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Harmonic Analysis
Let C* be the smooth functions, infinitely differentiable.

C>®(Z R) = C>(S")
For f(z) € C*°(Z R) we can write

f@) =3 Finje(na)

nez

where

o~

e(u) =™, f(n) = | f(z)e(~—nz)da
Z R
This sum is uniformly convergent.
For R we need a decay condition.

S(R) = C*°(R — compactified)
vanishes to infinite order at infinity.

2 df ()

dxm

S(R)z{f:RﬁC: —>Oas|m|—>oo,forallm,n}

Fourier Transform on R:

ff(:c):/Rf(r)e(—rx)dr

Fourier Inversion formula:

f(=z) = (FoF)f)(x)

Poisson Summation Formula:

> fn) =) Ff(n)

n€e”Z nez

Proof:
Let

F(z)=) f(n+z)€C®(ZR)

nez

F(z) =" F(n)e(nx)

ne”Z

ZnEZ f(n)=F(0) = Zﬁ(n)

neZ



But
Fn) = /0 ' F@)e(—nz)ds
= /O1 Zm:f(m + z)e(—n(z + m))dz
-/ 1;f(—m+r)e(—n(x—m))dx

= Z /0 f(z —m)e(—n(x —m))dzx

meZ

-y /m+1 F(x)e(—na)dx

mezZ” ™
:/f(x)e(—nat)dx
R
= Fi(n)

F has order 4 and has order 2 on even functions. If f is even, Ff is also
even

Ff(-2) = / F(r)e(rz)dr
:/f(—r)e(fm:)dr

:/f(r)e(—mc)dr
= Ff(x)

Then
Flf+F)=Ff+Ff=Ff+f

Hence for any even2function f, [+ Ff is its own Fourier transform.
HW 1: Show e~ ™ is its own Fourier Transform. Note that

2 02
/e T dr =e ™ =1

Take some ¢ > 0. In the Poisson summation formula, send x — z/t, do —
dx/|t|. Then Poisson summation formula says

242 1 _ 2,02
Eeﬂntzgeﬂ'n/t

Let fi(z) = f(at). Then



ﬁ(r) = fR flat)e(—ar)dx
= %/Rf(x)e (?r) dz
-/ ()

‘We then have the Jacobi Inversion Formula

Ynez emmt = % > onez e~/ for all t > 0

S e/t ~Vtast— oo
Ze—ﬂnz/t2 ~t

Definition:

O(z) = Z e(n?z)

nez

o(it/2) = Z p2min?it/2

neZ

— § 677T’I’7,2t

ne”Z

Take z =z 4+ iy with z,y € R, y > 0.

@(Z) — Z 627rin2z+27rin2iy
— Z e27r7,'n21727rn2y
|@(Z)‘ < 26727rn2y

This converges quickly to a holomorphic function on H.
HW 2: Is © ever zero on H? If not, does it have a minimum absolute value?

oit/2) = > e ™ = t71/20(i/(2t))

from the Jacobi Inversion formula.
We take t — 2¢ and have

O(it) = (2t)~Y20(i/(4t))

The transformation law

o) (.)_1/29<—1/<4z>>



is valid on all of H.
We also have O(z 4+ 1) = O(z).

e (% + it) =% e2min®(1/2+it)

T 26—27rn2t

§ :6 in
n_—2rn?t
(=1)"e
— 2 _ 2
E e 2mnt § e 2mn t
even

n odd

n

@(1/2 + it) + @(’Lt) =2 Z e—Qant

n even

-9 Z e—87rmt

meZ
= 20 (41t)
[e's) 1 ,
W(z) = Z 2 sin (2mn°x)

n=1

Conjecture (Weierstrass):

W (z) is nowhere differentiable.

Hardy showed that it is not differentiable at irrational z and some of the
rationals.

Joel Gerber showed that

W'(ﬁ) = —7 if p,q odd

W'(z) ~ Z sin(2mn’r)

which is almost 6.
Let

r=ry4) = {( Z Z > ta,b,c,d € Z, ad —be =1, 4|c}
= {1} Ty (4)

1(4) — {( ¢ 2 ) € To(4)|d = 1(4)}

= free group generated by < (1) 1 > and

These groups act on H by fractional liner transformations:



For example,

(B3 )(10)

Hence ©(z/(4z + 1)) is related to O(z).

Let
1 d=1(4)
“T1 i d=-1(4)
usual Jacobi symbol if ¢,d >0
(g) =< sgn(c) (_Ld) ifc#0,d<0
1 ife=0

e (“z+b) _3 (2) (cz + d)1/20(z), for all ( . 2 ) € To(4)

SL(2,R) = B(R)SO(2,R)

B(R):{(S ab1>:a>0}

We take SL(2,R) to be the double cover, which is a metaplectic group with
elements (g, €) with g € SL(2,R) and € = +1. The group action is given by:

where

(91,€1) - (92, €2) = (9192, €1€20(g1, g2))
where o is a cocycle. A subgroup H < G splits in G if

H2HcCG

and there is
s: H— +1

such that {(h, s(u))} is a subgroup of G.
S(h1h2> = S(hl)S(hQ) = O’(h1, hg)
I'1(4) splits in (SL(2,R)) with

S(40)=6)



2 1/22/2010

Poisson Summation.

(2) "0 ()0
Oz +1) =0(z)

Examples of SL(2,R) acting on upper half plane H = {x + iy|ly > 0} by
Fractional Linear Transformations.

a b\ ’_>az+b
c d)* cz+d

(3 )G )= ) =01

Therefore, we expect a relation for

0 <4ZZ+1> and O(z)

© (4(z_i 1)) - (2(Z:1)>1/2@(z+1) = <2<2j1))l/2@(z)

We now send z — —1/4z.

o (erirm) =(7) et

(B ) () R

= (—4z +1)/20(2)

Therefore,

0 (_4; 1) = (—4z + 1)'/20(2)

This is an example of

6



1 0 11
for T'y(4) For ( 41 ) Know for ( 0 1

We have
()01
Ti4) = {( “! ) :4|c,d£1(4),ad—bc:1}
(D)
For T'; (4),
O((az + b)/(cz + d)) = (7) (cz + d)/20(z)
Kubota Symbol
Let .
w(ea)=1i tels
on SL(2,R).

Kubota’s cocycle

([ X(9192) X(9192)
olonge) = ( X(o) " X(g) )

where (z,y) is the Hilbert symbol that is 1 if either > 0 or y > 0, and —1
isz,y <0.

Then SL(2,R) x {£1} can be made into a central extension of SL(2,R) by
the multiplication law

(91761) : (92762) = (9192761620(91,92))

{(0,£1)} is the center of SL(2,R)

Example
Let
ko — [ €98 0 —sinf
=\ sin® cosf
parametrizes SO(2,R).

k91 k92 = k91+92

sinf@ w10
cos

X (ke) = {

o (ko, , k) ~ (sm (01 + 02) sin (61 + 92)>

sinf; ' sinfs



Property: If n = < (1) T ), then

J(n91792) = 0(91a92) = U(gla92n)

because X (ng) = X(gn) = X(g).

Splitting function for a subgroup H C SL(2,R), s : H — =+1 such that
{(h, s(h))} is a subgroup of SL(2,R).

H splits if s exists. In other words H ~ subgroup of cover.

Lemma _

Free subgroup of G always splits.

Proof: Let I' be a free subgroup. Each v € I' is uniquely ~v1,...,v; with
Y1, -,k € general set of v, v;vir1 # €

o0
r= H Wi = words of length k
k=0
s is defined to be 1 on Wy
s is defined to on W; = generators and inverses arbitarily (say 1)
Suppose s is defined on Wy. Let v € Wiyq.
~v = gv', g = generator, v € Wj.

s(7) = s(g7) = 0(9,7")s(9)s(v")
all defined.

This defines s on I'. Since I is free, there are no relations to check. H
If you do this for I'1(4), set

s(:z )= (5)

7€d<cci) (cz + d)Y/?0(z)

©%(72) = eglcz + d)©*(2)

2 1 d=14)
€0 =&(d) = { 1 d=-1(4)



on I'1 (4) this is equal to (cz + d)O(z). Let

T(N) = {( “! > € SL(2,Z) : a,d = 1(N),b,c = O(N)}
— ker(SL(2,7) — SL(2,7/NZ.)

hence normal. Principal congruence subgroup of level N.

A congruence subgroup I' of SL(2,Z) is one which contains at least one
['(N).

Definition: A holomorphic modular form for a congruence subgroup of SL(2, Z)
of weight k € Z>o and character ¢ is a holomorphic function f : HH — C such

that )
az + _ a b K
F(EE) =e(0 ) e rarie
for all ( Z Z ) € I such that f has moderate growth” (to be clarified).
Notation:

My (T, £)= holomorphic modular forms, My (T") = My(T, triv).

a b
(0 h)-vw
where 9 is a Dirichlet character of modN.
Modular forms for I'(1) = SL(2,Z).
Lemma: k must be even because ( -1 1 ) € SL(2,Z). f(z) = (-1)kf(z) =

k is even.
Example: Eisenstein series, k > 2

This is modular because
—k
(m% +n) = (cz + d)* (maz + mb + ncz + nd) ™"

= (cz + d)* ((ma +nc)z + (mb+n)) ™"

} = [ma + nc, mb + nd

Let



Lemma:

a b e f\ _ * *
c d g h ) \ cet+dg cf+dh

J(ny2, 2) = J(71,722)5 (72, 2)

Check
ez+ f

gz+h

(ce+dy)z+cf+dh:(c +d> (9z+h)

FE E; is modular of weight k + [.

k 2 4 6 8 10 12
dimMy(SL(2,Z)) 0 1 1 1 1 2
E} and E? are distinct.

Ramanujan form

A(z) = e(z) [ (1 - e(nz))*

A’s product converges to a nonzero function.

3 1/26/2010

Fractional linear transformations on H = {z + iy : y > 0}.
G = SL(2,R) acts by group action

a b }_)aerb
1z
c d cz+d

Look at I' = SL(2,7).
In particular,

and

g (0 -1 (01
1 0 -1 0
T:zwz+1. z=x+iy, Tz = (x+1)+iy. Given any z € H, thereisn € Z

such that T" = (
but

1 . . .
9 711 maps z to 7"z which has same imaginary part as z,

|ReT"z| <

N

10



Take S:z+— —1/z

-1 z—iy —x+iy —Z

+ iy — - = = =
Ty r+iyxr—iy  x?+y?  |z|?

Take z = re’® with 6 € (0, 7).

-1 _6710 61’(7770)
re r r
Can arrange to have z or Sz have |- | > 1

Fractional linear transformations send circles and lines to circles and lines.
Reduction Algorithm

Seeks to apply S and T to maximize the imaginary part of z.

Step 1: Let w = z. Apply T to get |ReT"w| < 1/2. Replace w with T"w.
Step 2L Look at Sw.

Look at

a 1 acz+ad— (ad —bc) acz+bec az+b
¢ c(z+4d) c(cz +d) Cclcz+d)  cz+d

Im <az—|—b> —cz+d Im(z)

cz+d) clez+d2 ez +d?
Imw

If |w| > 1, stop. Otherwise, replace w with Sw.
Repeat these steps.
Eventually this process does terminate making the height bigger.
We eventually want to end up in the fundamental domain

F={z€H:|z| >1,|Rez| <1/2}
This algorithm finds an explicit word « in .S and T such that vz € F.

Overlaps
For what

a b a b
1 ?
( e d > € SL(2,Z) does < e d >]~' intersect F

10 11 1 -1
SLon)=on) =07
0 1 0 1 -1 1
(505 A )= (50)

and a few more. This is a finite set.

Answer:

11



Fixed Points
b .
What CCL can fix a point?

d
If ¢ = 0, there is only a real solution. There is no solution in the upper half

plane, so we assume c # 0.
az+b=z(cz+d), 2>+ z2(d—a) —b=0,

a—d=E+/(d—a)?+4bc
2c

a—d+d?+ a? + 2ad + 4bc — 4ad

2c
a—d+t/(a+d)?—4
2c

This lies in H if and only if [a+d| < 2,s0 a+d = —-1,a+d=0o0ra+d = 1.

Im(y/(a+d)? —4)
2c
How can this be in F? ¢ = %1. If not, Imz < 2/2|c| < 1/2, no good.

. a b
Using + o g ) We can assume ¢ = 1.

We now real part has to be bounded by 1/2. Since ¢ = 1, we need |Re((a —
d)/2)] <1/2,s0 |a —d| < 1. We also have |a + d| < 1. Only way this works if
a=—-1,d=0ora=0,d=—-1lora=d=0ora=1,d=0o0ra=0,d=1.

This gives all the possibilities:

(o) () ()
(o) ()

The first fixes (—1++1/=3)/2. The second fixes (1++1/=3)/2. The third fixes
i. The fourth fixes (14 +/3)/2. The fifth fixes (—14+/3)/2. These are examples
of elliptic elements.

F is a hyperbolic triangle. (3,3, 00) triangle.

We have the Poincare Disk that maps F by z%

Suppose z and (az + b)/(cz +d) € F.

Re az+b\ _a _ Re(z)
cz+d ¢ ez +d)?

This must be in [-1/2,1/2] as does Re(z).

az+b
cz+d

’21<:>|az+b|2|cz+d|

12



Im(z) S V3

2
Eialihh AN S dP? < =71
ez d? = 2 ez +d)f < m(z)

V3

lcz +d|* = |cx + ciy + d|* = (cx + d)* + Zy* <

\/gy
2y? < (2/V3)y, so 2 <2/(v/3y) < 1,50 ¢ =0,4+1. When ¢ = 0,

(o 1)

Re( by >z—Rez+b6[—1/2,1/2]

implies b € {—1,0,1}
Reduced to ¢ = 1:

O =

—_

1o Re(z)
2~ |z + d|?

laz +b| > |z +d|, |z +d]* < (2/v3)Im(z).

|z +d]? = (x +d)? + 3% < (2/V3)y. Since ¢ = 1, we have ¢ < 2/(1/3y)
is nontrivial and y < 2/v/3. We now have a smaller part of the fundamental
domain that we are examining.

Claim: |a| < 1.
Proof: y? < |z +d|?> < (2/V3)y, so

-2 5 1 > @
T lz+d? T 2y
1 |Re()] | |Re(2)

227y T |z +dP?

V32 2

1
< Z
-2

Y

<=5

IN

SO 1
< —<
3/8< 55 <

[SCRN )

Hence
a— 5?2?2 € [=1/2,1/2 = a € [~7/6,7/6]

Three possibilities:
-1 b 0 -1 1 b
1 d )’ 1 d )’ 1 d
0 -1
Look at ( 1 d )

13



Re(2) | 1
|z +d|?| ~ 2
+d)* |z +d| <1, [a] <1/2 gives that d = —1,0,1.

<

1> |z +dP? =y* +(
1 b
Lookat(1 d)'

Re(z)
SAEEwE €[-1/2,1/2]
|2+ b > [z +dl, |z +d|* < (2/sqrt(3))y
Re(z)
m S [1/2,3/2]

so Re(z) > 0. This implies d —b =1 and d > b. Then |d| < 1 so the three

possibilities are:
10 1 -1 1 -2
1 1) 1 0 ’ 1 -1

Checking the last by brute force shows that it can’t happen.

-1 b
Can check( 14

Let A = (S,T). If the algorithm terminates, then A-translates of F tile H.
Suppose v € I'. Consider z € F, yz € H. Then § € A such that §(vyz) € F
by the algorithm. Hence 0+ has a fixed point. Therefore, - is in the list C A
and v € 6 1A = A. This implies that I' C A, so I' = A. Finally, SL(2,7Z) is
generated by S and T

the same way through symmetry.

4 27 Jan. 2010

Why does the reduction algorithm halt?
Imaginary part goes up each time step 2 is executed.

az+b Imz

I =
M d |cz + d|?

The values of cz +d, {cz +d : ¢,d € Z} is a lattice in C 22 R?. The values
of norm in a lattice are discrete.

Since there are only finitely many (c,d) with |cz + d| bounded by a fixed
amount and since each loop of the algorithm increases I'm ij—db if an donly if it
decreases |cz + d|, so it cannot go on forever. This proves that the algorithm

terminates. This implies that

sz =51 )4 )

SL(2,7) applied to the fundamental domain tiles the entire plane.

14



There is a graph structure to this action. Hexagonal referring to group

relations.

(ST =17
Ty (4) = {( “! ) € SL(2,Z) : 4, d = 1(4), = a = 1(4)}

To(4) = {( ‘z Cbl ) € SL(2,7) : 4c}

To(4) _
% ==+I'1(4)

where

2
0
{((2) (1)> Z Z)(g (1)>_1<2ac b22>:a_d_1(2),b,ceven}

Hence T'y(4) and I'(2) are conjugate. PT'(2) =T'(2)/+1, PT'(2) is conjugate
to Fl (4)
To compute a fundamental domain for PI'(2), a normal subgroup of PSL(2,7Z).

Find coset representations 71, ..., and take

U vi '

i<k
This is a fundamental domain for PT'(2). Let
m: PSL(2,Z) — PSL(2,Z/27)

PI'(2) = kerm. Coset representations: Take an element of 7—1(M) for all
M € PSL(2,Z/2Z).

15



(é?) (é?)
(s1) (o1)
(1Y) (1)
(V1) (V)
(Vo) (13
(o) (1 9)

Fundamental domain for I'(2), hyperbolic square, no internal corners.

Let F5 = (a,b) Free group on a and b. The words form a 4-regular tree
isomorphic to F5.

Hyperbolic volume

Theorem Let dA = dxdy/y*. Then dA is presented by fractional linear
transformations.

Fact SL(2,R) is given by

o 1)) ()

Check

dzx, dy, and y unchanged.

16



a 0 2
0 a_l 2= atz

r = a’x, y s a’y, do— a’dz, dy — a®dy, dedy/y* — dzdy/y?.

<0 -1 ) :x+iyl—>7_x+zy

1 0 x2 4 92
—x Y
Re = ;
€ I2+y2 562 +y2

Jacobian

The determinant is

($2 +y2)—4 [(xQ _ y2)2 +41,2y2:| _ ($2 +y2)—2

dxdy _, dzxdy dxdy
2 ( >+ y2) 2 42 = 2
y (x2+y2)2 y
Lemma
Vol(F)=mn/3

3

1/2 <y 1/2 da
d:r/ — = / _— = —
—1/2 vicaz Y2 12 V1 —2? 3

Check volume:

1/2
/ dm/ =7/2

0 1/4-(1/2-2)>" 4

Eisenstein series

k> 2, k even
1
(m,n)EZi(O,O)
£ k=2(12)
dimM, = L 2J

e { E1+1 k#2012

Graded Ring € My, generated by G4 and Gg using My, My, C M, 1k,

Fourier series:

17



PIRDD

m=0 m##0
2 23 Y ek
n=1 m=1ne€Z
2(2mi)*

= 2(k) +

T(h) nZ::l op—1(n)e(nz)

os(n) = Z d’
d|n

By Poisson this is

Z / (mx + n + miy) Fe(—nv)dn
vez / ER
n = n—me

= Z e(vmaz) / (n + miy)Fe(—nv)dn

vez n€eR
= Z e(vmz)(my) " / (n + 1) Fe(—nmyv)dn
= neR

5 5 Feb. 2010

Eisenstein series, k even.

Gr(z) = Z (mz4+n)"% k>2
(m,n)#(0,0)

= Z nF 4+ Z (mz +n)7k
m=0

m#0

=20(k)+2) Y (mz+n)"

m=1n€eZ

Poisson Sum

18



ZnEZ (mz + n)ik = ZTEZ fR (mz + u)ike(iTu)du
Manipulate

Jg (mz +u)~Fe(—ru)du = e(mrx) /]R (miy + u) " Fe(—ru)du
= e(mrx) /I we(—r(w — miy))dw

:e(mrz)/ wFe(—rw)dw
Imw=my

If » <0, the contour shift y — oo shows this is zero. Thus, we may assume
r > 0. Shift contour down to I'm < 0. Get

[ = —2miRes,—qw Fe 2T
—2
= —2miRes,—qw —k Z mrw)
n=0
B _(27‘.7])]67,]671(_1)]671 (27.‘.2)](,‘ k—1
I'(k) - T(k)
Then
Gr(z) —l—QZZe mrz) ) rh=t
m=1r=1
o0 )k
)+ 2 Z e(n o’k_l(n)
=1
where o, (n) Zdz
Cool Fact:

If you can compute the n'* Fourier coefficient of any specified modular form
in time O((logn)®) for some e > 0, then you can break RSA in polynomial time.

Proof: Let n = pq, where p,q are prime. Let k = 4. Compute o3(pq) =
1+p® + ¢+ (pq)® = n+1+p3+¢3, so we know p? +¢> and we know p3¢® = n.
Solve for p3 and ¢ using quadratic formula.

Normalize:




Example:

2m
E4 E 03
-90
=1+ ZT nEZI oz(n)e(nz)

=1+240 Z o3(n)e(nz)

n=1

12076

=1-504 Z os(n)e(nz)

2676 . 945
E6 =1— 205

Ey =1+4480 Z o7 )
n=1
10 = 1 - 66 Z O'g(
n=1
16380 =
Ey =1 6oL n:1(711(n)e(n2)
k DimMy(SL(2,Z))
0 1
2 0
4 1
6 1
8 1
10 1
12 2
14 1
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Ey(2) = Z anq”

ag = 1, a,, = 24003(n)

Ey(2)? = anq"

n
bn = E A, Apn—m,
m=0
n—1
by = 2apa, + § A Gp—m
m=1

48007(n) = 2-24003(n) + (240)* Y o3(m)as(n — m)

= 07(n) = 03(n) + 120 Y o3(m)as(n — m)

E¢Eg = Fyy = EyFyg

Lemma
Ep(i) =0 0=Gg(i) = > _ (m+in)™"
Lemma
FEg and Ej are algebraically independent.
Proof

Suppose Z6k+4l:wnst ckJEgEfl = 0. WLOG, some cy; # 0. Look at this
evaluated at 7. Then cO,consthll = 0, which implies, ¢y const = 0, contradiction.
Hence,

M(SL(2,7)) = @) Mi(SL(2, 7)) = C[Ey, E]
graded ring

dimMi(SL(2,Z)) =#{(r,s) € Z3,: 6r +4s =k}
LkJJr{ 0 k=2(12)

12 1

Proof: If we look at 6r + 4s = k + 12, there should be one solution beyond
what there was for k. Continue.

EZ — E3 is a cusp form which is a constant multiplied by A, where A is
Ramanujan’s cusp form of weight 12.

A= Z T(n)e(nz)

n=1

21



oo
A(z) =e(z) [T (1 = e(nz))*
n=1
Conjecture by Ramanujan: 7(n) never zero. (Still open)

I7(p)| < 2p'/? (Deligne, 1970s)
Mordell:

T(n)r(m) = Z d" 7 (nm/d?)

d|(n,m)

Next: Poincare Series

6 9 Feb. 2010

Recall SL(2,Z) acting on H. Fundamental domain volume 7 /3 but noncompact.
There do exist interesting discrete subgroups I' C SL(2,R) such that T'\H is
compact.

Example Quaternionic groups. (Division algebra). Let p = 1(4) be a prime.

Let n be such that (g) = —1. Let

I =TI(n,p) = {( (C“Z\b/\ﬁ/fﬁ (C:f\b/\’%/ﬁ ) € SL(2,R),a,b,c,deZ}

Proof that it is discrete: If we consider four open intervals I, Io, I3, I, and
ask how many a,b,c,d € Z satisfy a + by/n € I, (c + dy/n)\/p € I3, (c —
dy/n)\/p € I3, a — by/n € Iy. We see 2a = (a+by/n) + (a —by/n) C Iy + I =
bounded interval, so a is bounded.

2¢,/p C Iz + I3 implies ¢ is bounded.

2by/n C I1 + (—14) implies b is bounded and likewise d is bounded.

SoI'NI; x Iy x I3 x I, is finite.

Why is it a group?

a+byn (c+dy/n)\/p . oo
((Cd\/ﬁ)\/]5 o b >_ I+ bi + cj + dk

(5 )5 9 (e )

x| I i j k
T|T] i j k
i|i|nl |k nj
Jj|J | k |pl| -pi
k | k| -nj| pi|-npl
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Poincare series. I' = SL(2,Z)

Fooz{j:(é ”) nEZ}CF
b
d

LemmaIf(a b)efsendsootooo (a )EFOO
E— c d c

Proof:
aoco + b _a

=—-—=00=c=0
cco+d ¢

Poincare Series:

Pu(z) = % e(mZZZIZ) (cz+d)*

YEL\T

Proposition: The cosets for I'o,\I" are indexed as I, < (1) (1) > and ' < z ; >

where ¢ = 1,2,3,..., (¢,d) = 1 and 2 are any a,b you want so that
ad —bc =1, i.e. a,b exist and are chosen by some fixed function of ¢ and d. To
put another way, let v, 4 be a fixed ( i Z ) € SL(2,Z).

r=To]] H) LocVe,d
d,c)=1

1 n a b\ (a+nc a+nb
0 1 c d ) c d

Look at elements LCL Z € SL(2,Z) with ¢ = 0. These are exactly T

Hence we are reduced to proving

m\{(a?l)GSL(ZZ):c;éO}— [T Tevea

c€Z>0,(c,d)=1

Proof

IfA = {( (1) Tll ) :n€Z}. It suffices to show that

A\{(ZZ)GF:C>O} I Avea

c€Z>0,(c,d)=1

This statement will follow if we show for ¢ > 0 and (¢, d) = 1 fixed,

(2 4)er) -

23



Suppose

/
(‘Z Z) and <f:” Z)eSL(z,Z)
a v a b\ "
c d c d
_(d Y d —-b\ [ dd-Vbc b+ na
_(c d)(c a)_< 0 adbcl)GA
a b a b
(% a)ea(td)
Lemma
(Fec\I'/T')
I'= Foo H H Foo'.)/c,droo
c€Zx0,d€(Z/cZ)*
Proof

Foo ’Yc,d == Foo ’Yc,d+nc

P,.(z) :e(mz)JrZ Z e

c=1 (d,c)=1

when m =0

(0z41)7F +

c=

Theorem m > 0, k > 2 even

P, (z)

ﬁm(n) = Om=n + Z?L M‘Ik—l

Kl(m,n;c)

In particular, P,,(z) is a cusp form.
Proof Suffices to show for ¢ > 0

az+b K
<mcz n d> (cz+d)
Z (cz+d)~% = Ej
1,(c,d)=1
= Z P, (n)e(nz)
n=1
where
(4#@) (27ri_k(£) "';1>

= Kloosterman sum

>

hE(Z]cZ)*

c

24
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az+b —k
Z e (mcz+d> (cz +d)

(e,d)=1
ok (ﬁ)% Kl(m,n;c) Ty <4m/nm>
m c c
First sum = Z Z e (mye,dsre) (cz +d+ re)~k
de(Z/cZ)* reL
az+b _a 1
cz+d ¢ clez+d)
az+ (b+ra) a 1
teaprez = SEOTT 4 L e

cz+(d+re) ¢ clez+d+rz)

Z Z e (mYe,dsre) (cz +d+ re)~k

de(Z/cZ)* €L

- ¥ Z( M)(c(err)er)k

de(Z/cL)* rel

B oA P

de(Z/cz)* reZ

S (md >Z/ —ju)e (M)(C(HU)M)%

de(Z/cL)*
Let w = ¢(z + )+d dw = cdu

DI O A e G ) K e K

de(Z/cZ)* JEL

md™— +]d .
- > ¥ ( )oz) / (L)t du

de(Z/cZ)* jEL Imw=cy>0
Switch j =n
Kl ; —
:ZMG(HZ)/ 6( nw+m> o duw
neEZ ¢ Imw=cy>0 Cc cw
k—1
2
/ we(—pmw — pow™)dw = 27 (Zl> i 1 (47 /i i)
Imw=c 2

Recall dA = 9242 is invariant under SL(2, R).
Inner product of weight k forms f, g
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1/2  poo
= / f(x+iy)g(x + iy)y"2dady
—1/2 JV/1—2?
Compute
d
T\H dy
'YEFOO\F
= Z / MQ (mw) (CZ + d)fkykfzdxdy
yeroA\r/F cz+d
= Z We(mw)]m(w)kd/l
YEl o\ vF

= / Flw)e(mw)Im(w)*dA
Doo\H

_ /O - / v S Coelnw)e(mw) Im(w)*dA

~1/2
where f(w) = Z ene(nw)
= C'rn/ 6_4ﬂmyyk_2dy
0

= ¢ (47m) 1 FD(k — 1)

7 12 Feb. 2010

Let & > 2, even, m > 0.

Pu(z) = 30 (mis) (cx+d)*

YET G\

= Z P (n)e(nz)

n>1

where

Pu(n) = <5m_n +2mi K i Kl(mén;c) T (M{m)) (

c=1

R ]

TT= 1( mod p)
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~

Let f =77, f(n)e(nz) be a cusp form for SL(2,Z) of weight k.

(f.9) = /ff(w +iy)g(x + iy)y" d;fy

inner product

Last time: Ik — 1)
(fs Pm) = f(m)W7

m >0
This implies
<Pn7pm> :<PmaPn>

_ k-1 PR Z Kl(rri,n;c) T, (47nc/mn>]

(47 /mn)F—1

Consequences:

Theorem 1 {P, : n > 1} span the space Si(SL(2,Z)).

Proof Sj is finite dimensional with an inner product congruent to C* with
usual inner product.

S}, = Sy, via inner product:

Suppose there is f € S(I') not in the span. May assume f orthogonal to
span.

Thus (f, P,) = 0 for all n implies

c=1

o T(k—1)

f(n)W:O

~

and therefore all coefficients f(n) = 0. Thus f = 0.
Theorem 2 For m > 0 and F is an orthonormal basis of Sk(SL(2,Z)).

Py = W S Fm)fz)

feF
Proof
CTk-1)=—
(Pm, f) = Wf(m)

by earlier formula. Both sides have the same inner product versus a basis
element. Hence formula holds.

Pertersson Trace Formula

Let F be an orthonormal basis of S;(I'). Then

= a/mmn)E-1 s m,n;c
S Fln) Fom) = TV ?;@_)1) b+ 2+ 3 KD
feF =1

Proof
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_ M []
o (4my/mn)k-1

_Lﬂzmgvf’ﬁ

(47m) i

—Zf I'(k—1)?

47rm47m)
fexr

(P, Pn)

How big are the coefficients of cusp forms?
Rapid Decay

For all N, all cusp forms decay faster than y~
Proof

N as y — oo.

fa+iy) = / [ + i) — fu+ i))du

because for cusp forms fol f(u+iy)du = 0.

1
fatiy = / e+ i) — fu+ iy)ldu

/ / fo(t + ty)dtdu

max, |f(z +1iy)] < maxfz (z +iy)

SL(2,R) acts on ¢ with orbit in H.

() ) (! e
(D Dl DD 1)

Fact: 8t|t_0f(g(< L i ))) < bounded

max
T
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el

— e O ww)
—Lmxladeor (U7 ) (4, ) (U 1))
1

< max(f(:))

1
< ?maxf//(-")

1
Yy

Trivial Bound

) _ o
n-z
ie. f(n) < nk/?
Proof
R 1
f(n)e 2™y :/ flz +iy)e(—nz)dx
0
set y=1/n

J?(n)e_g’T = fol f(x+i/n)e(—nz)dx
f(n) < maxgeo,) | f(z +i/n)l

Observe

9(z) = |y 2@+ iy)| = lIm(2)21(2)]
g(v2) = Im(y2)* f(y2)|

k/2
(155s) e+ ar

lez + dJ?

= ¢(z), invariant

If y > 1, |g(x +iy)| < y*/>y~N for any N because I will show f(z + iy) <
y~N as y — 00. g(z) is bounded on fundamental domain so it also is on H.

flz+iy) < y=*2, f(ax+i/n) < 0?2, fn) < nk/2
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Jo 1@ +iy)Pde <y~
=S Ifm)Petme
il <y

T
[F(T)? <Y I < 1"
n=1
= F(T) < T*?
On average IF(T))? < T* 1

We expect (Ramanujan conjecture), for all e > 0, there is ¢, such that

|F(n)| < cen”= ¢, Deligne showed this is 1972.
Theorem For a € R

Z Fn)e(na) < T*?

n<T

independent of o. Remark: Implies the above.
Proof

f@ +iy) %0 Dr(@)]s=a = Y Fn)e > e(na)
Dr(z) = Z e(nx)

Inl<T
D l1 < logT

Theorem Asymptotics of Jx_1(z)

Ji—1(z) < min (xkil, xil/z)

|Kl(m,n;c)| < P, power <1
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— k1
c

i Kl(m,n;c) (4«&%)

c=1

S k-1 1/2
1. vJ/mn c
< E cP mm{( c ) 5 W
c=1

< Z Cpflcl/Q(mn)fl/él

c<y/mn
+ Z cp—lcl—k(mn)(k—l)/Q
c>/mn
:(mn)71/4 Z Cp71/2+(mn)(k71)/2 Z Cpfk
c</mn c>/mn

< (mn)~VA(mn)PY2 1 (mn) E=D/2 () ek
= (mn)?/? 4+ (mn)P/?

Omen + -] < (mn)P/?

_ k-1 <7
P, _sz(m)f

fer

T'(k—1)2 -
(PPl = fporssiy 3 |l

Petersson with m =n =
41mn

k—1
Iy 2 (_Fr 5 p+k—1
S0 = () et
For any orthnormal basis,

Fm)2 < 1F ()2 < nptht

fer

}‘\(n> < np/2+(k—1)/2

p = 1 gives trivial bound, p < 1 gives improvement, p = 0 (false) implies
Ramanujan.

8 16 Feb. 2010

Basic Properties
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S(m,n;c) = S(n,m;c) re ot

If (a,c) =1, S(am,n;c) = S(m, an;c) T za”

Twisted Multiplicativity Formula
(q’ 7“) =1

S(ma n; qr) = S(qmaqnv T) : S(Fmv ™; Q)

where ¢g = 1(r), 17 = 1(q)
Consequently, Kloosterman sums are determined by S(m,n;p®), p prime.
Proof

)
B . (qma +gnb  Tmc+ rnd)
ab=1(r) " q
cd=1(q)
B Z . (m(qqa + r7¢) + n(qgh + rrd))
ab=1(r) ar
cd=1(q)

Note:  (qga + r7c)(qgb + r7d) = (r7)*cd = 1(q)
= (qq)%ab = 1(r)

Since (r,q) = 1, this is = 1(gr). The map (a,c) — gga + r7c is a bijection
from
(Z/rZ)* x (Z/qZ)" — (Z/qrZ)*

by Chinese Remainder Theorem. Thus this is S(m,n;qr). B
Goal Show: For m,n fixed

S(m,n;c) < 79 for some § > 0
Best possible-Weil: § < 1/2
Trivial bound: S(m,n;c) < ¢(c) <K ¢
Show a,, < enk/2-1/8+¢

Selberg: a,, < nk/?=1/4+e
Optimal (Ramanujan’s conjecture, 1916, Deligne’s Theorem 1972):

4, < nk/2=1/24¢

Let’s consider S(a,b;p). S(0,0;p) =p—1

5(0,b;p) = S(b,0;p) :pfe (b;f) _

=1
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ifb£0
If b # 0, S(a,b;p) = S(ab, 1;p) reduce to S(a, 1;p) Weil: |S(a,b;p)| < 2\/p
Theorem (Katz): S(a, 1;p)/2,/p distributed by Sato-Tate.
Studied Moments: k** moments

Vi = Z S(a,1;p)*

a( mod p),a#0

(p—1)Vi = > S(a,b;p)*
a,bE]FI*,
Vi = S(ab,b;p)
aclFy
(p—1)Vi = > Sla,bp)*-5(0,0,p)" =2 S(b,0;p)"
a,b( mod p) beFy
= > Sbp)f-@-1)F-20p-1)(-1"
a,b( mod p)
ary + bx1 + axe + bTo + - - + axy + by
Za,b( mod p) S(a’v bvp)k = Z Z e < ! ! » >

a,b( mod p) z; €FY

-y ¥ e(a(x1+m2;~-~+xk)>b(z e(b(x1+x2;----+xk)

z; €F} a( mod p) mod p)

ar [ p ifplr
Za( mod p) e (?) - { 0
Za,b( mod p) S(a’v bvp)k = pQVk (p)

vi(p) =#{(x1,...,z1) € (IF;)’“:xl—i—---—l—xk=O,§1+--~+Ek:0}
2
p _
Vi = ve(p) — (p— DF 1 = 2(=1)*
p—1
vi(p) =0
Vilp) =-1-2(-1)=1
Lemma
va(p) =p—1,Va(p) =p*> —p—1
Proof
1+ a2 =0, 21 = —x2, T1 + T2 = 71 — 21 = 0, any 7 works so p — 1
solutions.

If T sum squares I get ~ p on average. |S(a,1;p)| ~ /p on average.
Kloosterman sums are real-valued:
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Lemma v3(p) = (p— 1) [1+ (52)]

Va=(2)p” +2p+1

Proof

1 +yrr +112 =0, 20 =11y, 23 = 712,80 L +y+2=0, 2z = —(y + 1).
T14+To+T3 =0, +T1y+ 712 = 0,50 1 +7 = 1 +vy. Get a solutions for
each z; and y such that 1 +7 = 1+y. Get (p — 1) solutions for each § such
that 1 +7 = 1+y. Equivalently, (1+7%)(1+y) =1, 1+y+7+yy = 1, so
1+y+7=0iff y> +y+yyg=0or y> +y+1=0. Solution is (—1 4 +/—3)/2,
so if (—3/p) = 1, get 2 solutions. If it is —1, get zero solutions.

Proposition v4(p) = 3(p—1)(p — 2)

Vi = 3p-1p-2)—(p—1)°>-2
=3p® —6p° — (p® —3p* +3p—1)—2
=205 —3p? —3p—-1<2p?

= |S(m,n;p)| < 2Y/4p3/4

Proof

r1+ 22+ x3+24=0=21 +7%3+ T3+ Ty, xT3 = —T3, T4 — —x4 implies
T, + To = x3 + x4 and Ty + To = T3 + T4.

Let n(u,v) = #{(z,y) €Fy 2 +y=u,T+y=v}

va(p) = Zu,ye]Fp v(u, U)2

7(0,0)=p—1. Ifx4+y=0,T+7 =0, so n(0,b) = n(b,0) = 0 unless b = 0.

fuv#£0,z2+y=u,T+7y=0v,

xyv = (T4 7Yy = 2Ty +ygr =y + 2 = u.

xyv = u, Solve 22 —uz+uv = 0(p) = (2 —z)(2 —y). Has 1+ (D/p) solutions
where D = u? — 4uw.

So n(u,v) =1+
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) =@-17+ Y nu,v)?

u, 'UE]F*

)

=p-1+p-1) > <1+(;>)2

wEJF* z=w-+1

G- oD Y [Hz(*") n <;>2]

“+(p-Dlp-1)—2+p—2]

Useful facts for prime powers:

For all p > 2, there is g € Z such that g generates (Z/p*Z)* for any k.
Gauss Sum

¢>0and (¢,2n) =1

2

Siezsene(®E) = (S)vee
. :{ 1 c=1(4)

Salie 1936:
Assume (n,m,c)=1,c=p*, a>1,p>2.
1) S(im,In;c) = S(m,n;c) = 0 unless n = I?m( mod c) for some (I,¢) = 1.

2) S(n,n;c) = 2(2)v/cRelece(2)]
9 19 Feb. 2010

p—1
> S(a,1;p)
a=1

for k < 4, polynomials except k = 3 where (—3/p) comes up. For large k
the formulas involve other arithmetic info, e.g. Fourier coefficients of modular
forms, e.g. on GL(3).

In 1916, Ramanujan conjectured

c(z) H (1—e(nz)*=A= ZT n)e(nz

n>0 n>0
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(Deligne, 1972)
Im(p)| < 2p"/?

(Mordell, 1917)
T(m)T(n) = Z d" 7 (mn/d?)

d|(m,n)
In particular, if (m,n) =1,
7(m)7T(n) = 7(mn) (multiplicative)
Mordell’s Theorem implies 7(n) is determined by n prime power

(") (p) = r(PY) + pr (Y itk > 1

k+1) kfl)

(") = (") (p) — T (p
If |7(p)| < 2p''/2, then 7(p*) <. p*1/279) for any ¢ > 0 which implies
7(n) < n''/2*¢ since both sides are mutliplicative in n. In the other direction,
assume 7(n) <, n''/2T¢ In particular, 7(p*) < p*(11/2+e),
Write 7(p) = pll/z(ap + ozp_l)

Claim: - 1
o —oa, "
k k1172 % p
(p")=p / B —— w—
Qp — Qp
Proof: agrees for k = 1.
k+2 —k—2 k41 —k— k —k
k+1)11/2 <% - _ L k11/2¢ - 11/2 -1 11, (k—1)11/2 % — &
I e A G et i ey
& A2tk = (P o E Y e+ a) —aF a7t
— a2 Lok gk g2 gk g ok
— o2 _ o k2
So
k+1 -
k _ o kl1/2¢ -« k(11/2
T(p ) =p / — <L p (11/2+¢)
oa—«
okl _ k-1 e
1 LD

a—a
() <2WM? e latal <2
ab < phe = o) <p‘foralle>0=|a| <1

Ramanujan’s

I7(p)| < 2p11/2 < 7(n) <. nt/2te for all € > 0
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r(m) r(n)  _ ZW

mll/2 pii/2 mn/d2)11/2

Hecke operators:
Group-theoretic background:

Let
an{(a b):a,b,c,deZ,ad—bCZn}
c d

eg. '=5SL(2,2)=G;
G,=TG,=G,T

Main Lemma
a b
An:{< ):ad:n,0§b<d}
c d

Let
Then A, is a complete set of right coset representatives for G,, mod I

G, = HFp

PEA,

1 n a b\ (a+nc b+nd
0 1 c d ) c d
a b\ a b+nd
o(60)-r(5 ")
/
Z) and (8 Z)
< bV <d.
a f a b\ _ [(d ¥V
) 0 d) \ 0 d&
implies vy =0s0 § = 1.
1 n a b\ [(a ¥
0 1 0 d) \0 d
a =a,b=1V,d =d so are all inequivalent

The rest of the proof involves demonstrating that each element g € G,, can
be multiplied by some v € T" so that g is upper triangular.

(2 ) ()
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If c=0:

are inequivalent if b # b’ and 0



ra+sc=0. Try r = ¢/(a,¢), s = —a/(a,c). Then there exist p, g such that

ps—qr =1.
AL
=\ o0 «

Fact If ¢ € GL(n,Q), g = «b, where v € GL(n,Z), b € GL(n,Q) and
upper triangular. (p-adic version of Gram-Schmidt, also called the Iwasawa
Decomposition)

Hecke Operators T,,, n > 1

(Tof)(2) ziE:wakE:f<M;b)

ad=n 0<b<d

=M/ Z x(0)flp

pPEA,

where the slash operator
fla(z) = (detA)F?(cz + d)~F f(Az)

flals = flas
Look at SL(2,7Z)

(Tof)(vz) =n*271 37 fll,

PEA,

:nk/Zfl Z f|p’y

pPEA,

\G,, A, is still a complete set of coset representatives.
Thus
T, : My(SL(2,2)) — My(SL(2.Z)

If fis a cusp form f(z) — 0 rapidly as Imz — oo. So f((az +b)/d) — 0
since a,d > 0. Therefore, T, f(z) — 0 iff T), f is cuspidal if f is.
Hence,
T, : Sk(SL(2,Z)) — Sk(SL(2,Z))

e.g. k = 12 this one-dimensional, hence T,,A = A\, A for some \,, Hecke
eigenfunction.
Action on Fourier Coefficients
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Tnf(2)

Zb|de (bTm)
T, f(2)

N Fourier Coefficient

N =1:dn,n|d,sod=n

=%Z

ad=n,b( mod d)

2%2 Z akr(m)e

m  ad=n,b|d
0 dtm
- { d dlm
n
=X X (3)
m d|(m,n),a=n/d

> O

mn=d?N,d|mn

akf<

az+b
d

maz + bm
d

7(m)

-2 05

d|n,n|dN

= 7(d*/n) = 7(d) = 7(n)

T, A’s first coefficient is 7(n) = A\, A. First coefficient is A,,7(1) = 1 implies
A = 7(n).

The nt* Hecke operator T}, has T}, f = \,, f then \,, = nth Fourier coefficient
of f.

m!" coefficient on T}, f = A\, 7(m) = 7(n)7(m).

_ ny\k=t(d*m
_dh;n:dm(d) T( n )

d — n/d is a bijection of divisors of n
d|n,nlnm/d

dln and n|nm/d iff dn|nm iff d|m iff d|(n,m)
Lemma

d*tr(mn?/d®n) = d*tr(mn/d?)

>

d|n,nlnm/d

T,Tm= Y d" T

d|(m,n)

implies T},’s commute.
Proof
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ad=n,a’d’=m,b(d),b’ (d’ d’

= (nm)*/27! > )f|<af b ><a

o Z fl aa’ a'b+db
(d)

ad=n,a’d’=m,b(d),b’ dd'

10 23 Feb. 2010

Hecke Operators

Tof  =o"*70 % Sl

pe\G,,
PEA,

(T f)(2) :% 3 akf(az;—b>

ad=n
b modd

Today: I' = SL(2,7Z)
Theorem

T = Z dkiljﬂnm/d2
d[(n,m)

In particular, {T},} commute, T,,T,,, = T,,T,, if (n,m) =1 and
P — Tprn - pk_lTpn—l

p

Proof
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mn(Tp o T f)(z) = Z (aras)k f < &
ardi=m
alzdzzn
b1 mod d;
b2 mod d2

S (alaz)kf((alag)z+d(lbj;11+b1d2))

alangz+b1>

a1d1:m

a2d2:n
by mod dy
b2 mod d2

_ (a1a2)z + (baay + bidz)
= Z Z (ala2)kf( i >

6|(m,n) (a1,d2)=6
al dl =m
a d2 =n

b7‘, mod di

aj +—r (11(5, d2 — d25, (al,dg) =1

_ (ara2)z + (baay + bids)
- Z Z (a1a25)kf( dyds )

él(m,n) (a1,d2)=1
a1d16:m
a2d2§:n

b1 mod d1
bs  mod dd2

Z Z (alag)kf ai1asz + Cl1b2 + b1d2
dyds

él(m,n) (a1,d2)=1
aldlzm/é
azda=n/d
by mod dy
b2 mod §d2

Since a1, ds are relatively prime, (by,bs) — a1by + bids is onto. Since the
image contains {1}, the map is onto. Kernel is {(b1, b2)|a1bs + b1d2 = 0(d1d2)}
order 0.

+b
_ 5k+1 aia k} a1a22
Z Z (a1a2)"f dyds
d|(m,n) (a1,d2)=1
a1d1:m/5
a2d2:’n/§
b mod d1d2
Let’s consider the factorization (ajas)(dids) = mn/§? = ad?
Claim: Given any factorization ad = mn/§?, there is a unique factorization
arag = a, didy = d, (a1,dz) = 1, given by a; = m/(m, d)

m od m, dd m, dd
alzi d1:( )7012:(52(1)

mod) 2= tmood) 5

_ Z gk+1 Z akf<a2’;—b>

8|(m,n) ad:rnn/é2
b mod d
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In this setup, (a1,d2) = 1, ardy = m/d, asdy = n/d, §lm and 6|dd im-
plies di € Z. ad = mn/§?, djmn/&?, §%d|mn, az = (mn,ddn)/6%d, §*d|mn iff
5%2(mn/aé?)|mn iff mn/a|mn, check. §2d|édn iff &|n, check.

Conversely, if ad = nm /62 and a = ajaz, d = dids, (a1,d2) = 1. ajdy =
m/0, asds = n/d

Again, reduces to prime powers:

Situation:

So

a+d=n+m-—20
ai+di=m-—9
as+do=mn—90
a=ay+ a2

d=d; +ds

Without loss of generality coprimality means a; = 0.

di=m-—9
as+do=n—20
a = as
d=dy+ds

Translate back to multiplication:

dy =m/é
dy =n/d
a=asg

d =mn/é%a

ay claim iff (m, dd) and m have same p-part.

0 +dy + do = dd’s p-part > § + di = m’s part.

Once you have a; you have dy, which then forces the product of as,ds. Only
one way to do that, so ds follows.
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Lemma :et X be a formal variable.

1-T,X +ph1x? T X" =1
p P

n>0
Proof
YT X =3 T X ph Y T X
n>0 n>0 n>0
D ST SRS S RS EES SR
n20 n20 n>1 n>0
=1

Consequence: f cusp form
If T,f = \,f for all p, then T;, f = A, f for all n.

f(z) = Z Ane(nz)
Z )‘nnis = H (1 — /\pp75 +pk*1723)71

P
Proof A\m = AnAm if (n,m) = 1. so reduces to

1

A np—ns —
nzz;) p 1— Appfs _’_pkfles

follows from lemma if X = p~*.

Lemma
k—1
d|(m,n)
by
T.T = Z dk*lT
nlm = nm/d>
d|(n,m)
lemma iff m = 1.
Warm Up
i Z d= ake (m—‘”‘"b) = l Z ake (maz> e @
"~ “nod d d n 4= d d
b mod d

ad=n
dlm
k—1
news = % ()2
d|(n,m)



Sum both sides over I'oo\I', we get P, identity.

11 2 March 2010

Let

Then

In particular, when m =1,
TPy =m" P,

We now check that
TnTmpl = Tnmkilpm

On the one hand,

k—1
Tnmk_lpm =m ! Z (%) ]Dmn/cl2

d|(m,n)
mna k—1
- > () Powe
d|(m,n)
On the other hand,
T, TP = | > d" 'Thne | P
d|(m,n)
g1 (nm\ k-l
= > d(F) Poe
d|(m,n)

As a consequence, we have

mF-lT. P, =T, T..P;
= TanPI
=nF 1T, P,

symmetric in (n,m) < (m,n).
Oet f be a modular from of weight k

() =3 fm)e(nz)

n>0
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Consider

T.f = Z an(m)e(nz)
We have

_ ok L=

(rnk_lTnf7 P,) = mk_1<Tnf, P,y=m an(m)

(4m)k—1""
where a,(m) is the m*"* coefficient of T, (f).

Then
I'(k—1)

[
which is symmetric in n and m. We showed before a,,(m) = an,(n). Therefore,
we can conclude that

(m* 1T, f, P,y =

(MU f, P = (0 T f, P)
Now let’s let f = P;:
(M* TPy, Pr) = (07 T P, Py)

On the one hand,

k—1
<mk_1TnB7Pm> = (?

On the other hand,

<nk71Tm}DlaPn> = (

These being equal gives us that
Since {P,,} span the space of cusp forms

(Tnf,9) = (f,Tng)

for all cusp forms. Therefore, the T,, are self-adjoint operators on a finite di-
mensional Hilbert space.

Hence T, can be diagonalized by a basis of Hecke eigenforms. Note the Py
Eisenstein series is a Hecke eigenform and (P,, cuspform) = 0 coefficent = 0.
This gives an orthonormal basis of Hecke eigenforms fro all modular forms.
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Last Time:

(1-T,X +p"X?) Y T, X" =

for | X| < 1. If f is a Hecke eigenform, cuspidal ag = 0,

= Z ane(nz)

Normalize with a1 = 1, T,, f = a,,. Therefore,
(1-apX +p"'X%)) g X" =

Let X = p~° with Re(s) > 1

ns
1_apé+pk 1—2s Zap"p

Euler product:

1(Ser)

m=° (ap;m "'ap:”r) where m = pj

.
S

MgSF% ~ ]

a,,m~ °L function of f
1

3
Il

Ap G = Apm if (n,m) =1 and T, T, = Thm
Riemann (-function:
o0
= Z n-
n=1

Simple pole at s = 1 but holomorphically continues to C\{1}.
How did Riemann analytically continue this?

€
—~
N
1
8
m‘
3
3
~~
—_
| —|
@
7 N
w |
~
|
—_
| I |

I
[\
—_
~
g
m\
3
3
S~
~
S
—_

m1y

©Dr

uza



1 11

I(s) = /0 T oLt

converge fine when Re(s) > 1. For t small, w(t) < t~/2. For t small the
integrand is about #*~3/2. This is fine if s — 3/2 > —1, or s > 1/2.

I(s) :/ Zeﬂmzttsfldt
0

n=1
oo o]
— 2 —
E / e~ tts ldt
n=1"0
oo

o0
= (7m2)_s/ et at
0

still absolutely convergent!
This argument gives the analytic continuation of {(s) and shows

72T (s/2)¢(s) = 7~ D2T((L - 8)/2)¢(1L — )

(Functional equation)
Hecke applied this idea of Riemann to modular forms other than ©.
Assume f is a cusp form for SL(2,7Z)

fz)=2"Ff(=1/z)
fliy) = (iy) " f(i/y)

Rapidly decays as y — 0 or co.
Hence

I(s) = /OOO fliy)y* dy
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is entire. Compute it:
o0
I(s) :/ fliy)y*~'dy
OOO
_ /0 Z ane—Qﬂ'nyys—ldy

n>0

)
— Zan/ e—27rnyys—1dy
0

n>0

absolutely convergent if Re(s) > 1.

(2m)~* is entire, nonzero. I'(s) is nonzero so Y a,/n® is entire and vanshes
at s =0,—-1,-2,....

Note: You have to analytically continue, before you can talk about the
functional equation.

Investigate symmetry:

I(s) =/Ooof(iy)ys‘1dy
= [ s
_Z'k > i k—s—1
= /Of(y)y dy

I(s) =i*I(k—s)

Lis. £) = 3 rn™ = 3 an ™

Consider

(normalization)

) =) (s )

Completed L-function

A(s, f) =1 <s + k;l) = L(s)2m) "= T (5 i k;l>

r{ee (o 5) e 5)

A(Svf) = ZkA(l - S’f)
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To Summarize: (Analytic Properties of Modular Form L-functions)
Let f € Sk(SL(2,7)), Hecke eigenfunction

f= Zane(nz)
Then
A(s, f) = AT (8 + k;1> L(s, f)
L(Sa f) = Zann_s_% = H (1 _ app—s—% +p_28)_1

is entire and satisfies

As, f) = ikA(l -5, f)

12 5 March 2010

L-functions of modular forms

Recall
()= _n*=][-p )"

n>0 p
For the coefficients {a,} of a cusp form for SL(2,Z) of weight k,

—1
o a
1009 = T =TT (1= 220 )
2

p

entire.
Functional Equations:

Tr(s) = 7%/ (5/2)
Te(s) = 2(2m)~°I(s)
= Tr(s)Tr(s + 1/2)
Ir(s)¢(s) =Tr(1—s5)C(1—s)

Tc(s+52) L(s) =T (1 — s+ 552) L(1 — s)

HW1 due in class March 26:

Look at the L-series for Ej, the Eisenstein series of weight k and show it
factors as a product of {(s + a){(s + b) for some a,b which you should identify.

Hecke’s Converse Theorem

Let {a, : n > 0} be complex numbers bounded by some polynomial in n.

Let
1) = Y ane(nz)

n>0
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Ar(s) = (2m)7°T(s) Z apn=?®
Then f is modular for SL(2,Z) if and only if
ikao
k—s

M@+%+
is entire and
Ag(s) = i"Ap(k — )

Proof (somewhat repeats what we did last time) Let’s look at

/0 " (i) — aoly*dy

This is holomorphic for Re(s) > 1. f(iy) — ap decays rapidly for y large. Last
time, we showed this was Ay (s). Hence,

Ag(s) = / i)~ oy + | " (i) = aoly™dy

Modularity gives
f(2) = =* f(=1/2)
SO
fliy) ="y~ " f(i/y)
Then

oo

Ag(s) = /1Oo [ikykf(iy) - ao]y_s_ldy —|—/ [f (i) — ao]ys_ldy

1

The second integral is entire.
o0 oo
Arle) = / "y £ (iy) — aoly™* "y + / FyFaoy™ " — agy~*dy
1 1

+f " (i) — aoly*dy

o0 o0
Sy a0y T —agyT TNy = ikao/ Yy Ty — ao/ y~ Ty
1 1

ikao Qo

s—k s

So,
Ap(s) + oo a0 / [ (iy) — aoly*dy(entire)
1

+ik /100 [f (i) — aoly™ " Ldy(entire)

20



and satisfies functional equation.
This shows the only if.
Mellin Inversion

1
flz) = —/ H(s)z™%ds
( ) 2mi Res=c>1 ( )

H(s) holomorphic, H (o + it) is rapidly decaying integrand, bounded in ver-
tical strips. Shift ¢ large gives f(z) < x7¢ so f(z) — 0 rapidly as z — oc.
Then

/000 f(x)z*~tdx = H(s)
for Re(s) large.
Let H(s) = As(s).

M—'H

f(iy) — ao
1
=5 As(s)y~dy
2mi Re(s)=c>1 d
A(s) has poles at s = k and s = 0. At s = k, residue if *aoy=*. At s = 0,
residue is —aq. Shift ¢ < —1.

, 1 s ok —
fliy) —ao0 = 5— Ap(s)y™* +i*y *ao — ao
2mi Res=ck—1

. & — 1 o
f(iy) =i*yFao + i Ap(k—s)y kds
UK Res=ck—1

Apply functional equation:

Ap(s) = i"As(k — s)

, , - 1 , -
fliy) = ifagy™ + 5 - A g (s)y* s
T JRes=c>1

B RN A A s
=i"agy™ " + 2m_y 7 /Res_c>>1 A¢(s)y®ds
=y "i*ag + [Fy~F (f(i/y) — ao)]

fly) =iy " f(i/y)

Thus,
fz)=2"Ff(=1/z)
holds for Rez = 0. Hence on all of H.

ol



Defn y, a Dirichlet character of conductor N.

x(n+ N) = x(n)(periodic mod N)
x(n) =0if (n,N) >1

X|(z/nz)» is a character

Imprimitive:
_f xaln) (n,N)=1
X(”)_{ 0 (n,N) > 1
for x1 a Dirichlet character of conductor N'|N.
Primitive is opposite of imprimitive.
Theorem Suppose f € My(To(q), x). Let x be a primitive Dirichlet character
of conductor r. Write
f= Z ane(nz)

n>0
Then
Fo(2) = anx(n)e(nz) € Mi(To(N), xv?)

X is a Dirichlet character of conductor ¢*|gq
Twist: Multiply coefficients by Dirichlet character. Example:

L(s,x) = > _ x(n)n~*

are twists of (.

HW2 Relate primitive twists of Ej (and their L-function) to products of
Dirichlet L-functions.

Proof: Uses Gauss sums

W)= > Y(ue(u/r)

w mod r
Note
(W) =Y duw)e(—u/r)
= p(ue(—u/r)
Lemma
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Proof We’ll show

T()r(p) =7

> vl he ()

uy,u2E€(Z/r7)*

S e (umr— u2>

w1, us €(Z/rZ)*

= wlu) Y e (1 -w))

uz

Ul — ULU

u — 1 —uy

= Zw(l —uy) Ze (%m)

U2

Continue next time

How to show modularity:

((1) u{r)(i Z) :(a+:c/r b+§d/r)
S ) ()

integral if 72|c. Hence in T'g(q) if ¢r?|c, i.e. < Z Z ) € To(NV).
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Hence dividing by 7(1)) get modularity.

13 9 Mar. 2010

Theorem
Let f € Sk(T0(q),£), f =>_ a(n)e(nz), ¢ a primitive character of conductor
r such that (r,q) = 1. Let w(v) = £(r)¥(q)7(¥)*r~! and

A, FQ) = | 5

VR

m) E(s) 3 ol
Then A(s, f @ 1) is eniter and

As, fQv) = i*w(®)A(k — 5,9 (X) P)
where g = f] 0 1
qg O

Definition A Dirichlet character to the modulus 7 is a function £ : Z — C
with £(n) = 0 for (n,r) > 1, periodic mod r and satisfying &(nm) = &(n)&(m)
completely multiplicative.

Dirichlet characters of conductor r are in one-to-one correspondence with
characters of (Z/rZ)*.

Imprimitive: character of (Z/r1Z)*, r1|r extended to (Z/rZ)* via (Z/rZ)* —
(Z/r1Z)*. Primitive: not imprivitive.

Weil’'s Umkehrsatz ” Converse Theorem” Let k € 27+, £ character of mod-
ulus q. Let f = Y a(n)e(nz), g = > b(n)e(nz). Assume a(n),b(n) < n? for
some A. Suppose A(s, f) and A(s,g) are entire and of finite order.

o4



Assume
A(s, f) ="Mk — s, 9)

Also assume for all primes r 1 ¢ and all primitive ¢ mod r, the functional
equation

Als, f Q) v) = Fw(w)A(k — 5,9 Q) )

holds. Then f € Sy(To(g),£), g € Sk(To(q),£), g = fl( 0 -1 )
0

q
Group Ring
Let G be a group. C[G] is the the set of finite formal sums Y a,gn, a, € C,
gn € G, forms a ring.
Slash in defined on GL(2,Q)" extends to C[GL(2,Q)*] by flya,g. =

> anflg,. Let a(z) = ( (1) T ) For (v,r) =1, (r,q) = 1, we have (r,vq) = 1,

so there exist a, b such that ar + bgv = 1. ( qu —v > has determinant 1. Let
b = —u (notation).
Define
v r o —v
’Y(;) = ( —ug ) € T'o(q)
Let

8(2) = €)= v(v/ma(v/r) € CIGL(2,Q)]
Lemma 1 With our hypotheses and g = f|< 0 -1\’ 9lg(v/ry is indepen-
)

q
dent of (v,r) = 1.
Proof N = ¢r2. Recall

7-(E)f¢y = Z E(u)fh(u/r)

implies
7(¢) fy| o -1\~ Z d(u)f] 0 -1
(N 0 ) w mod r 04(“/7“)< N 0 )
Likewise
T(W% = Z 1p(’u‘)gloc(u/r)
w mod r
implies
f(’l")’l/)(*Q) Z w(u)g|a(u/r) = Z E(U)f| 0o -1
w mod 7 v mod 7 0‘("/“)( N 0 )

%)



Note uvg =1 mod r so v = (ug)~* mod r. Calculation:
wn(33)-( 1) (3 3)-0% 7)
(o 0 ) (2 )G )= (0 9 ) (e 0 )= (% )
((1) i)(NX/U —O1>:<N(u§\z;+l) —01>

14 12 Mar. 2010

Lemma 1
:et r be prime, r 1 q. Let f, g = f| < 1 be such that
)

Als, f Q) = Fw(w)A(k — 5,9 Q) )

be entire and finite order for any primitive character i of conductor r. Then
9lg(v/ry is independent of the choice of v so long as (v,r) =1. N = qr?,

Bv/r) = {f(r)— ( _Zq ;U )} ( 1 v{r )

Proof (continued) We got to

Erv(=a) Y W(u)gl (1 W)

w mod 7
1

- -1
= Y WSt/ Wy = ( N )

u mod r

com (v )= () (e ) (0 )
PR (A I G I [ R ¢ i

alu/r)wy :r( . -1 > ( _:Lq _av >Oé(v/7")
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= @l .
. < a >a(v/r)

= (u)g] _
uw mod r ( r v )a(v/r)

—uq a

= f(T)¢(—Q) Z w(u)g|a(u/r)

uw mod r

uvg = —1 mod r, u,v #0 mod r

uw mod 7

2 MUM( oY )a(v/r)

a(v/r)

v modr

= > w((vq)l)g|< . U)

—uq a

v mod r

=d(=a) Y ¢(v)g|< o —v )mm
—ug a

RHS =¢&(rv(—a) Y ¢©)glagm

v mod r

Conclusion

Z ¢(U)g| _ = E(T) Z ’l/)(v)g‘oc(v/r)
—
a(v/r)

v mod r v mod r
—uq @

=
> ¢()glwm =0

veR;

for all primitive v» mod r. Since r is prime, this means all nontrivial characters.

(9lgusrys ) =0
Let’s think of f(v) = ¥(v)glg(w/r), v € Fy 2 Z/(r —1)Z as a function on this
group. There are » — 1 characters of F, &,...&,_1, & trivial.

F) =" ci&()
(f,1) = ck, where 1 = &
=cj=0forj>1

f(v) = c1& = ¢1 = independent of v

o7



Lemma 2
Let m,n be primes not dividing ¢ with the hypothesis of the theorem,

g|( m v ) =£&()g

—uqg n

for all u,v € Z such that the determinant is 1.

Proof
gl _
[s(m( me v )]a(v/m)
—uqg n
{am)( mev )}a(v/m)
ug n
gl _
(2 )]
—uqg n
|:E(m)< mov >:|o¢(2v/m)
uqg n

n, m play the same role, mn =1 mod r, {(m) = &(n)
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Let

v )a(—?v/n)( mev )a(—?v/m)

uqg n

nm — uvq —2un + 2v3ug/m
ugm — 2v/n(uq)? + mqu *

1 —2vn + 2v%ugq/m
ugm — 2(v/n)u?q® + mqu *

_( n —v m —v

T\ ug —2uvg/n+m ug —2uvg/m+n
2

uqm — —Uuqu + mgq
n

nmuq — vu?q? + mng — vu?q?

n
2 2uq
= — [ug(nm — vug)] = —
n
2 2
—2vn + v
2v 2v
= —(—nm+uvq) = ——
m m

b = ( QU;/H 4/_n2117jz/in 3 )

Thus h = h|g and holomorphic.
Lemma f fixes a point in H = {Imz > 0} and rotates by angle 2ra, a ¢ Q.
Hence if I take a power series around that point

~h(z)=> cpz"
— h(ze%ria) — Z Cn627riamzn

= Cn = e2ﬂ'iancn
= ¢, =0forn >0
= h = constant

Lemma 4 ¢y =0, i.e. h at fixed point of 3 is zero.
How to get Converse Theorem from this:
m

. 1 = —v .
Invariant under ( 0 1 > and < —ug n ), m,n prime.
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C )
PG
(0

Proof of Lemma 3

b= ( 2u61]/n 4/;27%@ 3 )

Bz =z=>
2 2 4
ML (%+_3)
m n mn

dmnz — 2on = m2uqz® + 4z

2muqz? 4 (4 — 4mn)z +2vn =0

Hence

L 4mn — 4 £ 1/16(mn — 1)2 — 16muqun
dmug

mn — 14 /m2n2 — 2mn + 1 — muqun

mugq

mn — 1+ /1 —2mn + mn(mn — uvq)

muq
~mn—1+£+v1—mn
N mugq
7mn71+i\/mn71€H
N mugq
Let(a b)ﬁxx+zy
d
1 —x a b 1 =z f
1 e d 1 xes 1y
vitoo 1 -z a b 1z Vi o0
0y 1 c d 1 0 vy
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Matrices with a fixed point in H are precisely those conjugate to an element of
SO(2,R). Write

(8 ) G0N0 )
(e )

Trace is 2cosf = a+d = 4/mn —2. 3 has finite order iff cos™1(2/mn —1)/27 €
Q. cosf is rational for § = 0,7/2,7,37/2,..., 7/3,27/3,....

15 23 March 2010

Nonholomorphic Eisenstein Series
Idea: holomorphic ones are

Ck)y Y. (ez+d)™F > (mztn)7F

YET G\ (m,n)ez?

#(0.0)
Defn
Bz)= 3 Im(y2)"
’YEFOO\F
a b
Ifv= ( e d >,
Im(z)
Im{yz) = lcz + d|?

1
Ei(x +1iy) = §ys Z lcz + d| =3¢
(e, d)=1

B.(d) = B, <az+b)

cz+d
for all ch 2 > € T'. This converges absolutely for Re(s) > 1. Holomorphic
there in s.
Completed

E;(2) = ((25)Ey(2) =7 °y°T(s) > ez +d|™>
(e.d)£(0.0)

Fourier expansion, using Poisson summation.

Ey(z+iy) =Y caly)e(na)

nez
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1
cn(y) :/0 E(x + iy)e(—nzx)dx
1
:/O y°le(—nx) da?+ / ZZ| oz +iy) +d|” 2s e(—nzx)dx

c=1deZ

The first part contributes

¥y n=0
0 n#o0

The second part is the beef:

/ZZ [(cz 4+ d)? + 2y?] " *e(—nzx)dx

c=1deZ

x+—>xfd/c

. 1+d/c
- g(;s)ysz /d y [(cx)? + (ey)?] ~*e(—nz)e(nd/c)dx

deZ.

1+d/c

‘e(nd/c) / (22 +y*) " e(—nx)dz
d/c

dEZ

dvsd+ke,d € Z/cL, kT

Z Z (nd/c)c™ S/R(ﬁ—l—yQ)_se(—nx)dx

c=1deZ/cL
T xy, dx — ydx

= ( Z Z nd/c/ 24 1) fe(—nay)da

c=1d€eL/cZ

1-s

oy nd/c

P IP I
_ Yl 1_957 1 ¢|n
_((25)26 (b(ny){ 0 ctn

c=1

Thus

Ey(x+iy) =y"+
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It remains to compute the special functions qAS(O) and a(t)7 t #0.
First look at

$(0) :/R(:c2+1)_sd:v

Tz x/y

x? “ dx
R\Y Yy

=y23_1/($2+y2)_3d$
R
/ (2 + ) ~*dz = 5~ §(0)

Tg(s) =n"%?T(s/2)

~ C Tr(2s—1)  7Y/27°T(s—1/2)
o0 = I'r(2s) 7s[(s)
_ W1/2F(3 —1/2)
T'(s)

We need to check this. We need to check whether

0, /2T (s — 1/2)

I'(s)
1-2:L(1/2)T(s —1/2)
I'(s)

[ (@ +y?)"%de ?=y'"

=Y

This is the S-integral.

(1) =/R(g;2+ 1)~ *e(—at)dx = Krlégiﬁ’””

Derive series expansion in ¢

Euatiy) =y g 22D

5(25)

o 3 ) oyl () =1
=y’ + y”%

o 5 clr) -yl Bl o1 )
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(25) Eu(2)
= $(2s)y° + (25 — 1)y
+ 3 e(nae) K s (lnly)Inl*~ 201 _ou(|n])

n#0
|n‘wo. 2w Zd—Qw w
=5
=n""og,(n)
Theorem

E(z) = Ef_4(2)
has simple poles at s = 0,1 homomorphic everywhere else.
Ress—1 E (%) = constant

Rankin-Selberg Integral

Let f,g € My(SL(2,Z)). Assume one is cuspidal. y*f(z)g(z) invariant
under SL(2,Z), decay rapidly on cusp.

N . dxd
I(s) = / VS gl R ) o

analytically continue to C\{0, 1}.
Compute

I(s) =7°T'(s)((2s) /F\H y* P dady f(x + iy)g(x + iy) Es(x + iy)

The integrand not including F is y-invariant.
Unfolding

=7 °T(s)¢(29) / . y* P dady f (@ + iy)g(x + iy)y®

1/2
P(2s) / dy/ yoth QZC e(nx)e(iny)d, e(—maz)e(imy)

—71/2

e [
n Y=

_ w(zs)(llﬂ_)erkle(s + k- ]-) Z nfiiil

where ¢, comes from f and d,, come from g.
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Euler Product: Assume f,g are Hecken eigenfunctions. ¢, = a,n*~1/2
dyy = by (k=172

s, fxg) Zanb n—*°
A,k = —(a];+1 _ a;kil)
P ap — a;l
L (ﬂ§+1 _ﬁ;kfl)
pe ﬁp o Bpfl
Claim:
C(2s)L(s, fxg) = H (1 —apfBpp™™) - a;15pp75)71(1 - O‘pﬂpflpis)il(l - 04;1/8;11778)71
P
Tc(s) = 2(2m)°T(s)
then

Te(s)Te(s + (k—1)/2) [[ (—) =

p

itself with s — 1 — s.
Claim reduces to Lemma:

(1—afX) " (1—a'8X) " (1—af™ X) (1 —a ' 871 X)" (1 - X?)
(akJrl _ afkfl)(ﬁkJrl _ Bfkfl)Xk

(@—a)(B =571
(1= X*)(a—a™)(B-57"

=) XM —a T (EH = (1 - afX)(1 - a X)L - af T X)(1 - @
k

X0 term on right hand side. X!: (a? —a=2)(8? — 72)

16 26 March 2010

Last time: Calculation

Z apb,n=?

n>1

where ay,, by, are normalized coefficients of cusp forms of weight k for SL(2,Z) We
proved the analytic continuation and functional equation of this series last time.
Assume furthermore that the cusp forms are Hecke eigenforms. In particular

aftl _ g—k-1
Gop — o "%
pk = —1

Qp — Qp
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ﬂngl _ Bpfkfl
F2e Bp o Bp—l
Claim:

¢(2s) Z Anbpn™?°

n>1

= [T aBp™) (1= 0B, p ™) M (1= 0 B ™) T (1= 0y 3, )

This reduces to
k+1 _ —k 1)

et (ap (,Bk-i-l B k— 1)
(1-p2)
g kZ (o —ap By — B )

= (1 - B, X) 11 - apf, Xyt - a;lﬂpX)_l(l — a;l,é’p_lX)_l

Xk

iff
(1-aBX)(1-af™' X)(1 - a ' BX)(1 - a A7 X)
% Z (Oék+1ﬁk+1 4 Oé_k_lﬂ_k_l _ ak'H,B_k_l _ Oé_k_lﬁk+1) Xk
=(af+a ' —a ' B-af!) (1-X?)
Expand LHS:
(1-—afX —a ' X+ X?) (1 —af™'X —a 18X + X?)
aﬁ aflﬁfl aﬁfl ailﬂ
X [1 —afX + l—a 871X 1-aB X 1-a 18X

=af(l—a ' BX)(1-af ' X)(1 —a 'f71X)
+a BT - afX)(1 - a ' BX)(1 — afTIX)
—af (1 -afX)(1—a 'BX)(1 —a 1f71X)
—a 181 —aBX)(1 - af™ ' X)(1 - a '871X)

=af(l-[a'B+aBf ™ +a B X +[1+a 2+ 877X +a 1871 X?)
+a~ g7t (1 —[af P +a B+ af]X + 14+ 7| X2 — ozﬂXS)
—af M (1—[aB+a ' B+a ' BTHX + [+ 1+a %X? —a ' BX?)
—a B (1-[a B +af T +aBlX + [+ 1+ X% - aBf T XP)
Coefficient of X3 is 0.
Coefficient of X? is
=afl+a?+ 8% +a '8 1+ + B
—af B+ 1+a ] —a BB+ 1+ a7
—afta 1B 4o B +aB  +a 1B
—af—af  —a B —a g —a B~ af
=+a B+apt—ap—alpt
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Coefficient of X is 0.
Coefficient of 1:

aB+a Tt —atp—apt

Symmetric Power L-functions:

[[a-afp™) 1 —af oy p™) ™ (1= "p*)~

¢(2s) Zanzrfs
=[[-alp™) A —a,?p ) (1 —p )"

P
above product

=T ) o =By

Q2k+1 _ a—2k—1)

_ ( k
(1-X7) 12 -1 X
£>0 a-a
( ZXk 2k _ -1 ZXka—2k>
a1
:1—X2a—a |:1—O(2X l—oz—QX}

a—a ' X —al+aX
(1-a2X)(1-a2X)

1—X2a—a 1

1—X2a—oz 1

1-a2X)(1— X)(l —a2X)

Example:
Ramanujan Formula

)3 ga(n)ov(n) _ ((s)¢(s = 1)¢(s = b)C(s —a —b)

ns ¢(2s —a—b)

n>1

an, = 04(n), by, = op(n).
Barnes’ Integral

1
T Re(s)=0o F(OL + S)F(ﬂ + 5)1—‘(’7 - 5)F(5 - S)
m o>Re(—a),Re(—p)
o<Re(7),Re(d)

~ TIla+y(a+ )B4+ 7B +9)
N Fa+B+d0+7)
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Another Proof

Let

=Yt 1

k
= (1—az)(1—a"lz)
1
Z b kZ
_ — A1

2 A-g1-F )

Calculate

1 dz

5= P(wz)p(z~1)—
2mi circle of radius r z

w small and r > || # 1, r < |a|/|w]

Integral

=5 /Zapkbpzw 21y
i
= Zapkb k’LU

The Residue Theorem gives that this is equal to

Res.—pp(wz)(z~ 1) + Reszzoqb(wz)w(z*l)%
+Res,—g-1p(w2)(z71)
1

- (1-awB)(l—-atwp)(1-L£72)
1

(I—oawp 1) (1 —a twp~1)(1-p5?)
=(1- awﬂ) M=o twp) M (1 =872 1 —aws™) 11 —a twp™ )11 - 527!
X [ (1—oawp)(1—atwh)(1 -+ 1 -aws™ (1 -a twg™H(1 - 52)]
(1—awp) (1 —a twp) (1= 7)1 —awp™ ) (1 —a twp™ )1 (1 - %)
1—owf —alwp— 2+ w?B?+awp ™ +a twf™! —w?
+1—awp ' —a twB = B2+ w?B7 2+ awp? + o pw?
(1—awp) (1 —a twp) (1= %) 11 —awp™ ) M1 —a twp ™)1 (1 - %)
x[(w® =1)(8% + 572 - 2)]
=(1-awp) 'l —atws) H(1 -1 —aws ™) M1 —atwp )1 - %)
x(1—w?) (1= B2 =572+ 8%677)
=1 -w)H - awB) (1 —atwp) 1 —aws )1 —a twpg™h) !

Now take ¢(z) = 37,50 2% = 1/(1 — 22).

+0+

X
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Integral is

1 9l
— g apkwkzk =1,
211

k,l

o0
_ E : k
= apzk-w
k=0

= Res,—1 + Res,—_4

1 1
- 2(1 - aw)(1 — a~lw) + 2(1 + aw)(1 + a~1w)
1 2 1 -1 2
= 30— a?w?) (1 — a2u?) [1+aw+a wtw +l-—aw—-—a wtw ]
4w?

(1-ca?w?)(1 — a2w?)

Possible mistake above.

17 9 Apr. 2010

Goal Chapters 9-12

Recall If A is a real symmetric matrix, it can be orthogonally diagonalized.
A =U"TDU, where U is orthogonal and D is diagonal.

If A is positive definite, then the diagonal entries of D are positive.

Then /D exists and B = UT+/DU has

BBT = B2 =UTVD U = A.

Then B is positive definite and symmetric. Call it v/A.
A is positive definite iff A~! is positive definite, symmetric.
A-Laplacian A4 on R™:
o 0
Ay = al; ——
A Z t (9581 6xj ’

1<ij<n

where (aj;) = A7
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O
Ap = [010y---0,]A" :
On

where 0; = a%i = O,

A smooth function f on R" is called A-Harmonic if A4 f = 0.

Example: A=1, Ay =A=3", 8672;%’

For n = 2, A-harmonic is f11 + foo = 0, usual notion. Holomorphic on
C ~ R2

Example: A = ( (1) _01 >, A4 = fi11 — fo2, A-harmonic: fi1 = fo, e.g.

f(.%‘l,xg) = (.131 + .132)2, 81f = 2(331 + 3;‘2) = 82f, 8ff =2= 6§f

Definition Harmonic Polynomials

a.k.a. Spherical functions

are homogeneous polynomials that are also A-harmonic, i.e. annihilated by
Ay.

Theorem Let f be a homogeneous polynomial and A = symmetric matrix.
The following are equivalent.

1. f is spherical, i.e. Apxf =0

2. f{xeR"|ztAx<1} f(@)g(x)dx = 0 for any homogeneous polynomial g of lower
degree.

3. If v = deg(f) then v < 1 implies f is a linear function or constant. If
v > 2, then f is a linear combination of (u Az)” where u” Au = 0.

If positive definite, then v < 1.

Explanation of case where A is positive definite.

First step: Reduce to A =1. A= BTB. Let y = Bz, v = Bu. u' Az =
uI'BTBx = vTy. ul Au = vTw.

Lemma 1 This change of variables converts A4 to A. Le., if f € C®(R"),
(Aaf)(Bz) = Ag, where g(z) = f(Bz) = f(3_biyz;, 3 bajzj, . ..)
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Proof

52-9() = Zfi(BfC)bil
=1
2 Do) = buef(Ba)
aIl 6:51 p 817

dtg = Zbquij(BiE)bﬂ
i=1 =1

Ag=21, 09 = Y bubi;fi;(Bz)

3,7,0<n
Use Qi = Z bilblj
=1
Ag = Zaijaijf (BZ')
‘7j

|
For now, we can take A = I and prove there.
oo dyody _ Gildi 1) 40 g
aixl ...l‘nn — 72.%'1 ...xnl
i

If f=af - 2l then
dl(dz - 1)

If f is homogeneous of degree v > 2, then Af is homogeneous of degree
v—2.

Therefore, Af = 0 ouly if deg(f) < 1.

Conclusion:

If A is positive definite, symmetric and f is an A-harmonic polynomial,
either f is constant or f(x) = cx for some ¢ € R™.

These are used to construct general ©-functions.

Suppose A is positive definite, symmetric and P is an A-harmonic polyno-
mial, homogeneous.

O(z) = Z P(m)e (%A[m])

mezn
where A[m] = m!Am.
Also for N >1
z Alm]
O(z,h) = Z P(m)e (2 N7 >
mez”
m=h(N)
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Congruent ©-function.
e.g.
O(2,0) = N"0O(z)
where v = deg(P).
Assume A and NA~! are integral. These will be shown to be weight v +mn/2
modular forms.
Example n = 1, v = 0, gives usual O(z/2) has weight 1/2.
n=1v=1
. 1 0
mmz _ 7 2
D me 3mi 9202
meZ
has weight 3/2.
Preliminary Facts

Let arg(z) € (—m, «] for a branch of log 2. 2% = e*!°8%. If z is not in (—o0, 0).
240 = 242 for any u,v, (2/2)° = 282 275 = (1/2)%, (z2120)™ = 225 if
m € Z. (cz)® =c®2° if ¢ > 0. w®(z/w)® = 2° if both Imz,w > 0.

Proposition Let P be homogeneous, A-harmonic and v = deg(P). Let A be
positive definite, symmetric, n X n, z € H, x € C". Then

3 P(m+a)e (;A[m + x]z)

mezn

i (1) S Prme ()

mezn
where P*(z) = P(A~'2) harmonic for A=1.

For example If x = 0,

Z Z@AP(Z)

P(m)e(%A[m]z)

-1
= i_V‘A|_1/2(7;/Z)k6A—17P* (>

z

Modularity
Another Example n =1, P =1, A = [1].

() 5)

Let z = miy
Zefﬂ'nzy — y71/2 Z 677rn2/y

classical ©-identity.
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Computation Let f(u) = e (£A[u + z])
fo) = [ flwe(=u-v)du
]Rn
= /n e (%A[u + a:]) e(—u-v)du

U—=u—2

=e(z-v) / e (%utAu) e(—u-v)du
1

A=B"B,u= B 'w, du= Edw,

u' Au=wTw, u-v=Bw-v=w-(B™HTy

= %e(m - v) /n e (ngw) e(—w - B~ Tv)dw

2 . —in2 /i —imap? —
~™Yw; has Fourier transform e~ ?™Vi/% = ¢~V /2y=1/2 g

N e(z - v) —im/z3, —1/2
) = SR T

.\ n/2
_e(z-v) o) (2
= A e < 2zHB v .

"2 e(x - v) 1 4
= Zn/2 ‘A|1/2 e (2214 [U])

> fm)= > f(m)

mezn mezn

ifz=1y, e

Poisson summation has

SO

7;71/2

>e(5Alm +2]) = S L el - me (—5- A7 m))

Therefore, we have proven the proposition for v = 0.

18 13 April 2010

Last time we showed for A, a n X n positive definite, symmetric matrix, P, an
A-harmonic homogeneous polynomial, z € H, x € C¥, v is the degree of P. This

formula
S P(m+a)e (;A[m 4 x]z)

mezZ"

_ i7u|A|71/2(i/Z)V+n/2 Z P(Ailm)e <_ Ail[m] +m- (E>

2z
mezn
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was shown to be valid if P is constant. We will derive the formula for general
P by differentiation.
Study 9/90z; on both sides. Compute

0
5 _
3 Alzl = pr ;aiﬂi%’
0
= Z Qij g0 (ziz;)
47 !
= Zaij [x]ﬁxl + XZ@Q:Z]
Z7J
= aij [2;6= + 2:0j]
‘7j
= Z a5 + Z a1 T;
j i
=2 Z aljacj
J
Hence
%e (;A[m + x]z)

2miz (1
=—5¢ (QA[m+x]z> QZalj(mj + z;)
j

Get 2y aj;x;. Left hand side is now:
2mizP(m + x), where P(y1,...,yn) = Z ai;y;

On right hand side, 8/0x; multiplies the summand by 2mim; = 2riP(A~1m)
Recall:

o) = Y P(m)e(T;QA[m])

mGZ’Vl
m=l mod N
= (~1)"8(z : 1)

depends on [ mod N. Initially, N™ choices but most are irrelevant.
Relevant classes:

H={h mod N:Ah=0 mod N}

Lemma H is a finite abelian group of order | det AJ.
Proof Let B =[0,1)". We take h from NBNZ" such that Ah € NZ",

N'A:NB—P=AB=A[0,1)"

(6]



‘H — integral points in P, onto. |H|=|P NZ"|.

How many lattice points of Z" lie in P?

P is a fundamental domain for the lattice A = (Ay,...\,) € Z™, \; =
Ae;, e; =10...0,1,0,...,0]. For A € A, P+ A, corners are still integral and
[(P+XA)NZ =|PNZ"|.

Hence |P N Z"| = vol(P) = | det(A)|.

dy
do
A=m . 72

dn
Y1,7%2 € GL(n,Z), dy > dy > ... > dy, dy - - d,, = |det(A)].

H=7/hZEPZ/d2 -z
Calculation:

Alh + Nm] [h] + A[Nm] + +2hT ANm

=A
= A[h] + N(2nT Am) + N? A[m)
If h € H, then A[h + Nm] = A[h] mod N? and A[h + Nm] = A[h] mod 2N?

if diagA is even.
Proposition For h € H,

O(z+2:h)=e (?\[2) O(z:h)

If furthermore, diag(A) is even,

O(z+ 1;h)=e (124][\7}12]) O(z : h)
Proposition For all h € H,
-1 A )
O(— +h) =i~"|A] V2(—iz)k Y " ap(h,1)O(z 1 1)

leH

(h1)=e (h;g”), bilinear pairing on H.
Proof

-1
N7V Z P(Nm + h)e ( 212\[2 A[Nm—|—h]>
mezn

PR . _ 2A~[m] h
=i i Pt (5 )

76



‘We need to show that
AL h

Z P(A 'm)e (,22[m] + n;[)

mezZn
equals

T Al z
Se("5r) X pome (s )
leH m=I(N)

Let p = NA™'m on left-hand side. m € Z" +» {p € Z" : Ap=0(N)}, m =
N1ApeZ A~'m=Np, At m]=mTA " tm = N"2pT AT A 1 Ap = f]‘\%’]
Left hand side is

sum ezn P(p/N)e (z A[p]+pTAh>

Ap=0(N) 2N? N?
. 2zAm]  mTAh
:Z Z N P(p)e( SN? + NE )
leH m=I(N)

Done if we can check
mTAh = hT Al mod N?

if m = 1(N), done.

Transformation Law Assume diagA is even. Let 7 = < (Cl Z ) € T'(4N),
modular form of weight v 4+ n/2, h € H,

az+b (2 " vtn/2 )
@(Cerd.h)—(d) (cz+d) O(z: h)

a b a b 0 -1 b —a
Lemma Let 7 = (c d),w— (c d)(l 0 > = <d —c>
Then
az+b . _ i—2v 3—n/2 -1 v+n/2 :
@<cz+d'h> A ez 4 d) 2 Y B (16 (: 1)
leH
O(h,0) = > d(h, W)(, 1)
h'eH
N bA[g] +2(h")T Ag — cA[h™Y]
¢(ha h ) - Z € < 2dN?2
9(dN)g=h(N)
Proof
bz —a b 1

dz—czpyz:a_d(dz—c)

(s



O(yz:h) = m:;(N)PW@ (;@ (Z ) d(dzl—c>>>
- o) 3 e ()

2=dz—c, A— dA, N = dN.

19 20 April 2010

Let H = {h mod N : Ah = 0 mod N}, A is symmetric, positive definite,
integral, diag(A) has even entries. Integer N > 0 such that NA~1! is integral.

% Pim <2N2A[ ])
m=h(N)

Proposition
1 _ —v —1/2 - \k
O(=,h) =i " |AT2(=i2) Y w(h D62, 1)
leH
KT Al
w(h,l)—e( N2 )

Theorem For 7 € I'(2N), 7 = ( CCL Z ), a=d=1(2N), 2N|b,c.

O(rz,h) = (2;) ' (cz 4 d)"* /%0 (z, h)

modular form of weight v 4+ n/2, where (%‘) is the Kronecker symbol.

We must have d # 0. Without loss of generality, we can assume d > 0.

-1 b —a b/d 1
77'(1 )<d e >.fyz_d(dZ_C)Then

Onalyz.h) = Y )P(m)e (;@ (Z dz—c ))

m=h(N

_ bA[g] P dA[m] —1

- ¢ 2 (m)e e
q%\[)) <2N d> m=gz(dN) <2(d ) dz — C>
g=h(N

because A[m] = A[m + dNZ"] mod 2dN>2.
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bA[g) 1
Onalyz,h) = > e (2N2d> Odn,da (_dz — C,9>

g(dN)
g=h(N)
bA[g]\ . _1/2,.
_ v A /2 _ v4n/2
ng e (2dN2 i~"|det(dA)| (i(dz — ¢)) l E -
ggE(h(J\)f) dAlEOm(inod dN

i(dz — c))vtn/? Almlz
:((z'Vd"/%BW 2 ohb 3 P(m)e<2[Nl>

I mod dN m=Il(dN)
Al=0(N)
where Alg 7 All
bAl|g] + 21" Ag — cAJl
o)=Y e( I )
g(dN)
g=h(N)
We used the fact that A[m] = A[l] mod 2dN2.
Lemma
2alt Ah — acAll]
o) —e (2 o0
—acA[l]
= (ah,l)e ( SN? ) o(h —cl,0)
Proof
g—g+c
1 T
o(h, 1) = Z e <2dN2 (bA[g + cl] + 21" A(g + cl) — cA[lD)
i,
g=h—c

Numerator = bA[g] + 2cbg” Al 4+ b2 A[l] + 217 Ag + 2cA[l] — cA[l]
= bA[g] + (2bc + 2)g" Al + c(be + 1) A[l]
= bA[g] + 2adg” Al + adcA[l]

B bA[g] = 2ag’ Al + acAll]
o) = 236@Mp+ R
g(dN)
g=h—cl

We need to show ag® Al + acAll] = 2ah! Al — acAl[l] mod 2N?

This is if and only if ag” Al + acA[l] = ah* Al mod N2. We have N|Al, so
we have this identity and we have the Theorem.

From the theorem, we see in particular, ¢(h,!) depends only on I mod N.

We now glue from mod dN to mod N and find
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(.(C—dZ u+n/2
Ona(vz,h) :W Z¢hh h')
h'eH

We have 7z = y(—1/z). Send z — —1/z:

c—|— d/Z
O(r=11) = gy 3 0O a0)
s dpy iy /
= 22udn/2|A| Z P, ) Zw (109
h'EH leH
=i AT PA ez + d)F Y @(h 1Oz, )
leH
where
= > $(h,h)(h,1
h'eH
Lemma

_{ o(h0)[A] 1= —ah(N)
®(h, 1) = { 0 otherwise.
Proof Let | € Z™ such that Al = 0(N) [that is, [ € H]. A[l] = [t Al, divisible
by N.

o(h,1) = e <_;]Cém) W(ah,1)p(h — cl,0)

We have ac divisible by 2N and A[l] divisible by N means that ¢(h,l) =
P(ah,1)¢(h,0).

s-e0 = Y e 58) o0

g(dN)
=h—cl(N)

= Z ¢(h7 O)Q/J(Clh, h')lﬁ(h" l)

h'eH
= ¢(h,0) Y $(W,ah+1)

h'eH

Treating ¢(h’, ah + 1) as a character of b’ is nonzero only when ah + 1 = 0(N).
Then

CzZ k
o) = ZED" L 0o (an)

an/?
Question: What is ¢(h,0)?
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Answer: a Gauss sum

bA
¢(h,0) = e(wﬁl)
g(dN)
g=h(N)

g = (ad — bc)h(N) = adh, a = 1(2N), g = adh + N, x mod d.

bA[g] = bA[adh + xN] = ba?d? A[h] + bN? A[z] + 2bad N ht Ax
b=0(N), so 2badNh!Az =0 mod 2dN2.

)= () 5 ()

The sum is the Gauss sum.
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