WAVE EQUATIONS ASSOCIATED TO LIOUVILLE SYSTEMS
AND CONSTANT MEAN CURVATURE EQUATIONS

SAGUN CHANILLO AND PO-LAM YUNG

1. INTRODUCTION

In this paper we study two types of wave equations, whose elliptic parts exhibit
conformal invariance in R2.

In the first part, we study the wave equation

€2u
(1) OPu— Aju =« (—2 —1)
J[S2 e=

on S%, where A, denotes the (negative semidefinite) Laplace operator with respect
to the standard round metric g on S?, sz is a shorthand for the average ﬁ sz dvoly
with respect to the standard surface measure, and « is some real constant. The
stationary (elliptic) analog of this equation is closely connected to the prescribed
Gaussian curvature equation in conformal geometry, or Liouville’s equation in math-
ematical physics. In fact, when o = 1, if u solves the equation

(2) —Agu=e*—1

with f., e** = 1, then the metric e*"g is another metric on S?, conformal to g, that
has Gaussian curvature equal to 1 everywhere, and that has area equal to 47. Via
the stereographic projection that identifies S minus a point with R2, (2) can also

be written as —Au = e2* on R?, where now A is the standard Laplacian on R?. If
one replaces u by u/2 + log 2, this becomes Liouville’s equation on R?, namely

(3) —Au = e".

The above stationary equations have been studied by many authors; see for instance
the work of Aubin [1], Chang-Yang [4] and Han [9] on equation (2), and work of
Liouville [12], Chanillo-Kiessling [5] Chen-Li [6] and Chou-Wan [8] on equation (3).

Our first theorem is the following local existence result:

Theorem 1. Suppose o € R. For any ug € H'(S?) and uy € L*(S?) that satisfy
Jo» u1 = 0, there ezists u: [0,T] x S* — RY in CPHL N C}L2 that solves (1) with
initial data u(0) = up, Oyu(0) = w1, where T > 0 depends only on A, ||ugl|z: and

||u1]|z2. Furthermore,
/u(t):/ Ug
s? s?
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for all t €10,T7].
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Here and in the sequel, fSQ refers to integrals with respect to the standard surface
measure dvoly, and

ol = [ 1Vl uals = [l
s2 s2
where V is the gradient with respect to the standard round metric g.

In fact, it also follows from the proof of Theorem 1 that the initial value problem
for (1) is locally well-posed in H' x L?, and that the energy

B(u(t) = (0 + 7uP) - atog (£ 070
s? s?
of the solution u(t, z) is conserved as ¢ varies as long as the solution exists.

Next we have the following result for global existence:

Theorem 2. The solution u(t,x) in Theorem 1 exists for all time if o < 1.

The main tool in proving this second theorem is the Moser-Trudinger inequality
[13] on the sphere, which says if u is a function on S? satisfying fs2 |Vu|? < 1, then

][ e47r(u771)2 <C
S2

where @ = fSQ w. This inequality is sharp in that one cannot replace 47 in the
exponent by anything that is strictly bigger. Note that this inequality can also be

stated as ,
(u—u) >
exp| ——== | <C,
fg2 <JCSQ |Vu|2

What we will usually use is the following corollary of the above inequality, namely

4) ][ 2= < Cexp (][ |Vu|2) ,
52 s2

which holds because pointwise

if £, |Vul? < oo.

_ (u—1u)? ][ 2
20U — 1) < ——— + Vul.
( ) < FIIE S2| |

Equivalently, inequality (4) can be stated

(5) log (][ 62(“_“)) §][ |Vu|? + log C.
52 2

A celebrated result of Onofri [15] says that the constant C' can be taken to be 1 in
(5), but we will not need this in the sequel.

Using (5) and conservation of energy, one can then control, as long as the solution
exists, the quantity

0cu(t)]|L2s2) + [IVu(t) || L2(s2)
uniformly in ¢, and this will prove Theorem 2.
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In fact Moser [14] has also proved the following inequality, which says that if w is
an even function on S? satisfying [, [Vu|*> < 1, then

][ eSTr(u—ﬁ)2 < C.
s2

It follows that for such functions,

1
(6) 1og(][ 2(u- “>) 2][ IVul? + log C.
SQ

From this, we deduce

Theorem 3. The solution u(t,x) in Theorem 1 exists for all time if both uy and
uy are even functions and if o < 2.

Lin-Zhang [11] and Chipot-Shafrir-Wolansky [7] studied the profile of bubbling
solutions of the following system of equations on R?, which was introduced in [5]
and generalizes the Liouville equation (3):

(7) —Au;(x Za”Meﬂ i=1,...,N.

Here (ai;) is a (constant) N by N symmetric matrix, and (1;) is a vector. We
now turn to a study of the wave analog of this equation, namely

QUj

2 . 2
Ofu; — Agu; = Zam (m—l), i=1,...,N onS°.
This system will be written succintly as

Me?v

where we think of u as a column vector and write A for the matrix (a;;). The
bracket on the right hand side is a column vector whose j-th entry is

M 2u
R
for €
We then have the following result, generalizing Theorem 1:

Theorem 4. Suppose A, M is as above. For any ug € H'(S?) and u; € L*(S?)
that takes values in RN and satisfy fSQ up = 0 (i.e. all components of uy; have

integral zero), there exists u: [0, T] x S* — RN in COHINCLL? that solves (8) with
initial data u(0) = ug, O;u(0) = uy, where T > 0 depends only on A, M, |luo|

and ||u1||pz. Furthermore,
/u(t)z/ uo
s? s2

It is also easy to show that (8) is locally well-posed in H' x L?, and that the
following energy is conserved over time as long as the solution exists:

N
][ Z 8tu1 atuj) (V’U,“ V’U,j)g) — Z M; log (][ 62(uq,—ui)) .
i=1 52

3,j=1

for allt €10,T7].
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Here (a") is the inverse of the matrix (a;;), and (,-)4 is the inner product of two
tangent vectors on S? with respect to the metric g.

To study global existence for (8), we need a generalization of the Moser-Trudinger
inequality to systems, which was proved by Shafrir-Wolansky [16] (see also Wang
[17]). To state this, let

(9) Ag(M) =" M;— Y ay;M;M;

JjeJ i,j€J
for all non-empty subsets J of {1,...,N}. These polynomials in M were first
introduced in [5], where the symmetry of solutions of (7) was studied. Now suppose
A is positive definite and has non-negative entries (in addition to being N by N
symmetric). Suppose also that M; > 0 for all j. Then the generalized Moser-
Trudinger inequality says the following: the quantity

N N
(10) ][ Z a" (Vug, Vuj)g — ZMi log (][ 62(1“_”"))
5 i=1 s2

i,j=1
is bounded below by some finite constant when u varies over all RY valued maps
in H!(S?), if and only if
As(M) =0

for all non-empty subsets J of {1,..., N}. From this and conservation of energy,
we deduce the following global existence result:

Theorem 5. Suppose A = (a;j) is a positive definite symmetric N by N matriz
with non-negative entries. Suppose M = (M;) is a column vector in RN with
positive entries, and suppose

A](M) >0
for all non-empty subsets J of {1,...,N}. Then the solution u(t,z) in Theorem j
exists for all time.

Next we return to the scalar equation (1), and study blow up of that equation when
« > 1. An important notion here is the center of mass of the measure e2“dvol, for
functions v defined on S?. Given such a function, we define its center of mass to be

B fS2 1.62114
= sz o2u

where z is the position vector in R3. Thus CM (u) € R?; in fact its length satisfies
|CM(u)| <1 by the triangle inequality. This center of mass played a crucial role in
the work of Chang-Yang [4] and Han [9]. There they used the following improved
Moser-Trudinger inequality when the center of mass is bounded away from S?, which
was first proved by Aubin [1]. The improved inequality says that if |CM (u)| <1—4¢
for some ¢ > 0, then for any p > 1/2, there exists a constant C = C(u, d) such that

(11) log <][ 62(““)) < u][ |Vu|? + log C.
52 2

One should compare this with (6), since when u is even, CM (u) = 0.

CM (u)

We have the following blow-up criteria.
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Theorem 6. Let 1 < o < 2. Suppose the solution u in Theorem 1 exists on a time
interval [0, Ty) for some Ty < oo, and fails to continue beyond Ty. Then there is a
sequence of times t; — T such that

lim |CM (u,t;)| =1,

1—00
lim e
1—00 s2
and
lim ||Vu(t;)|| L2 = oo,
71— 00

where C M (u,t) is the center of mass of u(t). Furthermore, if « =1, then there is
some point p € S% such that for any € > 0,

o0 ©
lim ———————>1—=¢.
i Jpemt = C

u(ts)

Here B(p,c) is a geodesic ball on S? that is centered at p and of radius .

In other words, when a = 1, if one renormalizes the measures eQu(t")dvolg so that
their integral over S? is 1, then the measures concentrates around one single point
on S? (i.e. there is only one bubble). This is proved using a concentration lemma of
Chang and Yang, which we recall in the following section. We do not know whether
the same conclusion is true when « > 1.

Finally, we turn to a study of the following system of wave equations on R?:
(12) —0%u + Au = 2uy Auy,

Here v is a function u: [0,7) x R? — R3, A is the Laplacian on R? acting compo-
nentwise on the three components of u, and u; A u, is the cross product of the two
vectors u, and u, in R3. The stationary analog of this equation is

(13) Au = 2uy A uy.
This is an interesting equation because if u solves Au = 2Hu, Au, for some function
H on R? and satisfies the conformal conditions |u;| = |uy| = 1 and u - u, = 0

everywhere, the the image of u is a surface with mean curvature H in R?. (13) is
the special case of the above equation when H = 1, and is conformally invariant.
As aresult, we call (12) the wave constant mean curvature (CMC) equation. (13) is
an energy critical equation, in that if w is a solution, then a dilation of u preserving
its H' norm is also a solution. Its (entire) solutions in H'(R?) were classified by
Brezis-Coron; in [2] they showed that if one writes z for the complex coordinate
of the domain R? ~ C of u and writes m: C — S? C R? for the stereographic
projection, then all the solutions of (13) in H' are of the form

p (Z))
u(z)=m +C
= (a6
where P, @) are polynomials of z and C' is a constant vector in R3. Furthermore, if
u(z) is as such, then

[Vu||3: = 87 max{deg P,deg Q}.

It follows that the energy of the (entire) solutions to (13) are quantized; they are
always non-negative integer multiples of 8.
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Now let W (z) be a ground state solution to (13); in other words, W(z) is a non-
constant solution to (13) of the form

v (f9) <

where max{deg P,deg @} = 1 and |[VW|2, = 8. These will play an important
role in our blow up analysis of the wave equation (12). They enter via the following
Sobolev inequality. First, it is easy to show, using compensated compactness (aka
Wente’s inequality) that for all functions v € H'(R?) taking values in R3, we have

1/3
< OVl e

/ v - (v A vy)dady
R2

In fact if v is in H'(R?), then v, Ay has components in the Hardy space H!(R?) by
compensation compactness, while v itself has components in BMO. Thus we have
the above inequality. The relevance of W is that the above W’s are precisely the
minimizers of this inequality; see Caldiroli-Musina [3], Lemma 2.1 (and also [2]).
We note also that W is a stationary solution to (12), with initial data u(0) = W,

The non-linearity occuring on the left hand side of the above Sobolev inequality
also arises in the conserved energy of the wave equation (12). In fact if u(t) is a
smooth solution to (12) that has compact support on each time slice, then

1 2
E(u(t)) := /}R2 §(|8tu|2 + [Vul?) + U (up A uy)dzdy

is conserved, as one can show by differentiating under the integral. As a result,
E(u(t)) depends only on the initial data, and it is equal to

1 2
E(ug,u1) := / §(|u1|2 + |Vu0|2) + guo “((u0)z A (uo)y)dzdy
R2

for all ¢. Our main result is the following:

Theorem 7. Suppose u: [0,T) x R? — R? is a smooth solution to (12) with initial
data u(0) = ug, ut(0) = u1, and that u has compact support at each time slice t.
Suppose also that

E(ug,u1) < E(W,0) and ||Vugllrz > ||[VW] L.

Then T is finite; in fact ||u(t)| 22y cannot remain finite for an infinite amount
of time.

In fact E(W,0) = 47 /3 (c.f (24) below) and ||VW|| 2 = V8, so the conditions in
the above theorem can also be written as
4
E(ug,u1) < ?ﬂ- and ||Vugl||pz > V8.

This theorem should be compared to the finite time blow up result of Kenig-Merle
[10] for the energy critical semi-linear focusing wave equation

O2u — Au = |[u| NPy, onRx RN, N >3.
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2. PRELIMINARIES

Before we move on to the proofs of these theorems, we present some relevant back-
ground material.

First, Aubin [1] proved the following improved Moser-Trudinger inequality:

Proposition 1 (Aubin). Let f; € C*(S?), j =1,...,k, and Zle |fil >d>0 on
S2. Then for any u > 1/2, there ezists C = C(p, 6, Z§=1 | fillcr(s2)) such that

][ 2% < Cexp <u][ |Vu|2)
52 §2

for all w € H'(S?) satisfying

][ eHfi=0, j=1,....k
S2

See also Lemma 1 of Han [9]. If one takes k = 3 and

fS2 $j e2u

JCSz e2u ’
then 2321 |f; is bounded away from zero on S? if and only if |C'M (u)| is bounded
away from 1. This establishes (11) in the Introduction.

Next, Shafrir-Wolansky [16] proved the following Moser-Trudinger inequality for
systems:

Proposition 2 (Shafrir-Wolansky). Suppose A = (a;;) is a positive definite N by
N symmetric matriz and has non-negative entries. Suppose also that M; > 0 for
all j. Then the quantity

N N N
1 _
(14) 3 /82 Z a;j(Vv;, Vu;)g — ZM{ log ]éz exp Zaij(vj — ;)
ij=1 i=1 j=1

is bounded below by some finite constant when v varies over all RN valued maps in
HY(S?), if and only if

(15) 8y M~ Y aiyM{M; >0
i€ i,jE€J

for all non-empty subsets J of {1,...,N}.

See Theorem 2 in [16]. Now (14) can also be written as
N N
8w ][ Z a (Vui, Vug)g — ZMZ log (][ eQ(u%_ui))
Fig=t i=1 52

if we let 2u, = Zivzl aj;v; and M; = %, and under the same notation, (15) is
equivalent to
Ay(M) =0
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where A is defined as in (9). Thus we recover the generalized Moser-Trudinger
inequality (10) stated in the Introduction. From this we deduce the following:

Proposition 3. Suppose A is as in the previous Proposition, and M; > 0 for all
j. Suppose also that A;(M) > 0 for all non-empty subsets J of {1,...,N}. Then
there are some constants € > 0 and C (both depending only on A and M ) such that

N N
(16) ][ Z aij(Vui, VUj)g — ZMi log (][ eQ(Ui—uq,)) > E][ |Vu|2 - C
2 Pl 2 2

ij=1

for all w € H'(S?) taking values in R .

In fact, the condition A;(M) > 0 for all non-empty J C {1,...,N} is an open
condition. Thus one is led to define A’ = A — 2eId where Id is the identity matrix
and € > 0 is some small constant. Suppose ¢ is sufficiently small. Then A’ is still
positive definite symmetric with non-negative entries, and if A’;(M) is defined in
the same way as A (M), except one replaces entries of A by the corresponding
entries of A’, then one still has A’;(M) > 0 for all non-empty J C {1,...,N}. Thus
by the previous assertion,

N N
][ Z (a") (Vug, Vuj)g — Z M;log <][ 62(uq,—Ui)) > _C
s? Pt s2

ij=1

where (a')¥ are the entries of A’. Now A~! = (A’)~! + 2eId + O(g?). Thus if ¢ is
sufficiently small, (16) follows.

We also need the following concentration lemma of Chang-Yang [4] (see Proposition
A there). Let

Slu] = |Vu|2+2][ u
s s
for any function u € H'(S?).

Proposition 4 (Chang-Yang). Suppose u; € H'(S?) a sequence of functions with
fs2 €® =1 and sup; S[u;] = C < oo, we have either

sup][ |Vu;|? = C' < o0,
Jj Js?

or there exists a point p € S* and a subsequence of u; (which we still denote by u;)
such that for any € > 0, we have

Here B(p,c) is the geodesic ball on S* centered at p and of radius .

Finally, we need the following elementary result about the solution of wave equa-
tions on the sphere. To state this, first recall that every L? function on S? can be
decomposed as a convergent sum of eigenfunctions of the Laplacian A, on S2. Us-
ing this, one can define the spectral multiplier cos(y/—A,) on L? functions on S?,
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in(y/—A . . .
as well as LAQ) on L? functions on S? whose integral is zero. These operators

g
solve the initial value problem

O2v—Agv=f
(17) {U(O) =ug, Ow(0) =1y

on [0,00) x S? via the following Duhamel formula:
Proposition 5. If ug € H'(S?), uy € L*(S?), f € LILA([0,T) x S?) with
/ ur=0= [ f(s) forallse[0,T),
52 s

then (17) has a unique solution v(t,x) € COHL N CLL2([0,T) x S?) given by

= cos(ty/—Ay)u MU tsin((t — s)\/—Ay)
) ety =Rt = o, VA,

Furthermore, the solution v(t,x) satisfies

f(s)ds.

[ollcogs + 10wllepre < 2(l[uoll gr + luallez + 1 Fllziz2)-
All these hold as well if ug, uy and f(s,-) all takes value in RN for some N.
3. LIOUVILLE’S EQUATION

It is clear that Theorem 1 follows from Theorem 4. So it suffices to prove Theorem 4.

Proof of Theorem 4. The proof proceeds by a standard fixed point argument. Sup-
pose the initial data ug and u; are given as above. Let

R =3([luoll g1 + l[ual[2),

I:][ Uup-
S2

Let Br be the collection of all RN-valued functions u € COH' N C'L2([0,T] x S?)
satisfying

and

][ u(s) =1 forall s e [0,7],
S2

and
||U||coH1([o,T1xs2) + [10eullcor2(o,rxs2) < R.

For u € By, one can solve the initial value problem

{8§U—Agv:A(M—M)

fS2 e2u

v(0) = ug, Ow(0) =uy

on [0,7] x S?, since both u; and the right hand side of the first equation have
integral zero on S?. Now we claim v € By if T is sufficiently small: in fact by
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Proposition 5,

[vllco g o, myxs2y + 10evllcorz(o,rxs2)

T MeQu
<2lual +2anllzs +25 [ (F = 01) (s
0 fee

where  is the operator norm of A. The last integral is bounded by

N
CT|M CT|M|e 2l 2u;(s)
| M|+ ; |Mle Jnax, lle (7%

where I; = u; is the j-th component of I, since

f €2uj Z exp (f 2u]) — 6211.
S2? S2?
But for s € [0, 7],

1 2u;(s)|2 _][ duj(s)
e = f e

_ ][ Al i) (s) 41
s2
< Cexp (£ [92u)(0) )
S?

(18) < CetR el

The second to last inequality follows from the Moser-Trudinger inequality on the

sphere. Hence

[vllco g (o, 7yxs2) + [10wllcorz(o,mxs2)

<2luol 1 + 2l|ur || 1> + 2CBT|M| + 2CBT| M|,

If T is sufficiently small, depending only on 3, |M| and the norms of the initial
data, then the above is bounded by R. Also, fy, v(s) = I for all s € [0,T]. Thus
v € By if T is as such. This defines a map F': By — By given by u — v. We show

that by further shrinking T if necessary, this map is a contraction.

Suppose uM, u? are in By, and v = F(u®M), v? = Fu®).
v — v satisfies

24,(1) 24(2)
Zv—Av=A <£;1662u(1> - é;feem(z) )
v(0) =0, dw(0)=0.
Hence

vl o g o, yxs2) + 190l corz(po,myxs2)

T 24 (1) 212
Me" Me**
§2ﬂ/ u) 2u(2) (5)
0 fs2 € fs2 €

ds.
L2
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But for s € [0,7] and j =1,..., N,

e2u§.1) 62“52) (5
- S
(1) (2)
fo 2" feo € 1
(2) (1) (2)
- 62“5-1) _ 62u§_2) ( )+ €2uj (fS2 62“3'1 _ fg2 €2uj ) ( )
= &) § 5) @ S)-
f§2 e*"s 12 (stz et ) (fs2 e ) 1

The first term is bounded by
_9oJ, (€SN ()
12 (5) = 2uP () (¥ )+ 2 )| s
1 (2)
<e 2 2u(s) = 20 ()l (11" Ol + 1 Dl1a)

Using Sobolev inequality for the first factor (since [, (uél)(s) - u§2)(s)) = 0 for all
s) and use

i||e2u§.k)(s)||éz4 :][ eS(u;k)(s)flj)eSIj < C’exp (][ |v(4u(k))|2(s)> eSIj < 0616R2681j
47 S2 S2 J

for the second factor, we bound this by
Ce*™ [ (s) = u® (s)| 1

For the second term, we bound that by

Cettie 25 Ol [ 20D ) = 20 (0] 4 2570
<Cere=2 1247 O Lo (1”2 + [1e257 O [ 12) | 268D (5) — 20 (s)] .2
<O |V (s) — u® (s)]

since

||62u§k)(s)||L2 < Ce2R2621j

by (18), and we can use Sobolev inequality for the last term. It follows that

2
10llco g1 g0,y xs2) + 18evllcorzqo,r1xs2) < 2CBT M1 |u™ — u®| o1 (0,7 x52)-

Hence if T is sufficiently small with respect to 5, |M| and the norms of the initial
data, then the map F we defined above is a contraction map. The contraction
mapping principle then says that F' has a fixed point, which gives the desired
solution to the initial value problem in the theorem. O

It is now a standard matter to modify the above proof and show that the initial
value problem in Theorem 1 or Theorem 4 is locally well-posed, whose detail we
omit. Thus to check conservation of energy for the solution w in Theorem 4, we
may assume without loss of generality that w is smooth, in which case one can
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differentiate
N
E(u(t) :][ S™ 6 (Bus) (Bruy) + (T, Vug),) ZM log <][ 2<uiui>)
§2 5 5=1
N N
= ][ Z w((é)tui)(atuj) + (Vui,Vuj)g) — ZMi log (][ eQui) 4 Z2Miai
8% ;=1 i=1 §? i=1
and get
fSQ atuz
hE(u ][ Z 2a” 8tu1)(a uj) + (VOoru;, Vuy)g) ZM f =T
82,501 ‘

The first integral is equal to

][ Z2a (Opu;) (OFuj — Aguy)

3,j=1
][ Z 24" é?tuz Z%kMk< 1)
1,7=1
2ui
‘fs2z &:m ’L< S o2u; 1)

2u7;

7;2 O,

by equation (8), since

S2? §2

by Theorem 4. This cancels with the second term, and thus 0;E(u(t)) = 0. Simi-
larly one proves conservation of energy for the solution u in Theorem 1.

Proof of Theorem 2. Fix a < 1. We only need to show that if for some 7" > 0,
ue COH'NCLL2([0,T) x S?) satisfy

e2u

fS2 e2u

with initial data u(0) = wg, u¢(0) = uq, then

8,52uAua< 1> on [0,7T) x S?

||“||COH1([0,T)xS2) + [10¢ullcor2(o,ryxs?) < B

for some number B that depends only on «, |ugl|z: and |[u1]|z2 (because if this is
true, then one can extend the solution for a fixed amount of time beginning at any
t € [0,T), which in particular says that the solution extends beyond time T').

Now we need only conservation of energy and the Moser-Trudinger inequality (more
precisely, its corollary as in (5)) to accomplish this. Recall that

E(u(t)) = ]é (102 + V) — alog <]é e2<uu>)
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is conserved over time. But (5) implies

log <][ 62(“1'_“1')) §][ |Vu;|? + log C.
52 52

at any time ¢t. Hence if a € [0, 1), then at every time ¢t € [0,7'), we have
][ (Jou®)]® + (1 — @)|[Vu(®)?) < E(u(t)) + alog C = E(u(0)) + alogC,
SQ

the last inequality following from conservation of energy. The left-hand side is
bounded below by a constant times ||Oyu(t)||2, + || Vu(t)||2., so

E(u(0)) + alog C
1—a '

lull cor o,y xs2) + [10eullcorz(o,r)xs2) <

On the other hand, if o < 0, since Jensen’s inequality implies
log (7[ 62(“_“)) >0,
SZ

lall o go.1 x5y + 10etllcors o,y sy < B(u(0)).

we have

In both cases, ||ull cogr (0,7 xs2) + 19¢tllcor2(0,7) xs2) is bounded by a constant that
depends only on « and the norms of the initial data. This completes the proof. [

Proof of Theorem 3. The proof of Theorem 3 is the same as that of Theorem 2,
except one uses the improved Moser-Trudinger inequality (6) in place of (5), which
is possible since if ug and u; are even, then u(t) remains even as long as the solution
exists. We omit the details. (]

Proof of Theorem 5. This time we need the Moser-Trudinger inequality for systems
apart from conservation of energy. Suppose A and M are as in the statement of the
theorem. We only need to show that if for some T' > 0, u € COH'NCTL2([0, T) x S?)
satisfy

MeQu

fS2 €2u

with initial data u(0) = wg, u¢(0) = uq, then

8quuA< M> on [0,7T) x S?

||“||COH1([0,T)xS2) + [10eullcor2(o,ryxs?) < B

for some number B that depends only on A, M, ||ug|| ;. and ||u1|/z2. Now conser-
vation of energy says that

N
][ Z 8tu1 atuj) (Vui, V’U,j)g) — Z M; log (][ 62(uq,—ui))
i=1 s

3,j=1

is conserved over time. But by Proposition 3, there exists some € > 0 and C,
depending only on A and M, such that at any time ¢ € [0,T),

N
][ Z I (Vug, Vug)y — ZMI log (]éz 62(uq,—ui)) > e g |Vul? —
i=1

1,7=1
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Since A (and hence A™!) is positive definite, this implies
B(u(t) 2 &' f (0wl +|Vuf) - €
S2

for some ¢’ > 0. By conservation of energy, this proves that

0cu(t)]|L2s2) + [IVu(t) || 2(s2)

is bounded uniformly in ¢ by some constant that depends only on A, M and the
norms of the initial data. This completes our proof. O

Proof of Theorem 6. Suppose 1 < a < 2. First, if the solution u in Theorem 1 fails
to exist globally in time, say u only exists on the time interval [0,7") where T' > 0
is finite, then
(19) limsup [CM (¢)] = 1,

t—=T
where C'M(t) is the center of mass of u at time ¢. This is because otherwise one
can find a sequence of times t; < T, t; — T such that lim; o, |[CM (¢;)| < 1, which
implies via Aubin’s result that equation (11) holds along this sequence of times ¢;
for some § < p < i and some finite constant C. (Such p exists since 1 < a < 2.)
Now since the energy

is independent of ¢;, this shows that

£ (0t + (1 = o Vo))

has a uniform upper bound independent of ¢;. Since 1 —au > 0, the same holds for
[0vu(t:)|| Lz + ||Vu(t;)| L2, and by Theorem 1 this proves that the solution extends
past ¢; for a fixed amount of time for all . This contradicts that T" is the maximal
time of existence of the solution, and this proves (19).

ez(u<ti>—u(t,,>>>

2

Next, fix for the moment on a sequence t; — T from below such that
lim |CM(t;)| = 1.
71— 00
We claim that by passing to a subsequence, which we still denote as ¢;, we have
lim e2ut) = o,
11— 00 S2
This is because otherwise we have
lim sup(||Qpu(ts)| 22 + [|[Vu(ts)| z2) < E(u(0)) + alimsup][ 2 4 0 (0) < 0o
i—00 i—00 S2

by conservation of energy and conservation of 4, so one can extend the solution
beyond T', contradicting the maximality of T. Thus we have the second assertion
of the theorem. From this and the Moser-Trudinger inequality (5) we obtain the
third assertion, namely

lim [|Vu(ti)]| L2 = oo

71— 00

since u is constant.
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Finally, suppose a = 1, and ¢; is the above chosen subsequence. Let

m; = €2u(ti)
S2

and let v;(z) = u(z, ;) — %log m;. We will apply Chang-Yang’s concentration
lemma (Proposition 4) to this sequence of functions v;. First we observe that

e =1
S2

for all ¢ by definition of v;. Next we check that
lim sup ||V, 2 = 0.
1—00

But since u(t;) and v; differ by only a constant, this is true by the analogous
property of u(t;). Finally we check that S[v;] < C uniformly in ¢. But S[v;] =
f52 |V |2 +2 f52 v;, Vu; = Vu(z, t;), and fs2 v = fs2 u(z, t;) — %bgmi. Tt follows

that
Slv;] = ][ |Vu(z, t;)|?de — log (][ 62““")_“(“))
52 52

= Bu(t) - f, 10wu(t) P
< B(u(0)).

The second equality holds because now « = 1. As a result, Chang-Yang’s concen-
tration lemma applies. But we already knew previously that lim; o [|VvillL2z =
lim; o0 || Vu(t;)||p2 = co. Thus we get the existence of some p € S? and a subse-
quence of ¢; (which we still denote by ¢;) such that for any € > 0,

1
lim —/ eV > 1 —¢.
i—oo 47 B(p,e)
Writing out the definition of v;, we get the last assertion in Theorem 6. O

4. WAVE CMC EQUATION

We now turn to the wave CMC equation (12).

4.1. Time-independent variational estimates. In this subsection u will be a
map from R? into R? independent of time. The script £ will be the stationary
energy, i.e.

1 2
(20) E(u) = / ~|Vul® + Zu - (ug Auy)de,
e 2 3

if uis a H' function on R? taking values in R3. Here we wrote dz for the Lebesgue
measure on R? (instead of dzdy), and we will adapt this notation throughout. We
have the following Sobolev inequality:

Lemma 1. If u is a H' function on R? taking values in R3, then

/ u - (ug Auy)dz| < C||Vaul3s.
R2
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Furthermore, any ground state solution W to (18) (as described in Section 1) is a
manimizer of this Sobolev inequality.

See [2] and [3]. From now on we write C for the best constant of the above inequality.
Then
(21) W (W AWy)dz| = C||[VW 3.
R2

Also, from the equation
AW =2W, AWy,
one easily deduces (by multiplying both sides by W and integrating by parts) that

1

(22) W (W AW,)dz = —§|\VW||iQ.
R2
Together with (21) we see that
1

23 C=—cF—.
2) VW
Now let

fo) = ;AQ - %cv for A > 0.

Then the critical points of f are A = 0 and (2C)~! = ||[VW/||z2. The function value
of f at the critical points are f(0) =0 and

1 2 ,
FUIVWIL2) = SIVW 2 = SCIVWIZ:

1 1
= 5 IVWIZ: = IV by (23)
1 2
= SIVWIE 45 [ WV AW e by (22)
=&W)

Note incidentally that this also shows
1
(24) EW) = 6||VW|\§2 > 0.

The graph of f is thus as follows:
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Lemma 2. For each & > 0, there exists 6 > 0 such that if u is a H' function on
R? taking values in R3, with £(u) < (1 — §)E(W), then

IVullpe > [VW |2 + 6 if [Vullgz > [V L2,

and
[Vullpz < [VWllg2 =0 if |[Vullpz < [VW]|e.

Proof. The assumption E(u) < (1 —0)E(W) says
FIVullzz) < (= 0) f([VW]|2);
this is because the Sobolev inequality (20) implies
1 2
FIVullz2) = 51IVulzz = 3CIVulz.

1 2
< §||Vu||%2 + 5/ u - (ug A uy)de by (20)
RZ
=&(u)

which by our hypothesis is bounded by (1 —§)E(W) = (1 —6)f(|[VW]||z2). Hence
by continuity of f, one can find some § such that

IVullpz = VW] 2| >,

which implies the desired conclusion since f is strictly increasing from 0 to | VW || L2,
and strictly decreasing from ||VW /|12 to +o00. (c.f. graph above.) O

4.2. Finite time blow up. An easy corollary of Lemma 2 is the following;:

Proposition 6. Under conditions of Theorem 7,
Vu(t, 2)l|L2(dz) > VW L2(d2)
for allt € 0,T).

Proof. Recall that ||Vu(t, )| 12(4z) is a continuous function of ¢, E(W,0) = £(W),
and by energy conservation, for any time ¢ € [0,T), we have

E(u(t), w:(t)) < (1 = 0)E(W)

for some § > 0 independent of t. If ||Vu(t,z)|r2(ae) < [[VW]|L2(4r) for some
t € [0,7), let ty be the smallest value of ¢ that verifies this. Then ¢, > 0, and
for any ¢ < to, we have ||[Vu(t, 2)||r2(4z) = VW 12(az) + 6 where § > 0 is as in
Lemma 2. Letting ¢ — ¢, , we arrive at a contradiction. d

Proof of Theorem 7. Let u be as in Theorem 7, and let

y(t) = lult, o)1 240
for ¢t € [0,7T"). Then

y'(t) = / 2u - updx

R2
and
y'(t) = / 2lug|? — 2|Vul? — du - (ug A uy)de.
R2
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These calculations are justified since u is assumed to be smooth, and u has compact
support on each time slice. Suppose now E(ug,u1) < E(W,0) — ¢ for some ¢ > 0.
Then by conservation of energy,

/ —du - (ug A uy)dz > / 3(Jue* + |Vul?)dx — 6 E(W,0) + 6¢.
R2 R2
This implies

y”(t)z/ (5lue]2 + [Vul2 = 3[VW]2 — 4W - (W, A W,))dar + 6
]R2

= / (5lue|? + |Vul|?> — [VW|?)dx + 6¢ by (22)
R2
> 5||ue(t, ;r)||%2(dx) + 6¢ by Proposition 6.

In particular, y'(t) > 0 for all sufficiently large ¢, say for all ¢ > ¢;. Then for all
t> tl,

y( (1) > 2o/ (17,
which implies (since y/(t) > 0) that
V') 590
y'(t) — 4yt
It follows that .

(logy'())" = ~(logy(t))’,

e

which implies that
y'(t) > Cy(1)*/*

for all t > t; where C' > 0. Hence y(¢) becomes infinite in finite time, and therefore
T cannot be infinite. O
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