
WAVE EQUATIONS ASSOCIATED TO LIOUVILLE SYSTEMSAND CONSTANT MEAN CURVATURE EQUATIONSSAGUN CHANILLO AND PO-LAM YUNG1. Introdu
tionIn this paper we study two types of wave equations, whose ellipti
 parts exhibit
onformal invarian
e in R2.In the �rst part, we study the wave equation(1) ∂2
t u−∆gu = α

(

e2u
ffl

S2
e2u

− 1

)on S2, where ∆g denotes the (negative semide�nite) Lapla
e operator with respe
tto the standard round metri
 g on S
2, ffl

S2
is a shorthand for the average 1

4π

´

S2
dvolgwith respe
t to the standard surfa
e measure, and α is some real 
onstant. Thestationary (ellipti
) analog of this equation is 
losely 
onne
ted to the pres
ribedGaussian 
urvature equation in 
onformal geometry, or Liouville's equation in math-emati
al physi
s. In fa
t, when α = 1, if u solves the equation(2) −∆gu = e2u − 1with ffl

S2
e2u = 1, then the metri
 e2ug is another metri
 on S2, 
onformal to g, thathas Gaussian 
urvature equal to 1 everywhere, and that has area equal to 4π. Viathe stereographi
 proje
tion that identi�es S2 minus a point with R2, (2) 
an alsobe written as −∆u = e2u on R2, where now ∆ is the standard Lapla
ian on R2. Ifone repla
es u by u/2 + log 2, this be
omes Liouville's equation on R

2, namely(3) −∆u = eu.The above stationary equations have been studied by many authors; see for instan
ethe work of Aubin [1℄, Chang-Yang [4℄ and Han [9℄ on equation (2), and work ofLiouville [12℄, Chanillo-Kiessling [5℄ Chen-Li [6℄ and Chou-Wan [8℄ on equation (3).Our �rst theorem is the following lo
al existen
e result:Theorem 1. Suppose α ∈ R. For any u0 ∈ Ḣ1(S2) and u1 ∈ L2(S2) that satisfy
´

S2
u1 = 0, there exists u : [0, T ]× S2 → RN in C0

t Ḣ
1
x ∩ C1

t L
2
x that solves (1) withinitial data u(0) = u0, ∂tu(0) = u1, where T > 0 depends only on A, ‖u0‖Ḣ1 and

‖u1‖L2. Furthermore,
ˆ

S2

u(t) =

ˆ

S2

u0for all t ∈ [0, T ].S.C. is supported by NSF grant DMS-0855541. We would like to thank Carlos Kenig andAndrea Mal
hiodi for en
ouragement, interest in this work and useful dis
ussions.1



2 SAGUN CHANILLO AND PO-LAM YUNGHere and in the sequel, ´
S2

refers to integrals with respe
t to the standard surfa
emeasure dvolg, and
‖u0‖2Ḣ1 =

ˆ

S2

|∇u0|2, ‖u1‖2L2 =

ˆ

S2

|u1|2,where ∇ is the gradient with respe
t to the standard round metri
 g.In fa
t, it also follows from the proof of Theorem 1 that the initial value problemfor (1) is lo
ally well-posed in Ḣ1 × L2, and that the energy
E(u(t)) =

 

S2

(

|∂tu|2 + |∇u|2
)

− α log

(
 

S2

e2(u−ū)

)of the solution u(t, x) is 
onserved as t varies as long as the solution exists.Next we have the following result for global existen
e:Theorem 2. The solution u(t, x) in Theorem 1 exists for all time if α < 1.The main tool in proving this se
ond theorem is the Moser-Trudinger inequality[13℄ on the sphere, whi
h says if u is a fun
tion on S2 satisfying ´
S2
|∇u|2 ≤ 1, then

 

S2

e4π(u−ū)2 ≤ Cwhere ū =
ffl

S2
u. This inequality is sharp in that one 
annot repla
e 4π in theexponent by anything that is stri
tly bigger. Note that this inequality 
an also bestated as

 

S2

exp

(

(u − ū)2
ffl

S2
|∇u|2

)

≤ C,if ffl
S2
|∇u|2 < ∞.What we will usually use is the following 
orollary of the above inequality, namely(4)  

S2

e2(u−ū) ≤ C exp

(
 

S2

|∇u|2
)

,whi
h holds be
ause pointwise
2(u− ū) ≤ (u− ū)2

ffl

S2
|∇u|2 +

 

S2

|∇u|2.Equivalently, inequality (4) 
an be stated(5) log

(
 

S2

e2(u−ū)

)

≤
 

S2

|∇u|2 + logC.A 
elebrated result of Onofri [15℄ says that the 
onstant C 
an be taken to be 1 in(5), but we will not need this in the sequel.Using (5) and 
onservation of energy, one 
an then 
ontrol, as long as the solutionexists, the quantity
‖∂tu(t)‖L2(S2) + ‖∇u(t)‖L2(S2)uniformly in t, and this will prove Theorem 2.



LIOUVILLE SYSTEMS AND CONSTANT MEAN CURVATURE EQUATIONS 3In fa
t Moser [14℄ has also proved the following inequality, whi
h says that if u isan even fun
tion on S2 satisfying ´
S2
|∇u|2 ≤ 1, then

 

S2

e8π(u−ū)2 ≤ C.It follows that for su
h fun
tions,(6) log

(
 

S2

e2(u−ū)

)

≤ 1

2

 

S2

|∇u|2 + logC.From this, we dedu
eTheorem 3. The solution u(t, x) in Theorem 1 exists for all time if both u0 and
u1 are even fun
tions and if α < 2.Lin-Zhang [11℄ and Chipot-Shafrir-Wolansky [7℄ studied the pro�le of bubblingsolutions of the following system of equations on R

2, whi
h was introdu
ed in [5℄and generalizes the Liouville equation (3):(7) −∆ui(x) =

N
∑

j=1

aijMje
uj i = 1, . . . , N.Here (aij) is a (
onstant) N by N symmetri
 matrix, and (Mj) is a ve
tor. Wenow turn to a study of the wave analog of this equation, namely

∂2
t ui −∆gui =

N
∑

j=1

aijMj

(

e2uj

ffl

S2
e2uj

− 1

)

, i = 1, . . . , N on S
2.This system will be written su

intly as(8) ∂2

t u−∆gu = A

(

Me2u
ffl

S2
e2u

−M

)where we think of u as a 
olumn ve
tor and write A for the matrix (aij). Thebra
ket on the right hand side is a 
olumn ve
tor whose j-th entry is
Mje

2uj

ffl

S2
e2uj

−Mj .We then have the following result, generalizing Theorem 1:Theorem 4. Suppose A, M is as above. For any u0 ∈ Ḣ1(S2) and u1 ∈ L2(S2)that takes values in RN and satisfy ´

S2
u1 = 0 (i.e. all 
omponents of u1 haveintegral zero), there exists u : [0, T ]×S2 → RN in C0

t Ḣ
1
x∩C1

t L
2
x that solves (8) withinitial data u(0) = u0, ∂tu(0) = u1, where T > 0 depends only on A, M , ‖u0‖Ḣ1and ‖u1‖L2 . Furthermore,

ˆ

S2

u(t) =

ˆ

S2

u0for all t ∈ [0, T ].It is also easy to show that (8) is lo
ally well-posed in Ḣ1 × L2, and that thefollowing energy is 
onserved over time as long as the solution exists:
E(u(t)) =

 

S2

N
∑

i,j=1

aij((∂tui)(∂tuj) + (∇ui,∇uj)g)−
N
∑

i=1

Mi log

(
 

S2

e2(ui−ūi)

)

.



4 SAGUN CHANILLO AND PO-LAM YUNGHere (aij) is the inverse of the matrix (aij), and (·, ·)g is the inner produ
t of twotangent ve
tors on S2 with respe
t to the metri
 g.To study global existen
e for (8), we need a generalization of the Moser-Trudingerinequality to systems, whi
h was proved by Shafrir-Wolansky [16℄ (see also Wang[17℄). To state this, let(9) ΛJ(M) =
∑

j∈J

Mj −
∑

i,j∈J

aijMiMjfor all non-empty subsets J of {1, . . . , N}. These polynomials in M were �rstintrodu
ed in [5℄, where the symmetry of solutions of (7) was studied. Now suppose
A is positive de�nite and has non-negative entries (in addition to being N by Nsymmetri
). Suppose also that Mj > 0 for all j. Then the generalized Moser-Trudinger inequality says the following: the quantity(10)  

S2

N
∑

i,j=1

aij(∇ui,∇uj)g −
N
∑

i=1

Mi log

(
 

S2

e2(ui−ūi)

)is bounded below by some �nite 
onstant when u varies over all RN valued mapsin Ḣ1(S2), if and only if
ΛJ(M) ≥ 0for all non-empty subsets J of {1, . . . , N}. From this and 
onservation of energy,we dedu
e the following global existen
e result:Theorem 5. Suppose A = (aij) is a positive de�nite symmetri
 N by N matrixwith non-negative entries. Suppose M = (Mj) is a 
olumn ve
tor in RN withpositive entries, and suppose
ΛJ(M) > 0for all non-empty subsets J of {1, . . . , N}. Then the solution u(t, x) in Theorem 4exists for all time.Next we return to the s
alar equation (1), and study blow up of that equation when

α ≥ 1. An important notion here is the 
enter of mass of the measure e2udvolg forfun
tions u de�ned on S2. Given su
h a fun
tion, we de�ne its 
enter of mass to be
CM(u) =

´

S2
xe2u

´

S2
e2u

,where x is the position ve
tor in R
3. Thus CM(u) ∈ R

3; in fa
t its length satis�es
|CM(u)| ≤ 1 by the triangle inequality. This 
enter of mass played a 
ru
ial role inthe work of Chang-Yang [4℄ and Han [9℄. There they used the following improvedMoser-Trudinger inequality when the 
enter of mass is bounded away from S2, whi
hwas �rst proved by Aubin [1℄. The improved inequality says that if |CM(u)| ≤ 1−δfor some δ > 0, then for any µ > 1/2, there exists a 
onstant C = C(µ, δ) su
h that(11) log

(
 

S2

e2(u−ū)

)

≤ µ

 

S2

|∇u|2 + logC.One should 
ompare this with (6), sin
e when u is even, CM(u) = 0.We have the following blow-up 
riteria.



LIOUVILLE SYSTEMS AND CONSTANT MEAN CURVATURE EQUATIONS 5Theorem 6. Let 1 ≤ α < 2. Suppose the solution u in Theorem 1 exists on a timeinterval [0, T0) for some T0 < ∞, and fails to 
ontinue beyond T0. Then there is asequen
e of times ti → T−

0 su
h that
lim
i→∞

|CM(u, ti)| = 1,

lim
i→∞

ˆ

S2

e2u(ti) = ∞,and
lim
i→∞

‖∇u(ti)‖L2 = ∞,where CM(u, t) is the 
enter of mass of u(t). Furthermore, if α = 1, then there issome point p ∈ S2 su
h that for any ε > 0,
lim
i→∞

´

B(p,ε)
e2u(ti)

´

S2
e2u(ti)

≥ 1− ε.Here B(p, ε) is a geodesi
 ball on S
2 that is 
entered at p and of radius ε.In other words, when α = 1, if one renormalizes the measures e2u(ti)dvolg so thattheir integral over S2 is 1, then the measures 
on
entrates around one single pointon S

2 (i.e. there is only one bubble). This is proved using a 
on
entration lemma ofChang and Yang, whi
h we re
all in the following se
tion. We do not know whetherthe same 
on
lusion is true when α > 1.Finally, we turn to a study of the following system of wave equations on R2:(12) −∂2
t u+∆u = 2ux ∧ uyHere u is a fun
tion u : [0, T )× R2 → R3, ∆ is the Lapla
ian on R2 a
ting 
ompo-nentwise on the three 
omponents of u, and ux ∧ uy is the 
ross produ
t of the twove
tors ux and uy in R3. The stationary analog of this equation is(13) ∆u = 2ux ∧ uy.This is an interesting equation be
ause if u solves∆u = 2Hux∧uy for some fun
tion

H on R2 and satis�es the 
onformal 
onditions |ux| = |uy| = 1 and ux · uy = 0everywhere, the the image of u is a surfa
e with mean 
urvature H in R3. (13) isthe spe
ial 
ase of the above equation when H ≡ 1, and is 
onformally invariant.As a result, we 
all (12) the wave 
onstant mean 
urvature (CMC) equation. (13) isan energy 
riti
al equation, in that if u is a solution, then a dilation of u preservingits Ḣ1 norm is also a solution. Its (entire) solutions in Ḣ1(R2) were 
lassi�ed byBrezis-Coron; in [2℄ they showed that if one writes z for the 
omplex 
oordinateof the domain R2 ≃ C of u and writes π : C → S2 ⊆ R3 for the stereographi
proje
tion, then all the solutions of (13) in Ḣ1 are of the form
u(z) = π

(

P (z)

Q(z)

)

+ Cwhere P , Q are polynomials of z and C is a 
onstant ve
tor in R3. Furthermore, if
u(z) is as su
h, then

‖∇u‖2L2 = 8πmax{deg P, deg Q}.It follows that the energy of the (entire) solutions to (13) are quantized; they arealways non-negative integer multiples of 8π.



6 SAGUN CHANILLO AND PO-LAM YUNGNow let W (z) be a ground state solution to (13); in other words, W (z) is a non-
onstant solution to (13) of the form
W (z) = π

(

P (z)

Q(z)

)

+ Cwhere max{deg P, deg Q} = 1 and ‖∇W‖2L2 = 8π. These will play an importantrole in our blow up analysis of the wave equation (12). They enter via the followingSobolev inequality. First, it is easy to show, using 
ompensated 
ompa
tness (akaWente's inequality) that for all fun
tions v ∈ Ḣ1(R2) taking values in R3, we have
∣

∣

∣

∣

ˆ

R2

v · (vx ∧ vy)dxdy

∣

∣

∣

∣

1/3

≤ C‖∇v‖L2 .In fa
t if v is in Ḣ1(R2), then vx∧vy has 
omponents in the Hardy spa
e H1(R2) by
ompensation 
ompa
tness, while v itself has 
omponents in BMO. Thus we havethe above inequality. The relevan
e of W is that the above W 's are pre
isely theminimizers of this inequality; see Caldiroli-Musina [3℄, Lemma 2.1 (and also [2℄).We note also that W is a stationary solution to (12), with initial data u(0) = W ,
∂tu(0) = 0.The non-linearity o

uring on the left hand side of the above Sobolev inequalityalso arises in the 
onserved energy of the wave equation (12). In fa
t if u(t) is asmooth solution to (12) that has 
ompa
t support on ea
h time sli
e, then

E(u(t)) :=

ˆ

R2

1

2
(|∂tu|2 + |∇u|2) + 2

3
u · (ux ∧ uy)dxdyis 
onserved, as one 
an show by di�erentiating under the integral. As a result,

E(u(t)) depends only on the initial data, and it is equal to
E(u0, u1) :=

ˆ

R2

1

2
(|u1|2 + |∇u0|2) +

2

3
u0 · ((u0)x ∧ (u0)y)dxdyfor all t. Our main result is the following:Theorem 7. Suppose u : [0, T )×R2 → R3 is a smooth solution to (12) with initialdata u(0) = u0, ut(0) = u1, and that u has 
ompa
t support at ea
h time sli
e t.Suppose also that

E(u0, u1) < E(W, 0) and ‖∇u0‖L2 > ‖∇W‖L2 .Then T is �nite; in fa
t ‖u(t)‖L2(R2) 
annot remain �nite for an in�nite amountof time.In fa
t E(W, 0) = 4π/3 (
.f (24) below) and ‖∇W‖L2 =
√
8π, so the 
onditions inthe above theorem 
an also be written as

E(u0, u1) <
4π

3
and ‖∇u0‖L2 >

√
8π.This theorem should be 
ompared to the �nite time blow up result of Kenig-Merle[10℄ for the energy 
riti
al semi-linear fo
using wave equation

∂2
t u−∆u = |u|4/(N−2)u, on R× R

N , N ≥ 3.



LIOUVILLE SYSTEMS AND CONSTANT MEAN CURVATURE EQUATIONS 72. PreliminariesBefore we move on to the proofs of these theorems, we present some relevant ba
k-ground material.First, Aubin [1℄ proved the following improved Moser-Trudinger inequality:Proposition 1 (Aubin). Let fj ∈ C1(S2), j = 1, . . . , k, and ∑k
j=1 |fj| ≥ δ > 0 on

S2. Then for any µ > 1/2, there exists C = C(µ, δ,
∑k

j=1 ‖fj‖C1(S2)) su
h that
 

S2

e2(u−ū) ≤ C exp

(

µ

 

S2

|∇u|2
)for all u ∈ Ḣ1(S2) satisfying

 

S2

e2ufj = 0, j = 1, . . . , k.See also Lemma 1 of Han [9℄. If one takes k = 3 and
fj(x) = xj −

ffl

S2
xje

2u

ffl

S2
e2u

, j = 1, 2, 3,then∑3
j=1 |fj | is bounded away from zero on S2 if and only if |CM(u)| is boundedaway from 1. This establishes (11) in the Introdu
tion.Next, Shafrir-Wolansky [16℄ proved the following Moser-Trudinger inequality forsystems:Proposition 2 (Shafrir-Wolansky). Suppose A = (aij) is a positive de�nite N by

N symmetri
 matrix and has non-negative entries. Suppose also that Mj > 0 forall j. Then the quantity(14) 1

2

ˆ

S2

N
∑

i,j=1

aij(∇vi,∇vj)g −
N
∑

i=1

M ′

i log





 

S2

exp





N
∑

j=1

aij(vj − v̄j)







is bounded below by some �nite 
onstant when v varies over all RN valued maps in
Ḣ1(S2), if and only if(15) 8π

∑

i∈J

M ′

i −
∑

i,j∈J

aijM
′

iM
′

j ≥ 0for all non-empty subsets J of {1, . . . , N}.See Theorem 2 in [16℄. Now (14) 
an also be written as
8π





 

S2

N
∑

i,j=1

aij(∇ui,∇uj)g −
N
∑

i=1

Mi log

(
 

S2

e2(ui−ūi)

)



if we let 2ui =
∑N

i=1 aijvj and Mi =
M ′

i

8π , and under the same notation, (15) isequivalent to
ΛJ(M) ≥ 0



8 SAGUN CHANILLO AND PO-LAM YUNGwhere ΛJ is de�ned as in (9). Thus we re
over the generalized Moser-Trudingerinequality (10) stated in the Introdu
tion. From this we dedu
e the following:Proposition 3. Suppose A is as in the previous Proposition, and Mj > 0 for all
j. Suppose also that ΛJ(M) > 0 for all non-empty subsets J of {1, . . . , N}. Thenthere are some 
onstants ε > 0 and C (both depending only on A and M) su
h that(16)  

S2

N
∑

i,j=1

aij(∇ui,∇uj)g −
N
∑

i=1

Mi log

(
 

S2

e2(ui−ūi)

)

≥ ε

 

S2

|∇u|2 − Cfor all u ∈ Ḣ1(S2) taking values in R
N .In fa
t, the 
ondition ΛJ(M) > 0 for all non-empty J ⊂ {1, . . . , N} is an open
ondition. Thus one is led to de�ne A′ = A− 2εId where Id is the identity matrixand ε > 0 is some small 
onstant. Suppose ε is su�
iently small. Then A′ is stillpositive de�nite symmetri
 with non-negative entries, and if Λ′

J(M) is de�ned inthe same way as ΛJ(M), ex
ept one repla
es entries of A by the 
orrespondingentries of A′, then one still has Λ′

J(M) > 0 for all non-empty J ⊆ {1, . . . , N}. Thusby the previous assertion,
 

S2

N
∑

i,j=1

(a′)ij(∇ui,∇uj)g −
N
∑

i=1

Mi log

(
 

S2

e2(ui−ūi)

)

≥ −Cwhere (a′)ij are the entries of A′. Now A−1 = (A′)−1 + 2εId+O(ε2). Thus if ε issu�
iently small, (16) follows.We also need the following 
on
entration lemma of Chang-Yang [4℄ (see PropositionA there). Let
S[u] =

 

S2

|∇u|2 + 2

 

S2

ufor any fun
tion u ∈ Ḣ1(S2).Proposition 4 (Chang-Yang). Suppose uj ∈ Ḣ1(S2) a sequen
e of fun
tions with
ffl

S2
e2uj = 1 and supj S[uj] = C < ∞, we have either

sup
j

 

S2

|∇uj |2 = C′ < ∞,or there exists a point p ∈ S2 and a subsequen
e of uj (whi
h we still denote by uj)su
h that for any ε > 0, we have
lim
j→∞

1

4π

ˆ

B(p,ε)

e2uj ≥ 1− ε.Here B(p, ε) is the geodesi
 ball on S2 
entered at p and of radius ε.Finally, we need the following elementary result about the solution of wave equa-tions on the sphere. To state this, �rst re
all that every L2 fun
tion on S
2 
an bede
omposed as a 
onvergent sum of eigenfun
tions of the Lapla
ian ∆g on S2. Us-ing this, one 
an de�ne the spe
tral multiplier cos(√−∆g) on L2 fun
tions on S

2,



LIOUVILLE SYSTEMS AND CONSTANT MEAN CURVATURE EQUATIONS 9as well as sin(
√

−∆g)√
−∆g

on L2 fun
tions on S2 whose integral is zero. These operatorssolve the initial value problem(17) {

∂2
t v −∆gv = f

v(0) = u0, ∂tv(0) = u1on [0,∞)× S2 via the following Duhamel formula:Proposition 5. If u0 ∈ Ḣ1(S2), u1 ∈ L2(S2), f ∈ L1
tL

2
x([0, T )× S2) with

ˆ

S2

u1 = 0 =

ˆ

S2

f(s) for all s ∈ [0, T ),then (17) has a unique solution v(t, x) ∈ C0
t Ḣ

1
x ∩ C1

t L
2
x([0, T )× S2) given by

v(t, x) = cos(t
√

−∆g)u0 +
sin(t

√

−∆g)
√

−∆g

u1 +

ˆ t

0

sin((t− s)
√

−∆g)
√

−∆g

f(s)ds.Furthermore, the solution v(t, x) satis�es
‖v‖C0

t Ḣ
1
x
+ ‖∂tv‖C0

t L
2
x
≤ 2(‖u0‖Ḣ1 + ‖u1‖L2 + ‖f‖L1

tL
2
x
).All these hold as well if u0, u1 and f(s, ·) all takes value in RN for some N .3. Liouville's equationIt is 
lear that Theorem 1 follows from Theorem 4. So it su�
es to prove Theorem 4.Proof of Theorem 4. The proof pro
eeds by a standard �xed point argument. Sup-pose the initial data u0 and u1 are given as above. Let

R = 3(‖u0‖Ḣ1 + ‖u1‖L2),and
I =

 

S2

u0.Let BT be the 
olle
tion of all RN -valued fun
tions u ∈ C0Ḣ1 ∩ C1L2([0, T ]× S2)satisfying
 

S2

u(s) = I for all s ∈ [0, T ],and
‖u‖C0Ḣ1([0,T ]×S2) + ‖∂tu‖C0L2([0,T ]×S2) ≤ R.For u ∈ BT , one 
an solve the initial value problem

{

∂2
t v −∆gv = A

(

Me2u
ffl

S2
e2u

−M
)

v(0) = u0, ∂tv(0) = u1on [0, T ] × S2, sin
e both u1 and the right hand side of the �rst equation haveintegral zero on S
2. Now we 
laim v ∈ BT if T is su�
iently small: in fa
t by



10 SAGUN CHANILLO AND PO-LAM YUNGProposition 5,
‖v‖C0Ḣ1([0,T ]×S2) + ‖∂tv‖C0L2([0,T ]×S2)

≤2‖u0‖Ḣ1 + 2‖u1‖L2 + 2β

ˆ T

0

‖
(

Me2u
ffl

S2
e2u

−M

)

(s)‖L2dswhere β is the operator norm of A. The last integral is bounded by
CT |M |+

N
∑

j=1

CT |M |e−2Ij max
s∈[0,T ]

‖e2uj(s)‖L2where Ij = ūj is the j-th 
omponent of I, sin
e
 

S2

e2uj ≥ exp

(
 

S2

2uj

)

= e2Ij .But for s ∈ [0, T ],
1

4π
‖e2uj(s)‖2L2 =

 

S2

e4uj(s)

=

 

S2

e4(uj−ūj)(s)e4Ij

≤ C exp

(
 

S2

|∇(2uj)|2(s)
)

e4Ij

≤ Ce4R
2

e4Ij .(18)The se
ond to last inequality follows from the Moser-Trudinger inequality on thesphere. Hen
e
‖v‖C0Ḣ1([0,T ]×S2) + ‖∂tv‖C0L2([0,T ]×S2)

≤2‖u0‖Ḣ1 + 2‖u1‖L2 + 2CβT |M |+ 2CβT |M |e2R2

.If T is su�
iently small, depending only on β, |M | and the norms of the initialdata, then the above is bounded by R. Also, ffl
S2
v(s) = I for all s ∈ [0, T ]. Thus

v ∈ BT if T is as su
h. This de�nes a map F : BT → BT given by u 7→ v. We showthat by further shrinking T if ne
essary, this map is a 
ontra
tion.Suppose u(1), u(2) are in BT , and v(1) = F (u(1)), v(2) = F (u(2)). Then v :=
v(1) − v(2) satis�es







∂2
t v −∆v = A

(

Me2u
(1)

ffl

S2
e2u

(1) − Me2u
(2)

ffl

S2
e2u

(2)

)

v(0) = 0, ∂tv(0) = 0.Hen
e
‖v‖C0Ḣ1([0,T ]×S2) + ‖∂tv‖C0L2([0,T ]×S2)

≤2β

ˆ T

0

∥

∥

∥

∥

∥

(

Me2u
(1)

ffl

S2
e2u(1)

− Me2u
(2)

ffl

S2
e2u(2)

)

(s)

∥

∥

∥

∥

∥

L2

ds.
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∥

∥

∥

∥

∥

∥





e2u
(1)
j

ffl

S2
2eu

(1)
j

− e2u
(2)
j

ffl

S2
e2u

(2)
j



 (s)

∥

∥

∥

∥

∥

∥

L2

≤

∥

∥

∥

∥

∥

∥

e2u
(1)
j − e2u

(2)
j

ffl

S2
e2u

(1)
j

∥

∥

∥

∥

∥

∥

L2

(s) +

∥

∥

∥

∥

∥

∥

e2u
(2)
j

(

ffl

S2
e2u

(1)
j −

ffl

S2
e2u

(2)
j

)

(

ffl

S2
e2u

(1)
j

)(

ffl

S2
e2u

(2)
j

)

∥

∥

∥

∥

∥

∥

L2

(s).The �rst term is bounded by
e−2Ij‖(2u(1)

j (s)− 2u
(2)
j (s))(e2u

(1)
j

(s) + e2u
(2)
j

(s))‖L2

≤e−2Ij‖2u(1)
j (s)− 2u

(2)
j (s)‖L4

(

‖e2u
(1)
j

(s)‖L4 + ‖e2u
(2)
j

(s)‖L4

)

.Using Sobolev inequality for the �rst fa
tor (sin
e ´
S2
(u

(1)
j (s)− u

(2)
j (s)) = 0 for all

s) and use
1

4π
‖e2u

(k)
j

(s)‖4L4 =

 

S2

e8(u
(k)
j

(s)−Ij)e8Ij ≤ C exp

(
 

S2

|∇(4u
(k)
j )|2(s)

)

e8Ij ≤ Ce16R
2

e8Ijfor the se
ond fa
tor, we bound this by
Ce4R

2‖u(1)(s)− u(2)(s)‖Ḣ1 .For the se
ond term, we bound that by
Ce−2Ij e−2Ij‖e2u

(2)
j

(s)‖L2

ˆ

S2

|2u(1)
j (s)− 2u

(2)
j (s)|(e2u

(1)
j

(s) + e2u
(2)
j

(s))

≤Ce−2Ij e−2Ij‖e2u
(2)
j

(s)‖L2(‖e2u
(1)
j

(s)‖L2 + ‖e2u
(2)
j

(s)‖L2)‖2u(1)
j (s)− 2u

(2)
j (s)‖L2

≤Ce4R
2‖u(1)(s)− u(2)(s)‖Ḣ1sin
e

‖e2u
(k)
j

(s)‖L2 ≤ Ce2R
2

e2Ijby (18), and we 
an use Sobolev inequality for the last term. It follows that
‖v‖C0Ḣ1([0,T ]×S2) + ‖∂tv‖C0L2([0,T ]×S2) ≤ 2CβT |M |e4R2‖u(1) − u(2)‖C0Ḣ1([0,T ]×S2).Hen
e if T is su�
iently small with respe
t to β, |M | and the norms of the initialdata, then the map F we de�ned above is a 
ontra
tion map. The 
ontra
tionmapping prin
iple then says that F has a �xed point, whi
h gives the desiredsolution to the initial value problem in the theorem. �It is now a standard matter to modify the above proof and show that the initialvalue problem in Theorem 1 or Theorem 4 is lo
ally well-posed, whose detail weomit. Thus to 
he
k 
onservation of energy for the solution u in Theorem 4, wemay assume without loss of generality that u is smooth, in whi
h 
ase one 
an



12 SAGUN CHANILLO AND PO-LAM YUNGdi�erentiate
E(u(t)) =

 

S2

N
∑

i,j=1

aij((∂tui)(∂tuj) + (∇ui,∇uj)g)−
N
∑

i=1

Mi log

(
 

S2

e2(ui−ūi)

)

=

 

S2

N
∑

i,j=1

aij((∂tui)(∂tuj) + (∇ui,∇uj)g)−
N
∑

i=1

Mi log

(
 

S2

e2ui

)

+

N
∑

i=1

2Miūiand get
∂tE(u(t)) =

 

S2

N
∑

i,j=1

2aij((∂tui)(∂
2
t uj) + (∇∂tui,∇uj)g)−

N
∑

i=1

Mi

ffl

S2
2(∂tui)e

2ui

ffl

S2
e2ui

.The �rst integral is equal to
 

S2

N
∑

i,j=1

2aij(∂tui)(∂
2
t uj −∆guj)

=

 

S2

N
∑

i,j=1

2aij(∂tui)
N
∑

k=1

ajkMk

(

e2uk

ffl

S2
e2uk

− 1

)

=

 

S2

N
∑

i=1

2(∂tui)Mi

(

e2ui

ffl

S2
e2ui

− 1

)

=

 

S2

N
∑

i=1

2(∂tui)Mi
e2ui

ffl

S2
e2uiby equation (8), sin
e

 

S2

2(∂tui)Mi = 2Mi∂t

 

S2

ui = 0by Theorem 4. This 
an
els with the se
ond term, and thus ∂tE(u(t)) = 0. Simi-larly one proves 
onservation of energy for the solution u in Theorem 1.Proof of Theorem 2. Fix α < 1. We only need to show that if for some T > 0,
u ∈ C0Ḣ1 ∩C1L2([0, T )× S2) satisfy

∂2
t u−∆u = α

(

e2u
ffl

S2
e2u

− 1

) on [0, T )× S
2with initial data u(0) = u0, ut(0) = u1, then

‖u‖C0Ḣ1([0,T )×S2) + ‖∂tu‖C0L2([0,T )×S2) ≤ Bfor some number B that depends only on α, ‖u0‖Ḣ1 and ‖u1‖L2 (be
ause if this istrue, then one 
an extend the solution for a �xed amount of time beginning at any
t ∈ [0, T ), whi
h in parti
ular says that the solution extends beyond time T ).Now we need only 
onservation of energy and the Moser-Trudinger inequality (morepre
isely, its 
orollary as in (5)) to a

omplish this. Re
all that

E(u(t)) =

 

S2

(

|∂tu|2 + |∇u|2
)

− α log

(
 

S2

e2(u−ū)

)
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onserved over time. But (5) implies
log

(
 

S2

e2(uj−ūj)

)

≤
 

S2

|∇uj |2 + logC.at any time t. Hen
e if α ∈ [0, 1), then at every time t ∈ [0, T ), we have
 

S2

(

|∂tu(t)|2 + (1− α)|∇u(t)|2
)

≤ E(u(t)) + α logC = E(u(0)) + α logC,the last inequality following from 
onservation of energy. The left-hand side isbounded below by a 
onstant times ‖∂tu(t)‖2L2 + ‖∇u(t)‖2L2, so
‖u‖C0Ḣ1([0,T )×S2) + ‖∂tu‖C0L2([0,T )×S2) ≤

E(u(0)) + α logC

1− α
.On the other hand, if α < 0, sin
e Jensen's inequality implies

log

(
 

S2

e2(u−ū)

)

≥ 0,we have
‖u‖C0Ḣ1([0,T )×S2) + ‖∂tu‖C0L2([0,T )×S2) ≤ E(u(0)).In both 
ases, ‖u‖C0Ḣ1([0,T )×S2)+‖∂tu‖C0L2([0,T )×S2) is bounded by a 
onstant thatdepends only on α and the norms of the initial data. This 
ompletes the proof. �Proof of Theorem 3. The proof of Theorem 3 is the same as that of Theorem 2,ex
ept one uses the improved Moser-Trudinger inequality (6) in pla
e of (5), whi
his possible sin
e if u0 and u1 are even, then u(t) remains even as long as the solutionexists. We omit the details. �Proof of Theorem 5. This time we need the Moser-Trudinger inequality for systemsapart from 
onservation of energy. Suppose A and M are as in the statement of thetheorem. We only need to show that if for some T > 0, u ∈ C0Ḣ1∩C1L2([0, T )×S2)satisfy
∂2
t u−∆u = A

(

Me2u
ffl

S2
e2u

−M

) on [0, T )× S
2with initial data u(0) = u0, ut(0) = u1, then

‖u‖C0Ḣ1([0,T )×S2) + ‖∂tu‖C0L2([0,T )×S2) ≤ Bfor some number B that depends only on A, M , ‖u0‖Ḣ1 and ‖u1‖L2 . Now 
onser-vation of energy says that
E(u(t)) =

 

S2

N
∑

i,j=1

aij((∂tui)(∂tuj) + (∇ui,∇uj)g)−
N
∑

i=1

Mi log

(
 

S2

e2(ui−ūi)

)is 
onserved over time. But by Proposition 3, there exists some ε > 0 and C,depending only on A and M , su
h that at any time t ∈ [0, T ),
 

S2

N
∑

i,j=1

aij(∇ui,∇uj)g −
N
∑

i=1

Mi log

(
 

S2

e2(ui−ūi)

)

≥ ε

 

S2

|∇u|2 − C.
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e A (and hen
e A−1) is positive de�nite, this implies
E(u(t)) ≥ ε′

 

S2

(|∂tu|2 + |∇u|2)− Cfor some ε′ > 0. By 
onservation of energy, this proves that
‖∂tu(t)‖L2(S2) + ‖∇u(t)‖L2(S2)is bounded uniformly in t by some 
onstant that depends only on A, M and thenorms of the initial data. This 
ompletes our proof. �Proof of Theorem 6. Suppose 1 ≤ α < 2. First, if the solution u in Theorem 1 failsto exist globally in time, say u only exists on the time interval [0, T ) where T > 0is �nite, then(19) lim sup

t→T
|CM(t)| = 1,where CM(t) is the 
enter of mass of u at time t. This is be
ause otherwise one
an �nd a sequen
e of times ti < T , ti → T su
h that limi→∞ |CM(ti)| < 1, whi
himplies via Aubin's result that equation (11) holds along this sequen
e of times tifor some 1

2 < µ < 1
α and some �nite 
onstant C. (Su
h µ exists sin
e 1 ≤ α < 2.)Now sin
e the energy

E(u(ti)) =

 

S2

(|∂tu(ti)|2 + |∇u(ti)|2)− α log

(
 

S2

e2(u(ti)−ū(ti))

)is independent of ti, this shows that
 

S2

(

|∂tu(ti)|2 + (1− αµ)|∇u(ti)|2
)has a uniform upper bound independent of ti. Sin
e 1−αµ > 0, the same holds for

‖∂tu(ti)‖L2 + ‖∇u(ti)‖L2 , and by Theorem 1 this proves that the solution extendspast ti for a �xed amount of time for all i. This 
ontradi
ts that T is the maximaltime of existen
e of the solution, and this proves (19).Next, �x for the moment on a sequen
e ti → T from below su
h that
lim
i→∞

|CM(ti)| = 1.We 
laim that by passing to a subsequen
e, whi
h we still denote as ti, we have
lim
i→∞

ˆ

S2

e2u(ti) = ∞.This is be
ause otherwise we have
lim sup
i→∞

(‖∂tu(ti)‖L2 + ‖∇u(ti)‖L2) . E(u(0)) + α lim sup
i→∞

 

S2

e2u(ti) + αū(0) < ∞by 
onservation of energy and 
onservation of ū, so one 
an extend the solutionbeyond T , 
ontradi
ting the maximality of T . Thus we have the se
ond assertionof the theorem. From this and the Moser-Trudinger inequality (5) we obtain thethird assertion, namely
lim
i→∞

‖∇u(ti)‖L2 = ∞sin
e ū is 
onstant.
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hosen subsequen
e. Let
mi =

 

S2

e2u(ti)and let vi(x) = u(x, ti) − 1
2 logmi. We will apply Chang-Yang's 
on
entrationlemma (Proposition 4) to this sequen
e of fun
tions vi. First we observe that

 

S2

e2vi = 1for all i by de�nition of vi. Next we 
he
k that
lim sup
i→∞

‖∇vi‖L2 = ∞.But sin
e u(ti) and vi di�er by only a 
onstant, this is true by the analogousproperty of u(ti). Finally we 
he
k that S[vi] ≤ C uniformly in i. But S[vi] =
ffl

S2 |∇vi|2 +2
ffl

S2 vi, ∇vi = ∇u(x, ti), and ffl

S2 vi =
ffl

S2 u(x, ti)− 1
2 logmi. It followsthat

S[vi] =

 

S2

|∇u(x, ti)|2dx− log

(
 

S2

e2u(ti)−ū(ti)

)

= E(u(ti))−
 

S2

|∂tu(ti)|2

≤ E(u(0)).The se
ond equality holds be
ause now α = 1. As a result, Chang-Yang's 
on
en-tration lemma applies. But we already knew previously that limi→∞ ‖∇vi‖L2 =
limi→∞ ‖∇u(ti)‖L2 = ∞. Thus we get the existen
e of some p ∈ S2 and a subse-quen
e of ti (whi
h we still denote by ti) su
h that for any ε > 0,

lim
i→∞

1

4π

ˆ

B(p,ε)

e2vi ≥ 1− ε.Writing out the de�nition of vi, we get the last assertion in Theorem 6. �4. Wave CMC equationWe now turn to the wave CMC equation (12).4.1. Time-independent variational estimates. In this subse
tion u will be amap from R
2 into R

3 independent of time. The s
ript E will be the stationaryenergy, i.e.(20) E(u) :=
ˆ

R2

1

2
|∇u|2 + 2

3
u · (ux ∧ uy)dx,if u is a Ḣ1 fun
tion on R2 taking values in R3. Here we wrote dx for the Lebesguemeasure on R2 (instead of dxdy), and we will adapt this notation throughout. Wehave the following Sobolev inequality:Lemma 1. If u is a Ḣ1 fun
tion on R2 taking values in R3, then

∣

∣

∣

∣

ˆ

R2

u · (ux ∧ uy)dx

∣

∣

∣

∣

≤ C‖∇u‖3L2.



16 SAGUN CHANILLO AND PO-LAM YUNGFurthermore, any ground state solution W to (13) (as des
ribed in Se
tion 1) is aminimizer of this Sobolev inequality.See [2℄ and [3℄. From now on we write C for the best 
onstant of the above inequality.Then(21) ∣

∣

∣

∣

ˆ

R2

W · (Wx ∧Wy)dx

∣

∣

∣

∣

= C‖∇W‖3L2.Also, from the equation
∆W = 2Wx ∧Wy ,one easily dedu
es (by multiplying both sides by W and integrating by parts) that(22) ˆ

R2

W · (Wx ∧Wy)dx = −1

2
‖∇W‖2L2.Together with (21) we see that(23) C =

1

2‖∇W‖L2

.Now let
f(λ) =

1

2
λ2 − 2

3
Cλ3 for λ > 0.Then the 
riti
al points of f are λ = 0 and (2C)−1 = ‖∇W‖L2. The fun
tion valueof f at the 
riti
al points are f(0) = 0 and

f(‖∇W‖L2) =
1

2
‖∇W‖2L2 − 2

3
C‖∇W‖3L2

=
1

2
‖∇W‖2L2 − 1

3
‖∇W‖2L2 by (23)

=
1

2
‖∇W‖2L2 +

2

3

ˆ

R2

W · (Wx ∧Wy)dx by (22)
= E(W )Note in
identally that this also shows(24) E(W ) =

1

6
‖∇W‖2L2 > 0.The graph of f is thus as follows:

E(W )

‖∇W‖L2

λ

f(λ)
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h δ > 0, there exists δ̄ > 0 su
h that if u is a Ḣ1 fun
tion on
R2 taking values in R3, with E(u) ≤ (1 − δ)E(W ), then

‖∇u‖L2 > ‖∇W‖L2 + δ̄ if ‖∇u‖L2 > ‖∇W‖L2 ,and
‖∇u‖L2 < ‖∇W‖L2 − δ̄ if ‖∇u‖L2 < ‖∇W‖L2 .Proof. The assumption E(u) ≤ (1 − δ)E(W ) says

f(‖∇u‖L2) ≤ (1− δ)f(‖∇W‖L2);this is be
ause the Sobolev inequality (20) implies
f(‖∇u‖L2) =

1

2
‖∇u‖2L2 − 2

3
C‖∇u‖3L2

≤ 1

2
‖∇u‖2L2 +

2

3

ˆ

R2

u · (ux ∧ uy)dx by (20)
= E(u)whi
h by our hypothesis is bounded by (1 − δ)E(W ) = (1 − δ)f(‖∇W‖L2). Hen
eby 
ontinuity of f , one 
an �nd some δ̄ su
h that

|‖∇u‖L2 − ‖∇W‖L2| > δ̄,whi
h implies the desired 
on
lusion sin
e f is stri
tly in
reasing from 0 to ‖∇W‖L2,and stri
tly de
reasing from ‖∇W‖L2 to +∞. (
.f. graph above.) �4.2. Finite time blow up. An easy 
orollary of Lemma 2 is the following:Proposition 6. Under 
onditions of Theorem 7,
‖∇u(t, x)‖L2(dx) > ‖∇W‖L2(dx)for all t ∈ [0, T ).Proof. Re
all that ‖∇u(t, x)‖L2(dx) is a 
ontinuous fun
tion of t, E(W, 0) = E(W ),and by energy 
onservation, for any time t ∈ [0, T ), we have
E(u(t), ut(t)) ≤ (1− δ)E(W )for some δ > 0 independent of t. If ‖∇u(t, x)‖L2(dx) ≤ ‖∇W‖L2(dx) for some

t ∈ [0, T ), let t0 be the smallest value of t that veri�es this. Then t0 > 0, andfor any t < t0, we have ‖∇u(t, x)‖L2(dx) ≥ ‖∇W‖L2(dx) + δ̄ where δ̄ > 0 is as inLemma 2. Letting t → t−0 , we arrive at a 
ontradi
tion. �Proof of Theorem 7. Let u be as in Theorem 7, and let
y(t) = ‖u(t, x)‖2L2(dx)for t ∈ [0, T ). Then
y′(t) =

ˆ

R2

2u · utdxand
y′′(t) =

ˆ

R2

2|ut|2 − 2|∇u|2 − 4u · (ux ∧ uy)dx.
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al
ulations are justi�ed sin
e u is assumed to be smooth, and u has 
ompa
tsupport on ea
h time sli
e. Suppose now E(u0, u1) ≤ E(W, 0) − ε for some ε > 0.Then by 
onservation of energy,
ˆ

R2

−4u · (ux ∧ uy)dx ≥
ˆ

R2

3(|ut|2 + |∇u|2)dx− 6E(W, 0) + 6ε.This implies
y′′(t) ≥

ˆ

R2

(5|ut|2 + |∇u|2 − 3|∇W |2 − 4W · (Wx ∧Wy))dx + 6ε

=

ˆ

R2

(5|ut|2 + |∇u|2 − |∇W |2)dx+ 6ε by (22)
≥ 5‖ut(t, x)‖2L2(dx) + 6ε by Proposition 6.In parti
ular, y′(t) > 0 for all su�
iently large t, say for all t > t1. Then for all

t > t1,
y(t)y′′(t) ≥ 5

4
y′(t)2,whi
h implies (sin
e y′(t) > 0) that

y′′(t)

y′(t)
≥ 5

4

y′(t)

y(t)
.It follows that

(log y′(t))′ ≥ 5

4
(log y(t))′,whi
h implies that

y′(t) ≥ Cy(t)5/4for all t > t1 where C > 0. Hen
e y(t) be
omes in�nite in �nite time, and therefore
T 
annot be in�nite. �Referen
es[1℄ Thierry Aubin,Meilleures 
onstantes dans le théorème d'in
lusion de Sobolev et un théorèmede Fredholm non linéaire pour la transformation 
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t.Anal. 32 (1979), no. 2, 148�174. MR534672 (80i:58043)[2℄ H. Brezis and J.-M. Coron, Convergen
e of solutions of H-systems or how to blow bubbles,Ar
h. Rational Me
h. Anal. 89 (1985), no. 1, 21�56. MR784102 (86g:53007)[3℄ Paolo Caldiroli and Roberta Musina, The Diri
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