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IS THERE FAILURE OF THE INVERSE FUNCTION THEOREM?
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The content of this lecture is based on the joint papers of mine with collaborators:
H. Brezis, Th. Cazenave, Y. Martel and A. Ramiandrisoa [1], H. Brezis and J. L. Vazquez
[1], H. Brezis and X. Cabre [1], as well as very recent works, such as G. Nedev [1].

The starting point is the nonlinear elliptic equation

−∆u = λf(u) in Ω ⊂ RN ,

u > 0 in Ω,(1)
u = 0 on ∂Ω,

where Ω is a smooth bounded domain in Rn, λ > 0 is a constant and f : [0,+∞) → (0,+∞)
is a smooth function. Throughout this lecture we assume that:

(2) f(0) > 0, f is increasing and convex,

(3) lim
s→+∞

f(s)
s

= +∞,

and

(4)
∫ ∞ ds

f(s)
< +∞.

The standard model cases are:

(5) f(u) = eu

and

(6) f(u) = (1 + u)p, 1 < p <∞.
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This type of problem, which has been studied over the last 40 years, has a very rich
structure; there are still many open problems and we shall describe some of them. The first
extensive study is due to G. I. Barenblatt and was presented in a volume edited by I. M.
Gelfand [1]. It was motivated by problems occurring in combustion and concerns mostly
the case f(u) = eu. It was followed by two independent papers: H. Keller and D. Cohen
[1], and H. Fujita [1], [2]. There have been a number of subsequent papers: T. Laetsch [1],
H. Keller and J. Keener [1], D. Joseph and T. Lundgren [1] (this is a very detailed study
of the radial case by phase-plane analysis), M. Crandall and P. Rabinowitz [1], F. Mignot
and J. P. Puel [1], T. Gallouet, F. Mignot and J. P. Puel [1], P. Baras and M. Pierre [1].

The basic result concerning problem (1) is summarized in the following:

Theorem 1. There is a constant λ? ∈ (0,+∞) such that

A) For every λ ∈ (0, λ?) there is at least one classical solution (i.e., C2(Ω̄)) of (1).

B) For λ > λ? there is no classical solution of (1).

C) For λ = λ? there is a weak solution u? of (1) in the sense that u? ∈ L1(Ω),
f(u?)δ ∈ L1(Ω) where δ(x) = dist (x, ∂Ω) and u? satisfies (1) in the weak sense:

(7) −
∫

Ω

u?∆ζ = λ?

∫

Ω

f(u?)ζ ∀ζ ∈ C2(Ω̄), ζ = 0 on ∂Ω.

Remark 1. When λ ∈ (0, λ?), there may be many classical solutions, but there is one
which plays a distinguished role: it is the minimal solution denoted by u(λ). Any other
solution u (classical or weak) of (1) satisfies u ≥ u(λ). It can also be characterized as the
unique stable solution of (1) in the sense that

(8) λ1(−∆ − λf ′(u)) > 0,

i.e., the linearized operator at u is coercive. Moreover u(λ) increases in λ (for every x ∈ Ω).

Remark 2. We shall call λ? the extremal value. It is sometimes called the Frank-
Kaminetski constant in the combustion literature. The existence of a weak solution at
λ = λ? is easy to prove. From (3) we see that ∀ε > 0,∃Cε such that

(9) u ≤ εf(u) + Cε ∀u ∈ R.

Multiplying (1) by ϕ1 the first eigenfunction of −∆ with zero Dirichlet condition we see
that

(10) λ1

∫

Ω

u(λ)ϕ1 = λ

∫

Ω

f(u(λ))ϕ1.

Inserting (9) in (10) we obtain

(11)
∫

Ω

f(u(λ))ϕ1 ≤ C as λ ↑ λ?.
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On the other hand, multiplying (1) by ψ, the solution of

−∆ψ = 1 in Ω, u = 0 on ∂Ω

we find (using (11))

(12)
∫

Ω

u(λ) ≤ C as λ ↑ λ?.

Estimates (11) - (12) and the fact that u(λ) is increasing allow to pass to the limit in the
weak sense and yield the existence of a weak solution u? of (1) for λ = λ?. The uniqueness
of a weak solution at λ = λ? is a remarkable result of Y. Martel [1]. We shall call u? the
extremal solution of (1).

Remark 3. Part A in Theorem 1 is proved using the Implicit Function Theorem starting
from λ = 0 and pushing “as far as possible”, i.e., as long as the linearized operator is
invertible which is equivalent to property (8). As a result, it follows that if u? is a
classical solution then

(13) λ1(−∆ − λ?f ′(u?)) = 0.

We are mostly concerned with the study of (1) at λ = λ? and beyond λ?. First, some
results dealing with the regularity of the extremal solution u?:

Theorem 2 (M. Crandall and P. Rabinowitz [1], F. Mignot and J. P. Puel
[1]). Suppose f(u) = eu and N ≤ 9. Then u? is smooth.

The restriction N ≤ 9 is optimal. More precisely we have

Theorem 3 (D. D. Joseph and T. S. Lundgren [1]). Suppose f(u) = eu, Ω = B1,
the unit ball in RN with N ≥ 10. Then u? is unbounded. In fact,

(14) λ? = 2(N − 2) and u?(x) = log(1/|x|2).

Sketch of the proof of Theorem 2. The objective is to obtain stronger estimates than
(11) and (12). They are derived from (8). Indeed we have for λ < λ?,

∫
|∇ϕ|2 − λ

∫
eu(λ)ϕ2 ≥ 0 ∀ϕ ∈ H1

0 .

Choosing ϕ = eαu(λ) − 1 with α > 0 to be fixed we obtain

(15) λ

∫
eu(λ)(eαu(λ) − 1)2 ≤ α2

∫
e2αu(λ)|∇u(λ)|2.
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On the other hand, if we multiply (1) by (e2αu(λ) − 1) we find

(16) 2α
∫
e2αu(λ)|∇u(λ)|2 = λ

∫
eu(λ)(e2αu(λ) − 1).

Combining (15) and (16) we see that
∫
eu(λ)(eαu(λ) − 1)2 ≤ α

2

∫
eu(λ)(e2αu(λ) − 1),

and this yields the bound
∫
e(2α+1)u(λ) ≤ Cα, ∀α < 2.

In particular
eu?

∈ Lq, ∀q < 5.

Going back to (1) and using the Lp regularity theory we deduce that u? ∈ W 2,q for all
q < 5. The Sobolev inequality allows to conclude that u? ∈ L∞ and thus u? is smooth.

We will present below (after Theorem 9) a new proof of Theorem 3 totally different
from the original proof of Joseph and Lundgren. There are variants of Theorem 2 and 3
for the case f(u) = (1 + u)p (with similar proofs):

Theorem 4. Suppose N ≤ 10 and p is arbitrary or N ≥ 11 and p < p?(N) where
p = p?(N) is the unique solution of

N − 2
2

=
p

p − 1
+

(
p

p− 1

)1/2

,

then u? is smooth.

Theorem 5. Suppose N ≥ 11, p ≥ p?(N) and Ω = B1. Then u? is unbounded. In fact

u?(x) = |x|−2/(p−1) − 1.

Here are some open problems related to Theorems 2-5.

Open problem 1. Is there something “sacred” about dimension 10? More precisely, is
it possible in “low” dimension to construct some f (and some Ω) for which the extremal
solution u? is unbounded? Alternatively can one prove in “low” dimension that u? is
smooth for every f (and every Ω).

Remark 4. A remarkable recent result of Nedev [1] asserts that if N = 2 or 3 then, for
every f , the extremal solution u? is smooth. A similar result for N = 4 is open. (When
N = 1 the conclusion is obvious: since u? is concave it must be bounded).
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Open problem 2. When u? is not smooth, what is the nature of the singular set of u??
Does it consist of one point when Ω is convex? a finite number of points for a general Ω?

A related question concerns the level sets of u:

Open problem 3. Suppose Ω is convex and f(u) = eu (or f(u) = (1 + u)p). Are the
level sets

{x ∈ Ω; u(x, λ) ≥ α}

convex for all λ < λ? and α > 0?

See some partial results in that direction have been obtained by X. Cabre and S. Chanillo
[1].

Open problem 4. Suppose u? has an isolated singularity at x0 ∈ Ω. Is it true that

(17) f ′(u?(x)) ' 1
|x− x0|2

as x→ x0?

Evidence in favor: (17) holds both in Theorem 3 and 5. The singularity 1/|x|2 also seems
to play a distinguished role in Theorems 10, 11, 12 below.

Open problem 5. Assume Ω is a convex set in RN , N ≥ 10 and f(u) = eu. Is u?

unbounded? Similar question for f(u) = (1 + u)p with N ≥ 11 and p ≥ p?(N).

Next, we address the question whether weak solutions exist beyond λ?? In other words,
does some form of life persist “after death”? There are several motivations for asking that
seemingly academic question:

1) There seems to be a whole “zoology” of weak solutions for λ ∈ (0, λ?), in addition to
the distinguished solution u(λ). For example if f(u) = eu and Ω = B1 is the unit ball of
RN , N ≥ 9, then

u(x) = log(1/|x|2),

is a singular solution corresponding to λ = 2(N − 2); it is distinct from the extremal
solution u? (which is smooth by Theorem 2). Other singular solutions—even nonradial
ones—have been recently constructed by H. Matano [1]. (Note that this does not contradict
the symmetry results of Gidas, Ni and Nirenberg which holds for smooth solutions). This
suggests the following

Open problem 6. Given any λ ∈ (0, λ?) does there exist a weak, unbounded, solution
of (1) with f(u) = eu and Ω = B1 in R2 or R3? Is there a weak solution with only one
singularity at a prescribed (arbitrary) point in Ω?

2) The second motivation why we are concerned with weak solutions beyond λ? comes from
the study of the corresponding parabolic equation; it becomes transparent, for example,
in Theorem 1 and Corollary 3 of Brezis, Cazenave, Martel and Ramiandrisoa [1].
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Theorem 6 (Brezis, Cazenave, Martel and Ramiandrisoa [1]). Suppose λ > λ?

(any f , any Ω, any N). Then, no weak solution of (1) exists in the sense that u ∈ L1(Ω)
and

−
∫
u∆ζ = λ

∫
f(u)ζ ∀ζ ∈ C2(Ω̄), ζ = 0 on ∂Ω.

Sketch of the proof of Theorem 6. We divide the proof into 2 steps

Step 1: No classical solution exists beyond λ?. Here (0, λ?) is defined as the maximal
interval on which the Implicit Function Theorem applies (see Remark 3).

Proof. We follow a standard argument (see e.g. Crandall and Rabinowitz [1]). Suppose
that a classical solution of (1) exists for some λ > λ?. For any µ < λ? consider the solution
u(µ) and recall that

(18) λ1(−∆ − µf ′(u(µ))) > 0.

We have

−∆(u− u(µ)) = λf(u) − µf(u(µ)) = (λ− µ)f(u) + µ(f(u) − f(u(µ))

≥ µ(f(u) − f(u(µ))) ≥ µf ′(u(µ))(u − u(µ))(19)

by the convexity of f . We deduce from (18), (19) and Stampacchia’s form of the maximum
principle that

(20) u(µ) ≤ u ∀µ < λ?.

Passing to the limit as µ ↑ λ? using the uniform bound (20) we find that u? ∈ L∞(Ω) (thus
it is smooth) and also

(21) λ1(−∆ − λ?f ′(u?)) = 0

(otherwise, if λ1(−∆−λ?f ′(u?)) > 0, this would contradict the maximality of λ? since we
could construct solutions of (1) for any λ near λ? (including λ > λ?) using the Implicit
Function Theorem).

Returning to (19) with µ→ λ? we obtain

−∆(u− u?) ≥ (λ − λ?)f(u) + λ?(f(u) − f(u?))

≥ (λ − λ?)f(0) + λ?f ′(u?)(u − u?).(22)

Let ψ > 0 be the eigenfunction corresponding to (21). Multiplying (22) by ψ and integrat-
ing yields

0 ≥ (λ− λ?)f(0)
∫

Ω

ψ.
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Impossible.

Step 2: Suppose that a weak solution u of (1) exists for some λ. Then for all ε ∈ (0, 1)
there exists a classical solution v of

−∆v = (1 − ε)λf(v) in Ω,
v > 0 in Ω,

v = 0 on ∂Ω.(23)

Of course, Step 1 and Step 2 yield a proof of Theorem 6. The proof of Step 2 involves a
new type of truncation which ought to be useful in other situations.

Sketch of proof for Step 2. Let Φ : [0,∞) → [0,∞) be a concave, increasing, bounded
function with Φ(0) = 0 which will be determined later (in contrast with the usual trunca-
tions it is adapted to f). Set

w = Φ(u).

As in Kato’s inequality (see Kato [1]), compute

∆w = Φ′(u)∆u+ Φ′′(u)|∇u|2

≤ Φ′(u)∆u = −λΦ′(u)f(u)(24)

by concavity of Φ. We try to make w a supersolution of (23), i.e.,

(25) −∆w ≥ (1 − ε)λf(w).

Since we already have, by (24),

−∆w ≥ λΦ′(u)f(u),

it suffices to achieve
Φ′(u)f(u) ≥ (1 − ε)f(w)

i.e.,
Φ′(u)f(u) ≥ (1 − ε)f(Φ(u)).

For this purpose we solve the ODE

Φ′(t) = (1 − ε)
f(Φ(t))
f(t)

,

Φ(0) = 0,(26)

i.e.,
H(Φ(t)) = (1 − ε)H(t)
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where

H(t) =
∫ t

0

ds

f(s)
.

Note that assumption (4) enters here to ensure that Φ(t) remains bounded as t→ ∞.

Using w as a supersolution and 0 as a subsolution of (23) we obtain a solution v of (23)
with v ≤ w. Thus v ∈ L∞ (since w ∈ L∞) and therefore v is a classical solution.

[Warning: the above computation (24) is purely formal since u is not smooth. However, it
can be justified, see Brezis, Cazenave, Martel and Ramiandrisoa [1].]

Theorem 7 (Fujita [1], [2], Laetsch [1]). Assume in addition that f is strictly convex.
Let λ ∈ (0, λ?) and let u1 and u2 be classical solutions of (1) such that

u1 ≤ u2 and u1 6≡ u2.

Then u1 = u(λ). In particular any pair of solutions of (1), both distinct from u(λ) must
cross.

Proof. We first claim that

(28) µ = λ1(−∆− f ′(u1)) > 0.

Indeed let Φ > 0 be the corresponding eigenfunction. We have

(29) −∆(u2 − u1) = λ(f(u2) − f(u1)) > λf ′(u1)(u2 − u1).

Multiplying (29) by Φ yields

µ

∫
Φ(u2 − u1 > 0

and thus µ > 0.

Next we write

(30) −∆(u(λ) − u1) = λ(f(u(λ) − f(u1)) ≥ λf ′(u1)(u(λ) − u1).

Multiplying (30) by u(λ) − u1 ≤ 0 and using coercivity (from (28)) we obtain

‖u(λ) − u1‖2
H1 ≤ 0,

so that u1 = u(λ).

We now return to the properties of the extremal function u? when u? is not bounded.
The natural extension of (13) would have been

lim
λ↑λ?

λ1(−∆− λf ′(u(λ))) = 0

in full generality, whether or not u? is smooth. Surprisingly this is false:
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Theorem 8 (Brezis and Vazquez [1]). Assume Ω and f as in Theorem 3 or Theorem
5. Then

(31) lim
λ↑λ?

λ1(−∆− λf ′(u(λ))) > 0.

Before explaining the proof, here is a tool which we find very useful in identifying the
extremal solutions:

Theorem 9 (Brezis and Vazquez [1]). Assume u is a weak solution of (1) (any λ > 0,
any f , any Ω, any N). Assume

(32) u ∈ H1
0 (Ω) and u /∈ L∞(Ω)

and

(33) λ1(−∆ − λf ′(u)) ≥ 0,

in the sense that

(34)
∫

|∇ϕ|2 ≥ λ

∫
f ′(u)ϕ2 ∀ϕ ∈ H1

0 (Ω).

Then λ = λ? and u = u?.

Proof. In view of Theorem 6 and the uniqueness result of Martel [1] when λ = λ?, it
suffices to exclude the possibility λ < λ?. Suppose by contradiction that λ < λ?. Write

(35) −∆(u(λ) − v) = λ(f(u(λ)) − f(v)) ≥ λf ′(v)(u(λ) − v).

Multiplying (35) by v − u(λ) ≥ 0 and using the fact that v ∈ H1
0 yields

∫
|∇(u(λ) − v)|2 ≤ λ

∫
f ′(v)(u(λ) − v)2.

Combining this with (34) (applied to ϕ = u(λ) − v) we see that equality holds in (35), i.e.

f(u(λ)) − f(v) = f ′(v)(u(λ) − v)a.e.

and therefore f is linear on the interval [u(λ, x), v(x)] for a.e. x. Since u(λ) belongs to
L∞(Ω) while v does not we conclude that f is linear on some interval [A,+∞). This
contradicts (3).

With the help of Theorem 9 we may now turn to the
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Proofs of Theorems 3,5, and 8. For simplicity consider only the framework of Theorem
3. An easy computation shows that in, any dimension N ≥ 3, u(x) = log(1/|x|2) is a
weak solution of (1) with λ = 2(N − 2). On the other hand

L = −∆ − λf ′(u) = −∆− 2(N − 2)
|x|2

.

Assertion (33) is equivalent to
∫

|∇ϕ|2 ≥ 2(N − 2)
∫

ϕ2

|x|2 ∀ϕ ∈ H1
0 .

On the other hand the celebrated Hardy inequality asserts that, when N ≥ 3,

(36)
∫

Ω

|∇ϕ|2 ≥ c

∫

Ω

ϕ2

|x|2 ∀ϕ ∈ H1
0 (Ω)

and the best constant in (34) is c = (N − 2)2/4. Putting together these facts we see that
(33) holds if

2(N − 2) ≤ (N − 2)2

4
i.e. N ≥ 10.

Applying Theorem 9 we conclude that when N ≥ 10, λ? = 2(N − 2), and u?(x) =
log(1/|x|2). It is interesting to note that this simple argument gives the optimal range
of N since we know that for N ≤ 9, u(x) = log(1/|x|2) cannot be the extremal solution
(by Theorem 2).

It is now also clear that (31) holds when f(u) = eu and N ≥ 11 (since then
2(N − 2) < (N − 2)2/4). The case N = 10 is more delicate and relies on the following
improved Hardy inequality (see Brezis and Vazquez [1]):

∫
|∇ϕ|2 ≥ (N − 2)2

4

∫
ϕ2

|x|2 + β

∫
ϕ2 ∀ϕ ∈ H1

0

which holds in any dimension N ≥ 3 with a constant β > 0 depending on Ω.
Open problem 6. Theorem 8 suggests that there might be some connection between the
property

(37) lim
λ↑λ?

λ1(−∆− λf ′(u(λ))) = 0

and the fact that u? ∈ L∞(Ω). Is it true in general that (37) implies u? ∈ L∞(Ω)?
Theorem 8 raises an interesting paradox. Consider for example the case Ω = B1 in

dimension N ≥ 11 with f(u) = eu. The linearized operator at λ = λ? and u = u? is

L = −∆− 2(N − 2)
|x|2
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which is coercive onH1
0 (since 2(N−2) < (N−2)2/4). Hence L is “invertible” and, formally,

we expect solutions of (1) to exist for λ near λ? by the Implicit Function Theorem. Of
course, this requires finding an approximate function space which contains some singular
functions (since u? is not smooth). But we also know (by Theorem 6) that no solution of
(1) exists for λ > λ? even in the weak sense. The answer to this paradox is that there is no
function space where the Implicit Function Theorem applies. To explain this situation
we have considered, in Brezis and Cabre [1], a somewhat related question.

Consider the equation in a domain Ω with 0 ∈ Ω,

(38)
−∆u = a(x)u2 + c in Ω ⊂ RN ,N ≥ 3

u = 0 on ∂Ω,

where a(x) is a given function and c is a constant (for simplicity). Suppose first that a(x)
is smooth, then for any c ∈ R with |c| sufficiently small there is a (small) solution u of
(38). This is an easy consequence of the Inverse Function Theorem applied to F (u) =
−∆u− a(x)u2 mapping X into Y with the following possible choices:

a) X = {u ∈ C2,α(Ω);u = 0 on ∂Ω} and Y = C0,α(Ω)

b) X = W 2,p(Ω) ∩W 1,p
0 (Ω) and Y = Lp(Ω) with p > N/2.

The same conclusion holds if we assume that a(x) ∈ Lp(Ω) for some p > N/2; for example
we may take

a(x) = 1/|x|β with β < 2 in any dimension N ≥ 3.

Consider now β = 2, i.e. a(x) = 1/|x|2. Formally the map F still satisfies F (0) = 0 and
F ′(0) = −∆ so that the assumptions of IFT seem to hold. However there is no obvious
function space where IFT could apply. In fact there is none and we have
“Theorem” (Brezis and Cabre [1]). For any c > 0 (no matter how small) problem
(38) with a(x) = 1/|x|2 has no solution.

As such this statement is too vague since we have not made precise in which function
space there is nonexistence. Someone could come and pretend that he has discovered a so-
lution in some weaker sense. This is doomed to fail! Here are various forms of nonexistence
taken from Brezis and Cabre [1].

Theorem 10. For any c > 0 there is no function u ∈ L1(Ω) with u2δ/|x|2 ∈ L1(Ω) such
that

−
∫

Ω

u∆ζ =
∫

Ω

(
1

|x|2u
2 + c

)
ζ ∀ζ ∈ C2(Ω) with ζ = 0 on ∂Ω.

Sketch of proof. The argument is somewhat similar to the proof by truncation in Step
2 of Theorem 6. Set

w = Φ(u) with Φ(t) = t/(t + 1).

Then
∆w ≤ Φ′(u)∆u
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and thus

(39) −∆w ≥ u2

|x|2(1 + u)2
=

w2

|x|2 .

Recall that −∆u ≥ c on Ω, so that u(x) ≥ α > 0 near 0 and consequently w(x) ≥ α > 0
near 0. Hence

−∆w ≥ α2

|x|2

and therefore w(x) ≥ β log(1/|x|) with β > 0. This is impossible since w ∈ L∞(Ω).

One may object that the distribution setting of Theorem 10 is to retrictive since it does
not allow “monster” singularities at x = 0. Here is another form of nonexistence which
shows that the only natural solution is u ≡ +∞.

Let an(x) = (|x|2 + 1/n)−1 and let gn(u) = min{u2, n}. For any n = 1, 2, . . . , consider
the approximate problem

(40)
−∆u = an(x)gn(u) + c on Ω

u = 0 on ∂Ω.

Note that (40) has a solution since the right-hand side is bounded for all u. In fact it
has a minimal solution un(x) (it also has a maximal solution but we choose the minimal
one to “minimize the blow-up” as n→ +∞).

Theorem 11. For any c > 0, un(x) → +∞ for all x ∈ Ω. (In other words there is complete
blow-up, not just at x = 0).

Sketch of proof. The sequence un(x) increases with n. The idea is to show that

(41)
∫

Ω

an(x)gn(un)δ → +∞ as n→ ∞.

For otherwise we would deduce that un is bounded on L1 and converges to a solution u
in the sense of Theorem 10. Impossible. Once (41) is established we rely on a very useful
form of the strong maximum principle.

Lemma (Morel and Oswald, see Brezis and Cabre [1]). Let v be the solution of

−∆v = h(x) in Ω
v = 0 on ∂Ω

with h ≥ 0. Then

v(x) ≥ cΩ

(∫

Ω

hδ

)
δ.

Conclusion: If you have a nonlinear problems with singular coefficients and you try
to use the Inverse (or Implicit) Function Theorem be extremely careful. Do not rely on
purely formal argument. Construct the appropriate functinal setting and check that all
conditions are satisfied!
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