
1 19 Jan. 2010

Take G = SL(2,R), Γ ⊂ G. Look at Γ\H. Take

∆ = y2
(
∂2

∂x2
+

∂2

∂y2

)
Take f ∈ A(Γ\H), f ∈ As(Γ\H).
Then

(∆ + s(1− s))f = 0

Let s = 1/2 + it. Then λ = λ(s) = s(1− s) = 1/4 + t2.

L2(Γ\H) = {f ∈ A(Γ\H) :

∫
Γ\H

|f(z)|2dµz <∞}

Take z ∈ H, z = x + iy, y > 0. Take f ∈ B(Γ\H), bounded and smooth.
Take λ0 = 0, u0(z) constant. Then have

0 = λ0 < λ1 ≤ λ2 ≤ · · ·

λj = sj(1 − sj), (∆ + λj)uj = 0, uj(z) ∈ Asj (Γ\H), 1/2 < sj ≤ 1 or sj =
1/2 + itj , tj ∈ R. ∫

Γ\H
|uj(z)|2dµz = 1

{uj(z) : j = 0, 1, . . .}, an orthonormal basis of Maass forms.
Continuous spectrum
Take a, cusp of Γ.

Ea(z, s) =
∑

γ∈Γa\Γ

(Imγ−1z)s

Take σa ∈ G = SL(2,Z)

σ−1
a Γaσa = B =

(
1 t
0 1

)
Γa = {γ ∈ Γ : γa = a}

For f ∈ B(Γ\H),

f(z) =
∑
j

⟨f, uj⟩uj(z)

+
1

4π

∑
a

∫ ∞

−∞
⟨f,Ea(∗, 1/2 + it)⟩Ea(z, 1/2 + it)dt

Define L : L2 → L2:
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(Lf)(z) =

∫
Γ\H

K(z, w)f(w)dw

=

∫
H
k(z, w)f(w)dµw

K(z, w) =
∑
γ∈Γ

k(z, γw)

where k(z, w) = k(u(z, w)), k(u), nice, smooth, and compactly supported on
R+.

K(z, w) =
∑
j

h(tj)uj(z)uj(w)

+
∑
c

1

4π

∫ ∞

−∞
h(t)Ec(w, 1/2 + it)Ec(z, 1/2 + it)dt

⟨K(·, w), uj(·)⟩ = h(tj)uj(w)

where λj = sj(1− sj) and sj = 1/2 + itj .

2 22 Jan. 2010

(Lf)(z) =

∫
H
k(z, w)f(w)dµw =

∫
Γ H

K(z, w)f(w)dµw

f ∈ A(Γ H)

K(z, w) =
∑
γ∈Γ

k(z, γw)

k(z, w) = k(u(z, w)), k(u) ∈ C∞(R≥0)

K(z, w) =
∑
γ∈Γ

k(z, γw)

=
∑
j

h(tj)uj(z)uj(w)

+
∑
c

1

4π

∫ ∞

−∞
h(t)Ec(z,

1

2
+ it)Ec(w,

1

2
+ it)dt

TrK =

∫
Γ H

K(z, z)dµz

=
∑
j

h(tj) +
∑
c

1

4π

∫ ∞

−∞
h(t)

(∫
Γ H

∣∣∣∣Ec(z,
1

2
+ it)

∣∣∣∣2 dµz
)
dt
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This is not possible. Problem with the integral over Γ H because it is infinite
unless we are in co-compact case.

Instead,

TrYK =

∫
F (Y )

K(z, z)dµz

=
∑
j

h(tj)

∫
F (Y )

|uj(z)|2

+
∑
c

1

4π

∫ ∞

−∞
h(t)

(∫
F (Y )

∣∣∣∣Ec(z,
1

2
+ it)

∣∣∣∣2 dµz
)
dt

= A log Y + T +O(Y −ϵ) (spectral trace)

= A1 log Y + T1 +O(Y −ϵ) (geometric trace)

F (Y ) is truncated fundamental domain.
Selberg trace formula is T = T1. A = A1 is tautology.
Take the Green function Gs(z/w). This has logarthmic singularity on the

diagonal. Therefore, we instead look at K(z, w) = Gs(z/w)−Ga(z/w), a > s >
1.

Then
k(u) = Gs(u)−Ga(u)

h(r) =
1

(s− 1
2 )

2 + r2
− 1

(a− 1
2 )

2 + r2
≪ 1

(|r|+ 1)4

g(x) =
1

2s− 1
e−|x|(s−1/2) − 1

2a− 1
e−|x|(a−1/2)

Properties:

0 < k(u) ≪ (u+ 1)−s

0 < h(r) ≪ (|r|+ 1)−4

0 < g(x) ≪ e−|r|/2

Now, we truncate Ec to EY
c because we are already integrating over the

truncated fundamental domain F (Y ). We then use Maass-Selberg Relations:

⟨EY
a (·, s1), EY

b (·, s2)⟩

=
1

s1 − s2
ϕab(s2)Y

s1−s2 +
1

s1 − s2
ϕabY

s2−s1

+
1

s1 + s2 − 1
δabY

s1+s2−1

− 1

s1 + s2 − 1
Φa(s1)Φb(s2)Y

1−s1−s2
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We apply for s1 = s2 = σ + iv.

⟨EY (·, σ + it), tEY (·, σ + it)⟩
1

2iv

(
Φ(s)Y 2iv − Φ(s)Y −2iv

)
+

1

2σ − 1

(
Y 2σ−1 − Φ(s)Φ(s)Y 1−2σ

)
Want to push σ to 1/2. Limits exist because Φ is holomorphic on the line

Re(s) = 1/2. We take σ → 1/2, so s = 1/2 + iv.

⟨EY (·, σ + it), tEY (·, σ + it)⟩

+
1

2s− 1

(
Φ(1− s)Y 2s−1 − Φ(s)Y 1−2s

)
+

1

2σ − 1

(
Y 2σ−1 − Φ(s)Φ(s)Y 1−2σ

)
Note:

Y 2σ−1 = 1 + (2σ − 1) log Y + · · ·

Φ(σ + iv)Φ(σ − iv) = 1 + (2σ − 1)
Φ′(s)

Φ(s)
+ · · ·

Choose σ = 1/2.

⟨EY (·, 1
2
+ it), tEY (·, 1

2
+ it)⟩

+
1

2s− 1

(
Φ(1− s)Y 2s−1 − Φ(s)Y 1−2s

)
+2 log Y − Φ′(s)Φ(s)−1

Therefore, when s is on the critical line,

⟨EY (·, s), tEY (·, s)⟩

+
1

2s− 1

(
Φ(1− s)Y 2s−1 − Φ(s)Y 1−2s

)
+2 log Y − Φ′(s)Φ(s)−1

By positivity, if we keep the truncated Eisenstein series, we can now integrate
over F instead of F (Y ) and still maintain inequality for an upper bound of
TrYK.

∑
c

∫
F

|EY
c (·, 1

2
+ iv)|2dµz

= Tr⟨EY (·, 1
2
+ iv), tEY (·, 1

2
+ iv)⟩
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TrYK =

∫
F (Y )

K(z, z)dµz

= Tr
1

2πr

(
Φ

(
1

2
− ir

)
Y 2ir − Φ

(
1

2
+ ir

)
Y −2ir

)
+2h log Y − ϕ′

ϕ

(
1

2
+ ir

)
where ϕ(s) = det(Φ(s)).
For trace, we can assume Φ(s) is diagonal

Φ′(s)

Φ(s)
=


λ′
1(s)

λ1(s)

...
λ′
h(s)

λh(s)


Tr =

∑
j

λ′j
λj

(s)

1

4π

∫ ∞

−∞
Tr

h(r)

2πr

(
Φ

(
1

2
− ir

)
Y 2ir − Φ

(
1

2
+ ir

)
Y −2ir

)
+2hh(r) log Y − h(r)

ϕ′

ϕ

(
1

2
+ ir

)
dr

1

4π

∫ ∞

−∞

h(r)

2ir

[
Φ

(
1

2
− ir

)
Y 2ir − Φ(1/2) + Φ(1/2)− Φ(1/2 + ir)Y −2ir

]
dr

We move integration in the first part to iϵ + r and in the second part to
−iϵ+ r. Then this term contributes h(0)Φ(1/2)/2π with error O(Y −2ϵ).

We also have
∫
h(r)dr = g(0). Then we have

TrYK ≤
∑
j

h(tj) +
1

4π

∫ ∞

−∞
h(r)

ϕ′

ϕ
(1/2 + ir)dr

+
1

4
h(0)TrΦ(1/2) + g(0)h log Y +O(Y −ϵ)
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3 26 Jan. 2010

K(z, z) =
∑
γ∈Γ

k(z, γz)

=
∑
j

h(tj)|uj(z)|2

+
1

4π

∫ ∞

−∞

∑
a

h(r)|Ea(z, 1/2 + ir)|2dr

TrYK =
∫
F (Y )

K(z, z)

=
∑
j

h(tj)

(∫
F (Y )

|uj(z)|2dµz

)

+
1

4π

∫ ∞

−∞

∑
c

h(r)

∫
F (Y )

|EY
c (z, 1/2 + ir)|2dµzdr

TrYK ≤
∑
j

h(tj)

(∫
F

|uj(z)|2dµz
)

+
1

4π

∫ ∞

−∞

∑
c

h(r)

∫
F

|EY
c (z, 1/2 + ir)|2dµzdr

0 ≤
∑
c

∫
F

|EY
c (z, 1/2 + ir)|2dµz

= Tr
1

2ir

[
Φ(1/2− ir)Y 2ir − Φ(1/2 + ir)Y −2ir

]
+2h log Y − ϕ′

ϕ
(1/2 + ir)

with ϕ(s) = detΦ(s).

ϕ′

ϕ
(1/2 + it) ≥ large constant

TrYK ≤
∑
j

h(tj) +
1

4π

∫ ∞

−∞

−ϕ
ϕ

(1/2 + ir)h(r)dr

+
1

4
h(0)TrΦ(1/2) + g(0)h log Y +O(Y −ϵ)

∑
|tj |<T |uj(z)|2 +

∑
a

∫ T

−T
|Ea(z, 1/2 + it)|2dt≪Γ T

2 + yΓ(z)T
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Y < Imz < 2Y , 0 < x < 1. ∑
|tj |≤T

1 ≪ T 2, T ≥ 1

∑
j

h(tj)

∫
Fu(Y )

|uj(z)|2dµz ≪
∑
j

h(tj)

∫ ∞

Y

dy

y3
≪ 1

Y ϵ

h(tj) ≪ 1/t4j

|uj(z)|2 ≪ |sj |
y

sj = 1/2 + itj

|uj(z)|2 ≪ y2(1−sj), 1/2 < sj ≤ 1

We can get the lower bound using similar techniques estimating the contri-
bution in the cuspidal zones. Then we have

TrYK =

∫
F (Y )

K(z, z) =
∑
j

h(tj) +
1

4π

∫ ∞

−∞

ϕ′

ϕ
(1/2 + ir)h(r)dr

+
1

4
h(0) + TrΦ(1/2) + g(0)h log Y +O(Y −ϵ)

This concludes the spectral trace formula. Now we look at the geometric
trace.

K(z, z) =
∑
γ∈Γ

k(z, γz) =
∑
C
KC(z, z)

KC(z, z) =
∑

γ∈C k(z, γz)

C = [γ] = {τ−1γτ : τ ∈ Γ}

If τ−1γτ = τ−1
1 γτ1, then (τ1τ

−1)γ = γ(τ1τ
−1), so τ1τ

−1 ∈ Z(γ) = {ρ ∈ Γ :
ργ = γρ}.

Then

KC(z, z) =
∑

τ∈Z(γ)\Γ

k(z, τ−1γτz)

TrKC =

∫
Z(γ)\H

k(z, γz)dµz

=

∫
g−1Z(γ)g\H

k(z, g−1γgz)dµz, g ∈ G = SL2(R)

G = SL(2,R) = NAK
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N =

(
1 x
0 1

)
, A =

( √
y 0
0 1√

y

)
, K =

(
cos(θ) sin(θ)
−sin(θ) cos(θ)

)
Lemma: If ST = TS, then S maps fixed points of T to itself.
Lemma: S commutes with T if and only if S has the same set of fixed points

as T .
Proof: Suppose T is parabolic, say Tz = z + u. Suppose ST = TS, so

S = αz + β because ∞ is a fixed point. Then α(z + u) + β = αz + β + u, so
αu = u, so α = 1 unless u = 0, but u ̸= 0 because T is not identity.

Now suppose T is hyperbolic, so Tz = λz, λ ̸= 0, 1.

αλz + β

γλz + δ
= λ

αz + β

γz + δ

Letting z → ∞ implies γ = 0, which then implies β = 0, so S = µz.
The elliptic case is similar.
The sets of fixed points characterize the stabalizer.
Lemma: Z(γ) is cyclic.
Proof: First consider γ parabolic. Write γz = z + u. Any other element of

the centralizer is also a translation, so Z(γ) ⊂ R, discrete subgroup, so cyclic
generated by the minimum element.

Now consider γ hyperbolic. Write γz = λz, Z(γ) ⊂ R∗, so cyclic.
Elliptic case is similar.
The generators are called the primitive transformations.
Fundamental domain of hyperbolic is horizontal strip. Fundamental domain

of parabolic is vertical strip. Fundamental domain of elliptic is a hyperbolic
sector.

4 29 Jan. 2010

K(z, w) =
∑
γ∈Γ

k(z, γw)

k(u), u(z, w) = |z−w|2
4Im(z)Im(w)

k(z, γw) = k(u(z, γw)).
For trace we look at

TrYK =

∫
F (Y )

K(z, z)dµz =

{
A1 log Y + T1 + o(1) as Y → ∞ spectral
A1 log Y + T2 + o(1) as Y → ∞ geometric

T1 = T2.
[γ] = {τ−1γτ : τ ∈ Γ}.
The centralizer Z(γ) = {ρ ∈ Γ : ργ = γρ} is cyclic.
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K(z, w) =
∑
C

KC(z, w)

KC(z, w) =
∑

γ∈C k(z, γw)

TrYKC =
∑
γ∈C

∫
F (Y )

k(z, γz)dµz

=

∫
Z(γ)\H

k(z, γz)dµz

C = Cl
0, l ̸= 0, where Cc is primitive, l ∈ Z if infinite order. 0 ≤ l < m if m

is the order of Z(γ).
Suppose C is parabolic. SL(2,R) = NAK.

N =

{(
0 1
t 0

)
1, t ∈ R

}
γ = γl0. γ0z = z + 1, Z(γ) = Z(γ0), Z(γ0)\H is the vertical strip from 0 to

1.
Suppose C is hyperbolic (= P different notation).
γ = γl0, from A: γ0z = pz, p > 1,

γ0 =

(
0 rp
0 0

)
1/rp ∈ A

p = NP
Z(γ0)\H is a horizontal strip from i to pi.
Now suppose C is elliptic (= E, different notation)
γ = γl0, γ0 or order m, 0 < l < m.
γ0 ∈ K, γ0 = k(θ), 0 ≤ θ < π.
Z(γ0)\H is a sector with an angle θ = π/m at i.
In parabolic case,
Ca is the conjugacy class of the cusp a. Γa is the stability group of the cusp

= {γba : b ∈ Z}.
γ is representative of Ca, Z(γ) = Z(γa).

TrYKC =

∫
B\σaH(Y )

k(z, z + l)dµz

{0 ≤ x ≤ 1, Y ′ ≤ y ≤ Y } ⊂ σaH(Y ) ⊂ {0 ≤ x ≤ 1 : y ≤ Y }

where Y Y ′ = c−2
a .
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Then

TrYKC ≤
∫ 1

0

∫ Y

0

k(z, z + l)dµz

=

∫ 1

0

∫ Y

0

k

(
l2

4y2

)
dxdy

y2

=

∫ Y

0

k

(
l2

4y2

)
dy

y2

=
1

|l|

∫ ∞

l2/4Y 2

k(u)
du√
u

Now sum over l ∈ Z ̸=0,

∑
l∈Z∗

TrYKC

≤ 2
∞∑
l=1

1

l

∫ ∞

l2/4Y 2

k(u)√
u
du

= 2

∫ ∞

1/4Y 2

k(u)√
(u)

 ∑
1≤l≤2

√
uY

1

l


= 2

∫ ∞

1/4Y 2

k(u)√
u

[
log (2

√
uY ) + γ +O

(
1√
uY

)]
k(u) ≪ 1.

1

Y

∫ ∞

1/4Y 2

k(u)

u
du≪ log Y

Y

∑
l∈Z∗

TrYKC

≤ 2

∫ ∞

1/4Y 2

k(u)√
u

[
log (2

√
uY ) + γ

]
+O

(
log Y

Y

)
Now we extend integration from 0 to ∞. This is okay because∫ 1/4Y 2

0

du√
u
≈ 1

Y
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∑
l∈Z∗

TrYKC

≤ 2

∫ ∞

0

k(u)√
u

[
log (2

√
uY ) + γ

]
+O

(
(log Y )2

Y

)
= A2 log Y + T2 +O

(
(log Y )2

Y

)
A2 = 2

∫ ∞

0

k(u)√
u
du = q(0) =

1

2
g(0)

T2 = 2

∫ ∞

0

k(u)√
u

{
log (2

√
u) + γ

}
du

A1 was (h/2)g(0). This agrees because we will next sum over the cusps
(conjugacy classes).

5 2 Feb. 2010

Integrals: k(u), q(v), g(r), h(t):

q(v) =

∫ ∞

v

k(u)√
u− v

du

g(r) = 2q

((
sinh

r

2

)2)
h(t) =

∫ ∞

−∞
g(r)eirtdr

g(r) =
1

2π

∫ ∞

−∞
h(t)eirtdt

q(v) =
1

2
q
(
2 log (

√
v + 1 +

√
v)
)

k(u) = − 1

π

∫ ∞

u

q′(v)√
v − u

dv

h(t) = 4π

∫ ∞

0

Fs(u)k(u)du, s =
1

2
+ it

k(u) =
1

4π

∫ ∞

−∞
Fs(u)h(t) tanh (πt)tdt

Spectral trace formula truncated at Y is:
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TrYK =
∑

j h(tj) +
1
4π

∑
a

∫∞
−∞ h(r)−ϕ′

ϕ

(
1
2 + ir

)
dr

+
1

4
h(0)TrΦ(1/2) + g(0)h log Y +O(Y −ϵ)

K(z, z) =
∑
γ∈Γ

k(u(z, γz))

TrYK =
∑
γ∈Γ

∫
F (Y )

k(u(z, γz))dµz

C = conjugacy class in Γ ⊂ SL2(R)
γ = a representative of C

Z(γ) = the centralizer, cyclic

TrYC K =
∑
γ1∈C

∫
F (Y )

k(u(z, γ1z))

=

∫
Z(γ)\H(Y )

k(u(z, γz))dµz

Consider

γ -parabolic

a -corresponding cusp

Γa -the stability group of a

Let γa be parabolic, primitive with fixed point a. Every other one is the
unique powers of γa.

γ = γla, l ∈ Z, l ̸= 0

∑
l ̸=0 Tr

YKCl
a

= L(Y ) +O(Y −1 log Y )

L(Y ) = g(0)(log 2Y + γ) +

∫ ∞

0

k(u)√
u
(log u)du

= g(0)(log Y + γ)−
∫ ∞

0

log (sinh
r

2
)g′(r)dr

= g(0) log
Y

2
+

1

4
h(0)− 1

2π

∫ ∞

−∞
h(t)ψ(1 + it)dt

ψ(s) =
Γ′

Γ
(s) = −γ −

∞∑
n=0

(
1

n+ s
− 1

n+ 1

)
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Now take C- the identity class, C = {1}

KC(z, w) = k(z, w)

TrKC =
∫
F
k(z, z)dz = k(0)|F |

k(0) =
1

4π

∫ ∞

−∞
h(r) tanh (πr)rdr, because Fs(0) = 1

Now we look at the hyperbolic case:
Take C-hyperbolic class. There are two fixed points a, b.

C = P l, P -primitive class, l ̸= 0

γP ∈ P = a representative

γ = γlP a representative of C
Z(γ) = Z(γP )

TrKC =

∫
Z(γP )\H

k(u(z, γz))

Pz = pz, p > 1

TrP =
√
p+

1
√
p

p = NP

As a model, can send a to zero and b to infinity.
u(ip, i) = log p is the length of the geodesic.

TrKC =

∫ p

1

∫ ∞

−∞
k(u(z, plz))dµz

=

∫ p

1

∫ ∞

−∞
k

((
d|z|
y

)2
)
dxdy

y2

=

∫ p

1

dy

y

∫ ∞

−∞
k(d2(x2 + 1))dx

=
log p

d

∫ ∞

d2

k(u)√
u− d2

du

=
log p

d
q(d2)

=
∣∣∣pl/2 − p−l/2

∣∣∣−1

g(l log p) log p
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because

u(z, plz) =
|z − plz|2

4yply

=
|z|2

4y2
|pl/2 − p−l/2|2

d =
1

2
|pl/2 − p−l/2|

6 5 Feb. 2010

R-an elliptic class, primitive of order m.
C = Rl, 0 ≤ l < m, k(θ) ∈ R, θ = π/m

TrKC =
∫
Z(R)\H k(z, k(θl)z)dµz

polar coordinates: z = k(ϕ)e−ri, 0 ≤ ϕ < π, r > 0
dµz = (2 sinh r)drdϕ.
If you take g ∈ K,

TrKC =
∫
Z(R)\H k(gz, k(θl)gz)dµz

=
1

m

∫
H
k(z, k(θl)z)dµz

=
1

m

∫
H
k(k(ϕ)e−ri, k(θl)k(ϕ)e−ri)(2 sinh r)drdϕ

=
π

m

∫ ∞

0

k(e−ri, k(θl)e−ri)(2 sinh r)dr

k(u(e−ri, k(θl)e−ri))

u(e−ri, k(θ)e−ri) = (sinh r sin(θ))2

TrKC =
π

m

∫ ∞

0

k((sinh r sin(θl))2)(2 sinh r)dr

u = (sinh r sin(θl))2

du
dr = 2 sinhr coshr(sin (θl))2

cosh r =
√
1 + (sinh r)2

TrKC =
π

m sin (θl)

∫ ∞

0

k(u)√
u2 + sin2(θl)

du

14



TrKC =
1

m

∫ ∞

0

g(r) cosh(r/2)

cosh r − cos(2πi/m)

=
1

2m sin (πl/m)

∫ ∞

−∞
h(r)

cosh (π(1− 2l/m)r)

coshπr
dr

ψ(s) =
Γ′

Γ
(s) = −γ −

∞∑
n=0

(
1

s+ n
− 1

n+ 1

)

∑
0≤l<m TrKCl =

1

(2s− 1)m

∑
0≤k<m

ψ

(
s+ k

m

)(
2k − 1

m
− 1

)
− (s = a)

=
logm− ψ(s)

m
+
Rm(s)

2s− 1
− (s = a)

Rm(s) =
1

m2

∑
0≤k<m

(2s+ 2k −m)ψ

(
s+ k

m

)
− (s = a)

Theorem (Resolvent Trace Formula)
Let a > 1, Re(s) > 1. Then

∑
j

[
1

(s− 1
2 )

2 + t2j
− (s = a)

]

+
1

4π

∫ ∞

−∞

1[
1

(s− 1
2 )

2+r2
− (s = a)

]
−ϕ′

ϕ ( 12 + ir)dr

=
1

(2s− 1)2

(
h− TrΦ(

1

2
)

)
− h

2s− 1

(
ψ(s+

1

2
) + log 2

)
−ψ(s) |F |

2π
+

1

2s− 1

∑
P

∞∑
k=0

log p

ps+k − 1

+
1

2s− 1

∑
R

∑
0≤k<m

2k + 1−m

m2
ψ(s+ k)− (s = a)

Corollary:

∑
P

log p
ps ∼ 1

s− 1
, s→ 1+

Z(s) =
∏
P

∞∏
k=0

(1− p−s−k), Re(s) > 1

Z(s) = G(s)Z(1− s)

15



G(s) is infinite product of gamma factors of meromorphic order 2.

Z ′

Z
(s) =

∑
P

∞∑
k=0

log p

ps+k − 1

so meromorphic continuation comes from trace formula.

7 9 Feb. 2010

Contribution from the point spectrum, λj = sj(1−sj), sj = 1/2+ itj , 0 = λ0 <
λ1 ≤ . . .: ∑

j

[
1

(s− sj)(s− (1− sj))
− (s = a)

]
The continuous spectrum contributes

+
1

4π

∫ ∞

−∞

[
1

(s− sr)(s− (1− sr))
− (s = a)

]
−ϕ′

ϕ
(sr)dr

=
1

(2s− 1)2
(h− Φ(1/2))− h

2s− 1
(ψ(s+ 1/2) + log 2)

sr = 1/2 + ir.
ϕ(s) = detΦ(s)

ψ(s) = Γ′

Γ (s)− γ −
∑∞

n=0

(
1

n+s − 1
n+1

)
Contribution of conjugacy classes is

−ψ(s) |F |
2π

Contribution of hyperbolic lcasses is

1

2s− 1

∑
P

∞∑
k=0

log p

ps+k − 1

p = NP .
Finally,

+
1

2s− 1

∑
R

∑
0≤k<m

2k + 1−m

m2
ψ(s+ k)− (s = a)

∑
P

log p

ps
∼ 1

s− 1
, s→ 1+

16



Z(s) =
∏
P

∞∏
k=0

1− (NP )−s−k, Res > 1

1
2s−1

Z′

Z (s) =
1

2s− 1

∑
P

∞∑
k=0

log p

ps+k

∑
C=Rl TrKC =

1

m
(logm− ψ(s)) +

1

2s− 1
Rm(s)

Rm(s) =
1

m2

∑
0≤k<m

(2s+ 2(k −m)ψ(
s+ k

m
))

Want to prove |F |/2π+1/m is an integer. Have |F |/2π+1/m = 2g−2+h+l ∈
Z by Gauss-Bonnet.

Z(s) = exp

(∫ s

a

Z ′

Z
(u)du

)
Z(a)

Z(s) = ψ(s)Z(1− s).
Γ = SL(2,Z), Binary quadratic forms,
Q(x, y) = ax2 + bxy + cy2, d = b2 − 4ac.

(X,Y ) = (αx+ βy, γx+ δy),

(
0 α
β γ

)
δ ∈ Γ

(a, b, c), the content of Q. Assume d ̸= e2.
(a, b, c) = 1 primitive.
d ≡ 0, 1(4).
Take d > 0.

P =

(
0 1

2 (t− du)
−cu au

)
1

2
(t+ du) ∈ SL2(Z)

t2 − d2u2 = 4, Pell’s equation.
This preserves the quadratic form.
ϵd = 1

2 (td+
√
dud) > 1, ud, td the smallest positive solution of Pell’s equation.

1
2 (t+

√
du) = ±ϵnd , n ∈ Z.

trP = t > 2, so P is hyperbolic with fixed points, (−b −
√
d)/2a, (−b +√

d)/2a.
ρ(z, Pz) = logNP = log p

[a, b, c] → P =

(
0 1

2 (td − bud)
−cud aud

)
1
2 (td + bud) ∈ SL2(Z)

TrP = td, NP = (TrP +
√
(TrP )2 − 4/2)2 = ((td +

√
t2d − 4)/2)2 = ((td +√

dud)/2)
2 = ϵ2d.

logNP = 2 log ϵd.

17
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Selberg Trace Formula, λj = sj(1− sj), sj = 1/2 + tj

∑
j

h(tj) +
1

4π

∫ ∞

−∞
h(r)

−ϕ
ϕ

(1/2 + it)dr

=
|F |
4π

∫ ∞

−∞
h(r) tanh(πr)rdr

+
∑
P

∞∑
l=1

(
pl/2 − p−l/2

)−1

g(l log p) log p

+
∑
R

∑
1≤l<m

(
2m sin

πl

m

)−1 ∫ ∞

−∞
h(r)

coshπ(1− 2l/m)r

coshπr
dr

+
h(0)

4
Tr(I − Φ(1/2))− hg(0) log 2− h

2π

∫ ∞

−∞
h(r)ψ(1 + ir)dr

where h(r) is test function h(−r) = h(r), holomorphic in |Im(r)| ≤ 1/2 + ϵ.

h(r) ≪ 1

(|r| − 1)2+ϵ

h(r) =

∫ ∞

−∞
eirxg(x)dx

g(x) = 2(cosh (x/2))e−2δ cosh x, 0 < δ < 1.

h(t) =

∫ ∞

−∞
eirxg(x)dx

= 2

∫ ∞

0

[cosh (sx) + cosh (1− s)x] e−2δ cosh xdx

= 2Ks(2δ) + 2K1−s(2δ)

= Γ(s)δ−s +O(δ−1/2|Γ(s)|)

1/2 ≤ Re(s) ≤ 1.∑
j h(tj) contributes ∑

1/2<sj≤1

Γ(sj)δ
−sj +O(δ−1/2)

g(log p) =

(
√
p+

1
√
p

)
e−δ(p+1/p)

The sum over P contributes

18



∑
P

√
pl + 1√

pl√
pl − 1√

pl

e
−δ(pl+ 1

pl
)
log p

=
∑
P

∞∑
l=1

pl + 1

pl − 1
e−δpl

log p

(
1 +O(

1

pl

)
=
∑
P

e−δp(log p)

(
1 +O(

1

p
)

)
Therefore, ∑

1/2<sj≤1

Γ(sj)δ
−sj +O(δ−1/2)

=
∑
p

e−δp log p

∑
p≤x

log p =
∑

1/2<sj≤1

xsj

sj
+O(x3/4)

by Selberg.
Conjecture: ∑

p≤x

log p =
∑

1/2<sj≤1

xsj

sj
+O(x1/2+ϵ)

∑
ϵd<

√
x

2h(d) log ϵd = x+O(x3/4)

Weyl’s law:

NΓ(T ) = #{j : |tj | ≤ T} ≪ T 2

MΓ(T ) =
1

4π

∫ T

−T

−ϕ
ϕ

(1/2 + it)dt≪ T 2

NΓ(T ) +MΓ(T ) ∼ T 2

4π
|F |

MΓ(T ) ≪ T log T for congruence groups

NΓ(T ) ∼ T 2

4π
|F |

19
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s = 1/2 + it, t ∈ R, g(x) = 2(cosh(x/2))q(x) where q(x) is a smooth function
with q(x) = 1 for − logX ≤ q(x) ≤ logX and q(x) = 0 for x ≥ log (X + Y ) and
x ≤ log (X + Y ), X ≥ Y ≥ 1

log (X + Y )− logX

1
≈ Y

X
logX

h(t) =

∫ ∞

−∞
(esx + e(1−s)x)q(x)dx

=
Xs

s
+O(Y +X1/2), 1/2 < s ≤ 1

For s = 1/2 + it

h(t) =

∫ ∞

0

ex/2 cos (xt)q(x)dx≪
√
X

|s|
min

{
1,
T 2

|s|2

}
, T =

X

Y∑
j h(tj) =

∑
1/2<sj≤1

Xsj

sj
+O

(
Y +X1/2T

)
|F |
4π

∫ ∞

−∞
h(t) tanh(πt)tdt≪ X1/2T

∑
P q(log p) log p =

∑
1/2<sj≤1

Xsj

sj
+O(Y +

√
XT ), T = X/Y

∑
p≤X log p =

∑
1/2<sj≤1

Xsj

sj
+O(Y +

√
XT )

Theorem (Selberg)∑
p≤X

log p =
∑

1/2<sj≤1

Xsj

sj
+O(X3/4)

∑
tj

e−δt2j +
1

4π

∫ ∞

−∞

−ϕ′

ϕ
(1/2 + it)e−δt2dt, 0 < δ < 1

=
|F |
4πδ

+
h log δ

4
√
πδ

− γh

4
√
πδ

+O(1)

Corollary (Weyl’s Law)

∑
|tj |≤T

1 +
1

4π

∫ T

−T

−ϕ′

ϕ
(1/2 + it)dt

=
|F |
4π

T 2 − h

π
T log T + cTT +O(T/ log T )
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λj = sj(1− sj) = 1/4 + t2j . Multiplicity m(λj) ≪ tj/ log tj ≈
√
λj/ log λj .

10 19 Feb. 2010

MΓ(T ) =
1

4π

∫ T

−T

−ϕ′

ϕ
(1/2 + it)dt

NΓ(T ) +MΓ(T ) ∼ |F |
4π

T 2

ϕ(s) = detΦ(s)

Φ(s) = (ϕab(s))

ϕab(s) =
√
π
Γ(s− 1/2)

Γ(s)

∑
c>0

c−2sSab(0, 0; c)(
0 ∗
∗ c

)
∗ ∈ σ−1

a Γσb

Γ = SL(2,Z)

Sab(0, 0; c) = S∞,∞(0, 0; c) =
∑

d( mod c)

e

(
0d+ 0d

c

)
=

∑
d( mod c)

1 = ϕ(c)

ϕ∞,∞(s) =
√
π Γ(s−1/2)

Γ(s)

∑∞
c=1

ϕ(s)
c2s =

√
π Γ(s−1/2)

Γ(s)
ζ(2s−1)
ζ(2s)

ϕ(s) =

(√
π
Γ(s− 1/2)

Γ(s)

)h ∞∑
n=1

anb
−2s
n

0 < b1 < b2 < · · · , an ∈ R, a1 ̸= 0, Res ≥ 1 + ϵ, bounded.

b2s1 ϕ(s) ≪ |s|−h/2, Res ≥ 1 + ϵ

ϕ(s) does not vanish in Res ≥ σ0 for some σ0.
ϕ(s) has only a finite number of poles in Re(s) ≥ 1/2 at s = sj with 1/2 <

sj ≤ 1.

ϕ∗(s) = b2s−1
1 ϕ(s)

∏
1/2<sj≤1

s− sj
s− (1− sj)

holomorphic in Re(s) ≥ 1/2
phi∗(s) ≪ |s|−h/2, Re(s) ≥ 1 + ϵ, ϕ∗(s)ϕ∗(1− s) = 1.
|ϕ∗(s)| = 1 for Re(s) = 1/2, |ϕ∗(s)| ≤ 1 for Re(s) ≥ 1/2
f(z) continuous in |z| ≤ 1, holomorphic in |z| < 1, f(0) ̸= 0, f(z) ̸= 0,

|z| = 1 ∫ 1

0

log f(e(θ))dθ = log |f(0)| −
∑
j

log |zj |

21



zj zeros of f(z) on |z| < 1.

f(z) = ϕ∗(
1

1− z
)zm

m = 0, 1, . . .
By transormation z = (s− 1)/s, Jensen’s formula implies∑

j

log

∣∣∣∣zj − 1

zj

∣∣∣∣ = log |f(0)|

zj is zero of ϕ∗(s) in Re(s) > 1/2, zj ̸= 1.∑
j

log

∣∣∣∣1− sj
sj

∣∣∣∣ <∞

sj poles of ϕ∗(s) in Re(s) < 1/2, sj ̸= 0.
sj = βj + iγj , βj < 1/2, poles of ϕ∗(s)

2 log |(1− s)/s| = log

(
1 +

1− 2β

|s|2

)
=

1− 2β

|s|2
+O(1/|s|4)

∑
j

1− 2βj
|sj |2

<∞

ϕ∗(s) =
∏
j

s+ 1 + sj
s− sj

eg(s)

Hadamard Product
sj zeros of ϕ∗(s), 1− sj ploes of ϕ∗(s).
g(s) polynomial and bounded, so g(s) is constant.
The product is bounded because

∑
j (1− 2βj)/(|sj |2) converges.

−ϕ
∗′

ϕ∗
(s) =

∑
j

(
1

s− sj
− 1

s− 1 + sj

)

−ϕ
∗′

ϕ∗
(s) =

∑
sj

(
1

s− sj
− 1

s− 1 + sj

)
+ 2 log b1

sj all poles of ϕ(s).
sj = βj + iγj , s = 1/2 + it,

1− 2βj
(1/2− βj)2 + (t− γj)2

≥ 0

so −ϕ′/ϕ(1/2 + it) > 2 log b1

NΓ(T ) = #{poles of ϕ(s) in σ < 1/2, |t| ≤ T}+O(T )
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Φ(s) = (ϕab(s))

ϕaa(s) =
√
π Γ(s−1/2)

Γ(s)

∑
c

1
c2sSaa(0, 0; c)(

0 ∗
∗ c

)
∗ ∈ σ−1

a Γσa

Γ = Γ(N)

ϕ∞∞(s) =
√
π
Γ(s− 1/2)

Γ(s)

1

N2s

∑
c≡0 mod N2

1

c2s
ϕ(s)

=
√
pi
Γ(s− 1/2)

Γ(s)

ζ(2s− 1)

ζ(2s)

ϕ(N)

N4s

∏
p|N

(
1− 1

p2s

)−1

Ea(σa, s) =
∑

γ∈Γ∞\σ−1
a Γσa

(
Imσ−1

a γz
)s

D. Hejhol, Γ = Γ0(p)

Φ(s) =

(
0 ϕ∞∞(s)

ϕ∞0(s) ϕ0∞(s)

)
ϕ00(s) = ϕ(s)Np(s)

Np(s) =
1

p2s − 1

(
0 p− 1

ps − p1−s ps − p1−s

)
p− 1

Φ(s)Φ(1− s) = I

Φ(s) =M(s)−1M(1− s)

M(s) = π−sΓ(s)ζ(2s)

(
0 1
ps ps

)
1

Γ0(N), N squarefree, Φ(s) = ϕ(s)
⊗

p|N Np(s).
Small Eigenvalues
λj = sj(1− sj) < 1/4, 1/2 < sj < 1.
Let X = Γ\H, smooth, compact (only hyperbolic and identity). |F | =

4π(g − 1), g is genus.
λj ∼ 4π|F |−1j.
0 = λ0 < λ1 ≤ λ2 ≤ · · · ≤ λj → ∞.
λ2g−3 can be arbirarily small. λ4g−2 ≥ 1/4. λ1 ≤ 2 g+1

g−1 ≤ 6 for g ≥ 2.

1

(4π sinh d/2)2
≤ λ1 ≤ 1

4
+

4π2

d2

where d is the diameter of X.
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λ1 ≤ 8π(g + 1)

|F |
by Zognoff.

Selberg Conjecture: λ1 ≥ 1/4 for congruence groups.

#{j : 1/4 < λj < 1/4 + c/(log q)2} ≈ |F |
(log q)3

where Γ = Γ0(q).
Theorem Let Γ be a subgroup of SL2(Z) of finite index. Let q be the maximal

width of cusps. Then

λ1 >
3

2

(
π

q

)2

Corollary λ1 > (3/2)π2 for SL2(Z). λ1 > 1/4 for Γ0(q), q ≤ 7.
Proof (Roelcke).
Let u(z) be the eigenfunction for λ > 0, ∥u∥ = 1.

λ =

∫
F

|y∇u|2dµz

F = Γ\H. F = ∪νγνF
′, F ′′ = F ′ ∪ ωF ′.

F1 = ∪0≤b<B(F
′ + b), F2 = ∪0≤b<B(F

′′ + b)
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2λB =
∑
ν

∫
γνF2

|y∇u(z)|2dµz

=
∑
ν

∫
F2

|y∇u(γνz)|2 dµz

≥
∑
ν

∫ ∞

√
32

∫ B

0

|y∇u(γνz)|2dµz

u(γνz) =
∑
n̸=0

cνu(y)e(
nx

qν
)

∇u(γνz) =

 ∞∑
n̸=0

2πni

qν
e

(
nx

qν

)
,
∑
n ̸=0

cνn(y)
′e

(
nx

qν

)
2λB ≥ B

∑
ν

∫ ∞

√
3/2

∑
n̸=0

∣∣∣∣2πnqν cνn(y)

∣∣∣∣2 dy
≥
(
2π

q

)2

B
∑
ν

∫ ∞

√
3/2

∑
n ̸=0

|cνn(y)|2dy

=

(
2π

q

)2∑
ν

∫ ∞

√
3/2

∫ B

0

∑
n̸=0

|u(γνz)|2dy

≥ 3

(
π

q

)2 ∫
γνF1

|u(z)|2dµz

2λB ≥ 3π2

q2
B

λ ≥ 3
2

(
π
q

)2
12 2 March 2010

Take F to be a polygon with an even number of sides, Ci a side of F , D another
side of F . Take f such that f(z) = 0 on C (Dirichlet condition) and

∂

∂a
f(z) = 0

on D (Neumann’s condition)
f(z) = f(w) for z ≡ w on ∂F .

λ = min
⟨−∆g, g⟩
⟨g, g⟩

⟨−∆f, g⟩ =
∫
F

∇f · ∇gdµz
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∇f = y

[
∂f

∂x
,
∂f

∂y

]
g(z) = v, distance

cosh v =
|z − a||z − b|
(b− a)Imz

dµz = (cosh v)dudv

∇g = a unit vector

⟨−∆g, g⟩
⟨g, g⟩

=
volF

∥g∥2

See some other notes for a description of F . volF = 2π−π/3−π/2−π/2−0 =
(2/3)π.

∥g∥2 =

∫
F

v2(cosh v)dudv

≥
∫ u0

0

∫ v0

0

v2(cosh v)dudv

≈ u0v
2
0 sinh v0

coshu0 =
|x+ ir + 1||x+ ir − 1|

2r
sinhu0 = r

noting x2 − r2 = 1.

cosh v0 = min
y

| − 1
2 + iy − x+ r|| − 1/2 + iy − x− r|

2ry

=
1

2r
min
y

{
y2 + (x+ 1/2− r)2 + (x+ 1/2 + r)2 +

(1 + 1/2− r)2(x+ 1/2 + r)2

y2

}1/2

=
1

2r
(x+ 1/2− r + x+ 1/2 + r)

=
x+ 1/2

r
∼ 3

2r

as x→ 1

v0 ∼ log (3/r)

so

∥g∥2 ≥ 3

2
(log (3/r))2 → ∞ as r → 0

⟨∆g,g⟩
⟨g,g⟩ → 0
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as x→ 1, r → 0.

Ls(m,n) =
∑
c>0

c−2sSab(m,n; c)(
0 ∗
∗ c

)
∗ ∈ σ−1

a γσb

Zs(m,n) =
1

2
√
|mn|

∑
c

c−1Sab(m,n; c)


J2s−1

(
4π

√
mn

c

)
mn > 0

I2s−1

(
4π
√

|mn|
c

)
mn < 0

13 5 March 2010

Γ, a, b, s = 1/2 + it, mn ̸= 0

Zs(m,n) =
1

2
√
|mn|

∑
c>0

1

c2s
Sab(m,n; c)


J2s−1

(
4π

√
mn

c

)
if mn > 0

I2s−1

(
4π
√

|mn|
c

)
if mn < 0

Res > 1.(
0 ∗
∗ c

)
∗ ∈ σ−1

a Γσb

Theorem Zs(m,n) has analytic continuation to s ∈ C.

Zs(m,n)− Z1−s(m,n) =
1

2π|n|
δabδmn sin (π(s− 1/2))

− 1

2s− 1

∑
c

ϕac(m, 1− s)ϕbc(n, s)

Zs(m,n) has simple poles at s = sj and s = 1− sj with residue

− 1

2sj − 1

∑
sk=sj

ϕaj(m)ρbj(n)

if sj ̸= 1/2. If instead, Zs(m,n) has double pole at s = 1/2 with Taylor
expansion

− 1

(s− 1/2)2

∑
sk=1/2

ρak(m)ρbk(n)

− 1

4(s− 1/2)

∑
c

ϕac(m, s)ϕbc(n,s) + · · ·

{uj(z)}, an orthonormal basis of the point spectrum.

uj(σaz) = · · ·+
∑
m̸=0

ρaj(m)Wsj (mz)
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Eb(σaz, s) = · · ·+
∑
m̸=0

ϕac(m, s)Ws(mz)

Test function

f(s) = 4π
s− 1/2

sinπs
h(i(s− 1/2))

same conditions on h as in Selberg trace formula. s = 1/2 + it

f(s) =
4πt

cosh(πt)
h(t) ≪ (|t|+ 1)−1−ϵ| coshπt|−1

f(s) = −f(1− s)

1

2πi

∫
(1−ϵ)

Zs(m,n)f(s)ds+
1

2πi

∫
ϵ

Zs(m,n)f(s)ds

=
1

2π|n|
δabδmn

1

2πi

∫
(1−ϵ)

sin(π(s− 1/2))f(s)ds

− 1

2πi

∫
(1−ϵ)

∑
c

ϕac(m, 1− s)ϕbc(m, s)
f(s)

2s− 1
ds

=
1

2π|n|
δabδmnh0

− 1

2πi

∫
(1−ϵ)

∑
c

ϕac(m, 1− s)ϕbc(m, s)
f(s)

2s− 1
ds

where

h0 =
1

π

∫ ∞

−∞
t tanh(πt)h(t)dt

=
2

2πi

∫
(1−s)

Zs(m,n)f(s)ds+
∑
sj

ρaj(m)ρbj(n)
h(tj)

cosh(πtj)

=
1

2π|n|
δabδmnh0

− 1

2πi

∫
(1/2)

∑
c

ϕac(m, 1/2 + it)ϕbc(m, 1/2 + it)
f(1/2 + it)

2it
dt

1

2πi

∫
(1/2)

∑
c

ϕac(m, 1/2 + it)ϕbc(m, 1/2 + it)
f(1/2 + it)

2it
dt

=
1

4π

∫ ∞

−∞

∑
c

ϕac(m, 1/2 + it)ϕbc(n, 1/2 + it)
h(t)

cosh (πt)
dt
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2

2πi

∫
(1−ϵ)

Zs(m,n)f(s)ds

=
1√
|mn|

∑
c

c−1Sab(m,n; c)h
±

(
4π
√
|mn|
c

)

h+(x) =
1

2πi

∫
(1−ϵ)

J2s−1(x)f(x)ds

h−(x) =
1

2πi

∫
(1−ϵ)

I2s−1(x)f(x)ds

h+(x) = 2i

∫ ∞

−∞
J2it(x)

h(t)t

cosh (πt)
dt

h−(x) =
4

π

∫ ∞

−∞
K2it(x)h(t) sinh (πt)tdt

νaj(n) :=

(
4π|n|

coshπtj

)1/2

ϕaj(n)

ηac(n, t) :=

(
4π|n|
coshπt

)1/2

ϕac(n, 1/2 + it)

Theorem Let Γ, a, b, mn ̸= 0, h(t) test function. Then∑
j

h(tj)νaj(m)νbj(n)

+
1

4π

∫ ∞

−∞

∑
c

h(t)ηac(m, t)ηbc(n, t)dt

= δabδmnh0 +
∑
c

c−1Sab(m,n; c)h
±

(
4π
√

|mn|
c

)

where we use h+ if mn > 0 and h− if mn < 0.

14 9 March 2010

Γ, a, b cusps, {uj(z)} an orthonormal basis in the point spectrum. Ea(z, s),
mn ̸= 0, m,n ∈ Z

Sab(m,n; c) =
∑

 0 a
∗ c

d∈σ−1
a Γσb

d mod c

e

(
ma+ nd

c

)
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c > 0

uj(σaz) = · · ·+
∑
n̸=0

ρja(m)Wsj (mz)

Ec(σaz) = · · ·+
∑

n̸=0 · · ·

νja(n) =

(
4π|n|

coshπsj

)1/2

ϕja(m)

ηac(n, t) =

(
4π|n|

cosh (π(1/2 + it))

)1/2

ϕac(n, 1/2 + it)

Theorem

∑
j

h(tj)νja(m)νjb(n)

+
∑
c

1

4π

∫ ∞

−∞
h(t)ηac(m, t)ηbc(n, t)dt

= δabδmnh0 +
∑
c

c−1Sab(m,n; c)h
±

(
4π
√
|mn|
c

)

h+(x) = 2i

∫ ∞

−∞
J2it(x)

h(t)t

coshπt
dt

h−(x) =
4

π

∫ ∞

−∞
K2it(x)h(t) sinh(πt)tdt

h0 =
1

π

∫ ∞

−∞
t tanh(πt)h(t)dt

Use h+ if mn > 0 and use h− if mn < 0.

h(t) = h(−t)
h(t) holomorphic in |Imt| ≤ 1/2 + ϵ

h(t) ≪ 1

(|t|+ 1)2+ϵ

∑
|tj |≤T

|νaj(m)|2 + · · · = 2

π
T 2 +O(|m|T )

constant depends on Γ
Want to look at transforms h→ h+, h→ h−.

L2(R+,
dx

x
) = {f : R+ → C :

∫ ∞

0

|f(x)|2 dx
x
<∞}
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We first look at h→ h−.

Lf (t) =

∫ ∞

0

Kit(y)f(y)
dy

y

f(y) =

∫ ∞

−∞
Lf (t)Kit(y)

sinh(πt)

π2
dt∫ ∞

−∞
|f(y)|

(
1
√
y
+

| ln y|
y

)
dy <∞

f : (0,∞) → C
f(0) = 0

f j(x) ≪ (x+ 1)−2−ϵ

f(x) =
4

π

∫ ∞

−∞
K2it(x)Kf (t) sinh(πt)dt

Kf (t) =
4

π
cosh(πt)

∫ ∞

0

K2it(x)f(x)
dx

x

Theorem Let mn < 0 and f(x) satisfy above conditions. Then

∑
c

c−1Sab(m,n; c)f

(
4π
√

|mn|
c

)
=
∑
j

Kf (tj)νaj (m)νbj (n) + · · ·

Now to h→ h+:

h+(x) = 4

∫ ∞

0

B2it(x)h(t) tanh(πt)tdt

Bν(x) =
1

2 sinπν/2
[J−ν(x)− Jν(x)]

= − 1

2 sinh(πt)
[J−2it(x)− J2it(x)]

Tf (t) =

∫ ∞

0

B2it(x)f(x)
dx

x

f∞(x) = 4

∫ ∞

0

B2it(x)Tf (t) tanh(πt)tdt

f∞ =
2

π

∫ ∞

0

Tf (t) tanh(πt)tdt

Apply h(t) = Tf (t).
Theorem Let mn > 0 and f(x) satisfy the same conditions. Then
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∑
c

c−1Sab(m,n; c)f
∞
(
4π

√
mn

c

)
+ δabδmnf

∞

=
∑
j

Tf (tj)νaj (m)νbj (n) + · · ·

Define f0 by
f(x) = f∞(x) + f0(x)

Take l and odd integer, l ≥ 1,

Jl(x) = il+1Bl(x)

∫ ∞

0

Jµ(x)Jν(x)
dx

x
=

2 sin (π(µ− ν)/2)

π(µ− ν)(µ+ ν)

2l

∫ ∞

0

Jl(x)Jm(x)
dx

x
= δlm∫ ∞

0

Jl(x)B2it(x)
dx

x
= 0

Jl(x) ∈ L2(R+, dx/x)

Jl(x) ≪ min

{
1√
x
, xl
}

15 12 Mar. 2010

Honkel’s transform ∫ ∞

0

|f(x)|√
x
dx <∞

Jν(x)-Bessel function

Hf (y) =

∫ ∞

0

f(x)Jν(xy)dx

Honkel’s inversion

f(x) =

∫ ∞

0

Hf (y)Jν(xy)dy

Jν(x) ≪
1√
x
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as x→ ∞ ν = 2it, ν = l, l odd, l ≥ 1

Jν(x) =
∞∑
k=0

(−1)k

k!Γ(k + 1 + ν)

(x
2

)ν+2k

Recurrence formulas:

Jν−1(z) + Jν+1(z) =
2ν

z
Jν(z)

Jν−1(z)− Jν+1(z) = 2J ′
ν(z)

(zνJν(z))
′ = zνJν−1(z)

The Neumann series Jl(x), l odd, l ≥ 1

Jl(x) ∈ L2(R+,
dx

x
)

Nf (l) =

∫ ∞

0

f(x)Jl(x)
dx

x

f0(x) :=
∑

1≤l(odd)

2lNf (l)Jl(x)

Neumann series.

2l

∫ ∞

0

Jl(x)Jm(x)
dx

x
=

{
1 l = m
0 l ̸= m

The Titchmarsh integral

Bν(x) =
1

sinπν/2
[J−ν(x)− Jν(x)]

B2it(x) =
i

2 sinh(πt)
[J2it(x)− J−2it(x)] ∈ L2(R+, dx/x)

∫ ∞

0

Jν(x)Jµ(x)
dx

x
=

2

π

sin (π(µ− ν)/2)

(µ− ν)(µ+ ν)

so ∫ ∞

0

Jl(x)B2it(x)
dx

x
= 0

for l odd.

Tf (t) =

∫ ∞

0

f(x)B2it(x)
dx

x

f∞(x) =

∫ ∞

0

Tf (t)B2it(x) tanh(πt)tdt
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f(x) = f0(x) + f∞(x)

2ν

xy

d

du
JνuxJν(uy)

= uJν−1(ux)Jν−1(uy)− uJν+1(ux)Jν+1(uy)

Integrate over 0 < u < 1, and sum over ν = l = 1, 3, 5, 7, . . .

∑
0<l odd

2lJl(x)Jl(y) = xy

∫ 1

0

uJ0(ux)J0(uy)du

Multiply by f(y)/y and integrate over y.

∑
0<l odd

2lJl(x)Nf (l) = x

∫ 1

0

(∫ ∞

0

f(y)J0(uy)dy

)
uJ0(ux)du

∑
j

h(tj)νaj(m)νbj(n) + · · ·

= δabδmnh0 +
∑
c

c−1Sab(m,n; c)h
+

(
4π

√
mn

c

)
, mn > 0

h+(x) = 2i

∫ ∞

0

J2it(x)
h(t)t

cosh(πt)
dt

h0 =
1

π

∫ ∞

−∞
t tanh(πt)h(t)dt

h+(x) = 4

∫ ∞

0

B2it(x)h(t) tanh(πt)tdt

Petersson’s Formula:

jγ(z)
−kf(γz) = f(z), γ ∈ Γ, k even, k ≥ 2

dimMk(Γ) <∞
Sk(Γ) ⊂ Mk(Γ)

jσa
(z)−k(σaz) =

∞∑
n=1

f̂a(n)e(nz)

⟨f, g⟩ =
∫
Γ\H

ykf(z)g(z)dµz
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Poincare Series

Pam(z) =
∑

γ∈Γa\Γ

jσ−1
a γ(z)

−ke(mσ−1
a γz) ⊂ Sk(Γ)

m ≥ 1, cusp form.
f ∈ Sk(Γ)

⟨f, Pam⟩ = (k − 2)!

(4πm)k−1

Let {fj(t)} be an orthonormal basis of Sk(Γ)

Pam(z) =
(k − 2)!

(4πm)k−1

∑
j

f̂aj(m)fj(z)

jσb
(z)−kPam(σbz)

=
(k − 2)!

(4πm)k−1

∑
j

f̂aj(m)jσb
(z)−kfj(σbz)

=
∞∑

n=1

( n
m

) k−1
2

P̂ab(m,n)e(nz)

P̂ab(m,n) = δabδmn + 2πik
∑
c

c−1Sab(m,n; c)Jk−1

(
4π

√
mn

c

)
Theorem Let m,n prime integers, k > 0, k even. Then

(k − 2)!

(4π
√
mn)k−1

∑
j

f̂aj(m)f̂bj(n)

= δabδmn + 2πik
∑
c

c−1Sab(m,n; c)Jk−1(
4π

c

√
mn)

16 23 March 2010

L-functions
Γ, f(z)-holomorphic

jγ(z)
−kf(γz) = f(z)

γ ∈ Γ, γ =

(
0 a
b c

)
d, jγ(z) = cz + d k > 0, k even.

f(z)dzk/2, a is a cusp, σa is a scaling matrix. σa ∈ SL2(R).

jσa
(z)−kf(σaz) = f |σa

(z)

jσa
(z)−kf(σaz) =

∑
n

f̂a(n)e(nz)
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fa(z) = jσa
(z)−kf(σaz) =

∞∑
n=0

f̂a(n)e(nz)

dimMk(Γ) = (k − 1)(q − 1) +
∑
j

[
k

2
(1− 1

mj
)

]
+
kh

2

Theorem. Let f be a cusp form. Then∑
1≤n≤N

|fa(n)|2 ≪ Nk

where the implied constant depends on f .
Corollary

fa(n) ≪ nk/2

(Hecke)
Proof. Consider

F (z) = yk/2f(z)

|F (z)| ≤ c

on H

∫ 1

0
|fa(z)|2dx =

∞∑
n=1

|f̂a(n)|2exp(−4πny)

=

∫ 1

0

y−k|F (σaz)|2dx

≤ cy−k

Take y = 1/n to get theorem.
Theorem: Let ψ(n) = e(nθ). Then∑

1≤n≤N

ψ(n)f̂a(n) ≪ Nk/2 logN

The implied constant depends on f but not on θ.

36



Proof. ∣∣∣∣∣∣
∫ 1

0

fn(z)
∑

1≤n≤N

e(n(θ + z))dx

∣∣∣∣∣∣
≤
∫ 1

0

y−k/2|F (σaz)||
∑

1≤n≤N

e(n(θ + z))|dx

≤ cy−k/2

∫ 1

0

∑
1≤n≤N

e(n(θ + z))dx

≤ cy−k/2

∫ 1

0

∣∣∣∣e(Nz)− 1

e(z)− 1

∣∣∣∣ dx
≪ y−k/2e2πNy

∫ 1

0

dx

|e(z)− 1|
≪ y−k/2e2πNy log (1/y)

L-series

Hecke correspondence M0
k(Γ) ∞-cusp of Γ σ∞ =

(
0 1

)
1,

(
0 1
1

)
1 ∈

Γ Γ∞ = {
(

0 1
b

)
1 : b ∈ Z} f(z) =

∑∞
n=1 ane(nz) Lf (s) =

∑∞
1 ann

−s,

Re(s) > (k + 1)/2

Λf (s) =

∫ ∞

0

f(iy)ys−1dy = (2π)−sΓ(s)Lf (s)

Suppose Γ = SL2(Z),
(

0
−1 1

)
∈ Γ

=

∫ 1

0

+

∫ ∞

1

=

∫ 1

0

f(i/y)iky−kys−1dy

+

∫ ∞

1

f(iy)ys−1dy

=

∫ ∞

1

f(iy)(ikyk−s + ys)
dy

y

entire
Theorem.

Λf (s) = (2π)−sΓ(s)Lf (s)

entire function and
Λf (s) = ikΛf (k − s)
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17 26 March 2010

Γ, a = ∞,

Γ∞ = {
(

0 1
b

)
1, b ∈ Z}

{uj(z)} cusp forms (∆ + λj)uj = 0, λj = sj(1− sj)

uj(z) =
∑
n̸=0

ρj(n)Wsj (nz)

Ws(z) = 2
√

|y|Ks−1/2(2π|n|y)e(nx)

z ∈ C\R̂ Ws(z) ∼ e(z) as y → ∞.

Lj(s) =
∑
n̸=0

ρj(n)|n|−s

Mj(s) =

∫ ∞

0

uj(iy)y
s−1dy

∫ ∞

0

Kν(y)y
s−1dy = 2s−2Γ

(
s+ ν

2

)
Γ

(
s− ν

2

)

Mj(s) = 2−1/2π−s−1/2Γ

(
s+ sj

2

)
Γ

(
s+ 1− sj

2

)
Lj(s)

=

∫ 1

0

+

∫ ∞

1(
0 0
−1 1

)
0 ∈ Γ, uj(−1/z) = uj(z), uj(i/y) = uj(iy)

Mj(s) =

∫ ∞

1

uj(iy)(y
−s + ys)

dy

y

Theorem Mj(s) is entire, Mj(s) =Mj(−s).
Define

L̃j(s) =
∑
n̸=0

ρj(n)n|n|−s

ux =
∂

∂x
u = 2πi

∑
n̸=0

ρj(n)nWsj (2πnz)

ux(i/y) = (iy)2ux(iy)

(T−1f)(z) = f(−z) = f(−x+ iy)
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∆ = y2
(
∂2

∂x2
+

∂2

∂y2

)

T−1∆ = ∆T−1,

T−1uj = λuj , λ = ±1

If λ = 1, ρj(−n) = ρj(n)

If λ = −1, ρj(−n) = −ρj(n)

Take Γ = Γ0(N), a = ∞, ψ mod N , multiplicative character, ψ(−1) =
(−1)k, k ≥ 1.

f(z) ∈ Sk(Γ0(N), ψ).

γ =

(
0 a
b c

)
d, c ≡ 0 mod N , ad ≡ 1 mod N

ψ(γ) = ψ(d) = ψ(a).

f(γz) = ψ(γ)jγ(z)
kf(z), jγ(z) = cz + d

Theorem
Let ψ mod s primitive, s|N . Let ξ mod r primitive. Let f(z) have the

Fourier series expansion

f(z) =
∞∑

n=1

ane(nz).

Let

g(z) =
∞∑

n=1

ξ(n)ane(nz)

Then f ∈ Sk(Γ0(N), ψ) ⇒ g ∈ Sk(Γ0(M), ψξ2), where M = [r2, rs,N ].

39



Proof:

G(ξ) =
∑

u mod r

ξ(n)e(u/r) ̸= 0, |G(ξ)| =
√
r

G(ξ)ξ(n) =
∑

u mod r

ξ(u)e(un/r)

G(ξ)g(z) =
∑

u mod r

ξ(u)f(

(
0 1
u/r

)
1z)

Take γ ∈ Γ0(M), γ =

(
0 a
b c

)
d

G(ξ)g(γz) =
∑

u mod r

ξ(u)f(

(
0 1
u/r 0

)
1γz)

τ =

(
0 1
u/r

)
1

(
0 a
b c

)
d

(
0 1

−d2u/r

)
1

=

(
0 a+ u/rc

b− (bcdu)/r − (cd2u2)/r2 c

)
d− (cd2u/r) ∈ Γ0(N)

G(ξ)g(γz) =
∑

u mod r

ξ(u)f(τ

(
0 1

d2u/r

)
1z)

=
∑

u mod r

ξ(u)f(

(
0 1

d2u/r

)
1z)ψ(d)(cz + d)−k

=
∑

u mod r

ξ(u)f(

(
0 1
u/r

)
1z)ψ(d)(cz + d)−kξ2(d)

Now look at cusp at zero. Theorem.

σN =

(
0 0

−1/
√
N

√
N

)
0

jσN (z)−kf(σNz) =

∞∑
n=1

bne(nz)

Assume (r,N) = 1. Then M = r2N .

jr2N (z)−kg(σr2Nz) = ψ(r)ξ(N)ϵ2r

∞∑
n=1

ξ(n)bne(nz)

ϵr = G(ξ)/
√
r

Theorem.

Λ(s, f, ξ) = (2π)−srsNs/2Γ(s)Lf (s, ξ)
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Lf (s, ξ) =
∞∑
1

anξ(n)n
−s

Then
Λ(s, f, ξ) = ikψ(r)ξ(N)ϵ2rΛ(k − s, f̃ , ξ)

where

f̃(z) = jσN
(z)−kf(σNz)

= (
√
Nz)−kf(

−1

Nz
)

f̃(z) = ϵff(z), |ϵf | = 1.

18 30 March 2010

Γ, a ∼ ∞, Γa =

(
0 1
b

)
1, b ∈ Z.

uj(z) =
∑
n̸=0

ρj(n)Wsj (nz)

Lj(s, x) =
∑
n̸=0

ρj(n)|n|−se(nx)

e(z) = e2πiz

γ =

(
0 a
b c

)
d, γ∞ = a/c.

z = x+ iy,
Ws(z) = 2

√
|y|Ks−1/2(2π|y|)e(x)

Take the Mellin transform of the Fourier expansion.

1

2
π−s−1/2Γ(

s+ sj
2

)Γ(
s+ 1− sj

2
)Lj(s, x)

Take x = −d/c, γz = a/c+ i/c2y, uj(γz) = uj(z).
Then we have ∫ ∞

0

uj(z)y
s−1dy

=

∫ 1/c

0

+

∫ ∞

1/c

=

∫ 1/c

0

uj(a/c+ i/c2y)ys−1dy +

∫ ∞

1/c

uj(−d/c+ iy)ys−1dy

= c−s

∫ ∞

1

[uj(a/c+ iy/c)y−s + uj(−d/c+ iy/c)ys]
dy

y

Put

Λj(s,−d/c) =
( c
π

)s
Γ(
s+ sj

2
)Γ(

s+ 1− sj
2

)Lj(s,−d/c)
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Theorem Λj(s,−d/c) is entire and it satisfies the functional equation

Λj(s,−d/c) = Λj(−s, a/c)

L̃j(s, x) =
∑
n ̸=0

ρj(n)
n

|n|
|n|−se(nx)

1
2πi

∂
∂xuj(z) =

∑
n ̸=0

ρj(n)nWsj (nz)

1

2
π−s−1/2Γ(

s+ sj
2

)Γ(
s+ 1− sj

2
)L̃j(s, x)

=

∫ ∞

0

1

2πi

∂

∂x
uj(z)y

s−1dy

=

∫ 1/c

0

+

∫ ∞

1/c

γz =
a

c
− cz + d

c((cx+ d)2 + c2y2)

= c−s

∫ ∞

1

[
∂

∂x
uj(−d/c+ iy/c)ys−1 +

∂

∂x
uj((a+ iy)/c)ys]dy

Theorem 2
Λ̃j(s,−d/c) is entire and it satisfies the functional equation

Λ̃j(s,−d/c) = Λ̃j(2− s, a/c)

Λ̃j(s,−d/c) = π−sΓ(
s+ sj

2
)Γ(

s+ 1− sj
2

)L̃j(s,−d/c)

Poisson’s Formula

( c

4π

)s
Lj(s,−d/c) = ψ(−s)

( c

4π

)−s

Lj(−s, a/c)

ψ(s) = 24s
Γ(

s+sj
2 )Γ(

s+1−sj
2 )

Γ(
−s+sj

2 )Γ(
−s+1−sj

2 )

Γ(z)Γ(1− z) sin (πz) = π

Γ(z/2)Γ((1 + z)/2) =
√
π21−zΓ(z)

ψ(s) =
1

π
4sΓ(s+ sj)Γ(s+ 1− sj)[cos(π(sj − 1/2))− cos(π(s− 1/2))].
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∑
n̸=0

ϕj(n)e(−dn/c)f

(
4π
√
|n|

c

)

=
1

2πi

∫
(σ)

Lj(s,−d/c)f̂(2s)
( c

4π

)2s
ds

f̂(s) =

∫ ∞

0

f(y)ys−1dy

f(y) =
1

2πi

∫
(σ)

f̂(s)y−sds

f(y) ∈ C∞
0 (R+)

g(y) =
1

πi

∫
(σ)

f̂(2s)ψ(−s)y−2sds

1

2πi

∫
(σ)

Lj(s,−d/c)f̂(2s)
( c

4π

)2s
ds

=
∑
n ̸=0

ρj(n)e(na/c)g(4π
√

|n|/c)

g(y) =

∫ ∞

0

f(x)

(
1

πi

∫
(σ)

(xy)−2sψ(s)ds

)
dx

=

∫ ∞

0

f(x/y)

(
1

πi

∫
(σ)

x−2sψ(s)ds

)
dx

x

=

∫ ∞

0

f(x/y)h(x)dx

Barnes’ functions

h(x) = J(x, sj) + I(x, sj)

J(x, sj) =
J1−2sj (x)− J2sj−1(x)

sinπ(sj − 1/2)

I(x, sj) =
I1−2sj (x)− I2sj−1(x)

sinπ(sj − 1/2)

Theorem

∑
n̸=0

ρj(n)e(−dn/c)f(4π
√
|n|/c) =

∑
n̸=0

ρj(n)e(an/c)g(4π
√
|n|/c)

where

g(y) =

∫ ∞

0

f(x/y)h(x)dx
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19 6 April 2010

QUE,
Γ, {uj} orthonormal basis of Maass cusp forms.

⟨uj , uk⟩ =
∫
Γ\H

uj(z)uk(z)dµz

dµz =
dxdy

y2

µjz = |uj(z)|2dµz

(∆ + λj)uj = 0, λj = sj(1− sj)

⟨uj , uj⟩ = 1,
Conjecture (Sarnak-Rudnik) µjz → 3

πdµz.
This means that for any test function h(z) on Γ\H, smooth, compactly

supported, we have ∫
Γ\H

h(z)dµjz →
∫
Γ\H

h(z)dµz

as j → ∞.
Holowinsky and S?

f(z) ∈ Sk(Γ), Γ = SL2(Z)

F (z) = yk/2f(z)

⟨f, g⟩ =
∫
Γ\H

ykf(z)g(z)dµz

dimSk(Γ) ∼ k/12, k even

µfz := |Ff (z)|2dµz →
3

π
dµz (Conjecture)

∫
h(z)dµfz →

∫
h(z)dµz

as k → ∞.
Take f(z) = ∆(z)k/12, 12|k∫

h(z)|∆(z)|k/6yk/2dµz →
∫
h(z)dµz

as k → ∞.

Tnf = λf (n)f , n = 1, 2, 3, . . .
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⟨hFk, Fk⟩ →
3

π
⟨h, 1⟩

as k → ∞.

h(z) −Maass-Hecke cusp form

h(z) −E(z,
1

2
+ it) the Eisenstein series

h(z) −constant (OK)

⟨hFk, Fk⟩ → 0 as k → ∞, h a cusp form.
⟨E(·| 12 + it)Fk, Fk⟩ → 0 as k → ∞ for any fixed t ∈ R.

Pm(z|ψ) =
∑

γ∈Γ∞\Γ

ψ(Imγz)e(mγz), m = 0, 1, 2, . . .

ψ(y) ∈ C∞
0 R+, ψ(y) = ys m = 0:

P0(z|ψ) = E(z|ψ) =
∑

γ∈Γ∞\Γ

ψ(Imγz)

incomplete Eisenstein series.

20 9 April 2010

Quantum Unique Ergodicity
Γ = SL2(Z),X = Γ\H, dµ = y−2dxdy, f ∈ Sk(Γ), k ≥ 2, even. dim(Sk(Γ)) ≍

k as k → ∞. Fk(z) = yk/2f(z). dµk = yk|f(z)|2dµ→ 3
πdµ.

⟨Fk, Fk⟩ =
∫
X
yk|f(z)|2 dxdy

y2 = 1

⟨hFk, Fk⟩ → 3
π ⟨h, 1⟩, f(z) Hecke cusp form, h smooth and bounded on X.

Tnf = λf (n)f , n = 1, 2, . . ..

h =
∑
ϕj

⟨ϕ, h⟩ϕj(z)

+
1

4π

∫ ∞

−∞
⟨E(·, 1

2
+ it), h⟩E(z,

1

2
+ it)dt

Fix a Maass cusp form ϕ(z). ⟨ϕFk, Fk⟩ → 0.
⟨E(·, s)Fk, Fk⟩ → 0, s = 1/2 + it.
L-functions.

L(f, s) =
∞∑

n=1

λf (n)

ns
, Re(s) > 1

=
∏
p

(
1− α1(p)p

−s
)−1 · · ·

(
1− αd(p)p

−s
)−1

,
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Euler product, d = 1, 2, . . ., |αj(p)| ≤ 1, 1 ≤ j ≤ d.

γ(f, s) = π−sd/2
d∏

j=1

Γ

(
s+ κj

2

)

the gamma factor, Re(κj) ≥ 0.
q(f)- conductor of f , a positive integer.
Λ(f, s) = q(f)γ(f, s)L(f, s), complete L-function.
Λ(f, s) = ϵfΛ(f̃ , 1− s) functional equation, |ϵf | = 1, the root number.

q∞(s) =
∏d

j=1 (|s+ κj |+ 3)
q(f, s) = q(f)q∞(s), analytic conductor.
L(f, s) ≪ϵ q(f, s)

1/4+ϵ, convexity bound, Re(s) = 1/2.
L(f, s) ≪ q(f, s)θ+ϵ, 0 ≤ θ < 1/4, subconvexity.
Take f , a Hecke cusp form. Tnf = λf (n)f , n = 1, 2, . . ..

λf (mn) =
∑

d|(m,n)

λf

(mn
d2

)
,

λf (1) = 1. λf (p) = αf (p) + βf (p), βf (p) = αf (p), |αf (p)| = 1.
|λf (p)| ≤ 2.

λf (p
k) = αk

f (p) + βk
f (p)

L(s, f) =
∑ λf (n)

ns

=
∏
p

(
1− αf (p)

ps

)−1(
1− βf (p)

ps

)−1

=
∏
p

(
1− λf (p)

ps
+

1

p2s

)−1

γ(s, f) = π−sΓ
(
s+k−1

2

)
Γ
(
s+k
2

)
Λ(s, f) = γ(s, f)L(s, f) = ϵ(f)Λ(1− s, f)

ϵ(f) = ik.
Conductor of f ≍ |s|2k2, L(s, f) ≪ |s|1/2k1/2, convexity.
Sato-Tate Distribution: λf (p) = 2 cos(2πθf (p)), 0 ≤ θf (p) < π.
Conjecture (Sato-Tate): If f is not CM, then

1

π(x)

∑
p≤x

g(θf (p)) =

∫ ∞

0

g(θ)
2(sin θ)2

π
dθ + o(1)

Symmetric power L-function.
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L(s, symmf) =
∏
p

m∏
j=0

(
1− αf (p)

jβf (p)
m−jp−s

)−1

Symmetric square L-function, m = 2.

L(s, sym2f) =
∏
p

(
1− αf (p)p

−s
)−1

(1− p−s)−1
(
1− β2

f (p)p
−s
)−1

Λ(s, sym2f) = γ(s, sym2f)L(s, sym2f) = Λ(1− s, sym2f)

γ(s, sym2f) = π−3s/2Γ

(
s+ 1

2

)
Γ

(
s+ k − 1

2

)
Γ

(
s+ k

2

)
L(s, sym2f) is entire, proved by G. Shimura. Conductor of sym2f ≍ k2|s|3.
L(s, sym2f) ≪ |s|3/4k1/2, convexity bound.
Rankin-Selberg L-function

L(s, f × f) = ζ(2s)
∞∑

n=1

λ2f (n)

ns

= ζ(s)L(s, sym2f)

=
∏
p

(
1− α2

f (p)p
−s
)−1 (

1− p−s
)−2 (

1− β2
f (p)p

−s
)−1

Triple L-functions

L(s, f × f × ϕ) =
∞∑

n=1

λ2f (n)λϕ(n)

ns

=
∏
p

(
1−

α2
f (p)αϕ(p)

ps

)−1(
1− αϕ(p)

ps

)−2
(
1−

β2
f (p)αϕ(p)

ps

)−1

(
1−

α2
f (p)βϕ(p)

ps

)−1(
1− βϕ(p)

ps

)−2
(
1−

β2
f (p)βϕ(p)

ps

)−1

= L(s, ϕ)L(s, sym2f × ϕ)

degree 8. We choose ϕ to be a Maass Hecke cusp form.

γ(s, f × f × ϕ) =
∏
±
π−4sΓ

(
s+ k − 1± itϕ

2

)
Γ

(
s+ k ± itϕ

2

)
Γ

(
s± itϕ

2

)
Γ

(
s+ 1± itϕ

2

)
Conductor of f × f × ϕ ≍ k4|s|8. L(s, f × f × ϕ) ≪ k convexity bound.
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