Partial Differential Equations — Problem Sheet 1

1. True or false? Fully explain your answers.

The function

is a solution of

u(z,y) = A(y)
u(z,y) = Aly)
u(t,x) = A(x)B(t)
u(t,x) = A(x)B(t)
u(t, z,y) = Az, y)
u(x,t) = A(z+ct) + B(x—ct)
u(z,y) = e sin(ky)

uy =0
Ugy = 0
Ugy = 0

Ulgt = UgUt
Uy = 0
ugt + =0
tt CUgy =

Ugz + Uyy = 0

where A and B are arbitrary functions and ¢ and k are constants.

2. Find PDEs that are satisfied by each of the following functions:

(a) u(t,r) =e'cosz

(b) u(z,y) = 2%+

(c) u(t,r) = 2%

(d) u(t,z) = 22t?

(e) u(w,y) =e™

() u(z,y) =In(a? +4°)

In each case try to find more than one suitable PDE.

3. In each of the following cases, find a PDE which is satisfied by the the function given

(a) u(t,z) = A(x + ct) + B(x — ct) where c is a constant
(b) u(t,z) = A(z) + B(t)

(c) u(t,z) = A(z)/B(t)

(d) u(t,z) = A(xt)

(e) u(t,r) = A(x?t)

(f) u(t,z) = A(z*/t)

4. For each of the cases in question 3 can you determine the functions A(-) and/or B(-)
using the initial condition

u(0,z) = f(x)

where f(-) is some given specified function? Explain each answer and give expressions
for A(-) and/or B(-) wherever they can be determined.

5. Repeat question 4 for the condition u(1,z) = g(x).
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1.
Function Comment Conclusion

u(z,y) = Ay) uy = A'(y) False
u(z,y) = A(y) Upy =0 True

_ uzy = 0 concerns different
u(t, z) = A(z) B(t) independent variables! False
u(t,x) = A(z)B(t) uugyy = ABA'B' = uuy True
u(t, z,y) = Az, y) ue = OpA(z,y) =0 True
u(z,t) = A(z+ct) + B(z—ct) Uy + gy = 2¢2(A” + B") False
u(z,y) = e sin(ky) Ugy = k2R sin(ky), uy, = —k?e® sin(ky) True

2. These are not the only possible cases; you might find other PDEs:
(a) u(t,r) =elcosz: um =etcosx =u (any n), u, = —e'sinz, Uz, = —ecosz so

Ugn = U OT Ugn + Ugzy = 0, etc.

w(z,y) = 2% + 9% uge = 2, Uyy = 2 SO Ugz — Uyy = 0. Also ugy = 0, etc.

u(?

wz,y) = e Uy = 20", Ugy = (422 — 2)e™ ", uy =0 so uy =0 or
Ugr = (422 — 2)u, ete.

)
(c) u(t,r) = 2%t: uy = 22t, up = 22, ugp = 21 50 2tuy — vUy = 0 OF Uy = tuyy, etc.
(d) u(t,r) = 2%2: uy = 42t, Uggzr = 4 SO Uy = 16u? O Upyper = 0, ete.

)

2

2
(F) u(w,y) =n(2® +9%): ue = 25, uy = 2, Uae = o

2 _ _
$2_’_y2 (w2+y2)2 bl
Uy = =2 — =2 S0 YUy — zuy = 0, u + Uyy = 0, ete

vy — m2+y2 (x2+y2)2 y xr y bl T yy — 9 .

3. These are not the only possible cases; you might find other PDEs:

(a) u(t,x) = A(x+ct) + B(z—ct): uy = cA'(z+ct) — eB'(z—ct),
uy = A'(z+ct) + B (z—ct), uy = A" (z+ct) + 2B (x—ct),
Uge = A" (z+ct) + B"(z—ct) 50 uy — Cugze = 0 (wave equation).

(b) wu(t,z) = A(x) + B(t): us = B'(t) so ug = 0.
(¢) u(t,z) =A(x)/B(t): nu=InA(z) —InB(z) so (Inu)y =0 or uuy — uiu, = 0.
(d) u(t,x) = A(xt): uwp = xA'(xt), u, = tA'(xt), so tuy — zu, = 0.
(e) u(t,r) = A(x*t): uy = 22 A (2%t), u, = 20t A’ (2°t) so 2tuy — zu, = 0.
() u(t,z) = A(z?/t): up = —f—jA’(xz/t), uy = —2A'(2?/t) so 2tuy + zu, = 0.
4. (a) u(0,z) = A(x) + B(z) = f(z) so A(x) + B(x) = f(z). There is not enough

information to determine both A(-) and B(-).

(b) u(0,2) = A(z) + B(0) = f(x) so A(x) = f(x) — B(0). We would only need to know
one value of B, namely B(0) to determine A. However, the initial conditions gives
no information about B.

(¢) u(0,z) = A(z)/B(0) = f(z) so A(z) = B(0)f(z). We would only need to know one
value of B, namely B(0) to determine A, but we have no information about B.




(d) u(0,z) = A(0) = f(x) so A(0) = f(z). This tries to set a constant A(0) to
something that is not constant f(x), which is not possible!

(e) (exactly the same)

(f) w(0,2) = A(co) = f(x) so A(oco) = f(z). This tries to set a constant A(oco) to
something that is not constant f(x), which is again not possible!

(a) u(l,z) =A(x+c¢)+ B(x —c) =g(x) so A(x+ 1)+ B(x — 1) = g(x). Again more
information is needed to find both A(-) and B(-).

(b) u(l,z) = A(x) + B(1) = g(x) so A(x) = g(x) — B(1). We only need to know B(1)
to determine A. We obtain no information about B.

(c) u(l,z) = A(x)/B(1) = g(z) so A(x) = B(1)g(z). We only need to know B(1) to
determine A. There is no information about B.

(d) u(l,z) = A(z) = g(x) so A(z) = g().

(e) u(l,z) = A(2?) = g(z) so A(z?) = g(x). This determines A(¢) for £ > 0 provided
9(&) = g(=¢).

(f) u(l,2) = A(2?) = g(z) so A(x?) = g(z). Again, this determines A(¢) for £ >0
provided g(§) = g(=¢)-
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. Categorise the following PDEs by order, linearity or degree of nonlinearity, and (if linear)
whether homogeneous or inhomogeneous:

a) u— (22 + uugy, = —t

(a)

(b) wuy — 2 + (uuy), = e*

(¢) ur— Vu=u3

(d) (umy) — Ugg +ut =0

() w4+ uy —uy =10

. Categorise the following 2"d order PDEs as elliptic, parabolic or hyperbolic. Also state
their degree of nonlinearity and (if linear) whether homogeneous or inhomogeneous:

Up + Uty — Upy +u326 =sinu

Up + Uy + Uy + Uyy = sin(zy)

Ut + TUgy + Up = f(.%‘,t)

)
)
C) Uy + Ugy — Uy — Uyy = cOS(TYU)
)
) Ut + Uy + uPug — Uty = 0

. Laplace’s equation for u(z,y), which is
Uz + Uyy = 0
with the boundary conditions

u(x,0) = ~ycos(z/v), Uy (2,0) =0

has the unique solution
u(z,y) =~y cosh(y/v) cos(z/7).
[Conform that this is a solution satisfying the conditions].

If these solutions were to vary continuously with the boundary conditions we would have:

For any (z,y) and any § > 0, 3 € > 0 such that for all |u(z,0)] < € and
luy(z,0)| < €, we have |u(z,y)| < 6.

Show that this is not the case for the solutions given above for Laplace’s equation.
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Up — (a:2 + U)Ugy = x —t i 2" order and quasilinear.

ulugy — %u% + (uug), = e is 27 order and quasilinear.

S
=3

ur — V2u = 3 is 2" order and semilinear.
d

(e

2. We consider the operators to contain the terms auy + bugy, + cuy, (or different subscripts
for different independent variables):

—

(ufgy)2 — Uy +ug = 0 is 27 order and fully nonlinear.

—
o
~— ~— — —

Up + Uy — Uy = 10 is 15t order, linear and inhomogeneous.

(a) Uy + Uty — Uge +u2 = sinu. b2 —4ac =1 > 0 so: hyperbolic and semilinear.

(b) Uz + Uz + Uy + Uyy = sin(zy). b2 —dac = —4 < 0 so: elliptic, linear and
inhomogeneous.

(¢) Uy + Ugy — Uy — Uyy = cos(zyu). b? —dac =4 > 0 so: hyperbolic and semilinear.

(d) ug + 2uze +ug = f(x,t). b? — dac = —4x so: elliptic for & > 0, hyperbolic for
x < 0, parabolic for z = 0, linear and inhomogeneous.

e) U+ Uligy + ity — ue = 0. b% — dac =1 — 443 so: elliptic for u® > L, hyperbolic

p 1, hyp

for u3 < %, parabolic for u3 = %, and quasilinear.

3. Confirming that u = vy cosh(y/v) cos(x/7) is a solution:
e At y =0 we have u(x,0) = 7 cosh(0) cos(z/v) = ycos(z/v) and
uy(,0) = sinh(0) cos(z/v) = 0 so the boundary conditions are satisfied.
e Also, ugz; = —y ! cosh(y/v) cos(z/v) and uy, =y~ cosh(y/v) cos(x/v) so
that the PDE ., + uy, = 0 is satisfied.
Hence u =~y cosh(y/7) cos(x/7) is a solution satisfying the conditions.

Note that if v = 0, then we have the solution u = 0.
Let us examine any value of y > 0, say y = «, and any value of x.
We can always find arbitrarily large values of v such that |cos(z/v)| > 3.

For any such value of v we have |u(z,y)| > J cosh(a/y) = 3(e®/7 + e%/7) > & Le/7,

[0

Y — 0 as v — oo we must have (setting v = a//v): ;e‘“/v — 0 as y—0;

Since ve~
and hence |%e°‘/7| — 00.

It follows that |u(z,y)| — oo as v — 0, for the chosen values of = and y.
Hence, given any 0 > 0 and y > 0 there can be no value of ¢ > 0 such that

|7 < e = |u(z,y)| <J;if it did, then we would have |u(z,y)| — 0 as v — 0
and this is not the case.

Hence the statement required for continuous dependence on boundary conditions is
violated by the solution we have.

Note: In general, Laplace’s equation is ill-posed if it is subjected to conditions on a
boundary that does not entirely surround the domain in which the equation is to be
satisfied.
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1. Consider the “negative” heat equation for u(t,z), corresponding to having the thermal
diffusivity coefficient k = —1:
Ut = —Ugy-

Confirm that, for constant values of A and T,

ATY/? x?
eyt <‘4<T - t>>
is a solution for any ¢ < T'. Use this to show that solutions can exist with, initially,

|u(0,z)| < € for any € > 0 but which become infinite in value after any given time later
on.

Is the negative heat equation well-posed for ¢t > 0 when subjected to initial conditions at
t=207

Can you suggest conditions for which the equation might be well-posed?
2. Use the method of characteristics to find general solutions for the following PDEs for

u(t, ) both in terms of a characteristic variable and one of ¢ or x, and in terms of ¢ and
x. In each case sketch the paths of the characteristics.

—
5

U — Uy =0

—~
o

U + tuy, = u

—~
]

tug —uy =1

—

—~

B o o

N N NI N NSNS N N

Ut + TUy; = —U

TU — Uy =T

—

tuy + Tuy, =

tur — TUy =1

o~
= °

xUur — tu, = xt

—~
—

Tup + tu, = —xu

3. For the general solutions you have obtained from question 2, apply the following boundary
conditions, (a) to (a), (b) to (b), etc., and try to obtain unique solutions. For what values
of ¢t and z is each solution valid?

(a) u(0,z) = cos(x)

(b) u(0,x) = sin(x)

(©) u(t,0) = exp(~#%)

(d) w(0,z) =22

(e) u(t,0) =In(1 + t?)

(f) u(l,z) =23

(&) u(l,z) = 1/(1+ %)

(h) w(0,z) =14z for x >0
(i) w(0,2) =1—z for x >0



1.

2.
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Confirming that u = AT1/2(T—t)_l/ze_“"2/4(T_t) is a solution of u; = —ugy:

wp = %AT1/2(T_t)—S/Qe—x2/4(T—t) _ %AT1/2$2(T_t)—5/26—x2/4(T—t),

Uy = —%ATl/Q:c(T—t)—3/2e—x2/4(T—t),

Upy = _%ATl/Q(T_t)71/267x2/4(T7t) + %AT1/2x2(T_t)75/2€f:z:2/4(Tft) —

so that u; = —ugs.

Note that with this solution |u(0,z)| < A and as t — T', u(t,0) — oo.

Hence, given any € > 0 and any position (7', X), the solution

u = eTV2(T—t)~1/2e~(@=X)*/4T—0) gatisfying the initial condition

w(0,2) = ee=@X)*/4T for which |u(0,z)| < €, becomes infinite as (t,z) — (T, X).
Because of this, the negative heat equation is ill-posed for ¢t > 0 when subjected to initial

conditions at ¢ = 0; we can always find solutions that are arbitrarily small initially but
that become infinite at any chosen time later on.

The negative heat equation is well posed when subjected to final conditions at some time
(say) t =ty for times before the final time, t < t;.

(a) w—up=0: 9 =42 = du g t

dr __ du __ t :
9t = —1 and 7 = 0 giving, in terms

of (t,k): x=k—t and u = A(k). x
In terms of (¢t,z): u= A(x +1t).

!

(b) ut—l—tum:u:#:d%:%“so /It/
% =t and ‘fl—;‘ = u giving, in terms ///m
of (t,k): z=k+ 1t* and u= A(k)e’. \K\\\\\
In terms of (t,z): u = A(z—3t?)e’.

(c) tut—umzlz%:i—ﬁ:d%so "
j—; = —t and % = —1, giving, in terms x
of (z,k): t=ke ™ and u= A(k) — x.
In terms of (¢t,z): u= A(te®) — x.

(d) wtzu, = —u: 4 =4z = du g t
‘é—f =z and % = —u giving, in terms
of (t,k): © =ke' and u= A(k)et. z
In terms of (¢,x): u= A(ze t)e". i

(e) xup —uy =t: %:f—”i’:%“ S0 %:—a}

AV
R
and fl—z = —t giving, t =k — %mZ and so f_%
% = —k + 322. Hence in terms of (z,k):
t=4k—42? and u= A(k) — kz + $23.
In terms of (¢,x):

u = A(t+52?) — (t+32%)z + $23.

(f) tuy + zuy = x: %:dyx:d?“so t
f% = d—; and 3—; =1 giving, in terms
of (x,k): t =k and u= A(k)+ . z

In terms of (¢t,z): u= A(t/x) + z.



(2) tut—xugczt:%:i—”;:%“so t
ff%:— %and‘é—?:living,interms ‘Jg
of (t,k): x==k/t and u= A(k) +1t. Z
(t1): v = b/ ) —

In terms of (¢t,z): u= A(tz) +t.

(h) xut—tum:xt:%:f—ﬁ:%so t
[tdt=— [2dr and % =t giving, in terms z

of (t,k): x? =k —1? and u = A(k) + 3>
In terms of (t,z): u = A(z? + %) + 312,

(1) zus +tuy = —zu: L =dr — du g

T T S—H}t—
ff t(it;f @ do ert @ :d_“—gﬁﬁgj’ in terms \\\&%///x
?n te’rms' ;f (t_,a:) u :?H;l(;é: t2)e_et. : ///Z§\<\

3. Note that the solutions below are only valid for those values of (t,x) where
characteristics passing through (¢, z) also pass through the given boundary data without
either going through infinity or crossing other characteristics. Check this against the
sketches of the paths of the characteristics ... .

(a) u= A(z +1t) with u(0,x) = cos(z) gives A(z) = cos(x).
Hence u = cos(z + t), for all values of (t,z).

(b) u= A(z—3t?)e~" with u(0,z) = sin(z) gives A(z) = sin(z).
Hence u = sin(z—3t%)et, for all values of (t,z).

(c) u= A(te®) — x with u(t,0) = exp(—t?) gives A(t) = exp(—t?).
Hence u = exp(—t2e?*) — z, for all values of (,z).

(d) u= A(xe et with u(0,z) = 2% gives A(z) = 22.
Hence u = z2e=3!, for all values of (¢,z).

(e) u=A(t+3a?) — (t+32?)z + t2® with u(t,0) = In(1 + t2) gives A(t) = In(1 +¢?).
Hence u = In[1 + (t+322)?] — (t+32%)z + 23, for all values of (¢,z).

(f) w= A(t/z) + x with u(1l,z) = 2 gives A(1/z) +x =23 or A(z) =273 —1/z.
Hence u = (z/t)3 — z/t +x, for t > 0.

(g) u=A(tz) +t with u(1,z) = 1/(1 + 2?) gives A(z) +1=1/(1+2?) or
Az) = —2%/(1 + 2?).
Hence u = —2?t?/(1 + 2%t?) + t, for t > 0.

(h) u= A(2? + %) + 3t* with u(0,z) = 1+ for >0 gives A(z?) =1+z or
A(z) =14 +/z.
Hence u = 1+ V22 + 2 + 312, for all values of (¢, 7).

(i) u= A(2z? - t})e? with u(0,2) =1 —z for x >0 gives A(z?)=1—-2 or
A(z)=1—/z.
Hence u = (1 — Va2 — t2)e™t, for x > |t|.
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1. Find general solutions for the following PDEs satisfied by u(t,z) for ¢ > 0 in terms of ¢
and a characteristic variable.

(a) ur+ (u?)z =0

(b) ut +uuy =2

(¢) u+ 3(u?)y = —u
(d) ug+ (Inu), =wu
(&) ue+(e"s = i
(f) wup +udu, =t

2. For each of the PDEs given in question 1, how fast would a conserving shock propagate,
given values of v immediately ahead of and behind the shock.

3. True or false? Explain your answers fully:

A conserving shock
in the PDE

propagates
at the speed

u + (Inu), =Inz

Inu]/[ulnu—u]

up + utu, = ud slu’]/[u]
u + etuy =9 9[e"]/[u]
uy + 4= = sin(wt) —[Inu}/[u]
ug +nu "ty = wte, n# 1 [w"]/[u]

4. Solve the initial value problem for u(t,z) at times ¢ > 0 in terms of ¢ and a
characteristic variable:

1 2
ut+%:0 T
u

T2+ a2
Do characteristics cross for any ¢ > 0 and if so where and when?

with (0, z) = up(x)

5. Solve the initial value problem for u(t,z) at times ¢ > 0 in terms of ¢ and a

characteristic variable:
1+ 22

) + 22
Do characteristics cross for any ¢ > 0 and if so where and when?

with u(0,x) = up(z)

u +uu, =0

6. Solve the initial value problem for u(t,z) at times ¢ > 0 in terms of ¢ and a

characteristic variable:
1 for z< -1

w(0,2) =up(z) =< 22 for —1<z<1
1 for z>1

g +u?u, =0  with

Do characteristics cross for any ¢ > 0 and if so where and when?

7. Solve the initial value problem for u(t,z) at times ¢ > 0 in terms of ¢ and a
characteristic variable:
with

up + uuy =1 u(0,z) = up(z) =1 — 5 tanh(z)

Do characteristics cross for any ¢ > 0 and if so where and when?



1.
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(a) w+ (u?)y =0 w+2uuy, =0s0 % =42 —du ypdgo & =0 — u=A(k) and
It — 2u =2A(k) = =z =k+2A(k)t. Hence, in terms of t and the characteristic

variable k: u = A(k) with z = k + 2A(k)t.

(b) w4+ uuy = 2: so %:df:%u and so %:2 = u=A(k)+2t and
dr — = A(k) +2t = x=k+ A(k)t + 2. Hence, in terms of ¢ and the
characteristic variable k: u = A(k) + 2t with oz = k + A(k)t + 2.

() ue+ 5(u)y = —u: wp+uuy = —uso & =92 = du 5pd 50 W = _y
— u= A(k)e”! and % =u=A(k)e” = z=k— A(k)e™. Hence, in terms
of ¢t and the characteristic variable k: u = A(k)e™! with z =k — A(k)e™!

(d) w+(nu),=u w+%=uso L =udr="2=andso % =u = u=A(k)e

and d“t“” =1—=¢"/A(k) = x=k—e"/A(k). Hence, in terms of ¢ and the
characteristic variable k: u = A(k)e' with z =k — e~ !/A(k).

(e) ut+ (e")z = l%rt: up + etuy = 1+rt so =92 — (1 +t)du and so % = it
= u=A(k)+In(1+1t) and & =et =AW (1 +¢) = z=k+ AW (t+ 12).
Hence, in terms of ¢ and the characteristic variable k:
w=A(k) +1In(1 +t) with x =k + eA®) (¢ + 1¢2).

(f) wug +udu, = t: so % = Z—fﬁf = dT“ and so % =L — wu?=A(k)+¢* and

‘é—f =u?=Ak)+t? = z=k+Ak)t+ %t3. Hence, in terms of ¢ and the
characteristic variable k: u = £/A(k) + 2 with = = k + eA®) (¢ + 1¢2).

(a) uy + (u?); = 0 is in conservation form. A conserving shock at = = s(t) would travel
at speed % = [u?]/[u] (which equals u® +u™).
(b) w; + uuy =2 becomes u; + +(u?), = 2 in conservation form. A conserving shock at

x = s(t) would travel at speed % = [u%]/[u] (which equals F(u™ +u™)).

(¢) u+ 3(u?), = —u is in conservation form. A conserving shock at x = s(¢) would
travel at speed % = [2u?]/[u] (which equals 3(u™ +u™)).

(d) u¢+ (Inu), = w is in conservation form. A conserving shock at = = s(¢) would
travel at speed 9° = [Inwu]/[u].

(e) ut+ (e"), = %H is in conservation form. A conserving shock at = = s(¢) would
d
travel at speed G = [e"]/[u].
(f) wuy + udu, =t becomes uy + (u?

)z = % in conservation form. A conserving shock
at o = s(t) travels at speed % = [1u3]/[u], the same as %(u+2 +utu™ +u?).

e u;+ (Inu), =Inzx is in conservation form. A conserving shock would travel at
speed [ln ul/ [u] # [Inu]/[ulnu—u]. (False)

o u; + uuy = u® becomes u; + (éu?’)z = w3 in conservation form. A conserving shock
would travel at speed [1u®]/[u] = §[u?]/[u]. (True)

o uy+ euy =9 becomes up + (e*), = 9 in conservation form. A conserving shock
would travel at speed [e"]/[u] # 9]e"]/[u]. (False)

® u; + “= =sin(xt) becomes u; + (In|u|), = sin(xt) in conservation form. A

conservmg shock would travel at speed [In |u|]/[u] # —[Inu]/[u]. (False)
o uy +nu"lu, = xte® becomes uy + (u), = xte* in conservation form. A conserving
shock would travel at speed [u"]/[u]. (True)
Note: if n=1 or n =0 the problem is semilinear and shocks do not arise.

Otherwise, n can have any real value.



4. up+ % =0 so %:uda::% and so @—O = u=A(k)
and % —%zl/A(k) = a?:k:—i-t/A( ).

Hence, in terms of ¢ and k: v = A(k) with = =k +t/A(k).
Initially, at t =0, x = k and u = A(z) = up(x) = %iﬁ;

so u=E with =k + ¢ 245

2+k2 14+k2 - ) )
Characteristics cross if 0 =z =1+ ¢ Utk )(?i;§§+k LI - ﬁ

That is, when ¢t = (1+k P for k>0, at x =k + Lt o - ?i’éi =k+ —(1+k2%1(c2—+k2) :

C U4 uug =0 so & =dz — d—“andsod—“—0:> u = A(k
1 u

and 2 =y =A(k) = x—k‘+A(k:) .
Hence, in terms of ¢ and k: u = A(k) with z =k + A(k)t.
Initially, at t =0, z =k and u = A(z) = uo(x) = L2 56 4 = ;er with z = k + t15

) 22+ 2 _;’_k-Q 2+k2
Characteristics cross if 0 = x, = 1 + ACaL )éi;%jk )2k _ 2 =1+ t(2+k2) 2 2
That is, when ¢ = — 2 for k <0, at =k — GV IS (LHE)EH)
- ug +ut?uy, =0 so %— Cfajz :%“ and so d—“—O = u= A(k)
and%:ulﬂ—\/ (k) = z=k+t\/A(k).
Hence, in terms of ¢ and k: u = A(k) With x = k: +t\/A(k).
>
Initially, at t =0, z = k and u = A(x) = up(x) = ;:2 igfn ;i} ; i
1 for |k|>1 . 1 for |k|>1
S0 {k2 for b <1 "R TEEAEX {|k| for |k| < 1.
0 for |k|>1
Characteristics cross if 0 = x, =1+t x < 1 for 0<k<1
-1 for -1<k<O.
That is, when t =1, for —1 <k <0, at = =k + t|k| = 0.
. ugtuugy =1 so %:dﬁ:% and so @—1 = u=A(k)+t
and % =u=Ak)+t = mzk—i—A(k)?H— 12,
Hence, in terms of ¢ and k: u = A(k) +t with @ =k + A(k)t + 5¢2.
Initially, at t =0, 2 =k and u = A(z) = ug(z) =1 — j tanhz
sou=1—Jtanhk+¢ with z =k + (1 — %tamhk)jL 212,
Characteristics cross if 0 =z, =1 — %t sech” k.
That is, when t = 2/sech®k, for any k € R, at . = k + QSetCaTghk +2/sech* k.



Partial Differential Equations — Problem Sheet 5

1. Completely solve the initial value problem describing u(¢,z) for ¢ > 0

ur+uuy =1—u with u(0,2) =7+ tan"!

in terms of ¢ and a characteristic variable.

(You must demonstrate that your solution is valid for all t > 0).

2. Solve the initial value problem for u(¢,z) at times ¢t > 0 in terms of ¢ and a

characteristic variable:
1 for x < -1

w4+ uPuy =0 with w(0,z) =up(z) = —2® for —1<2<0
0 for >0

Where and when do characteristics cross?

Assuming that a conserving shock is formed, find the full solution after the birth of the
shock.

3. Consider the initial value problem describing (¢, x) for ¢ > 0

(0 ) 1—vV1+z ifxz>0
u(0,x) =
Vi—-z—-1 ifz<0

(a) Sketch the intial data. Is the data anti-symmetric about any value of x?

us + uu, =0 with

(b) Show that the solution, in terms of ¢ and a characteristic variable k, can be written

as
1-V1+k ifk>0 k4t x 1-V1+k ifk>0
u = xTr =
VI—k-1 ifk<0, VI—k-1 ifk<o0.

(c) i. Sketch the way in which z(¢, k) varies with k as t increases.
ii. Sketch the way in which u(¢,x) varies with = as ¢ increases.
State what symmetry properties are maintained by these solutions.

(d) Show that characteristics first cross when t =2, at k =0, where z = 0.

(e) Anticipating that a conserving shock forms and follows = = s(t) for ¢t > 2, and that
uT = —u~ across the shock, show from the conservation form of the PDE that we
should have % = 0. Hence find the path that the shock would follow.

(f) Show that for ¢ > 2, the values of k for which = 0 are:
k=0 or k=kT(t)=t(2—t) or k=k (t)=—t(2—1).
Hence show that u™ = —u~ for a shock at = = s(t) =0 for ¢ > 2.

Hence show that the full solution for ¢ > 2 is given by

1-VI+k ifk>t2-1) bty d LT VIEE k221
u = xTr =
VIZk—1 ifk<—t2-1t), VI—k—1 ifk<—t(2-1t).

4. Consider the initial value problem describing u(t,z) for ¢ > 0

1—v1l+2a ifx>0

up + uuy =1 with u(O,x):{m_l £ <0



(a) Show that

. 1-v14+k ifk>0
u =
VI—k-1 ifk<0,

1—-v1+k ifk>0

r=k+ 3 +tx
2 {\/1—k:—1 if k< 0.

(b) By defining u(t,x) =t + v(t,z) with 2 = 1¢> + z show that

(0. 2) 1—v14+2z ifz>0
v(0,2) =
Vi—z—-1 ifz<0

v +vv, =0 with

(c) Hence deduce from your answer to Question 1 that a conserving shock follows the

path z = s(t) = 3t for ¢ > 2 and that the full solution for ¢ > 2 is given by

. 1-VI+k ifk>t2-1)
u =
VI—k—1 ifk<—t(2—t),

1—Vi+k ifk>t2—1t)

r=k+ 3t +tx
2 {\/1 —k—1 if k< —t(2-1).

5. In the following 1%% order initial value problems describing u(¢,z) for ¢ > 0, the initial
data takes the discontinuous (piecewise constant) initial form

(0,2) up if z < xg
u(0,z) =
ug if x > xg

(a) wu+uuy =0 u =1 uy =0 0= —1
(b) ut—l—%u?’um =0 U =—-1 us=1 T =2
(c) w+uBPuy, =0 wu =27 us =38 zo =0
(d) w+3=0 up = 2 Uy = 3 o =1
(e) wur+ uduy =0 up =1 Uy =—1 z9=0
(f)  w+2uu, =0 up =0 up =1 z9=1
() w+33=0 uy =3 up=2 x9=-1
(h)  w + %u2/3u$ =0 u =8 ug =27  x9 =2

In each case, find a solution, either in the form of a propagating shock or in the form of
an expansion fan. Explain why each solution takes the form it has.
(Assume that shocks conserve the quantity w).

6. Solve the initial value problem

0 ifz< -2
u+ (w(2—w)), =0 with 2 if -2<z<0
0 ifz>0.

7. Some shocks are non-conservative. That is, they alter the quantity that is discontinuous
across them as they propagate. For example a sonic-boom creates entropy.

Given the PDE u; + (f(u))CC = ¢g with only one shock at = = s(t) within the range

a < x < b, and assuming that the shock “produces” u at the rate

Ok
T



show that the shock-speed is given by

ds 1 [f(w)]
]

At 1+~

Hint:- You may need to use the formula

d [*? 2 dx dx
E/ udxz/x utd$+d—t2v(t,x2)——

z1 1

1
dt

u(t,x1)
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_ dz du

1. u +uu, =1 —u with u(0,2) = 7 +tan~'2: On a characteristic 2 =

u 1—u”
Hence ... u=1+ A(k)e™* and % =u =1+ A(k)e~* so that = = k +t—A(k)(e7t-1)
(choosing the “constant of integration” to be k + A(k)). Hence, at t =0: z =k and
w0,z2) =1+ A(x) =r+tan 'z = A(z)=7—1+tan"lz.
Thus the solution becomes

u=1+e(r—1+tan"'k) with z=k+t+ (1 —e ") (7 —1+tan k).

Characteristics cross if x = 0. We have ... zp =1+ 11:_—6,; which is positive for all & and all
t > 0. Thus no shocks form and the solution remains valid for all ¢ > 0.

. uy +u'/3u, = 0: On a characteristic 4 = ;33 =42 50 u = A(k) and % = u'/3 = AY3(k) so
that © =k +tAY3(k). At t=0: 2 = k: so u(0,2) = A(z) = ug(z). Thus, in terms of ¢ and k:

1 for k< -1 1 for k< -1
u=< —k% for —1<k<0 with z=k+tx{ -k for —1<k<0
0 for k>0 0 for £>0.

Characteristics cross when xp = 0.
0 for k< -1
Since xp=1+tx<{ -1 for —1<k<0,
0 for k> 0.
this only happens for —1 < k <0 when ¢t =1 where ... £ =0. So, at t =1 we have u(1l,z) =1
for x <0 and u(l,z) =0 for z > 0. The PDE is u; + (3u*/3), = 0 in conservation form, so that
a shock at = s(t) has speed % = [24*/3]/[u], and with u™ =0, u~ =1 this gives % = 2.

i di — 4
Since s(1) = 0 we have s(t) = g(t - 1) for t > 1. Thus, after the birth of the shock (for ¢ > 1):

1 for < 3t
u = 4
0 for x > 3t.

(a) The initial data u(0, )
are antisymmetric \I x
about x =0 I\

(b) dt _ dz _ du.

u

1 0
Hence %4 =0 = u=A(k) and & =u=A(k) = z=k+ A(k)t.
At t=0: x =k so that u(O,x):A(x):{l_”1+x if z 2 0

vi—-z—1 ifx<0.
1—\/1+k ifk>0 1 \/1+k ifk>0
Hence: “* VIk-1 ifk<o0, TR\ Ro1 k<o,
u(t, )
(c) 7’%
x is anti-symmetric about £k =0 u remains anti-symmetric about
for any t > 0. x=0foranyt>0
(d) Characteristics cross (i.e. z(t,k) becomes multivalued) when z; = 0.
— 2 k>0
. _ Vitk 1 = 1 _t/2 _
That is 0 1+tx{_ 11/_2k P = 0=1 \/le‘ort 2y/1+|k|. So

characteristics first cross when t = 2, at k = 0, where (ezercise) also z = 0.

(e) Conservation form of PDE is u; + (3u?), = 0. Hence the speed of a shock at 2 = s(t), for

t>2,is 4 = [1u?]/[u] and so (ezercise) % = L(ut +u™).

Anthlpatlng that u™ = —u~ we would then have
ds = L(ut +u7) =0 with s(2) =0 = s(t)=0 Vt>2.



(f) At =z =0, k satisfies Okthx{{/lT ‘liJ_r]; ﬁZig or @:\/1+\k|71.Hence

(@ +1)2 =1+ |k| and so (ezercise) k=0 or k = k* = £t(2 —t) for t > 2. Hence
ut =u(t,kT)=1—-V1+kt=1—/1+¢t2-1)

and v~ =u(t,k7)=vV1—-k~—1=/1+t(2—-1t)—1.

We thus see that, indeed we have u™ = —u~

It follows that, for ¢ > 2, the full solution is given by

Lo J1I=VIFE ifk>t2—1) v bt {I-VITR ifR>t2 1)
T\WI—k-1 ifk<-t2-1), - VI—k—1 ifk<—t(2—t).

4. up +uu, =1 with u(0,z) = {m ﬁi i 8

(a) dt _ dxr _ du.

1 u 1 -
Hence %4 =1 = u=t+A(k) and &£ =u=1t+A(k) = z=k+ 12+A(k)t.

At t=0: 2=k so that u(O,m):A(x):{l_"1+x ifz>0

Vvi—xz—1 ifz<0.
o 1-VI+k ifk>0 1 1-VI+k ifk>0
Hence'u_t+{\/lk1 k<o, CTRTRTTROV AR 1 k<o
(b) Writing u(t,z) =t + v(t, z(t, x)) with z(t,z) = z — $t*, the chain rule
gives uy = 1 + vy +v,2; and u, = v,2,, having z; = —t and z, = 1.

Hence u; + uu, = 1 becomes 1+ vy —tv, + (¢t +v)v, =1 or vy +vv, =0.

o . . _J1=V142z ifz>0
At t=0: u=v and = = z so that v(0,2) = u(0,2) = {m_l a0
(c¢) Question 1, is identical to the problem for v(¢, z).
It follows that a shock appears, following z =0 for t > 2,
annihilating characteristics in the range —t(2 —¢) < k < t(2 —t).
In terms of  and u the shock follows = = s(t) = ¢> for t > 0,
and the full solution for ¢ > 2 satisfies:

L J1-VIFE k> t2—1) e - VIFFE ifk>t2—1)
“_t+{\/1—k—1 itk < —t(2—t), CTFFRCFIXV TR0 itk < —t(2—t).

5. (a) The PDE w; + uu, = 0 has characteristic speed f’'(u) = u. For a shock we require
f'(u1) > f'(ug) or 1> 0, which is true. In conservation form, u; + (3u?), = 0 so a shock at
z = s(t) has speed % = [1u?]/[u] = %, with s(0) =29 = —1, and so s = —1 + it.

1 for o4+1< 3t

1

The solution is u = {0 for z41> 1t

(b) The PDE u; + tubu, = 0 has characteristic speed f’(u) = ju?. For a shock we require

f'(u1) > f'(ug) or $(—1)* > 113, which is false. An expansion fan with x — 2 = kt has

f'(u) = 2u® =k so u = (4k)!/3. Front characteristic has u =1, so k = 21> = 1 and rear

=1,
characteristic has u = —1, so k= 7(—1)3 = —1.

-1 for x —2< —it
Thus the solution is u = ¢ (4272)1/3 for —it <z —-2< ¢

1 for £ —2> %t.

(c) The PDE u; + u?/3u, = 0 has characteristic speed f’(u) = u?/3. For a shock we require
f'(u1) > f'(ug) or 27%/3 > 82/3 which is true. In conservation form, u; + (%u5/3)m =0soa
shock at = = s(t) has speed % = [2u%/3]/[u] = 2(32 — 243)(8 — 27) = 82  with s(0) =0,
and so s = %t.

o 27 for z< 833¢
The solution is u = {8 for o> %t.



(d) The PDE w; + % = 0 has characteristic speed f’(u) = u~2. For a shock we require
f/(u1) > f'(u2) or 272 > 372 which is true. In conservation form, u; + (—u=1), =0 so a
shock at @ = s(t) has speed % = [—u~!]/[u] = (37! —271)/(3 —2) = 1, with
5(0) =xo=1, and so s =1+ §t.

2 for x <1+ 3t

i

The solution is u = {3 for &> 1+ it.

(e) The PDE u; + uu, = 0 has characteristic speed f’(u) = u®. For a shock we require
f'(w1) > f'(ug) or 13 > (—1)*, which is true. In conservation form, u; + (1u*), =0 so a
shock at = = s(t) has speed % =[2u?]/[u] = 1(1—1)/(-1—1) =0, with s(0) = z¢ =0,
and so s =0 for all ¢ > 0.

The solution is u = 1 for <0
-1 for z>0.

(f) The PDE u; + 2uu, = 0 has characteristic speed f’(u) = 2u. For a shock we require
f(u1) > f'(uz) or 2x 0> 2 x 1, which is false. An expansion fan with  — 1 = kt has
f'(u) =2u =k so u= k. Front characteristic has u =1, so k = 2, and rear characteristic
has u=10,s0 k=0.

0 for t—1<0
Thus the solution is u=<¢ 2= for 0 <z —1<2t

2t
1 for x —1> 2t.

(g) The PDE u; + % = 0 has characteristic speed f’(u) = u~2. For a shock we require

u2
f'(ur) > f'(u2) or 372 > 272 which is false. An expansion fan with x + 1 = kt has
f'(u) =u"2 =k so u=k~/2. Front characteristic has v =2, s0 k =272 = i, and rear
characteristic has u =3, s0 k=3"2=1

5
3 for z+1< %t

Thus the solution is u = q (;45)'/? for §t<a+1< 4t
2

for z+1> L¢.

(h) The PDE w; + %uz/?’um = 0 has characteristic speed f’(u) = %u2/3. For a shock we require
f(u1) > f'(ug) or £82/3 > 2272/3 which is false. An expansion fan with z — 2 = kt has
f'(u) = 2u*? =k so u=(2k)3/%. Front characteristic has u =8, so k = £82/3 = 12 'and
rear characteristic has u = 27, s0 k = %272/3 = %

8 for v —2< %t

Thus the solution is u = { (22:2)3/2 for 2t <y —2< 20¢
27 for x —2> %t.
0 ifz< -2
6. The initial value problem u; + (u(2 — u))w =0 with 2 if-2<x<0
0 ifxz>0.

This PDE has flux f(u) = u(2 — u) and characteristic speed f'(u) =2 — 2u.

For a shock at @ = —2 we require f'(0) > f'(2) or 0 > —2 which is true.

The speed of the shock, following z = s(¢) is % = [u(2 — u)]/[u] with u™ =2 and u~ = 0.
Thus % = w =0, so the shock stays at s = —2 until u™ changes.

For a shock at « = 0 we require f’(2) > f’(0) or —2 > 0 which is false. An expansion fan with
x = kt has characteristic speed f'(u) =2—-2u=ksou=1-— %k Front characteristic has

u =0, so k= 2, and rear characteristic has u = 2, so k = —2. Thus the solution is
0 for x < -2
2 for —2<ao< -2t . . _
u=937_ L ofor 2t<z<2 until ¢ =1 when the characteristic x = —2t reaches the rear
0 for x> 2t
shock.
After ¢ =1, the shock speed is % = [u(2 — u)]/[u] with vt =1— £ and u~ =0.
: T(2—ut)-0(2-0 .
That is, & = © =0 )0C=0 —9 4t =2 (1-)=1+ . Thatis, © =1+ 2.
Setting v = s/t gives % = t% +v=1+wv/2 so that 2t% =2—wv. Hence [ 262}71 = % or

In(2—v)=—-2lnt+Cy so 2—v=Ct"Y? or v=s/t=2—Ct""/? and hence s = 2t — Ct'/2.
At t=1, s=—2so C =4 giving s = 2t — 4t'/2.



0 for z < 2t — 4¢1/2

Hence, after ¢ = 1 the solution is u = — % for 2t —4t1/2 < x < 2t

0 for z > 2t.

. Integrating u; + (f(u))x = g from a to b, in the absence of any shocks we would have

ff(ut + fr)dx = fjgdm giving < f;ud:ﬂ = flo_y =l + f;gdm
since a and b are fixed. If there is a shock at x = s(t) € (a,b) then

ifbudav: i(fsudz+fsbudz> = (u~ 7u+)%+f:utdx+f:utd:c

= (u —ut) g (g f)de+ [P(g - fu)do
= (um — )% — (f~ = f|,_) — (flomy = £ + ) gz

For the shock to be producing u at the rate G, this must exceed the formula for % f; udx
without the shock by G. That is, subtracting the right sides of the two formulae:
(w —uM)G —(fT=fH)=GCGor (ur —u)G =(f"~f) -G o W =[f] -G

Given that G = y[u]% this gives [u]9® = [f] — y[u]%, so that % = ﬁ [£1/[u].
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1. Find characteristics for the PDE describing u(t,x) for t € R and x € R

Upt + Uy — 2Ugg = ¢

and hence show that the general solution is

u=A(z+1t)+ B(w —2t) — gt(z +t)(z — 2t).

Find the solution that satisfies the initial conditions

w(0,2) =0 and w(0,2) =0.

2. Find characteristics for the PDE describing u(t,z) for t € R and x € [0, 7]

Ut — Ugy = 0

and hence show that the general solution takes the form

u=A(t+z)+ B(t — x).

If we are given that u(¢,0) = 0 for all ¢ show that the solution takes the form

u=A(t+z)— At —x).

(a) If we are also given that u(t,7) = 0 for all ¢ show that the function A(-) must be

periodic with period 2.

(b) If instead, we were given that uy(t,7) = 0 show that the function A(-) must

satisfy A’(z + 27) = —A’(2) for any z € R. Can you sketch such a function?

Show that A(z) = Const., A(z) =sin (2%52) or A(z) = cos (24tL2) are possible
functions for n =0, 1, 2, etc.

3. Find suitable characteristic variables for the following PDEs describing u(t,z) for t € R
and = € R. In each case write the PDE in terms of the characteristic variables and
partial derivatives with respect to the characteristics.

e

—_ o~ T/
(oW

a
b

)
)
c)
)
e)

f)

ug + (t — Dy — tuge =0
g + (1 4+ 2)ugy + TUzy =0
tuy + (x — t) Uy — TUgy =0
Uy + (x — Uy — tug, =0
zuy + (1 4 xt)ugy + tug, =0

trug + (22 — 12 Uy — tTUz, = 0

4. Find where each of the PDEs in question 3 fails to be hyperbolic. How does this relate to
the characteristics you have obtained?
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1. wug + uep — 2uy, = t: Characteristic condition is ¢? + 1y — 2(;53 =0.
Factorising gives (¢1 — ¢x)(¢+ + 2, ) = 0 so either:
¢¢ — ¢, = 0 giving % :f—“i :% sothat =k —t and ¢ = P(z +1¢); or
o1 + 2¢, = 0 giving % = % = % so that © = ko 4+ 2t and ¢ = Q(z — 2t).
We can choose the characteristics: € =z +t and n=a — 2t
Transforming wu(t,z) = U(&,n) then leads to fUg, = F where
B = (26m) + (§ne + Same) — 2(26eme) = =4+ (1 —2) —4=—9 and
F=t- (gtt + gt:c 2§$$)U§ (ntt + Ntz — 277%90)(]77 =t= %(5 - 7])'
Hence —9Ug, = (£ —n) or Ugy = 27(7) £).
Integrating w.r.t. & gives U, = B'(n) + 27 L(n¢ — 52)7 and w.r.t. n gives
U= A(&)+ B(n) + 5 (377 - 31E%) = A(€) T B(n) + 517m€(n — &) so that
u=A(z+1t)+ Bz — 2t) — 15(z — 2t)(x + t)t.
At t =0 we have u(0,2) = A(z) + B(xz) =0 so that B(x) = —A(x)
giving u = A(z +t) — Az — 2t) — {x(z — 2t)(z + 1)t
and uy = A'(x 4+ t) + 24" (x — 2t) — f[(z — 2t)(x + 1) + (x — 2t)t — 2t(x + t)t].
Hence at t =0 we have ut(O z)=Al(z) + 24/ (z) — ka® =0 so A'(z) = a2
and hence A(z) = 552° + ¢ Where ¢ is any constant.
The solution thus becomes u = & (z + )% — 75 (x — 2t)3 — & (z — 2t)(z + t)t.

2. Uy — Uze = 0: Characteristic condition is ¢? — ¢2 = (¢¢ + ¢2)(dr — ¢2) = 0 so either
¢t + ¢ = 0 giving % = de = % so that © = k1 +t and ¢ = P(z —t); or
¢r — ¢ = 0 giving % :f—ﬁ :% sothat t =k —t and ¢ = Q(z +1).
We can choose the characteristics: { =t —z and n=t+ =z
Transforming w(t,z) = U(&,n) then leads to U, = F where
B=(2&m) — (26:m:) =2+2=4 and F = —(& + o — 2602)Ue — (it + 0t — 277wﬂc)U17 =0.
Hence Ug, = 0. Integrating w.r.t. £ gives U, = A'(n) and w.r.t. n gives U = A(n) + B(§)
so that u = A(t+z) + B(t — x).
Given that u(t,0) =0 we have A(t) + B(t) = 0 so that B(z) = —A(z) and hence
=A(t+z)— At —x).
(a) If also, u(t,m) =0 then A(t+ ) — A(t—7) =0 or A(z+ 27) = A(z) for any z € R. That
is A(-) is periodic with period 27.
(b) If instead, u,(¢t,7) =0 then u, = A'(t + )+ A'(t — ) gives A'(t+7)+ A'(t —7) =0 or
A'(z+2m) = —A'(2) for any z € R.
If A(z) = Const. then A’(z) = 0, satisfying the condition. If A(z) = sin (2%t2) or

T
xTr —

A(z) = cos (221 2) then A'(z) = 2Lt cos (25EL2) or A'(z) = — 22t sin (25H )
satisfying A'(z + 2m) = 2%H cos (2"+1 (z+2m)) = 22 cos (2B 2 + (2n + 1))
= — 2ot cos (23H 2)) = (2). (similarly for sin)

3. (a) Ut + (t - 1)“2&1 - tumm =0: ¢t + (t - 1)¢t¢m - t(bi = (¢t - ¢x)(¢t + t¢x) =0
¢r — ¢y =0 gives % =42 = 2 55 p =) — ¢ and ¢ = P(z +1)
¢ + tp, = 0 gives @ = dTm = % so x = ko + 3 142 and ¢ = Q(x—%ﬁ)
Choosing & =z + ¢ and n=x— $t* gives Bu&? = F with
8 = (26m0)+(t—1) (€t +Eam) —1(260m,) = —2t+(t—1) (1) =2t = —(1—1) 4t = —(1+£)°
and F' = — (& + (t — 1)&a — t€ea)ue — (Mee + (t — 1)Niw — g )ty = —(—1)uy = uy.
So —(14t)%uey =uy. Also E—np=t+3t> so (1+t)2=1+2(£—1n)
giving (1 + 2¢ — 2n)ug, + uy = 0.
(b) we + (14 2)uge + gy = 0: d)? + (1 +2)pi¢x + xd)i = (¢t + ¢z) (Pt + x¢,) =0
¢ + ¢ = 0 gives ﬂ:%:% sox =k +tand ¢ = P(x —1t)
o1 + xd, = 0 gives % = df = % so x = kge! and ¢ = Q(ze™ )
Choosing £ = —t and n = ze™ " gives fug, = F with
B = (2&me) + (1 +2)(&ne + &ame) + 2(26ams) = (22e™") + (1 + @) (e —ze™") + 2(2e7)
20 — (1+ )%+ 2z)e " = —(1 — )%~ and
—(xe — (14 x)e” )Un =e tu,.
So —(1 —z)2ug, = e tu,.
Eliminating ¢ and x requires solving the transcendental equations
& =mnet —t and ze~® =ne~¢. This cannot be done algebraically.

I —

F



(€) tuy + (7 — )y — TUzy = 0 tP7 + (v — ) rh — 202 = (¢ — )ty + 2z) =0
o1 — ¢ = 0 gives @:i—ﬁ:% sox=k —tand ¢ =Pz +1)
tos + v, = 0 gives Tt dm = % so & = kot and ¢ = Q(x/t)
Choosing { = x4+t and n = x/t gives fug, = F with
B = t(26me) + (& — 1) (Ene + &) — 2(26ams) = t(—22/t%) + (z — t)(1/t — z/t?) — 2(2/1)
= 2x/t+ (x—t)(t —x)/t? =2/t = —(xz — t)?/t? —dx/t = —(x + t)? and
F=—(t& + (v — 1)&a — 26aa)ue — (tnee + (T — O)ea — ¥z )iy
= —(t(2z/t3) + (x — t)(=1/t*))u, = —(2x/t? — 2 /1 + t/t*)u, = —((x + ) /t*)u,
So —(z + t)*ug, = —((x + t) /t*)u, or (z+ t)ue, = u,/t?, provided = # —t.
Using = = nt, so that £ = (1 +n)t and so t =&/(1+1n)
gives Eugy = uy(1+n)? /€% or Eug, = (14 n)?u,, provided £ =z +t # 0.
(d) TU + (J} - t)utw - tuww =0: JT¢§ + (x - t)¢t¢w - t@% = (¢t + ¢a:)(x¢t - t¢1}) =0
&1 + ¢z = 0 gives %:dl—zz% sox =k +tand ¢ =Pz —1t)
zhy — ty =0 gives L = 4L — % so 22 = ko — 1% and ¢ = Q2% +t?)
Choosing £ =z —t and n = 2% +t? gives Bug, = F with
B =a(28m) + (2 — 1) (Eene + Eam) — H(28ama) = x(—41) + (x — 1) (=22 + 2t) — t(42)
= —2(z—t)? — 8zt = —2(z +t)? and
F = —(x&u+ (2 — )&z — téoa)ue — (20 + (@ — )y — Uz )y = — (22 — 2t)u,, = —2(x —t)u,
So —2(z 4 t)?ug,, = —2(z — t)u, or, using (z +t)*> =n+ 2zt and & =n — 2at,
(2n — 52)1%77 = {uy.
(e) wugy + (14 xt)upe + tuzy = 0: 26?7 + (1 + xt)qbt(f)g; +tp2 = (¢ + tds)(xds + ¢p) =0
Gr 4ty =0 gives 4 = 4z — %¢ sox =k + 3 t2 and ¢ = P(z — 3t?)
xqbt—i-qbw:Ogives%:f:@sot—k‘g—i— 2 and ¢ = Q(t — 32?)
Choosing & =z — 3t? and n =t — $2? gives ﬂugn = F with
8 = 2(2em) + (14 2t)(Ea + &) +12Em,) = 2(=20) + (1 + at)(tx + 1) + H(—22)
= (1 +2t)? — 4tz = (1 — 2t)? and
F = —(xu + (1 + 2t)&tz + t8n)ue — (@ne + (1 + 2)0ea + tpa)uy = _(_x)uﬁ = (=t)uy
= zug + tu,. So (1 — mt)ngn = zu¢ + tu,. Eliminating ¢ and x requires solving cubic and
quartic equations, which is difficult to do algebraically.
() touy + (2% — ) uge — toug, = 0: twg? + (22 — t2) oy — twd? = (o + 1¢,)(xdy — tdy) =
toy + xdp, = 0 gives % = d? = T‘j’ x = kit and ¢ = P(z/t)
Py — td, = 0 gives % = f"”t = % so 22 = ko —t? and ¢ = Q(2% +t?)
Choosing & = z/t and n = z? +t? gives Bug, = F with
B = tx(thnt) + (12 - t2)(£t779c =+ facnt) - tx(ngna:) =
tr(—4x/t) + (22 — t2) (=222 /t? + 2) — tx(dx/t) = —2(2? — 752)2/152 — 822 = —2(2% +t2)2 /2
and F = —(tely + (22 — 7)€ — to€en)ug — (tony + (22 — 12 )nm =t Uy
= —(2?/t* + Due. So 2(x* + 12)%ue,y = (2% + t*)ug or nue, = Lue provided n # 0.
(a) wug + (t — Duge — tugy = 0: b* —dac = (t —1)? + 4t = (¢t + 1)? failing to be hyperbolic at
t = —1. Characteristic £ = x +t has speed ‘fl—f = —1; characteristic n = x — —t2 has speed
% =t. So both have speed —1 at t = —1.
(b) wg + (14 2)usy + TUpe = 0: b? — dac = (1 +2)? — 42 = (1 — x)? failing to be hyperbolic at
x = 1. Characteristic { = x —t has speed 9 d"” = 1; characteristic 7 = ze~! has speed

d“” =net = z. So both have speed 1 at x = 1

(c) tutt + (2 — t) Uy — TUzp = 0: b? — dac = (v — t)? + 4tz = (v +t)? failing to be hyperbolic at
x = —t. Characteristic ¢ = x + t has speed Z—f = —1; characteristic n = x/t has speed
4 — 5 = x/t. So both have speed —1 at = = —t.

(d) zug + (2 — Uy — tugy = 0: b2 —dac = (v —t)? + 4tz = (x + t)? failing to be hyperbolic at

x = —t. Characteristic £ = x — t has speed fli—f = 1, characteristic n = 2% 4 ¢2 has speed
4 — —t/x. So both have speed 1 at z = —t.
(e) wugy + (14 2t)ugy + tug, = 0: b? — dac = (1 + 2t)? — 4tz = (1 — 2t)? failing to be

hyperbolic at « = 1/t. Characteristic £ = x — —t2 has speed Z—f = t; characteristic

n=1t-— %xQ has speed ‘é—f =1/x. So both have speed t at © = 1/t.

(f) tzuy + (22 — 2 upe — toug, = 0: b? — dac = (22 — 12)2 + 4222 = (22 + ?)? failing to be
hyperbolic at @ =t = 0. Characteristic £ = 2/t has speed fl—f = & = x/t; characteristic
1 = 22 4+ t% has speed ‘fi—f = —t/x. So both have undefined speed at z =¢ = 0.

(In general, at points of parabolic behaviour characteristics are parallel.)



Partial Differential Equations — Problem Sheet 7

1. Suppose that the functions p(z), p1(z), p2(z) and ¢(x) are defined and continuous on
a <z < and that an inner product is defined as

B8
v0)= | pla)ala)da
show that:

(a) (p, q) = (q p)

(b) (p,p) 2

(c) if ( )—O then p(z) =0 for all z € [, 3]

(d) (c1p1 + cape,q) = c1(p1,q) + c2(p2, q) for any constants ¢; and co

(e) if p; and po are orthogonal with respect to the inner product (pi,p2) then p; and py are
linearly independent.

2. If the function w(x) is continuous and positive on o < x < 3 show that the form of the inner
product that is “weighted” by the function w(x), as given by

B
(pwq) = / p(z) w(z) q(z) dx
satisfies

(a) (p,wq) = (q,wp)

(b) (p,wp) >0

(c) if (p,wp) =0 then p(z) =0 for all = € [, ]

(d) (e1p1 + cap2, wq) = c1(p1,wq) + ca(p2,wq) for any constants ¢; and co.
)

(e) if p1 and ps are orthogonal with respect to the weighted inner product (p1,wps) then p;
and po are linearly independent.

These properties are also satisfied (under certain restrictions) if we relax the conditions that p(z),
q(z), p1(x), p2(x) and w(zx) are continuous.

If we were to relax only the condition that w(z) is positive, give at least two examples of possible
forms of the function w(z) for which at least one of the properties (a) to (d) would not be
satisfied.

3. Using the method of separation of variables find at least three linearly independent solutions of
the partial differential equation
(1+t)u, = D?uy.,

defined on —a <z < « for t > 0, subject to the homogeneous boundary conditions
u(t,—a) =0 and wu(t,a)=0.
If u(t,z) also satisfies the initial condition
u(0,2) = Acos(mz/2a)
find the exact solution for wu(t,z) throughout the “strip” = € [—«, ], t € [0, 00).

4. Using the method of separation of variables find an infinite set of linearly independent solutions
of the partial differential equation
Ut = Ugy

defined on 0 < z < a for ¢t > 0, subject to the homogeneous boundary conditions
u(t,0) =0 and wu.(t,a)=0.

If u(t,x) also satisfies the initial condition
u(0,2) =a forall 0<z<a

find the exact solution for u(t,x) throughout the “strip” = € [0,q], t € [0,00), in the form of a
Fourier expansion.



1. (a)
(b)

()
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B8 B
(pq) = / ple) () de = / o(z) ple) dz = (q,p).

(e

2

B
(p,p) = / (p(x))? dz which is positive or zero because (p(z))? is positive or zero

(0%
throughout the range of integration.

Since p(z) is continuous for all z € [, ] it follows that (p(x))? is continuous as
well as non-negative. If (p(a))? =b > 0 at some point a < a < 3 then, because
(p(x))? is continuous, for any 6 > 0 3 € > 0 such that |(p(x))2—b| < § for all

r € (a—e,a+€) N[a, B]. Let us choose § = b/2 then |(p(x))?—b| < b/2 for all

x € (a—e,a+e€) Na, B], an interval of length at least €, over which (p(x))? > b/2.
This would contribute at least eb/2 > 0 to (p,p), making it non-zero. Hence if
(p,p) = 0 then (p(z))?, and therefore p(z), must be zero at all points z € [, 3].
B B

(c1ip1 + c2p2,q) = 1 / pi(z) ¢(z) do + 02/ p2(z) q(x) dz = c1(p1,q) + c2(p2, q)-

(03 (03
For the functions p; and ps to be orthogonal they must be non-trivial, continuous
functions on [« §] that satisfy (p1,p2) = 0. If they were also linearly independent
then there would be a non-zero constant ¢ such that ps = ¢p;, so that
(p1,p2) = (p1,¢p1) = ¢(p1,p1) = 0. Since ¢ # 0 it follows that (p1,p1) = 0 so that
p1 would be trivial. Because, p; is not trivial it follows that the the functions must
be linearly independent.

B B8
(pwq) = / p() w(z) g(z) d = / o(2) w(z) p(x) dx = (g, wp).

B
(p,wp) = / w(z) (p(x))? dz which is positive or zero because both w(z) and

[0
(p(x))? are positive or zero, and so w(zx)(p(x))? is positive or zero, throughout the
range of integration.

If p(a) = b # 0 at some point a < a < 3 then, because p(x) is continuous, 3 € > 0
such that |[p(x)—b| < |b|/2 for all z € (a—e, a+e) N [a, ], an interval of length at
least €, over which (p(z))? > b?/4. If ¢ is the minimum value of w in this interval,
then ¢ > 0 since w(x) is positive throughout [«, 5]. It follows that integration over
the interval would contribute at least ecb?/4 > 0 to (p,wp), making it non-zero.
Hence if (p, wp) = 0 then p(x) must be zero at all points = € [a, f].
B B
e+ eprwn) =1 [ pi@)wl)a@)doter [ palo) i) glo) ds

« «
= c1(p1, wq) + c2(p2, wq).
For the functions p; and ps to be orthogonal they must be non-trivial, continuous
functions on [«, ] that satisfy (p1,wpe) = 0. If they were also linearly independent
then there would be a non-zero constant ¢ such that ps = ¢py, so that
(p1,wp2) = (p1, wepr) = ¢(p1, wpr) = 0. Since ¢ # 0 it follows that (p1,wp;) =0 so
that p; would be trivial. Because, p; is not trivial it follows that the the functions
must be linearly independent.

When w(zx) is not required to be positive for all a < x < 3:

e if we take w(x) = —1 then (p,wp) < 0. Otherwise all of the properties remain

unchanged.



e if we take w(z) =0 then (p,wq) =0 in all cases. In fact only the properties (c) and
(e) fail to hold; the rest hold trivially.

e if we take w(z) to change sign somewhere in the interval then properties (b), (c)
and (e) do not generally hold.

3. We have: (1+ t)u; = D?uy, with the B.C.s: u(t, —a) =0 and u(t,a) = 0.

X" 1+tT
Assuming u = T(t) X (x) gives (1+¢)T"X = D?*TX" or > = 1; T =
with the B.C.s giving T(¢) X (—a) =0 and T'(t) X (a) = 0.
So X" —puX =0and (1+t)T' — uD*T =0

with B.C.s: X(—a) =0 and X(«) = 0, since we want to have T'(¢) # 0.
If p=0 then X =c1x + o with co —cja =0, ca+ cja =0 so that ¢; = cg = 0.

If p=w?>0 then X = c1e" + coe ™% with c1e™9 + c2e¥* = 0, c1e“* + coe ™9 =0
so that ¢; = —c2e?*® and hence —cpe3?® + coe ™ =0, leading to ¢; = co = 0.

If pu=—w? <0 then X = ¢; cos(wz) + casin(wx) and the B.C.s give:

1 cos(war) — cg sin(wa) = 0 1 cos(wa) =0
. = . =
1 cos(wa) + cosin(wa) =0 ey sin(wa) =0
=0 or w=(n+3)7/c
ca2=0 or w=nw/a
Thus non-trivial solutions for X (z) are found only for the eigenvalues of the separation
constant: p = —(%mﬂ/a)2, m=1, 2, 3,..., taking the corresponding eigenfunctions:

X = X, (z) = sin(3mrz/a) for m even and X = X,,(z) = cos(3mmz/a) for m odd.

T! MDQ
Al dingl have — = ——

so, correspondingly, we have — = —— 2
so that InT = pD?In(1 +t) 4 const. or T' = const. x (1 +t)*".

Ignoring constant multiples, the eigensolutions are therefore

sin(immz/a) : m even

1

— wup(t, ) = (1 + t)~(Gm*n?/a®)D?
u [ (733) ( + ) 4 x Cos(ﬁmﬂ'[]j/a) : m odd

These are all linearly independent because they are all non-trivial and because the
eigenfunctions X, are all orthogonal (from Sturm-Liouville theory) — any three
different values of m will do.

With initial condition w(0,z) = Acos(mz/2«) only the mode for m =1 is non trivial,
giving the unique solution

u(t,x) = A(1 + t)_%”2/°‘2D2 cos(mx/2ar)
throughout the “strip” x € [—a, ], t € [0,00).

4. We have: u; = uy, with the B.C.s u(¢,0) =0 and uy(t,a) = 0.

X// T/
Assuming u = T'(t) X (z) and that T(t) # 0 gives T"X = TX" or ~ =7 = H
with the B.C.s giving T'(¢)X(0) =0 and T'(¢t)X’(a) = 0.
So T'—uT =0 and X" — pX =0 with X(0) = X'(a) = 0.

If p=0 then X =c1x+ ¢co with ¢ =0, ¢; =0 so that ¢; =co =0.

If u= w? >0 then X = ¢1e¥" 4+ cpe " with ¢; +c2 = 0, clwe®® — cowe ™ =0



so that ¢; = ¢ = 0.
If = —w? <0 then X = ¢; cos(wz) + casin(wx) and the B.C.s give:

¢1 =0 and cow cos(wa) — cpw sin(wa) = 0 so that ¢; =0 and ¢ cos(wa) = 0, allowing
¢z # 0 only if cos(wa) =0 or wa= (3 +n)r for n=0,1,2,....

Thus non-trivial eigenfunctions X = X,,(z) = sin((3 + n)mz/a) are found for the
eigenvalues of the separation constant: = —((3 + n)r/a)?, n=0,1,2, ...,

Also, correspondingly, we have T — uT = 0 so that T = const. x e#!. The eigensolutions

are therefore
U= up(t,z) = e~ (ZH)/0)% sin((3 +n)rz/a).

These are all linearly independent so that we have an infinite number of suitable
solutions.

(0.9]
An infinite series solution is u = Z b~ (3 Hm)m/a)’t sin((3 + n)rz/a)
n=0 -
which, at ¢t =0 when u(0,z2) = a for 0 < x < a, gives a = an sin((3 +n)mz/a).
n=0

Sturm-Liouville theory ensures that all of the eigenfunctions X,, are orthogonal under
a

the inner product (p,q) = / p(z)q(x) dx
0

so that / asin ((3 +n)rz/a) do = bn/ sin® (1 4+ n)7rz/a) dz.
0 0
Ealat'g/a sin ((3 +n)7z/a) d —— cos ((§ +n) /)a -
valuating: a sin 5 n)mr/a r=a|———"" 5 n)mxr/a = —u—
0 2 (%—Fn)ﬂ' 2 0 (%—Fn)ﬂ'

and /0 sin? ((3 + n)rz/a) do = /0 {1 —cos (2(2 + n)rz/a)} dx

L sin ((1 + Zn)wx/a)] =1

==z a
0
leads to b, = e so that the full series solution becomes
(1+42n)m
e 2
u(t,z) = 7;) m e~ (Gatmim/a)’t gy (3 +n)rz/a).
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1. Find all of the eigenvalues and eigenfunctions for each of the following problems
(Be sure that you consider all possible ranges of values for p.)

(a) X" — puX =0 with X(0) = X(I) =0.
(b) Y” — uY =0 with Y’(0) = Y’(l) = 0.
(¢c) 2" —puZ =0 with Z/(0) = Z(
(d) F" — puF =0 with F(0) = F'(l

In each case, sketch the first three eigenfunctions (in order of increasing |u|).

2. Given that the eigenfunctions are orthogonal on z € [0,[] in each of the following
expansions, find all of the coefficients in each case.

nnr

1= b,sin—
(a) ; sin —

> nwx
b) z = E n COS ——
(b) z n:Da cos —

> (n+ 3)mx
(c) —;ancosf

d) = E by sin ————
(d) = 2 sin ]

3. Consider Laplace’s equation governing the function u(z,y) in the rectangular domain
x € [0, 7] with y € [0,1]
Ugz + Uyy = 0

along with the boundary conditions
u(0,y) =u(m,y) =0 for yel0,1]
u(z,0) =0 and wu(z,1)=7n for z€]0,n].

Use the method of separation of variables to show that the solution satisfying all of the
boundary conditions can be written as

4. Still, considering Laplace’s equation governing the function u(z,y) in the rectangular
domain z € [0, 7] with y € [0, 1]
Uz + Uyy = 0

find infinite series solutions that satisfy the boundary conditions

(a) ug(0,y) =u(m,y) =0 for y € 0,1] with u(z,0) =0 and u(z,1) = 7 for z € [0, 7]
(b) w(0,y) = ug(m,y) =0 for y € [0,1] with uy(z,0) =0 and u(z,1) =1 for z € [0,7]



1.
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(a) X" —puX =0 with X(0) = X(I) =0, taking X = X (z):

p=0 gives X" =0,s0 X =a+bx. BCs give X(0)=a=0,s0 a=0,and X(I) =bl =0,
so b=0. Hence X =0.

>0, with p=w?#0, gives X" —w?X =0, so X = ae“® + be 7.
BCs give X(0) =a+b=0 and X(I) = ae*! +be ! =0,50 b= —a
and a(e! — e @) = 0 so that a = b =0 (since ! — e #0). Hence X =0.

pu <0, with g =—-w?#0, gives X" +w?X =0, so X = acos(wx) + bsin(wz).
BCs give X(0) =acos0+bsin0=a=0,s0 a =0, and X(I) = bsin(wl) =0,
so it is possible to have b # 0 only if sin(wl) = 0.
That is, if wl =nm for n=1, 2, 3, ... then X = bsin(nrx/l).

Hence we find the eigenvalues, = —(nn/l)? forn=1,2,3,....

and the corresponding eigenfunctions, X = sin(nwz/l).

X

(b) Y —uY =0 with Y'(0) =Y’(I) =0, taking Y =Y (y):
pw=0 gives Y"=0,s0 Y =a+by. BCsgive Y'(0)=b=0,s0 b=0,and Y'(I)=b=0,
so b =0 (again). Thus any value of a # 0 is admissible and so Y = a is a solution if
pw=0.
w>0, with p=w?#0, gives Y —w?Y =0,s50 Y = ae*V 4 be %Y.
BCs give Y'(0) = aw —bw =0 and Y'(I) = awe*! —bwe ™! =0,50 b=a
and aw(e! —e*!) = 0 so that a =b =0 (since e“! —e~“! £0). Hence Y = 0.
pu <0, with p=—w?#0, gives Y +w?Y =0, s0 Y = acos(wy) + bsin(wy).
BCs give Y'(0) = —awsin0 + bw cos0 = bw = 0, so b =0, and
Y'(l) = —awsin(wl) = 0, so it is possible to have a # 0 only if sin(wl) = 0.
That is, if wl=nm for n=1, 2, 3, ... then Y = acos(nmry/l).
Hence we find the eigenvalues, u = —(n7/l)? for n =0, 1, 2, ... and corresponding
eigenfunctions, Y = cos(nmy/l). (Note: this is the constant 1 for n = 0).

Y n=>0
1
2 LY

(¢) Z"—pZ =0 with Z'(0) = Z(1) =0, taking Z = Z(z):
p=0 gives 7" =0,s0 Z=a+bz. BCs give Z/(0)=b=0,s0 b=0, and Z(I) =a =0,
so a =0. Hence Z =0.
>0, with p=w?#0, gives Z"" —w?Z =0, so Z = ae“? + be =,
BCs give Z/(0) = aw — bw =0 and Z(I) = ae*! + be ! = 0,50 b=a
and a(e*! +e%!") =0 so that a =b =0 (since e*! +e7%! #£0). Hence Z = 0.
<0, with p=—w?#0, gives Z" +w?Z =0, so Z = acos(wz) + bsin(wz).
BCs give Z'(0) = —awsin0 + bwcos0 = bw =0, 80 b =0,
and Z(l) = acos(wl) =0, so it is possible to have a # 0 only if cos(wl) = 0.
That is, if wl = (n+ 3)7 for n =0, 1, 2, ... then Z =acos ((n+ 3)7z/l).




Hence we find the eigenvalues, p = —((n + %)7‘!‘/1)2 forn=0,1,2,...
and the corresponding eigenfunctions, Z = cos ((n + 3)7z/1).

Z

(d) F" —uF =0 with F(0) = F'(l) =0, taking F = F(f):
w=0 gives F"=0,s0 F =a+bf. BCs give F(0)=a=0,s0 a=0, and F'(I)=b=0,
so b=0. Hence F =0.
>0, with p=w?#0, gives F” —w?F =0, so F = ae*/ + be S,
BCs give F(0) =a+b=0 and F'(l) = awe*! —bwe™“!' =0,50 b= —a
and aw(e?! + e %) =0 so that a =b =0 (since e“! + e #£0). Hence F =0.
<0, with p=—w?#0, gives F"" +w?F =0, so F = acos(wf) + bsin(wf).
BCs give F(0) =acos0+bsin0=a =0, so a =0, and
F'(1) = bw cos(wl) = 0, so it is possible to have b # 0 only if cos(wl) =0.
That is, if wl = (n+ )7 for n =0, 1, 2, ... then F =bsin ((n+ )xf/l).

Hence we find the eigenvalues, u = —((n + %)7‘(‘/[)2 forn=0,1,2,...
and the corresponding eigenfunctions F =sin ((n + )7 f/l).

F
f
2. (a) 1= Z by, sin # leads to
! nzvlmrx > V' nrz | ommz ! mnx
/ sin dx = Z bn/ sin —— sin dr = bm/ sin? —/—= dz
0 l — 0 l l 0 l
(through orthogonality). Evaluating:
! ! 2L, dd
/ sin 27 g = L {cos mwx} = —L((—l)m — 1) — {mm OTTO
0 l mm I lo mm 0 for m even.
l 1 1
2 2
/ sin2wdx:/ % 1 —cos mne dm:%l—% l sin mre :%l.
21
Hence ———<— =10 1 or boppr = m——— with by =0
ence (2/€ n 1)71_ 2k+1 X 3 or 2k+1 (2/€ n 1)71_ W1 2k
= 4 . (2k 4 D)7z
d 1= .
and so kZ:O Gkt )r sin ]

(b) z= Z @y, COS ? leads to

n=0

o
! mmx ! nwT mmT ! 5 MTT
T COos dr = g an COS —— COS dr = a,, cos dx
0 l o 0 l l 0 l

(through orthogonality). Evaluating:
l
For m = 0: / 2 COS mZTLC dr = / T dr = [%xQ]g _ %l2
0 0

! I
2 mmx - o . 1 o .. 1
and /0 cos” — dr = /o drx =1 sothat 31> =ag x 1 giving ag = 5l.

3



Otherwise, for m > 0:

l
! mnx I . mrx Ll ommx I \2 mmx]!
T cos dx = |x— sin — — sin de = — cos
0 l mT 0 0 mT

l mm l I Jo
1 \2 _9(_L)?
_ ( ) ((—l)m _ 1) _ 2(mﬂ) for m odd
mm 0 for m even.
1 ! l
2 2
/ cos? 0L gy = / 3 (1 + cos m;rm) de = 11+ %272 {sin rrym‘] =1l
T
’ 212 ’ 1 41 . ’
Hence N =agky1 X 5l or aggy1 = eI with agr =0
_ Nt (2k + )7z
and so = = 5l — 2)2k+1 cos i
+ YHnz
(¢) m= Z an, cos 2 leads to

o0

l 1 l 1 1
0

n=0 0

dx

l 1
m-+5 )mTx
= Q. cos? 7( l2)

0
(through orthogonality). Evaluating:
l 1 1 l
1 l = 1™
/wcoswdx—w [sin(m—i_z)mc} :( ) .
0

(m+%)ﬂ- l 0 m—l—%
l 1 l
+ 5 2 1
/Cosgudx:/% 1 4 cos Zm A Dmay L
0 ! 0 !
l (2m—|—1)7m:l
=141 =1
i gmr ) | N
-1l 2(—1)"
Hence )1 —anx%l or a, = ( )1
2 nt 3
= 2(—1)" 3
and so w—z ( )1 (n—|—2)7rx
ne0 n+§ l
( 1

= +
(d) z= Z by, sin nfm leads to

n=0
l 1 %) 1 1 1 ! 1
/ xsmwdﬁzbn / o (TEDTE L (m )T / o b
0 l n—0 0 l l 0 l

(through orthogonality). iivaluating:

l 1
/ xsinwdm: {:17
0 ! (m 0
l

l

+3)

I 2 (mtdme] (1™ 2
{((m—i—%)ﬂ') s l2 ] N (m+%)2ﬂ'2.

0
l 1 l
= 2 1
/Smgwdx:/ <1_COSM)dx
0 l 0
l_

l

(o))

(m+%)m}

! 1
+/ l cos (mt3)mz dx
l o (

m+3)T !

=

l

! [ L @mt 1)77:0]; _y

N|—=

1
22m+1)rw l
(™ ! 2(=)mi
———— =by, X 35l by = ——=—
(n+ 1)2n2 “at o (n+ 3)%n2
> 2(—1)7"1 . (n+ )mx
T = Z Tnt 1pr 5 sin 7

(SIS

Hence

and so

n=0



3. This answer includes full descriptions of the arguments involved.
Ugg + Uyy = 0 with «(0,y) = u(m,y) =0, u(z,0) =0 and u(z,1) ==:

e Assuming u = X (x)Y (y) we can use the PDE with u,, = X”(2)Y (y) and
Uyy = X (2)Y"(y) to find ugs +uyy = XY + XYY" =0.

e e 7. . X" Yy’
Dividing by XY (assumed not equal to zero) gives 5 = — % = p.
Thus we have X” —puX =0 and Y +pY =0
with p constant because XT is independent of y and YT is independent of x.

The homogeneous boundary conditions give
u(0,y) = X(0)Y(y) =0, u(m,y) = X(m)Y(y) =0, u(z,0) = X ()Y (0) = 0.
Since we seek XY #£ 0 this gives X(0) = X(w) =0 and Y (0) = 0.
The boundary condition u(z,1) = X(2)Y (1) = 7 cannot be used being non-homogeneous.
e Solving X" — X =0 with X(0) = X(7) =0:
u=0: we have X" =0 giving X = A+ Bx.
X(0)=X(m) =0 give A=0 and Br =0 so that A= B =0.
Only the trivial solution arises for p = 0.
p=w?>0: we have X" —w?X =0 giving X = Ae*® + Be™**. X(0) = X () = 0 gives
A+ B =0 and Ae“™ + Be %™ =0,
i.e. (substituting) A(e¥™ — e “™) =0 so that A = B =0 since e¥™ — e %" £ (.
Only trivial solutions arise for p > 0.
p=—w?<0: we have X" +w?X =0 giving X = Acos(wz) + Bsin(wz).
X(0)=X(m) =0 give A=0 and Bsin(wm) =0.
Thus we can have B # 0 if and only if sin(wn) =0
or wr =nw forany n=1, 2, 3, ....
Hence the only eigenvalues are p = p,, = —n? for n € N
with corresponding eigenfunctions X = X,, = sin(nx).
e Solving Y + pY =0 with Y(0) =0:
For any = —n? we have Y” —n?Y = 0. Thus Y = Ae™ + Be™"Y.
The condition Y (0) =0 gives A+ B = 0 so, substituting,
Y =A™ —e ™) = 2A—e"y_267ny
or Y =Y, (y) = sinh(ny), multiplied by any constant.
e Since the solutions u = X, (z)Y,(y) all satisfy a homogeneous PDE with homogeneous
boundary conditions, the principle of superposition means that any linear combination of
such solutions is also a solution. Thus a convergent sum

o0 o0
u = Z A XY, = Z Ay, sinh(ny) sin(nx)
n=1 n=1
is also a solution, for constants A,,.

e At y =1 we have u(x,1) = 7 so that
Yoo | Apsinh(n)sin(nz) = .
Since the eigenfunctions X,, = sin(nz) are orthogonal under the inner product
(f,g9) = foﬂ f(x)g(x) dx we have A, sinh(n) foﬂ sin?(nz)de = foﬂ sin(nx) dz.

Integrating [ sin®(nz)dz = [ $(1 — cos(2nz)) dz = Z — 5 sin(2nz)]§ = Z and
Jy sin(na) dz = [—+ cos(nz)]§ = 2 if n is odd or 0 if n is even.
Thus A, sinh(n)Z =72 or 0 so that A, = m or 0.

Setting n = 2k 4 1, the solution can therefore be written as

= 4 sinh ((2k +1)y)

“= kZ:O 9% +1 sinh(2k + 1)

sin ((2k + 1)z).



4. These answers are more abbreviated.

(a)

Ugy + Uyy = 0 with uz(0,y) = u(m,y) =0, u(z,0) =0 and u(z,1) = in:

Setting u = X (2)Y (y) the PDE becomes X"Y 4+ XY” = 0 and so, for XY non-zero,
)gél = —Y—” =p with pu = —N independent of y and p = —YTN independent of x so that p
is constant Thus X" — MX =0 and Y” + pY = 0. Homogeneous BCs give
uz(0,y) = X' (0)Y(y) =0, u(m,y) = X(m)Y(y) =0, u(z,0) = X(2)Y(0) = 0 so that, for
X (z) and Y (y) non-zero, X'(0) = X(7) =0 and Y (0) = 0.
Solving X" — uX =0 with X'(0) = X(7) =0

(as for question 1(c) — Exercise: repeat for this case)

gives eigenvalues u = —(n+ %)2 for n =0, 1, 2, ... and eigenfunctions X = cos ((n+ %)m) .
Solving Y — (n+ 1)2Y =0 with Y(0) = 0 gives ¥ = Ae(t2)y 4 Be=(n+3)v | BC gives
Y(0)=A+B=0sothat B=—A and Y = A(e("T2)v — ¢~ (”+%)y):2Aw

or Y =sinh ((n+ 1)y) times any constant.

Thus u = sinh ((n + 1)y) cos ((n + 3)z) is a solution for any n

Adding these solutions of the homogeneous problem gives the general solution
u=>3y""Apsinh ((n+ 1)y) cos ((n+ 1)z).

At y =1, using u(z,1) = 37 gives 27 =3 A, sinh(n+ %) cos ((n + 1)z) so that, from

orthogonality of the eigenfunctions,

37 [ cos ((n+ 3)z) dz = Apsinh(n + 3) [; cos? ((n + 3)z) do. Integrating
Jy cos® ((n+ §)x ) dz =% and [ cos ((n+ 3)z)de = n}r% [sin ((n + 3)2)]5 = (ni)%

Thus {7 ( 1) $m A, sinh(n + 1) so that A, = _i); s1nh(11+l) and so
2

cos ((n + 3)z).

" >\ (=1)"sinh ((n + 3)y)
72114—% sinh(n + )

Ugy + Uyy = 0 with u(0,y) = uz(m,y) =0, uy(2,0) =0 and u(z,1) = 3:

Setting u = X (x)Y (y) the PDE becomes X"Y + XY” =0 and so, for XY non-zero,
)gél = —Y—” =p with u = —” independent of y and u = —YTH independent of x so that u
is constant Thus X" — MX =0 and Y + Y = 0. Homogeneous BCs give
u(0,y) = X(0)Y(y) =0, ug(m,y) =X'(m)Y(y) =0, uy(z,0) = X(2)Y'(0) = 0 so that, for
X(z) and Y (y) non-zero, X(0) = X'(w) =0 and Y’(0) = 0.
Solving X" — uX =0 with X(0) = X'(7) =0

(as for question 1(d) — FExercise: repeat for this case)

gives eigenvalues 1 = —(n+ 3)? for n =10, 1, 2, ... and eigenfunctions X = sin ((n+ 3)z).
Solving Y” — (n+ 1)%Y = 0 with Y(0) = 0 gives ¥ = Ae("+2)¥ 4 Be=("+3)y_ BC gives
Y'(0)=(n+31)A—(n+%)B =0 so that B= A and

Y = A(e(mt2)v 4 e=(nt3)y) — 2Aw r Y = cosh ((n+ 3)y) times any
constant.

Thus u = cosh ((n + 1)y) sin ((n + $)z) is a solution for any n

Adding these solutions of the homogeneous problem gives the general solution

u=73 7" Ancosh ((n+ 3)y)sin((n+ 3)z).

At y =1, using u(z,1) = § gives 3 =Y. ° A, cosh(n + ) sin ((n + 3)z) so that, from

2
orthogonality of the eigenfunctions,

1 7 sin ((n+ 3)z) dov = A, cosh(n + 3) [ sin® ((n + 1)z) dz. Integrating
Jsin? ((n+ 1 ) Jdz =% and [ s1n( n+ 1)) de = —n}r%[cos (n+3)2))s = ni%_
Thus %n}r% = 1mA, cosh(n+ 1) so that 4, = nlf% —Cosh(anr%) and so

. Z 1 cosh ((n+3)y) sin ((n + 3)z).

+1 cosh(n+3)



