no boxes in column
2n+1 @, a contradiction.

Assume now thatA! p. We claimthatif i jandA + A >2k+j i, then
Mi + 1y =>2k+ j i Ifnot, then since Aj >k, we obtain Aj + A; 1 Wi + I
2k+j i<A+A. Thereforep; = A, iy = A LandA+ A =2k+1+j i lt
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follows that box (j, A;) is k-related to box (i+1,A;), contradicting (2) of De nition
1.3. The claim implies that B;  A; for every j.

We must show that P ! Q, and start by checking that Q P. If this is false,
then choosej such that g; > p;, and note that A;  pj = jAjj j Bjj+¢q p 1.
The assumption A ! p then implies that p; = A; 1, soA; = B; and A} k.
Furthermore, the boxes (j,Aj) and (j 1, ;) must be k-related to boxes §, ¢) and
(i,c 1)ofpur A, with c=2k+2 A +j 1. Weobtain Ay <c 1<, which
implies that Aj + A;  2k+j iandp + 1 = 2k+ j i. But this means that
i 2 Aj r By, a contradiction.

Now suppose thatD(P, Q) contains a 2 2 square, and choosg minimal such
that p > g+1. Ifi2 A satisesthat i+1 62Bj+1,then2n+1 pj <pi Qv <
2n+1 0j+1, which is true for at most p; gj+1 1 integersi. It follows that
Mi+1 A = jBj+1j j Ajj+p; g+ >0, contradicting that pr A is a horizontal
strip. This shows that D(P, Q) contains no 2 2 squares.

Finally, suppose that p; = gj+1 for somej < n k; we will show that there
exists ani such that g <2n+1 p; <p;. Equivalently, assuming that A; pj+1 =
iAjj j Bj+1j 0, we must prove that

AN+A 2k+j) i) (1) and e+ >2k+jj+1 0 (12)
for somei.

If pj = n, theni= j satises (I11). Any i 2 A; r Bj.1 solves our problem, so
assume thatA;  Bj+1. SincejAjj j Bj+1j, we must have A; = Bj.1. Hence
J Z Bj.1, and thus i = j also satis es (12).

If pj n,then A; and ;41 are both greater thank, and henceA; = Bj+1 = ;.
Therefore yj = Aj = Yj+1 = K, and the boxesx = (j,Aj +1)and y = (j+1,%)
are both in pr A Setc=n+k+1 XN j. If Ay & ¢ then the boxes x
and y are k-related to the box (n  k,c), and (1) of De nition 1.3 is violated. So
Mk € 1=2k+(n k) j Aj,andsoi=n ksatises (I1).

Let i > j be minimal such that (I11) holds; we claim that (I12) is also tru e for this
i. Note that A; k. If A; <k+ i j,then by minimality of i we haveA; 1 =Kk,
and this is impossible because is k-strict. It follows that ¢:=2k+i j A; isat
most k. The box (i 1,c¢) lies in A; otherwiseAj 1 ¢ 1 contradicts our choice
of i. If (12) is false, then yj < c. Since ¢ 1,c) is k-related to both x and y, we
again contradict De nition 1.3.

Suppose now thatP and Q are index sets for IGh k,2n) with P! Q. Recall
that a cut is an integerc 2 [0,2n] such that p; ¢ < g+1 for somei. We call an
elementc 2 [0,2n] which is not a cut a crossing It is easy to see that the set of
crossings is equal tq i[q;, pi). Indeed, c is a crossing if and only ifc  p; implies
C G+ foral j. Ifg c<pjthenifc p; wehavej+1 i,S0C O Qj+1.
Conversely, ifc is a crossing then seti = max(j j g;  c); then we havec < p;.

LetJ(P,Q)= fe2[0,n 1]jn e and n+e are both crossingg; then N(P, Q) =
#fe2 [L,n 1]je2 J(P,Q)ande 127 J(P,Q)g. Recall that A is the set of
boxes ofpr A in columns k + 1 through k + n which are not mentioned in (1) or
(2) of De nition 1.3.

Lemma5.2. For0 e n 1, we havee2 J(P,Q) if and only if there exists a
box in columnk +1+ e of A.

Proof. Suppose that there exists a boxB in position (i,k+1+ e) of pur A. Then
Mi  k+1+ e>A,henceqq n e<p andthusn eis acrossing. Suppose
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that B is in A; we will show that n + e is then also a crossing. Now either (i)B
is k-related to a box (r,c) with 1 ¢ k such that ur A has a box in position
(r+1,c), or else (ii) B is not related to any box (r,c) with 1 ¢k which is the
bottom box of A in column c.

In case (i), we haver+ k+1 c=e+ i,andclaimthat g+7; nNn+e<prs.
Indeed, sincey; k+1+ eandpr+1 ¢, we havep+ pr+1 >cte+k = r+2k+1 i
Therefore #fh<r+21 jpu, + wr+1  2k+r+1 hg r i, hence

Qr+1 = N+ k+1 Wy +#fh<r+1jpu,+ W+ 2k+r+1 hg
n+k+1 c+r i=n+e.

We also haveAs; <cand Aj <k+1+ e, henceA + Arvy 2k+r 1|, and by
similar reasoningpr+1 n+ k+1 (¢ 1)+(r+1 i) n+e+?2.

In case (i), we claim that there exists a box (,c) of A with A; = ¢ such that
k A +r=e+i. Indeed, chooser minimal such that k+1 A +r>e+i. If
k+1 A +r e+i+2then A, 1 > A, and the box in position (r 1, k+r e i)
is the bottom box in its column. It follows that k c+ r = e+ i, wherec = A,.

We claim that g n+ e < p,. To see this, note that if gy, < A; then the box
(i,k+1+ e) does not lie in A; hencep, Ar. Also, i  k+1+ e and therefore
Mr+ i A+ k+1+ e>2k+r i Itfollows that

g = ntk+l pw+#fh<rjpn+yr 2k+r hg n+k+l A+r 1 i=n+e.

We also haveA + A, = Aj+(k+r e 1) (e+K+(k+r e i)=2k+r .
Hence

pr=n+k+1 A+#fh<rjia+ A 2k+r hg>n+e.

It remains to show the converse. Ifn e is a crossing, then there exists a box
B=(i,k+1+ e)of ur A. Now if B does not lie in A, then we need to show that
n+ eis a cut, i.e., there exists aj such that p n+ e < g+ . Either the box
(r,c) is a bottom box of A in column c k-related to B which is also a bottom box
of w in column ¢, or somed boxes ¢ d+1,c),...,(r,c) are removed fromA and
B is k-related to box (r s,c), with 0O s d. In the former case, sets = 0. We
havek+1 c¢c+r s=-e+iandA s ¢, while g s+1 <c. Since the part of
pr Ain columns k + 1 through k + n is a horizontal strip containing B, we have
A1 k+1l+ eandp+r <k+1+ e. Now

A1+ AN s k+l+e+c=2k+2+r s i,
henceAi 1+ Ay s>2k+(r s) (i 1),so0
pr s n+k+1l A +#fh<r sjam+A s 2k+r s hg n+e
Furthermore, Py s+1 + sz € 1+e+ k=2k+(r s+1) (i+1),thus

Qr s+1 = NtKk+1l Y s t# fh r Sjpun+ iy 11 2k+tr s+l hg n+e+l.

Lemma 5.2 immediately implies the following result.

Proposition 5.4. If P! Q are index sets forlG(n k,2n) and A! u are the
corresponding k-strict partitions, then we have N(P, Q) = N(A, ).

We next discuss the analogous proof of Theorem 3.1.
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Proposition 5.5. Let P and Q be index sets forOG(n+1 k,2n+2) and let
A and p be the corresponding elements of(k,n). Then P ! Q if and only if
A! W In this situation we also haveNY(P, Q) = NYA, u), and if juj = jAj+ k and
NYP,Q)= NYA, ) =0, then h(P,Q) h(A,n) mod 2.

Proof. The equivalence of the relationsP ! Q and A! pis proved in a similar
way to Proposition 5.3. The condition in the de nition of P ! Q that D(P, Q)
cannot have exactly three boxes in columnsh + 1 and n + 2 is equivalent to the
condition type(A) + type( ) 6 3 in the de nition of A ! . This follows because
the type of an index setP, when non-zero, equals 1 plus the parity of the number
of integers in [Ln+1] r P. We thus see that when typef) and type(Q) are both
positive, we must have typef) = type( Q).

One also checks as in Lemma 5.2 that in this situation, we haveNY(P, Q) =
NOYA, w), and we will assume this in the following. To complete the poof, we
show that wheneverP ! Q (equivalently A! 1), juj = jAj + k, and NYP,Q) =
NYA, p) =0, we have h(P,Q) h(A, 1) mod 2. We need to verify that

g(A, w) + max(type( P),type(Q)) + jSj+ jSG+n 0 mod 2

where the setsS and S° have been de ned before Theorem 5.3.

Sincejuj = jAj+ k and ur A can have at most one box in each of the rst
k columns, we deduce that for each column among these wheje has the same
number of boxes as the corresponding column ok, the bottom box of u in this
column is k%related to exactly one box ofur A. It follows that g(A, p) is equal to
the number of boxes ofpir A in columns k +1 through k+ n minus the number of
boxes inAr p.

We claim that at least one of type(A), type() must be positive. Indeed, if
type(A) = 0 then the Pieri move A ! W must add a box to column k, which
implies that type() > 0. This fact has the following consequence for the diagram
D(P, Q): exactly one row of D(P, Q) has boxes in columnan+1 or n+2, and this
row begins or ends in these two columns. Moreover, if this rovhas boxes in both
central columns, then it must contain at least one more box. t also follows from
the de nitions that no two boxes of D(P, Q) can lie in the same column.

Using Proposition 4.7 it is easy to translate between parts\; > k and elements
of p; of P less thann +1: they are related by the equation A + p; = n+ k+1. We
deduce that the number of boxes ofur A in columns k + 1 through k + n equals
jSj minus the number r of nonempty rows in the left half of D(P, Q) (the part of
D(P, Q) which lies in the rst n+ 1 columns).

Let S®= fp2 S°: p>n+2g. Inthe proof of Theorem 5.3 we saw thatg; = pj,
for all p; 2 S% moreover, sinceN YA, p) = 0, the set A is empty. Using these facts,
it is straightforward to check that the elements of S®are in 1-1 correspondence with
the removed boxes fromA, that is, with Ar p. Combining this with the previous
analysis, we see thaig(A, ) + jS°) has the same parity asjSj+ r. We are reduced
then to showing that

Omod2 ifn+2 ZS°

n+ r+max(type( P), type(Q)) 1mod2 ifn+2 20

The above is proved by a case by case analysis, according tortke possibilities for
(type(P), type(Q)). If type(P) = 0 and type(Q) > 0, thenn+2 Z S° Then, if
gj = n+1forsomej we havej = randtype(Q) 1+(n+1) j n+rmod2, andif
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g = n+2forsomejthenj = r+landtype(Q) 1+(n+l) (j 1) n+rmod?2.
If type(P) > 0 and type(Q) = 0, then there are two possibilities. Either p; = n+1
for somej, son+2 ZS% j=r,andtype(P) 1+(n+1) j n+rmod?2,
or elsep; = n+2 for somej, sogg <n+land n+2 2 S% Thenj = r
and type(P) 1+(n+1) (g 1) n+r+1mod2, as required. Finally if
type(P) = type( Q) > 0 we must haveqg; = p; 2fn+1,n+2g for somej while
n+2 Z S° and the result again follows.

Appendix A. Quantum cohomology of OG(n,2n +2)

In this section OG will denote the Grassmannian OG, 2n+2). A presentation
and Pieri rule for the classical cohomology ring of OG were obtained in Section 3.

Given nonnegative integersd; and d, a rational map of degree (,, d,) to OG°
is a morphismféPl I OGP such that

f[P] u=d; and [P V= d,.
0G0 0G0

For three elementsA, W, and v in B(1,n) such that jAj + juj + jvj = dim(OG 9 +
(d1 + d2)(n + 1), the Gromov-Witten invariant ht ,T ,T ig,.q, IS de ned to be the
number of rational maps f: P11 OGP of degree @1, d,) such that £(0) 2 X (E ),
f(1) 2 X (F), and f(1 ) 2 X (G ), for given isotropic ags E , F, and G in
general position.

The parameter space of lines on O8is the spaceZ of pairs (A, B) where A and
B are isotropic subspaces o€?"*? of respective dimensions1 1 andn+1. Observe
that Z consists of two connected components, each isomorphic to ¢hisotropic two-
step ag variety OF°= OF(n 1,n+1;2n+2). One component, which we callZ;,
parametrizes lines of degree (10) on OG® and the other component, which we call
Z,, parametrizes lines of degree (). IthoIIows that

ht ,1,1i10= Zz1121 [Z2]
Zy
whereZ ,Z ,and Z are the associated Schubert varieties irfZ;, de ned as usual.

For any A 2 B(1,n), let A denote the strict partition (without type) obtained by
deleting the leftmost column of A. With this convention, we have

Proposition A.1.  For any integer p 2 [1,n+1] and A, 1 2 B(1, n) with jAj+ juj+
p=dimOG°+n+1, we have

T, T, Tpigo = T T Tp1
OG( n+1;2n+2)
if A and p are both of typeO or 1, and ht , T ,Tpig;0 =0 if A or p has type2.
A corresponding analysis applies to the degree (1) Gromov-Witten invariants.
The quantum cohomology ring QH (0GY) is a Z[qs, 92]-algebra which is isomor-
phic to H (O0G°%Z) 7 Z[g1,02] as a module overZ[qs, g2]. Here both q; and g, are

formal variables of degreen + 1. The ring structure on QH (OGY is determined
by the relation X

— ; d d
T T = hraTaT—Idl;dZT ql 1q2 2!

the sum overd;,d, O andv 2 B(1,n) with jvj= jAj+ juj (n+1)(dy + dy).
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With the de nitions of BY1,n+ 1), e, and A as in Section 3.5, and t¢) =
type(v), we have the following analogue of Theorem 3.4.

Theorem A.1  (Quantum Pieri rule for OG 9. For any 1-strict partition A 2 B(1, n)
and integ)e(rp 2 [1,n+1], we have

L T= 8 2NCIr+ X5 Teqy y + AT 0102
| | |

in the quantum cohomology ringQH (OG(n,2n + 2)). Here (i) the rst sum is

classical, as in (39), (i) the second sum is overv 2 BY1,n+1) with A! v and

jvi = jAj+ p, and (iii) the third sum is empty unlessA\; = n+1, and overp 2 B(1,n)

such thatpy = n+1, A ! p,andjpj=jA] n 1+ p. Furthermore, the product

19 1 is obtained by replacingd with §° throughout.

Observe that if we setq; = g2 = q in Theorem A.1, then we obtain exactly the
statement of Theorem 3.4 with k = 1. It should therefore not come as a surprise
that the proof of Theorem A.1 is along the same lines as that ofTheorem 3.4.
There are no linearq terms in a quantum Pieri product T,T unless[(A) = n. All
v 2 BY1,n+ 1) have positive type, sincevy < n+2, i.e., t(v) 2f1,2gforall vin
the statement of the theorem. In addition, the quadratic q terms are handled as in
the proof of Theorem 2.4, using the relationt2,; = g1z, which is easily checked
directly. The assertions of Lemma 3.1 are true wherk =1, d > 2, and [(A) = 1,
with unaltered proof, and the argument of the proof of Theorem 3.3(d) then shows
that there are no cubic or higher-degreg) terms.

Theorem A.2 (Ring presentation). The quantum cohomology ringQH (OG(n, 2n+
2)) is presented as a quotient of the polynomial ringZ[ty, 1%, T2, ..., Th+1, 01, 2]
modulo the relations
9(!—1
U Q=T o =  ( DP, aa p,
p=2

?+  ( 1)t+ic =0, 2 r n,

and
ut! =0,
where the variablesc, are de ned by (40).

Proof. Let (1") denote the partition (1, ..., 1) of length r, and 13-y and T(Ol,) denote
the corresponding Schubert classes of types 1 and 2, respeelly. The quantum
Pieri rule gives the relations

(58) T1Tany = Te;n 1) + 01, TfT(Oln) = T(Oz;ln 1y + G2,
(59) rlran) = r(Oz;ln 1y * Tnst, ) = Tin 1) + Thst

in QH (OGY. In contrast to the case whenk > 1, it is not true here that the Schur
determinant ,,forl r n,isequal toa Schubert class in H(OG® Z). However,
by applying the Pieri rule to the monomials in the expansion d |, noting that

1,19 = 15, we deduce that «
F=Tan Tt C T,



QUANTUM PIERI RULES FOR ISOTROPIC GRASSMANNIANS 59

where the sum is over typed partitions u with [{j)) < r. The quantum Pieri rule
and equations (58), (59) now easily imply all of the requiredrelations.
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