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Take G = SL(2,R), I' C G. Look at I'\H. Take

(PP
A=y <a * ay>
Take f € A(T\H), f € A,(\H).

Then
(A+s(1—s))f=0

Let s =1/2+it. Then A = \(s) = s(1 —s) = 1/4 + t%.
(OVE) = {f € AD\ED: [ [7()Pduz < o)
I\H

Take z € H, z = x + 4y, y > 0. Take f € B(I'\H), bounded and smooth.
Take Ag = 0, ug(z) constant. Then have

0=X <A <A<
A= s55(1—=55), (A4 Xju; =0, uj(z) € A,;(T\H), 1/2 < s; < 1ors; =
1/2+itj,tj € R.

[ sty =1
I\H

{u;(z):7=0,1,...}, an orthonormal basis of Maass forms.
Continuous spectrum
Take a, cusp of T'.

Take 04 € G = SL(2,Z)

_ t
aulfaJaB(O 1>

I'n={yel:va=a}
For f € B(I'\H),

fz) =D (frug)u,(z)

J
+$ Za: /_O:o (f; Ba(*,1/2 4 it)) Ea(2,1/2 + it)dt

Define L : L? — L?:



(Lf)(z) = K(z,w) f(w)dw

I\H
:/Hk(z,w)f(w)duw
K(z,w) :Zk(z,’yw)

yel

where k(z,w) = k(u(z,w)), k(u), nice, smooth, and compactly supported on
RT.
K(z,w) = h(t;)u;(2)u;(w)

+> L h(t)Ee(w,1/2 + it) Be(z,1/2 + it)dt

—0o0

(K (- w),u;(-)) = h(t;)u; (w)
where \; = s;(1 —s;) and s; = 1/2 +it;.

2 22 Jan. 2010

LNE) = [ ket = [ Ko fw)du
f e AT H)




This is not possible. Problem with the integral over I' H because it is infinite
unless we are in co-compact case.
Instead,

TrYK = K(z,2)duz
F(Y)

= h 7 UjZ 2
; (”/Fm' (2)|
e (/Fm Bz, +i)

2
duz) dt
= AlogY + T + O(Y™°) (spectral trace)
= A;logY +T1 + O(Y ™) (geometric trace)

F(Y) is truncated fundamental domain.

Selberg trace formula is T = T;. A = A; is tautology.

Take the Green function G4(z/w). This has logarthmic singularity on the
diagonal. Therefore, we instead look at K (z,w) = Gs(z/w) — Gy (z/w), a > s >
1.

Then
k(u) =Gy (u) -G, (U)
1 1 1
h )= — <
O R T
1 1
= —lz(s=1/2) _ —|z|(a—1/2)
g9(z) 25716 Qa—le
Properties:

0<k(u) < (u+1)"®
0<h(r)< (r|+1)~*
0<g(z)<eln/?

Now, we truncate E. to EY because we are already integrating over the
truncated fundamental domain F(Y'). We then use Maass-Selberg Relations:

<E3./('7 31)7 Eg/(7 52)>

1 —S8 So—
= Pap(s2)Y ™1 7% + PapY 2
S1 — S S1 — S2
1
5 Y$1+82—1
S1 + 89 — 1 ab
1
S Oy (3p)Y 151752
St 59— 1 a(51)®Pp(52)



We apply for s; =55 = o + iv.

<5Y('a o+ Zt)a th(.’ o+ Zt)>
o (BEY™ — a(o)y )
1

21V
+20 -1

(Y27 - o(s)@(5)Y' )
Want to push o to 1/2. Limits exist because ® is holomorphic on the line
Re(s) =1/2. We take 0 — 1/2, 80 s = 1/2 + iv.
<€Y('7 o+ Zt)? t€Y('7 o+ Zt»

- (@1 —s)Y> I —@(s)Y' )

2s — 1

1
20—1

+ (Y2771 — ®(s)@(5)Y' %)

Note:

Y* 1 =14+ (20 —-1)logY +---
P'(s)
D(s)

O(o+iv)P(oc —iv) =1+ (20 — 1) 4o

Choose o = 1/2.

(€7 (g +it), ‘€7 (5 +it)
1

25 —1

+2logY — @' (s5)®(s)~*

+ (@1 —s)Y> I —@(s)Y' )

Therefore, when s is on the critical line,

<5Y(.7S)7th(.7s)>
+—281_ . (®(1 =)V —d(s)Y')

+2logY — &' (s5)®(s)"*

By positivity, if we keep the truncated Eisenstein series, we can now integrate
over F instead of F(Y) and still maintain inequality for an upper bound of
TrYK.

1
Z/ |EY (-, = + iv)[duz
C F 2

1 1
= T7“<€Y(~7 B + iv),tEY(~, 3 +iv))



YK = K(z,z)dpz
P(Y)

1 1 . 1 ,
=Tr——m I — YQZ"" _ = o Y—er
7“27”"(<I><2 zr> @(24—@7") )

/
+2hlogY — % (; + ir)

where ¢(s) = det(D(s)).
For trace, we can assume ®(s) is diagonal

X,
Tr = Z /\—j(s)
j

1 [ h(r) L. 2ir L. —2ir
o —ooTT27”" (@(2—27")}/ - §+zr Y
¢ (1 .
+2hh(r)logY — h(r)g 3 +ir | dr

i _Z % [@ (; - z'r) YT~ $(1/2) + (1/2) — &(1/2 + z'r)Y—ﬂ dr

We move integration in the first part to ie + r and in the second part to
—ie 4 7. Then this term contributes h(0)®(1/2)/2m with error O(Y ~2¢).
We also have [ h(r)dr = g(0). Then we have

YK gZh(th%/oo h(r)¢/(1/2+ir)dr

+%h(0)Tr(I>(1/2) +g(0)hlogY + O(Y ™)
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K(z,z) = Z k(z,7vz2)

ver

=D h(ty)lu(2)?

J

1 o0

T Eo(z,1/2 4 ir)|?
(= D SUCIERTERR It

TrYK = fF(Y) K(z,2)

E t Uiz 2(1 z
417T }: r Ec z 1 2 ’7:7 zar

TrY K SZh(tj) ( /F |uj(z)|2d,uz>

+% /_wzc:h(r)/me(Z’ 1/2 + ir)[*dpzdr

OSZ/ |EY (2,1/2 +ir)|*duz
F
c

= TT’% [®(1/2 —ir)Y?" — &(1/2 +ir)Y ~*"]
+2hlogY — (2:(1/2 +ir)
with ¢(s) = det®(s).
(Z(l /2 +it) > large constant

TrYK < h(t;)+ i/m %(1/2+z‘r)h(r)dr

—&—ih(O)Trfb(l /2) + g(0)hlog Y + O(Y )

T .
Z|75a'|<T Jui ()P + 324 Jor 1Ba(2,1/2 + it)|?dt <r T? + yr(2)T
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Y<Imz<2Y, 0<ax<l.

Y 1«13 T>1
It1<T

Sontty) [

lu(2) 2z < h(tt)/ Wl
Fu(Y) ! z]: 7y Ye
h(t;) < 1/t

wi(z 2<<M

|uj(2)] ;
8]21/2+Zt]

luj(2)? < 23590, 1/2 <55 < 1

We can get the lower bound using similar techniques estimating the contri-
bution in the cuspidal zones. Then we have

= Z,2) = i i OOQI wr)h(r)dr
TV K _/FmK(, ) zj:h(t])+4ﬂ/m¢(1/2+ Jh(r)d

%h(o) + Trd(1/2) 4 g(0)hlogY + O(Y )

This concludes the spectral trace formula. Now we look at the geometric
trace.

K(z,z) = Z k(z,vz) = ZKC(ZaZ)

Ke(z,2) = X cc k(2,72)

¢ =[] ={rlyriTen}
If 77197 = 7 tym, then (mr )y = y(n7™Y), so ' € Z(y) = {pel:
pY =P}
Then

Ke(z2) = > kiz7 'y72)
TEZ(Y)\T'

TrKe; = / k(z,vz)duz
Z(v)\H

= / k(2,9 yg2)duz, g € G = SLy(R)
g1 Z(v)g\H

G = SL(2,R) = NAK



0 .
N_<1 x>’A_<\6§ N >,K—< co_s(ég sm(g) >
0 1 77 —sin(f) cos(0)

Lemma: If ST =TS, then S maps fixed points of T to itself.

Lemma: S commutes with 7" if and only if S has the same set of fixed points
as T.

Proof: Suppose T is parabolic, say Tz = z + u. Suppose ST = TS, so
S = az + 8 because oo is a fixed point. Then a(z 4+ u) + 5 = az + 5+ u, so
au = u, so a = 1 unless u = 0, but u # 0 because T is not identity.

Now suppose T is hyperbolic, so Tz = Az, A # 0, 1.

alz+ B  az+f
YN +6 T yz4d

Letting z — oo implies v = 0, which then implies 8 = 0, so S = uz.

The elliptic case is similar.

The sets of fixed points characterize the stabalizer.

Lemma: Z(v) is cyclic.

Proof: First consider v parabolic. Write 7z = z 4+ u. Any other element of
the centralizer is also a translation, so Z(y) C R, discrete subgroup, so cyclic
generated by the minimum element.

Now consider 7 hyperbolic. Write vz = Az, Z(y) C R*, so cyclic.

Elliptic case is similar.

The generators are called the primitive transformations.

Fundamental domain of hyperbolic is horizontal strip. Fundamental domain
of parabolic is vertical strip. Fundamental domain of elliptic is a hyperbolic
sector.
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K(z,w) = Zk(z,vw)

yerl’

zZ—w 2
k(u), u(z,w) = W
k(z,yw) = k(u(z,yw)).

For trace we look at

ArlogY +T1 4+ 0o(l) as Y — oo spectral
Y — _ 11og 1 P
Tr K= /F(Y) K(z 2)dpz = { A1logY +To +0(1) asY — oo geometric

T, = Ts.

[v]={r~tyr:7 €T}
The centralizer Z(y) = {p € I": py = vyp} is cyclic.



K(z,w) :ZKC(Z7w)

c
Ke(z,w) =3 cc k(z7w)
TrY Ke = / k(z,vz)dpz
2 e

= / k(z,vz)duz
Z(m\H

C =Ch, 1 # 0, where C, is primitive, [ € Z if infinite order. 0 <1 < m if m
is the order of Z(v).
Suppose C is parabolic. SL(2,R) = NAK.

v {(2 )

y=9 vz=z+1, Z(v) = Z(v0), Z(7)\H is the vertical strip from 0 to

Suppose C is hyperbolic (= P different notation).
v =7}, from A: oz = pz, p > 1,

_ (0 7
’}/0—(0 0)1/7”17614

p=NP

Z(v0)\H is a horizontal strip from 4 to pi.

Now suppose C is elliptic (= E, different notation)

W:%), Yo or order m, 0 <[l < m.

Y € K, vo=k(0),0<0<m.

Z(v0)\H is a sector with an angle 6 = 7/m at i.

In parabolic case,

C, is the conjugacy class of the cusp a. I'y is the stability group of the cusp
={y2:beZ}.

~y is representative of Cq, Z(7) = Z(Va)-

TrY Ke :/ k(z,z + )duz
B\o H(Y)

{0<z2<1,Y <y<Y}CoHY)c{0<z<1l:y<Y}

where YY' = ¢ 2.



Then

1 Y
Tr¥YKe, < / / k(z,z + )duz
0 0

Now sum over [ € Z,

Z TrY Ke

leZ*

( Z 1)
l
1<I<2/ay

[ 2 om0 )

k(u) < 1.

1 [ k logY
Afl/“ Ajyldu/<§49§4,
1/4v2 U Y

Z TrY Ke

lez~
<9 E(u)

1/4Y?2 Vu

Now we extend integration from 0 to co. This is okay because

1/4Y2 du
/0 Vi

[log (2v/uY) +~] + 0O <logy)

Y

==



Z TTYKC

leZ*

<2/ \f log(2fY)+v]+O<(1°gY) )

logY
:AglogY—i-Tz-l-O((OgY)>

Ay = 2/0 Wdu =q(0) = 59(0)
B (oo} k(u) o m U
7, =2 [ T flos i) +0)d

A1 was (h/2)g(0). This agrees because we will next sum over the cusps
(conjugacy classes).

5 2 Feb. 2010

Integrals: k(u), q(v), g(r), h(t):

q(v) = /UOO Jl%du

g(r) =2 ((sinh ;)2>

h(t) = /_OO g(r)etdr
o) = % [ T n(etat
q(v) = %q(2log(\/v+1+\/5))

q'(v)

K = 1/mm
h(t) —477/ Fo( w)du, 5—§+zt

dv

== FS( Yh(t) tanh (7t)tdt

Spectral trace formula truncated at Y is:

11



TrY K =3, h(ty) + 4= Do [0 Mr) = (5 +ir) dr

+ih(0)Tr<I>(1/2) +g(0)hlogY + O(Y™°)

K(z,2) = Z k(u(z,7vz))
yel

TrYK = k(u(z,vz))dpz
b [,

= conjugacy class in I' C SLy(R)
= a representative of C

Z(y) = the centralizer, cyclic

TrYK = / k(u(z,712))
'vlzec PY)

-/ Fu(z,v2))duz
Z(v)\H(Y)

Consider

v -parabolic
a -corresponding cusp
'y -the stability group of a

Let 4 be parabolic, primitive with fixed point a. Every other one is the
unique powers of v,.

y=9L 1E€Z1#0

S Tr¥Ke = LY)+0(Y 'logY)

- k(U) ogu )au
. u (logu)d
=g(0)(logY + ) — /0 log (sinh i)g’(r)dr

L(Y) = g(0)(log2Y +~) +

— 4(0) logg + ih(o) _ % /_Oo h(E)(1+ it)dt

¥(s) =§<s>=—v—§(nis—nil)

12



Now take C- the identity class, C = {1}

Ke(z,w) = k(z,w)
TrKe = [, k(z,2)dz = k(0)|F|

1 (o)

k(0) = h(r) tanh (7r)rdr, because F5(0) =1
a — 00

Now we look at the hyperbolic case:
Take C-hyperbolic class. There are two fixed points a, b.

C = P!, P-primitive class, [ # 0
vp € P = a representative
v = 753 a representative of C
Z() = 2Z(w)

TrK:; = / kE(u(z,7vz2))
(vp)\H

Pz =pz,p>1
1
TrP =.\/p+—
AR

p =NP

As a model, can send a to zero and b to infinity.
u(ip,i) = logp is the length of the geodesic.

TrKe / / zpz Ydpuz
()
:/1 %/m k(d?(2% + 1))da

_ logp [ k)
T d 2 Vu—d?
logp , o

7 ()

1/2 _p—z/z‘_l

= ‘p g(llogp)logp

13



because

1.2
! |z —p'2|
u(z,p'z) = ——7—
( dyply
2
z _
— |4y|2 |pl/2 —p l/2|2
1
d =gl —pT

6 5 Feb. 2010

R-an elliptic class, primitive of order m.
C=RL0<l<m,k(0)eR,0=r/m

TrEc = [y k(2 k(01)2)dpz

polar coordinates: z = k(¢)e ", 0 < o <m, r>0
dpz = (2sinhr)drdg.
If you take g € K,

TrKe = [ k(g2 k(O1)g2)duz
_ % /H k(2. k(01)2)dpuz
_ %/H/g(k(qs)e—%,k(el)k(qb)e—w)(zsinhr)drckz)
- % /0 k(e "i, k(6l)e "i)(2sinh r)dr

k(u(e™"i,k(0l)e™"1))
u(e i, k(0)e~"i) = (sinhrsin())?

TrKc :%/ k((sinh rsin(61))?)(2sinh r)dr
0

u = (sinhrsin(01))?
du = 2sin hr cos hr(sin (61))
coshr = 4/1+ (sinhr)?

TT’KC

_ - /°° k(u) du
msin (01) J, \/m

14



T’I‘KC

/ r) cosh(r/2)
m coshr — cos(2mi/m)

/ hr) cosh (w(1 = 2l/m)r) dr
~ 2msin (7rl/m) oo coshrr
I’ [ 1 1
o= 10 =3 (55 )
1 s+ k 2k —1
TrKea —-1)—(s=
ozt Tries =0y 2 () (B -1) =0
logm —1(s)  Ry(s)
N m + 25 -1 (s =a)
1 s+k
Ry (s) =— > (25+2km)1/}< — >(sa)
0<k<m
Theorem (Resolvent Trace Formula)
Let a > 1, Re(s) > 1. Then
1
— T s (8= a)]
zj: [( — 3+t
o !
1 —o 1
T J oo [(5_52+T2 )} 7‘15(% + ir)dr

(s =
1 1 h 1
= @512 (h Tr(IJ(Q)) S (w(s + 5) + log 2)
IFI log p
w( 25 -1 ZZ a+k -1

P k0P
2k+1—-—m
+25f12 Z m2 Y(s+k)—(s=a)
R 0<k<m
Corollary:
logp
dop - s— 1+



G(s) is infinite product of gamma factors of meromorphic order 2.

1
ZZ sfkgfl

PkO

so meromorphic continuation comes from trace formula.

7 9 Feb. 2010

Contribution from the point spectrum, \; = s;(1—s;), s; =1/241it;, 0 = Ao <
A1 <

S lemomeaTsy =)

J

The continuous spectrum contributes

i OO 1 e ;‘bl v
e e |:(5—ST)(S—(1_ST)) ( )] P (sr)d

- (23%1)2(’1‘ ®(1/2)) = 5— (¥(s +1/2) +log2)
sr:1/2+i’f'.

8(s) = detd(s)
0 = F )~ - T (5 — )

Contribution of conjugacy classes is

171

~(s) 5

Contribution of hyperbolic lcasses is

=1
25_122 s-l(-)kgp

p=NP.
Finally,

16



k=0
/ 1 o logp
1 Z _
SI RIS
P k=0
Ye—ri TrKe = —(logm —1(s)) + 5—=Rm(s)
1 s+ k
Rn(s)  =—3 > (2s+2(k—m)p(——))
0<k<m

Want to prove |F|/2m+1/m is an integer. Have |F'|/2m+1/m = 2g—2+h+l €
Z by Gauss-Bonnet.

Z(s) = exp ( / | ZZ,(u)du) Z(a)

Z(s) =(s)Z(1 — s).

I' = SL(2,7Z), Binary quadratic forms,

,y) = ax? + bry + cy?, d = b2 — 4ac.
X,Y) = (ax + By, yx + dy), < 2 : )56F

(
(a,b,c), the content of Q. Assume d # €.
(a,b,c) =1 primitive.

L)
B

—CUu au

P= ( 0 3(t-du) );(t—i—du) € SLy(Z)

t2 — d?u® = 4, Pell’s equation.
This preserves the quadratic form.
€q = %(td—i—\/gud) > 1, ug, tg the smallest positive solution of Pell’s equation.
1(t+ Vdu) = £, n € Z.
trP =t > 2, so P is hyperbolic with fixed points, (—b — v/d)/2a, (—b +
\/&)/Qa.
p(z,Pz) =log NP = logp

. O %(td — bud) 1
[a,b,c] - P = < ~euy auy 5(ta +bug) € SLy(Z)

TrP =tq, NP = (TrP +/(TrP)2 —4/2)% = ((ta + /12 — 4)/2)® = ((ta +
Vdug)/2)? = €.
log NP = 2logeq.

17
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Selberg Trace Formula, A\; = s;(1 —s;), s; = 1/2 + ¢,

(t )+;/_O:Oh( )%(I/Z—Fit)dr

7

/ r) tanh(mwr)rdr

1
(”2 _W) g(llogp)logp

[ *JM *“\ﬁu

cosh7r 1—2l/m)r
+ 2 <2m sin > / h(r e m— dr
+@T (I — B(1/2)) — hg(0)log 2 — %/ h(r)(1 + ir)dr

where h(r) is test function h(—r) = h(r), holomorphic in [Im(r)] < 1/2+€.

1

h(r) < W

g(x) = 2(cosh (x/2))e"20¢shz (< § < 1.

= 2/ [cosh (sz) + cosh (1 — s)x] o208 coshe g,
0

= 2K4(26) + 2K _4(26)
=T(s)07° + 06~ /2|1(s)])

1/2 < Re(s) <1
>_; h(t;) contributes

Y. D)8 + 052

1/2<8]'§1

1
lo p :( p-|—) 6*5(P+1/P)
g(logp) VP NG

The sum over P contributes

18



Therefore,

> T(s)d +0(571?)

1/2<s;<1

= Z e Plogp

p

Sleep= ¥

Sj
p<z 1/2<s;<1

Sj

+ O(Jc3/4)

by Selberg.
Conjecture:

Slosp= 3 w06

S5
p<z 1/2<s;<1

Z 2h(d)logeg = = + O(z*/*)
€a<\T
Weyl’s law:

Nr(T) =#{j: | < T}y < T?
My (T) _ j(1/2+ it)dt < T?
' Tar ) Z
T2
Nr(T) + Mr(T) ~ E|F|
Mr(T) < TlogT for congruence groups
T2
Nr(T) ~ T|F|
7r

19
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s=1/2+1it, t € R, g(x) = 2(cosh(z/2))q(z) where ¢(z) is a smooth function
with g(z) =1 for —log X < ¢(x) <log X and ¢(z) = 0 for z > log (X +Y) and
x<log(X+Y),X>Y>1

log(X+Y)—-logX Y
~ —log X
1 X %8

h(t) :/oo (68m+€(175)x)q(x)d$

—0o0
S

X
+O0(Y + X2 1/2<5<1
S

For s =1/2 +it

= vX T2 X
h(t :/ e®/? cos xtqmdx<<min{1,}7T:
(t) | (zt)q(z) 5] e %
Xsi
Sht) = Y S—+o(v+x'T)
1/2<s;<1 7
F oo
|4—| h(t) tanh(wt)tdt < X/2T
™ — 00
X%
Ypalogp)logp = > Z—+0(Y +VXT), T =X/Y
1/2<s;<1 55
X%
> p<x logp = Z %+O(Y+\/)7(T)

Sj
1/2<s;<1
Theorem (Selberg)
X5
Z logp = Z T L o(x¥Y

Sj
p<X 1/2<s;<1

—5t2 1 > _¢/ . —6t?
e J+E/m S (/24 ite a0 <o <1
_ ﬂ hlogé B vh

= =4
4m0 47w AVTo
Corollary (Weyl’s Law)

o(1)

T /
> 1+%/ _j (1/2 + it)dt
-T

[t;|I<T

F h
= %T2 — =TlogT + crT +O(T/logT)
T T

20



Aj = s;(1—s;) = 1/4 + 5. Multiplicity m(};) < t;/logt; = \/X;/log ;.

10 19 Feb. 2010

Mre(T) = % » _(fl(l/2 +it)dt
Nr(T) + Mr(T) N |4£77|T2
o(s) = det &(s)
(s) = (Gus(5))
Pan(5) = \/EW Z % S45(0,0;¢)
c>0
< 2 2 )* €o,'Top
r = SL(2,7)
Sav (0,05 ¢) = Seo(0,0:0) = Y e<0d+0d> _
d( mod ¢) ¢ d(

_ I'(s—1/2 oo ¢(s) __ I'(s—1/2) ((2s—1
¢m,m(5) - ﬁ% Zc:l c(25) - ﬁ (F(s)/ ) (§(29))

o) = (Vi) Sy

0<by <by<-+,a, €R, a; #0, Res > 1+ ¢, bounded.

n=1

V23 ¢(s) < |s|™"/2 Res > 1+4e

¢(s) does not vanish in Res > g for some oy.
#(s) has only a finite number of poles in Re(s) > 1/2 at s = s; with 1/2 <
S5 S 1.

* 2s5—1 S5
¢*(s) =b1"" 9(s) H s—(l-s)
1/2<5,;<1
holomorphic in Re(s) > 1/2
phi*(s) < |s| ™72, Re(s) > 1+ ¢, ¢*(5)p*(1 —5) = 1.
|¢p*(s)| =1 for Re(s) =1/2, |¢*(s)] < 1 for Re(s) > 1/2
f(2) continuous in |z| < 1, holomorphic in |z| < 1, f(0) # 0, f(z) # 0,
2| =1

| 108 el0))d0 = oz 0) = 3 10g]
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zj zeros of f(z) on |z] < 1.

1 m
17,2)z

f(z) = ¢*(
m=20,1,...

By transormation z = (s — 1)/s, Jensen’s formula implies
> s

J
zj is zero of ¢*(s) in Re(s) > 1/2, z; # 1.
> og

J

s; poles of ¢*(s) in Re(s) < 1/2, s; # 0.
sj = B +iv;, B; < 1/2, poles of ¢*(s)

zi —1
J_\zmmﬂw
Zj

].—Sj

< 0

Sj

2log|(1 — s)/s| = log (1 +1= Qﬁ) _1 |;|25 +0(1/|s)

|S|2 2
1— 28
S
; |55

1 o
o*(s) = [[ i o)

S*Sj

Hadamard Product
s; zeros of ¢*(s), 1 — 55 ploes of ¢*(s).
g(s) polynomial and bounded, so g(s) is constant.
The product is bounded because >, (1 — 26;)/(|sj|*) converges.

e

5—s; s—1+7%;

‘Z‘*/(s)_z( 1 L )+210gb1

s—s; s—1+7%;

s; all poles of ¢(s).
sj =B +iv5, s =1/2 +1it,

1- 28
(/2= P + =P
so —¢'/p(1/2 + it) > 2log by

Nr(T) = #{poles of ¢(s) in o < 1/2,]t| < T} + O(T)

22



11 23 Feb. 2010

D(s) = (¢an(s))
Paals) = \fr(gr(slﬂ) > Cze Saa(0,0;¢)

( 2 z )* Ea;ll—‘aa
r — T(N)
o5 R e LU R S 9T

2s
F(S) N c=0 mod N2

_ s—l/z ((2s — 1) $(N) 1!
\/> C(QS) N4s Hv(l p23>

Eq(0q4,8) = Z (ImU;l’m)S

7€l \oy 'Toq

D. Hejhol, ' = T'g(p)
_ 0 oooo(s)
(I)(S) - ( ¢OOO(S) ¢Ooo( ) )¢OO( ) ¢( )Np(s)

1 0 p—1
N, = = X X X X -1
10(5) pgs 1 ( ps _pl—s ps _pl—s > p

O(s)P(l—s)=1

- 0 1
M) =z () )

Lo(N), N squarefree, ®(s) = ¢(s) &, x Np(s).

Small Eigenvalues

)\j = Sj(l —Sj) < 1/4, 1/2 <s; <1

Let X = T'\H, smooth, compact (only hyperbolic and identity). |F| =
4m(g — 1), g is genus.

\j ~ 4m|F|7Y.

OZ)\0<)\1S)\2§“'S)\]‘—>OO.

A2g—3 can be arbirarily small. Agg_o > 1/4. A1 < 29+1 <6 for g > 2.

RN R
(47 sinh d/2)? 4 d?

where d is the diameter of X.
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" 8m(g+1)

IN

|F|
by Zognoff.
Selberg Conjecture: \; > 1/4 for congruence groups.
#{j:1/4 < \j <1/44c/(logq)*} ~ |71
! (logq)?

where I' = T'g(q).
Theorem Let ' be a subgroup of SLs(Z) of finite index. Let ¢ be the maximal

width of cusps. Then
3/m\°
A 2 (L
17 (Q)

Corollary \; > (3/2)7? for SLy(Z). A\; > 1/4 for T'y(q), ¢ < 7.
Proof (Roelcke).
Let u(z) be the eigenfunction for A > 0, |Ju| = 1.

)\:/ lyVul?duz
P

F=T\H. F=UnF, F" = F UuF.
Fi = Up<p<B(F' 4+ b), F» = Up<p<p(F" +b)
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2)\B —Z/ lyVu(z)|>duz
Yo F2

v

= Z/ lyVu(y2) [ duz

>Z/ 2/ lyVu(y,2)Pdpz
ulwz) =Y a(y)

n#0
s <>z ()]
2\B > BZ/ >

\[/2 n#0

_(2”> BZ/ > lewn(y)Pdy

f/2 n#0

YL et

3 (Z)z/w () 2dpiz

2)\B > —B

223 (z)

12 2 March 2010

Vu(v,z) =

2
2mn
— (Y ‘ dy

I/

Y

Take F' to be a polygon with an even number of sides, C; a side of F', D another
side of F'. Take f such that f(z) =0 on C (Dirichlet condition) and

9a (2)

on D (Neumann’s condition)
f(z) = f(w) for z=w on JF.

(=Ag,9)
(9,9)

(=Af,g) = /FVf -Vydpz

A = min

25



vi—y G5

dz’ By
g(z) = v, distance
|z —allz — 8]

h =
coshv b —a)lm:

dpz = (coshv)dudv
Vg = a unit vector
(—=Ag,g9)  wolF
(9,9) 9112
See some other notes for a description of F. volF = 2r—7/3—7/2—7/2—0 =

(2/3)r.

lgll® :/FUQ(COShU)dudU

uo Vo
> / / v?(cosh v)dudv
o Jo

=~ uovg sinh vg

|z +ir + 1|z +ir — 1
2r
sinhug =7

coshug =

noting 22 — r? = 1.

coshv :min|_%+iy_x+r||—1/2+iy—x—r|
’ Y 2ry

2 9y 1/2
:1“2“{92““1/2—r>2+<x+1/2+r>2+(1“/2—7“) (v +1/2+47) }

2r "
1
:2*($+1/2—r+x+1/2+r)
-
ez 3
N r 2r
asr — 1
vy~ log(3/r)
SO
2 3 2
lgll > 5(1Og (3/r))° > o0casr —0
{Ag,9) =0
(9,9)
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asz — 1, r— 0.

Ly(m,n) = ZcfQSSuh(m,n;c)

c>0
0 x x €0 lno
* c a V00

Zs(m,n)

m, ;) .

= e S ]
2¢/|mn| = Ing_1 ) mn <0

13 5 March 2010

Tya,b, s=1/24it, mn #0

1 1 Jos—1 s mn) if mn >0
Zs(m,n) = 72 —Sap(m, n;c)
2y/|mn] c2s Iog_1 il lmnl) if mn <0

c>0 c
Res > 1.
2 * € oy Ty
Theorem Z,(m,n) has analytic continuation to s € C.
1
Zs(m,n) — Z1_s(m,n) = méu[ﬁmn sin (7(s — 1/2))
1

26 — 1 Z Gac(m, 1 — 8)dpc(n, s)

Zs(m,n) has simple poles at s = s; and s = 1 — s; with residue

1 _
3T 2 Faslmps(n)

Skg=Sj

if s; # 1/2. If instead, Zs(m,n) has double pole at s = 1/2 with Taylor
expansion

1 —
TGo12)2 Sk;m Par (M) por(n)
_m Zauc@nﬂ S)(bbc(n,s) + -

{u;(2)}, an orthonormal basis of the point spectrum.

uj(oqz) =+ Z Paj(m)Ws, (mz)
m##0
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E(UaZs +Z¢acm8 )

m#0
Test function 1/2
5 —
£(s) = 4n "2 hi(s ~ 1/2)
same conditions on h as in Selberg trace formula. s = 1/2 + it
4rt
= h 1)1 ¢ cosh7t| !
(5) = oy h(0) < (4 )7~ coshnt
fls)=—f(1—5)
1 1
o | Ztmmi@ds+ o [ Zumass
271 (1—e) 271 €
et g [ sinlrls = 1/2)(s)d
= abOmn — 5111 — s)as
2] 2w fg
fs) 4
ac 1 c
27”/162@1) m, ¢b(m3)2 _1
1
6ab6mnh0

:m
271'2/1 0 Zd)acml—g ¢bc(m S) f( )1 ds

where
1

ho = —/ t tanh(mt)h(t)dt
n — o0

: h(t;)
- = Od 7]
271 (1—s) ( S + Z pa] pb] COSh(’]th)

1

= m
f(A/2+it)
2 /1/2 Z¢ac m, 1/2 + it)pp.(m, 1/2+Zt)Tdt

6ab 6mn h()

f(A/2+it)
27i /1/2) Z¢ac m, 1/2 +it)ppc(m, 1/2 + i t)Tdt

7r/oozc:(lsac(m,1/2+it)¢bc(n,l/2+it)w:}flgrﬂdt
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2 Zs(m,n)f(s)ds

27Ti (1_6)
4
S e Sy i b (W vlmnl)

- > c
ht(z) = % - )st—l(l’)f(x)ds
h=(z) = % o Irs—1(z) f(x)ds
ht(z) = 21'/00 Joit(x )Coisllgt()frt)
/ Ko (x)h(t) sinh (mt)tdt

()= (o )1/2¢aj<n>

cosh 7t

47|n| 1/2
Nac(n, t) :z( > GDac(n, 1/2 4 it)

cosh 7t

Theorem Let T, a, b, mn # 0, h(t) test function. Then

Z h(t)7aj (m)ve; (n)
1 R B
i /m XC: h()Tac(m, t)npc(n, t)dt
4
= (5ab6mnh0 + ZC ab m,n; C)h:t <7T\/|TUT>

c

where we use ht if mn > 0 and A~ if mn < 0.

14 9 March 2010

I, a,b cusps, {u;(z)} an orthonormal basis in the point spectrum. FEq(z,s),
mn # 0, m,n € Z

ma + nd
Sap(m,n;c) = Z e <c)

0 a T
deo, Top

* C

d mod ¢
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c>0
u](JaZ) — "'+ijﬂ(m)WSj(mZ)
n#0
EC(O.UZ):'.'+Zn7£O".

( drn) )1/2¢ja(m)

coshs;

Vi, (1)

(n,t) = 47|n|
Taci® ) = cosh (m(1/2 + it

1/2 '
))> Pac(n,1/2 4 it)

Theorem
D h(t;)75a(m)v;e(n)
J
1 o0
#3047 | HOmclm O,
474/
= 0abOmnho —l—Zc Sap(m,n; c)hi <7r|mn>

ht () —2¢/°o Toin() LDt gy

cosh 7t
h~(z) / Ko (2)h(t) sinh(mt)tdt
he = / ¢ tanh (rt)h(t)dt
T J -0

Use ht if mn > 0 and use h~ if mn < 0.

h(t) = h(-1)
h(t) holomorphic in [Imt| < 1/2+€
1
h(t) <€ ——
O <o
2 2.0
> lvag(m)P 4o = —T7+ O(Im|T)
[t;1<T

constant depends on I’
Want to look at transforms h — h™, h — h™.

C2(R* —)—{f R+—>C/ P < oo)
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We first look at h — h™.

Lg(t) = /OOO Kit(y)f(y)%y

o) = [ o)

[%ﬂm(%+”f5@<m
f:(0,00) = C

f(0)=0
fiz) < (x+1)727¢

flx) = %[w Ko (x) K (t) sinh(mt)dt

dx

Ks(t) = %cosh(wt) /000 Koj(x) f(x) .

Theorem Let mn < 0 and f(x) satisfy above conditions. Then

Z c1Sap(m,n;e)f <47T an')

C

- Z Ky (tj )Paj (m)l/bj (n)+---

Now to h — h':

WHz) =4 / " Buiy(2)h(t) tanh(xt)tdt
0
1

B,(z) = Ysin 2 [J_y(z) — J,(2)]
- _m [J-2it(2) — J2ie(2)]
Te(t) = /000 Bgit(x)f(x)d%

fe(x) =4 / b Bat ()T (t) tanh(mt)tdt
e = 2 /00 Ty (t) tanh(mt)tdt
0

™

Apply h(t) = Ty(t).
Theorem Let mn > 0 and f(z) satisfy the same conditions. Then
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41/
ZC ub m,n; Cfoo< ﬂ-cmn>+5ab5mnfoo
S o )+

Define f° by
flz) = f=(2) + f°(x)
Take | and odd integer, [ > 1,

Jl (.Z’) = il+1Bl (.’L‘)

o dr  2sin(m(p—v)/2)
/0 T I

o0 d
2 / TH(@) T () = = Spom
0 X

/OOJZ( \Bosr(a) 2 = 0
0 X

Ji(z) € LX(RT, dx/z)

Ji(x) <<min{\}5,xl}
15 12 Mar. 2010

Honkel’s transform
<1 f(@)]
dr < 00
|

y) = / " f@)(ay)da
0= [ ) e

J, (x)-Bessel function

Honkel’s inversion



asx —oov=2it,v=1I1lodd, [ >1

R
To@) = kZ:O KIT(k + 1+ v) (5)

Recurrence formulas:
2v
Jo—1(2) + Jugi(z) = 7Ju(z)

Jor(2) = Ja(2) = 2J0(2)
(2" Ju(2)) = 2"y -1(2)
The Neumann series J;(z), [ odd, I > 1
Jilz) € L, %)

o dx
N = [ e
P)= S ANy W)

1<i(odd)

Neumann series.
> dx 1 I=m
2l/0 Jl(x)Jm(x)? - { 0 1 74 m

The Titchmarsh integral

B,(x) = ﬁ [(J-v(z) = Ju(2)]
Bon(e) — m ait(@) — J_aun(2)] € L2(RY, d/x)
> dw _ 2sin(r(p—v)/2)
/0 Jl,(x)J,L(x)? T (n—v)(u+v)
/ODO Jl(m)B%t(x)%x =0
for [ odd.

T¢(t) = /Ooo f(x)Bzit(ﬂ?)df
() = /000 T (t) Bait () tanh(mt)tdt
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fl@) = () + ()

21/ d
zy du
= uJdy,_1(ux)J,—1(wy) — udyy1(ux)J,41(uy)

—JyuzJ, (uy)

Integrate over 0 < u < 1, and sum over v =1 =1,3,5,7,...

Z 20T (z) 1 (y) :a:y/o uJo(ux)Jo(uy)du

0<l odd

Multiply by f(y)/y and integrate over y.

S (@) N(l) = /0 1 ( /0 - f(y)Jo(uy)dy> wo(uz)du

0<! odd

Zh 7aj (M) (n) + -+

47/
= apOmnho +Zc Sap(m,n;c)h™ ( T cmn)y mn > 0

—oi [ hua 7h(t)
ht(z) =2 /0 Jait )COSh(ﬂ't) dat
[ % / ¢ tanh (rt)h(t)dt

ht(z) =4 / h Bait(x)h(t) tanh(mt)tdt
0

Petersson’s Formula:

Jy(2)F f(v2) = f(2), Y €T, k even, k > 2
dim/\/lk(F) < 00
Sk(I') € My(T)

Joo (2 Z
= kr(2)g(z z
(f.9) /F\Hy f(2)g(z)dp
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Poincare Series

Z oot emo ’yz)CSk()

YEL AT

m > 1, cusp form.

f e Sk()

 (k—2)
<f>Pam>_W

Let {f;(t)} be an orthonormal basis of S(I")

Pcmz(z) = (ii’lﬂ)k)—'l Zﬁ](m)fj(z)

jab( )_"“Pam(ab?ﬁ)

47Tm k} 1 Z ﬂ] ]0’[—, f](abz)

i( ) : (m,n)e(nz)
Pao(m,n) = 6a66mn —|—2mec Sap(m,n; ¢)Jr—1 (47r\£%>

Theorem Let m,n prime integers, k > 0, k even. Then

(47r\/7k 12 ai

4
= (Sab(smn—l—Qﬂ'ZkZC ub m,n; C)Jk 1( 71-\/7’17,’17,)
C

16 23 March 2010

L-functions
I, f(z)-holomorphic
iy (2) 7 f(v2) = f(2)
0

’yEF,’yz(b z)d,j,y(z):cz+dk>0,keven.

f(2)dz*/? ais a cusp, o is a scaling matrix. o, € SLa(R).

Joa (Z)_kf(O'uZ) = f|0'n (Z)

Joo (2 Z faln
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fa(2) = Jo,(2) kf (002 qu
dimM(T) = (k—1)(¢—1) +zjj[ 1_7 ] +7
Theorem. Let f be a cusp form. Then
D fa(m)? < N
1<n<N

where the implied constant depends on f.
Corollary
fa(n) < n*/?

(Hecke)
Proof. Consider

F(z) =y*f(2)
|F(2)] < ¢
on H

I | fa(2)Pda Zm 2eap(—4mny)

1

:/ y_k|F(Uaz)\2dx
0

<cy*

Take y = 1/n to get theorem.
Theorem: Let ¢(n) = e(nf). Then

Z P(n ) < NF/2 log N
1<n<N

The implied constant depends on f but not on 6.
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Proof.

Yo
<o [
<y *?e™Vlog (1/y)
L-series
Hecke correspondence 99 (T") co-cusp of I' 04 = ( 01 ) 1, ( (; 1 > le
rro= () ') 1ib e} £ = Ty anelns) L) = T aun
Re(s) > (k+1)/2

Ag(s) = / " gyt dy = (27) T (s) Ly(s)

Suppose I' = SLy(Z), ( _01 1 > el

S
= /01 FG/y)ity ™y dy

+/1 fliy)y*dy

Tk ks sy BY
=/ Fliy) iy + %)=
1 Yy
entire
Theorem.

Aj(s) = (2m)°T(s)Ly(s)

entire function and
Ag(s) = *Ag(k = s)
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I', a =00,

{u;j(2)} cusp forms (A + Xj)u; =0, A\; = s;(1 —s5)

uj(z) = pi(n)Ws, (nz)

n#0

Wi(2) = 2¢/[y| K1 /2(27|n|y)e(na)
z € (C\f& Ws(2) ~e(z) as y — oo.

Li(s) =Y _ pj(n)ln|~*

n#0

Mi(s) = [ i)y dy
0

/ Ku(y)ysldy:2821“<s+”>r<8_”>

0 2 2
_ e s+s; s+1—s;

Mj(s) =2 Y2g~ Wr( QJ)F( 5 3>Lj(s)
1 e’}
g

0 1

< _01 (1) ) Oel, uj(fl/z) = Uj(Z), Uj(i/y) = uj(iy)

N (= 4 WY
Mj(s) = [ w(iy)(y™ +y°)—
1 Y
Theorem M;(s) is entire, M;(s) = M;(—s).
Define _
Li(s) =) pj(m)n|n|~*
n#0
Uy = 2u = 2mi Z (n)nWs. (2mnz)
v ox o oy Pj Sj

(T1f)(z) = f(=2) = f(—x +iy)

38



0? 0?
2= (5 * )

T 1A = AT 4,

T juy = Auj, A ==%1
IfA=1, pj(-n)=p;n)
EA= -1, p;(—n)=—p;(n)

Take I' = I'o(N), a = oo, ¥ mod N, multiplicative character, ¢¥(—1) =
(—=D)F k> 1.
f(2) € Sk(To(N), ).

v = < 2 Z)d,c_O mod N, ad =1 mod N
) =(d) = ¥(a).
F(v2) = $(1)31(2) f(2), Gy (2) = ez + d

Theorem
Let ¢ mod s primitive, s|N. Let £ mod r primitive. Let f(z) have the
Fourier series expansion

flz)= Z ane(nz).
Let -
9(z) = 3 E(m)anc(nz)

Then f € Sk(FO(N)vdj) = g€ Sk(FO(M)7¢£2), where M = [T23T87N]'
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Q
3
I
~m
Il

Y Emelufr) #0,1GE) = Vr

w mod 7

G(©)E(n) > ue(un/r)

w mod 7

o) = ¥ (), ')

w mod 7

Take vy eTo(M), v=

(

6@a0s) = X &ws(( ), o)1)
(
0

0 a 0 1
b c)d(—dQu/r >1

I
I
I
—
<
SN~—
=
\\'
N
N Q
Do
2 o
\
3
—
~
—
Ny

G(&)g(vz)

> wwr( gy, )@ ot

u mod 7

> wwr( ), ) o te

uw mod 7

Now look at cusp at zero. Theorem.
_ 0 0 0
INT\ 1N VN

e’}
jO'N kf UNZ Z

Assume (r,N) = 1. Then M =r2N.

n=1

er = G(&)/Vr

Theorem.

A(s, f,€) = (2m) "*r*N*/2D'(s) L (s, €)
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$,8) = _an&(n)n
1

Then o
A(S’fvg) =1 ¢( )f( ) 2A(k_8’fa€)
where
f(2) =jon(2) " flon2)
= (V) ()

F(2)=erf(2), lesl = 1.

18 30 March 2010
F,awoo,Fa:<0 1)1,b€Z.

b
2) =Y pi(n)Ws, (n2)
n#0
= pi(n)In|""e(nx)
n#0
6(2) — e27riz g

0
v = ( b e )d ~yoo = a/ec.
z =+ 1y,
Wi(z) = 2v/|y|Ks—1/2(27[y|)e(z)
Take the Mellin transform of the Fourier expansion.

1

i 1
Qﬂ—s—l/zr(s"‘sj s+

() (s, 0)

Take x = —d/c, vz = a/c+i/c*y, uj(yz) = u;(2).
Then we have

| sty
[

1/c 00
=/ uj(a/6+i/c2y)y5*1dy+/ uj(—d/c+iy)y* 'dy
0

1/c

— S /1C><> [uj(a/c+iy/c)y™* +uj(—d/c+ iy/c)ys]%y

Put
c\% ., S+ s+ 1

Aj(s,=dfe) = (£) TEFEN(S—2)L,(s, ~d/e)
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Theorem Aj(s, —d/c) is entire and it satisfies the functional equation

Aj(s,—d/c) = Aj(—s,a/c)

L) = Y o) ol elno)
n#0
27r7, é)a: J Z p] )
n#0
1 5+ s; s+1—s;

57 TN ()L (5. 0)

> 1 6 s—1
—/0 3w 9p Wy dy

1/c 00
1
0 1/c

a cz+d
¢ c((cx+d)? + c?y?)

Yz =

= /100 [%ux—d/c +iy/e)y* ™ + %“j((a +iy)/e)y’ldy

Theorem 2

Aj(s,—d/c) is entire and it satisfies the functional equation
Aj(s,—d/c) = Aj(2 - s,a/c)

~ /St 8i ., 8+1—35;
Aj(s.—d/fe) = m T ()

Poisson’s Formula

[l

i(s, =d/c)

c

() 10 =0 () " st
LT ()

s — 245 2
) = =
['(z)[(1 — 2)sin (72 )
(2/2) ((1+2)/2 ):\fgl T(z)

Y(s) = ;451"(3 +5;)T'(s + 1 — sj)[cos(m(s; —1/2)) — cos(m(s — 1/2))].
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Ej@mw«dwaf(“CmO

n#0

L[ L —d/e)f2s) (i)% ds

L (o)

T omi

— [ st
Yy

27?2/)f s

fly) €CFRT)

9(y) Z% F@2s)p(—s)y 2ds
T J(o)

o [ oo () as
= ZP; e(na/c)g 4”\/@/0)

n#0

o) —/mf@>Q;[)uw2wwdex
- fﬂy(m/’%wﬁ@>f
= [ st

h(x) = J(z,s;) + I(z,s5)
S (@) — Jos, 1 (@)

sinm(s; —1/2)
Lo () — Tas; 1 ()

sinm(s; —1/2)

Barnes’ functions

J(z,s;) =

I(z, s;)

Theorem

S pi(me(—dn/e) f4m/Inl/e) = 3 p; (n)elan/c)g(4m/Inl /o)

n#0 n#0

=Amfuwm<m
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19 6 April 2010
QUE,

T, {u;} orthonormal basis of Maass cusp forms.

(k) = / RICLICIE

dxd
duz = ny
Y

1z = luj(2)[Pduz

(A+X)u; =0, Aj = s5(1 = 55)

(uj,uj) =1,

Conjecture (Sarnak-Rudnik) p;z — 2dpz.

This means that for any test function h(z) on I'\H, smooth, compactly
supported, we have

/ h(z)dp;z — h(z)dpz
I\H I\H

as j — oo.
Holowinsky and S?

f(2) € 54(T), T = SLy(2)
F(z) = 4*/21(2)
= k 2)q(z z
(f. ) = / PG

dimSy(T") ~ k/12, k even
2 3 .
prz = |Fy(2)[*dpz — ;d,uz (Conjecture)

/h(z)d,ufz — /h(z)dpz

as k — oc.
Take f(z) = A(2)*/12) 12|k

/h(z)|A(z)|k/6yk/2dyz—> /h(z)duz
as k — oo.

T.f=X(n)f,n=1,2,3,...
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(hF, Fi) — > (h,1)
s

as k — oo.

z) —Maass-Hecke cusp form

z) —FE(z, % + it) the Eisenstein series
h(z) —constant (OK)

(hFy, F,) — 0 as k — 0o, h a cusp form.

(E(|% +it)F),, Fy) — 0 as k — oo for any fixed t € R.

Pulel) = 3 w(Imyz)e(myz), m = 0,1,2,...
YET o \T

P(y) € CERY, Y(y) = y* m = 0O:
Po(z[) = E(z]y) = Z P(Imyz)
YET \T

incomplete Eisenstein series.

20 9 April 2010

Quantum Unique Ergodicity
['=SLy(Z), X =T\H, du = y~2dzdy, f € Sk(T'), k > 2, even. dim(Sk(T)) =
kas k — co. Fip(z) =y*/2f(2). du, = y*|f(2)]2dp — 2dp.
(Fr,Fr) = [y yk|f(z)|2dz# =1
(hFy, F) — %(h, 1), f(2) Hecke cusp form, h smooth and bounded on X.
T.f=Xs(n)f,n=1,2,....

ho =Y (¢.h)e;(2)

@j
2T m B E
ar | g TR ES

Fix a Maass cusp form ¢(z). (¢F, Fj) — 0.
(E(-,8)Fy, Fy) =0, s =1/2+1it.




Euler product, d =1,2,..., |a;(p)| < 1,1 <j < d.

d + K
(£, 9) :w—sdﬂﬂr(s 2’“)

j=1

the gamma factor, Re(k;) > 0.
q(f)- conductor of f, a positive integer.
A(f,s) = q(f)y(f,s)L(f,s), complete L-function.
A(f, ) = efA(f, 1 — s) functional equation, |e;| = 1, the root number.
Qoo (s) |5 + kil +3)
q(f,s) = q(7 f)doo(s), analytic conductor.
L(f,s) <. (f, )1/‘“rE convexity bound, Re(s) = 1/2.
L(f,s) < q(f,s)?T¢, 0 < 0 < 1/4, subconvexity.
Take f, a Hecke cusp form. T,,f = X¢(n)f, n=1,2,....

Amn) = 32 ()

Ar(1) = 1. Ap(p) = ay(p) + Br(p), Bs(p) =@ (p), lap(p)| = 1.

[Ar(p)] < 2.
Ar(p*) = ol (p) + B (p)
Ls.g) =y M)
_ ay(p)\ Brp)\
_p<1_ ps) <1_ ps)
_ Cxp) 1N
- . <1 ps p25>
(s, f) =m0 T (SH=2) T (4%
A(saf):7(87]0)1’(87]0):e(f)A(]'*Saf)
e(f) ="

Conductor of f = |s|?k?, L(s, f) < |s|*/2k'/?, convexity.
Sato-Tate Distribution: Af(p) = 2cos(2m¢(p)), 0 < f(p) <
Conjecture (Sato-Tate): If f is not CM, then

i S0 = [~ 002 a0 1 001

Symmetric power L-function.
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m

L(s,sym™f) =[] TI @~ ar@y 8™ 7p=*)""

p j=0
Symmetric square L-function, m = 2.

L(s,sym*f) =[] (1 —arp=) " (1 —p=*) 7t (1-B2)p~*) "

As,sym?f) = (s, sym*f)L(s, sym® ) = A(L — 5, sym™f)

o o () (41 (3

L(s,sym?f) is entire, proved by G. Shimura. Conductor of sym?f < k?|s|3.
L(s,sym?>f) < |s|3/*k'/?, convexity bound.
Rankin-Selberg L-function

L(s,f x [) =¢(2s) Z

Triple L-functions

Lisfx fx o) =3 )

_ _ af(p)ag(p) N Cagp)\ 7 B (p)ag(p) -
_1;[<1 p* (1 p* ) T

( 2(p)3 ) <1 ) m(@) (1 B /a§<p>§¢<p)>1
p p
= ¢)L(s symzf X @)

degree 8. We choose ¢ to be a Maass Hecke cusp form.

B _4s S+/€-1:|:it¢ S+k:|:it¢ S:l:it¢ S+1:|:it¢
Vs, fxfxe) =[]~ r( 5 r 5 r(=——=)T 5

+

Conductor of f x f x ¢ < k*|s|®. L(s, f x f x ¢) < k convexity bound.
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