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Abstract

The linear equatiomzu = 1 for the infinitesimal buckling under uniform unit
load of a thin elastic plate oveék? has the particularly interesting nonlinear
generalizationmAg?u = 1, whereAg = e 2UA is the Laplace-Beltrami op-
erator for the metriqg = ezugo, with gg the standard Euclidean metric on
R2. This conformal elliptic PDE of fourth order is equivalent to the nonlin-
ear system of elliptic PDEs of second ordeau(x) 4+ Kg(x) exp(2u(x)) = 0 and
AKg(x) + exp2u(x)) = 0, withx € R2, describing a conformally flat surface
with a Gauss curvature functiddg that is generated self-consistently through
the metric's conformal factor. We study this conformal plate buckling equation
under the hypotheses of finite integral curvatyirgexp2u) dx = «, finite
areaf exp(2u) dx = «, and the mild compactness conditin. € Ll(Bl(y)),
uniformly with respect toy € R2. We show that asymptotically fox| —

oo, all solutions behave like(x) = —(x/27)In|x| + C 4+ 0o(1) andK(x) =
—(a/2m)In|x| + C + o(1), with k € (27, 47) anda = /2« (4mr — k). We
also show that for each € (2r, 47), there exists & * and a radially symmet-
ric solution pairu, K satisfyingXC(u) = « and maxX = K*, which is unique
modulo translation of the origin and scalingo€oupled with a translation af.
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1 Introduction
In this paper we study the nonlinear, fourth-order elliptic PDE
(1.1) Agfu(x) =1, XxeR?,

for a smooth scalar function : R? — R, whereAq = e Ay, is the Laplace-
Beltrami operator with respect to the conformally flat metrie= €go, with go
the Euclidean standard metric®f or Ag, = A the standard Laplacian @7, and

A € Rt a parameter. In the limit of small, the nonlinear equation (1.1) reduces
to the linear equation

(1.2) A%U(X) = A, XeR?,
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which is familiar from the linear theory of stationary buckling of a thin, elastic
plate under uniform load. For this reason, we will call (1.1) theonformal plate
buckling equation

For fixedA, equation (1.1) is invariant under the isometries of Euclidean space
R? and under the scaling — kx combined with the translation — u — Ink,
wherek > 0. On the punctured plane, (1.1) is also invariant under the Kelvin
transform (inversionk ~ x/|x|?> combined with the map(x) — u(x/|x|?) —
2In|x|. However, as we shall see, the singularity at the origin is not removable so
that invariance under the full Euclidean groupRsfdoes not hold.

If we allow A to change its value under a transformation, then (1.1) is also
invariant under the combined transformatior> u + ug andi — e %), Thus,
by choosing the constang = In /4, we can always achieve that

(1.3) A=1.

Henceforth we assume (1.3) without loss of generality.

For . = 1 the fourth-order equation (1.1) is equivalent to the nonlinear system
of second-order elliptic PDEs

(1.4) —AuX) = K (x)e?4™ |
(1.5) —AK(X) = €24 |

which describes a conformally flat surface o®# with metricg = gy and
Gauss curvature functiod = Kgy generated in a self-consistent manner. While
a considerable literature has accumulated about the celebrated prescribed Gauss
curvature problem wherk is given and only has to be found by solving (1.4)—
see(1,2,3,4,5,7,8,9,10, 11, 12, 13, 14, 15, 19, 21, 22, 23, 24, 25, 26, 27, 28]
and further references therein—the literature on self-consistent Gauss curvature
problems is relatively sparse [6, 16, 18, 20]. In particular, we are not aware of
any previous study of the self-consistent Gauss curvature problem (1.4)—(1.5), or,
equivalently, the conformal plate buckling equation.

We now present our main results for the conformal plate buckling equation,
which we state in their equivalent self-consistent Gauss curvature form. We are
interested in surfaces ovBF having finite area

(1.6) A) = /ezu(x) dx
R2
and finite integral curvature
(1.7) Ku) = f K (x)e24™ dx .
R2

THEOREM 1.1 Assume ue C?* and K € C?“ jointly solve(1.4) and (1.5) for
finite integral curvature/C(u) = «, and finite aread(u) = «. In addition, assume
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that K, e L1(B1(Xp)) uniformly with respect togg where K. = maxK, 0}. Then,
uniformly as|x| — oo, we have

1 1
(1.8) U() = —r>—> In|x] +u(0) + o f In|y|K (y)e*¥ dy + o(1) ,

R2

1 1
(1.9) K(x) = —ao— In|x| + K (0) + > / In|y|e®Y dy + o(1),
R2
with k € (2, 4m) and witha € (0, 2%/?7) given by

(2.10) a=+2@r — k).

Remark.

(1) Sincex € (2r, 4r), the mapec — « given in (1.10) is strictly monotoni-
cally decreasing, hence invertible, so that alternatively to (1.10) we have

(1.11) K =21 (1+,/1—%(%)2).

(2) The corresponding results for general positive laaid (1.1) obtain by
replacinga — +/A« in (1.10) and (1.11). This leaves the boundskon
unchanged, i.e.,”2 < k¥ < 4z, while the bounds oo change to O< « <

V2] 2.

Our next theorem asserts that the range of integral curvature values
(27, 4r) displayed in Theorem 1.1 is optimal, and so is then the associated range
of values of the area e (0, 2%/%x).

THEOREM1.2 For eachk € (2m, 4r) there exists a value K> 0 such that(1.4)-
(1.5) are jointly solved by any member of a unique orbit of radially symmetric
and decreasing € function pairs uy K, each pair having a common center of
symmetry xand satisfyingnaxK = K* and/XC(u) = «. The group actions for the
orbit are the translations of xand the scalings x> kx coupled with the target
space translations v> u — Ink.

Remark.A radial solution paiu, K is illustrated in Figures 1.1 and 1.2.

We conclude our introduction with two interesting open questions.

PROBLEM 1.3 Is the valu&K* in Theorem 1.2 uniquely determined by eacl
(2, 4m)?

Remark.We can show that there is a surjective map — « on the interval of
admissibleK *; Problem 1.3 asks whether this map is also injective.

PrRoOBLEM 1.4 Given the conditions stated in Theorem 1.1, are all solution pairs
u, K of (1.4)—(1.5) radially symmetric?



512 S. CHANILLO AND M. K.-H. KIESSLING

1.6 1 2 3

FIGURE 1.1. Graph of a radial solution of (1.1) as a function of the
radial coordinate. The parametex = 1.

1.4

1.2

-0.2

FIGURE 1.2. Graph of the Gauss curvatufefor the radial solutioru
displayed in Figure 1.1.

Remark.We tend to believe that the answer to Problem 1.4 is affirmative, but so
far a proof has resisted all our attempts.

We now turn to the proofs of our two theorems. Theorem 1.1 will be proved
in Section 2 essentially by using harmonic analysis techniques. Theorem 1.2 is
proved in Section 3 by applying techniques from scattering theory to an equivalent
scattering problem for a Newtonian point particlé&ifimoving in a given potential.
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2 Proof of Theorem 1.1

We begin with the observation that standard elliptic regularity theory [17] tells
us that ifu andK jointly solve (1.4) and (1.5), witlu € C%<, then by (1.5) also
K e C*¢, from which it now follows via (1.4) thati € C**, whenceu € C* and
K e C* by bootstrapping.

We next state a representation lemma.

LEMMA 2.1 Together with the hypotheses of Theorgérh equations(1.4) and
(1.5)are equivalent to the pair of integral equations

1
(2.1) Uux) = u(0 — 5~ /(In X —y| — InyDK (y)e® dy,
R2
22)  KO=KO- 5 /(In X — y] — In [yDEY) dy |
R2

PrRoOOF Clearly, ifu, K jointly solve (2.1)—(2.2) and satisfy the other hypothe-
ses of Theorem 1.1, then K jointly solve (1.4)—(1.5) under these hypotheses. To
prove the converse, let € C™ satisfy [ exp(2u)dx < oo, and letK € C* solve
(1.5). ThenrK is given by

(2.3) K(x) = H(x) — % /(In IX —y| —In|yDer¥ dy,
R2

where H (x) is an entire harmonic function dR?. Now, by hypothesisK, €
L1(B1(xg)), uniformly with respect tocg € R?. Thus, from (2.3) and exgu) e
L1(R?), we have thaH (x) < C + C In |x|, whenceH is a constant. By inspection
of (2.3), it now follows thatH = K (0).

We now take into account that ourlso solves (1.4) and th#tK exp(2u)dx <
co. Thenu is given by

1
@4 u0=hoo -5 [dnix =yl ~InyDK ) dy.
R2

whereh(x) is an entire harmonic function dk?. We now show thal(x) = u(0).

To this effect, having just proven (2.2), we now observe that (2.2) tells us that
K(x) < 0for|x] > R (with R sufficiently large, depending am), whenceu is
subharmonic forx| > R, and so iau,, the positive part oti. Thus, for|y| > 2R
we have|luy [y, < CllutllLig,y), With C independent ofy for |y| >
2R. But then, sincal € C*, we even havelu, |[Lx,,y) < CluillLie,qy)>
with C independent off € R?. Furthermore, we haviu, || 1g,) < C uni-
formly with respect toy € R2. Namely, settingh, = suppuy N Bi(y), we have
Ut llLaeyyy = MUllLaca,) < [Ay exp(2u) dx < [, exp2u) dx < oo, the last step
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by our hypothesis. Thus, we conclude that, ||, 1g,y,, < C uniformly with re-
spect toy € R?, as claimed. Hencelu, [|L=(B,,,y) < C uniformly with respect
toy € R? i.e.,u. € L¥(R?). Finally, fromu, e L®(R?), together with (2.4)
andK exp2u) € L1(R?), we conclude thah(x) < C + CIn x|, whenceh is a
constanth = u(0), by inspection of equation (2.4). O

COROLLARY 2.2 Assume uK jointly solve(1.4)1.5) and satisfy the other hy-
potheses of Theoreinl Then, uniformly agx| — oo, we have

(2.5) ux) = —Ki In|x| + u(0) + 1 / In|y|K (y)e®¥ dy + o(1),
2 2
R2

1 1
(2.6) K(X) = —oo— In|x| + K(0) + o f In|y|e®™ dy + o(1) ..
R2

PROOF By Lemma 2.1,u, K jointly solve (2.1)—(2.2), withlC(u) = « and
A(U) = «. By (2.2) andA(u) = «, we immediately have
K (X) 1
2.7 —— =——q.
@1 Ix|—o0 IN [X| Zna

Furthermore, sincE(u) = «, we conclude thaf,, In(1+[x[)e** dx < co. With
these estimates, our Corollary 2.2 now follows at once from (2.1)-(2.2). O

COROLLARY 2.3 Under the hypotheses of Theordm, the integral curvature is
bounded below by

(2.8) K > 27 .

PROOF. Assumex < 2. It then follows immediately from the asymptotic
formula (2.5) that/,, exp(2u)dx = oo, in contradiction to our hypothesis that
A(u) = «. Hence, the lower bound (2.8) holds. O

Our next result is a Pohozaev identity for the system (1.4)—(1.5).

ProPOSITION2.4 Under the hypotheses of Theorém, the integral curvaturer
and the areax satisfy the identity

(2.9) o? = 2c(4r — k).

PrOOFE. We multiply (1.4) by—x - Vu(x) and (1.5) by—x - VK (x); then we
integrate oveBg, apply the usual scheme of integration by parts on the left-hand
sides, and get, respectively,

(2.10) R/ <(U-VU(X))2— %IVU(XNZ)do = —%/ K (x)x - ve® dx,

dBRr Br

(2.11) R/ ((V-VK(X))Z— %WK(x)lZ)da = —/ezu(x)x-VK(x)dx.
Br

dBRr
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By multiplying (2.10) by 2 and adding the result to (2.11), we obtain

(2.12) R/ (Z(V-Vu(x))z—|Vu(x)|2+(v-VK(x))2—%|VK(X)|2) do =
dBR
—fx-v(K(x)e2“<X>) dx .
Br

Integrating next by parts on the right-hand side, using Yhak = 2 for x € R?
and collecting all perimeter integrals on the left side, we get

(2.13) R/ ((v - Vu(x))? — %|Vu(x)|2 + %(v VK ()% — %|VK(X)|2)do

dBRr
1
+ =R / K (x)e*® do = / K (x)e™ dx ..
2 dBR
Br
We now letR — oo. Clearly,
(2.14) f K(x)e®dx — k asR— oo.
Br
Furthermore, from Corollary 2.2 we infer right away that
(2.15) R/ Kx)e®do -0  asR — oo,
dBRr
» 1 2 K
(2.16) R (v -VuX) — §|Vu(x)| do — ym asR — oo,
TU

dBRr
» 1 2 a?
(2.17) R/ <(v-VK(X)) —§|VK(X)| >d0—> ym asR — oo.
aBRr
Thus, taking the limilR — oo in our identity (2.13), we obtain (2.9). Sinae> 0,
we see that (2.9) is identical to (1.10). O

COROLLARY 2.5 The integral curvature is bounded above by
(2.18) Kk < 4.
The area is bounded above by
(2.19) o < 2827
PrROOFE The bound (2.18) is an immediate spinoff of (2.9), recalling that, by

definition,a > 0. The bound (2.19) is an immediate consequence of (2.9) and the
lower boundk > 27; see (2.8) in Corollary 2.3. d

This concludes the proof of Theorem 1.1.
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3 Proof of Theorem 1.2

In this section we prove the existence of radial solution pai¥s of the system
(1.4)—(1.5) for all possible valuase (27, 47) of the integral curvatur& defined
in (1.7), having finite aread = « defined in (1.6) and given by (1.10). Looking
only for radial solutions reduces our PDEs forandu to two ODEs. We transform
these ODEs foK andu into a potential-scattering problem for a single Newtonian
particle inIR? that we solve by fixed-point arguments aided with gradient flow
techniques. This strategy is adapted from [20], where another self-consistent Gauss
curvature problem is considered.

Let¢ = f:(t) andn = f,(t) be the time-dependent Cartesian coordinates of a
point in R? that moves according to Newton’s equations of motion

d’e B\
3.1 — =
3.1) dt2 &

d?n B\
3.2 L
(3.2) dt2 n
in a fixed external potential

1

(3.3) VE = Snet

We will sometimes write (t), n(t) and&(t), 7(t) to denote solutions and their
respective time derivatives. We seek solutions of (3.1)—(3.3) that satisfy the as-
ymptotic conditions

(3.4) Jim &) —t = &,
(3.5) Jim (0 = i,
for suitable real constangs, andni, such that
. t
(3.6) lim 5O = C0SO,
t—>4o00
(3.7) lim M =sine,
t—>+o0 t

for some® € (—m, —%). Clearly, the asymptotic conditions (3.4)—(3.7) imply
that asymptotically in the infinite past and the infinite future the particle performs a
linear, unaccelerated motion. These two “asymptotically free motions” are linked
by a deflection of the particle off of its initial direction by an angbe which is
effected by the external potentidl. Our problem thus belongs under the category
“potential scattering.”

THEOREM 3.1 For each® € (-, —%) there exists a constamt, > 0 such that
for eachgj, € R there exists a unique solution pdirt), n(t) of (3.1)«3.3) satis-
fying (3.4)3.7). Within the family of solutions belonging to the samewe can
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4

FIGURE 3.1. The thick curve is a trajectory for the scattering problem
(3.1)—(3.7). The thin curve is the locus of singular points (see text).

switch from one solution to another by means of the transformgtion- &, com-
bined with a corresponding time translation+ t + &, — &; . This transformation
leaves® unchanged.

Remark. A trajectory solving the scattering problem (3.1)—(3.7) is displayed in
Figure 3.1.

Before we prove Theorem 3.1, we first show that our Theorem 1.2 is a corollary
of Theorem 3.1.

PROOF OFTHEOREM 1.2: Leté = f:(t), n = f,(t), denote the motion of
a Newtonian point particle ifR? according to (3.1)—(3.2) witW given in (3.3),
having asymptotic behavior given by (3.4)—(3.7). By Theorem 3.1, such a motion
exists. Inserting (3.3) into (3.1) and (3.2), the equations of motion read explicitly

(38) W = —7’]e .
d’n 1
T __ e

(3.9 &7 2e2 )

We now set = Inr forr > 0, define

(3.10) u(r) = fg(Inr) —Inr —%InZ,
(3.11) K@) =~2f,dnr),
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and find that for > 0, the functiongi(r) andK (r) satisfy

1d/ d N
(3.12) —Fa<rd—u(r)) _ R ()
(3.13) _%d£<r£K(r)> _

Moreover, we can se&K (0) = /27, andt(0) = &, — %In 2. ldentifyingr =

Ix — x| for x € R?, with x, the arbitrary center of symmetry, we recognize that
(3.12) is (1.4), and (3.13) is (1.5), for radially symmetkax) = K(|x — X.|)
andu(x) = U(]x — X|). Furthermore, from (3.9) it follows thad€ (x) is decreas-
ing away fromx,, and from (3.5) we hav&* = /2n;,. From (3.7) it follows
that K(x) ~ —+/2 sin®In|x| as|x| — oo, as claimed. We have the identifi-
cation 2r+/2 sin® = «, so that from (3.7) and (3.12) it follows th&t(u) =
(4 + /1672 — 202) /2 € (27, 47), as demanded by (1.11). Finally, translations
t — t + tg combined with an associated translatipn— & + & correspond to
scalingsr — kr combined with translations — u — Ink, which together with
the arbitrariness ox, proves thau, K is unique modulo the conformal transfor-
mations listed in Theorem 1.2. O

It remains to prove Theorem 3.1.

PrROOF OFTHEOREM 3.1: We begin byisting the symmetries of the ODE
system (3.8)—(3.9), which are:

e invariance under time translatiohs> t + tg,
e invariance under time reversal> —t, and
e invariance under homologous transformatigns- & + &,,t — e *nt.

By E. Noether’s theorem, invariance under time translations is associated with
the conservation law for the total (kinetic plus potential) endfgyf the Newtonian
unit mass point, where

(3.14) E =24 72 4 ne¥

Under the homologous transformatiagns> & + &, andt — e~"t, the conserved
quantity E transforms a€ — e*hE. Hence, to obtain all solutions of (3.8)—(3.9),
it suffices to obtain all solutions for three generic valuek€psayE = E, > 0,

E = 0, andE = E_ < 0. For the motion of interest to us, the asymptotic
conditions (3.4) and (3.5) give

(3.15) E=3.

LEMMA 3.2 A solutioné = f:(t), n = f,(1), of equation3.8)3.9) satisfying
(3.4)«3.7)is restricted to the regiofi(&, n) € R? : n < e %),
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PROOF. Since kinetic energy is honnegative, (3.15) cannot be achieved in the
“E = 1 forbidden zone” wherg > e~%. Hence, a solutio = f(t), n = f,(1),
of the Newtonian equations of motion (3.8)—(3.9) satisfying (3.4)—(3.7) is confined
to the region{(¢, n) € R? : n < e %}. It remains to show that a solution cannot
have a point in common with the bounday = e %} of the E = % forbidden
zone.

The boundaryy = €% of theE = % forbidden zone consists of all points
(£.n) € R? for which E = 3 is achieved if and only if = 0 = 7. Recall
that asingular pointon a trajectory is a point at which both= 0 andj = 0;
hence, the boundary of the = % forbidden zone consists of all the possible
singular points. A trajectory that contains (at least one) singular point is called a
singular trajectory Thus, a singular trajectory has at least one point in common
with the boundary of th&e = % forbidden zone. On the other hand, it follows
immediately from (3.9) that there can be at most one singular point on a singular
trajectory; hence a singular trajectory has exactly one singular point. By the time-
translation invariance of (3.8)—(3.9), we can assume that this point is reached at
t = 0. By the time-reversal invariance of (3.8)—(3.9), it now follows that on a
singular trajectory the forward motion with respecttte= 0 is identical to the
backward motion with respect to= 0. This in turn implies that the asymptotic
conditions are symmetric under time reversal as well. But then by (3.4) and (3.6),
we conclude that ca® = 1, which implies sir® = 0, which contradicts the
condition that® € (—x, —%). Hence, the motion on a singular trajectory cannot
satisfy all our asymptotic conditions. Put differently, a solution to our equations of
motion that does satisfy all asymptotic conditions cannot be singular. Lemma 3.2
is proved. d

LEMMA 3.3 Let¢ = f:(t), n = f,(t), solve(3.8)3.9) for the asymptotic con-
ditions (3.4)~3.5). Then the map &= f: o f,]*1 is well defined on the set,({R),
and we havé = f(n). Furthermore, there exists a unigqye < i, such that f is
strictly convex fom < n. and strictly concave fon > n-.

PROOF. Integrating (3.9) once, using (3.5), gives

t
(3.16) n(t) = —%f e*® ds.

Clearly, the mag +— #(t) is strictly negative for alt > —oo; hence, the map
t — n = f,(t) is strictly monotonically decreasing and thus invertible, giving
t=f 1.

Next, let” denote the derivative with respectifoAlong a trajectorys = fi(t),
n = f,(t), that solves (3.8)—(3.9) for the asymptotic conditions (3.4)—(3.5), we
then have

exp2£)

R 1.
= —(En—1n8) = 23

(3.17) =gz =7

(& — 2y,
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the middle and right sides evaluated athe left side at) = f,(t). By (3.16), the
mapt — 7° is negative and strictly monotonically decreasing.

Next notice that by multiplying (3.9) byrs2and subtracting that result from
(3.8), we get

d’e d’n
1 el I W
(3.18) a2~ a2

Upon integrating (3.18) from-oo to t, using integration by parts, we obtain

=0.

t
(3.19) (& —2nt) =1— 2/ 72(s) ds.

Sincet — 7%(t) is positive and strictly monotonically increasing, by (3.19) we
now conclude that the map— fioo 17(s) ds is strictly monotonically increasing
and strictly convex. Therefore there exists a unigusuch that the right-hand side
of (3.19) is strictly positive fot < t. and strictly negative fot > t.. Setting
n~ = f,(t.), we then conclude that the right-hand side of (3.19) evaluated at
t = fn‘l(n) is strictly positive forn > 5. and strictly negative fon < n.. We
thus conclude from (3.17) that along the trajectore f () we have

” >0 forn<n-~
(3.20) £(p) =
<0 forn>n-

as claimed. 0

By the convexity ofy — & = f(n) for n < 5~, it follows that a solutior =
fe(t), n = f,(1), of (3.8)—(3.9) and (3.4)—(3.5) that satisfies a linear botiog <
An + B for some constant®\ > 0 and B necessarily satisfies the asymptotic
conditions (3.6)—(3.7) for som® < (—x, —7%). Part of our existence proof will
concentrate on proving that fgr, large enough, such a linear bound brexists.

On the other hand, such a linear bound brwill fail to exist if n;, is nega-
tive. Namely, by (3.16) we havi(t) < O for allt > —oo, which implies that
supg n(t) = lim, _ n(t). By (3.5) we then have syp(t) = ni,. Therefore, if
nin < 0, we conclude thaj(t) < Oforallt > —oo.

Now integrating (3.8) once, using (3.4), we obtain

t
(3.21) E(t) = 1—/ n(s)e®® ds.
Sincen(t) < Oforallt > —oo if nin < 0, (3.21) now implies thai(t) > 0O for all
t > —o0, which contradicts the asymptotic condition (3.7), which is negative for
® € (-7, —%). Hence, we have the following:

PrRoOPOSITION3.4 If a solutioné = f:(t), n = f,(t), of (3.8)(3.9) satisfies
(3.4+3.7), with ® € (—m, %), thenn;, > 0.
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Next, letT = T (&n, nin) be the instant where the maximal Cauchy development
terminates. Then for < T the system of differential equations (3.8)—(3.9) with
asymptotic conditions (3.4)—(3.5) is equivalent to the coupled system of nonlinear
integral equations

t S
(3.22) E(t) = £+t — / f 18O dds,

t S
(3.23) () = 1 — %/ / O dads,

obtained by integrating (3.21) using (3.4) and integrating (3.16) using (3.5). We
remark that there do exist solutions that blow up at a finite fime oo if 5, is
below some critical value (in particular, this is the casgif< 0).

To analyze (3.22)—(3.23), we study the coupled iteration sequences
t S
(3.24) EM() = i+t — / / 2 S s s

1 t S e
(3.25) ™D () = gy — 5/ / " ® dsds,

n > 0, with the starting function© given by
(3.26) N0 ) = 7in .

By inspection one readily checks that, if the iteration sequences (3.24)—(3.25) with
starting function (3.26) converge for dll< T, then they converge to functions

& = f:(t), n = f,(t), solving (3.22)—(3.23). We have to show that for large
enoughni,, the sequences converge to functions also satisfying (3.6)—(3.7), in
which casel = oco.

LEMMA 3.5 For ni, > 0, the maps n— £™ and n+— ™ defined jointly by
the iteration sequenceg8.24)(3.25) with starting function(3.26) are pointwise
increasing and decreasing, respectively, for each fixed-too.

PrROOFE The claim of Lemma 3.5 follows by standard sub- and supersolution
arguments. Using (3.26), we see that (3.24)fet 0 reads

t S
(3.27) EOM) = &n 4+t — min f / e”® dsds.
Forni, > 0 the nonlinear integral equation (3.27) is solved uniquely by
2
(3.28) £Q@t)=—In cosh(t +&n—1In ( )) —In/7in .
Min

Thus, for allp > 0 andt > —oo the integral(*__ [°_|5|Pe%"°® dsds exists; in
particular, the integral exists fgg = 0. Therefore (3.25) fon = 0 is well defined
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forallt > —oo, and by integration we find™® (t) to be given by

1 2
nPt)=—=—In cosh(t +&n—1In ( ))
(329) 277|n A/ 77|n

t Sin 1
= 2 i — = IN 7.

21in 2Min " 4nin "
Clearly, ®(t) — ni, ast — —oo, andnP(t) ~ —n%t ast — 4o00; moreover,
n®t) < nin = n© for all t, which is seen by inspection of (3.29) but also follows
immediately from (3.25). Hence, (3.24) with= 1 has a well-defined solution
D) forallt < T, Moreover, (3.24) implies at once that) (t) > £©(t)
for all t for which £ exists. Hence, we conclude thg? < »Y and thus by
inductionn®*V < »® andg®+d > £® forallk > 0. O

LEMMA 3.6 Let €™ (t), ™ (t), solve(3.24)(3.26) Then there exists agT=
To(&in, min), iIndependent of n, satisfying the bound

(3.30) To>In (2 277in) — &in
such that for all t< Ty and for all n, we have
(3.31) n"W(t) > 0,

(3.32) EMV() < & +t.

ProoOF. Clearly, for eacn the functiont — »™(t) is strictly monotonically
decreasing and strictly concave. Singe> 0, there exists a uniqu‘Fb(”) &in, Min)
such that)™ (To(”)) = 0. Moreover, since the iteration map— »™(t) is decreas-
ing for eacht, we conclude that the sequerntce- TO(”’ (&n, min) is decreasing, too.
We need to show that it has a lower boufyd> —oc.

Now, by what we just said, it follows with (3.24) that for all T," we have
the n-independent upper bound (3.32) fgP’ (t). This in turn implies that for all
t < T.", we have the-independent lower bound

1
(3.33) PV = o — 0,

By setting the right-hand side of (3.33) equal to zero, we obtaimtmelependent
lower bound right-hand side (3.30) valid for alf™; thus theT," are bounded
below independently af by someT, satisfying (3.30). Lemma 3.6 follows. O

COROLLARY 3.7 The sequence r> (£M™(t), n™(t)), defined by(3.24)(3.26)
converges pointwise for all & T (the life span of the maximal Cauchy develop-
ment) to a solutiorn(&,(t), n.(t)) of (3.2243.23) This is the unique solution to
(3.8)+3.9) satisfying(3.4) and (3.5).

ProoF. It follows from Lemma 3.5 that the sequenge— (£¢™(t), ™ (1))
defined by (3.24)—(3.26) is pointwise increasing foand decreasing foy. By
Lemma 3.6, for alt < Ty the & sequence is bounded above and flgequence
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bounded below independently of Hence, these two sequences convergé far

To to solutionsg, (t) andn, (t) of (3.22)—(3.23). Furthermore, by our sharp upper
and lower bounds on any solutidrt) andn(t) fort < T « Tp, we can easily
show that the fixed-point map defined by (3.22)—(3.23) is a contraction mapping
in the space of integrable functions 6aco, 7) equipped with weighted* norm

Ih = /7 Ih(t)|e* dt; hence the solutions, (t) andn.(t) of (3.22)—(3.23) are
unique fort < t. (We skip the details of the contraction mapping proof here
because below we re-prove the uniqueness by a different argument that will be
needed in the sequel.)

Next, we can now pick any particuléy < t as a new initial time and solve
(3.8)—(3.9) fort > tg as a regular initial value problem with dataty) andn.(to).
Standard ODE results now guarantee that this initial value problem has a unique
solution for allt € (tp, T), and this solution satisfies (3.22)—(3.23) and can more-
over be computed with (3.24)—(3.26). Thus, the solutiut), n.(t)) is continued
uniquely fromt € (—oo, tg] tot € (to, T), and this proves the corollary. O

Having a unique solution to (3.22)—(3.23) for &ll< T, we also know that
T = T (n, nin). We now bootstrap to a sharper upper bound .

LEMMA 3.8 Let (&(1), n(t)) solve(3.8)+3.9) for the asymptotic condition8.4)
(3.5). Let Ty, be defined by)(T12) = nin/2. Then, for T, we have the lower
bound

(3.34) T2 > IN(2/Nin) — &in s

and for all t € (—oo, Ty/2) we have the upper bourgdt) < é(t), where

(3.35) Et)=—In cosh(t +&n—1In <2\/HZ>) _ In\/I;.

PROOF. As for Ty, for allt < Ty, we have the lower bound (3.33) for
By setting the right-hand side of (3.33) equaljig/2, we obtain the lower bound
(3.34).

Sincen(t) > nin/2 fort < Ty/2, we find from (3.22) that the solution to

t s
(3.36) EO = En+t— S f / O ds ds

is a supersolution fog(t) for all t < Ty2. Forny, > 0 the nonlinear integral
equation (3.36) is solved uniquely by (3.35). O
LEMMA 3.9 There exists somg™ > 0 such that whemi, > <™, then(t) has a

maximum at some finiteyT< Ty (the same Jas in Lemma.6). In that case, at
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t = To we have the bounds

(3.37) E(Ty) < —1n coshln(%) — In\/zé”,
—Incosh IMnin/+/2) +In+/2 -

(338) §(To) < 0.
I 7in
and
: _ 2
(3.39) A(To) > _\/1_ (In coshlr(nl,;/,;/i) In ﬁ) |

PROOF OFLEMMA 3.9: Theproof exploits the convexity properties éft)
fort > To. Namely, by (3.8), for alt > Ty, £(t) is concave (i.e., convex down).
Furthermore, for alt € (—oo, Ty2) (recall thatTy, < Top), &£(t) satisfies the
manifestly concave sandwich boungl® (t) < £(t) < &(t) given by (3.28) and
(3.35). LetT\ andTy be the instants at whicH (t) andé (t) take their respective
maxima, and lef 1> be given by the right-hand side of (3.34). It is readily seen
that T\ = IN(2//Tin) — &n and Ty = IN(2y/2/n) — &n. FOrmin > +/2 we
have the ordering-co < T,? < Ty < T12 < Ti2 < To. Furthermore, we
have the monotonic behavior that, s 7, we haveT,’ \, and Ty \,, but
T12 /. Now let7™ be the unique solution of©@(T,\”) = &(Ty,2). After a
simple manipulation, we see thﬁaﬁrit is given by

(3.40) 7t = /2 exp arcosh 2

Clearly,’ﬁ,%rit > /2. But then, by the geometry of the concave sandwich bounds
and the ordering and monotonic behavior of the various instances of time, we con-
clude that for alby, > 7™ we have that (T,\,)) > £(T1/2), and thereforé t) has
a unigue maximum at sonig, < Tl/z whenevemi, > ’ﬁicr{“.

Next, wheneven, > ﬁfnr” so thatt (t) has a maximum foffy < Ty, it follows
directly from (3.8) tha€ (t) < O forall Ty < t < To. Therefore, we conclude that
£(To) < £(T1,2), and this gives the bound (3.37).

The bound (3.38) follows once again by convexity arguments. Namely, by the
concavity ofé(t) fort > Ty, it follows that whenever, > ﬁ,-cnr“, we have that
£(To) < £(T1/2). To estimaté (T 1,2), we simply compute the slope of the straight
line joining the maximum of @ with £ (T1/,). By the convexity of these sandwich
bounds or¢, it follows right away that the slope of that straight line dominates
£(T1/2). This is the content of (3.38).

Finally, att = Ty we haven(Ty) = 0, so that by the energy law (3.15) we
have that (Tp)? + 7(Tp)2 = 1. Buts(t) < O for all t; hence at = Ty we have
7(To) = —(1—£(Tp)®)Y2. With (3.38) we now obtain (3.39). Finally, from the way
it is constructed, it is manifestly clear tigl is an upper estimate fo". O
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We now turn to the time zone> Ty and derive an asymptotically linear upper
bound for&(t) and an asymptotically linear lower bound figt), valid whenever
Nin > 7o Thus,nin > 75, and lete <« 1. Fort > T, define two map$. and
G, from C% x C°to C° by

(3.41) F.(X,Y)(t) =
t S
X(t)—e(X(t)— X(To)(t — To) — X(T0)+/ / Y (s)eX®) ds’ds),
To /To
(3.42) G.(X,Y)(t) =

t S
Y(t) — e(Y(t) —Y(To)(t — To) + / %ezx@ ds’ ds) ,
Te

0YTo
wheret — X(t) andt — Y(t) are any two continuous functions that satisfy
the initial boundsX (Tp) < right-hand side 0t3.37), X(Tp) < right-hand side of
(3.39, Y(To) = 0, and right-hand side of (3.39) Y(To) < O.
Now consider the coupled iteration sequences

(3.43) XM (t) = F(X™, Y™),

(3.44) YD (1) = G (XM, YD)y,

with the starting functions

(3.45) XOt) = X(To)(t — To) + X(To), t =T,
(3.46) YO@) = Y(To)(t — To), t>To.

LEMMA 3.10 The maps n— X™ and n— Y™ defined jointly by the iteration
sequencef3.43)}(3.44)with (3.41){3.42)and starting function§3.45)—(3.46 are
increasing and decreasing pointwise for alkt To, respectively.

PROOF. We prove Lemma 3.10 by induction.
First, obviously we havey @ (t) < Y©O(t) for all t > T,. Since furthermore

Y(To) < 0 by (3.16), we also hav¥@(t) < 0 for allt > To, and therefore
XD) > XOt) forallt > Tp.
Next, assume that for sonmewe haveX™ > X®=D gndY®™ < y-D — Q.
Then we find for alk > Ty that
X(n+1)(t) _ X(n)(t)
= F(X™, YM)(t) — F.(X P, YO Dy(t)

= (1—- (X" = X))

t
— / S(Ym) ()X ) _ y-1 gy X"V gg/ ds
To /To
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t
> —¢ / / TV ()RS _ y 0D )X Ve e g
B To /To
t
> —e/ fsy(n—l) (S/)(GZX(”)(S’) _ eZX(”‘l’(S/)) ds’ ds
B To /To
(3.47) > 0.

Here we have used (3.43) in the first equality, and (3.41) and (3.45) in the second.
The firstinequality in (3.47) is the induction hypotheXi® > X1 The second
inequality is a consequence of the induction hypoth¥§ts < Y™ The last
inequality is once again a consequence of the induction hypotKé&gis- XD

but now together witty ™D < 0. Hence it follows thah — X™(t) is increasing,
pointwise for eactt > Ty. Similarly, by using first (3.44) and next (3.42) and
(3.46), then the induction hypothe&§” < Y™ then the induction hypothesis
XM > X0=D together with the negative sign in front of the integral, we find for
allt > Ty that

YD) = YO ) = G(X™, Y)Y (1) — G(XM P, YO I)(t)

=(1-a(Y” =Y )t
t Sl n) (o (n-1) o
—e/ f ~ (e — X)) ds' ds
ToJTo 2

t 51
" (g (-1 (¢
S—e/ / S — X" 7)) ds' ds
To T02
<0

(3.48) <0,

and it follows thatn — Y™ (t) is decreasing for eadh> Tp. O

PROPOSITION3.11 The joint iteration sequence8.43){3.44)with initial data
(3.45)13.46) converge in the limit n— oo to asymptotically linear solutions of
(3.8)«3.9) that satisfy(3.6)+3.7).

PROOFE The initial dataX©(t) andY©(t) are linear functions of with t >
To. We now show first that a linear upper bound X" (t) together with a lin-
ear lower bound oY ™ (t) implies corresponding linear bounds ¥4+ (t) and
Y™+ (t). We then show that these bounds converge with oo to uniform linear
bounds for allX™ andY ™. These uniform linear bounds together with the mono-
tonicity of the coupled iteration sequences (3.43)—(3.44) stated in Lemma 3.10
imply that the sequences (3.43)—(3.44) converge. By inspection of (3.43)—(3.44),
we see at once that the limit functions are solutions of (3.8)—(3.9) foiTy, with
initial data satisfying the stipulated bounds. Therefore the conclusion holds in par-
ticular when the initial data are obtained frdtt), n(t) ast — T,, and then the
solutionsX (t), Y (t) fort > Ty coincide with the motion on that trajectory for &ll
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Moreover, the convexity of the trajectories fotarge enough (see Lemma 3.3)
now immediately implies that the trajectories are asymptotically straight, with the
motion on them asymptotically linear, satisfying (3.6) and (3.7), as claimed.

It thus remains to prove the uniform linear boundsXf andY ™. We begin
with the observation that, if for somrethe iteratesX™ andY ™ satisfy the linear
bounds

(3.49) XM(t) < pun x (t = To) + X(To),
(3.50) 0>YPM) >y x (t—Top),

with some positive constants, andv,, then the iterateX ™V andY ™D satisfy
the linear bounds

(3.51) XM () < pnya x (t = To) + X(To) ,

(3.52) 0>Y™D(t) > vpyq x (t —To),

with

(3.53) MUn+1l = Un + 6(X(TO) - SV—; - Mn) >
Mn

(3.54) Vg1 = Vn + e<Y(T0) + 5% — vn> .

Indeed, by the positivity of exp and by (3.49), we have
1Y o 1 (Y [ 1

(3.55) —/ f XV g ds < —/ / XV dg ds < —8—(t — To),
2 To Y/ To 2 To Y To Mn

while by the negativity ofy™ together with the positivity of exp, and then by
(3.50), we have

t S t o]
") (g ) (a’
/ / Y™ (s)eX" ) dg’ ds > / / Y™ (5)eX"®) ds’ ds
To /To To J/To

(3.56) o
>8—(t—To),
144
where
(3.57) & = exp(2X(Ty)) .

With these estimates the joint iteration maps (3.43)—(3.44), ®withnd G, given
by (3.41)—(3.42), now give (3.51)—(3.52) with (3.53)—(3.54) when (3.49)—(3.50)
hold.

Hence, to obtain a linear upper bound Xrit) and a linear lower bound on
Y (t), we need to study the coupled recurrence relations (3.53)—(3.54), starting with
initial data

(358) Mo = X(To) < 0,
(3.59) vo = Y(Tp) <O,
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satisfying
(3.60) pn24+12=1.

The last constraint follows from (3.14)—(3.15). The recurrence relations are valid
from n = 0 on upward as long a¥™ < 0. We need to show that for some
legitimateg andvg the recurrence relations converge to limitg andv,, in the
desired region of the, v-plane.

By inspection we recognize equations (3.53)—(3.54) as the forward Euler ap-
proximation to a gradient flow with time step defined as follows. We conve-
niently introduce a new, fictitious “time” variablee R* and ar-dependent point
(u(t), v(7)) € R? and we let Grad denote gradient with respecitov). We also
define

1
(3.61) W v) = 5 (= 1o + (v = 1)) — aﬁ

Then the gradient flow in question is given by

(3.62) d_(i(“’ v)(1) = —GradW(u, v)(7),
(3.63) (e, v)(0) = (1o, vo) ,

with initial data(ug, vo) in the set

(3.64) St_=S'nRZ _,
WhereRE,_ is the southwestern quadrantof v-space,
(3.65) R _={(u,v)eR?:u <0 v<0}.

If the gradient flow converges to a stable fixed point when starting at the initial da-
tum (3.63), then foe small enough the iteration (3.53)—(3.54), starting at (3.58)—
(3.59), will likewise converge to the same stable fixed point of (3.62). If that fixed
point is in ]Rz_’_ and the flow from(ug, vg) does not Ieavé&z_’_, then the propo-
sition is proved. It therefore suffices to inspect the gradient flow (3.62) for stable
fixed points inR? _.

Stable fixed points of the gradient flow (3.62) are critical point§\bfhat lo-
cally minimize W. Clearly, the paraboloidal part af, given by ((u — o) +
(v — v0)?)/2, has a unique minimum &g, vo), and an elementary perturbation
argument shows that for eac¢hg, vo) in the admitted set of initial data there ex-
ists ado(o, vo) > 0 such that, ifs < &, thenW(u, v) still has a unique mini-
mum at(uwm, vm)(8) in RE,_, with upm > o andvy < vo. Moreover, the map
o > dg Is strictly monotonically decreasing. On the other hand, the exponential
map X (Tp) — 8 given in (3.57) tells us that — 0 rapidly whenX(Ty) — —oo.
Also, ug — —1 asX(Ty) — —o0.

Because of (3.37), fafi, large enough we hav¥ (Tp) <« —1, so that we have
§ < 1 exponentially small, given in (3.57). Moreover, we haye, vp) € St
with two negative components that satisfy the asymptotic bounds (3.38)—(3.39)
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so that(ug, vo) is exponentially close to the poirit-1, 0). Therefore, for large
negativeX(Ty), we surely havé < §q. It follows thatW(u, v) then has a unique
minimum in the southwestern quadrant, very closedov, itself. Moreover, along
the linev = v thev component of the gradient flow is given Byu < O for u <

0. Therefore, the gradient flow (3.62) with initial datum (3.63) satisfying (3.64)
remains inRE,_ and converges tQum, vm). The existence proof is completeld

We have thus shown that for sufficiently largg > O there exists a solution
with the correct scattering asymptotics (3.4)—(3.7). We next re-prove our unique-
ness statement of Corollary 3.7 by a different argument that will recur in the sequel.

THEOREM 3.12 The solutiong&(t), n(t)) to (3.8)3.9) with asymptotic dat;y,,
nin in (3.4)«3.5) are unique.

PROOF. Let (&1(1), n1(t)) and(&x(1), n2(t)) be two pairs of functions that solve
(3.8)—(3.9) with identical data (3.4)—(3.5). We now defingt) = &;(t) — &(t)
andw, (t) = ni(t) — n2(t) and seu = (wg, Wy, w,, w,)". Note that

(3.66) HIi[noo ut) =0.

Next, by the mean value theorem we conclude that, sincand w, satisfy the
differential equations

d2
(3.67) dt“f = e 4 e |
d?w, 1 1
_ _ 5 ~ i
(3.68) = 2e2 +2e2 ,

there exists @ (t) € (Min(&1(t), & (1)), max(&L(t), &(1))) such that we can rewrite
the ODEs forw; andw, as

d2

(3.69) dt“f — w5t 2wy
d2

(3.70) dt“;" ——g

We remark that (3.69)—(3.70) are linear equationsdpandw,. \WWe now rewrite
(3.69)—(3.70) into the first-order systam= Au, where

0o 1 0 O
2 0 —e 0

0 0 o0 1
e 0 0 0

is the coefficient matrix. Notice that d&t= — exp(2¢ + 2&) < 0, whenceA is
invertible. More specifically, the characteristic polynomialfofs readily found
to be

(3.72) P(L) = A% + 21,6202 — 2121

(3.71) A=
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Solving for the roots of.?, we find two real values

(3.73) 2= (=t 2+ e,

one positive and the other negative. Hence, there are two real and two purely
imaginary eigenvalues of A. Now, in view of (3.66) the purely imaginary roots
do not contribute to the solutions with our scattering data. Next, the real roots are

(3.74) AR = bt 2 + P,

one negative and the other positive fortat R. Thus,¢(t) ~ —|t| fort — —o0;

by lettingt — —oo we see that the real roots converge to zero exponentially fast.
Hence the nontrivial orbits ai = Au coming from the real roots converge to
someu’ # 0 outside some ball ilR* centered at the origin. Therefore, the only
vector solution compatible with the asymptotic conditions (3.66) is 0, viz.

we (1) = 0= w,(t). Uniqueness is proved. O

We remark that Theorem 3.12, like Corollary 3.7, claims uniqueness not only
for the scattering solutions for which there i®ae (-, —%), but also for ar-
bitrary solutions to (3.8)—(3.9). We now return to those scattering solutions and
show that there exist scattering solutions for the whole range of deflection angles
® € (—=m, —%).

THEOREM3.13 For every® € (—m, —%) there is a choice of parameteng, > 0
and &, such that there exists a soluti@a(t), n(t)) to (3.8)+3.9) with scattering
data(3.4)H3.7).

PROOF. We argue via continuity.

DEFINITION 3.14 We defineS to be the set&, nin, ®) € R2 for which there
exists ajoint solutio§ = f:(t), n = f, (1), of (3.8)—(3.9) satisfying the asymptotic
conditions (3.4)—(3.7).

LetR* = (0, 00) and setW = R x R* x (-, —%). We will show thatSis
relatively open and closed iW. Clearly, by our existence proo§ is nonempty;
thus,Sis a connected nonempty set, and it follows that the projectid@anfto the
third component i§—x, —%). To show thatSis open, we will apply the implicit
function theorem to our ODEs (3.8)—(3.9) and $ixe S, and we have a solution
&o(t), no(t) with scattering datag.

To apply the implicit function theorem, we next consider the linearized part of
E=&+&+---andnp =no+ n1+ - -+, with & andn, small, satisfying

(3.75) Jim g1 = 0= lim n(t)
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and satisfying the linearized equations of motion

2
(3.76) % = —n1€%0 — 267e™0
d2
(3.77) dthl — g e

Rewriting these second-order equations as a first-order systew fer (¢4, 1),
we are led tor = Mv, with coefficient matrix

0 1 0 O
_ —2nee® 0 —e*0 0
(3.78) M = 0 o o 1

e 0 0 0

and withv(t) — 0 as|t| — oco. Clearly, similarly to the proof of Theorem 3.12,
we have deM = — exp(4&y) < 0, and the characteristic polynomial is

giving two real and two purely imaginary eigenvaluesf M for all t € R. Thus,
by the condition that(t) — Ofor |t| — oo, we conclude thai(t) = Oidentically.
Therefore, the implicit function theorem applies, and we may conclude that there is
a neighborhood abosg in W for which one finds solutions to (3.8)—(3.9) satisfying
the asymptotic conditions (3.4)—(3.7). Hen&4as an open set.

To show thatSis relatively closed, consider a sequesge S such thats, —
s. € W. We haves, = (&inn, 1in,n, ®n) ands* = (&%, i, ©®*). Note that we have
solutions of

d2
(3.80) o
&1 1 26
(3.81) -3 = =5

satisfying the scattering data fsy, by Definition 3.14 ofS.

Becauses, belongs to a bounded set with compact closuréVinby (3.22)
and (3.23) the asymptotic behavior @ (t), nn(t)) in (3.4)—(3.5) is uniform and
independent of the solutiof,, n,). Similarly, we have uniformity in (3.6)—(3.7).
That means, the error term is uniform mif s, remains in a set with compact
closure inW. Similarly, by differentiating (3.22) and (3.23) once and using (3.14)
and the uniformity in(n,(t), & (t)), we may conclude the same uniformity for the
derivatives. This allows us to conclude compactness at infinity.

First, we show that

3.82 2 52 .
(3.82) ilrfpg/ ) +nat) <c

To see that (3.82) holds, recall th&t is strictly monotonically decreasing, by
(3.9). Since by hypothesis lim. 1 (t) = sin®, and lim_, _,, 7y (t) = 0, we
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have thatn,| < | sin®,|, but alsog, < 0 and therefore,, is strictly monotonically
decreasing. Furthermore, as longjas 0, we have that, is strictly monotonically
decreasing, by (3.8), and whep = 0 att = Ty, we havei? + 72 = 1, by (3.14)
and (3.15). Thus, since also im_., £n(t) = 1, we conclude thaé,| < 1 fort €
(=00, Tg]. On the other hand, fdr> Ty we haven, < 0 by the strict monotonic
decrease ofy,, and thus by (3.8) we now have thit is strictly monotonically
increasing fort > Ty. But then, since lin, « & (t) = cos®,, we conclude that
€] < 1fort e (Tp, oo) as well. Thus, (3.82) is established.

Next we show that there is a poityf, with |t,] < ¢ independently oh and
someC independent of, such that

(3.83) 1En(tn) | + Inn(th)| < C.

Thus, pickt, = IN(2,/Minn) — &in.n. Then, by (3.32), we hav& (tn) < &inn + th.
We proved in Lemma 3.5 (see also the proof of Lemma 3.9) thét forT;, we
have&(t) > £©t), with £© given in (3.28), and this thus holds for agywith a
correspondingy/> n. Thus, since, < Ty2,, by (3.34), we have

(3.84) €n(tn) > —1In COSh(tn + &inn —In (2/«/ 77in,n)) —In/Minn

and the bounds fog, are established. Sincg belongs to a set with compact
closure, it follows that there existscaindependent ofi such thait,| < .

Next, we know that;, is a decreasing function, bounded abovenhy< 7in.

By Lemma 3.8, sincdy o > t,, we see thah(t,) > nn(T1/2,n). Thus,|na(ty)| is
bounded above independentlyrgftoo, and this finishes the proof of (3.83).

Next, using (3.82) and (3.83), we conclude the, mn)ll, ~,, < C(I), where
| is any bounded subinterval &. Thus, by using (3.82) and the Ascoli theorem,
we conclude thaté&,, n,) converges uniformly on bounded subintervalsioto
continuous functiongs*, n*).

Using now (3.8)—(3.9), this uniform convergence now implies that the second
derivatives(&,, ii,) are uniformly bounded on compact subinterval®oBince we
also have (3.82), by Ascoli’'s theorem again, the first derivatiggsj,) converge
uniformly to (¢*, 7*) bounded on compact subintervals®f Therefore, in the
sense of distributions,

ng_-*

3.85 = —n*e®,
(3.85) iz n
d?n* 1.
3.86 — =¥,
(3.86) dt? 2
We readily establish the following limits:
tIim t~1e*(t) = cos®*, tIim t~p*(t) = sin®*,
Jm @ —t=g,  lim 2'®=n.

Thus(&*(t), n*(t)) satisfies the asymptotic conditions (3.4)—(3.7); heiigg,n*)
is a solution, and therefor®@is open and relatively closed W.
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SinceW is connected an& # @, we conclude thaf is a connected set in
W. To finish the proof, we need to show that the projectiorSainto the third
component ofW is indeed the full interval—n, —%). SinceSis connected and
open, and since the projection map is continuous and open, the projecgintof
(—m, —%) is an interval, say?i, ¥2), with —7 < ¥, andd, < —%. Thus, for
instance, a®; — 4, eithernp ; — 0 orni, j — oo. Letn;(tj) — 0. Assuming
thatni, j — oo as®; — ¥4, from (3.22) we conclude thaj(tj)) — —oo, which
now contradicts the condition th&t; — #; € (—m, —%). Assuming thabi, ; —
0 as®; — v1, we again arrive at the contradiction by Lemma 3.4.

The other cases aig, ; — Foo for fixed ni,. Assume first thai, ; — —oo.
Then by (3.34) we see thd,, — +oo for fixed ni,, which means thag(t) >
nin/2 for all't e R, which is impossible. Finally, assume thigf; — 400 for
fixed nin. Then, since © is a subsolution fog, we have that

1 t S _
(3.87) n(t) < nin — 5/ / 7% gsds
for all t. Using (3.28), we obtain
(3.88) n(t) < min — ENF (),

whereF (1) is a monotonically increasing, positive function, aat) — 0 expo-
nentially fast as — —oo. Next, letTy; be defined by)(To ;) = 0. Clearly, we
now conclude from (3.88) and the propertiesfothat To; — —oo asé&,; —
+oo. But then we conclude thatl < 7(t) < 0.5sin®, forallt > To;, with
To,j = —o0 asé&i, j — +oo, in contradiction to (3.5).

This concludes our proof of Theorem 3.13.

The proof of Theorem 3.1 is complete.
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