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Abstract: An estimate is derived for the Jacobi polynomial Cesaro summation
kernel of arbitrary positive order. This is used to show that the supremum of the
Cesaro summation operators is weak type (p,p) at the lower critical value of p
and weak restricted type at the upper critical value. An immediate consequence is
the convergence almost everywhere of the Cesaro summation operator for functions
in LP for the lower critical value of p. It is also shown that the supremum of
the Cesaro summation operators is not weak type at the upper critical value and
not strong restricted type at the lower critical value. For p not between the
critical values the growth of the p norm of the Cesaro mean operator is

determined.

Key words: Jacobi polynomial series, Cesaro means, Weak type estimates, maximal

Cesaro summation operator.
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1. Introduction. The principal results of this paper concern norm estimates for

Ti(x) = sn)xg]ar(la’m’o(f,x)l, where a[(la’ﬂ)’e(f,x) is the n*® Cesaro mean of order
n2

6 > 0 for the Jacobi polynomial expansion with parameters a > -1 and [ > -1
of f(x). Let 7 = max(af). At the lower critical value of p,

max(%;_%%ﬁ, 1), we show that T is weak type (p,p). For 6 < v + % , at
the upper critical value of p, é%% we show that T is weak restricted
type (p,p). This is also true for 6 = v + % provided 2 < p < . For
6>+ % we also show that T is strong type (w,0). These, of course, imply
that T is strong type (p,p) for p between these values. We also show that at
the lower critical value T 1is not strong restricted type (p,p) and at the upper
critical value T is not weak type (p,p).

Previous related results include the statement by Askey and Wainger on page
483 of [3] that aga’ﬂ)’o(f,x) is strong type (p,p) if p lies between the critical
values, @ > -1/2 and [ > -1/2. Bonami and Clerc in theorem (6.4), page 255 of
[4], showed that T is bounded for p between the critical values provided
a = f > -1/2. Their statement includes the critical values, but this is clearly a
misprint. Their proof does not include these values and Askey and Hirschman in
theorem 4c, p. 173 of [2], show the unboundedness of T at these values. This is
also shown in theorems (21.1) and (21.2).

Our principal results are obtained from an accurate estimate of the Cesaro
kernel obtained here for all 4 > 0, @« > -1 and S > -1. This is derived in
§83-14; the estimate is stated in §14 in various forms. This estimate has many
applications besides the weak type results mentioned above. These include new

simple proofs of the summability theorems 9.1.3 and 9.1.4 of [13]. The summability

Received by the editor February 15, 1991 and in revised form October 22, 1991.



2 SAGUN CHANILLO AND BENJAMIN MUCKENHOUPT

results in (2], (3] and [4] are immediate consequences of theorems (1.1), (1.2) and
(1.3) with less restriction on the parameters; they can also be proved directly from
our kernel estimate without interpolation. Weighted norm inequalities for Cesaro
sums of Jacobi series, including ones that cannot be proved by interpolation, can
also be proved easily using the kernel estimates.

The main results are proved in §§15-17. As usual it is easier to prove norm
inequalities by changing the variables x and y of the Cesaro summation kernel
to cos s and cos t and taking the function to be 0 on half the interval.
This approach is used to obtain norm inequalities for the supremum of the Cesaro
sum operators in §15 and §16 at the lower and upper critical values respectively.
The final forms, theorems (1.1)—(1.3) are then proved in §17.

In §§18-20 we derive results needed to estimate upper and lower bounds of
the p norm of Cesaro means for p not between the critical values. These are

at the upper critical p and

[

used in §21 to prove that Iiﬁp Ilal(xa’ﬂ )’0(f,x)
=1

Ec{mlxpl]“ar(la’ﬂ)’a(xE,x)” p at the lower critical p are unbounded functions of n.

An obvious question remains as to whether [sup ]”ar(la’ﬂ)’a(xE,x)"p is bounded
Ec[-1,1

at the upper critical p. We conjecture that it is but observe in §21 why this
cannot be proved from an upper bound for the kernel.

Finally, in §22 we use the results of §§18-21 to obtain upper and lower
bounds for ||mﬁp lllal(la’ﬂ)’a(f,x)“ p for p not between the critical values. This

improves a result of Gorlich and Markett [8] by giving upper bounds that are
constant multiples of the lower bounds and being valid for a larger range of the
parameters.

Our main results are the following.
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Theorem (1.1). If a > -1, f > -1, v = max(a,f), 6 > 0,
47+4 .
p = max(1 ,%ﬁ), a >0 and E(a) is the subset of [-1,1] where

suplal(la’ﬁ)’a(f,xﬂ > a, then there is a constant c, independent of f and a such
n>0

that

1
f 1£(x) | P(1-x) %(14x)? dx.

J (1% (14x)P ax ¢ &
E(a 1

aP

Theorem (1.2). If a > -1, 4> -1, v = max(a,f), 0 < 6 < v+ 1/2,

p = 2‘})‘_;4_‘_1, a >0, Hc[-1,1] and E(a) is the subset of [-1,1] where
sup|al(la’ﬁ )’0(XH,x)| > a, then there is a constant c, independent of H and a,
n>0

such that

B B
JE(a)(l—x)a(l+x) dxga—cp-JH(l—x)a(l+x) dx.

This is also true if 0 < § = v+ 1/2 and 2 < p < m.

The following simple result completes theorem (1.2).

Theorem (1.3). If a > -1, § > -1, v = max(e,f), 6>0 and
6 > v+ 1/2, then there is a constant ¢, independent of f, such that

Isupl o @B 511 < el
n2

where | ||~ is the essential supremum on [-1,1].
The following convergence theorem is a consequence of theorem (1.1) and

proposition 6.2, p. 95, of [14].
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Theorem (1.4). If a > -1, § > -1, v = max(a,f), 8 > 0,

1
4v+4
p = max(1,27+2 +3) and J|

x in [-1,1], lim o{®¥tx) = f(x).

n-+ o

f(x)]p(l—x)a(1+x)ﬂ dx < w, then for almost every

Given our estimate of the kernel, the proofs of theorems (1.1), (1.2) and (1.3)
in §§15~17 are straightforward, being based primarily on Holder’s inequality and
Hardy’s inequality. An interesting extension of Hélder’s inequality, lemma (16.5) is
needed to prove theorem (1.2); this lemma is valid when the functions are powers of
x times characteristic functions. The proofs are long, however, because the
estimate of the kernel used is a sum of eleven parts and each part is treated
separately.

More complicated is the derivation of the estimate for the kernel. This is
done in §§3-14. The result is stated in theorem (14.1) and in alternate forms in
corollaries (14.2) and (14.7). The most troublesome case for arguments (cos s,
cos t) with 0 <t <s/2 and 1/n < s < 7/2 is treated in §§3-8. It might
appear that a high order asymptotic formula like (2.15) could be used for this.

This fails because essential cancellation is provided by Pl((a’ﬂ )(cos t) for k
between 1/s and 1/t while the error term for Pfxa’ﬂ)(cos t) is larger than the
principal term for k in this range. The procedure used is an inductive one using
summation by parts. This is complicated for several reasons. First, the obvious
way to sum by parts is to sum one polynomial times a suitable function of k and
to difference the rest. This can be done but the result is no easier to estimate
than the original. The procedure used here is to sum the product of the poly-
nomials times a suitable function of k and to difference the rest. Unfortunately,
there is no simple closed form expression for the sum after the first summation by

parts, so asymptotic expansions must be used. In addition, to make the induction
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work the sum has to be re—expressed using an identity that leads to more terms
and another asymptotic expansion. High order asymptotic expansions are needed to
obtain error terms small enough that suitable estimates can be obtained without
using cancellation. The basic summation by parts procedure is contained in §6.

Another complication of the estimation for 0 < t < s/2 and 1/n < s < 7/2
is that the summation by parts procedure reduces the order of summation @ in
some terms and introduces negative powers of k+1 in others. Consequently, the
starting point for the induction consists of two parts: one for sums with large
negative powers of k+1 given in §3 and the other for sums with -1 < 6 < 0
given in §5. The estimation in §3 is a straightforward estimation of a sum of
absolute values, but in §5 the cancellation of terms is still essential and requires
another summation by parts result proved in §4. The induction argument is given
in §7; this produces a general result which is used to obtain the Cesaro sum
estimate for this case in §8.

The case |[s—t| > a > 0 is treated in §§9-12. this is again an inductive
proof using summation by parts but simpler than §§3-8. This case is needed for
the last estimate in theorem (14.1) as well as filling in the case 7/2 < s < 3r/4
in the second estimate.

For s/2 <t < s-2/n an asymptotic formula (2.15) of Darboux is used. This
is done in §13. The proof of theorem (14.1) is completed in §14 by proving the
estimate for a few simple cases. The alternate statements, corollaries (14.2) and
(14.7) are also proved there.

For readers familiar with a result of Gilbert, theorem 1, p. 497 of (7], the
method used here to prove theorems (1.1)—(1.3) may appear unnecessarily

complicated. Gilbert’s result produces weak and strong type norm inequalities for
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operators associated with various orthogonal expansions from the same norm
inequality for the corresponding operator for trigonometric expansions. His proof is

based on the fact that an easily obtained estimate K(x,y) of the difference of the
T

kernels of the two operators has the property that Ti(x) = J K(x,y)f(y)dy is
0

strong type (p,p) for 1 < p < o on [-m7] with weight function 1. This does
not work here, however, because, as shown at the ends of §§15 and 16, Tf 1is not
a weak type operator for the weight functions and values of p used.

The upper bounds for [l5ﬁp ||ar(1a’ﬂ )’o(f,x) in §18 are also a
fl| =1

Iy
straightforward derivation from the kernel estimate of theorem (14.1). The lemmas

in §§19-20 are modification of results in [2] and the proofs are similar to those in

[2]. The theorems in §§21-22 follow easily from the rest of the paper.

2. Facts and definitions. For « and [ real and n a nonnegative

integer

o n-m m
p(®A) = ¥ AFoEhedy it
m=0

is the usual Jacobi polynomial. Define

(2.1) ${@P)(s) = +{®Pp(@B)(cos s)(sin 5/2)2T1/2(cos s/2)7+1/2

where

T 1 1/2
& e O A
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For a > -1, § > -1, the functions ¢I(la’ﬂ)(s) are orthonormal on [0,7] by
(4.3.3) of [13]. Given a nonnegative integer J and a fixed integer d, the definition
(2.2) shows that there are real numbers Cj’ 1 < j < J, independent of n such

that for n > max(0,-d)

(2.3) 129 = T cfar) T2 ey IR

From (4.1.3) of [13] we have

(2.4) p{®A)(x) = (-1)® PP x).

From theorem 7.32.2 of [13] and (2.4) it follows that if d is a fixed integer, «

and [ are fixed real numbers and n > max(0,—d), then
(2.5) 1P 2P < e B{®A),

where c¢ is independent of n and x and

(n+1)® 1—(n+1)2 ¢ x <1

. o0 = (a41)" V20214 g ¢ x < 1-(n+1)‘2

' n T e 2P i) < x <o
(n+1)ﬂ -1 ¢ x¢ -1+(n+1)‘2 :

For a > -1, § > -1, the estimates of (2.5)—2.6) can also be written in the form
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[(n+1)x] @+1/2 0¢ x ¢ 1/(n+l)

2.7) 192 Pl ¢ e 1/(n+1) ¢ x ¢ m=1/(n+1)
c[(n+1)(w——x)]ﬂ'{h1/2 1/ (n+l) < x <7

Given a,4,7 and 0§ greater than -1, k, u, v and J integers, J > 2

and x and y, we define

28)  Qxy) = ZE[P{E Aep( T, 0) - (2 Awp( T F].

Then by (3.7) of [9], we have

Quxy) -Q_;(xy) A +By
D (xy) T >

(2.9) Pl({il’lﬂ)(x)P](‘z"lé)(y) -
where Ak is a sum of terms of the form

(2.10) a’(‘—:?jﬁ p{oh) (X)Pl((z\’;é)(Y)

with U=u or u-1, V=v or v-1,2<j<J-1 and ab and ¢

independent of n,x and y and

(2.11) 1B, | < ce+)™ E{Px) E{)y).

y (6.9)6.11) of [9], Q(x,y) equals the sum of

(213) Gyt pesivtd pl e/ p{ 1m0y

and



(2.14)

CESARO SUMS OF JACOBI POLYNOMIALS

p(a B) p(’Y 6)

2k+3 Q v
[k+u+1 —k+v+1} kru  (KIPELT(0).

4

We will need an asymptotic formula of Darboux, (39) p. 44 of [6] in the

following form. There are functions ui(x), 1 <i < 4, independent of n and

analytic on [0,7] and a constant c, independent of n and x such that

(2.15)

s

(2.16)

+§)l <

0420~y (0 + oo nx o) + o oosns

n sinx nsinx
C

[n sinx]2.

We will need the summation by parts formula

n n—1

) alb =ab -agbo - Y by Aay,
k=m k=m

where Acy, = ¢ +1% and the following lemma proved by taking

n
b= ) -¢ in(216).
=k
Lemma (2.17). If ay is nonnegative and increasing and m < n, then
n
a,c | <a max Cl-
1{kak nmSanijk
The nth orthonormalized Cesaro kernel of order § is defined by
n
B),0 1 4 ) ,
(2.18) k(@AY 1) = ) A% ol @Ayl Ay,

n k=0

where Ag = (n+0) for n>0 and 4> -1. In particular A;l =0 for

n
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n >0 and Aal = 1. We will use the fact that Az >0 for n>0 and
f > -1. For fixed 6 > -1, the sequence Ag is monotone in n, increasing if

6 > 0 and decreasing if 6 < 0. For all 6 we have

(2.19) A ¢ cn+1)?

n -

with ¢ independent of n, and for 8 > -1 we have

0 6
(2.20) (n+1)” < c Aj
with ¢ independent of n. Also needed is
0 6 6-1
. AT - A7 . = A"
(2.21) j j-1 j
and the summed version of (2.21)
n
g _ ,0+1
(2.22) Y AL = AT
k=0
By (4.5.2) of [13] we have
w(s,t)u(a’ﬂ)
(2.23) Kr(la’ﬂ)’o(s,t) = % Q,(xy)
where
(2.24) Ws,t) = (sin s/2 sin t/2)T 2(cos s/2 cos t/2)PH1/2,

forany J > 0



CESARO SUMS OF JACOBI POLYNOMIALS
-1 )
(2.25) @) =94 dn+1) + O(@+1)™)
j=1-J

with dj independent of n, x = cos 5, y = cos t and Q  as defined in (2.8)
with y=a, 6 =0 and u=v =0 Using (2.16) with a, = Ag—k and
by = K]((‘_)‘iﬂ)’o(s,t), we see that

n
(2.26) k(®:Ys1) = A% SR )
n k=0

Although most of our estimates and proofs will use Kl(la’ﬁ)’a(s,t) we will

make some use of the basic Cesaro kernel

n 0
(227) L(a7ﬂ)’0(x y) - 1 2 An—kpl((a’ﬂ)(x)Pl((a’ﬂ)(y)
' | Xnﬁ k=0 Ji P{P)(1)? (14)%(14+1) dt

With this definition the nth Cesaro mean of f,

(228) o{@00x) = [ x5)1) %145
-1

and by (4.3.3) of [13] we have the equality

a1 (a,8),0
PR (GRS

(a:ﬂ)!o = .
(B2 s o) o1 /2)]  Pcas(o 2)ean( )P 1

The following conventions will be used. Norms will be on [-1,1] and

weighted so that for 1 < p < w

11



12 SAGUN CHANILLO AND BENJAMIN MUCKENHOUPT

1 1/
(2:30) I, = [ 169 1P ]
1

and the weak norm
1/p
(2.31) ., = [sup a,pJ (l—x)a(1+x)ﬁ dx] ,
p,e a>0 E(a)
where E(a) is the subset of [-1,1] where |f(x)] > a. The function Xp(x) is
the function equal to 1 if x € E and 0 if x ¢ E. The letter ¢ is used for
positive constants not necessarily the same at each occurrence. For p satisfying

1<p <o p’ = p/(p-1). An expression of the form [x] will denote the greatest

integer less than or equal to x when the brackets have no other function.

3. An absolute value estimate for 3(1-y) < 2(1—x). This section consists of

the proof of lemma (3.1). This lemma is used to estimate error terms in the proofs

of §84, 5 and 7.

Lemma (3.1) If «f, v and 6 are greater than -1, 0 < 3(1-y) <
2(1=x) <2, M = [(l—x)—1/2], n is an integer, n > M, 4> -1, b > 0, t < 0 and

t < 2b-v-1/2, then

n
(3.2) (1—y)b 2 <k+l)‘A§_k El((a,ﬂ)(x) E]((%??)(y) <e n0(1_x)b—(a+'y+t+1)/2,
k=M

where c¢ is independent of x, y and n.
To prove this if n < 2M, observe that in this case (2.6) implies
El((a’ﬂ)(x) <cM?% and El("y’&)(y) <cM7 for M < k < n. Therefore, the left
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side of (3.2) has the bound

n
k=M

By (2.19) we get the bound c(l——y)b(M+1)t+a+7+0+1. Since 0 < 1-x < 1, the

definition of M shows that
(3.3) (M+1)/2 < (1=)"Y/2 ¢ M+1.

From this we see that c(M+1)t+0’+'7+‘9+1(1—y)b is bounded by the right side of
(3.2).
To prove lemma (3.1) for n > 2M, let N = min([n/2], [(l—y)_1/2]) and

write the left side of (3.2) as the sum of

N

(3.4) 19° § )t Al E{@Aae( 1),
k=M
[n/2]

(3.5) 15° ¥ )t Al B @A E{ 1)),
k=N+1

and

(3.6) 1v°® ¥ )t AL B @A E( M),
k=1+[n/2]

To estimate (3.4), use (2.6), (2.19) and the fact that (l—y)b < N2 o get the

bound

N
e nf(1x)"0/2-1/4 e JytH T2/
k=M
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Since t+7-2b-1/2 < -1, this has the bound

¢ n0(1-x)0/ 271 /4t 1-2b+1/2

By (3.3) we see that this is bounded by the right side of (3.2).
To estimate (3.5), note first that it contains no terms if [n/2] = N; we may

assume, therefore, that

(3.7) N = (19 < /2.

Now use (2.6) and (2.19) to show that (3.5) is bounded by

n/2
(3.8) enf(1-x)7/ 24P 2y gyt
k=N+1
Since t < 0, the sum has the bound c(N+2)t. By (3.7) and the fact that
0 < (1-y) < 1, we have

(1y)"12 ¢ N2 ¢ 3(1y) /2
Therefore, (3.8) is bounded by
(3.9) ¢ 0015~/ 21/ 4 _y)p-(r+t+1/2)/2

Finally, since the exponent of (1-y) 1is positive, we can replace (1-y) by (1-x).
This produces the estimate for (3.5).
For (3.6) we use (2.6) to get

c(n+l)t_1/2(1—X)_a/2_1/4(1‘3’)b Er(l’y’é)(Y) 2 Ag——k :
k=[n/2]+1
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By (2.22) and (2.19), this is bounded by

(3.10) e(nt1)bH0+1/2(1_gye/2-1] 4(1-y)bEI(17’6)(y).

If (1-—y)_1/2 > n, then (3.10) is bounded by

Since t+79-2b+1/2 < 0 and n+l > (l—x)_l/z, we can replace
(aa1)tt12OHL/2 o (gDt 1HL/2)/2 40y et the right side of (3.2). If
(1-y)/2 < 1, then (3.10) is

c(n+1)t+ 0(1—x)_a/2_1/4(1_y)b"Y/2‘1/4.

Since t < 0, we can replace (n+1)t by (l—y)'t/ 2

This gives (3.9), and, as
shown when estimating (3.5), we have (3.9) bounded by the right side of (3.1).

This completes the proof of lemma (3.1).

4. A basic estimate for 3(1-y) < 2(1-x). To obtain Cesaro sum estimates,

we will first need a fact about sums of products of polynomials. This is contained

in lemma (4.1); the rest of this section is the proof of this lemma.

Lemma (4.1). If a, 6, v and § are greater than -1,

0 < 3(1-y) < 2(1—=x) €2, j,n,u and v are integers, t is real and
1/(2y1=) < j < n, then

n

(4.2) ‘ J k1)t P{%P))p{ 7:8)y)
k=]
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has the bound

(4.3) c(1=x)~ af2-3/4 .o (k+1)4 -1/2 (7>5)(y)
j<k<n

where c¢ 1is independent of j, n, x and y.

To prove this, use (2.9) with J = 2 to show that (4.2) is bounded by the

sum of
(4.4) | Z Qk-—l( x,y) (k+ )t—l
and
1 (@) g0
ws) o3 BP0 B

y—x
k=j

To estimate (4.5), use (2.6) and the fact that

(4.6) yx = (1=x) - (1) 2 (1-x)/3
to get the bound
c(l_x)—a/2-5/4 z (k+1)t_5/2El((7’6)(y).
k=
This is bounded by

¢(1-x)"/2 5/4[max (k+ 1)t 1/2E(7’5)(y] 2(k+1

j<k<n k=j

Since 1/j < 2yT—=x, the sum is less than cy/T—x and we get the bound (4.3).
To estimate (4.4), use (2.16) to show that (4.4) is bounded by the sum of

(47) ) Q] + S+ TRy ()]
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and
n—1

Y Qxy)Ak+1)
k=]

C

(4.8) =

To estimate (4.7) and (4.8) we shall use the fact that Qk(x,y) is the sum of
(2.12)—(2.14). For k > 1/(2yT=), the quantity (2.12) equals

(4.9) c(1=x)(k+)P{ 2T 1P p( 120 (y) + O[(1—x)_a/2+1/4(k+1)_1/2E1((7’5)(y):‘,

and the absolute value of (2.12) is bounded by

(4.10) o(1-x)" 2 A1y 1)1 2B (1),
The absolute value of the sum of (2.13) and (2.14) is bounded by
(411) o) /2 (1) 2B y) 4 (k1) (1) 2 AR 1)y

From (2.6) it follows that

(4.12) {710y ¢ L g{10y).

Vi-y
Using this and the inequalities I-y < yI—x and (k+1)—1 < yI=x, we see that
(4.11) also has the bound (4.10). Therefore,

(4.13) 1Q(x3)] ¢ c1—x) " HH Y 1) 28 (1)),

Using (4.6) and (4.13) in (4.7) immediately gives the estimate (4.3). For (4.8)
we consider the cases j > 1/yT-y and n < 1//I-y; thecase j < 1/yI-y <n
then follows by adding the estimate for the sum from j to [1/yI=y] to the

estimate for the sum from [1/yI-y] +1 to n.
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For the case j > 1/yI-y, we use (4.6), (4.13) and (2.6) to show that (4.8) is
bounded by
n—1
k=j
This has the bound

(1) 27341y /4[(11 )L +1)t—1]

and by (2.6) this is bounded by (4.3).
To estimate (4.8) for n < 1/yI-y, consider first the case 7+t # 1/2. For

this use (4.6) and (4.13) in (4.8); then use (2.6) and the fact that
|A(k+1)t_1} < c(k+1)t_2 to get

n—1

c z (l_x)—a/2—3/4(k+l)t+7—3/?

k=j
By (2.6) this is bounded by (4.3). Finally, to estimate (4.8) if n < 1/y/I-y and
)—2

¥+t = 1/2, use (2.6) and the fact that 1-y < (k+1 to show that (4.11) has

the bound

(k1)1 2(1x) 2L/,

Since the error term in (4.9) also has this bound, we see, using (4.6), that (4.8) is

bounded by the sum of

(4.14) ‘ Epk Er L yp{ 71 (y) (kb 1) Ak+1)

and
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n
(4.15) ¢ Y (k+1)1F45/2 ()70 25/,
k=]
. t-1 _ t-2 t-3 .
For (4.14), write A(k+1)" " = c(k+1)"“ + O((k+1)" ~). This shows that (4.14)

is bounded by the sum of

n
t-1 1
(4.16) c‘ } (k1) tp{ FLA) (7. 8)(y)
k=j
and (4.15). Since 9+t-1 = -1/2 # 1/2, the case already proved shows that (4.16)

is bounded by

c( l—x)_a/2_5/4 max (k+1)t—3/2(k+1)7.

j<ksn
Since 7y+t-3/2 = -1, the maximum occurs at k = j and the estimate is
(4.17) o(1-x)"¥275/4(j4 1yt +1-3/2)
. -1/2 , .
Since (1-x) < j+1 we have the bound

c(l_x)—a/2—3/4(J+1)t+7—1/2

which is bounded by (4.3). For (4.15) the exponent of k+1 is -2, and we again
get (4.17). Therefore (4.15) also is bounded by (4.3). This completes the proof of
lemma (4.1).
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5. A kernel estimate for 3(1-y) < 2(1=x) and -1 < 4 < 0. We state and

prove here Lemma (5.1) which is an estimate for a restricted range of ¢. This
lemma is the basis of the inductive argument in §7 that removes the restriction

g <o0.

Lemma (5.1). If a, §, v and § are greater than -1,
0¢<3(1-y) £2(1=x) <2, M= [(1—x)_1/2], n, u and v are integers, M < n,
t <1 and -1¢< 8 < 0, then

n

(5.2) |k2M(k+1)t A% p{eAp( 1.8y

has the bound

(5.3) cn9(1—x)‘(a+7+t+1)/2 + C(l—X)‘(‘H0+3/2)/2[min(n,(1_y)‘1/2)]7+t‘1/2,

where c¢ is independent of n, x and y.

It should be noted that in lemma (5.1) the same proofs can be used if
t > 1; in this case if n > (l—y)—l/ 2 the second term in (5.3) must be replaced
by

c nt—l(l_x)-(a+ 0+3/2)(1_y)—(7+1/2)/2.

We will, however, only need an estimate of (5.2) for t < 1.

To prove lemma (5.1) if n < 2M, replace Pl((fﬁﬁ)(x) and Pl((l",&)(y) by
El((a’ﬂ)(x) and E]((’y"s)(y) respectively. The estimation is then completed in the
same way as the case n < 2M was done in the proof of lemma (3.1). We will,

therefore, assume that n > 2M. The proof consists of estimating separately
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[n/ 2] p 5

(5.4) | 1 et Al P8 Pr( ) ),
k=M
n-M

(5.5) k [2/2] 1(k+1) Al plaBp(T, y)’
=[n/2|+

and

(5.6) Ik EM (k+1)t AL P(%Axp{ 7, ")y)l.
=n-M+1

To estimate (5.4), use the fact that Ag_k is an increasing function of k with

lemma (2.17) and (2.19) to get the bound

[n/2]
cn?  max | Y ()t p{%Ap( 78 y)).
M¢jn/2ty 2y

By lemma (4.1) this is bounded by

(5.7) cnf12)7%/23/4 max (k4+1)t1/2 E{¥(y).
M<k<n

Now since 0 < 3(1-y) < 2, we have 1/3 <y < 1, and by (2.6)

(5.8) ESY () = (k)™ min(ier, (1-y) 2 L2

Therefore, (5.7) equals

enf(1)" 2314 max (k1) Lmin(r1,(1-y) /27412,

M<k<n

(5.9)

Since t < 1, we also have
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(5.10) (k+1)"L ¢ min(k+1,(1-y) /3

therefore (5.9) has the bound

y-a/2-3/4 1727172

(5.11) ¢ ne(l—x max min(k+1,(1-y

M<k<n

Now min(k+1,(1—y)—1/2) as a function of k on [M,n] achieves its maximum
value at k = n and its minimum at k = M. Consequently, the maximum of
rnin(k+1,(1—y)_1/2)7+t_1/2 for k in [M,n] occurs at either k = M or

k = n. If the maximum occurs at k = n, then use the fact that 4 < 0 and

1/2 9

n > (1) to see that n° < (1—x)—0/ 2. This shows that (5.11) is bounded by

the second term of (5.3). If the maximum occurs at k = M, then since

M+1 < 2(1—:{)_1/2 < 2(1—y)_1/2, we can replace min(M+1,(1—y)-1/2

-1/2

) by M+l
and by (3.3) we can replace M+1 with (1—x) This shows that (5.11) is
bounded by the first term of (5.3) in this case and completes the proof that (5.4) is
bounded by (5.3).

To estimate (5.5), again use the fact that Ag—k is an increasing function of
k with lemma (2.17) and then use (2.19) to get the bound

n
0 | t p(a,8))pl7,90)
cM max (k+1)" Py T 7/(x)Py [ T (y)].

By lemma (4.1) and (3.3) this is bounded by

—af2- - 6
e Mi1x)2/? 3/4n/2rgi§n(k+l)t Y2 {70 y).



CESARO SUMS OF JACOBI POLYNOMIALS

Using (5.8) and then (5.10) produces the bound

a/2-3/4 1/2y7+t-1/2

c Me(l—x)_ max min(k+1,(1-y)"

n/2<k<n

-1/2

Now replace k+1 by n and use (3.3) to replace M by (1—x) This

produces the second term in (5.3) and completes the estimation of (5.5).

For (5.6) use (2.5) and the fact that Ag—k > 0 to get the estimate

n
t-1/2 -af2-1 6
et 21024 g1y § Al
k=n-M
Now use (2.22) followed by (2.19) and (3.3) to get the bound

c(l—x)—(a+ 0+3/2)/2nt_1/2E1(17’6)(y).

Using (5.8) to replace EI(17’5)(y) and then (5.10) shows that this is bounded by

the second term in (5.3). This completes the proof of lemma (5.1).

6. A reduction lemma. The estimate in §7 is proved by induction using

summation by parts. This reduction procedure is based on the following lemma.

Lemma (6.1). If a>-1,4>-1, v> -1, 6> -1, 6§ >0, t is real,

23

-1<x<1-1<y<1,J, mn u and v areintegers, 0 { m < n and J > 2,

then

n
(6.2) k2 (k1) A% (@ Ap( 7.0 y)
=m
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Q |(x7) )(m l 1) A -]
m N

(6.3) — ,

a term with absolute value bounded by

t+1-J
(6.4) ¢ 2 &"‘_1)_'___ aﬂ) )El((’7:5)(y)

and terms of the form

"B)(X)P( )( ),

k™ k+u’

(6.5) (Ax+By+C)Q-1)—(—ZL z (k1) Ao P(
k=m

where n’ =n or n’ = n-1, |u'—a} <1, |v'=v| < 1, the numbers A, B and

C are independent of m, n, x and y, i is an integer and a, b, o/, 7/, ¢

and i have a set of values shown on a line of the following table:

a b I a’ v

1 0 6-1 a+l v 2-J <i<0

0 1 6-1 a 1+1 2-J <i<0

0 0 -1 a ~y 2-J <i< -1
1 0 at+l v 2-J <i¢<-1
0 1 0 a 7+1 2-J <i<-1
0 0 9 a ol 2-J <1< =2
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To prove this use (2.9) with the J of the hypotheses in (6.2) to show that
(6.2) is the sum of

o k+1) Ap_

(66) 2 51Q, (x,y)-Qy_; (x.y)]

D (k1) A"
(6.7) Z Ak
and

Bt+ntal
(6.8) y ‘Ty——k B, .

k=m

The terms in (6.7) have the form (6.5) with values from the sixth line of the table
if 2<j<J-2 and have absolute value bounded by (6.4) if j = J-1. The terms
in (6.8) also have absolute value bounded by (6.4). To complete the proof we will
show that (6.6) equals (6.3) plus terms of the form (6.5) and terms majorized by
(6.4).

6

To estimate (6.6) we will apply (2.16) with a = (k+1)t 1A  and

b, = Qu_;(xy). This and (2.21) show that (6.6) equals the sum of

69 () (A]  (m+D)*A) QL ()

X -y X-y ’

n—1 t-1 , 6-1
Q. (x,y)(k+1 A
(6.10) ) e Y)}(( - y) ok
k=m

and
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Qk( )Y)

(6.11) - z () =1 ky1)t1ja?

k=m

n—k-1 .
The second part of (6.9) is (6.3). For the first part use the fact that Ag = Ag_l
and combine it with (6.10) to get

t-1 ,0-1
,y)(k+1) Apk
-y

(6.12) 2

Now replace Q(x,y) by the sum of (2.12)~(2.14). The coefficients in (2.12) and
1
(2.13) can be written in the form  J d(k+1)) + O((k+1)%™), and the

j=3-J
0
coefficient in (2.14) can be written in the form 2 d (k+1) + O((k+1) )
j=3-J

The principal term resulting from (2.12) has the form (6.5) with values from the
first line of the table. From (2.13) we get (6.5) with values from the second line
of the table while (2.14) produces the third line. The error term resulting from

(2.12) is bounded by

2 (k+1) t+1- JE(a+1 ﬂ)(x)E(% )(y)Ao_
=m

(6.13) L

Now for k <n and 6> 0 we have 0 ¢ Ag_k < A0 _x This and (4.12) show

that (6.13) is bounded by (6.4). Similarly, the error term resulting from (2.13) has

the bound

= 1 () I DE Al
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the reasoning used on (6.13) shows this also has the bound (6.4). Finally, the error

term resulting from (2.14) has the bound

n
1 t+1-J -1
e 1 )t E{*A)x)E{ 1)(y)al]
k=m
which is also bounded by (6.4).

To estimate (6.11), again replace Qk(x,y) by the sum of (2.12)—(2.14). The
product of the coefficients of (2.12) or (2.13) with (k+2)t_1—(k+1)t'—1 can be
written in the form

—1

} D)™+ oty
j=2-J

the product of the coefficient of (2.14) with (k+2)t_1 - (k+1)t—1 can be written

in the form
(6.14) } 4™+ ot
j=2-J

The resulting principal terms have the form (6.5) with values from lines 4, 5 and 6
of the table. The error terms are easily seen to have the bound (6.4) by using

(4.12).
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7. A kernel estimate for 3(1-y) < 2(1—=x) and 6 > -1. This section contains

the inductive argument that extends the result of §5 to 6 > 0. The lemma to be

proved is the following.

Lemma (7.1). If a«, B, v and § are greater than -1,

0<3(1l-y) €2(1=x) <2, M= [(1-—x)—1/2], n, u and v are integers, M < n,

I

t <1 and @ > -1, then (5.2) has the bound (5.3) with C independent of n, x
and y.
The note immediately after the statement of lemma (5.1) about an estimate
for (5.2) if t > 1 1is also valid here. As in §5, this case will not be considered.
To prove lemma (7.1), we will show that if b > 0, a is real and the

hypotheses of lemma (7.1) are satisfied, then

n
(7:2) (I-X)a(l—y)bl y )t Al p{ @ Ap( 1.8y
k=M

is bounded by the sum of

(1.9 e n(1n -0t THHD)/2
and
(1.4 o(1-x)* L+ /D21y Ppmin(a, 1y A H

with ¢ independent of n, x and y. This is sufficient since taking a = b = 0
gives the conclusion of lemma (7.1).

To prove that (7.2) is bounded by the sum of (7.3) and (7.4), let
T = T(t,7,b) = max([t],[t+72b+1/2]) and U = U(4) = [6. We will first prove
the result if T < -1 or U< -1. If T <-1,then t <0 and
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t+7-2b+1/2<0. Lemma (3.1) can be applied to show that (7.2) is bounded by
(73). ¥ U< -1, then 6 < 0 and by hypothesis 6§ > —-1. The desired estimate
for (7.2) then follows from lemma (5.1) and the fact that (l—y)b < (l—x)b.

For the proof when T > 0 and U > 0, define K = K(t,,b,0) =
T(t,7,b)+U(f). The estimation of (7.2) will be done by induction on K. If
K < -1, then either T ¢ -1 or U < -1 and the inequality has been proved.
Therefore, assume that (7.2) is bounded by the sum of (7.3) and (7.4) if
K(t,7,b,6) < T where I is an integer and I > -1, and fix t, 7, # and @ such
that K(t,7,b,d) = I+1. If T < -1 or U < -1, we are done. Therefore, assume
that T >0 and U > 0. We will now apply lemma (6.1) to (7.2) with
J = max(3,[t+7+5/2]). Note that since 3(1-y) < 2(1-x), we have (4.6) and
1/(y—=x) can be replaced by 3/(1-x) in the estimate produced by lemma (6.1).
The result is that (7.2) is bounded by the sum of

(75) c(1-0)* 1) P+ AL Qg (1)1,

(7.6) (152 219)° § (ean)tIHL Al Bl @B)E( 10y
k=M

and terms of the form
o

(7.7) e(1-x)? (1-y)P H (1)t A2 p(a Agp( Y 0y,
k=M

/

where |u-u’| <1, |[v=v/| €1, n’ =n or n’ = n-1, ¢ is independent of x, y
and n, j is an integer and a‘’, b’, 6’, o/, v and j have a set of values

shown on a line in the following table:
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a’ b’ 0’ a’ ¥ j T’ =T(t+j,7',b’) U’ =U(6")

a b -1 a+1 v 2-J<j<0 <T U-1
a—-1 b+1 -1 a 7+1 2-J<j<0 <T U-1
a-1 b -1 a 07 2-J<j<-1 < T-1 U-1

a b [/ a+1 vy 2-J<j<-1 < T-1 U
a—1 b+1 0 a 7+1 2-J<j<-1 < T-1 U
a-1 b 0 a v 2-J<j<-2 < T2 U

0

To estimate (7.5), use (2.19) and the assumption 4 > 0 to replace Al M
by cn’  Then write Qp—1(x.y) as the sum of (2.12)~2.14) and use (2.5) to

estimate each of the three resulting terms. This shows that (7.5) has the bound
(1-%)27L (1-y) M+ 1) M 4+1) 2 (M4 1) 2 (1) + (M+1) 2 (1y) +1).

Use (3.3) to replace M+1 by (l—x)"l/2 and the facts that b > 0 and
l1-y < 1—=x to replace 1-y by 1-x. This gives (7.3) and completes the
estimation of (7.5).

To estimate (7.6), observe that since t+7+3/2 < [t+7+5/2] < J, and b > 0
we have t-J+1 < 2b—9-1/2. Similarly, since t+1 < 3 < J we have

t-J+1 < 0. We can, therefore, apply lemma (3.1); this gives the estimate

c nﬂ(l_x)a—1+b—(a+’y+t—J+1+1)/2.

Since J > 3, this is bounded by (7.3).

For the terms (7.7) note that in each case K’ = T’ +U’ < I, o’ > I,
7 > -1 and b’ > 0. Furthermore, since U > 0, we have 6 > 0 and
6’ > —-1. Therefore, we can use the inductive hypothesis to estimate each of these.
Their sum is bounded by a sum of terms of the form (7.3) and (7.4) for each line
in the table with t replaced by t+j and a, b, @, v and @ replaced by a’,

b’, a’, 7' and 6’ respectively. We may take j to be the largest value in the
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line since smaller values of j produce smaller estimates. The resulting modified
values of (7.3) are bounded by (7.3) times respectively n_l(l—x)_l/ 2, n—l(l—x)_ll 2,
n—l(l—x)_1/2, 1, 1 and 1. Since n'-l(l—x)—l/2 < M—l(l—x)_l/2 < 2, these terms
are all bounded by (7.3). The modified versions of (7.4) are bounded by (7.4)
times respectively 1,(1—x)_1/ 2(1—y)min(n,(1—y)—1/ 2), (l—x)_l/ 2[min(n,(1-y)_1/ 2)]_1,
(1) Ymin(n,(15) AT, (17N (1y) and (1x) " [min(n,(15) Y22 Now
replace min(n,(l—y)-l/ 2) by (l—y)—l/ 2 in the second of these factors. Then
using the facts that 0 ¢ 1-y < 1-x and n > (1—x)—1/ 2 Shows that these factors
are bounded by 1. Therefore, the modified versions of (7.4) are bounded by (7.4).

This completes the proof of lemma (7.1).
8. A Cesaro kernel estimate for t < s/2. Here we shall prove the following.

Theorem (8.1). If a > -1, > -1,0<t <s/2 < 7/4, s> 2/n and
6 > 0, then IKI(la’ﬁ)’a(s,t)l has the bound

ct®t /2 min(1,08)]91/2

(8.2) + )
ns@+5/2 nf 0+

where ¢ 1is independent of n, s and t.
To prove this, let x = cos s, y = cos t and M = [(1—cos s)—l/ 2]. Since

s < 7/2, we have
(8.3) 1—s2/2 < cos s < 1—s2/2 + s4/24 < 1+s2(—1/2+7r2/96) < 1—52/3;
consequently

-1/2

(8.4) M < (1—cos s) < V3/s < ny3/2.

and
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(8.5) 1y < t2/2 < s2/8 < (1=x)/2.

By (2.26), |K(®P%s,t)| is bounded by the sum of

M—1
1 0-1..(a,p),0
(8.6) Fl § Al k(@A) t)l
n k=0
and
n
1 0-1,(a,p),0
(8.7) A7| y a%lk(ah) (s,t)l.
n k=M

To estimate (8.6) use the fact obtained from (8.4) that n-k > n(2—/3)/2 for

0 < k < M-1 and (2.19) to show that Az:ll( 5cn0—1. Using this and (2.20)

shows that (8.6) has the bound
M—

1
(8.8) ¢y lKl((a’ﬂ)’O(s,t)I.
k=0

Now by the definition (2.18)

k
K ®P0%60] < 7 [ol@Po{* )|
j=0
By (8.4) and the hypothesis t < s/2, we have both s and t bounded by 3/M

Thus, (2.7) implies

k
=0

and (8.8) is bounded by



CESARO SUMS OF JACOBI POLYNOMIALS 33

Now use (3.3) and (8.3); this shows that (8.5) is bounded by the first term of (8.2).
To estimate (8.7) use (2.23). Since (8.5) is true, we can use (4.6) to show

that (8.7) has the bound

(8.9) —“(i'—t—%,— I ) Ag:iul((“’ﬁ )Qk(x,y) :
(l—x)An k=M

Now write Qu(x,y) as the sum of (2.12)—2.14), and note that since a« = 7 and

u = v = 0, the term (2.14) vanishes. Next write the product of u]((a’ﬂ) and the
1 .
coefficients in (2.12) and (2.13) in the form z aj(k+1)-’ + O((k+1)") where
=147
J = min(-1, [—a—%]). This shows that (8.9) is bounded by a sum of terms of the

form
(8.10) ﬁ'iibt-‘l‘ z AH— k+1).lp(a+1>ﬂ)(x) :ﬁ) y)l
and

(8.11) (—1)—“’1—3912 I 2 A% L 1yip{ @A) yp (et 1) y)l
n

with j an integer satisfying 14+J < j < 1 plus

n

(8.12) c_“)_l(x_saﬁ z Ag:ll((k+I)JEI((a+1,ﬁ)(x)El((a,ﬁ)(y)
n k=M
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and
n
1- t 6-1 J 1
(8.13) 9_(_1)1@01_) z A (k+1) El((a’ﬂ)(x)El((a-" ,ﬂ)(y).
(=x)A oM
For (8.10) use lemma (7.1) and (2.20) to get the bound

(8.14) cn—aw(s,t)[no_l(l—x)—(za+j+2)/2 + (l—x)_(a+0+3/2)/2[min(n,(1—y)-1/2)]a+j_1/2] _

This increases with j so we replace j by its maximum value of 1. Then use

(8.3) and the same result for t to get the estimate

(815) c n—ﬂ(st)oﬁ-l/? [nﬂ—ls—2a—3 + S—-a—0—3/2mm(n’t—1)a+1/2] )

since  +2Y2[min(n,t ™))%t Y/2 = [min(nt,1)]2T1/2, (8.15) equals (8.2).
For (8.11) again use lemma (7.1), (2.20) and (4.6). This gives the bound
(1=x)n
Again replace j by 1 and use (8.3) and the analogue of (8.3) for t to get the
bound

2 a+1/2 _ _ _
ct 2gstg [nﬂ-ls 208 abo—l/zmin(n,t 1)a+3/2].

s n

In the first part use the fact that t2/s2 <1 to show it is bounded by the first
term in (8.2). In the second part use the fact that tzmin(n,t_l) < 's; with this the
second part is the same as the second part of (8.15). This completes the proof for

(8.11).
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For (8.12) we will use lemma (3.1); the definition of J insures that J < 0

and J < -a-1/2. This gives the bound

(8.16) c g(sét! n0—1(1_)()—(2a+2+.1).

This is less than the first term of (8.14) which was estimated before. Lemma (3.1)
is also applied to (8.13). The result is (1-y)/(1-x) times (8.16) and is, therefore,
less than (8.16). This completes the proof of theorem (8.1).

9. A basic estimate for separated arguments. The lemma proved here is the

basis for the inductive argument given in §11 to estimate kernels for separated

arguments. Lemma (9.1) is also needed to estimate error terms.

Lemma (9.1). If a, B, v and § are greater than -1, a > 0,

-1 < x < y-a < l-a, n is an integer, and either t < -3-3 or @ < —F-7-5,

then

(9-2) Y e+l E{@P) ) B{%0(y)
k=0

has the bound

(9.3) e+1)? + cln+1)'E(*x) B(H0)y)

with ¢ independent of n, x and y.
To prove lemma (9.1), split (9.2) into sums over 0 < k < [n/2]-1 and
[n/2] < k < n and use (2.19) and (2.6) to show that (9.2) is bounded by the sum

of
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[n/2]-1

(9.4) cw+1)? ) )t B G E( M),
k=0

and

(9.5) cm+1)t E{PDE(Py) T (@1’

k=[n/2]

For (9.4) use the facts obtained from (2.6) and the hypothesis -1 < x ¢ y-a ¢ 1-a

that

(9.6) E{)(x) ¢ cler1)PH1/2
and

(8.7) E{y) ¢ ofiern) THL/2,
These show that (9.4) has the bound

(9.8) c(n+1)? [n/§]_l(k+1)ﬂ+“f+t+1.

k=0

If t < -3, then the exponent of k+1 in the sum is less than -2 and (9.8)
is bounded by c(n+1)’. If t > —f3, then (9.8) has the bound

(9.9) c(n+1)HAHTHAS,

From (2.6) we see that

(9.10) 1 ¢ (n+1)E{*A)(x)
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and

(9.11) 1¢ (n+1)EI(17’6)(Y)-

From these we see that (9.9) has the bound

e(a+1) P51yt B(@B) g 0)y),

Since in this case 6 < —f—7-5, this is bounded by the second term in (9.3). This
completes the estimation of (9.4).
For (9.5), if 6 < -2, then (9.5) is bounded by the second term in (9.3). If

0+2

6 > -2, then the sum in (9.5) has the bound c¢(n+1) Using this, (9.6) and

(9.7) shows that (9.5) is bounded by

Since 6 > -2, we also have 6 > —f#-5 and by hypothesis t < —f—-3.
Therefore, (9.12) is bounded by c(n+1)0. This completes the proof of lemma (9.1).

10. A reduction lemma for separated arguments. The lemma of this section is

like lemma (6.1) but easier to prove. Like lemma (6.1) the result is valid for any

x and y in [-1,1], but it is useful only if x and y are separated.

Lemma (10.1). If a> -1, 8> -1, vy> -1, 6 > -1, § > 0, t is real,
-1<x<1,-1<y<1,J, mmn u and v areintegers, 0 < m < n and J > 2,

then (6.2) can be written as the sum of (6.3), terms with absolute value bounded

by (6.4), terms of the form
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/

n
(102) (AxtByEO) § (ern)tt Al p{ % Dp(7: ),
k=m

where 2-J <¢i<-l,n’ =n or n-l,u” =u or u-l and v’ = v-1, and

terms of the form

n
Ax+By+C t+i 0 1 (a ﬂ) (7,9)
(10.3) A Y 1) AT P P x)pL T D),
k=m
where i =0 or i =-1,u” =u or u+l and v/ = v+l+u-u’.

The proof of lemma (10.1) is similar to the proof of lemma (6.1). The
equality (2.9) is used with the J of the hypothesis to write (6.2) as the sum of
(6.6)—(6.8). As before, the terms in (6.7) have the form (10.2) if 2 ¢ j < J-2
while (6.8) and the terms in (6.7) with j = J-1 have absolute value bounded by
(6.4). The term (6.6) is written as the sum of (6.9)—(6.11); the second term of
(6.9) is (6.3) while the first term of (6.9) plus (6.10) equals (6.12). For (6.11) and
(6.12) replace Qn(x,y) by its definition (2.8), replace 2k+3 by 2(k+1)+1 and

in (6.11) replace (k-§~2)t—1 - (k+1)t—1

by (6.14). For (6.11) this produces terms
of the form (10.2) and terms majorized by (6.4). For (6.12) this produces the

terms (10.3). This completes the proof of Lemma (10.1).
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11. A kernel estimate for separated arguments. This section contains the

inductive argument for estimating kernels with parameters larger than those allowed

in §9. The result is stated in lemma (11.1).

Lemma (11.1). If @, f, v and §é are greater than -1, a > 0,

-1 <{x<y-ag<l-a t and 6 arereal and n, u and v are integers, then

(11.2) I ) (1)t Arf—k ]((zuﬂ)(x) Pl((l(ré)(")
k=0

has the bound

(11.3) c(n+1)0 + c(n+1)t El(la’ﬂ)(x) Er(l'y’&)(Y)

with ¢ independent of n, x and y.
To prove lemma (11.1) we will show inductively for each integer K that the
estimate is valid if t+6 < K. If K = 2[-f-14] and t+4 < K, then either
< -3 or < —-f-y5. Lemma (9.1) will then prove the result for this K.
To complete this induction, assume that the estimate is valid for t+64 < K
and fix t and @ satisfying t+60 < K+1. To estimate (11.2), apply lemma
(10.1) with m = 0 and J = max([f+7+t+5],2). Using the fact that 1/(y—x)

is bounded, we see that (11.2) is bounded by the sum of

(11.4) ¢ ¥ ()t Al (@A e 1d)y),
k=0

terms of the form

/

n

(11.5) | Y )it Al e Bp( 7.9y,
k=0
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where 2-J <i<-l,n’ =n or n-l, [u'-u] <1 and |v'-v| < 1, and terms

of the form
n
tH 01 6
(11.6) | } ) A% (e Ap( 7, 8yl
k=0
where i =0 or i=-1, |u'-u] <1 and |v—v'| <1

For (11.4) use the fact that J > f+7y+t+4 to show that t+1-J < —3—-3.
Therefore, lemma (9.1) can be applied. Since t+1-J < t, the result is bounded by
(11.3). For (11.5) we have t+i+60 < t+6-1 < K so the inductive hypothesis can
be applied. Since t+i < t, the result is bounded by (11.3). Similarly for (11.6)
we have t+i+6-1 < K. The inductive hypothesis again gives a bound not larger
than (11.3). This completes the proof of lemma (11.1).

12. Cesaro kernel estimate for t < s—b. Here we shall prove another basic

estimate as follows.

Theorem (12.1). I a> -1, 8> -1, b >0, 6> 0 and
0¢t¢sb b, then [K(¥)Hst) has the bound

. jat1/2 l(ﬂ,_s)ﬁ+1/2 [min(1, nt)]a+1/2[mm(1 n(7s))] ﬂ+1/2
n+

(12.2) 1)?

where ¢ is independent of n, s and t.

To prove this, use (2.23) in (2.26) to show that |Kl(la’ﬂ)’0(s,t)l equals

n _ w(st ( ﬂ)
(12.3) | VAl ——lik—— Q(xy)|-
n k=0
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Now replace Q,(x,y) by its definition (2.8). By (2.25) it is possible to
wiite (2k+3)u{®P) in the form

1
) aJ(k+1) + O((k+1)%)
j=1-1

with J = [f+7+4]. Using this, the fact that 1/(y—x) < 1/(1—cos b) and (2.5),
we see that (12.3) is bounded by the sum of

(12.4) ﬂibﬂ ( 2 A8 ey TB(*Ax)e ff"ﬂ)(y)(

and terms of the form

(12.5) ¢ ﬁ(ibﬂ ' } a8 leanyp{ )(x)Pl((_?_‘",ﬂ)(y)|
n k=0

with 1-J ¢ j<1l,u=0 or u=1 and v = l-u. For (12.4), since

y=x > 1—cos b and -J < -3, we can apply lemma (9.1) to get the estimate

(12.6) ¢ %(ibﬂ [(n+1)0—1+(n+1)_JEI(1 “’5)(x)EI(1“’ﬂ)(y)}

n
By the definition (2.24), (2.19), analogues of (5.8) and the fact that

(n+1)™

c(ﬂlﬂ_ﬂ_/;iaﬂm (40> fmin((1+)7 204 DI i (12 1))

(n+1)

< n+1, this is bounded by

which is bounded by (12.2). For (12.5) use lemma (11.1); this also produces the
estimate (12.6) with -J replaced by j. This completes the proof of theorem
(12.1).
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13. Cesaro kernel estimate for s near t. This section is concerned with

estimates for 1/n < |s-t| < s/2. For this case repeated summations by parts are

not needed; what is used is Darboux’s formula (2.15).

Theorem (13.1). If o > -1, # > -1, n is an integer § > 0,
0<1/n<s/2<t<s<3r/4 and n(s-t) > 2, then

(13.2) 1K s,0)] con o) + en st

with ¢ independent of n, s and t.

To prove this, substitute (2.23) into (2.26) and use the fact that Q,(x,y) is
the sum of (2.12)—«(2.14). Note also that since @ = 7y, u = 0 and v = 0, the
term (2.14) vanishes. Therefore, Kr(la’ﬂ)’e(s,t) equals

n
—“’L—’—%—( ;)Z ) Aﬁ:ll([p]({a,ﬂ)(x)pl(( @+18) 3132 { 1 x)p{ @y )(1x) | v,,
Y%y k=0

where

v, = ul({a, ) (2k+3gE§J1:41-r))z+ﬁ+2) .

Now use the definition (2.1) to show that ]Kr(la’ﬂ)’a(s,t)l is bounded by the sum
of

(13.3)

/el Aﬁ:iwk[¢£“"”(s)¢§“+Lﬂ)(t)sin(t/z)«bf(“*1"’)(s>¢§""’)(t)sin<s/z>}

[/ cos s — cos t
An

k=0

and
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(13.4)
B ALl 6{@A 0l LA sin(t/2)4{ T 1A (5)6{ ) )sin(s/2)
. [g/ | AH cosS S —CoS t )
= S n
where

w, = 2u£a,ﬂ) (2k+3z)37(<ilf+a+ﬁ+2‘) [tl((a,ﬂ)tl((aﬂ,g)]—l

Note that by (2.3) and (2.25) there exist constants dj, d; and d,, independent

of k, such that

(13.5) |updgmd, (D) ¢ dy(er1) ™2,

To prove that (13.3) is bounded by the right side of (13.2), use (2.7) and the

fact that s/2 <t < s to get the estimate

[1/s]-1 A0 lwkl(k+1)2a+252a+3

(13.6) c
kzo An(cos t -cos s)
Since n > 2/s, we have from (2.19) that Az 11( cn®l. From (2.20) we have

0

1/Ag ¢cn " and from (13.5) we see that |w | < c. Using these facts and

estimating the sum, we have (13.6) bounded by

c
n(s-t)

¢ <t ¢
n{cos t —cos s) -~ ns(s—t) - 2

This completes the proof for (13.3).
For (13.4), use (2.15), (13.5) and the fact that s/2 < t < s to show that
wdlD5)0{T A1) and w ol A)0{ (1) can be written as a sum of

terms of the form cos(ks+a)cos(kt+b)uv, cos(ks+a)cos(kt+b)uv/(ks) and
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cos(ks+a)cos(kt+b)uv/(kt) and a term with absolute value bounded by ck°2s—2,

where a and u are bounded functions of s independent of k and t, b and
v are bounded functions of t independent of k and s and c¢ is independent
of k,s and t. From this and (2.20) we see that (13.4) can be estimated by

finding upper bounds for

n
(13.7) —0&:3 2 Ag:ll( cos(ks+a)cos(kt+b)|.
n k=[1/s]
n A0—1
1 nk Cos(ks+a)cos(kt+b)
(13.8) - T
n S(S—t) k=[1/S]
and
T 6
1 -1 -2
(13.9) Al K

n 52(S—t) k——-[l/s]

To estimate (13.7) and (13.8) we will use the following lemma.
Lemma (13.10). If 6> 0,0 < u < 37/2, nu > 2 and 1 < m < n/2, then
n
(13.11) l 2 Ag:ll( cos(ku+b)’ gcu—a +entlyt
k=m

and

n
(13.12) l 2 Ag___}( @Eﬂ‘ﬂ' gcn_lu_e + cna_l(mu)—l.
k=m
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To prove these, let N = max(m,n+1-{1/u]) and consider separately the sums
from m to N-1 and from N to n. For (13.11) the quantity Ag:i is
monotone so by lemma (2.17) if 6 < 1 or a reversed version if 6 > 1, the
absolute value of the sum from m to N-1 has the bound
C{Ag:él-ﬁ- Ag:l%I +1] vl By (2.19) this has the required bound. For the sum from
N to n replace cos(ku+b) by 1 and use (2.22); this gives the bound Ag—N

which, by (2.19), is bounded by cu ’.

For (13.12), observe that k-lAIf:ll( is decreasing for 1 <k < n if 6> 1

If 6 < 1, then k—lAg:ll( is either monotone in 1 < k < n or has a minimum
for k equal to some k0 and is decreasing for 1 < k ¢ k0 and increasing for
k0 < k < n. In either case, to estimate the sum from m to N-1, we can use
lemma (2.17) or a reversed version on the whole sum if k_lAg:ll( is monotone or
separately on the sum from m to kO and on the sum from k0+1 to N.
This produces the estimate

A -1, 60-1 “1,6-1

cu [m Al ptno An—N]’
and (2.19) shows this is bounded by the right side of (13.12). For the sum from

N to n, replace cos(ku+b) by 1. Since nu > 2, we have N > n/2 and the

1/k can be replaced by 2/n. Then using (2.2) we get the estimate cn_lAz_N
for this part, and by (2.19) this has the bound cnlu™?  This completes the proof

of lemma (13.10).
Returning to the estimation of (13.7)~(13.9), we write cos(ks+a)cos(kt+b) as
a sum of cosines using the usual trigonometric identity. Lemma (13.10) then shows

that (13.7) has the bound
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SIS 61

[c(s-t) " + en + (st + enL(s4t) Y

(s—t)nZ
and (13.9) has the bound

—— lc n_l(s—t)_g + cna—ls(s—t)_1 + cn_l(s-l-t)_g + c na_ls(s+t)_1].

These are easily seen to be bounded by the right side of (13.2). For (13.9) split

the sum into sums over [1/s] < k < n/2 and n/2 < k < n. In the first replace

6-1 6-1 -2

An—k by n and estimate the sum. In the second replace K2 by cn

and use (2.22). This gives an estimate of ns(g-t) + n2s§( ” for (13.9) which is

bounded by cn_l(s—t)_2. This completes the proof of theorem (13.1).

14. Kernel estimates. Here we state and complete the proof of theorem (14.1),
our estimate of the kernel Kr(la’ﬂ)’o(s,t)‘ We also give an alternate version in
corollary (14.2) and a version for LI(la’ﬂ )’0(x,y) in corollary (14.7). For theorem
(14.1) note that since Kl(la’ﬂ)’a(s,t) = Kt(la’ﬂ)’g(t,s) and Kr(la’ﬁ)’g(vr—s,w—t) =

Kgﬂ’a)’o(s,t), we need only state the result for 0 <t <s and t < 7/2.

Theorem (14.1). If a > -1, > -1, 8 > 0, and n > 1, then
lKr(la’ﬂ)’e(s,t)l has the bounds

cho""z(st)a"”l/2 0<s <2/ 0<t<2/n,
c 12t/ + c(min(Lnt))**1/2 2/n <5 < 3m/4, 0 <t <s/2
ns@t5/2 ! = =0 s
c c
+ 2/n < s < 3n/4,8/2 <t <s-1/n
n(s—t;)2 ny(s—t)m'1
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cn 2/n < s <3rf4, s~1/n <t <s

. . 1/2
et ()42 cm”‘(ll“‘)a+71,/2"““i1’“(”))ﬂ+ / 3m/d <s<m0<t< 2,

n
n

where c¢ is independent of n, s and t.

To prove theorem (14.1) we must obtain estimates for a few simple cases not
included in §§3-13. For 0 < s < 2/n and 0 <t < 2/n we can use (2.7), (2.19)
and (2.20) to show that

[n/2]-1 n
\Kx(la’ﬂ)’a(s,t) ¢ C(St)a+1/2 2 (k+1)2a+1+ 2 qlat1-0 Az_k _
k=0 k=[n/2]

In the first sum use the fact that 2a+1 > -1; in the second use (2.22) and (2.19).
This proves the first estimate of theorem (14.1). The second estimate follows from
theorem (8.1) if s < /2 and from theorem (12.1) if x/2 < s < 3w/4. The third
estimate is a consequence of theorem (13.1). For the fourth we use (2.7), (2.19),

(2.20) and the fact that s/2 < t < 2 to get the estimate

(1/s]-1
(k+1)2a+1 S20:+1

n
+ c 2 n
k=0 k=[1/s]
Since 2a+1 > -1, the first term has the bound c¢/s < cn, and by (2.22) and

(2.19) the second term has the bound cn. The fifth estimate is a consequence of

theorem (12.1). This completes the proof of theorem (14.1).
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An alternative form of theorem (14.1) can be stated using the functions
and

h(s,n) = (s +2)*F 2 (ns 4+ LS/

This version has the advantage that it gives one expression for all pairs (s,t) in
[0,7] x [0,7]. The disadvantage is that the behavior is not apparent until it is

rewritten into a form resembling the conclusion of theorem (14.1).

Corollary (14.2).. If o and J are greater than -1, § > 0,0 < s < 7
and 0 <t < m then |Kx(la’ﬂ)’0(s,t)| has the bound

c g(s)g(t) + c g(s)g(t)
ah(3Y),0)%(s—t[+D)2  nlhs,n)n(t,n) (st +5HTFT

where c¢ is independent of n, s and t.
To prove corollary (14.2), let Dl(la’ﬂ)’a(s,t) be the asserted upper bound.

For the case 0 < t < min(s,7/2) it is easy to verify that
(14.3) 1KLY 1)) ¢ DLA) g ry

by using theorem (14.1) and the definition of Dl(la’ﬂ)(s,t). For 7/2<t<s<m

we have 0 < 7—s < min(7—t,7/2); as just shown, therefore,

(14.4) 1K(P® Y rt,7-5)] ¢ DIP(7t,1-5).

Now since Kl(la’ﬂ)’o(s,t) = Kl(la’ﬂ)’a(t,s) and Kr(la’ﬂ)’o(s,t) = Kl(lﬂ’a)’o(r—s,w—t),

we have
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(14.5) k(90 st) = k(BN ry, rg).

from the definition of Dl(la’ﬂ )’0(s,t) it is easy to see that

(14.6) DA (rt,r-5) = D{®FYs 1),

Combining (14.4), (14.5) and (14.6), we get the result for this case. Combining
these cases, we have the estimate 0 <t < s < 7. Since Kl(la’ﬂ)’a(s,t) =
Kl(la’ﬁ)’g(t,s) and Dx(la’ﬁ)’a(s,t) = Dx(la’ﬂ)’o(t,s), the asserted bound follows for
0 < s <t <m This completes the proof of corollary (14.2).

To state our estimate for the basic Cesaro kernel Lr(la’ﬂ)’e(x,y) defined in

(2.27) we will use the function
Hxn) = (VI + 3 01/ 2(/1% + D12

and

The resulting estimate is as follows.

Corollary (14.7). If « and [ are greater than -1, § > 0, -1 < x < 1
and -1 <y <1, then ILI(IQ’ﬂ)’g(x,y)] has the bound

C C
+ )
nH(EY) 0)* Jxyn)?  0’Hixn)B(y,n) Jxyn)tt

where ¢ is independent of n, x and y.

49
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To prove corollary (14.7) let s = cos 'x and t = cos_ly. Then because of
(2.29) we see that the result can be proved by showing the existence of a positive

constant c, independent of s and t such that

1 g(s
(14.8) 2 ¢ <c
¢~ (sin -;—)a+1/2(cos %)ﬂ+1/2
1 h(s,n
(14.9) s H(&()'s"?)ij <c
and
1
(14.10) 1, 1t g <c
: ¢ = J{cos s, cos t,n) =

for s and t in [0,7]. Now (14.8) is obvious from the definition of g(s), and

14.9) follows easily since —0ss = 42 sin S and +coss = 2 cos S . For
y 2 2

(14.10) use the fact that

|cos t - cos s 1

J(cos s, cos t,n) = + =
4 (1—cos s+1-cos t)(1+cos s+1+cos t)

Using standard identities this becomes
. os=t, . s+t
I sin T' sin 5
J(cos s, cos t,n) = +
J(sin"’ 5 + sin? %)(cos"’ % + cos? %)

Bl

[~

Considering separately the cases of s and t both in [0,7/4], s and t both
in [37/4,7] and one in [0,37/4] with the other in [n/4,n], it is easy to see that
the function multiplying |sin %ﬁl is bounded above and below by positive

constants. This completes the proof of corollary (14.7).
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15. A weak type lemma. Here we shall prove lemma (15.1) which is
equivalent to theorem (1.1) with the support of f in [0,1]. Lemma (15.1) will be
used to prove theorem (1.1) in §17. At the end of this section we also show that

the method used to prove theorem 1 of [7] will not prove lemma (15.1).

Lemma (15.1). ¥ a > -1, > -1, v = max(a,8), 6 > 0, p =
max{1,(47+4)/(29+26+3)], g(t) is supported on [0,7/2], a > 0 and D(a) is the
subset of [0,7] where

7/2
(15.2) sup J 1K s,00g(1) at > a 5@ 2(rg)BH1/2,
n ‘0

then

(15.3) 520‘4—1(%—5)2&*—1 ds <ca P JZ/2lg(t)|p t(a+1/2)(2_p)dt,

J'D(a)

where ¢ is independent of a and g.
To prove this note first that we may assume that g(t) is nonnegative. For

this proof we will use the notation
/2
H = J g(t)P t(a+1/2)(2-p)y,
0

To prove the lemma we will define nonnegative functions ¢ .(st) such that
for (s,t) in [0,7] = [0,7/2]

11
(15.4) k(&) < c b 4(50)
i=1

for n > 1 and

(15.5) |K6a’ﬂ)’0(s,t)| < clty 1(58) + 4 4(5:8) + 4y 5o (s.8)]-
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Now let D, be the subset of [0,7] where

2
(15.6) sup j;r/ & (s0gdt > as®T 2 (rg)fH1/2

We will show that

(15.7) J 520""1(#—6)2[;"'1 ds <caPH
D.
1
for 1 <i < 11. Because (15.4) and (15.5) are true, this will complete the proof of
the lemma.
For some values of i we will prove (15.7) directly. For other values of i,

however, we will prove the inequality that

s /2 o 2-p
(15.8) J sup J &, (s,t)g(t)dt so"i'l/z(w—s)ﬁ’i'l/2 ds
0 [n>1 70 !
is bounded by cH. This strong type inequality trivially implies (15.7).
The functions lni are defined as follows on the indicated sets and 0 off

those sets. That (15.4) and (15.5) hold is an immediate consequence of theorem

(14.1).

2a+2 1/2

fq(st) = a2y ot/ 0¢<s<2/m0<t <2,
Scnz+1/2

lnyz(s,t) = i e 0<s<2/m 2/n<t< /2
so:+1/2

ln 3(s,('.) = —Tnta'*'s 0 <s<2/m 2/n<t< /2
t¢Jz+1/2

Zn’4(s,t) = 12071 2/n <s<3nf4, 0 <t < 2/n
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(atl1/2
ln,5(s’t) =ns°‘+5 2/n <s<3n/4, 0 <t <s/2,
4 g(st) = n—as—lajr—l 4/n < s < 37/4, 2/n <t < §/2,
ln’.{.(s,t) =
n(|s-t[il/n)2 + ng(ls—t|+1—1/n)1+0 2/n < s ¢ 3n/4, 8/2 < t < min(2s,7/2),
a+1/2
4, g(s:t) =x%°‘+_577 2/n < s < 7/4, 25 <t < 72,
£ g(st) = Ft—}:p 2/n < s < T/4 2% <t < T2
tn’m(s,t) = ta+1/2(::—s)ﬁ+1/2 Irf4 < s <m0 <t < m/2
ln,ll(s’t) _ uxjn(l,nt)a+1/;min(lgl(w—s))ﬂ+1/2 /e <s<m0<t< w2

n

The following simple inequalities will be used in several of the estimations.

First, since 274+260+3 > 2v+2, the definition of p shows that
(15.9) 1<p<2

We also have from the definition of p that

(15.10) p(r+0+3/2) > 27+2,

and since a < 7 and p < 2, this implies

(15.11) p(a+6+3/2) > 2a+2.
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To prove (15.7) for i = 1 we start with the fact that the left side of (15.6)

equals
2/n
(15.12) Isll_}lll) 2042 (ot+l/2 X[0,2/n](s) J’O g(‘;)ta-i-l/Z dt.
Now using
(15.13) ta+1/2g(t) - [t(a+1/2)(2"P)/Pg(t)][t(2a+1)(P"1)/PJ

and Holder’s inequality we have

(15.14) Jz/ng(t)ta+1/2 dt <cn(20+2)/p gl/p,

From this we see that (15.12) is bounded by

supcn(2a+2)/psa+1/2 X

n>1

o2/ ®H

Since a > -1,

sup n(2a+2)/PX[0)2/n](s) e S’(2°‘+2)/px[0,3,r/4](S)

and D1 is a subset of the set where

[0,37/4]
Therefore, D; is a subset of [0,r] with

(15.15) 1 = min(37/4, ca_p/(2a+2)H1/(2a+2))'

Since (15.7) is immediate if D, is replaced by [0,r], this completes this part.
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For i = 2 we will estimate (15.8). For this case (15.8) equals

/2

2 La-041/2,-6-1 P 20+1
JO Islxzul) x[0’2/n](s)U2/n t g(t)dt] § ds.

Since n_a_l/2 < ta"'l/2 in the inner integral, this is bounded by

2 /2 p
up pl@tl) -1/2 20+1
Jo 2 o ] ] 2o s

Since the exponent of n is positve, the supremum occurs for n = [2/s]. This
gives the estimate

. J:/ 2[ J:/ 2t-1/2g(t) dt] P 2a+1-p(a+1)y,

By (15.9) the exponent of s is greater than -1, and Hardy’s inequality, Lemma
3.14 on page 196 of [12], gives the bound cH.
For i = 3 we have (15.8) equal to

/2

2 -1,-a-5/2 P 20+1
JO aup X[O,z/n](s)Ug/nn S ga] e,

Replace 2! in the inner integral by t and then replace n by [2/s]. This

gives the estimate

[ e stgna) et ia
s

Since 2a+1 > -1, Hardy’s inequality can be used. This gives the estimate cH
for this part.

For i = 4 we start with the fact that D 4 is the set where

sup 2%~ H*1/2 X[z/n,sw/q(s)fz/n‘aﬂ/ Zg(t)at > asH0H/2
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Using (15.14) shows that D 4 15 a subset of the set where

1 0+1/2—(2a+2)/p: 0+3/2
(15.16) cH /e Is11>1;1> n@f+1/2-(20+ )/px[2/n,37r/4](s) >asot0t /2

The exponent of n in (15.16) equals (2a+2)/p—(a+6+3/2) and by (15.11) this
is less than or equal to 0. The sup is, therefore, attained for the least n

satisfying n > 2/s and D 4 18 a subset of the set where

/P {(20+2)/p ~a+6-1/2 a+6+3/2

X[0’3W/4](S) >as
Simplifying, we see that this last set is the set where
(2a+2)/p.

cHl/p x[0’3ﬂ/4](s) >as

This is the set [0,r] with the r of (15.15) and (15.7) follows immediately for

i=4
Next, D5 is the set where
s/2
-1 -a-5/2 1/2 1/2
s:pcn s / X[2/n,31r/4](s) JO ot / g(t)dt >as®t /2,

Now use (15.13) and Holder’s inequality on the integral and replace n by 2/s

to show that D, is a subset of the set where

5

cs—a—3/2H1/pS(2a+2)/p’ a+l/2

x[0’37r/4](s) >as

From this Dy is a subset of [0,r] with the r of (15.15) and (15.7) follows.
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The set D6 is a subset of the set where

a+60+3/2

-9 s/2
c :12111) n Uz/ng(t)dt] X[4/n,37r/4](s) >as

Use Holder’s inequality to show that D6 is a subset of the set where

2t (et )22 (121 TP e vz

¢ sup X[z/n,37r/4](s)H1/p Uz/n

n>1
If the exponent of t is less than -1, integrate to get

(S)Hl/pn(2a+2)/p—(a+0+3/2) 23‘Soz+0+3/2

:l)_“ll) € X[2/n,37/4]

If the exponent of t 1is not less than -1, replace n—ﬁp’ by t0p' and

integrate to get

(s)Hl/p gt 0+3/2~(2a+2)/p 2asa+9+3/2.

S C
n‘_;{’ X[2/n,37/4]

In the first case the exponent of n is nonpositive by (15.11) and the supremum is
attained at the least n > 2/s. In both cases then D6 is a subset of the set

where

cx[0’37r/4](s)H1/p s—(2a+2)/p > a.

This is the set [0,r] with the r of (15.15) and (15.7) follows.

To prove (15.7) for i = 7 define for k a positive integer

-3 2—k+2

-k-1_ .-k —k
L =027 7277, J, =[2""r 7] and g(t) = g(t)ka(t). Then for a
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suitable ¢

2 2
D; ¢ {Si sup ) J g (1), (s,t)dt > ca sa+1/2},
n,7
IlZl k=1 5/2

Since at most three of these integrals are not zero for any given value of s
@®

2s
D,c U {s: 3 sup J g ()l -(s,t)dt >cas
7 n>1 Js/2 k\'/n,7

a+1/2}
k=1

By theorem 2, p. 62 of [11], we have
@

(15.17) D, c kEl{s: Mgk(s)XJk(s) >ca sa+1/2},

where M denotes the usual Hardy-Littlewood maximal operator. If Ek denotes
the k™! set in (15.17), then the left side of (15.7) for i = 7 has the bound

®

@
(15.18) c Z J g2ty <c 2 2_k(2a+1)|Ek|.
k=1" Pk k=1

By the usual weak type norm inequality for the Hardy-Littlewood maximal function,

theorem 1, p. 5 of [11], we have

Bl < a2 O (g (o)Pas.

Therefore, the right side of (15.18) has the bound

®

c z 2P ok(a+1/2)(2-p) J g(s)Pds.
k=1 I
This is bounded by

4P Jz”/ (o 1/2)(29)y g oy,

and (15.7) is proved for i = 7.



CESARO SUMS OF JACOBI POLYNOMIALS 59

For i = 8 (15.8) is bounded by

wf4drem/2 _ _
J‘O U2s g(t)t a—5/2dt]ps2a+1 3311) n px[2/n’,,/4](5)d5-

Since Islle;l) n—pX[Z/n,sw/4](s) < sP, this has the bound

[ st det g
s

Hardy’s inequality completes this case.
For i = 9 (15.8) has the bound
Tarem/2 g 1/2)(2
it dt] (CH- / )( _p) —0p ds.
JO I ;& s S92 0 X [2/n,m/4)(8)8

-p pf i
Now we use the fact that Isllzuf n X[2/n,7r/4](s) <cst’. The resulting exponent

of sis (a+1/2)(2-p) + pf. Since @ > -1 and p < 2, this exponent is greater
than (-1/2)(2-p) + fp = -1+(6+1/2)p > -1. Hardy’s inequality then completes

this part.

For i = 10 (15.8) is bounded by

. U;’ (W_s)2ﬁ+1ds} ”;r/2g(t)ta+1/2dt}p.
S

The first integral is finite since [ > —1. Holder’s inequality shows that the second

/2 2041, 171 .
term is bounded by H U t dt] . This completes this part.
0
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Finally, for i = 11 we will first show that
_g (72 a+1/2 1/
(15.19) n J min(1,nt) 2t/ 2g(t)ds < cH/P,
0

To do this we start with the fact that the left side of (15.19) is the sum of

(15.20) L00+1/2 Ll)/ntaﬂ/zg(t)dt
and

_g (/2
(15.21) n Jl/ng(t)dt.

For (15.20) we use (15.14) to get the bound

(15.22) ¢ n@0+1/2~202+2)/p" g1/p.

Inequality (15.11) implies that the exponent of n is not positive and we have the
bound cHl/p for (15.22).
For (15.21), Holder’s inequality gives the bound

(15.23) 2 HI/PU:; 2t(°‘+1/2)(2‘P)/(1'P)dt] e
n

Inequality (15.11) implies that the exponent of t is bounded below by -1-p’é.
This shows that (15.23) is bounded by cHI/ P and completes the proof of (15.19).
Using (15.19), we have (15.8) with i = 11 bounded by

cH JT sup min(l,n(w—s))p(ﬂ+1/2)(ﬂ-—s)(ﬁ+1/2)(2‘P)ds.
37/4 n>1
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This is bounded by the sum of

(15.24) NG R R TS Ok
and
(15.25) cH J:T/4(r4)2ﬁ+lsup np(ﬂ+1/2)x[7r_1/n’7r](s)ds.

Now (15.24) equals

(15.26) cH J;r /4(7r—s)(ﬂ+1/2)(2_p)ds,

If §>-1/2, then since p < 2 we have (f+1/2)(2-p) 2 0. If B < -1/2, then
(B+1/2)(2-p) > 26+1 > -1. Therefore the integral in (15.26) is finite and (15.24)
has the bound cH.

If A>-1/2, the sup in (15.25) is attained for n = [—7%] This produces
the bound (15.26). If 4 < -1/2, the sup in (15.25) is attained for n = 1. It
follows that (15.25) has the bound cH. This completes the proof of lemma (15.1).

Finally, we comment on why the method used to prove theorem 1 of [7]
cannot be used to prove lemma (15.1) if « > § and 4 < a+%. In the proof of
that theorem in [7], the result of lemma (15.1) must be obtained with
Kl(la’ﬂ)’g(s,t) replaced by various error estimates, one of which is

1 o¢tc« s < /2

K(s,t) = {; )

elsewhere
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If we take g(t) = tux[o 7r/2](t) with -1-6 < u < -1, then D(a) = [0,7] for all

a > 0. However, this integrand on the right side of (15.3) is tp(u—a—a})+2a+1
and this exponent is greater than p(-8#-a-3/2)+2a+1 = -1. Therefore, as a - o
the left side of (15.3) is a fixed positive number and the right side approaches 0.
This shows that lemma (15.1) fails for this error term and, consequently, the

method of [7] cannot be used.

16. Lemmas for the upper critical value. Here we prove two basic results.
The first, lemma (16.1), is equivalent to theorem (1.2) with the set a subset of
[0,1]. The second, lemma (16.4) is equivalent to theorem (1.3) for functions with
support in [0,1]. These lemmas will be used to prove theorems (1.2) and (1.3) in
§17. At the end of this section we also show that the method used to prove

theorem 1 of [7] will not prove lemma (16.1).

Lemma (16.1). If a > -1, f > -1, v = max(a,f), 0 < § < 7+1/2,
p = (29+2)/(r6+1/2), E c [0,7/2], a > 0 and D(a) is the set where

(16.2) sup JE|Kx(la’ﬂ)’0(syt)Ita+1/2dt > a5@t1/2(pg)B+1/2
n
then
2a+1 26+1 -p 2a+1
(16.3) JD(a)S (7s) ds <ca JE t dt,

where ¢ is independent of a and E. This is also true if 0 < 6 = y+1/2

and 2 < p < o.
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Lemma (16.4). If a > -1, § > -1, v = max(a,f8), § > +1/2, § > 0 and
g(t) is supported in [0,7/2], then

NS SR CEOIEY
s OF T2 PRI |

£ C

K

t
ta+1 2

where || ||~ denotes the essential supremum on [0,nr] and ¢ is independent of

o 1]

g.
Basic to the proof of lemma (16.1) is the following.

Lemma (16.5). If 1 < p <o, a > -1 and E ¢ [0,0), then
p -
(16.6) U xadx] < 2p(a+1)1 PJ KPP Ly
E E

This will be used as a substitute for Holder’s inequality in the proof of lemma

(16.1). The obvious proof of lemma (16.5) using Holder’s inequality fails because

p-1
] on the right side.

that produces a coefficient U (1/x)dx
E

To prove lemma (16.5) observe first that by the monotone convergence
theorem it is sufficient to prove (16.6) for bounded E. Then since a > -1, the

left side is finite and we can choose s such that

s

a 1f . a
xx (x)dx:—J x dx.
Jotxatax = 3

With this the left side of (16.6) equals

2P U (S)xaxE(x)dx] Pt U:xa'xE(x)dx] ¢ 2P U(S)xa‘dx] Pt [J:xaxE(x)dx} .
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Performing the first integration gives the bound
®
21’)(a,+1)1_p J s(a+1)(p_1)xaxE(x)dx.
$

Since (a+1)(p-1) > 0, we can replace s by x and (16.6) follows immediately.

The proof of lemma (16.1) is similar to that for lemma (15.1). We let

H = J t2a+1dt
E

and D, the subset of [0,7] where

16.7 sup | £ .(s,t ta+1/2dt > asa+1/2(7r—s '6+1/2;
n>1 JEM

the functions £ . are those used in §15. For each i we will prove (15.7). For
y

some parts this will be done by showing that

(16.8) JW sup J £ (50101 2at) [s0H /2 g)BHLI2 2
0 [n21 JE™!

is bounded by cH.
The following inequalities will be used. First since y+1/2-6 < y+1, we

have

(16.9) 2<p<a
From the definition of p, including the case 6 = y+1/2

(16.10) p(1-0+1/2) < 29+2.
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Since a< v f<v and p > 2, (16.10) implies

(16.11) p(a-0+1/2) < 2a+2.
and
(16.12) p(B-6+1/2) < 26+2.

For i = 1 the proof used for i = 1 in the proof of lemma (15.1) can be

used if g(t) is replaced by ta+1/2xE(t).

Next, D2 is a subset of the set where

sup

n>1

2/1[ W XE(t)dt X[0’2/n](s) > ca.

Now multiply the numerator and denominator in the integral by n(20‘+2)/ P By
(16.11) the resulting exponent of n in the denominator is nonnegative and
replacing that n with 1/t increases the left side. Therefore, D, is a subset of

the set where

sup n(2oz+2)/pU7’/2t—1+(2a+2)/p

n>l 2/11 XE(t)dt] X[0’2/n](5) >ca.

Since the left side is 0 for n > 2/s, we have D2 a subset of the set where

(16.13) ¢ xp0.4(5) J’;r/2t_1+(2a+2)/p xg(t)dt > . s(20+2)/p.

Since -1+(2a+2)/p > -1, we can apply lemma (16.5) to see that D, is a subset

of the set where

c X[O,2](S)UEt2a+1dtJ e >a S(2a+2)/p'
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Therefore D, is a subset of [0,f] with
r = nlin(37r/4,c[a_pH]1/(2a+2))

and (15.7) follows immediately.

For i = 3 we have (16.8) equal to

2 /2 1 o P 20+1
JO 15112111) x[0’2/n](s)U2/nn t xE(t)dt] §“%T 1 gs.

Replacing ! by t in the inner integral gives the bound

Jz :‘)111’ X0, 2/n](S)U j XE(t)dt] s20F1gs.

which is bounded by

LUt gwa]Peertas
s

Hardy’s inequality completes this part.

For i = 4 (16.8) is bounded by

J37r/4[sup J2/n 2o yp(a)? (a+1/2)(2-p)-p(8+1)4,

o |m1lo %o } X[2/n,37r/4](s) §

Now if 6-a-1/2 < 0, replace n by 2/t; otherwise replace n by 1/s. This

gives the estimate

3r/4 2/n B
CJ' [sup J' (2ot14r 2a+1 p(20‘+2+r)ds,

p
0 [m170 XE(t)dt] X(2/n,37/4)(%) 8

where r = min(#-a-1/2,0). The supremum occurs for the least n such that
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2/n < 's. Therefore, we have the estimate

3r/4[ s p _
CJ [J t2a+l+er(t)dt 2o+l p(2a+2+r1)y
0 0

If r =0, the exponent of s is -1 for p = 1. If r # 0, the exponent is
—2-20 for p =2 Since a>1 and @ > 0, we have 2a+2+r > 0 and the
exponent of s is a decreasing function of p. Therefore, since p > 2, that

exponent is less than -1 and Hardy’s inequality completes this case.

For i =5 (16.8) has the bound

P

s/2 12971y (t)dt
Jo | Xemara® ®

0 n

(a+1/2)(2-p)-p(a+5/2) 4

Replacing n by 2/s gives the bound

3r/4, (s
J U 1;201+1XE(,‘

p —
)dtl 2o+l P(2a+2) 4
0 0

Since p > 2 the exponent of s 1is less than -1 and Hardy’s inequality

completes this part.

For i = 6 the bound for (16.8) is

J37r/4[sup Js/2 xE(t)t a+1/2 (a+1/2)(2_p)ds.

P
0 TET dt] X(4/n,37/4)8) $

n>1 /2/n n

We can replace the lower limit of integration in the inner integral by 0 and then

replace the other n with 4/s to get the bound

J37r/4Us xE(t)ta+1/2dtr g2ot1-p(a+3/2) 40
0 0
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Since p > 2, the exponent of s is less than -1, and Hardy’s inequality

completes this part.

For i =7 and i = 8 the reasoning in the proof of lemma (15.1) for these

parts can be used with g(t) taken to be ta+1/2xE(t).

For i = 9 we see that D9 is a subset of the set where

sup a+1/2.

n>1

Uw/2 (otl/2

.Y t)dt
2/s n g1+ x(")

X{2/n,ma)(®) > c2 8
We can replace n by [2/s] to see that Dy is a subset of the set where

xg(t)dt >ca sa_0+1/2.

/2
Xi0,5/4(® L (o-0-1/2

Because of (16.11) we can multiply the integrand by (t/s)g_a'-l/ 2+(2a+2)/p to
show that Dy is a subset of the set where (16.13) holds. The estimation is then
completed as in the case i = 2.

For i = 10 the reasoning in lemma (15.1) applies with g(t) replaced by

ta+l/2xE(t). For i = 11 we first prove that
/2 a+1/2,a+1/2 1/
(16.14) j min(1,0t) T 22 2 (e ¢ e/,
S

To do this split the integral into integrals over [0,1/n] and ([1/n,7/2]. Holder’s

inequality shows the first integral is bounded by

cgl/Ppo+1/2~(20+2)/p"

From the fact that 1 < p’ < 2 and a > -1 it follows that the exponent of n

is negative and, therefore, this part is bounded by cHI/ P Hslder’s inequality
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applied to the second part gives
2 7
Hl/pU"j (#1262 (61 e
1/n

Since @ > -1 and 2 < p < o, the exponent of t is greater than -1/2, and
this part also has the bound cHl/ P

Using (16.14) we see that D, is a subset of the set where

sup cH'/? n~min(1n(r-)P*2s ), (6) > a(rs) T2,

n>1

This is a subset of the union of the sets where

(16.15) sup cH!/P n'ex[3,,/4,,r_1/n](s) > a(r-s)P*1/2
and
(16.16) 1511;11) cH!/P nﬂ—0+1/2x{7r_1/n’7r](s) > a.

For (16.15) the supremum occurs for the least n satisfying n > 1/(7-s) and the

set is a subset of the set where
1 1/2
(16.17) cH /p X[31r/4,w](s) > a(w—s)ﬂ_0+ /2,

From (16.12) we see this is a subset of the set where

cal/P X[31r/4,1r](s) > a(1r—s)(2ﬁ+2)/p.
This is the set [r,n] with

r = max(37/4,7( c a_pH)l/(2ﬂ+2))
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and (15.7) follows.

For (16.16) if (A-6+1/2 > 0 the supremum occurs for n = [1/(m-s)]. Then
this set is a subset of the set satisfying (16.17) which was estimated before. If
B-6+1/2 < 0, the supremum occurs when n = 1 and the set is a subset of the

set where

1
cHM/P X[7r—1,7r](s) > a.
It a> cHY/P, this set is empty and (15.7) is trivial. f a < cHY/P this set is
[7-1,7], a PH > ¢ and (15.7) follows. This completes the proof of lemma (16.1).

To prove lemma (16.4) we will prove the equivalent inequality

sup (2 K(a,ﬂ),O a+l1/2 d
S S s O LT
SCH' / (W—S)ﬂ+ / I ®

@®

For this it is sufficient to prove that

j’;/2|KI(1a’ﬂ)’0(s,t) | 1ot1/24
ST FFIT2 X[o,n(8) € ¢

(m-s

with ¢ independent of n and s. Because of (15.4) and (15.5) it is sufficent to

show that

2
(16.18) J;r/ ln’i(s,t)ta+1/2dt < e 5@t/ g)B+1/2

for 0 <s<
Inequality (16.18) is easily proved for 1 < i < 10 by inserting the definition

of £ ,, performing the integration and using the fact that 6 > a+1/2. For
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i = 11 performing the integration gives the bound

(16.19) ¢ 1™ ’min(1,n(rs))P*1/ 2X[37r/4,7r](s)'

If 0 < 7-s < 1/n, (16.19) is cnﬂ~0+1/2(1r—s)ﬁ'*'1/2 and (16.18) follows since
g > p+1/2. U 1/n < 7-s < /4, (16.19) is cn”? < c(7r—s)0 since 6 > 0, and
(16.18) follows from ¢ > f+1/2.

Finally, we show that the methods of [7] cannot prove lemma (16.1) if
a > (. I this could be done, it would require that lemma (16.1) be true with

Kéa’ﬂ)ﬂ(s’t) replaced by the error term

Toocs<ct <
K(s,t) =
0 elsewhere

If we take E = [0,1] and a > 1/(a+1/2), then D(a) contains the set
[0, cal/ (at1/ 2)] for a suitable constant ¢ and (16.3) would require that

~(20+2)/(a+1/2) (P

For this to be true for arbitrarily large a we must have —(2a+2)/(a+1/2) < -p
or p < (2a+2)/(a+1/2). Since the p of lemma (16.1) does not satisfy this
inequality, lemma (16.1) fails for this error term. Consequently, the method of [7]

cannot be used.
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17. Proofs of theorems (1.1)-(1.3). To prove theorem (1.1) we make the

change of variables x = cos s and y = cos t and let
g(t) = f(cos t)(sin t/2)a+1/2(cos t/2)ﬂ+1/2. Then by (2.29) the set E(a) is the
set of all values of cos s for s in the set Dl(a) where

7rKI(lo"ﬂ)’a(s,t)g(t)dt > a(sin s/2)a+1/2(cos s/2)ﬂ+1/2.

(17.1) sup JO

n>0

Furthermore, the conclusion of theorem (1.1) is equivalent to

(17.2) (sin 5/2)2%H (cos s/2)%P Las

J D,(a)

s 2-p
gca._pJ' lg(t)lp[(sin s/2)a+1/2(cos s/2)ﬂ+1/2} ds.
0
For suitable c, Dl(a) is a subset of the set D(a) where

(17.3) sup JWIK,(Ia’ﬂ )9s,)g(t) | dt > cas@TH2(rs)P+1/2,
n>0 Y0

and it is sufficient to prove that

@) [ s cea [[1g) st a2 R
0

JD(a)

For g with support in [0,7/2], (17.4) was proved in lemma (15.1). For g
with support in [7/2,7] the change of variables s = 7—u, t = m=v and the fact

that

(17.5) Kr(la’ﬂ)’e(w—u, —v) = Kl(lﬁ’a)’g(u,v)

show that (17.4) is equivalent to
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T

(17.6) J u2ﬁ+1(7r_u)2a+1du <caP J | g(,r_u)|p[uﬁ+1/2( W_u)a+1/2]2—p du.
D 0

where Dgy(a) is the set where

2(3')

(17.7) sup JW|Kr(lﬂ’a)’e(u,v)g(w—VHdv > auﬂ+1/2(7r—u)a+l/2‘
n>0 “0

Since g(mt) has support in [0,7/2], inequality (17.6) follows from lemma (15.1).
That (17.4) holds for general g follows from these two cases.

The proof of theorem (1.2) is similar. Let G be the subset of [0,7] such
that cos te H and let g(t) = XG(t)(sin t/2)a+1/2(cos t/2)ﬂ+1/2‘ Then E(a)
is the set of values of cos s for s in the set D;(a) where (17.1) holds and
the conclusion of theorem (1.2) is equivalent to (17.2). For suitable c, Dl(a) is a
subset of the set D(a) where (17.3) holds and it is sufficient to prove (17.4). If
E c [0,1], then G c [0,7/2] and (17.4) follows from lemma (16.1). If E c [-1,0]
we again get (17.4) by changing variables and using lemma (16.1). As before, the
general case follows from these two cases.

For theorem (1.3) we let g(t) = f(cos t)(sin t/2)a+l/2(cos t/2)ﬂ+l/2 and

change variables in the conclusion to get

" k(0P s tg(r) ar
(sin s/2) a+1/2(cos s/2)

g(s) I
(sm s/2)a+172(cos s/2) ﬂ+1/2” ’

@®

where || ”w is taken over [0,7]. For f with support in [0,1] this follows
from lemma (16.4). As before for f with support in [-1,0] a change of variables

proves the result and the general case follows from the two special cases.
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18. Norm estimates for p not between the critical values. From theorems

(1.1)~(1.3) it follows that for p between the critical values

||<rn(°"'3)’0(f,x)||p < c||f||p with ¢ independent of n. For other values of p
this is not true; we obtain upper bounds as a function of n in lemma (18.11).
This lemma is the upper bound part of theorem (22.2). It is also needed to obtain

the lower bound in §20. Throughout this section and §§20-22 we will use the

notation
_ 2a+2
(18.1) p,(8) = T 03
_ 2042
(18.2) p(f) = Zgiym
and
(n+1) (20 2)/p{at043/2) 1 ¢ pop (0), 0<a+l/2
[log(n+1) ] /P p=p,(0), 0<a+1/2
(18.3) G(n,p,6) = | 1 p1(0) <p<py(8), 0<atl/2,
[log(n+1) ] /P’ p=1p,(0), 0¢a+1/2
(n+1) (00220420 (g) <pca, 0<atl)2
L 1 1<p< o, #>at+l/2

Lemma (184). If a > -1, > -1, v = max(a,f), § > 0 and 1 < p <2
then

(18.5) J;U:)rmlKr(la’ﬂ)’a(s,t)g(t)l dt] P10 1/2(rg)BH1/22 Py

is bounded by

(18.6) ¢ G(n,p,8)P J;r/2|g(t)|p 1(a+1/2)(2-p)g,
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with ¢ independent of n and g.

To prove this let ln7i(s,t) denote the functions defined in the proof of
lemma (15.1), and as in the proof of lemma (15.1), let H denote the integral in
(18.6). We may assume that g(t) is nonnegative and that it is 0 outside

[0,7/2]. Because of (15.4) and (15.5) it is sufficient to show that

(18.7) J:U;r/zlmi(s,t)g(t)dt}p[sa+1/2(7r—s)ﬁ+1/2 P e

is bounded by cG(n,p.0)PH for 1<i <11 and n > 1.

Now (18.7) is bounded by (15.8). For i = 3, 8, 9 and 10, (15.8) was shown
in the proof of lemma (15.1) to be bounded by cH for p = p1(0), and these
estimates are valid for 1 < p < 2. It is sufficient, therefore, to consider the cases
i=1,2 4,5 6,7 and 11.

For i = 1 (18.7) is bounded by

2/n

o o(20+2)p J [ J’f/ 2ta+1/2g(t) dt] P2atly
0

0

Now use (15.14) to estimate the inner integral and the estimate cH is immediate

for this part.

For i = 2 (18.7) is bounded by

c np(a—0+1/2)Jz/nU;ft—o—lg(t)dt] P2a+1y

Now evaluate the outer integral and use Holder’s inequality on the inner integral to

get the bound

o pP(a-0+1/2)-20-2 HU”/Qta—H/HcH0+3/2)/(P—1)dt]p_l.
2/n
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The exponent of t is less than -1; evaluating the integral completes this part.

For i = 4 we have

cxpor oD o gq] s plos 43/

The inner integral is estimated using (15.14) and the outer integral is computed
directly. The result is cHG(n,p,0)P.
For i = 5 (18.7) is bounded by the sum of

(18.8) cnP Jz;rr/l * Uz/ a1/ 2g(t)dt] P 20+1-p(20+3) 4
and

2 (74 a+1/2 P 20+1-p(20+3)
(18.9) cnP J2/n Uz/nt g(t)dt} s ds |

For (18.8) use (15.14) on the inner integral and evaluate the outer integral to get
an estimate of cH. For (18.9) since p > 1, the exponent of s is less than or

equal to -2. Hardy’s inequality then gives a bound of

3rf4
c J ;r/ n—pg(t)ptp(a+l/2)+p+2a+1—p(2a+3)ds.
2/n

Replacing nP by tP completes this part.

For i =6 we get

(18.10) cn P Ji:l/f Uzzg(t)dt] Psza+1—p(a+0+3/2)ds_
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If p> p1(0), the exponent of s is less than -1. Hardy’s inequality then gives

the bound

. J37’/4g(t)p b 20+1-p(at0+1/2)

Replacing o by 1P completes this case.

If 1<p<py(6) use Holders inequality to show that (18.10) is bounded
by

- J3"/4HUS/2 (a+1/2)(2-)/(1-p) dt] L 20+ 1-p(at043/2)y
4/n 2/n

The exponent of t is less than -1. The exponent of s is -1 if p = pl( 6)
and greater than -1 if 1< p < pl(ﬂ). Computing the integrals completes this
case.

To estimate (18.7) with i = 7 let a be a number satisfying
1/p < a < 141/p and a < 6+1/p. Applying Holder’s inequality to the inner
integral gives a bound of

[ el

2/n s/2( + |s-t])?P

Uzj [t (SO B +]s-t]]2P° dt] (et 1/2)(2p) g
2

Substituting the value of £ , we get a bound of

¢nl-3P J;HU% L RP ) (o120l

s/2( + |s-t])*P
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Now interchange the order of the integration and compute the inner integral to
complete this part.
For i = 11 the procedure is similar to that used for the case i = 1 in

the proof of lemma (15.1). In place of (15.19) we must show that
/2
n_oj min(l,nt)a+1/2g(t)dt <c G(n,p,0)H1/p.
0

The proof is like that of (15.19). We have (15.22) bounded by cG(n,p,0)H1/p for

1<p<2 If p> %, the exponent of t in (15.23) is bounded below by
1/p 2a+2 . .
-1 and (15.23) has the bound cH/*. If p < a3/ the integral in (15.23)

can be evaluated to get the bound c G(n,p,&)Hl/ P The rest of the proof is the

same except that each estimate must be multiplied by G(n,p,6).

Corollary (18.11). If a > # > -1 and @ > 0, then
0
o0

Hp ch(n,p,l9)||f||p with ¢ independent of f and n.

For 1 < p < 2 this is done as in the proof of theorem (1.1) by splitting the
integral defining Ux(la’ﬁ)’e(f,x) at 0, changing variables, using the fact that
Kl(la’ﬂ)’a(w—u,r—v) = Kl(lﬂ’a)’a(u,v) and applying lemma (18.4). For p > 2 it

follows from the case 1 < p < 2. by duality.

19. A polynomial norm inequality. The main result of this section, lemma

(19.4), is a modification of lemma 4b of [2]. Lemma (19.4) has a weak type p
norm on the right in place of an ordinary p norm. The proof follows that given in
[2] but a different interpolation theorem is needed to produce the weak type norm.
This is lemma (19.1); its proof is like that for a simple case of the Marcinkiewicz

interpolation theorem.
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Lemma (19.1). If a > -1, 8 > -1, T is a linear operator on L
[-1,1] with weight (1-x)%(1+x)P, | Tf]_ < Allgl,, T4 < Bl and

1 < p < o, then
1/pgl/p’
el < c AVPBYP g

with ¢ independent of A, B, f and T.

To prove this let a be positive, define

O - {f(X) [fx)] < a

f
o 0 f(x)] 2 a

and let f(x) = f(x)—fa(x). Then

ITdl, < IT(E)I, + ITE)]

o
By the hypothesis the right side is bounded by
Ba+ A J 1£(x) | (1-%) %(1+x)Pdx
H(x)]| >a

< Bat+A }: 90+, J (l—x)a(1+x)ﬂdx.

n=0 |f(x)|>2"a

The right side is bounded by

[+ ]
()12 _
Ba+A ) 2"la —— B2 ¢ By 4 Aca PY()|P .
=0 (2na)p Do

Taking a = Al/ pg-1/p ||f(x)||p o completes the proof of this lemma.

1

of

79
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Lemma (19.2). If a > -1, § > -1, then there are positive integers r and

N and linear operators T~ for L' on [-1,1] with weight (l—x)a(1+x)ﬂ such
that for n > N Tnf is a polynomial of degree rn, Tnf =f if f isa

Ccllfl, and T fll; < clfl, with c

polynomial of degree n, ||T fll_

independent of n and f.
This is a combination of theorem 1, p. 467 of [10], plus the fact that for

8 > max(a,) +1/2 we have llat(la’ﬂ)’a(f,x)”p <o), for p =1 and

p = o. These norm inequalities are included in lemma (18.11).

Lemma (19.3). If a > -1, 8 > -1, v = max(e,f) > -1/2 and f(x) is an

h degree polynomial, then

29+2
IEGI ¢ e(n+1)7F2)))

with ¢ independent of n and f.

To prove this we start with the fact that

n (1 Ny a B
= L0 ey g

Lo TL L P () 21my) (14 v Pay &)

By (4.3.3) of [13] and (2.5) we have

n 7
c(k+1) ||f||1
=) < )
k=0

(k+1)7,

and the conclusion is immediate.
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Lemma (19.4). If a> -1, > -1, vy = max(af) > -1/2 1 <p <o

and h(x) is a polynomial of degree n, then
2v+2
GO, < clat1) 212 Pyny

with ¢ independent of h and n.
Let r, N and T = be as in lemma (19.2); we may assume n > N. By

lemmas (19.3) and (19.2)
2742 29+2
IT G0l < e+l T 0l < o+ )22l
and by lemma (19.2)
IT {0l ¢ Cllfll, -
Lemma (19.1) then shows that
2742
1T, 00, < clatn) B2 Py
for any f in L', Since T h(x) = h(x) for h a polynomial of degree n, we

have the conclusion of the lemma.

20. A lower bound for a norm of the kernel. The main result here is lemma

(20.2) which gives a lower bound for HLr(la’ﬁ)’e(l,x)Hp. This along with lemma
(19.4) will be used in §§21-22 to obtain lower bounds for the LP norm of the

operator Ur(la,ﬂ),ﬂ'
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Lemma (20.1). If a> > -1, a>-1/2,§ >0 and 1< p < o, then
{01, < Gapr @ EatP

with ¢ independent of n.

By the converse of Holder’s inequality

1
il = “fﬁuD_lu L{B 01 i) (1) *(14x) x|
p’ -1

The right side equals

sup_l‘aga’ﬁ)’o(f,l)l < sup_llla(a’ﬁ)’a(f,x)um :

Il Sl =t

By lemma (19.4) the right side of this has the bound

sup  c(n+1)20t2)/p7 ) (ah)fig 4
Il =1 S

for 1 <p <o If p= o this follows from lemma (19.3); for p = 1 it is

trivial. Corollary (18.11) then completes the proof.

Lemma (20.2). If -1 <8< a 0< #< a+1/2 and 1< p < pl(ﬂ), then

(20.3) (a+1)2t2/P G pe ) < clnga’ﬂ)’o(l,x)“p

with ¢ independent of n.
The proof is essentially that on pages 174-5 of [2] for the case a = § and
p = py(6). We use the fact from (9.41.13), p. 261 of [13], that Lr(la’ﬂ)’o(l,x)

equals the sum of
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qQ = n ! T(0+1)I(n+a+8+6+2) T 2n+a+ G+ 60+3) P(a+0+1,ﬂ>(x)
¥ BHID (a4 1)D(n+ 041) T (0t B+1) T ( 2n+a+f+26+3) O
and
R = J AGL{®A 01y,
j=1
where

IR N5 B N W oY
AQ) = UDTG) q IF 1+ ot AT+ 04 -
i=
By use of (8.21.17), p. 197 of [13], and Stirling’s formula we have
al (n+1)@70F1/2 1< p<py(6)
Qll, 2 ¢ :
P ) 2005 )P p = 5 ()

Using the definition (18.3) of G, we can write this as
(204) IQll, 2 ¢ Glap O+ *H/P7 1< p < py(o)

To estimate ||R|| we use the fact that

n
Lr(la’ﬂ)’0+j(1,x) = z a
k=0

L{oA0+

s

where

n—k

n+0+j
n

) Lk+£+11 [n——k+ j—2]

a.
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n
Since a, > 0 for j>1 and 2 a, = 1, we have by Minkowski’s inequality
k=1
®
. 6+1
IRI < Y TAG) suplL{® 0 a0y
P k<n P
=1 -
Now since each factor in the product in the definition of A(j) has absolute value
o
less than 1, we have IAjl < [(39)| Since z |(f)| converges for 6 > 0, we
=1
can use lemma (20.1) to get

(205) RI ¢ ¢ suplL{¥D a0l < Gn,pr,041)(n1) 2AHR/P7
p k<n p

From the definition of G 1lim G(n,p’,0+1)/G(n,p’,6) = 0. Therefore, (20.4) and

n-w

(20.5) imply (20.3) for sufficiently large n. Since [ILI(IO‘”B)’0+1(1,x)||p > 0 for all
n, adjusting c¢ in (20.3) will make (20.3) true for all n.

21. Some limitations of the basic results. Here we show that Ti(x) =

sup | aI(Ia’ﬁ )’0(f,x)] is not a weak type operator at the upper critical index p by
n

showing that | ﬁup Hal(la’ﬂ )’f)(f,x)upaD is an unbounded function of n. As a
]| =1 4
p

0 .
corollary we also get the fact that  sup ol @0 Ol /llxull. is an
Ec[-1,1] ® BT T ETp

unbounded function of n if p is the lower critical index. It follows from this
that T is not a restricted strong type operator for this value of p. The question
of whether T is restricted strong type at the upper critical index is not resolved
here. At the end of this section we do show, however, that this cannot be decided
using our upper bounds for the kernel. The basic result for this section is the

following theorem.
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Theorem (21.1). If a > -1, f > -1, v = max(a,f) > -1/2, 0 < 6 < 7+1/2
and p = (27+2)/(7-6+1/2), then

,0),0 1/p’
u?ﬁf,ﬂ"”’(‘a M, > cltog y/?

with ¢ > 0 and independent of n. If 6 = y+1/2, ”sxﬁp ||or(la’ﬂ)’0(f,x)||m
f| =1

> ¢ log n.

To prove this we use lemma (20.2) to get

(1og m)!/P" ¢ c(n+1y CTHA/PyLL@B) by

By the converse of Hoélder’s inequality the right side equals

c(n+1) 212/ p||§ﬁp—1 ’ J 'L (@)1 x)t(x) (1) (1) P
p -1

which equals

C(n+1)—(27+2)/P”§|lllp 1| Ux(xa’ﬂ)’g(f’l) l.
p=

This completes the proof if 6 = y+1/2. If @ < y+1/2, then since ax(la’ﬂ)’a(f,x)

is a polynomial of degree n, lemma (19.4) shows this is bounded by

¢ sup [\ 0exy
Il=t P

This completes the proof of theorem (21.1).

Theorem (21.2). If a > -1, § > -1, v = max(e,f) > -1/2, 0 < 6 < 7+1/2
and p = (27+2)/(7+6+3/2), then
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16{ @A) 8 (e )l

(21.3) P 5 (log n)}/P

sup
Ec{-1,1

L1 gl
with ¢ > 0 and independent of n. If 6 = ~4+1/2, then

sup Hal(la’ﬂ)’g(f,x)ll1 > ¢ log n.
I, =1

For 6 < y+1/2 this follows from theorem (21.1) by the following duality
argument. The left side of (21.3) equals

111105 L @A O, x) (1-2) X(14x) x|

sup sup n
Ec[-1,1] ||f||p,-_-1 “XE”p
This is
1 (a:ﬁ)70 f 1— (11+ ﬁd
(21.4) sup su Z1xg() oy (£,%)(1=x)"(14x) x|.
Ifllp, =1 Ecl-L1] Ixgll,

By theorem (21.1) we can, given n, choose g with ||g|

p’ =1 and

(21.5) 1@ g, , > cliog m)'/P

with ¢ independent of n. With the notation

WE) = JE(I—x)a(1+x)ﬂdx

we see from (21.5) that there is an a > 0 such that if A 1is the set where

}al(xa’ﬁ)’g(g,x)l > a, then aplu(A) > c(log n)pl/p. Let A. be the subset of A

1
where o{®D0gx) > 0 andlet A, = A n AL I p(A)) 2 u(A)/2, let

D = A,; otherwise let D = A, Then ap,p(D) > c(log n)p’/p and

2

(21.6) a 2cu(D)_1/pl(log n)l/p.
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Replacing f by g and E by D, we see that (21.4) is bounded below
by
1 a Jij
JZixp(x)a(1—x)"(1+x)"dx
[w(D)1'/P

Using (21.6) to replace a then completes the proof of theorem (21.2) for
0 < v+1/2. For 6 = ~4+1/2 a standard duality argument proves the result from
theorem (21.1).

Now we will show, as mentioned at the beginning of this section, that the
upper bounds for the kernel obtained in this paper cannot be used to show that

Ti(x) = sup|ar(la’ﬂ)’0(f,x)| is strong restricted type at the upper critical index.
n

To do this we change variables to show that T being of restricted strong type is

equivalent to the statement that for any subset E of [0,7]

J;r sup JEKl(la’ﬁ)’e(s,t)(sin t/2)a+1/2(cos t/2)ﬁ+1/2dt P x

« [(sin 5/2)%F12(cos s/2)P 1122 Py

is bounded by

c IE(sin s/2)2a+1(cos s/2)2ﬁ+1ds.

If this could be proved from our upper bounds for a > f§, we would have

/4 7/2 ; )
Jo [Sﬁp X[2/n,7r/4](S) J2S { Q(S’t)ta+1/2xE(t)dt] o(a+1/2)(2-p) 4 SCJEszaHds

for any subset E of [0,7/2] where £ g is the function used in the proof of
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lemma (15.1). Taking E = [r/4,7/2], substituting the value of ¢ g and reducing

the interval of integration for the outer integral we would have
/8 0 ("2 a-0-1/2,1P (at+1/2)(2

s [ at]” sl < o,

J 0 [Sgp Xofnaa @ | ” : s<a

The supremum is attained at the least n satisfying n > 2/s. Using this fact and

performing the inner integration, we see that the integral on the left is bounded
/8

below by cJ ds/s. This contradiction completes the demonstration that our upper
0

bounds are not sufficient for this problem. Since our upper bound can easily be
shown to be as small as possible for certain simple cases such as o = f = 1/2,
another approach is needed. Presumably, an asymptotic expansion for the kernel

could be used for this purpose.

22. Growth of Cesaro means. We obtain here the exact growth rate of the

LP norm of the Cesaro mean operator for p outside the critical region. Gorlich

and Markett obtained the following result in [8].

Theorem (22.1). If a> f> -1/2 and 0 < 6 < a+1/2, then

B(n) n(2oz+2)/p—(204+3)/2—0

“(7( a’ﬂ))oll < (
P |Bm) o(20+1)/2~(2a+2)/p-0

» D€ [1,p1]
» D€[py,a

(a,5),6 P P
where [lo} ||p denotes the operator norm from Lo to Lg,

p; = (4a+4)/(2a+3+20), py = (4a+4)/(2a+1-26) and for any t > 0,
lim n—tB(n) = 0.

n-w

They also obtained lower bounds for ||al(la’ﬂ )’HH of the same form except

P
that B(n) was replaced by a constant. We will prove the following result.
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Theorem (22.2). If a> > -1,1<p <o and 4 > 0, then there is a
constant ¢ such that G(n,p,6) ¢ cllar(la’ﬂ)’gﬂp < c2G(n,p,0), where G is as
defined in (18.3).

The second inequality was proved in corollary (18.11). In the regions where
G(n,p,d) = 1 the first inequaltiy follows immediately by taking f(x) = 1 since
then o{®¥fx) =1 forall n and 4 The result for 1< p ¢ py(6) is the
dual of the result for p2(0) < p < o ; therefore it is sufficient to consider the case
Py(f) < p <o and 0 < < a+l/2. To prove the lower bound for this case use

lemma (20.2) to get

Glnp,0) ¢ c(nr1) DByl b

The right side equals

c(n+1) 20+ p||§ﬁp . | Ux(la’ﬂ)’e(f,l) l.
p=

For p < o we use lemma (19.4) and the fact that ”h”pm < ||h||p to get the

bound

6
¢ sup_ ol WM e0)
Ill,=1

for p = o this bound is trivial. This completes the proof.
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