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ABSTRACT. We study the bounded derived categories of torus-equivariant coherent sheaves on smooth
toric varieties and Deligne-Mumford stacks. We construct and describe full exceptional collections in
these categories. We also observe that these categories depend only on the PL homeomorphism type

of the corresponding simplicial complex.

1. INTRODUCTION

Smooth toric varieties and Deligne-Mumford stacks are among the more accessible examples of
algebro-geometric objects that can be used to build intuition for more general settings. In this paper
we initiate the study of the bounded derived categories of torus-equivariant coherent sheaves on these
varieties and stacks. Specifically, let Px. be a smooth toric DM stack or variety with the maximal
torus Tp.. Our main object of interest is the bounded derived category DP(coh[Ps/Tp,]) of the
Artin stack [Py/Tpy] or equivalently the bounded derived category of Tp,, —equivariant sheaves on
Ps..

Our main results are the following.

We first consider the important case of [A"/T] for T = G},. We construct a strong full excep-
tional collection in D’(coh[A”/T]) that consists of shifts of equivariant line bundles on torus strata.

This leads to an interesting new description of this category.

Theorem The derived category DP(coh[A"/T)) of T —equivariant coherent sheaves on A™
possesses a strong full exceptional collection of objects E, indexed by a = (a1,...,a,) € Z" ordered

lexicographically. The morphism spaces are described as follows.

k, if for all ¢ either b; —a; € {0,1} or (b;,a;) = (1,—1),

Hom(E,, Ey) =
0, otherwise.

The nontrivial spaces Hom(E,, Ey) come equipped with a distinguished generator pep. The compo-
sition of morphisms Hom(E,, Ey) ® Hom(Ey, E.) — Hom(E,, E.) is nontrivial if and only if all three

spaces are nontrivial. In these cases pp.© pap = Pac-
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More generally, we consider T —invariant open subsets Us of A™ and the corresponding Artin
stacks [Us/Gl]. Everysuch Us is defined in terms of a simplicial complex ¥ on [n]:={1,...,n},
i.e. an inclusion-closed collection of subsets of [n]. A point {z1,...,2,} € A" lies in Uy if and
only if there exists an element o € ¥ such that z; #0 forall ¢ € 0. The open set A" corresponds
to ¥ that consists of all subsets of [n].

The analog of Theorem [2.18] in this more general setting is the following.

Theorem 3.7 The derived category DP(coh[Us/T]) of T —equivariant coherent sheaves on Us
possesses a strong full exceptional collection of objects E, indexed by a = (a1,...,a,) € Z" such
that the set of @ for which a; # 0 lies in X. The objects E, are ordered lexicographically. The
morphism space Hom(E,, Ey) is isomorphic to k if and only if for all i either b;—a; € {0,1} or
(bi,ai) = (1,=1) and, moreover, the set of i for which a; or b; are nonzero lies in X. All other
morphism spaces are zero. The nontrivial spaces Hom(E,, Ey) come equipped with a distinguished
generator pqp. The composition of morphisms Hom(E,, Ey) ® Hom(Ey, E.) — Hom(E,, E;) is

nontrivial if and only if all three spaces are nontrivial. In these cases pp .0 pap = Pa,c-

The general case of quotients of smooth toric DM stacks Py, by their maximal tori Tp,, is reduced
to the setting of Theorem because every Artin stack [Px/Tpy] is isomorphic to the Artin stack
[Us,/T]. In particular, our construction applies to arbitrary smooth toric varieties.

It is worth mentioning that we were motivated by the work of Kawamata [Kal in the non-equivariant
setting, but our construction is very explicit, unlike the inductive description of the exceptional col-
lection in [Kal]. The equivariant setting allows for a much wider range of exceptional objects, such
as the structure sheaves of torus invariant points, so it is perhaps not surprising that the equivariant
category has a much nicer description than its non-equivariant counterpart.

We briefly comment on the proofs of Theorems [2.18 and which are contained in Sections
and [3] respectively. The objects E, are certain cohomological shifts of equivariant twists of the
(pushforwards of) structure sheaves of the closures of torus orbits given by (;,c;{z; = 0} for subsets
I C [n]. We calculate the Ext spaces between these sheaves using standard techniques of toric
geometry, such as Koszul and Cech complexes. The exceptional collection is proved to be full by
showing that it generates arbitrary equivariant line bundles which in turn generate the whole derived
category. We try to keep our paper self-contained whenever possible in hope of making it accessible
to a wider audience.

We proceed in Section {4 to investigate to what extent the derived category DO(coh[Ps/Tp..])
depends on Pyx. This can be viewed as a study of a categorical invariant of simplicial complexes
which associates DP(coh[Us,/T]) to X.

To describe our main result in this area, recall that to any abstract simplicial complex ¥ one can
associate a topological space |X| called the polyhedron of ¥ (it is also called the geometric realization

of ¥). It can be constructed by taking a copy AF~!(o) of a standard topological (k — 1) -simplex
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for each o € ¥ with |o] =k, and gluing them together according to the face relations encoded in

>.. More precisely, we have

n
X = {1; € R’ZLO ‘ Z:cl =1, and suppzx € E},
i=1

where RL, C R™ is the closed positive orthant and suppz ={1 <i<n|z; #0} C{1,...,n}. In
other words, the topological space |X| consists of all points of RY, with sum of coordinates equal
to 1 whose set of non-zero coordinates corresponds to a simplex in ..

A map f: P — @ between two polyhedra is called piecewise linear (PL) if it is continuous and
the graph I'y = {(z, f(z))|x € P} is a polyhedron. A PL-homeomorphism is a PL-map which has
a PL inverse (see, e.g., [Hul). It is known that any two PL-homeomorphic simplicial complexes can
be connected by a finite number of certain combinatorial moves, known as stellar subdivisions and
stellar welds (see, e.g., [Li]). These moves have a geometric description as equivariant blowups and
blowdowns of the corresponding toric varieties, see [BKE].

Somewhat unexpectedly, we observe in Theorem that DP(coh[Ps/Tp,.]) is unchanged under
blowups of Py. This implies that the category depends only on the piecewise linear (PL) homeomor-

phism type of the simplicial complex X.

Theorem Let %1 and X9 be two simplicial complexes. If polyhedra |31| and |Xg| are
PL-homeomorphic, then the derived categories DP(coh[Us,/T1]) and D’(coh[Us,/Ts]) of torus-
equivariant coherent sheaves on Usx, and Us, respectively are equivalent.

It remains unclear whether DP(coh[Ps/T]) is invariant under arbitrary homeomorphisms of |X|

as opposed to only PL-homeomorphisms.

Finally, in Section [5| we collect two miscellaneous results: one about derived categories of T —
equivariant coherent sheaves on noncommutative toric varieties and another about full exceptional
collections of equivariant line bundles on P? without three torus-fixed points.
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been partially supported by Program of the Presidium of the Russian Academy of Sciences No. 01
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2. EXCEPTIONAL COLLECTIONS OF G} ~EQUIVARIANT SHEAVES ON A"

Let A™ be the n-dimensional affine space over a field k and let T = G}, be the n-dimensional
torus that naturally acts on A”". Consider the toric quotient stack [A™/T] and the abelian category
of coherent sheaves coh[A"/T| on it. In this section we describe the bounded derived category

of coherent sheaves DP(coh[A"/T]) on this toric quotient stack [A™/T]. We will exhibit two full
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exceptional collections in the derived category DPY(coh[A™/T]), one that consists of equivariant line
bundles on the whole space and another that consists of certain line bundles on its coordinate subspaces.

The abelian category of coherent sheaves coh[A™/T] on the quotient stack is equivalent to the
abelian category of equivariant coherent sheaves coh™ A” on the affine space A" with respect to
the natural action of the torus T = GJ,,. On the other hand, the abelian category of equivariant
coherent sheaves cohTA™ is equivalent to the abelian category of finitely generated Z"—graded
modules gr?"- S, over the polynomial coordinate ring S, = k|[z1,...,2,] with the natural Z" -
grading. (Specifically, we can consider the group Z" of maps from [n] = {1,...,n} to Z and

assign to a monomial [[_, 2" the element a: [n] = Z with a(i) = a;. ) The abelian category of

i=17%i
quasi-coherent sheaves Qcoh[A”/T] and QcohTA” are equivalent to each other and are equivalent
to the abelian category of all Z™ —graded modules Gr%"-S,,.

For any grading p € Z™ we define the equivariant line bundle O(—p) on the affine space A" as
the coherent sheaf that corresponds to the module S, (—p) which is the free module S,, with the
grading shifted so that the generator of the module has degree p. More generally, the twist functor
(p) on the category GrZ™-S,, is defined as follows: it takes a graded module M = Dgezn Mg to the
module M(p) for which M (p)g = Mp+q and takes a morphism f: M — N to the same morphism
viewed as a morphism between the twisted modules f(p) : M(p) — N(p).

The following statement is quite immediate.

Proposition 2.1. The set of T —equivariant line bundles {(’)(5), pE Z”} forms a full exceptional
collection in the derived category DP(coh[A™/T]).

Proof. Since A" is affine and T is reductive,
Ext{yn q) (F, G) = (Extja (F,G))T.
Thus there are no non-trivial higher Ext spaces between these sheaves and we have

_ _ k, if p1<p
Homjyn /11(O(p1), O(p2)) = { b=

0, otherwise.

Here the notation p; < pa means that p;(i) < p2(i) for all i € [n]. We can order O(p) lexico-

graphically to ensure that there are no maps in one of the directions.

To prove that the collection is full, observe that every T —equivariant coherent sheaf on A™ cor-

responds to a Z™—graded module over S,, which has a finite free Z™ —graded resolution. (|
Remark 2.2. The collection of Proposition happens to be a strong exceptional collection.

We will now construct another full exceptional collection in the category D?(coh[A"/T]). To

describe this collection we introduce some additional notation.
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Definition 2.3. Let I C [n| be a subset of [n] :={1,...,n}. Let p:[n] = Z be a function. We

denote by Orp the T —equivariant sheaf on A" associated to the 7" —graded module
Mg :=klz1,..., 2] /(2,1 € I)(—Pp).

Definition 2.4. We define the basic weights € : [n] — Z that correspond to the variables z;, i.e.

there are equalities €(j) = 6;5. For any subset S C [n] we also introduce the characteristic function

Xs = Zkes €k

Proposition 2.5. Let O;p and Ojg be the sheaves in the category coh[A™/T| defined above.
Then Exthn/T](OLﬁ, Ojq) =0 unless the following two conditions hold:

a) (d—ﬁ)‘mgo, ie. i) <pli) forall igITUJ

b) (q— [3)‘] .= Xs for some subset S C [n] with |S|=s that satisfies S CI C SU.J.
u

Proof. The calculation of Ext spaces between the sheaves O;s and ;g reduces to the calculation
of Ext spaces between graded modules M7 and Mg in the category of graded modules Gr?"-S,,

i.e. we have

Ext{yn my(Orp, Oug) = Extg on o (Mrp, Myg)-

These groups can be computed by taking projective resolutions of the arguments. Any module

M is resolved by the total Koszul complex of the form
(2.1) Kj(—p) := {Sn(—ﬁ X)) — P Su(-p-xs) = — Sn(—ﬁ)},
SCI,|S|=s

where the part with |S| = s lies in cohomological degree —s. The complex K; can be represented
as the tensor product
K; ®K'{i} = ® {Sn(—ei) — Sn}.
iel iel
For the dual complex K}’ we have isomorphisms
K = @K = @ {50 — Sulen 1= @Ky @) [-1] = Ky (xn) [ 1]
i€l il il
so the usual non-graded Ext spaces between S, -modules M5 and M;g are the cohomology of

the following tensor product:
Extg, (M1, Myq) = H (K} (p) ® K (—0)) = H*(K; @ K;(p — a + x1)[~|1]))-
We can rearrange the tensor product as follows

Ko K; = QK @ QK * Q Kiy® @ Ky =Ky ©Kiny,
iel jeJ leluJ relnJ
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i.e., as the Koszul complex for {z,l € I UJ} tensored with the Koszul complex for {z.,r € I N
J}. Since the complex Kj ; is a resolution of the module M ; = S,/(z,l € I UJ) we obtain
isomorphisms

Ki oKy =Ky ®@Kiny = {MIUJ(_XIHJ) - @ Mg (=X1) =+ = MIUJ}-

TCINJ,
|T|=t

Finally, we observe that all differentials in this complex are identically zero, because multiplication
with any 2., when r € I'NJ, is zero in Mjpy; = S,/(z,l € I UJ). Therefore, we obtain an
isomorphism of complexes
KioK;= @ Mus(—xo)T]-
pcTCINg

As a result, in order to calculate the equivariant Ext spaces EX‘LE‘M /] (Or1,5,0,14) we need to find
the Z™—degree zero component of the complex
(22) KY(p)oKy(-q) 2 KroK;p-a+xo)-l1= @ Musp-a+xr—xo)l-lI[+ 7]

pCcTCINg

We have a nontrivial (one-dimensional) Z" —degree zero component in M7 (p—q+xr—x7)[—|L|+|T]
if and only if p— g+ x7 — Xr takes nonnegative values for all ¢ ¢ I UJ and takes zero values for
all € IUJ. This implies that (q—p)|;57 <0 and (q—p)[;us determines 7°C I NJ uniquely.
Thus, the difference (q — p)|;us should be the characteristic function Yg of some subset S C I
that contains I\(I NJ). In this case T consists of all r € I'NJ for which q(r) —p(r) =0, i.e.
the subset T'€ I'NJ is the complement to S in I. Observe that the cohomological degree is then
equal to

I\T| =S| = ) (@(i) - (i)

elUJ
Thus, we obtain the following description of Ext spaces:

(2.3) Extlynm(O15,000) = @ H E(A™/T],0105(p — d+ Xs))-
I\INJ)CSCT

This implies the statement

k if (@-p),_ <0 and @-p) =xs
107 1uJ
Extfyn m(Orp, Oug) = for some S with |S|=sand SCI C SUJ,

0, otherwise.

0

Remark 2.6. The above proof also contains a calculation of (the modules corresponding to) the Ext

sheaves between Org and Ojg in (2.2) which will be used in the next section.

We will now observe that a subset of these sheaves forms a full exceptional collection.
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Proposition 2.7. The sheaves Ojp, where I runs over all subsets of [n] and p:[n] = Z runs
over all functions with the property p(i) =0 for all i & I, form a full exceptional collection in the

derived category DP(coh[A"/T]) wunder the lexicographic ordering by p and |I|.
Proof. Since pa(i) = p1(i) =0 for all ¢ & I; U Iy, by Proposition the Ext spaces

EthA”/T] (01,51 ) OI,[_)Q)

are zero unless ps — p1 = Xs > 0, and in the case ps = p; we have S =, and I; C I,. This
ensures that we get an exceptional collection.

To show that the exceptional collection is full, we run induction on strata. By picking I = [n] we see
that all twists O, 5 of the structure sheaf of the point z =0 are in the exceptional collection, since
there are no restrictions on p. Suppose that we have proved that the subcategory of D®(coh[A™/T])
generated by the exceptional collection contains Op 5 for all p and all proper supersets I' O I.

Then we can use the short exact sequences for each k & I
0— O[@.{.gk — 0175 — OIU{k},[_) —0

to go from Orp with p(i) = 0 for all ¢ ¢ I to Orp with arbitrary p. Indeed, by induction
assumption, the last term of the above short exact sequence is in the subcategory, which allows us to
add or subtract €, toany p with O;p in the subcategory and still stay within it. This eventually
allows us to consider Oy 5, which are the equivariant sheaves O(—p). Thus the exceptional collection
generates all of DP(coh[A"/T]) by Proposition O

Example 2.8. For n =1 the exceptional collection is given by

(3001322, 013,21, 09,0, Og13,0, O1y.1, Oquy 25 - - )

where we identify p : [1] — Z with p(1). The nontrivial (one-dimensional) morphism spaces are
Hom(Op o, Oq13,0) and Extl((’){l}k, Oq1)k+1) forall k€ Z. One can also verify that the composition

of morphisms is nonzero in the only possible case of
Eth(Oﬂ},fl, Op,0) x Hom(Op o, Oq1y,0) — Eth(O{l},Aa Of11,0)-

Remark 2.9. Note that the shifted sheaves {O;s[p]}, where p = Y7 p(i), form a strong full
exceptional collection in the derived category DP(coh[A™/T]).

Remark 2.10. The calculation of Proposition is a particular case of a more general phenomenon
applicable to the equivariant derived categories of toric varieties and stacks which we will consider in

the next section.



Remark 2.11. We will illustrate this exceptional collection in the case n =2 in diagram (2.4). The
square [ corresponds to the line bundle O = Op¢ on the whole A?. The bullets e indicate the
line bundles supported on the coordinate lines and o indicate the equivariant rank one skyscraper
sheaves at the origin in A?. The locations of the o points are in accordance with the grading, whereas
e and [ are offset to the left and/or down. The solid arrows indicate nonzero Hom spaces which
correspond to the restriction maps to smaller coordinate subspaces in A2, ie. S = {. The dashed

arrows indicate nonzero Ext! spaces and the dotted arrows stand for Ext? spaces.

(2.4) _ -
// \&
o —— — — - >0 — - — — — 00— —>@ —>0— — — — — >0 — - — — — >0 — — - — — > 0
A 7 A 7 A 7 A T M 7 A 7 A 7 A
! ! ! L ! ! !
\ \ \ - i \ \ \
\ \ \ \ // \ \ \ \
! ! N ! ! ! !
! | N I I ! !
o - — — — — >0 - — — — — >0 ——>0 ——> 0 — — — — — >0 - — — — — >0 - — — — — > O
A 7 A 7 A 7 A T M 7 A 7 A 7 A
! ! ! L ! ! !
\ \ I I /] \ \ \
\ \ | \ // \ \ \ \
! ! N ! ! ! !
! I N I ! ! !
0 — === — 0O — == — - O——>@ —3x0— — — — — 0O————=— 0O — === - o
Y =% =% ST T PN PN PN
- - / P R - - -
/T // /T // /T/ ~ I\//AT \// T\// T\// T\
roly Foly s a A \
| &€& ————=—[>@ — — — — — e~ >0~ -———>0—————>0—|———— >0 |
LA 7 A v A AN ST 7N 7N 7N
v\ } v\ v\ RN VA |/ Iy
N N N s - |/ | /e 1/ 1/
oL — — — — >0 = - — — — >0~ —>@ —> 0= — — — — >0 = - — — — >0 < — — — — > 0
A 7 A TN S~gh _ TN 7 A 7 A 7 A
! ! [ A S ! !
\ \ I - / \ \ \
\ \ | \ // \ \ \ \
! ! i I, ! ! ! !
! I I |/ I ! ! !
o - — — — — >0 - — — — — >0 - —>0 ——> 0 — — — — — >0 - — — — — >0 - — — — — > O
A 7 A TN S~gh_ TN 7 A 7 A 7 A
! ! ! A ! ! !
\ \ \ - i \ \ \
\ \ \ \ // \ \ \ \
! ! ! I, ! ! ! !
! I ! |/ I ! ! !
o0 —— - — — >0 — — — — — >0— —>@ —> 0 — — — — — >0 — — — — — >0 — — — — — > 0
\\ /7

Let us now describe some basic indecomposable morphisms between sheaves of the form Orp. At
first, let us fix a weight p : [n] - Z and consider a pair of sheaves Orp and O;p such that

J=1U{j} forsome j ¢&I. In this case there is a canonical morphism

J . s
pI,l_) . 0175 O‘Lﬁ’



which is actually the natural restriction of the sheaf Orp on the affine subvariety Al =

{2z = 0] for all k € J}. This morphism corresponds to S = @ in Proposition It is easy to
see that the restriction map from Orp to Ojp for any J D I is equal to a composition of the
maps of the form pf}; 5 for some Jy and jx € Ji. In particular, in the case J =1U {j1,j2} we

have equality
(2.5) P50 PTs = Pl © Pllp:
where J, =1U{j.} with r=1,2.
Second, let us consider the case when I; = I\{i} for some element ¢ € I. In this situation we
have a canonical element
Wi 5 € Ext!(Orp, 01, 5,) 2k,
when p; = p + €. This element is uniquely defined as a morphism from Ojp to Op p,[1] that

determines the following short exact sequence

‘24 pi[laf’
(2‘6) 0—— 011751 - 01143 01,5 0.

The following lemmas say that all nontrivial Ext—spaces in our exceptional collection are generated

by morphisms of the form p§75 of degree 0 and morphisms w?p of degree 1.

Lemma 2.12. Let I,J C [n] be two subsets and let S C I with |S|=s satisfy I C JUS. Let
i €1 bean element and Iy = I\{i} be the complement. Then for any p and q=p+ xs we have

1) if i €S, then the composition

Ext®(O15,014) © Hom(Op, 5, Orp) — Ext*(Op, 5, O4)

18 an tsomorphism;

2) if i €S, then the composition
Ext® 1 (Op 5, 0sq) @ Ext' (015, 0p, 5,) — Ext®(Or5,0s4)
s an isomorphism, where p1 = p + .
Proof. Let us consider the standard short exact sequence where p1 = p+¢6 and Opp =
Or,5(—€,). Recall that this extension between Ojp and Oy, 5, is given by the element w?r’: €

Eth(OLp, 0[1431).
If i¢S, then q(i) —p1(i) = —1 and, hence, by Proposition we have vanishing

EXtt(OIhf’l7 OJ,C—]) =0

for all ¢. The long exact sequence obtained by applying Ext(—,O;g) to (2.6, implies that the
natural map

Eth(O[,ﬁ, OJ@;) = Eth(Oh,ﬁ? Oqu)
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is an isomorphism. But this map is exactly the composition with the nontrivial element p% 5 that
spans Hom(Ory, 5, Orp).
If ieS, then q(i) —p(i) =1 and i ¢ I;. By Proposition We have vanishing

Ext'(Or, 5, 0q) =0
for all ¢. The same long exact sequence as above implies that the natural map
EXtBil(OIhpl ) OJ,C—I) — EXtS(OLI_)? OJ,C—I)

is an isomorphism. But this map is exactly the composition with the generator 1,!)}75 of
Eth(OLF_NOIhﬁ)' O

Let I,J be two arbitrary subsets of [n], andlet S be asubset of I that contains I\(INJ) so
that for any p and g=p+ Xs by Propositionwe have Ext*(Orp,Opp) =k, when s=|S|.
Consider an arbitrary ordering (i1,...,is) of all elements of the set S. It defines a sequence of
subsets I =1y D11 D ... D> I, where Ijy C I isthe complement to the subset {i1,...,ix} CSCI
in I. For any 0 < k < s we know that Extl((’)lk,f,k,(’)[kﬂﬁk“) >~ k, where pp = p and py
is defined by induction pgr = pr_1 + €. Moreover, there is the canonical generator @D}i*‘_jk of this
space that defines the extension. The set I is contained in J and ¢ = ps;. Therefore, there is the
restriction morphism from Oy, 5, to O;g that corresponds to the empty subset of I;. Now we can

prove the following lemma.

Lemma 2.13. Let I,J C [n] be two sets and let a subset S C I contain I\(INJ). Let i1,...,is
be an arbitrary ordering of all elements of the set S and I C I be the complement to the subset
{i1,...,ix} SSCIT in I forany 0 <k <s. Then forany p and q=p+ xs the composition

map
(2.7)  Hom(Op,5,,0sq) ® Ext'(Or,_, 5.1, O15,) © -+ @ Ext!(Or5, On, 5, ) — Ext*(Orp, O5)
is an isomorphism, where pp =p+ Zle €.

Proof. We prove this lemma using induction on s = |S|. For S = () there is nothing to prove.

Consider I; C I that is the complement to {i;}. By induction hypothesis the composition map
Hom(Oy, p,, 04) ® Ext' (01,1 p, 1, Or,p,) @ - - @ Ext'(On, 5, Ot ) — Ext*™ (01, 5y, 00)
is an isomorphism. Now, it is sufficient to show that the composition
Ext* 1O, 5,, 0sq) @ Ext' (015,01, 5,) — Ext*(Or5,0,4)

is an isomorphism, which follows from Lemma [2.12 O
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We can explicitly determine the combinatorial condition that implies that the composition of
the Ext spaces is nonzero. Specifically, suppose we have nonzero Ext®(Orp,Ojq) # 0 and
Ext!(04,0k7) # 0, which correspond to sets S and T of cardinalities s = |S| and ¢ = [T},
with SCICSUJ and TCJCTUK.

By Proposition [2.5| we have §—p = s and F—g=yr. Thus,if SNT # 0, then the difference
r—p is not a characteristic function, because it takes value 2 on SNT. In this case, the composition

is clearly zero. Otherwise, to ensure Ext*T'(O 1,5, Ok ) # 0, we must have
SUTCICSUTUK.

The second inclusion is automatically satisfied. Indeed, since SUJ 21 and TUK DO J we have
(SUT)UK D I. Therefore, we just need to make sure that 7'C I. Thus, T should belong to I'N.J
and SNT = (. We will show below that under these necessary conditions the natural composition

is indeed nonzero.

Proposition 2.14. Let I,J,K C [n] be three sets and let subsets S C I and T C J contain
IN(INJ) and J\(JNK), respectively. Let Orp,O1q,Okr be the sheaves in the category coh[A™/T]
such that q=p+Xs and t=q+ xr. Assume that T CINJ and SNT = 0. Then the following
properties hold

1) the spaces EXtS(O[J‘,,Otj’q),EXtt(OJ’q,OK’F), and ExtsH(O[’,—),OK,F) are not trivial, when
s=|S| and t=|T|.
2) the natural composition
EXtt(OJ,q, OK}) (=) Eth(O[@, OJ,f_l) ;> Eth+t(O[7,§, OK,F)
s an isomorphism.
Proof. The spaces Ext*(Op5,0,4), Ext! (04, Ok) are not trivial for s = |S| and t = |T| by
Proposition Under assumption T'C INJ and SNT =0 theset W :=SUT is the subset of
I that contains I\(/NK). Since T—p = xw, again by Propositionthe space Ext*t (O 5, Ok )

is not trivial.

By Lemma the space Ext®(Orp,0jg) can be decomposed as in
Hom(Oy, 5,,0Jq) @ Ext' (01, 1 5, 1, O1,5,) @+ @ Ext' (015,01, 5,) — Ext*(Or,5,0,4).
The space Hom(Oy, 5,,0q) can also be decomposed as
Hom(Oy, 5., Osq) = Hom(Oy, , 4,04 ® - ®@Hom(Or, 5,,07,4),

where Iy =JyC J1 C...C Ji—1 C Jy = J 1is a sequence of subsets such that |J;\J;_1| =1 for all
0 <<t Now we can apply Lemma part 1) to argue that the composition

Ext’(0,4, Oxr) © Hom(Oy,_, 4,0,.9) — Ext'(Oy,_, g, OKr)
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is an isomorphism for all 0 <! <t¢. And by the same Lemma part 2) we have isomorphisms
EXttJrs*k(OIk,ﬁk’ Okyp) ® Eth(Okal,ﬁkq ,OlLpr) — EXttJrSikJrl(Olkaﬁkq Ok r)
for all 0 < k <s. This completes the proof of the proposition. O

Finally, we describe relations between morphisms. Let now J = I\{i1,i2}, where i1,io € I. We
put I, =I\{i;} and p, =p+¢€;, for r=1,2 and define q=p+¢, +&,. Consider the following

diagram of morphisms in the derived category

i1 i1
Ry P 5o 1/11252
Oigq Ops OL s Jall]
“Fig Fig “Fig 2ig (1]
) i
Ziq szl,ﬁ ¢12 P
Osp Osp OLp 75 (1]
&) 2 ig )
P pj . Plyp N P s 1
Zig P16 Yrs
011151 OILP Ip Ii,p1 [1]
i 02 i _ i
1/’11,,31 wlm’) wl,r’) wlm’)l [1]

Osall] —= Osp,[l] — Op, p,[1] —— Oygq[2]

#nl] P[] Uy 1]

in which all rows and columns are exact triangles. It follows from the properties of a triangulated

”

category that all squares in this diagram commute except the one marked ” —” which anticommutes

(see, e.g., [BBD], Proposition 1.1.11). This implies the following equality of morphisms:

(2.8) D) Yis0rhe = Pip (o ¥n 5 U5 © P = Pup. 1l oY1 5o
2) }?751[1] © 7’/}}175 - _wgib[l] © 7’/)}275

Consider now a nontrivial space Ext®(Orp,Ojq) = k, where q = p+ xs for a subset S C I
containing I\(IN.J). Relations (2.8) and Lemma imply that there is a fixed (up to sign) element
of the space Ext®(Orp,0sq) = k that is a composition of morphisms pJI' 5 of degree 0 and elements

of the form zp}@ of degree 1. Moreover, we can choose signs such that all morphisms will commute.
Definition 2.15. Let I; = [ U {i}. We define gi)ij € Ext (015,055, as (—1)51/1}75, where
i—1
e= > p(t)
=1
Now the second line of (2.8)) turns to

(2.9) 7 o1 0 07 = o o, [ 0 67,
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For any function p : [n] — Z define the support suppp as a subset of [n] consisting of all ¢,
for which p(i) # 0. Summarizing the above results we obtain the following description of the full

exceptional collection.

Theorem 2.16. The derived category DP(coh[A™/T]) possesses a strong full exceptional collection
{Or5lpl}, which can be described as follows.

1) Objects are shifted sheaves of the form Ojslp|, where p:[n] — Z is any function, the subset

P
I C[n] contains suppp, and p =Yy . ,p(i). The ordering is lexicographic in p and |I|;

1) is nontrivial only if (q —p) = xs for

ala
In this case the space is isomorphic to k, and

B
(2)-
2) The space of morphisms Homan p(Or5[p], O,

some subset S C I that contains I\(IN.J).

there is a fized nontrivial element

¢1,5:5,0 € Hompgn 1 (Or5[p], O 4lal)-

3) The composition ¢jq1 KOPIps,s s nontrwial onlyif §=p+xs, T CINJ and SNT = 0.

In this case, there is an equality
Gug:1,K © B1,5:5,.0 = PI,p;SUT,K -

Proof. Tt was proved in Proposition that the set of sheaves {OI,ﬁ[p]}, where p : [n] — Z is
any function and the subset I contains suppp, forms an exceptional collection. Proposition
implies that this collection is strong when sheaves Ojp are shifted with p = >, p(¢). From the
same Proposition we know that the space Hompyn1)(O15[p], Osgla]) is nontrivial only when
(q—p) = xs for some subset S C I containing I\(/NJ). In this case the space is one-dimensional.

Using notations and a decomposition formula from Lemma we can define ¢rp.57 as a com-
position of elements

¢f o €Ext'(On_ 5 1s Onp)

for 0 < k < s and the restriction map py, g € Hom(Or, 4, Ojq). The definition of ¢rp.5 .7
does not depend on the ordering of elements (i1,...,is) of S due to commutation relations .
Moreover, by Lemma all such elements are nontrivial.

Finally, by Proposition the composition ¢ g.7,K © ¢1,5,5,7 is nontrivial when g = p + Xs,
T CINnJ and SNT = (. Moreover, commutation relations 1) of and imply that

$Jg.T.K © @1p:5,0 = O1,5;50T,k Whenever this composition is defined and nontrivial. U

Remark 2.17. We illustrate the case n =2 (without the cohomological shifts) in the diagram (2.10)).
Specifically, we write explicitly the set I and the grading p = (p(1),p(2)) for the elements Orp of
the full exceptional collection of Proposition and only write the indecomposable morphisms. As in

the diagram ([2.4)), we indicate Hom spaces by a solid arrow and Ext! spaces by a dashed arrow.
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(2.10)

{1,2}
>
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Finally, we can reformulate the results of Theorem by a certain reindexing of the elements of

the collection.

Theorem 2.18. The derived category DP(coh[A™/T)) of T —equivariant coherent sheaves on A"
possesses a strong full exceptional collection of objects E, indexed by a = (a1,...,a,) € Z" ordered
lexicographically. The morphism spaces are described as follows.
k, if for all ¢ either b; — a; € {0,1} or (b;,a;) = (1,—1),
Hom(Ea,Eb) _ ? 1 { } ( 1 Z) ( )
0, otherwise.

The nontrivial spaces Hom(E,, Ey) come equipped with a distinguished generator pep. The compo-
sition of morphisms Hom(E,, Ey) ® Hom(Ey, E.) — Hom(E,, E.) is nontrivial if and only if all three

spaces are nontrivial. In these cases pyc© Pap = Pac-

Proof. This is a reformulation of Theorem [2.16| obtained by reindexing

Orp] =: E,
for a=(ay,...,a,) with
p(%), if p(i) <Oori¢l,
(2.11) 0 =1 PO p(2) ¢
p(i) +1, if p(i) >0 and i€ I.
In the opposite direction, given a = (ai,...,a,) we can recover I and p by

(2.12) I={i,a; #0}; pli) = { v a0,
a; — 1, if a; > 0.
This bijection relies crucially on the property p(i) =0 for all i € I of Theorem m

We will now show that the non-triviality condition of Theorem translates into the condition of
the present theorem.

For (I,p) and (J,q) from Theorem with nontrivial Hompsn 11(O15[p], Osgla]) we have
q—p=xs with SCICSUJ. Consider a and b in Z" that correspond to (I,p) and (J,q)
respectively. For ¢ ¢ S we have p(i) = q(i). Moreover, either ¢ lies in both I and J, or in none
of I and J, oronlyin J. In the first two cases a; = b; since the rules apply the same way
to p(i) and q(¢). If 7 lies only in J, then it is possible that the second line of applies to
q(i) while the the first line applies to p(i) which leads to b; = a; + 1, else b, = a;. For i€ S
we have q(i¢) = p(i¢) + 1. The only possible way that the second line would apply to q(i) while the
first line would apply to p(i) is when p(i) = —1 and q(¢) = 0; this leads to (b;,a;) = (1,—1).
Otherwise, we have b; —a; € {0,1}.

In the other direction, suppose a and b satisfy the property that for all i either b; —a; € {0,1}
or (b;,a;) = (1,—1). Consider the corresponding (I,p) and (J,p) obtained by the rules (2.12). For
a given ¢ there are several possibilities and we will build the set S with g—p = xs accordingly. If

a; =b; #0, then i€ INJ and p(i) =q(). If a;=b=0, then i ¢ ITUJ and p(i) =q(i) =0.
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If a = b —1 and a; # 0, then the same lines of apply to both a and b. We get
q(i) —p(i) =1 and include this ¢ in S. If a; =0 and b, =1, then we get ¢ € J, ¢ I, and
q(i) —p(i) =0—0=0. In this case i ¢ S. Finally, if a; =—1 and b =1, weget i € INJ and
q(i) —p(i) =0—(—=1) =1 and ¢ € S. By construction, S C I since i € I for all cases where
1 € S. Similarly, if ¢ € I, then ¢ € J unless b; = 0. This means a; = —1 which leads to ¢ € S.
Thus I C SUJ and we see that there is a nontrivial Hom space between Ojs[p] and O g4lq].
The statements about generators and composition of morphisms now follow immediately from The-

orem The (non-unique) ordering is derived from the description of the Hom(E,, Ej) spaces. [

3. EXCEPTIONAL COLLECTION OF GI —EQUIVARIANT SHEAVES ON A" WITHOUT COORDINATE
m

SUBSPACES

In this section we will construct an analog of the exceptional collection of Theorem [2.7] for an

arbitrary nonempty open subset Uy, of A™ which is invariant with respect to the torus T = GJ,.

Specifically, let ¥ be a simplicial complex on the set [n] := {1,...,n}, i.e. an inclusion closed
nonempty collection of subsets of this set. We associate to > an open subset Us, C A™ as follows.
We view a (closed) point (z1,...,2,) € A" asamap z:[n] -k with z(i) = z;. Then

Us, := {z, such that 2 1(0) € ©} = U Us,
oes
where U, C A" is the open subset of all (z1,...,2,) such that z; #0 for all i & 0. Equivalently,
a point with coordinates (z1,...,2,) liesin Uy if and only if there exists o € ¥ such that z; # 0
for all ¢ ¢ o. It is easy to see that all open T —invariant subsets of A™ can be uniquely written in
the form Us.

As in Definition we introduce the weights € : [n] — Z that correspond to the variables z;,
i.e. we have ¢€(j) = 0;;. For any subset S C [n] we also introduce the characteristic function
Xs = Zkes €k

For each subset I C [n] and a grading p: [n] — Z we defined T —equivariant coherent sheaves

Orp on A™ which are associated with the Z" -graded modules
(3.1) Mg :=klz1,...,25] /(2,1 € I)(—p).

over the polynomial ring k[z1,...,2,] (see Definition [2.3). The natural open embedding jyx, : Us —
A™ gives an inverse image functor js; : cohTA" — cohTUs, that is exact. The functor Js, induces
the functor between derived categories of equivariant coherent sheaves for which we will use the same

notation.

Definition 3.1. For each I C [n] and p:[n| — Z define the T —equivariant coherent sheaf (912'3
on Us, as the restriction of the T —equivariant sheaf Orp on A™ associated to (3.1)) to the open

subset Usx, 1.e. (9127'3:j§(91,5.
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Remark 3.2. If I ¢ 3, then O is supported on the complement of Uy, so OIZ'3 =0.

At first, we calculate cohomology of sheaves (’)IEJ-) for special weights p. More precisely, we have

the following vanishing conditions.

Lemma 3.3. Let I C[n| andlet p:[n] = Z be a function such that p(i) =0 forall i € I. Then
HS([UZ/T],OIZﬁ) =0 for all s wunless the following conditions hold: I € ¥, p=0 and s =0.

In this case we have HY([Us/T],O%5) = k. Moreover, the natural restriction map
HO([A"/T],075) — H*([Us/T], OF5)
18 an isomorphism.

Proof. By Remark [3.2) we only need to look at the case I € X.

To calculate cohomology of the sheaf (’)IEJ-) we will use the Cech complex. It is built from the
affine open sets U, C Us for o € ¥, defined by U, = {z|z7!(0) C o¢}. Equivalently, U, is the
set of all (21,...,2,) suchthat z; #0 forall i Zo. Wehave Us = J,cx Us and U,NU; = Upnyr
which allows us to define a Cech covering of Us, with affine subsets.

The first step is to calculate the degree zero part of the space of sections of (’)1275 on U,. The

whole space of sections is given by the module
k[z1,...za] /(210 € Dz, 'k & 0)(—p).

As a consequence, it is only nonzero if I C o. If I C o, the degree zero part is either 0 or k.
Specifically, it is one-dimensional if and only if p(i) =0 forall i €I and p(i) <0 when i€ o\1.
However, by assumption we have p(i) = 0 for all ¢ ¢ I. Therefore, H 0([U0/T],(’)IE@) # 0 only
when p=0 and [ Co. This implies that HS([UE/T],OIE@) =0 forall s when p#0.

Let now p =0. Consider the subset (not a subcomplex) Star(I) C ¥ that consists of all elements
o €Y that contain I. When one defines Cech complex, one picks an ordering of the elements of X,
which in turn induces an ordering on Star(I). Note that we can ignore the parts of the Cech complex
that do not come from intersections of U,,o € Star(I) because they do not contribute. From the
usual definition of Cech differential, we see that Cech differential of the cohomology of the Koszul
differential can be identified with

32 0 P k- D k-- P k- P ko ok=0

o€Star([) {o1,02}CStar(I) JCStar([), JCStar(I),
|J|=l |J|=1+1

with the components of the differential nonzero only when there is an inclusion of the corresponding
subsets of size | and [+ 1. Given an inclusion, the map is (£1), depending on the parity of the
location of the additional element in the induced ordering. This is a standard complex which has only
one nontrivial cohomology at the left term that is isomorphic to k. Thus H?*([Us/T], OIE,G) =0,
when s# 0 and HO([UZ/T],(’)IZ’(—)) =~ k. O



18

The inverse image functor js, induces the natural maps
X )
EthA"/T] (011,517 012432) — EthUE/T] (Oll,m ) 012,;32)

for any sheaves Oy, 5,,O0r,,5, and their restrictions on Us. The following proposition describes these

maps in a special case which is sufficient for our purposes.
Proposition 3.4. Let I; and Iy be elements of ¥ and let p1,p2 be functions [n] — Z such
that pr(i) =0 for all i & I.. Then

a) if [ Ul &%, then EthUZ/T](OIEhm’ (9122752) =0 forall s.

b) if [1UIy € X, then the natural map
% P
EthA”/T] (011,51’ 012752) — EthUE/T} (011,[31? 012,52)
s an isomorphism.

I,p1>
P2 = p1+ Xs for some subset S with s=|S| and SCI; CSUIL.

In particular, Ext[SUE/T]((’)E (’)1227'-)2) is nontrivial (and is isomorphic to k ) iff L UI, € ¥ and

Proof. In the proof of Proposition we showed that Koszul resolutions give isomorphisms ([2.3)):

(3.3) Extfynm (015 010) = €@ HI(A"/T),010s(p — a+ Xs))-

I\(INJ)CSCI
Unfortunately, the argument of Proposition is not directly applicable to the current situ-
ation, because Us, is not affine and the invertible sheaves used to resolve O;p and O;g
are no longer projective objects. Nonetheless, there is a local-to-global spectral sequence from
H*([UE/T],S$t*(O%5,O§,q)) to ExthE/T](Ogﬁ,Oﬁq). The sheaves Ext* can be computed using
resolutions by equivariant line bundles as in Proposition (see Remark and the Fo sheet of

the spectral sequence consists of
By = D H™*([Us/T), 01,;(p — 4 + Xs))-
I\N(INJ)CSCI, |S|=s

Lemma is applicable here since p —q+ xgs is zero on the complement of I UJ and it implies
that only 7 = s terms are nonzero. Therefore, the local-to-global spectral sequence degenerates and

gives isomorphisms

12

(3-4) Ext{y,, 70T, OF4) @D =PI (Ue/T] 0%~ a+xs))-

I\N(INJ)CSCI

Isomorphisms (3.3]) and (3.4)) commute with the inverse image functor, since the former can also be
obtained from the local-to-global spectral sequence which is functorial. Another application of Lemma

[3-3 now implies the proposition. O
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Proposition 3.5. The equivariant sheaves (’)127'3, where I runs over all elements of ¥ and p :
[n] = Z runs over all functions with the property p(i) =0 for all i & I, form a full exceptional
collection in the derived category DP(coh[Us/T]). The collection is ordered lexicographically by p
and then |I|.

Proof. Proposition shows that there are no Ext in the direction opposite to the order. To prove
that the exceptional collection is full, we observe that the functor j5, is essentially surjective and
therefore the equivariant line bundles (’)E’ﬁ generate D’(coh[Us/T]). We now observe that the
argument of Proposition [2.7] applies word for word in this new situation. The only difference is that

the sheaves O are zero for I ¢ ¥, which does not affect the proof. O

Proposition [3.5] is a part of more general and precise Theorem [3.6] below.

Theorem 3.6. The derived category DP(coh[Us/T]) possesses a strong full exceptional collection
{OIE@[p]}, which can be described as follows.

1) Objects are shifted sheaves of the form (’)IE@[p], where p:[n] = Z is any function, the subset
I €X contains suppp, and p =y . p(i).

2) The space of morphisms Hom[UZ/T](O%ﬁ[p],OEq [a]) is nontrivial only if (IUJ) € ¥ and
q =p+ xs for some subset S C I that contains I\(I N J). In this case the space is

isomorphic to k, and there is a distinguished nontrivial element

¢1,5:5.7 € Homr, /1y (07 5[p], OF5lal)-

3) The composition ¢ g1 KOP1p:s,J s nontrwial only if TUK € ¥ and q=p+xs, T CINJ,
SNT =10. In this case, there is an equality

GIGT,K © PIp:S,J = PI,p;:SUT,K -

Proof. Proposition tells us that the collection {O%p[p]}, where p : [n] — Z is any function
and the subset I € ¥ contains suppp, forms an exceptional collection. By Proposition this
collection is strong when sheaves (’)?’5 are shifted with p =) ; p(¢). This proposition also implies
that Hom[UE/T]((’)Er)[p], 026 [q]) is nontrivial only when (/UJ) € ¥ and (q—p) = xs for some
subset S C I containing I\(/NJ). In this case the space is one-dimensional.

We define ¢;5.5s € Homyy, /T}(O?’ﬁ[p],O%a[q]) as the images of the similar elements from
Hompyn y11(Or5[p], Osgld]) under inverse image functor js5,. By Proposition they are nontrivial
and property 3) follows from property 3) of Theorem m O

It is informative to compare the exceptional collections for the equivariant derived category of Uy
with that of A". The set of objects for Uy is a subset of that for A" because sheaves Ojj
restrict to zero unless I € 3. Moreover, some of the morphisms that were nonzero in A™ map to

zero under the restriction functor. Specifically, suppose we have nonzero ExthZ /T]((’)IE@, (’)Ea) and
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Exti,, /T}(Oﬁq, O[Eﬁ) which correspond to sets S and 7. If T is not contained in I\S then we
definitely have ExtE‘UE /T}((’)IE@, O%F) =0 by the same argument as for A"™. However, the presence
of X gives an additional condition I U K € 3. It can happen that TUJ € ¥, JUK € %, but
TUK ¢ %, in which case the composition must be zero in D(coh[Us/T]) whereas it was nonzero
in D’(coh[A"/T]). We argue that every such zero composition can be explained by the fact that
it can be rerouted in DP’(coh[A"/T]) through an object that restricts to zero. Indeed, under the

assumptions above, we have a composition of nonzero morphisms in D?(coh[A"/T])

1,5;SUT, K = PIUK,p;SUT,K © OI.5:0,TUK 5

where the intermediate object Oprykp[p] restricts to zero on Us. More generally, any morphism
¢1p.5,7 on A" with TUJ &3 can be rerouted through OIEU Jp which restricts to zero on Us:.
We conclude this section by restating the result of Theorem in the spirit of Theorem [2.18

Theorem 3.7. The derived category DP(coh[Us,/T]) of T -equivariant coherent sheaves on Us
possesses a strong full exceptional collection of objects E, indexed by a = (a1,...,a,) € Z" such
that the set of i for which a; # 0 lies in . The objects E, are ordered lexicographically. The
morphism space Hom(E,, Ey) is isomorphic to k if and only if for all i either b;—a; € {0,1} or
(biya;) = (1,—1) and, moreover, the set of i for which a; or b; are nonzero lies in X. All other
morphism spaces are zero. The nontrivial spaces Hom(E,, Eyp) come equipped with a distinguished
generator pqp. The composition of morphisms Hom(E,, Ey) ® Hom(Ey, E.) — Hom(E,, E.) is

nontrivial if and only if all three spaces are nontrivial. In these cases ppc 0 pap = Pa,c-

Proof. We reindex Orp with I € ¥ according to (2.11)) and (2.12)) as in the proof of Theorem
The resulting indices a are precisely the ones with {i,a; # 0} € . The rest follows from Theorem
O

4. APPLICATIONS TO TORIC VARIETIES AND STACKS

We will now apply the results of the previous section to the equivariant categories of smooth toric
Deligne-Mumford stacks. For simplicity, we only consider the toric DM stacks that have trivial stack
structure at the generic point. The most convenient way to describe such toric stacks is via the extended
stacky fan of [Ji] (another possible choice is a stacky fan of [BCS]).

An extended stacky fan is a triple ¥ = (N, X, {v;}) consisting of a finitely generated free abelian
group N, a rational simplicial fan ¥ in Ng, and a choice of lattice points v;, @ € [n], such that
each ray in ¥ contains one of these points (this identifies the fan ¥ with a simplicial complex on
the set [n], see [Ji] for details). Furthermore, with this approach we can (and will) assume that the
integer span of v; is all of V.

The toric stack Py is defined as the stack quotient of the open subspace Usx, of A™ considered

in the previous section by the algebraic subgroup Gy of G}, which is the kernel of the surjective
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map
n
Gp, = Hom(NY,Gm) given by (Ar,..., M) = {m — [ A"}
i=1
The DM stack Py admits a natural action of the torus Tp, = GZ /Gy = Hom(NV,Gy,). This
stack is a scheme (and is then a smooth toric variety) if and only if for every cone o € ¥, the chosen
points v; on rays of ¢ span a saturated subgroup of N.
Our initial motivation behind this paper was to understand the abelian category of Tp,, —equivariant
coherent sheaves on Py, and the corresponding bounded derived category. Our first observation is
that the abelian category in question depends only on the simplicial complex. Indeed, it is equivalent

to the category of G, —equivariant sheaves on Usx, by construction, because

[Ps/Tey] = [(Us/Gs)/Tey] = [Us/ Gl

As a consequence, Proposition of the previous section gives full strong exceptional collections in

the equivariant derived categories of toric varieties.

Proposition 4.1. The equivariant toric derived category Db[]P)g/T[PE] has a full strong exceptional
collection made of (pushforwards of) shifts of invertible sheaves on closures of toric strata. Specifically,
the elements of the collection are the shifts of the equivariant sheaves Ogﬁ[p], where I runs over

all subsets of ¥ and p:[n] = Z runs over all functions with the property p(i) =0 for all i & 1.
Proof. This is just a reformulation of Proposition [3.5 O

Remark 4.2. It is instructive to observe that the equivariant abelian category of a toric variety does
k

s le. the simplicial

not detect the dimension of the variety. For example, when the toric variety is G
complex consists of the empty set only, the resulting stack [Ps/ G’I?n] is a point. More generally, the
derived category of [Py/Tpy] is equal to that of [Us/GImU=] but the spaces Py and Us are

usually of different dimension.

We also note that the abelian category of equivariant coherent sheaves on a weighted projective
space with weights wi,...,wy 1is equivalent to the category of Gﬁl —equivariant coherent sheaves
on AF\ {0} for any weights with ged(wi,...,wy) = 1. In fact, we will calculate the Ext spaces
between the equivariant line bundles on the weighted projective space in the following lemma which

will be used later.

Lemma 4.3. For the functions p,q:{1,...,k} = Z and the corresponding equivariant line bundles

on the weighted projective space of dimension (k—1) there holds

k, if 7 =0, and q(i) > p(i) for all 4
EXt{lP’wl wk/Gﬁfl](O(ﬁ)a 0(5)) = k7 if .7 =k— 17 and (_](Z) < E(Z) for all i

-----

0, otherwise.
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Proof. The Ext spaces in question are the cohomology spaces of O(q — p). As usual, we calculate
these spaces using Cech cover by open affine subsets U; characterized by z; # 0. The degree zero part
of the term of the Cech complex that corresponds to I C {1,...,k} is k if and only if (g—p)|; > 0.
If we augment the Cech complex to include the term with I = (), we observe that its degree zero
part is acyclic as long as there exists ¢ with q(i) > p(z). So in this case the degree zero part of the
cohomology of the Cech complex is equal to the (missing) I = term and contributes to Ext?. If
(i) < p(i) forall 4, then the only nontrivial degree zero term of the Cech complex occurs at I = [k]

and contributes k to ExtF1. O

The equivariant derived categories of toric varieties depend even less on the varieties themselves.

To illustrate this phenomenon, let us start with the following example.

Proposition 4.4. The G2, —equivariant derived category of the affine plane A2 is equivalent to the

G2, —equivariant derived category of the blowup A2 of A% at the origin.

Proof. The derived category of [A2/G2] is generated by the line bundles O(ay,az2) for ai,as € Z
where we identify (aj,a2) and the corresponding function a: {1,2} — Z.
The derived category of [&5 /G2] is equivalent to the derived category of [Us/G3] where ¥ is

the simplicial complex in {1,2,3} which consists of

{1,3},{2,3}, {1}, {2}, {3}, 0.

In other words we have Us = A3\ {21 = 2z = 0}.

The derived category of [Us/G3,] is generated by the line bundles O%(ay,as,a3). We can calcu-
late the Ext spaces between these line bundles by looking at the Cech complex with two open affine
subsets U; and Us characterized by z; #0 and 29 # 0 respectively. As in Lemma [4.3] we see

that

Hom(O(ay, as,a3), OF(by, by, b3)) = k
if b; > a; for all 4, and

Ext!(O% (a1, az,a3), OF (b1, ba, b)) = k

if b3 >as, b <ay, by <ag. All the other Ext spaces are zero.
We observe that the line bundles

Oz(a‘laaQa \‘al —; a2J)

form a full strong exceptional collection. Specifically, we have

ai +az —k

Hom (O (a1, as, {

IR

2
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if and only if by > a; and by > as. All the Ext groups between these line bundles are zero, because
L%J > L@J implies that a; > b; or as > by. The collection is full exceptional, because the

exact sequences on Uy
0— Oz(al —1,a0 — 1,CL3) — (’)E(al,ag - 1,a3) D (’)E(al — 1,&2,&3) — (’)E(al,ag,ag) —0

can be used to generate the line bundles O%(ay,as,c) for a fixed value of ¢ starting with two
diagonal lines with a; +as =2c¢ and ay + a2 = 2¢c+ 1.

We note that the Hom spaces between the above bundles are canonically isomorphic to the Hom
spaces between the corresponding line bundles O(aj,az) on [A?/G2)], which provides the desired

equivalence. O

Remark 4.5. The conceptual meaning of the above equivalence is the following. Consider the following
two stacky fans in Z2. The fan X; has vertices v; = (1,1) and vy = (—1,1), and the simplicial
complex with maximum set {1,2}. The corresponding toric DM stack Py, is [A%/Zs]. The second
fan Y9 has vertices v; = (1,1), w2 =(—1,1), and v3 = (0,1) with the two maximum sets {1, 3}
and {2,3}. The corresponding toric variety Py, is the resolution of A; singularity. It is well
known, see for example the work of Kawamata [Ka], that Py, and Py, are derived equivalent. It
turns out that the functor naturally extends to the equivariant setting. Then it remains to notice
that the (abelian) equivariant categories of coherent sheaves on [A2/Zs] and the resolution of A;

singularity are equivalent to those of A% and A? respectively.

We can generalize the above construction to a more general blowup (see [BKF]). We will state the
result in terms of simplicial complexes, where it is usually called a stellar subdivision, see [Li]. Let %
be a simplicial complex on the set {1,...,n} and fix o € ¥ of size at least two. We introduce the
blowup of ¥ at o as a simplicial complex on {1,...,n,n + 1} by replacing every maximum set

7 € ¥ that contains o by |o| sets

{TU{TH—l}\{i}}

1€0

and taking all of their subsets. Another way to define the complex S s by saying that I € S if and
only if

(41) (n+1)¢gIl, IeX oI, or (n+1)el, IN\{n+1} X, (I\{n+1})UoceX, cZI.

We define a functor from DP?(coh[Us/GZ]) to Db(coh[Ui/G”mH]) as follows. There is a map
m: Us — Us given by
(4.2) =4 o
ZiZnt1, 1€O0
with the induced map on the open subsets GIF! — G which is a group homomorphism. This

gives a map of stacks and the corresponding pullback in derived categories 7* : D?(coh[Us/GT]) —
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DP(coh[Ug/G™]). Note that it sends O(p) to O(t(p)) with ¢(p)(n + 1) = >, p(i) and
t(p)(i) = p(i) for i <n+1.
For each integer k >0 there is a map (x: Uy — Uy given by

Zi, 1#£n+1
Ck;zz—

This map gives a group homomorphism G7%! — G7%F! which fits into a short exact sequence
(4.3) 1= pp — GH 5 Gl 1,

For every equivariant sheaf F its pushforward (iF is equivariant with respect to the induced
action of GZl. After taking pj invariants (at every invariant open set), it becomes equivariant
with respect to the action of the target (second copy in ) GH. We abuse the notation to denote
this sheaf of invariants by (i«F(U). In other words, sections of (3« F(U) ona GZ&F! —invariant open
set U are the sections of F(U) whose characters have last coordinate divisible by k. This functor
is exact and induces a functor between the derived categories that we also denote by (r.. Note
that (O(p) is naturally isomorphic to O(p’) where p'(n+1) = L@J and p'(7) = p(i) for
1< <n.

We set k = |o| and consider the composition functor
(o : D(coh[Us;/Giy]) — D°(coh[Us/G]).

Theorem 4.6. Let simplicial complex Y be obtained from the simplicial complex > by the stellar
subdivision at o € ¥. Then the composition functor (7" : D?(coh[Us/G2,]) — DP(coh[Us /GE)

18 an equivalence.

Proof. The derived category of [Us/G7,] is generated by the line bundles O*(p) for p
{1,...,n} — Z. We will prove that the maps

(4.4) Ext*(0%(p), 07(q)) — Ext™({oum O (B), {oxm O (q))

are isomorphisms for all p and ¢, and that the objects §|0|*7T*(”)E([3) generate the whole category
D?(coh[Us /Gi).
We will first prove that the set of objects of the form C|g|*7r*(’)2(|5) generate the whole category.
As was observed earlier, C|U|*7r*(’)2(ﬁ) = (’)i(s(ﬁ)), where
- p(t
S(‘—))(n_’_ 1) — \‘ZZEU p( )J
o]
and s(p)(i) = p(i) forall 1 <4i < n. Therefore, the subcategory D C D’(coh[Us/G%]) generated
by these line bundles contains O(q) for all q:{1,...,n+ 1} —Z with
S 4(i) — lofa(n+ 1) € {0, o] - 1}.

i€o
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Observe that since o & fl, there is a long exact sequence of length |0+ 1 of sheaves on Us
0— 0% (X)) — - — P 0%-xs) — - —P0O%-&) — 0" —0
JCo,|J|=l i€o
coming from the Koszul complex for the variables Z;, i € 0. If we twist this sequence by O(q) with
Y ico (i) —|o|q(n+1) = |o| then all but the last term are in the subcategory D. Therefore, all such
O(q) lie in the subcategory D as well. We can similarly extend the range of > .. q(i) —|o|g(n+1)
down by one and repeat the process to get all O(q).
So we only need to verify that the maps in (4.4) are indeed isomorphisms. These maps are the

compositions of

(4.5) Ext*((’)z(r)), (’)E(q)) — Ext*(Tr*(’)E(ﬁ), 71'*02((_]))
and
(4.6) Ext*(7*0*(p), 7*0™ () — Ext*({/4s7* O”(p), (/o7 O>(a))-

We observe that the maps of are isomorphisms because they are simply the G, —invariant parts
of the maps induced by the derived pullback for the map Us/Gm — Us, where we take the quotient
by the free action of Gy,, which is the kernel of the map of . This is precisely the blowup of
Us, at the smooth closed subvariety Z, given by
Zy = Us N (ﬂ{zi:O}) :UE\(U UT).
i€o Tpo

It is well known that the derived pullback of a blowup is fully faithful in the derived category of non-
equivariant coherent sheaves (see, e.g., [Or]). When we apply this statement to Ext*(O*(p), 0*(q))
and take G}, invariants we see that the maps of are isomorphisms.

Let us now investigate the maps of . The Ext* spaces on the left can be computed by the
Cech complex for the open affine subsets U, of Us for all maximum 7 € Y. The component for a
nonempty set T of these maximum subsets is given by the G2! invariant parts of

nu O(t(a)) n UT), where t(p)(n+1) =) (i), t(p)(7) = p(i), i <n

TeT TeT €0

Hom(O(t(p))

and similarly for #(q). The Hom space in question is isomorphic to the product of polynomial

rings in Z; for ¢ € () 7 and Laurent polynomial rings in 2; for i ¢ () 7 with the grading of
TeT T€T
the generator shifted by ¢(p) — ¢(q). As a consequence, the 7' component is isomorphic to k if

t(q) > t(p) on [\ 7 and is zero otherwise.
T

TE
The spaces on the right are obtained by looking at the graded components of the sheaves

O(t(p)) . and O(t(q)) — where the last coordinate is divisible by |o|. They are equal to k

r
TeT TeT

if s(g) > s(p) on () 7 and are zero otherwise. The chain map between the two Cech complexes
TeT
preserves the components. If both spaces are k then it is nonzero, otherwise it is zero.
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We will show that this chain map of complexes is a quasi-isomorphism. Note that if

t@(n+1)—t(E)(n+1) =Y _@(i)-p() and s(@n+1)-s@E)(n+1) = {

1€o

2ico ﬁ(i)J B F:ieg ﬁ(i)J
o] o]

are both negative or are both nonnegative, then the chain map is an isomorphism at all T' components,

and the statement is clear. We also observe that ¢(q)(n+ 1) > ¢(p)(n + 1) implies s(q)(n+ 1) >

s(p)(n + 1), so we only need to consider the case when ¢(q)(n + 1) < ¢(p)(n +1) and s(q)(n +

1) — s(p)(n + 1) > 0. The first inequality implies that q(i) < p(¢) for some i € 0. However, if

we had q(i) < p(i) for all ¢ € o, then we would have t(q) < t(p) — |o| which would lead to
s(q)(n+1) < s(p)(n+1). This means, in particular, that we only need to consider the case

(4.7) 3i,j€o suchthat q(i) —p(i) >0, and q(j)—p(j) <O.

Since t(q)(n+ 1) < t(p)(n +1) and s(q)(n+ 1) — s(p)(n + 1) > 0, the map of complexes is
injective. The cokernel complex C' has T —components equal to k if and only if all 7 € T' contain

n+1 and s() > s(p) on () 7. From now on we can ignore the elements of ¥ that do not
TeT

contain n + 1. This allows us to observe that C is the Gl -invariant part of the Cech complex
that computes the cohomology of the restriction of the line bundle O(s(q) — s(p)) b to the divisor
D={%41 =0} in Uk

We observe that D is the exceptional divisor and has a Gy, —invariant morphism to the center of
the blowup Z, C Us. Moreover, the morphism p: D — Z, is PI°I=! “bundle over Z,. Now we
can see that the derived direct image Rp.(O(s(q) —s(p))|p) is zero. Indeed, since the property
holds for the line bundle O(s(q) — s(p)), its restriction on the fibers of p have trivial cohomology
by Lemma Thus the cohomology of O(s(q) — s(p)) L, are also trivial. O

Theorem has interesting consequences. As we discussed in the introduction, to any simplicial
complex ¥ one can associate a topological space |X| and then study PL-homeomorphism classes
of |X|. The following result indicates that DP(coh[Us/T]) is an invariant of PL-homeomorphism

classes.

Theorem 4.7. Let i and Yo be two simplicial complexes. If polyhedra |¥Xi| and |X3] are
PL-homeomorphic, then the derived categories DP(coh[Us,/T1]) and DP(coh[Us,/Ts]) of torus-

equivariant coherent sheaves on Usx, and Us, respectively are equivalent.

Proof. 1t is a (non-trivial) known result that PL-homeomorphic simplicial complexes can be connected
by stellar subdivisions and their inverses which are called stellar welds (see, e.g., [Li]). This means

that there exist simplicial complexes

/ !/ /
21221, PR k:EQ



27

such that for every 1 <4 < k the complex ¥ , is a stellar subdivision of X} or vice versa. By
Theorem the categories Db(coh[UE; /T%]) and Db(COh[UE;+1 /T ]) are equivalent which leads
to the desired equivalence of DP(coh[Us, /T;]) and D’(coh[Us,/Ts]). O

Corollary 4.8. All proper toric Deligne-Mumford stacks of a given dimension k have equivalent

bounded derived categories of GE —equivariant coherent sheaves.

Proof. The simplicial complexes in question are clearly PL-homeomorphic to each other and to the

(k — 1) —dimensional sphere with the natural PL-structure on it. U

We would like to point out some interesting questions.

Question 4.9. Are derived categories DP?(coh[Us/G7]) invariants of homeomorphisms or only
PL-homeomorphisms? In other words, if two simplicial spaces are homeomorphic but not PL-
homeomorphic, what can be said about these categories? One can find examples of such simplicial

spaces in [Ed].

Question 4.10. What can be said about the group of auto-equivalences of D’(coh[Us/G7,]) or its

image in the group of automorphisms of the Grothendieck group?

5. ADDITIONAL REMARKS AND DISCUSSION

5.1. Full exceptional collections of line bundles. It is interesting to ask whether every equivari-
ant derived category of a toric DM stack admits a full exceptional collection made from (shifts of)
equivariant line bundles. This can be viewed as an analog of King’s conjecture, which has been studied
in great detail, see for example [Ef, HP, [BH].

If such collections exist in the non-equivariant setting, they can be lifted to the equivariant one. For

example, if we take the usual collection (O, O(1),0(2)) on P? we obtain the collection
O(ay,az,a3) with 0 < a1 +ag + a3 <2

on A3\ {0}. Similarly, the usual full exceptional collection of line bundles on the weighted projective

space with weights wi,...,w, lifts to the collection
n n
{O(ah s 7an)7 0 S Zwiai < Zwl}
i=1 i=1

of equivariant line bundles on A"\ {0}. We are assuming that the weights have no common divisor,
so that the corresponding toric stack has trivial stack structure at the generic point.

While we suspect that most toric varieties and stacks do not possess full exceptional collections of
line bundles, we were able to construct some rather unexpected examples. Specifically, we considered
P2 without three torus fixed points. This is a toric variety given in the lattice Z? by the fan ¥ that
consists of three one-dimensional cones generated by v; = (1,0), wv2 = (0,1) and wv3 = (—1,—-1)

(
and the zero-dimensional cone. The corresponding simplicial complex is ¥ = {{1}, {2}, {3}, 0}.
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This fan gives rise to the subset Us C A3 with the property that at most one coordinate of
(21,22,23) can be zero. The category of equivariant sheaves on P? without the zero-dimensional
orbits is equivalent to the category of G3 —equivariant sheaves on Us. The equivariant line bundles
are indexed by p: {1,2,3} — Z. The following proposition describes the Ext spaces between the
sheaves O (p;).

Proposition 5.1. Let 0 < m < 3 be the number of nonnegative coordinates of (p2 — p1). Then
Ext*(0%(p1), 0%(p2)) = 0 unless (m,s) = (3,0), (m,s) = (1,1), or (m,s) = (0,1). In the last

case the dimension of the Ext! is two.

Proof. Tt suffices to calculate the degree zero part of the cohomology of O%(p) with the number of
nonnegative coordinates of p equal to m. Consider the Cech complex for the open cover with the

open affine subsets

Up={21#0,20 # 0}, Ui g3 = {21 #0,23 #0}, Uz 3 = {22 # 0,23 # 0},

whose pairwise intersections are G3 . The sections of O§ on Upp are the space
+1 _+1 -
k27, 25, 23] (P)-

Therefore, the degree zero part is k if p(3) >0 andis 0 if p(3) < 0. Similar statements hold for

the other U;;, and their intersections. So we get the degree zero part of the Cech complex to be
0—-k™ >k k—0.

The second map is always surjective, and the first map is easily seen to be injective for m < 2, which

implies the claim of the proposition. O

Proposition 5.2. Consider Us = A%\ |J{z = z; = 0}. The following ordered set S of points
1#£]
pcZ?

{(0,0,k),k > 0} < {(a, —a,0),a # 0} < {(a,1 —a,0),a # 1} < {(1,0,—k),k > 0}

gives a full exceptional collection of line bundles O%(p) in the derived category DP(coh[Us/G3]).
The ordering among (0,0,k) is by increasing k, and the ordering among (1,0,—k) is by de-

creasing k. The ordering among (a,—a,0) is arbitrary, as is the ordering among (a,1 — a,0).

Proof. As a consequence of Proposition a line bundle O%(p) on the stack [Us/G3)] is acyclic
if and only if p has two nonnegative coordinates. Therefore, an ordered collection of line bundles
is exceptional if and only if the corresponding subset of Z3 satisfies the property that p; — p2 has
exactly two nonnegative entries for all p; < po.

Let us check that the above collection is exceptional. We observe that every element p other

than (0,0,0) has exactly two nonpositive coordinates. Therefore, all (—p) have two nonnegative
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coordinates, and we can claim the property for p; = (0,0,0). The collection is symmetric with respect
to (p— (1,0,0) —p) so the same can be said for pa = (1,0,0). For (0,0,k1) = p1 < p2 = (0,0, k2)
we see that p; — p2 = (0,0,k1 — k2) has two nonnegative coordinates. For (0,0,k) = p1 < p2 =
(a,—a,0),a #0 we have p;—p2 = (—a,a,k) which has two nonnegative coordinates because a # 0.
For (0,0,k) =p1 < p2 = (a,1 —a,0) we have p; —p2 = (—a,a — 1,k) which has two nonnegative
coordinates for any a. For (0,0,k1) = p1 < p2 = (1,0,—ks) we have p; — p2 = (—1,0,k1 + k2)
with two nonnegative coordinates. For p; and ps both in the set (a,—a,0), the difference is of
the same form, with two nonnegative coordinates. For (a;,—a;,0) = p1 < p2 = (az,1 — az,0), the
difference is p; — p2 = (a3, —1 — a3,0) which has two nonnegative coordinates. All the other cases
are handled by the symmetry above.

To show that the above collection generates the derived category, observe that we have the following

short exact sequences on Uyxg
0— Oz(ﬁ - (17 170)) — 02(5 - (17070)) S 02(5 - (07 170)) — OZ(IS) —0

and similarly for the other pairs of coordinates. It means that if we have three points in a coordinate
square, then the category would contain the line bundle that corresponds to the fourth point. We now
see that using these coordinate squares we can get all of Z3 from the set S. Since S contains all
(a,b,0) with a+be€{0,1}, we can get (a,b,0) forall a and b. Then we use p = (0,0,1) to get
all (a,b,1), then use (0,0,2) to get all (a,b,2), and so on. We use (1,0,—1) to get (a,b,—1),
then use (1,0,—2) to get (a,b,—2), and so on. O

Remark 5.3. The above full exceptional collection can not be made into a strong exceptional one by

cohomological shifts. Indeed, there are nonzero spaces
Hom(0*(0,0,0),0*(0,0,1)), Hom(O%(0,0,0),0%(0,1,0)), Hom(O*(-1,1,0),0*(0,1,0)),
which means that these line bundles would need to come with the same shift. However, we have
Ext'(0%(0,0,1), 0%(-1,1,0)) # 0.

Remark 5.4. If we similarly remove all codimension two coordinate subspaces from P" for n > 2,
then exceptional collections of line bundles correspond to ordered subsets of Z"*! with the property
that p; < p2 implies that p; — p2 has exactly n nonnegative coordinates. We do not currently

know if one can find full exceptional collections of line bundles in this case.

5.2. From commutative to noncommutative toric stacks and back again. It is also interesting
to consider noncommutative toric stacks and to understand derived category of equivariant coherent
sheaves with respect to the maximal torus on them. We can show that these categories are actually

equivalent to the corresponding categories on commutative stacks.
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Let L be a finitely generated abelian group and A = @, ; A be an L -graded k-algebra.

peL
Denote by Gr™-A the abelian category of all right Lfgradedpmodules over A.

With any such algebra A we can associate a k—linear category A whose set of objects is exactly
L and whose spaces of morphisms jﬁq := Hom ,1@7 q) are isomorphic to Ag_p. The composition of
morphisms in the category A is induced by multiplication in the algebra A. Note that the category
A s a full subcategory of the category Gri~A formed by free modules A(p) for all p € L. A
category of the form A is often called L —algebra (see, e.g., [BGY]).

A right module M over the category A is a functor from the opposite category A° to the
category of k —vector spaces Mod—k. Equivalently, a right A-module is given by a set of k—vector
spaces {Mvp}, for each p € L, and by morphisms of vector spaces Mq ®fT,—,q — Mvp compatible with
compositions and units. Right A -modules forms an abelian category which we denote by Mod—A.
The abelian category Mod-A is naturally equivalent to the abelian category Gr~A of L -graded

right A-modules. A natural equivalence sends a right L -graded module M = @,.; Mp to the

peL
right A -module M, for which My = M_;5. In fact, this equivalence is given by the functor

HOHlGrLiA(@ A(p), —) : Gr A =5 Mod- A.
peL
In some sense this equivalence gives us a generalization of Proposition [2.1
Let D(Gr~A) be the unbounded derived category of all L —graded modules. It is a triangulated
category which admits arbitrary small coproducts (direct sums). An object C" € D(GrLfA) is called
compact if Hom(C",—) commutes with arbitrary small coproducts. Compact objects in D(Gr’-A)
form a full triangulated subcategory that is called the subcategory of perfect complexes (objects) and

is denoted by Perf—A.

Remark 5.5. In the case when the algebra A is noetherian and has finite global dimension the cate-
gory of perfect complexes Perf—A is equivalent to the bounded derived category of finitely generated
modules D?(gr’A).

The set of free modules {A([_)), p e L} forms a set of compact generators for the derived category
D(Grf-A). This means that they are compact, i.e. A(p) € Perf-A, and for any object Z° €
D(GrA) there are A(p) and n € Z such that Hom(A(p), Z [n]) # 0. Definition of compact
generators is closely related to the definition of classical generators. Recall that a set of objects
S C Perf-A forms a set of classical generators if the category Perf—A coincides with the smallest
triangulated subcategory of Perf—A which contains S and is closed under taking direct summands.
It is proved in |[Ne| that for any compactly generated triangulated category 7T aset S C T¢ of
compact objects is a set of classical generators for the subcategory of compact objects 7¢ C T if and
only if the set S is a set of compact generators of T.

In our case we obtain that the set of free modules {A(r)), pE L} classically generates the category

Perf-A and we obtain the following proposition.
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Proposition 5.6. Let A = ®56L Ap be an L —graded algebra. Suppose that Ay = k and there
is a function w : L — Z such that Aq—p = 0 when w(q) > w(p) and q # p. Then the set of
free modules {A([_)), pE L} forms a full exceptional collection in the triangulated category of perfect
complezes Perf-A C D(Gr-A). (Note that w is not assumed to be linear).

It is frequently the case that two non-isomorphic L —graded algebras A and B produce equivalent

categories A and B and, hence, they have equivalent abelian categories of L —graded modules
Gr~A and GrB.

Example 5.7. A simple example is given by Z —graded algebras
52 = k[xl, xg] = k{a:l, 332}/<JZ1$2 — $2£ZZ1>

and
52,(1 = k{yla y2}/<yly2 - qy2y1>

for some ¢ € k*. It is not difficult to see that the categories S, and §27q are equivalent. This can

be done directly and would also follow from Corollary 5.9 below.

Let us consider the polynomial algebra S, = k|[z1,...,x,] with the maximal grading L = Z".
The corresponding k —linear category S, that is the category of full exceptional collection of free

modules {Sn(f)), pe Z"} has the following properties:

(1) the set of objects is isomorphic to Z",
(Z'™) (2) Hom(pi,p2) =2k, when p; < pg2, otherwise they are equal to 0,
(3) the composition Hom(pz, p3) ® Hom(p1, p2) — Hom(p1,p3) is nondegenerate for all

p1 < p2 < ps.

The main result of this subsection is the following observation that the category S, is uniquely

defined by the properties (Z").
Proposition 5.8. Let E bea category for which (Z”) hold. Then & is equivalent to S.

Proof. Let Y% be some elements of Homg(p,p + ). Properties (2) and (3) of (Z™) imply that

there are invertible elements @%j € k* such that G)f—)j = (@f—f)_l and

Yi

i _ iy v
pte; Yp = Op Yoz Y-

These elements are not independent and there are the following basic Yang-Baxter type relations

” keii L ij ik "
(5.1) @%+€¢®% ®%j+€k - 6?53 @%“‘Ej 6{3 :

These relations follow directly from the existence of two different ways of passing from the composition

i J
Yf)—‘,—Ek—‘,-Ej Yy

k iy k J i
bre, Yp to the composition Yg o e Yi,g Yp. Indeed, we have
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7 J k Jk k Jk Jj
YmﬂﬁquaY =65 Mﬂ#€YHE @wf@ mq+queY
ij Jk ~rk J i
AL Ypﬂjm Yp_m Y,
7 7 k _ 7 7 ik i i
Yp+€k+€] Yl_3+€k Y ®P+€k YP+€k+€ YP+€k = 6p ®p+6k pt+éx+é; Yp+6 YP -

ik J )
ep+e ©5 @p+€k p+€j+€z Yp+€z Yﬁ )

Let us make a change of variables and put X3 = a5Y3, where coefficients ag € k™ are uniquely

defined by the following recurrence relations:

e a5 =1 for every p such that p(1) =--- = p(s—1) = 0. In particular, arl, =1 for all
pez,
e for every p such that p(l)=---=p(r—1)=0 forsome r <s we have ag =05 ; a5_¢ .
. 1 —
In particular, = 052¢ a5 ¢ forall peZ".

Let us show that Xf)+€k X]g = X]nggj X?—; for all p € Z", i.e. we have to check that
(5.2) 0% al, . ap = am_gja%
for all p.

We can assume that j < k and proceed by induction on |p| = ), |p(r)]. Let i be such that
p(1)=---=p(i—1)=0 and p(:) #0. If j <4, then aéJer—a 1 and a @Jka’g Hence,
the relation (5.2)) holds. Let i < j < k. Assume that p(i) > 0. Then we have

kg i ok k ik LI o Bl

aﬁJrEja%:@%J—a 5 —&+e; Vp—;+&; @ P & _@ZJ b —&+E; 5 €za]_€i+€k p—&

ikgik g a’ — @k k
= 05 O e, Op—cite, Tp—ei+6, 0 p & = Op U515,9%,

where the second equation holds by the induction hypothesis. If now p(i) < 0 we have the following

sequence of equations

Thre0p = O3, 05 Gpre e U, = Opre, O Ol ap Upsete, Tpte,
- @k]@];zfg@g ];-i-ez—i-g pte; = @kj ’;-I—EJ g’
where the second equation holds by the induction hypothesis as well.
Thus, we obtain Xf) +e X]g = Xlg +e X% for all p € Z™. Therefore, £ s equivalent to Sp. U

Alternative proof. For each integer m denote by 7 the object in the category that corresponds
to (m,...,m) € Z". Pick nonzero elements Y, € Hom(m, m + 1). We use compositions of Y,, to
define nonzero elements Y, m, € Hom(my,mz) for all my < mg, with Y;m being identity. These

elements will automatically satisfy
(5'3> Yino,ms © Yy mo = Yy msg

for all mi S mo S ms.
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For each p € Z" pick a nonzero element Up € Hom(min(p),p). For each p; < p2 in Z" pick

the unique nonzero element Vg, 5, € Hom(py, p2) with the property
Vo182 © Upi = Up, © Yinin(py) min(p2)-

We claim that for any p; < p2 < p3 there holds Vg, 5, 0 Vi, 5. = Vi s

Indeed, we have

V52,|33 © Vf’hﬁQ o Ul31 = Vr_>27|33 © U52 © Ymin(ﬁl),min(ﬁz) = Ul_)s ° Ymin(f)z),min(ﬁ:s) O Ymin(p1),min(p2) =

= Ups © Ynin(py),min(ps)

by definition of V' and (5.3). Together with V, 55 0 Up, = Ups © Yinin(p,),min(ps) this implies
Vi2ps © Vor,pz © Upt = Vpi,ps © Up,

which then leads to the desired associativity of V. The choices of V allow one to construct the

equivalence to §n O

Let 0 = (6Y) € M,(k*) be a multiplicatively skew-symmetric matrix, i.e. 6/ = (§¥)~! and
9% = 1. Consider a noncommutative algebra Sn.o = Kkoly1,...,yn] that is a noncommutative toric
deformation of the polynomial algebra S, = k[x1,...,z,]. The algebra S, is generated by the
variables y1,...,y, with commutation relations of the form y;y; = 6 y;¥i- It can be considered as
Z" —graded algebra. Let us take the abelian category Ganmeg of all right Z™ —graded modules and
the category gnﬁ - Ganmeg formed by the full exceptional collection of free modules (.S, 4(p),p €
Z™). The following statement is a corollary of Proposition [5.8|

Corollary 5.9. Let S,p = ko[y1,...,yn] be the algebra with relations y;y; = Gijyjyi for some
multiplicatively skew-symmetric matriz 0 = (09) € M, (k*). Then the category gn’g 15 equivalent to

the category gn, and the abelian categories Ganmeg and Gr?"-S, are equivalent too.

Proof. The category gmg satisfies properties (i") and, hence, by Proposition it is equivalent
to gn Since the abelian category GI“Zn*Smg is equivalent to the abelian category MOd*gmg, we
obtain that Ganmeg is equivalent to GrZ-S,,. O

Remark 5.10. More generally, we don’t expect any interesting moncommutative deformations of

[Us/GL] for a simplicial complex ¥, in contrast to the non-equivariant setting.
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