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Abstract

We study the regularity of the minimizers to the problem:

Mo, A) = 1 inf |Du|2+a/u2.
H, (£2), =I1,|D|=A
u€Hy (£2), llull2=1, |D| o A

We prove that in the physical case ¢ < A in R2, any minimizer u is locally cl! and the boundary of the
set {u > c} is analytic where c is the constant such that D = {u < ¢} (up to a zero measure set).
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1. Introduction

Consider a bounded domain 2 C R” with Lipschitz boundary. Fix A,0 < A < |§2] and « > 0.
Our goal is to study the regularity of the minimizers to the problem:
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A, o) = inf /|Du|2+a/u2. (1.1)
2

ueH} (), |ul2=1,|D|=A 7

Ref. [5] establishes the existence of minimizers and connects (1.1) with a physical problem
whose goal is to minimize the first Dirichlet eigenvalue of a body of prescribed shape and mass
that has to be constructed out of materials of varying densities. The Euler—Lagrange equation
corresponding to (1.1) is

—Au+aXpu = Ao, A)u. (1.2)

It was proved in [5] that for any optimal configuration (u, D), there exists some ¢ > 0 such
that D = {u < ¢} (up to a zero measure set). In fact, the weak uniqueness result in [3] says that
this constant ¢ depends only on §2, o and A, for almost every A.

We shall always assume here that o < &@(A) where & is a special constant defined in [5].
This condition guarantees that @ < A(«, A). The physical problem posed in [5] in fact demands
that. An elementary consequence of this condition is that u is strictly superharmonic and hence
satisfies the strong minimum principle. So every point in the set {u# = c} is a limit point of the set
{u <c},and [{u =c}| =0.

By a result in [6], for any point xg € {u = ¢} N {|Du| > 0}, there exists r > 0 such that the
set {u = c} N B;(xp) is the graph of a real-analytic function. Thus the issue is to understand
points in the set {# = c} N {Du = 0}. In [3], these singular points were studied for (1.2) and
a blow-up analysis performed to classify the singularities. Such an analysis was done earlier
in dimension two in [2] and [9]. The aim of this paper is to study which blow-up solutions of
[3] are unstable for the functional (1.1). Ruling out various blow-up solutions leads therefore to
improved regularity of the solution # and also to regularity of the free-boundary {u = c}. In a
dumb-bell shaped region §2, it is proved in [5] that one of the lobes fills faster than the other as
A — |§2|. Thus for certain value of A, one of the lobes could contain an isolated point of the
set {u = ¢} surrounded solely by points where u < ¢. On blow-up we will get a blow-up limit as
in [9], in particular the set {u = c} is not regular. Thus in general, even if §2 is simply-connected,
we do not expect {u = c} to be regular. However, it turns out that d{u > c} has better regularity
properties. So it may be more natural to view d{u > c} as the free-boundary instead of {u = c}.
We will therefore denote in this paper

U={u>c}, (1.3)

F=93U (1.4)
and

]-"*:fﬂ{|Du|>0}. (1.5)

There is a similarity in spirit between this problem and a problem treated in [8]. The difference
being that the problem in our paper has the constraint | D| = A, which puts complications in the
construction of the variations we employ.
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It will be easier to study the free functional corresponding to (1.1). We will make both vari-
ations in the domain D and the function u. We set, for a family of domains D(f) such that
|ID(0)| = A,

E(s,z)=f|Du+st|2+a f (u+sv)2—,\f(u+sv)2. (1.6)
2 2

D(1)
Our minimizing assumption then becomes
E(s,t) > E(0,0)=0.

In Section 2, we find the formula for all first and second derivatives of E (s, t). The first derivative
of E(s,t) with regards to ¢ already played a role in obtaining weak uniqueness in [3]. Pieces of
the second variation formula were obtained earlier in [4]. However in order to get any contradic-
tion the full second variation is needed.

We will confine ourselves here to state two consequences of our results. In Section 4 we show:

Theorem 1.1. Ler 2 CR?, 0 < A < 2] and 0 < a < @. Let (u, D) be a minimizing configura-
tion. Then u € CH1(£2).

In contrast, one can construct solutions to the Euler—Lagrange equation (1.2) which fail to
have C!-! bounds [3], and in a related problem, see [1]. We recall that [9] establishes that under
(1.2), points xo where Du(xg) = 0 and U having positive density are isolated. Such point does
exist, see [3]. However, we show that it is not the case for the minimizers of (1.1).

We now turn our attention to the free-boundary F = dU. We prove in Section 6 the following
result:

Theorem 1.2. Let (u, D) be a minimizing configuration. Then the set {u > c} consists of a finite
number of connected components whose closures are disjoint. The boundary of each of these
components consists of finitely many disjoint, simple and closed real-analytic curves on which
|Du| > 0.

The proof of Theorem 1.2 uses Theorem 1.1 and the second variation formula, but no further
blow-up arguments are needed. One feature of the proof of Theorem 1.2 is the use of global
arguments, in particular the use of the Jordan Curve Theorem. Another aspect of this problem is
that one first classifies the blow-up limits and then uses the classification to get C!'! bounds.

It follows from these theorems and a result of [3] that for a minimizing configuration (u, D),
the 1-dim Hausdorff measure of the set {u = ¢} is finite.

In the case when £2 is simply connected, it follows from [5] that D is connected. From this
fact and the superharmonicity of u, it is easy to see that each connected component of U is simply
connected and thus has a connected boundary. In this case, the proof of Theorem 1.2 simplifies
considerably.
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Lastly, the situation in higher dimensions is unclear. This is also the case for the problem
treated in [8]. In fact, the argument in the proof of step 2, Theorem 8.1 is incomplete because in
the notation of [8],

/ |Dws|? ~ —logs — oo as 8 — 0.
By
2. Second variation formula

We start by defining what we call a regular curve. A curve y : [a, b] — R? is regular if it
satisfies the following conditions:

(i) —oco<a<b<ox;
(i) fa<x<y<bandx #aoryz#b,then y(x) #y(y);
(iv) |y’ is uniformly bounded away from 0.

If in addition, y (a) = y (b), we say it is closed and regular.

If the domain of y is (a, b), we say y is regular (similarly closed and regular) if the continuous
extension of y to [a, b] is regular (respectively closed and regular).

We state our key second variation formula in the following lemma.

Lemma 2.1. Let J = | J;_, Ji be a finite union of open, bounded intervals of R and

y=Wny):J—>F*

a simple curve which is regular on each interval Ji and y(J) C F*. Assume also that
dist(y (Jx), v (Jn)) > 0 forall 1 < h # k < n. For each & € J, denote by

N(E) = (N1(§), N2(&))

the outward unit normal with respect to D at y (§). We also define N* to be (N, —N1) and
N’ the first derivative of N. Let to > 0 and g : J x (—tg,t9) — R be a function such that

g, t),g(, 1), gu(,t)€e C(j)for allt € (—ty, ty) and

8(.0)=0, (2.1

1
/g(.,r)|;/|+§(g(.,z))2(N’-N*)=o, Vt € (—to, to). 2.2)
J

Then for any v € HO1 we have

(/le|2+a/v2—A/v2>/(g,(y_l,0))2|Du| >ac</g,(y—1,o)v>2. 2.3)

2 14 14

Here g;, g1+ denote the first and second derivatives of g with respect to t.
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Proof. Reversing the direction of y if necessary, we will assume without loss of generality that
y’ and N* have the same direction, i.e.

y - NT =1yl

For each &, it is well known that because y is C 2 and simple on Jk, there exists a Br > 0 such
that the function

¢t Jex [P Bl > R
defined by
(x1,x)=9¢E. B =yE) +BNE)
is injective. Because dist(y (J), ¥ (Jr)) > 0 for h # k, we can find a number By > 0 such that ¢

is injective on J x [— B, Bol-
Substituting 7o by a smaller positive number if necessary, we can assume that

gl < Bo-
Let
K =D\ ¢(J x (—po,0]).
Define for each ¢ € (—19, )
DW)=KU{pE B)|Eel, p<g&n) 2.4)

We can compute A(¢), the measure of D(t) by the formula

g(.1)
AW = |D| +/ / JE B 1) dB dE 2.3)
J 0

where

)/1/+ﬂNi Ny
Y5+ BN, N
=|(y'-N*")+BWN'-N")|
=|ly'l + BN - N9)|.

J(E.B)=

Because ||y [|¢2(;y < 00, we have [N"- N*||Loo(sy) < 00. Again by considering a smaller positive
number 7, we can assume that

lglloo)IN" - N* || ooy < 6.

Thus,
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¥'|Z0 > |BIIN"- N*|
for all r’;: e J and |ﬂ| < ||g||L°°(J) and So,

=1y +BWN"-N").

Substituting into the formula for A(z) in (2.5) we have

g1
A(f)=A+/ / ly'|+B(N"-N*)
J 0
1
=A+/g( DY+ 5 (g( t)) (N'-N*)

J
=A (dueto(2.2)).

We also have for later reference,

A Z/ngM +gg (N~ N%),
J

A"t = f guly'| + (ggu + g7) (N’ - N*).
J

More generally, if F is a continuous function from R2 to R, then

g.10)

/ / // (¢, B)J (€ B)dp d&

D(1)
and so from the Fundamental Theorem of Calculus,
/ fgz( DF(p(.,g(.0))JI (., g(.1). (2.6)
D(t)
Define the functional
E (s, t)—/(Du+st)2+ot /(u—i—sv)2 /(u—i—sv)2
D(t)

We will compute all second-derivatives of E with respect to s and 7.
First, the second derivative of E with respect to s,

882 (s, 1) = (/|Dv| +a / v? — /v2> 2.7

D(t)
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Applying (2.6) with F = (u + sv)?, we have the first derivative of E with respect to ,

oE
E(s, 1) =ot/g,(., t)(u(qb(., g(., t))) +sv(¢(., g(., t))))zl(., g(., t)) dg. (2.8)

J

To compute the second derivative of E with respect to ¢, differentiating (2.8) and noting that

%(u(qb(., g(., t))))2 = 2u(¢(., g(., t)))Du(q‘)(., g(., t))) -Ng;

we have

92E 9
=y r)=a5/u(¢(.,g))2gz(|y’|+g<N’-N*>)ds

~

=a/u(¢(~,g))2(gn|)/’|+(ggn+g,2)(N/.N*))
J
/ (0 2)Du(9 (. 8) - Ne7 (I7'I +g(N"- N).
J

When t =0, Du(¢ (., g(.,0))) = Du(y(.)) = |Du(y(.))|N(.) and so,

32
=3, (0,0) =ac?A"(0) + 2ac / 8( 0 [Du(y O)[1¥']

J

=2ac/(g;(y_1,0))2|Du|. (2.9)

14

To compute the mixed second derivative of E, differentiating (2.8) with respect to s we have

92E
TE 0.0 =20 / (. )0 ) (- 5. 1),

st
J
’E ,
W(O 0)= ZaC/gz(-,O)v(V(-))ly |
J
=2ac/g,(y—1,0)v. (2.10)
Y

For any value of s and ¢ € (—ty, t), u + sv € H& and |D(¢t)| = A, so from the definition of
(u, D) we have that E(0, 0) is a minimum value of E (s, ). Consequently,

82E(o 0)82E(0 0) > 82E(o 0) ’
92s 92 - 7 \asor '
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Substituting formula (2.9), (2.7) and (2.10) into this inequality we obtain the desired result. O

Notice that in the formula (2.3), only value of g; is present. Hence we would like to know for
what kind of function g; we can find g that satisfies all hypotheses of the last lemma.

Lemma 2.2. Let J and y be the same as in Lemma 2.1. Assume that h : y — R is a bounded,
continuous function that satisfies
/ h=0.

14

Then for all v € HOl (£2) and a € R we have

2
(/|Dv|2+a/v2—A/v2>/h2|Du| >ac(/h(u—a)> . (2.11)
2 D 2

14 14

Proof. Define N as in Lemma 2.1. Also define g : J x (—1p, tp) = R by

_ 2t(hoy)ly’|
Y1+ 1y 12+ 2t(ho )|y’ |(N'- N¥)

g, 0

Since |y’| is bounded below by # > 0 and &, (N’ - N*) are bounded above, we can choose fg
small enough so that g is well defined in J x (—#p, tp). Clearly g(.,0) =0 and g, g;, g;; are
continuous functions in J. It also satisfies the equation

1
gly'|+ Egzuv’-zv*) =t(hoy)lyl (2.12)

and so for all ¢ € (—1g, tp),

1
fg|y’|+5g2<N/-N*>=r/<hoy>|y’|=tfh=o.
J

J 14

Differentiating (2.12) with respect to ¢ and letting # = 0 we obtain

&(,0)=hoy.

Since g satisfies all the required hypothesis of Lemma 2.1, we can apply it and obtain

<!|Dv|2+a!v2—kgfv2>y/h2|Du| >ac(y/hv>2.

Due to the fact that

/h:O,
14
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we have

/hv:/h(v—a).
Y Y

The conclusion then follows. 0O

3. A regularity criterion for d{u > c}

Lemma 3.1. Let P be a point on F = d{u > c}. Suppose that for each k € ZT, there exist a
positive number ry, a bounded and open interval Jy and a regular curve yi : Jy — F* that

satisfy the following conditions

ri>r>---—0,

V(i) C F* N By (P)\ By, (P).

Then we must have

Proof. Assume without loss of generality that P is the origin. Assume also that J; N J, = ¢ for
all k # h so we can use one notation y for all y;. We will use the following notation

7= JeUJkr1 U Uy, ifm>2k,
km=1g, otherwise.

Assume that

i / |Dlu|=°°‘

k=1, (o

We will derive a contradiction.
Let V be a smooth, radial function in R? such that V is decreasing in |x| and

Vix)=2, lx[ =0,
2>V >1, |x|€(0,1/2),
I1>Vx)>0, |xle(/2,1),
V(x)=0, x| > 1.

(3.1)

For each k € ZT, define vy (x) = V (x/ry). It is easy to verify that when ry is small enough,

/|ka|2=/|IJV|2
2 2

and so for any k large enough
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/|ka|2+a/|vk|2—,\/|vk|2</|DV|2<oo.
2 D 2 2

(3.2)

We will drop the subscript k& from the rest of the proof. We list here values of v — 1 for easy

reference later,

vix)—1=1,
1>v(x)—1>0,
O0>v(x)—1>-—1,
v(ix) —1=-1,

x| =0,
lx| € (0, rc/2),
x| € (re/2, 1),
|x] = 7.

(3.3)

Because J; and |y’| are bounded, y (Ji) is of finite length. We also have |Du| is uniformly
bounded away from 0 on y (J) since y (J) C F*. Together with the fact that y (Jo x—1) C °B,,

we have
/ | %
—00 < — <0
| Dul

v (Jok-1) Y (Jok-1)

v—1 _
|Du|

Choose an m such that r,,, < ry/2. From the facts that v(x) — 1> 01in B,,,, y(J;) C B,,, for all
I>mand v(x) — 1 — 1 as |x| — 0 we have
| i
|Dul

Y (Im,c0)

¥ (Im,00)

v—1
| Du|

oQ.

Consequently, there must be a number / > m such that

v—1 / v—1 / v—1
< — < .
|Du| | Du| |Du|
Y (Um,i-1) v (Jo,k—1) Y (Um,1)
Choose a subinterval Jl/ C J; such that
/ v—1 / v—1 / v—1
+ = - .
|Du| |Du| |Du|
Y (Um,i-1) y(J)) v (Jo,k—1)
In other words, we have
v—1

/

y(H

\Du|

where J¥ = Jok—1UIpi—1 U J/.
We can now apply Lemma 2.2 to J¥, y, v,a=1and h = (v — 1)/| Du|, and obtain
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f|DV|2 / (v—l)2 c( (v—1)2 >
“1Du 7 |Du| )’
2 k

y(H y(J*)

12
f|DV| ac/ (v D
[Dul

y(J5

_1)2
> ac / (s
| Dul

vy (Jok—1)

1
Zac / Dul (U—l:—] on V(JO,k—l)CcBrk)~

¥ (Jo,k-1)
Let k go to oo we have

1
/IDV|2>ac / =00
|Du|
Q

¥ (Jo,00)

which is a contradiction.
So we must have

Z / Dul =

=Ly

as desired. O

Next, we prove a direct consequence of the last lemma. Informally, it says that if the set
ofu > c} N {|Du| > 0} is big enough around a point of d{u > c}, then at this point, | Du| > 0.

Lemma 3.2. Let P be a point on F = 9{u > c}. Suppose that there are numbers K € Z and

o > 0 such that for each k > K, there exists a regular curve yi : Jp — F* with the following
properties

Yk(Jx) C F* N By—k(P) \ By-w+1 (P),

H' (v (1) =/|y,§| > o027k,

Jk

Then |Du(P)| > 0.

Proof. Assume that Du(P) = 0. To derive a contradiction, it is enough to show that

Z f |Dul ~

V(/k)
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and use the last lemma.
From a result in [7] and the fact that Au € L°, there exists some positive constant C such
that for all x € 2,

|Du(x)| = |Du(x) — Du(P)| < C|x — P|log(1/|x — PJ).

Thus,

1 & 1
Z / IDu| k;( / |x — P|log(1/|x — PJ)

V(Jk) 7 (k)

o]

—k
C & 2~k log(2k)

gm

O ’*Mg
x| =

4. CU1 regularity

We now apply the regularity criterion from the last section to show that if the set {u > c} has
positive density at a point of the set d{u > c}, then at that point | Du| > 0.

Theorem 4.1. Let P be a point on d{u > c}. Assume that there exist B, ro > 0 such that
|{u>c} N B.(P)| = pr’
forall 0 <r <rg. Then |Du(P)| > 0.

Proof. Without loss of generality, let P be the origin. Assume that Du(P) = 0. For each r > 0,
define

v,(x)=%2(”).

Also define I (r) to be the supremum of lengths of all regular curves with closures in the set
{v, =0} {|Dv,| >0} N By \ By 2.

We show that there exist some rg > 0 and o > 0 such that I () > o forall 0 < r < ry.
Assume that it is not the case, then there exists a sequence ry — 0 such that 7 (ry) — 0. As a
consequence of Theorem 3.1 in [3], two possibilities arise.
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(1) A subsequence of v, /T (ry) converges to a non-zero, homogeneous of degree 2 harmonic

function where
Ty = (-] /( )
r)=—|-— — .
r2\ 2ar e
0B

(2) A subsequence of v,, converges to a homogeneous solution of degree 2 of the equation
Av=c(A — a)X|p>0) + cAX[y<0}-

We consider case (1) first. Without loss of generality, we can assume that v,, /T (r) converges
to v(x) = x1x in C1% as k — co. We will hereafter denote vy, by vx and T (ry) by Tx.
Let € be any number in (0, 1/8). It can be verified easily that

O1=[1/2+¢€,1—¢€] x[—¢,¢€]
is a subset of the set By \IT/z. We have for any x; € [1/2+€,1 — €],

(i) The first-derivative with respect to xo, v2(x1,.) =x1 € (1/2, 1).
(1) v(xy, —€) = —ex; < —€/2 and v(x1,€) =€x; > €/2.

Since vg/ Ty — v in C1% we can choose some N such that for all k > N,
lok/ T — vloo < €/4,  |(0)2/ Tk —v2| <1/4 in Q.
It follows that for all k > N,

(1) 5/4> (vg)2/ T > 1/40on[1/2+¢€,1 —€] X [—¢,¢€],
(2) vk(x1, —€)/ T < —€/4 and vi(x1, €)/ Ty > €/4.

Consequently, for each xp, there is exactly one value of x; such that vi(x1, x2) = 0. Denote this
value by 74 (x1) and define yx(x1) = (x1, 7 (x1)). Since 5/4 > (vx)2/ Ty > 1/4, doing implicit
differentiation we have —0o0 < 7; < 0o and so 1 < |y{| < 00. yx is also clearly the boundary of a

connected component of the set {vy < 0} since a neighborhood below it is an open subset of the
set {vx < 0}. The length of yx is at least

1—-e)—(1/24+€)=1/2—-2¢ > 1/4.
This implies that / (r;) > 1/4 for all kK > N, contradicting our assumption that  (r;) — 0.
In the second case, we can also assume that v converges in C!% to a homogeneous solution
of degree 2 of the equation
Av=c(d — a)Xp>0) + cAX [y <0y

Since

|[{u>c}n B, | > pr?,
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in terms of vy we have

{uk <0}N B = B.
Letting k go to oo we obtain

[{v<0}N B[ > B.

From [9, Lemma 1.2], we know that either the set {v =0} N {Dv = 0} = {0} or v is of the form
c(h — oz)xl2 /2 after a rotation. Because

{c( —a)xf/2<0} N By| =0,
contradicting the positive density condition for v above, we must have then
{fv=0}N{Dv=0}={0}.
Since
[{v<0}NB| =8,

v is superharmonic and v is homogeneous, there exists a point z such that |z] =1 and v(tz) =0
for all ¢ € [0, 1]. Assume that z = (1, 0). We also have Dv(1/2, 0) # 0 due to the fact that

{v=0}N{Dv =0} = {0}.

Because [v2(1/2,0)| = |Dv(1/2,0)| # 0, we can assume without loss of generality that
uy(1/2,0) > 0. Now, arguing similarly to the first case, we obtain 7 (r;) > o for some o > 0
when n large enough, contradicting our assumption that I (r,) — 0.

Thus, in all cases, there exist o > 0 and ry > 0 such that /(r) > o for all 0 < r < rg. In other
words, for each r < ry, there exists a regular curve of length at least o with closure in the set

{v, =0} N {Dv, #0} N B \ By 2.

In terms of u, it means for all 0 < r < ry, there exists a regular curve of length at least or with
closure in the set

F*N B\ By

Applying Lemma 3.2 we have |Du(P)| > 0, contradicting the assumption that Du(P) = 0. So
|Du(P)|>0. O

Corollary 4.2. u € cll().

Proof. It is clear that u is C1! at points in {u# # c} or {u = ¢} N {|Du| > 0}. Assume that there
exists a point P € {u = c} N {|Du| = 0} at which u is not C!-!. In other words,

lu(rx + P) —c|
—_— >

limsup sup 3

r—0 [x—P|<r r
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From Lemma 3.18 in [3], there must exist g8, ro > 0 such that
|{u >c}N B,(P)| > ,8r2 forall 0 <r <ry.
However, Theorem 4.1 then implies that | Du(P)| > 0, a contradiction. Thus u € C11(£2). O
5. Regularity of connected components of {u > c}
We first prove the following lemma.

Lemma 5.1. Let L C R? be a connected set. Furthermore, assume that for any P € L, there
exists r > 0 such that the set B,.(P) N L is a regular curve. Then given any pair S, Q € L, there
exists a regular curve in L with S, Q as two end points.

Proof. Define Ly to be the set of points R € L such that there exists a regular curve in L with
S, R as two endpoints. We will show that Lg is non-empty, closed and open. Because L is
connected, it means L g = L and the conclusion follows.

Let » > 0 be a number such that L N B, (S) is a regular curve. Obviously, any point in this set
is a point in the set Lg as well. So Lg is non-empty.

Assume that R € Lg. Let r > 0 be a number such that B,(R) N L is a regular curve. Because
there is a regular curve connecting S and R, it is easy to see that for any R’ € B,(R) N L, we can
truncate or extend that regular curve to obtain a new regular curve connecting S and R’. Thus,
B,(R)NL C Lg. Since it is true for all R € Lg, Lg must be open.

Arguing similarly we have, if R € °Lg, then there exists r > 0 such that B,(R)YNL C°Lg. In
other words, Lg is closed. O

Next, we prove our first result about the structure of the set d{u# > ¢} N {|Du| > 0}.

Theorem 5.2. If F1 is a connected component of F = 0U, then either |Du| > 0 at every point
of F1, or |Du| =0 on Fj.

Proof. Assume that F; contains at least one point where |Du| > 0. Let L be a connected com-
ponent of the set 1 N {|Du| > 0}. L must be non-empty by definition.

Since for each S € L, there exists a number r > 0 such that B, (S) N d{u > c} is a simple,
analytic curve where |Du| > 0, L has to be open.

We will show that L is closed as well. Choose any convergent sequence {P,} in L. Because
J1 is a connected component of F, F is closed. Thus, there exists some P € JF] such that

P,— PeF asn— oo.
Pick any ro < | P; — P| (here Pj is the first point in the sequence { P, }). For any O < r < rg, there

exists some P, such that | P, — P| < r/2. From Lemma 5.1 we have there exists a regular curve
y :[0,1] — L such that y (0) = Py and y (I) = P,. Define

a=inf{s €[0,1]| y([s.1]) C B,(P)},
b=inf{s €[a,l||y(s) — P|=r/2}.
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The existence of a < b € (0, 1) is justified because y is a regular curve and |y (0) — P| > r while
|y () — P| < r/2.1It can also be verified easily that

ly(@ —P|=r, |y()—P|=r/2,
v ((a, b)) C B(P)\ By2(P),
H' (v ((a, b)) = r/2.

Pick some € > 0 small so that the length of the segment y ((a + €, b — €)) is at least r/3. It also
follows from the above argument that

y((a+e,b—€) CF NB(P)\ Br2(P).

Since we can do it for all » < rg, Lemma 3.2 then implies that | Du(P)| > 0. Consequently, there
exists 71 > 0 such that B, (P) N F is a regular curve where |Du| > 0. Since F; is a connected
component of F and P € Fi, the whole curve B,, (P) N must be in F;. Pick some P, such that
| P, — P| < ry.Itis clear that P, has to be in the curve B,, (P)NJF.Butbecause P, € L, |Du| >0
on B, (P) N F and L is connected, the whole curve B, (P) N F has to be in L. In particular,
P e L. Since {P,} is an arbitrary convergent sequence in L, it implies that L is closed.

We have proved that L is non-empty, open and closed. Because F] is connected, we have
L = ;. In other words |Du| > 0 for every point on ;. O

Lemma 5.3. Let U} be a connected component of U and F\ a connected component of U1 such
that |Du| > 0 on Fy. Then F is also a connected component of F.

Proof. Let P be any point on Fi. Because |Du(P)| > 0, there exists r > 0 such that the set
B, (P) N F is aregular curve that divides B, (P) into two disjoint connected regions, one where
u < c and one where u > c. It is easy to see that the connected region where u > c is a subset
of U; and so B,(P) N F C F;. Now for each point in F7, pick a ball like before and consider
the union V of all these balls. Clearly V is open and V N F = Fj. Hence, F] is a connected
componentof 7. 0O

Next we show that the set {| Du| > 0} is dense in the boundary of each connected component
of U, improving Lemma 2.3 in [3].

Lemma 5.4. If U, is a connected component of U, then U = 0U| N {|Du| > 0}.

Proof. Let P be a point on dU; such that Du(P) = 0. We will show that for any € > 0, there
exists a point Q € dU; such that |P — Q| <€ and |[Du(Q)| > 0.
Since P € dUj, we can choose a point S € Uj such that [P — S| < €/2. Define

r= sup{s \ B;(S) C Ul}.

It is obvious that 0 < r < |P — S| < €/2 and 0B, (S) N dU;| # @. Let Q be any point of the set
9B, (S) N aU;. Because u is superharmonic and Q is a boundary minimum point of u in the set
B, (z), from the Hopf’s lemma we have |Du(Q)| > 0. We also have easily |P — Q| < € due to
the facts that |P — S| <€/2and |S— Q|=r <€/2. O
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Lemma 5.5. Let Uy be a connected component of U and let P be a point on dU; such that
|Du(P)| =0, then for any r > 0, there exists a connected component Fi of 0Uy such that
|Du| > 0in Fi and F| C B,(P).

Proof. Let us assume that P is the origin. First, we show that there exists an ’ > 0 such that for
any connected component F| of F where |Du| > 0, if | N B, # @, then F; C °B,-. In other
words, if 7] contains a point outside B,, then the whole component ) has to stay outside B,-.

If it is not the case, then for any r’ > 0, there exists some connected component ] of F such
that [Du| > 0 on Fi, F1 N B, # ¥ and F1 N B # . It means for any k > log,(1/r), there
exists a connected component F of F such that i N“By—« # @, F1 N By—k-1 # ¥ and |Du| > 0
on F;. Choose P, P, € F; such that | P;| > 27k | Pp| < 2~ &+D From Lemma 5.1, there exists
a regular curve connecting Py and P». Arguing as in Theorem 5.2, we can find a smaller regular
piece of this curve of length at least 27% /3 in the set

F1 N By—i \ By—k-1.

Since we can do it for all k > log,(1/r), applying Lemma 3.2 we can conclude that | Du(P)| > 0,
contradicting our hypothesis on P. The existence of r’ then follows.

Now using Lemma 5.4, we can choose a point Q € dU; such that Q € B,» and |Du(Q)| > 0.
Let 71 be the connected component of dU; that contains Q. It follows from what we just proved
above that 71 C B,. To show that |Du| > 0 on Fi, just note that because F| is a connected
component of dUy and dU; C F, there exists a connected component F; ]/ of F such that 7| C F 1’ .
Because |Du(Q)| > 0 and Q € F; C F|, applying Theorem 5.2 we have |Du| > 0 on ]—'{. |

Next, we prove a lemma about the geometric structure of regular connected components of F.

Lemma 5.6. If F is a connected component of F such that |Du| > 0 on Fi, then F is a closed
and regular curve.

Proof. Pick any point P on Fj. Consider the ODE

_ (Duly®)*

(f) = L 0)=P 5.1
Y (?) Du(y ()] 7(0) (5.1

where y is a function from [0, o) to F;. Here, as in Section 2, N* denotes the vector obtained
from rotating N clockwise an angle of /2.

First, it is easy to see that if a solution y exists up to some time #y, then we can extend that
solution to fy + € for some € > 0. Indeed, because F; is closed, so y(f9) C Fi. Since Fj is
regular, there exists some r > 0 such that 71 N B.(y(fp)) is the graph of a analytic function.
Thus, we can extend y to some time fy + €. Consequently, this solution y exists for all time.

Define

T =sup{t | y((0,1)) is simple}.

Because B, (P)N.F] is a simple curve for some r > 0 small, T > r > 0. We also have since |y’'| =
1 that the length of ¥ ((0, T)) is exactly 7. We will show T < oo by proving that H! (F}) < oc.
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Since F; C F*, for each point Q € F, there exists » > 0 such that B, (Q) N ] is an analytic
curve. It implies that H!(B,(Q) N F}) < co. Because F| is closed and bounded, we can cover
JF1 by a finite number of such balls and so HY(F)) < o0.

We will show that there exists a time T’ € [0, T') such that y (T") =y (T).

Choose a decreasing sequence of {#;} that converges to 7. Define

ay = inf{a € [0, tx) | y(a) =y (t) for some ¢t € (a, tk)}

and

by =inf{b € (ar, 1) | y (ar) =y (b)}.

The existence of ay is justified from the fact that ([0, #x)) is not simple. The existence of
b > ay follows the continuity of y. We show that actually by > ay. Indeed, since there exists
an r > 0 such that B,.(y(ax)) N F] is a simple curve, there is no ¢ € (ax, ax + r) such that
y(ar) =y () and so by > ay +r > ay.

We also have other properties of ay, by:

(1) {ax} is increasing.
() ar < T < b <t.

Passing to a subsequence if necessary, assume that a; — T as k — oo. It is trivial that by — T
and y(T’) = y(T). All we need to do now is to show that 7’ < T'. Indeed since there exists r > 0
such that B, (y(T)) N JFj is a simple curve, y ((T —r, T +r)) is a simple curve. When & is large
enough, by € [T, T + r) and consequently ap < T —r. Thus T’ < T —r < T. We also note that
there exists no other pair (a, b) # (T', T) with 0 < a < b < T such that ¥ (@) = y (b).

If 77 # 0, then as a consequence of the result above, for all r > 0 small, the set 71 N B, (¥ (T"))
consists of three disjoint arcs y (T’ — r, T'], y[T', T' +r) and y (T — r, T] that intersect at an
endpoint y (T"), contradicting the fact that B, (y (T')) N F} is aregular curve when r > 0 is small.
Thus, 7/ = 0.

To show that 1 = y ([0, T]), we argue the same way as in Lemma 5.3 to show that there
exists an open set V such that V. Ny ([0, T]) = y ([0, T]) and note that F; is connected. O

If 1 is a connected component of F such that | Du| > 0, then by Lemma 5.6 above, we know
that F; is a closed and regular curve. Using the Jordan Curve Theorem (see for example [10]),
we know that ] divides R? into two separate regions, an inside region and an outside region.
We will denote the inside region as 7 (F1) and the outside region O (F).

Theorem 5.7. If U; is a connected component of U, then |Du| > 0 on 0U,.

Proof. Without loss of generality, let us assume that 0 € dU; and Du(0) = 0. Choose r > 0 such
that

r< and U ¢ B,.

c
[ Duflco

From Lemma 5.5 we have that there exists some connected component F; of dU; such that
|Du| > 0in F; and F| C B,. By Lemmas 5.3 and 5.6, F] is closed and regular. Thus, following
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the remark preceding this theorem, we can talk about the inside region 7 (F7) and outside re-
gion O (F1). We know that both 7 (F7) and O (F}) are open and connected. Furthermore, 7 (F})
is bounded while O(F]) is unbounded. Because F; C B,, we can connect any point in °B,
to a point far away by a line that does not intersect F| and so °B, C O(F;). Consequently,
I1(F) C B,.

Because U is connected, we must have either Uy C I (F1) or Uy C O(F1). Since I (F1) C B,
and U; ¢ B,, we cannot have Uy C I (F}). Thus Uy C O(F}). Let P be a point on Fi. There
exists ' > 0 such that B,/(P) N F] is a regular curve that divides B, (P) into two disjoint
connected regions, one where u > ¢ and another where u < c. Because P is a boundary point
of Uy, it is clear that the region where u# > ¢ must be a subset of Uy and so, a subset of O (F1).
It implies that the region where u < c is a subset of I (F7). Thus u < ¢ for some point in I (Fp).
However, since u is superharmonic, # cannot have an interior minimum in the set / (¥7). Thus,
there must be a point Q € I (F) such that u(Q) = 0. In other words, Q € 952. But then from the
facts that Q € I (F1) C B, and

c
r<
1 Dulloo

we must have
|u(Q) — u(0)| < r|Dul <c,

contradicting the fact that u(Q) =0 and u(0) = c.
In other words, |Du| > 0 at every pointon dU;. O

6. Regularity of d{u > ¢}

At the end of last section, we have proved that |Du| > 0 on the boundary of each compo-
nent of U. It might still happen that connected components of U accumulate to a point where
| Du| = 0. For example, connected components of U consists a sequence of smaller and smaller
balls that converge to a point. In this section, we prove that this scenario cannot happen. Indeed,
U only has a finite number of connected components.

Lemma 6.1. Let Uy be a connected component of U. Then there exists a unique connected
component Fi of dU| such that Uy C I (F1). We will say that F| surrounds U].

Proof. Pick any point P € U;. Define
d:sup{|P — x| |x € U1}.

Clearly, there exists a point Q € dU; such that |P — Q| = d. Assume without loss of generality
that P is the origin and Q = (d, 0). It is easy to see that U; has to be on the left-hand side of
the line x| = d due to the definition of d. From this and the fact that (d, 0) € dU;, we have the
outward unit normal with respect to U; at Q has to be e;. Let ] be the connected component
of dU that contains Q. Note that e; will also be the outward unit normal to 7 (¥7) and so, there
must exist some € > 0 such that (d,d —€) x {0} C I(F}) and (d + €,d) x {0} C O(F).

Let r > 0 such that B, (Q) N F is a regular curve that divides B, (Q) into two regions, u# > ¢
and u < c. Since U is connected and Q € aUj, the region u > c is a subset of Uj. Because the
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outward unit normal vector at Q to this curve is eq, by choosing a smaller € if necessary, we have
u < ¢ on one of two sets (d,d — €) x {0}, (d,d + €) x {0} and u > ¢ on the other. Because the
set where u > ¢ must be a subset of Uy, it has to be on the left-hand side of (d, 0) and thus, it has
to be (d,d — €) x {0}. Hence Uy N I (F1) #@. But U is connected, so Uy C I (Fp).

Assume there is another connected component F; of dUj such that Uy C I (F?). It is easy to
derive that | C 1(F;) and F» C I(F1). Consequently, 7o = F|. O

Lemma 6.2. Let U; be a connected component of U and F| the connected component of dU
that surrounds Uy. Assume further that u > c/2 in the convex hull of I (F1). Then

f 1 1

>
|Du| = C;
Fi

where Ci = |lullc1.1 (u>c/2))-

Proof. Without loss of generality, assume that u attains its maximum value in U; at the origin.
Let P be the point on F; such that

|P| =max{|x| | x € F1}.

Let x be any point on Fi. Since both x and 0 belongs to the convex hull of 7 (F), u > ¢/2 on
the line segment that connects 0 and x. Thus, we have
|Du(x)| = |Du(x) — Du(0)|
< Crlx]
< Cy|P|.
Because P € Fj and 0 € I (F}), the line connecting P and 0 has to intersect with ) at another

point Q and 0 is between P and Q. Clearly, the length of F7 is greater than the length of the line
segment P Q which is greater than | P|. Thus,

/’ 1 |P| 1

> =—.
[Dul  CiIP|  Cy

Fi
Lemma 6.3. Let P be a point in F such that Du(P) = 0. Then for any r > 0, there exists a
connected component Uy of U such that Uy C B, (P).
Proof. First, we show that there exists a number r’ > 0 such that if U is any connected compo-
nent of U with U; N°B, # @, then U; C °B,-. Indeed if it is not the case, then for any k € Z such
that 2F < r, there exists a connected component Uy of U such that
UiN°By(P)#@ and Uj N By—1(P) #0.

Let F1 be a connected component of dU; such that F| surrounds U;. We must have then that

FiNBy(P)#@ and Fi N By-1(P)#0.
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Arguing as in Lemma 5.2, we can derive the existence of a regular curve in
(sz (P)\ Boyk—1 (P)) N Fi

and of length at least 2€/3. Since we can do it for all k such that 2% < r, from Lemma 3.2 we
have | Du(P)| > 0, contradicting our hypothesis on P. The existence of r’ follows then.
Because P € F, there must exist a connected component U; of U such that

UyN B (P)#0.
The result above then guarantees that Uy C B.(P). O
Theorem 6.4. |Du| > 0 on 9{u > c}.

Proof. Assume that F contains some point where Du = 0. Without loss of generality, let us
assume that point is the origin. Clearly this point is not on the boundary of any connected com-
ponent of U, as a consequence of our result in Section 5.

Pick 71 > O such thatu > ¢/2 in the set B, . From the previous lemma, there exists a connected
component Uy of U such that U; C B,,. Since 0 ¢ dU|, there exists r, > 2 such that B,, C “Uj.
Choose a connected component U of U such that U, C B,,. Repeating for each k we find a
number r; > 0 and a connected component Uy, of U. Let F be the connected component of d Uy
that surrounds Uy. Clearly, Fj is a regular curve and the convex hull of I (F) is inside B,,. We
have from definitions and Lemma 6.2 that

rp>rp>---—0, 6.1)

}_'kc]-"*ﬂB,k\BrkH, (6.2)
1

Z/ - c = 0. (6.3)
s | Ml oG

Applying Lemma 3.1 we reach a contradiction.
Thus, |Du| >0onoU. O

We combine all our results into the following statement.

Theorem 6.5. Ler 2 C R? with Lipschitz boundary, 0 < A < |2| and @ < &. Let (u, D) be a
minimizing configuration. Then the set {u > c} consists of a finite number of connected compo-
nents whose closures are disjoint. The boundary of each of these connected components consists
of finitely many disjoint closed and simple real-analytic curves on which |Du| > 0. Moreover, u
is analytic in U. We can also construct a set D such that 9D = 9U and D, D differ only in a
zero measure set.

Proof. Assume that there is an infinite number of connected components of U. Choose a se-
quence of distinct connected components U; of U and let P; be a maximum point of u in U;. Let
P be an accumulating point of { P;}. Because Du(P;) =0andu € Cl1(£2), we have Du(P) =
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It is trivial that u(P) > c. Now if u(P) > c, it means that P belongs to some connected compo-
nents of U, contradicting the fact that each P; belongs to a different connected component. So
P € F and Du(P) =0, contradicting our last lemma.

Let P be any point on dU. Because |Du(P)| > 0, there exists some r > 0 such that the set
B, (P) N {u > c} is connected. Hence, P is the boundary point of one and only one connected
component of U. In other words, the closures of any two connected components do not intersect.

Assume U] is a connected component of U such that dU; consists of infinitely many con-
nected components. Choose a sequence { Py} such that each Py belongs to a connected com-
ponents Fi of dU; and all F; are distinct. Let P € dU; be a limit point of {Py}. Because
|Du(P)| > 0, there exists r > 0 such that B.(P) N F is a simple analytic curve and so, it must
belongs to some connected component of dU1, contradicting the fact that each P, belongs to a
different component. Thus the boundary of each connected component of U consists of only a
finite number of connected components.

The fact that u is analytic in U is clear since aU is real-analytic, # = ¢ on dU and in U,
u satisfies the equation

—Au = Au.
For the existence of D, just define D =¢U and note that [{u =c}| =0. O
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