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Abstract

We investigate Hodge-theoretic properties of Calabi-Yau complete inter-
sections V' of r semi-ample divisors in d-dimensional toric Fano varieties hav-
ing at most Gorenstein singularities. Our main purpose is to show that the
combinatorial duality proposed by second author agrees with the duality for
Hodge numbers predicted by mirror symmetry. It is expected that the com-
plete verification of mirror symmetry predictions for singular Calabi-Yau va-
rieties V in arbitrary dimension demands considerations of so called string-
theoretic Hodge numbers hk? (V). We restrict ourselves to the string-theoretic
Hodge numbers h%%(V) and h14(V) (0 < ¢ < d — r) which coincide with the
usual Hodge numbers h%4(V) and h*4(V) of a M PCP-desingularization V
of V.

*Supported by DFG.



1 Introduction

It was conjectured in [1] that the polar duality for reflexive polyhedra induces the
mirror involution for Calabi-Yau hypersurfaces in Gorenstein toric Fano varieties.
The second author has proposed a more general duality which conjecturally in-
duces the mirror involution also for Calabi-Yau complete intersections in Gorenstein
toric Fano varieties. The verfication of predictions for Gromov-Witten invariants
of Calabi-Yau complete intersections in ordinary and weighted projective spaces
[15, 14] as well as in some toric varieties [2] (see also [5, 8, 9, 11]) can be considered
as partial confirmations of this generalized mirror construction.

If two smooth n-dimensional Calabi-Yau manifolds V' and W form a mirror pair,
then their Hodge numbers must satisfy the relation

W) = WP, &

for all 0 < p,q <n.

However, the combinatorial involutions which were constructed in [1, 6] relate
families of singular Calabi-Yau varieties. If V' is a Calabi-Yau complete intersection
of semi-ample divisors in a Gorenstein toric Fano variety P, then there exists always
a partial desingularization = : V — V (M PC P-desingularization of V) such that:

o Vis again a Calabi-Yau complete intersection of semi-ample divisors in a

projective toric variety f’;

e V and P have only Gorenstein terminal abelian quotient singularities.

If V is smooth (this is always the case for n < 3), we can use V instead of V for
verification of the duality (1). In general, we have to change the cohomology theory
and to consider the so called string-theoretic Hodge numbers h%*(V') for singular V.
For mirror pair of singular n-dimensional Calabi-Yau varieties V' and W, we must
have the duality for the string-theoretic Hodge numbers:

het! (V) = hee "4(W), (2)

for all 0 < p,q <n.

The main properties of the string-theoretic Hodge numbers were considered in
[4]. These numbers satisfy the Poincaré duality and we have R%4(V) = h%4(V) for
all 0 < p,q < n. Moreover, one has the following properties:

Proposition 1.1 Let h?4(V) denote the usual (p, q)-Hodge number of V. Then

~

(i) W (V) = hP9(V) for allp = 0,1 and 0 < g < n;

~

(it) REY(V) = h29(V) for all 0 < p,q < n if V is smooth.
The main purpose of this paper is to verify the duality (2) for string-theoretic

(0,q) and (1,q)-Hodge numbers of Calabi-Yau complete intersections V' and its
mirror partner W predicted by the construction in [6]. According to 1.1(i), it is
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sufficient to check the analgous duality for the usual Hodge numbers of the corre-
sponding M PC' P-desingularizations V' and W.

In section 2 we remind necessary facts from the theory of toric varieties. Section
3 is devoted to basic properties of complete intersections in toric varieties. In section
4 we explain the relation between Calabi-Yau complete intersection in Gorenstein
toric Fano varieties and nef-partitions of reflexive polyhedra. In section 5 we prove
the duality (2) for (0,¢)-Hodge numbers and give explicit formulas for them. It
turned out to be not so easy to derive general formulas for (1,¢)-Hodge numbers
and to prove the duality (2) for (1, ¢)-Hodge numbers in full generality. In sections
6 and 7 we give explicit formulas and prove the duality only for the alternative
sum of (1,¢)-Hodge numbers; i.e., for the Euler characteristics of the sheaves of
1-forms on V and W. In section 8, we derive explicit formulas for (1, q)-Hodge
numbers of Calabi-Yau complete intersections of ample divisors. Finally, in section
9 we establish the duality (2) for all (1, ¢)-Hodge numbers of Calabi-Yau complete
intersections in projective spaces and their mirror partners.

2 Basic notations and statements

Let M and N = Hom(M, Z) be dual free abelian groups of rank d, Mg and Ng the
real scalar extensions of M and N, (x,%) : Mg x Ng — R the canonical pairing.
We consider M (resp. N) as the maximal lattice in Mg (resp. in Nr). We denote
by T the affine algebraic torus over C:

T := Spec C[M] = C[X{, ..., X7].

By a lattice polyhedronin Mg (resp. in Ngr) we always mean a convex polyhedron
of dimension < d whose vertices belong to M (resp. in N). The relative interior of
A is the set of interior points of A which is considered as a subset of the minimal
R-linear affine subspace containing A. For any lattice polyhedron A, we denote
by I*(A) the number of lattice points in the relative interior of A. We set b(A) =
(—1)3mA*(A) and denote by [(A) the number of lattice points in A.

A lattice polyhedron A defines the projective toric variety over C:

Pa = Proj Sa,
where Sa is the monomial subalgebra in the polynomial ring
ClXo, Xi'\ . X7

spanned as C-linear space by monomials X¥X{" --- X" such that the correspond-
ing lattice point (my, ..., mg) € M belongs to kA. We remark that the dimension of
P equals dim A. If dim A = d, then P can be considered as a projective compact-
ification of T. In the latter case, the irreducible components Dy, ..., D, of PA \ T
one-to-one correspond to (d — 1)-dimensional faces ©4,...,0, of A. We denote by
ei,...,e, the primitive lattice points in N which define the linear equations for the
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affine hyperplanes containing O1,...,©,, (in other words, ey, ...,e, are primitive
integral interior normal vectors to faces ©1,...,0,).

The is another well-known definition of toric varieties Pa via the normal fan
Y = {op} consisting of all rational polyhedral cones

op = Rzoeil + .- +RZOeis C NR

corresponding to those subsets B = {iy,...,is} C {1,...,n} for which the intersec-
tion ©;, N---NO,, is not empty. In this situation, we also use the notation Py, for
toric varieties associated with .

It is known that every invertible sheaf £ on any toric variety P admits a T-
linearization. By this reason, we shall consider in this paper only T-linearized
invertible sheaves on toric varieties. A T-linearization of £ induces the M-grading
of the cohomology spaces

H'P.L)= & H(P,L)(m).
meM
The convex hull A(L) of all lattice points m € M for which H°(P, £)(m) # 0 will

be called the supporting polyhedron for global sections of L.
Recall the following well-known statement [7, 16]:

Theorem 2.1 There is one-to-one correspondence
L=20p(a1Dy+ -4+ a,Dy) <, a;, =€), i=1,...k,

between T-linearized invertible sheaves L on P = Py and continious functions ¢ :
Nr — R which are integral (i.e., o(N) C Z) and R-linear on every cone o € 3.
Moreover, the supporting polyhedron for the global sections of L = L(p) equals

A(L) = {z € Mr|(z,y) > —p(y) forally € Ng}.

By semi-ample invertible sheaf £ on a projective toric variety Po we always
mean an invertible sheaf £ generated by global sections. We have the following
7, 16]:

Proposition 2.2 L is semi-ample if and only if the corresponding > -piecewise lin-
ear ¢ is upper conver. Moreover, any semi-ample invertible sheaf L (together with
a T-linearization) on a toric variety P is uniquely determined by its supporting
polyhedron A(L):

L=0p(a1Dy +---+a,D,), where a; = — wénAi(nﬁ)(x,ei).

Definition 2.3 Let A and A’ be two lattice polyhedra. Then we call a polyhedron

A" a Minkowski summand of A if there exist a positive integer p and a lattice
polyhedron A” such that uA = A’ + A",



Using 2.4, one easily obtains:

Proposition 2.4 A lattice polyhedron A is the supporting polyhedron for global
sections of a T-linearized semi-ample invertible sheaf on Pa if and only if A" is a
Minkowski summand of A.

In the sequel, we shall use many times the following statement:

Theorem 2.5 Let D be a nef-Cartier divisor (or, equivalently, Op(D) is a semi-
ample invertible sheaf) on a projective toric variety P = Pa A’ the lattice polyhedron
supporting the global sections Op(D). Then

H'(P,Op(—D)) =0, ifi# dim A’/

Hi(P,0p(—D)) = I*(A'), ifi = dim A’ .

In particular the Euler characteristic x(Op(—D)) equals b(A’).

Proof. Let k = dimA. Then the invertible sheaf Op(D) defines the canonical
morphism

mp : P =V =Proj @, H'(P, Op(nD)),

where V = P, is a k-dimensional projective toric variety, and Op(D) = 7},Ov/(1).
Therefore,

H'(P,0p(—D)) = H(V,Oy(-1)).

Hence H (P, Op(—D)) = 0 for : > k. On the other hand, H*(V,Oy(—1)) = 0 for
i <k,and H*(V,0Ov(—1)) = I*(A) (see [7, 12]). O

A complex d-dimensional algebraic variety W is said to have only toroidal singu-
larities if the m-adic completion of the local ring (R, m) corresponding to any point
p € W is isomorphic to the m,-completion of a semi-group ring (S,,m,), where
S, = Clo N M] for some d-dimensional rational convex polyhedral cone o C Mg
with vertex at 0 € M, and the maximal ideal m, C S, is generated by all non-
constant monomials. We formulate without proof the following technical statement
which is a generalization of the classical Bertini’s theorem:

Theorem 2.6 Let W be a complex projective algebraic variety with only toroidal
singularities, L a semi-ample invertible sheaf on W, D C W the set of zeros of
a generic global section of L. Then D again has only toroidal singularities. In
particular, D is irreducible if dim D > 0.



3 Complete intersections

Let Aq,...,A, be lattice polyhedra in Mgr. In this section P denotes the d-
dimensional toric variety Pa, where A = A; 4+ --- + A, (without loss of gener-
ality, we assume dim A = dim Mg = d). By 2.4, the lattice polyhedron A; is the
support polyhedron for global sections of some semi-ample invertible sheaf £; on
P (i=1,...,r). We identify H°(P, L;) with the space of all Laurent polynomials
fi € C[M] having A; as the Newton polyhedron.

Definition 3.1 Lattice polyhedra Aq,..., A, are called k-dependent if there exist
n > 0 and n-element subset

{A,. . AL C{A, AL

such that
Lattice polyhedra which are not k-dependent will be called k-independent.

Remark 3.2 It follows immediately from definition that the k-independence of
lattice polyhedra Aq, ..., A, implies the [-independence for 1 <[ < k.

Theorem 3.3 Let Z; C T be a complete intersection of r affine hypersurfaces
Zfy, ..., Zy, defined by a general system of the equations f, = --- = f, = 0 where f;
is a general Laurent polynomial with the Newton polyhedra A; (i = 1,...,1). Denote
by Z; the closure of Zy, in P (i=1,...,r). Let

V=20-N2Z.
Then the following statements hold:
(i) V is non-empty if and only if Ay, ..., A, are 1-independent;
(ii) if Aq,..., A are 2-independent, then V is irreducible;

(iii) if Ay, ..., A, are k-independent (k > 3), then h}(Oy) = -+ = h*2(Oy) =
0.

Proof. Denote by K* the Koszul complex

i<j

There are two spectral sequences 'FE and " E' converging to the hypercohomology
H*(P,K*) (cf. [10]):

B = HY(PHY(KY)).
"B} = HY(P, HY(K")).
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Since K* is which an acyclic resolution of Oy, we have H?(K*) = 0 for ¢ # r, and
H"(K*)) = Oy, the first spectral sequence degenerates and we get the isomorphisms

H™7(P,K*) = H?(P,Oy) & HP(V, Oy).

On the other hand, the second spectral sequence does not degenerate in general.
The term ”E%? is the cohomology of the bicomplex

”Ei)’q = @ Hq(P7 OP(_Z’h -t Zir—p))'

{il ~~~~~ ir—p}

We can compute ”E7 using Proposition 2.5. The statements (i)-(iii) will follow
from the consideration of "E.

(i) It is clear that V' is empty if and only if Z; is empty. Assume that Aq,... A,
are 1-dependent. Then there exists n > 1 such that d' = dim (A;, +---+A;,) < n.
This means that we can choose the coordinates X;,..., X; on T in such a way that
the polynomials f;,,..., f;, depends only on some d' of them. Therefore, we obtain
an overdetermined system f;, =--- = f;, = 0; i.e., V is empty.

Assume now that V' is empty, i.e., K* is acyclic. If some A; is O-dimensional,
then Ay, ..., A, are 1-dependent, and everything is proved. Otherwise, one has the
non-zero cycle in "E} = "EYY = HO9(P,Op) = C which must be killed by some
next non-zero differential

d; : "E;fl’lfl — EIT’O (1>2).

Therefore ” Ef_l’l_l # 0 for some 2 < [ < r. This implies that there exists an
l-element subset {i1,...,4} C {1,...,7} such that

H"YP,0p(~Z;y — -+ — Zy)) # 0.
Applying 2.5, we see that there exists an [-element subset
{Ay, ... A} C{AL, ... A}
such that
dim (A, + -+ A;,) =1-1,

ie., Ay, ..., A, are 1-dependent.
(ii) Assume that Aq,..., A, are 2-independent. By 2.5, one has

//Eral — //E;_S’s_l et /,E§_37S == 0 for 1 S S S r.
Hence
//E?l = //Ezﬂis’Sil = /,E,zﬂfs,s == 0 fOl" 1 S S S r, l Z 1

SoH"(P,K*) = C = H(V,Oy). Therefore V is connected. By 2.6, V is irreducible.

(iii) Assume that Ay, ..., A, are k-independent (kK > 3). By the same arguments
using 2.5, we obtain H"(P,K*) 2 C, and H"™(P,K*) = --- = H™2(P,K*) = 0.
This implies h!(Oy) = -+ = h*2(Oy) = 0. O



Remark 3.4 Khovanskii announced ([13] p.41) that the statement 3.3(i) was first
discovered and proved by D. Bernshtein using properties of mixed volumes in the
following equivalent form:

The affine variety Zy is empty if and only if there exists an l-dimensional
affine subspace of Mg containing affine translates of some | + 1 polyhedra from

(Ar,.. ALY

Corollary 3.5 Assume that all lattice polyhedra A+, ..., A, have positive dimen-
sion, '(A1+ -+ A,) =1,d=dim (A, +--- + A,), and for any proper subset
{ki,... ks} € {1,...,7} one has I*(Ay, + -+ + Ay,) = 0. Then the following
statements hold:

(i) V 1s empty if and only if d =r — 1;

(ii) V' consists of 2 distinct points if and only if d = r;

(iii) V' is a smooth irreducible curve of genus 1 if and only if d =1r + 1.

(iv) V is a nonempty irreducible variety of dimension d —r > 2 having the
property h'(Oy) = -+ = &7 1(Oy) = 0 and h°(Oy) = ¥ "(Oy) = 1 if and only
ifd>r+2.

Proof. Tt follows from Proposition 2.5 and our assumptions that “E7° and ” E(l)’d
have dimension 1 and all remaining spaces " E7'? are zero.

(i) If r =d+ 1, then Zy is empty by dimension arguments. On the other hand,
if Z; is empty, then ”E}"? becomes acyclic for [ > 0. Note that the only nontrivial
one-dimensional spaces "E7° and "E%® can kill each other only via the non-zero
differential

d; : "E?’d — ”E;’O
where r =d+1and [ =, i.e., Zy is empty if and only if r = d + 1.
Assume r > d + 1. Then

Cx"p)! ="pr = HY(P,KY).

On the other hand, the isomorphism H"*?(P, K*) & H?(C, Oy ) implies H (P, K*) =
0 for ¢« < r. Contradiction.
(ii) If r = d, then

2 ~ //E(l),d ® //Eﬁl”,D ~ //E(;;d @ /,Egi) ~ HO(‘/, OV>

Since V' is nonempty, one has dimV = 0, i.e., V consists of 2 distinct points.
(iii)-(iv) For r < d — 1, we have isomorphisms

C =B = H(V,0y),

C="E = H(V,0y),

and
0="EY! = H"(V,0y) if p4q#r,d.

This proves (iii)-(iv). O



4 Calabi-Yau varieties and nef-partitions

Definition 4.1 A lattice polyhedron A C Mg is called reflexive if P5 has only
Gorenstein singularities and Op(1) is isomorphic to the anticanonical sheaf which
is considered together with its natural T-linearization. In this case, we call Pa a
Gorenstein toric Fano variety.

Remark 4.2 Since the T-linearized anticanonical sheaf on P is isomorphic to
Op,(D1+---+D,,), it follows from the above definition that any reflexive polyhedron
A has 0 € M as the unique interior lattice point. Moreover,

A:{ZEQ MR|<x,ei) > —1, 1= 1,...,n},

where ey, ..., e, are the primitive integral interior normal vectors to codimension-1
faces ©4,...,0, of A. These properties of reflexive polyhedra were used in another
their definition [1].

Theorem 4.3 [1] Let A be a reflexive polyhedron as above. Then the convex hull
A* C Ng of the lattice vectors ey, ..., e, is again a reflexive polyhedron. Moreover,

(A*)* = A.
Definition 4.4 The lattice polyhedron A* is called dual to A.
Using the adjunction formula, 2.2 and 2.4, we immediately obtain:

Proposition 4.5 Assume that a d-dimensional Gorenstein toric Fano variety Pa
contains a (d — r)-dimensional complete intersection V (r < d) of r semi-ample
Cartier divisors Zu, . .., Z, such that the canonical (or, equivalently, dualizing) sheaf
of V' is trivial. Then there exist lattice polyhedra A, ..., A, such that

A=A+ + A,

Definition 4.6 Let ¥ C Ngr be the normal fan defining a Gorenstein toric Fano
variety Pa, ¢ : Ng — R the integral upper convex ¥-piecewise linear function cor-
responding to the T-linearized anticanonical sheaf (by 2.1, p(e;) =1,i=1,...,n),
A=A+ -+ A, a decomposition of A into a Minkowski sum of r lattice poly-
hedra A; (j = 1,...,7), ¢ = @1+ -+ + ¢, the induced decomposition of ¢ into
the sum of integral upper convex X-piecewise linear functions ¢; (see 2.2). Then
II(A) = {Ay,..., A} is called a nef-partition of A 'if ;(e;) € {0,1} fori=1,...,n,
g=1,... 7.

Remark 4.7 There are reflexive polyhedra A which admit decompositions into
Minkowski sum of two lattice polyhedra, but do not admit any nef-partition. For
example, let A C R? be the convex hull of 4 lattice points: (1,0), (—1,0), (0,1) and
(0, —1). Then A is a 2-dimensional reflexive polyhedron which admits a decompo-
sition into Minkowski sum of two 1-dimensional polyhedra A; and Ay, where A; is
the convex hull of (—1,0) and (0, —1), and A, is the convex hull of (0,0) and (1,1).
However, A does not admit any nef-partition.
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Remark 4.8 The notation in 4.6 are a little bit different from definitions and no-
tations in [3, 6], but they are essentially equivalent.

Definition 4.9 Let II(A) = {Ay,...,A,} be a nef-partition of a reflexive polyhe-
dron A. We define the lattice polyhedron V; C Ng (j = 1,...,7) as the convex
hull of 0 € N and all lattice vectors e; € {ey,...,e,} such that ¢;(e;) = 1.

Theorem 4.10 [6] The Minkowski sum V = V1+---+V, is a reflexive polyhedron.
Moreover, TI(V) = {V1,...,V,} is a nef-partition of V, and one has also

V* = Conv{Ay,..., A},
A" = Conv{Vy,...,V,}.
Definition 4.11 The nef-partition I1(V) is called the dual nef-partition.

Example 4.12 Let A; C Ml({) is a reflexive polyhedron (j = 1,...,r), V, :=
Ar C Nf{) the corresponding dual reflexive polyhedron (j =1,...,r). We set
Mp=MP & &MY, Ng = NP @@ NY. Then II(A) = {A,,..., A} is
a nef-partition of the reflexive polyhedron A = A; + .-+ A, C Mg, and II(V) =
{V1,...,V,} is the dual nef-partition of the reflexive polyhedron V = V; +--- +
Vr C NR.

By [1], a maximal projective triangulation 7 of A* C Ng defines a M PCP-
desingularization w7 : PA — PA. The T-invariant divisors on PA one-to-one
correspond to lattice points on the boundary 0A*.

Definition 4.13 Denote by V(A*) the set 9A*NN. If v is a lattice point in V(A*),
then the corresponding toric divisor on P will be denoted by D(v).

Since the anticanonical sheaf on Pa is semi-ample, Aq,..., A, are supporting

polyhedra for global sections of some semi-ample invertible sheaves Ly, ..., L, on
Pa.

Definition 4.14 Let II(A) be a nef-partition, Z; C T a complete intersection
of r general affine hypersurfaces Zy,..., 7y defined by a general system of the

polynomial equations f; = --- = f, = 0 where f; is a general Laurent polynomial
with the Newton polyhedra A; (i = 1,...,7). Denote by Z: the closure of Zy, in
PA (i =1,...,7). Define V' (resp. V) as the closure of Z; in P (resp. in Pa; ie.,

V=2nN-nN Z »). I TI(V) is the dual nef-partition, then the corresponding general
complete intersection in Py (resp. in Py) will be denoted by W (resp. W).

By the adjunction formula and 2.6, one immediately obtains:

Proposition 4.15 In the above notations, assume that V' is nonempty and irre-
ducible. Then V is an irreducible (d — r)-dimensional projective algebraic variety
with at most Gorenstein terminal abelian quotient singularities and trivial canonical
class. In particular, V is smooth if d—1r < 3.
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In the next section we prove the following:

Theorem 4.16 Let II(A) be a nef-partition, I1(V) the dual nef-partition, V (resp.
W) corresponding to II(A) (resp. to II(V)) general complete intersections in Pa (
resp. in Py). Then the following statements hold:

(i) V is nonempty if and only if W is nonempty;

(i) V' is irreducible if and only if W is irreducible;

(iii) h'(Oy) = h'(Ow) for 0 <i<d—r.

Corollary 4.17 Let II(A) be a nef-partition, I1(V) the dual nef-partition, 1% (resp.
W) corresponding to II(A) (resp. TI(V)) general complete intersections in Pa (resp.
n f’v). Then V is an irreducible (d — r)-dimensional projective algebraic variety
with at most Gorenstein terminal abelian quotient singularities and trivial canonical
class if and only ZfW has the same properties.

5 Semi-simplicity principle for nef-partitions

Let A be a d-dimensional reflexive polyhedron in Mg, II(A) = {Aq,...,A.} a
nef-partition of A.

Definition 5.1 We say that II(A) splits into a direct sum
I(A) =I(AY) @ - - & TI(AW)

if there exist convex lattice polyhedra A®M ... A®) ¢ A satisfying the conditions
(i) d = dim A® + ... + dim A® and

A=AD 4. ... AW,
(ii) for 1 <14 <k, the lattice point 0 is cointained in the relative interior of A®,

A® ig reflexive, and ‘ .
MAD) ={A; cA|A; c AD}

is a nef-partition of A®.
Definition 5.2 Assume that II(A) splits into a direct sum
(A) =AM @ - o TI(AW).

Denote by Mf{') the minimal R-linear subspace of Mg containing A® (i=1,....k).
We set also M@ = M N Mﬁ) (i=1,...,k). We say that II(A) splits into the direct
sum over Z if

M=MYgp...oo M®,

It is easy to see the following:
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Proposition 5.3 Assume that a nef-partition I1(A) splits over Z into a direct sum
IM(AW) @ - - @ T(AW). Then the Gorenstein toric Fano variety Pa is the product
of the Gorenstein toric Fano varieties Pawy (i =1,...,k). Moreover,

~

V=vV0x..xy®
where V@ (resp. ‘A/(i)) is the Calabi-Yau complete intersections defined by the nef-
partition TI(AD) in Paw) (resp. in Paw),i=1,...,k.

Remark 5.4 In 4.12 we gave a simplest example of a nef-partition IT(A) which
splits into a direct sum {A;} @ --- & {A,} over Z. In general situation, if II(A)
splits into a direct sum I1(A) = M(AM) & --- @ TI(A®), then MY @ .- @& M® is
a sublattice of finite index in M, but not necessarily the lattice M itself.

Example 5.5 Let A = A; + Ay, C R* where
A, = Conv{(1,0,0,0),(0,1,0,0),(-1,0,0,0),(0,—1,0,0)};
A, = Conv{(0,0,1,0),(0,0,0,1),(0,0,—-1,0),(0,0,0,—1)}.

We define the lattice M C R* as

M = ( =)+ 2

DN =
N —

11
272’

Then A splits into direct sum II(A) = {A;} & {A2}. But it is not a splitting over
Z, because M; & M, is a sublattice of index 2 in M.

Definition 5.6 We call a nef-partition II(A) reducible if there exists a subset
{ki,... ksy Cc{l,...,r} (0<s <)

such that Ag, + ...+ A, contains 0 in its relative interior. Nef-partitions which are
not reducible are called irreducible.

Remark 5.7 (i) Notice that Ag, +. ..+ Ay, contains 0 in its relative interior if and
only if
UF(Ag, + ..+ Ag,) = 1.

(ii) It is clear that an irreducible nef-partition has no nontrivial splitting into a
direct sum.

Theorem 5.8 Any nef-partition II(A) has a unique decomposition into direct sum
of irreducible nef-partitions.
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Proof. Assume that I1(A) is reducible. Choose lattice polyhedra Ay, ..., A, such
that A" = Ay, + ...+ Ay, contains 0 in its relative interior. Denote

N = Conv(Ag,, ..., Ag,).

It is clear that A’ also contains 0 in its relative interior and has the same dimension
as Ak, +...+Ayg,. Denote by Mg the minimal linear subspace in Mg containing A’.
Denote by 11, ..., 1, the piecewise linear functions on Mg which determine the dual
nef-partition I1(V) (see 4.6). We set o' = ¢y, ++ -+, V' =1+ -+, =) =
Vj, + -+, Then

N = {r e Mp | ¥/(x) < 1.

Since 1)’ is a non-negative integral convex piecewise linear function having value 1
at the relative boundary OA’ C Mg, the polyhedron A’ is reflexive.
Since ¢’ is convex and non-negative

C'={x e Mg | Y (x) =0}

is a convex subset of Mg containing all non-negative linear combinations of vertices
of Aj,,...,Aj . One has Mz NC" = 0. Assume that 0 is not contained in the
relative interior of C’. Then, by separateness theorem for convex sets, there exists
a non-zero element y' € Ny such that (Mg,y) = 0, and (C’,y') > 0. Therefore
(v,9') > 0 for all vertices v of Ay, ..., A,. Contradiction. Thus 0 is contained in the
relative interior of C’. Since R>oC’" C €', C' is a linear subspace and Mg = Mz ®C".
We put Mp = C".
Define
A = o € Mjy | ¢(x) < 1}

Then A" = Conv(Aj,,...,A; ), and A" := A;, &---§ A, ) contains 0 in its
relative interior. Therefore A” is also reflexive.
Thus we obtain V* = Conv(A’, A”), dim A’ + dim A” = d, and

(A) = {Ap ... Ar),
H(A”) - {Aju SR 7Ajr75}

are nef-partitions of the reflexive polyhedra A’ and A” corresponding to restricitions
of Yy, ..., ¢k, (vesp. of ¥y, ... ¢, ) on My (resp. on Mg). Now the statement
of Theorem 5.8 follows by induction. a
Proof of Theorem 4.16. Note that V' is nonempty if and only if h°(V, Oy) # 0. By
2.6, V is irreducible if and only if h°(V, Oy ) = 1. Therefore, (i) and (ii) follow from
(iii). By 3.5 and 5.7(i), the spectral sequence ” EP which computes the cohomology
of Oy degenerates at " EY? for all irreducible nef-partitions. By 5.3, we obtain the
degeneration of "EP4 at "ES? for all nef-partitions II(A) which split over Z into a
sum of irreducible nef-partitions.
According to Theorem 5.8, in general situation we have a finite covering

VI PA—>PA(1)X---XPA(k)
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where the degree of m equals the index of MM @ --.@ M® in M, and TI(AW), ...,
II(A®) are irreducible nef-partitions. Let

7, VoVi=Vlx. . xy®

the finite covering induced by 7. Then we obtain the canonical homomorphism of

the spectral sequences:
RN oy X BN o X

By 5.7(i), we have the canonical isomorphism
//Ef’q ~_ Ef’q.

Since ”EP4 degenerates at ”"EP? (see the above arguments), ”EP9 also degenerates
at "ES9. Therefore, h'(Oy) = h'(Oy) (i = 1,...,d —r). Analogously, h'(Ow) =
R (Oy) (i =1,...,d —r). Thus, we have reduced (iii) to already known case. O

Corollary 5.9 Let [ ={1,...,r}. Denote by |J| the cardinality of a subset J C I.
Define
d—r
E(A 1) =) W (Oy)t"
i=0
Then
B(A 1) = X 1(X A (e )

Jcl  jeJ

By Serre duality, and using the natural isomorphisms H'(V, Oy) = Hi(V, Og)
(t=1,...,d—r), we also obtain:

Corollary 5.10 Assume that Vs nonempty and irreducible. Then
W (V,0p) = k"W, 0p).

6 x(Q) for complete intersections

Now we want to calculate the Fuler characteristic of Q%/ of a Calabi-Yau complete

intersection V = Zﬂ- . -OZT in a M PC' P-desingularization P = 15A of a Gorenstein
toric Fano variety P := Px.

One has the standard exact sequence for a complete intersection:
0— (9‘7(—21) - D 0‘7(—27«) — Qlﬁ lp— Q%A/ — 0.

On the other hand, for toric varieties with only quotient singularities there exists
the exact sequence [7, 16]:

14



vEV(A*)

By transversality of Zi, ..., 2 to all strata on P we can restrict the last exact
sequence on V' without obtaining additional Tor-sheaves:

1 d
0= lp— 05 — D Op v = 0-
vEV(A*)

Consequently, we obtain:

Proposition 6.1

T

X(Q5) = x(0F) = >_x(0

j=1 vEV(A¥)

<)
0

<

|
.
S

o

s

D
3

0 On(- Ty 2)
— ZOI;(—Zj — Zk) — ZOI?,(—Z]-) — Oﬁ — O§ — 0
J<k J

Tensoring it by Oﬁ(—Z’) and using 2.5, we get
Proposition 6.2

J i<k

(DDA AL+ A

For the computation of x(O we need the following:

D(v)mx7)
Proposition 6.3 Let v an arbitrary lattice point in V(A*), I'(v) the minimal face
of A* containing v. Then T'(v) is a face of a polyhedron V; for some i (1 < i <r).

Proof. If v is a vertex of A*, then the statement is evident, because A* =
Conv{Vy,...,V,}.

Assume that I'(v) is a convex hull of k£ > 1 faces of polyhedra V;. Let v,..., vy,
be vertices of I'(v). By assumption, m > k. Without loss of generality, we assume
that v; € Vy,...,u € Vy. Since v belongs to relative interior of I'(v), there exist
positive numbers A, ..., A, such that A\ +---+X,, = 1 and \jv; 4+ -+ \,0,, = 0.
Choose an arbitrary vertex w of the dual face I'"(v) C A. Since A = Ay +---+ A,,

15



there exist w; € A; such that w = wy + - -+ + w,. It follows from definition of dual

nef-partitions (cf. [6]) that
(wi,v;) > =1, 1<i<k

and
On the other hand,

(w,v) = —1= ii/\i<wj,vi>.

i=1j=1

Since \; > 0, the last equality is possible only if all vertices vy, ..., v,, belong to the

same polyhedron V; for some i (1 <i <r).

Corollary 6.4

O

Definition 6.5 Denote by A;(v) the face of A; which defines the Newton polyhe-

dron for the equation of Z; in the toric divisor D(v) C Pa.

It is easy to prove the following:

Proposition 6.6 Assume that the face I'(v) C A* is also a face of V,;. Let I'*(v)

be the dual face of A. Then
A;(v) ={x e A; | (z,v) = —1},

Aj(v)={z € ;[ (z,v) =0 if j #1i},
and

A1 (v) 4+ -+ Ap(v) =T7(v).

Tensoring the Koszul resolution of Op by Op(,), we obtain:

Proposition 6.7

X(Opwine) = — S b(A;(0)) + D" b(A;(v) + Ap(v) — -+

J J<k
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Let VI=VNVA*) (i=1,...,r),and [ := {1,...,r}. If we rewrite

S X Opre) =33 S (CPFIR(Y A (v) =

vEV(A*) i=19ev? JCI jeJ

:il > (=Y Aj(v))+§Tj SO (DS A (),

veV?i%JC[ JeJ izlvev?ieJCI jeJ

then 6.1 and 6.2 imply:

Theorem 6.8

MOL) = x(0%) + 3 S (~ D)V B(A, + 3 A+

i=1JCI jed

PSSO A )+

i=1pev0igJCI jeJ
+3000 > (DR A (v)).
i=1yevYieJCl jeJ

7 Mirror duality for y(Q!)

We prove that the involution IT(A) « II(V) chahge the sign of x(Q') by (=1)*"

~

(as it would follow from the expected duality h%4(V) = hb4"=9(W), 0 < g < d—7):

Theorem 7.1

For the proof we need some preliminary statements.

Proposition 7.2 Let i € J C I, AY = A; N V(V*). Then a nonzero lattice point
w belongs to the relative interior of the polyhedron A = A; + 37 ;c; A; if and only
if w e AY and the zero point 0 € N belongs to the relative interior of Yigs Vji(w).
Moreover, if this happens, then

jeJ j¢J

dim (Ai +> Aj) + dim (Z Vj(w)) =d.

17



Proof. First of all, let’s check that the interior lattice point w must belong to A;.
This means checking (w, Vy) > 0 for k # ¢ and (w,V;) > —1, which follows
easily from the fact that w is a lattice point that belongs to (1 — ¢)A for some small
positive e.
The polyhedron A — w is defined by the inequalities

(x,v) > =2 — (w,v), v €V,

(x,0) > =1 —(w,v), veV;, jeJ j#i,
(x,v) >0—(w,v), veV;, j&J
Since (w,v) > —1 for v € V;, and (w,v) > 0 for v ¢ V;, only the inequalities
(z,v) > 0for v e V;, (w,v) =0 (j & J) give rise to nontrivial restrictions for the
intersection of a small neighbourhood of 0 € Mg with A —w. Therefore, it remains

to consider the halfspaces defined by the inequalities (x,v) > 0 where v € V;(w)
(7 € J). Denote by L,, the convex cone in Mg defined by the inequalities

(r,v) >0, forallveV;(w)andj¢&.J.

Then 0 lies in the relative interior of A — w if and only if L,, is a linear subspace of
Mg. On the other hand, the cone

Cw =Y RxoV;(w)
JgJ
is dual to L,,. Moreover, C,, is a linear subspace in Ng if and only if 0 is contained
in the relative interior of 3-;,; V;(w). It remains to note that a convex cone is a

linear subspaces if and only if the dual cone is a linear subspace. In the latter case,

dim L, + dim C,, = d, i.e., dim (A; + $e;A;) + dim (Sjg V;(w)) = d. 0
Corollary 7.3

iZ(—l)"”“b(AﬂrZAa’)=(—1)d"’ Z > > (DB Vy(w))

i=1JCI jeJ i=1 weA? igJCI jeJ

Proof. Denote by (—1)4m©p0(©) the number of nonzero lattice points in the relative
interior of a lattice polyhedron ©. Let i € J C I, J' = J\ {i}. Note that 0 is in
the relative interior of A; + 3>7,c, A; if and only if 0 is in the relative interior of

Aj+3esA;. Since |J| = |J'| + 1 and

dim (Ai +> Aj) = dim (Ai +> Ay) )

jeJ’ jeJ

we can have

T

S DA+ Y A) =Y T (VA + Y A,

i=1JCI jeJ i=lieJCI jeJ

It remains to apply Proposition 7.2 and the property |J| + |1\ J| = r. O
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Proposition 7.4 Leti € J C I, and v € VY is a lattice point. Then a lattice
point w belongs to the relative interior of the polyhedron A = 37;c; A;(v) if and only
w € AY and the lattice point v belongs to the relative interior of Vi(w)+3 a5 V;(w).
Moreover, if this happens, then

dim (Z Aj(v)) + dim (Vi(w) +> Vj(w)) =d—1.

JjeJ i¢J

Proof. We only need to prove the implication in one direction and the formula for
the dimensions.

By 6.6, (Aj(v),v) = 0 for j € J, j # i and (A;(v),v) = —1. Therefore,
(w,v) = —1, in particular, w # 0. Now we would like to prove that w € A,.
Because of A C A, this amounts to checking (w, Vi) > 0 for k # i. Suppose there
exists a vertex v” of Vi such that (w,v’) = —1. Because w lies in the relative interior
of A, we get (A,v’) = —1. However, this is impossible, because A;(v) contain zero
if j # 4, which leads to A;(v) C A.

The polyhedron A — w is defined by the conditions

(z,0") > =1 —(w,v), v € V;, j€J,

<J;7UI> Z 0— <’LU,’U,>, U, € vj) j g Ja
(x,v) = =1 —(w,v) =0.
If we are interested in the neighbourhood of 0 € M, we are left with the inequalities
(x,v") > 0, where v’ is either a vertex of V;(w) (j & J), or v' is the vertex of V;(w),

or v = —v. The zero point is in the interior of A — w, hence the convex cone L,
defined by these inequalities is a linear subspace. As a result, the dual to L, cone

Cw = Rzovl(’w) — RZOU + Z RZQVJ'(U)).
J¢J
is also a linear subspace.

Now we use 6.6 and the equality (w,v) = —1 to conclude that {y € Cy,|{w,y) =
0} is a linear subspace of dimension one less which equals

RZO (Vz(w) - U) + Z RZ()VJ' (’LU)
J¢J
Because (V;(w) — v) and V;(w) contain zero, this implies that their sum has the
same dimension and contains zero in its interior, which proves the first statement

of the proposition.
The formula for the dimensions follows from the duality of L., and C,,. O

Corollary 7.5

S OV A () =

i=1yeVv0ieJCI jeJ
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T S s v

= lwer ieJ'CI JjeJ’

Proof. We set J' = {I'\ J} U {i}. It remains to apply Proposition 7.4 and the
property |J| + |J'| =7+ 1. O

Proof of Theorem 7.1: It remains to combine the statements 5.10, 7.3 and 7.5
with the formula in 6.8. a

8 Complete intersections of ample divisors

Our next purpose is to give explicit formulas for (x, 1)-Hodge numbers for M PC P-
resolution V of a Calabi-Yau complete intersection of ample divisors. Notice that
in this case nef-partition is always irreducible.

First, we glue together the following two exact sequences

0— (9‘7(—21) DD OQ(—ZT) — QA lp— Ql — 0,

O—>QA|‘7—>O — P Op v — 0
vEV(A*)

and obtain the complex

Q0= 0p(-Z1)® - @ O0p(=2,) - 0L = P O p—0
vEV(A*)

whose cohomology H' can be nontrivial only if i = 1, and
i.e., the hypercohomology of OQ* coincides with the cohomology of Q%/[l]

Proposition 8.1 Assume that Zl,...,z are nef- and big-divisors; i.e., A; is a
Minkowski summand of A and dimA; = dimA =d (i =1,...,r). Then

Hk(O‘A/(—Z-)) =0 fori#d—r

and

~

BT (Op(-2) = X (-1 M (A + T A)

JcI jeJ

Proof. Consider the Koszul resolution of (’)‘7(—2,-). Then the corresponding second

spectral sequence degenerates in ” Ey, because our assumptions on 21, e Z, imply
"EV? =0 for ¢ # d. The latter immediately gives all statements. O
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Corollary 8.2 Let V be a complete intersection such that d —r > 3. Then, under
assumptions in 8.1, the second spectral sequence corresponding to the complexr QF
degenerates in " E5, and one obtains the following relations

T

P L) = 3O (- 2) — d-

i=1
d—r— d—r—
- Z (h 1(OD(v)m7) —h 2<OD(U)m7)> ’
vEV(A*)
Q)= Y B7(Opp) for2<k<d—r—2,
vEV(A*)
101 0
h (Qx?) = > h (OD(v)mﬁ) —d,
vEV(A*)
0(OLY _ pd—r/OLY _
h (Q‘A/) =h (9‘7) =0.
Proposition 8.3 Assume that Zl, ey Z, are proper pullbacks of ample divisors on
Pa; e, A; and A are Minkowski summand of each other (i = 1,...,r). Choose an

element of v € V(A*). Let s be dimension of the minimal face © C A* containing
v. Then the faces Ay(v),...,A.(v) depend only on © (we denote these faces by
©1,...,0" ), and the following statements hold:

(i) Ifd—r—s—1>0, then

W (O ) = MY 6)),

Jcl jed
0 _
h (OD(”L))Q§> =1,
and .
hZ(OD(v)m?) =0 foralli#0,d—r—s—1.

(i) Ifd—r—s—1=0, then

W (Op ) = 1+ 2 (=132 65),

Jcl jeJ

and

hi(OD(v)mA/) =0 foralli#0.

(i) Ifd —r — s — 1 < 0, then D(v) NV is empty.

Proof. Since Z1, ..., Z, are proper pulbacks of ample divisors, the polyhedron A* is
combinatorially dual to each of r+1 polyhedra A, A1, ..., A,. By this combinatorial
duality, the faces A;(v) C A; are dual to the face © and their arbitary sums have
the same dimension d — s — 1. In the sequel, we denote A;(v) simply by ©f.
Consider the Koszul resolution of O ()P Then the corresponding second spec-
tral sequence degenerates in ”Fy, because "EP? = 0 for ¢ £ d — s — 1,0, "E}? = 0
for p # r, and "E}" = C. Now the statements (i)-(iii) are obvious. O
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Corollary 8.4 Let V be a complete intersection such that d —r > 3. Then, under
assumptions in 8.3, one obtains

hrH Q) = XT: (Z(—l)rul*(ﬁz‘ +> Aj)) —d-

i=1 \JcI jeJ

- X (Z(—l)’”“]'l*(za}f)>+ > l*(9)-(Z(—l)r"‘]'l*(ZG;*))7

dim ©=0 Jci jeJ dim =1 JciI jedJ

ocA* ClavANy

hF Q) = 3 I*(©) - (Z(—l)*"’l*(z @;)) for2<k<d—r-—2,
dim ©=d—r—k—1 Jcl jet
OCA*

hl(Q%/) = Card{ lattice points in faces of dimension < d —r — 1} — d+
* r—|J| 7% *
+ > (e (Z(—l) oYy @j)> ,

dim ©=d—r—1 Jel ieJ
ecA*

0 1\ _ 3d—r 1N\
QL) = (k) = 0.

Corollary 8.5 Assume that r = 1 and d > 4. Then the Hodge numbers hp’l(V)
have the following values

hON (V) = h (V) =0,

MAV)=1(AY) —d—1— Sore) |+ Sooore)-1re) |,

O*CA* O*CA*

codim ©*=1 codim ©*=2

P2V = 1(A) —d — 1 — Soore) |+ > (09 -1(e) |,

O*CA* O*CA*

codim ©*=d codim ©*=d—1

WPV = 3 (09 -1"(©); for2<p<d-3.
O*CA*

codim ©*=p+1
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Proposition 8.6 Let V bea complete intersection of ample divisors Zl, cee Z, such
that d —r > 3. Then one obtains

pOh) = ) (Z<—1>T-'JZ*<AZ- +3 A») —d-

i=1 \JcI jed

. (z<—1>fljz*<ze;f>),

dime=0 \/<! jes

ecA*
hk(Q%/):O fork#1,d—r—1,

hl(Q%) = Card{ lattice points in faces of dimension < d —r — 1} —d.

Proof. 1f Zl, .. .,Zr are ample, then P has at most terminal singularities; i.e.,
I*(©) = 0 for all faces of A* of positive dimension. This immediately implies the
formulas. a

Example 8.7 Complete intersection Vy, 4, of two hypersurfaces in P°.
For two cases below, we have

S IF(E) = 30.

codim ==1

ECA

Case 1. d1 = d2 = 3. Then Z(Al) = Z(Az) = 56, l*(QAl) = l*(2A2) = 1.
Therefore,
¥t (Vas) = (112 —7) — (30 + 1+ 1) + 0 = 73.

Case 2. d1 = 27 dg = 4. Then Z(A1> = 21, Z(Ag) = 126, l*(QAl) = 0,
I*(2A,) = 21. Therefore,

h*t(Vay) = (147 — 7) — (30 + 21 4+ 0) + 0 = 89.
Example 8.8 Complete intersection Va5 3 in PS.
B! (Voos) = (28 +28 +84—9) — (7T-6+1+1+7+7)+0=T73.
Example 8.9 Complete intersection V5292 in P’.
h*!(Vanoo) = (436 —11) — (8- 7+3-4) + 0 = 65.
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9 Complete intersections in P¢

Consider the case when a nef-partition II(A) = {Aq,...,A,} defines a Calabi-
Yau complete intersection V' = V,, _; in projective space P?. This means that
the polyhedra A; = d;A (1 = 1,...,r) are d;-multiples of a regular d-dimensional
simplex A and d; + --- 4+ d, = d. Our purpose is to compute the (x, 1)-Hodge
numbers of the mirror Calabi-Yau complete intersection W = }71 N---N )A/T defined
by the dual nef-partition II(V) = {V4,...,V,}. In this case, V; (i =1,...,7) is a
regular d;-dimensional simplex. If for some ¢ we have d; = 1, then the Calabi-Yau
complete intersection in P? reduces to a Calabi-Yau complete intersection in P41
So we can assume that d; > 2 forallz=1,...r.

Proposition 9.1 In the above situation, one has

WOY, =3 V) =0 forallk

jeJ
unless J =1, or JU{i} = 1. Moreover

WHO(=Y; =32Y)) =0 fork#d,

h(O(=Y; — ZI%)) =1(Vi);
and ~
WHO(=3_Y5) =0 fork#d,
h(O(=32Y)) =1

Proof. Note that the polyhedra V;, V; (j € J) are regular simplices spanning
linearly independent subspaces unless i € J, J = I, or J U {i} = [. Therefore,
Vi+ > jes Vj is a regular simplex having no lattice points in its relative interior
unlessi € J, J =1, or JU{i} = I. If i € J, then V;+3,c; V; has no lattice points
in its relative interior since (*(2V;) = 0 for all i € I (d; = dim'V; > 2). Hence the
first statement follows from 2.5.

If J =1, 0r jU{i} = I, then dim (V; + ¥;c, V;) = d. By 2.5, h*(O(-Y; —

~

YjerY;)) = 0 for k # d. The remaining statements follow from I*(V; + V1 +--- +
V) =1(V,;)and I*(Vy+---+V,) =1 O

Corollary 9.2
hk(Oﬁ/(—ﬁ)) =0 fork#d—r
and

W (O (-Y) = (Vi) — L
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Proof. Tensoring the Koszul resolution K* of Oy, by (’)(—17;), we obtain the degen-
erated spectral sequence “EP? from which one immediately obtains the statement.
O

Proposition 9.3 For any vertex w of V* and any subset J C I, one has
(> Viw)) =0,
jedJ
unless dim Y- ;c; V;(w) = 0.

Proof. We consider two cases:

Case 1. J # I. We know that >>;.; V;(w) is always a face of Y, ; V;. On the
other hand, the linear subspaces spanned by V; are linearly independent. Since all
V; are regular simplices, there is no face of 3~ ; V; of positive dimension containing
a lattice point in its relative interior.

Case 2. J = [. If there exists i € [ such that dim V;(w) = 0, then setting
J' = J\ {i} we reduce all to Case 1.

The polyhedron V has d + 2 lattice points, but only those lattice points v € V
which satisfy the condition (w,v) € {0, —1} might appear in V;(w). Hence there
exists a vertex of V which does not belong to any of V;(w). Therefore linear
subspaces spanned by V;(w) are linearly independent. We again obtain the same
statement, since all V;(w) are regular simplices. O

Using the Koszul resolution, we obtain

Corollary 9.4

hk(OD(w)mvT/) =0 fork>0

Therefore the second spectral sequence of the 3-term complex Q* degenerates in
"E, and we have

Proposition 9.5 Assume that d —r > 3. Then
k(oL _
hi(Qp) =0 for2<d—r-2,
and .
h=r N Q) = —d 4+ > (1(Vi) = 1) = 1 = h' ().
i=1

Using the duality for the Euler characteristic from Theorem 7.1
CR(Q) + (—L) TR QL ) = (<D (=R + (1) e (9))

we obtain
R Q) = KT HQy).
Therefore, we get the complete duality for (1, ¢)-Hodge numbers:

Theorem 9.6 Let V' be a Calabi-Yau complete intersection of r hypersurfaces in
P? and d—1r >3, W a M PC P-desingularization of the Calabi-Yau complete inter-
section W C Py Then

hI(Q5) = hT Q) for0<qg<d-—r.
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