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CONTINUITY OF SOLUTIONS OF UNIFORMLY
ELLIPTIC EQUATIONS IN R?

SAGUN CHANILLOt AND YANYAN Lr*

1. Introduction

In this paper we prove that the Green’s function of the second order uniformly
elliptic operator in R? belongs to the space BMO. In fact we prove a little bit more.
Using this result, we generalize some of the results in Wente [W], Brezis-Coron
[BC], Bethuel and Ghidaglia [BG] and Brezis and Merle [BM].

Throughout the paper we assume {aij(z)} € L*°(R?), aij(z) = aji(z)(1 <
1,j <2) and, for some A > 0, we have the ellipticity condition,

(0.1) ATHER < aij(z)€:é; < AE?, Yz, € € R

Let L = 0i(ai;(-)0;) be a uniformly elliptic operator and G(-) denote the
global Green’s function of —L with pole at z € R? and the normalization
infg,(;) Gz = 0, namely, for fixed = € R?,

(0.2) ~LG.(y) = 6z(v).

Where §,(-) is the Dirac function at z. Here we have used the existence and
uniqueness upto constants of the global Green's function which can be found in
the Appendix of [KN].

Throughout the paper we use C; = C1()) > 0 to denote some constant de-
pending only on A and we let Cp > 0 be some universal constant. The values of
these constants may change from line to line.

In Section 1, we prove the following theorem.

{Partially supported by NSF grant DMS-9202051
*Partially supported by NSF grant DMS-9104293
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THEOREM 0.1. Under the hypothesis (0.1), and for every 1 < p < 2, there exists
some positive constant C = C(], p), such that, for all balls B = Bg(zy) C R?,

R(I}?I /B IVG. ()P dy))llp <c.

As will be explained in Section 1, one can conclude from Theorem 0.1 that G,
belongs to the space BMO for any z € R? and ||G:||pmo is bounded above by a
constant depending only on .

In Section 2, we establish the following result.

THEOREM 0.2. Let L be a uniformly elliptic operator satisfying (0.1), ! C R? be
any bounded domain with C* boundary. For u,v € H(Q), let $ € Wg*'() be
the unique solution to the problem,

—L¢ = Uz V2, — Uz, Vs, in§)
(0.3) $=0 on o9,

then ¢ € C(R) N H} () and
(0.4) | ¢ llz(a) + IVl Laa) < CallVullpa@) | VllL2g)-

We emphasize that C; is independent of (2.

Remark 0.1: When a;j(z) = §;j, namely, L = A, the result is due to Wente
[We] for @ = R?, and Brezis and Coron [BC] for £ a bounded simply-connected
domain. When a;;(-) € C*(Q), the result is due to Bethuel and Ghidaglia. After
we submitted this paper, we were informed that Bethuel and Ghidaglia have also
proved Theorem 0.2 in [BG] by other methods.

In Section 3 we first consider

—Lu=f(z) inQ
(0.5) u=0 on 012,

. where 2 C R? is a bounded domain, f € L!(f2) and L is defined as above.

We establish the following result which is the starting point of the rest of the
results in this section.

THEOREM 0.3. Under the hypothesis (0.1), there exists C; = C1()X) > 0, C2 =
C2(X) > 0, such that the solution u of (0.5) satisfies ‘

(0.6) /n exp(Cilu(@)l/ Iflh) dz < Ca(diam Q)?,
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where |||l = [, |f(z)| dz.

Remark 0.2: It is proved by Brezis and Merle [BM] that for L = A, one can
actually take C; = 4w — §,C; = 4w%/§ in (0.6) for any § > 0.

1.

In this section we prove that the Green’s function of the uniformly elliptic
operator in R? belongs to the space BMO. In fact we prove a little bit more.

Definition 1.1: f € L}, (R") is said to be of bounded mean oscillation on R™
(abbreviated as BMO) if there exists a constant M > 0, such that, for every ball
B C R™, we have

157 L 1#2) = folde < M,
where fp = ]%[ Jp f(z) dz is the mean value of f on B, | B| is the Lebesgue measure
of B.
For BMO functions, we introduce || f||ppmo = sgpﬁB—I Jp 1f(2) - fB|d=.

Proposition 1.1: Let L be the uniformly elliptic operator satisfying (1.1), G = G,
then for any 1 < p < 2,1 < ¢ < 400, there exist some positive constants A;(p, A),

A2(q, ), such that,
1/p
([ wer)” <atm,
B3(0)

(/;3’(0) |G|q)1/q < Az(g, ).

Remark1.1: For our applications, we only need to know Proposition 1.1 for the
casep=gq=1.

Remark1.2: Proposition 1.1 is due to Stampacchia see also Gruter-Widman [GW]
and Kinderlehrer-Stampacchia [KS].

Proof of Theorem 0.1. It is clear that we only need to prove Theorem 0.1 for z = 0.
The general case follows from a translation. We denote G¢ by G in the following:
Case One: The pole which is the origin is the center of B, namely, B = Br(0)
for some R > 0.

Let G(z) = G(Rz) - i“flzlsz G(Rz), a.'j(:f) = a..-j(R:c), L= 3.'((‘1,',‘(*)6,‘). It is
very easy to see that (since we are in R?), G is the Green’s function of —L. It
then follows from Proposition 1.1 that for 1 < p < 2,

- \Yr
(/ |VG|P) < Ai(p, ),
B3(0)

1 1/1’
R| —— VG") <A ).
<1Bn(0)n oy VOT) S AEA)

namely,
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Case Two: 0 € B = Bg(zo), for some z9 € R?, R > 0.
In this case, B2r(0) D B. Therefore we have, for 1 < p < 2,

(o)

4 P 1/p
<R —— v
(le(on Ban) ')

41/
< =5 A 2).
The last inequality follows from Case One.

Case Three: 0 ¢ B = Bg(zo), R < |zo| < 3R, for some z, € R?, R > 0.
In this case, we have, for 1 < p < 2, that

1 - 1/p
R —/ \vJ )
(lB | /B Ivel
1/p
(2]20])?
< —_ VG|P
(Rszlzd(o) Bijzg1(0) | |
1
< ‘2' .6%/7. AI(P’ A).
The last inequality again follows from Case One.

Case Four: 0 ¢ Bg(zo),|zo| > 3R, for some zo € R?,R > 0.

In this case we have

Let G(z) = G(|zo|z) ~ infzj<a G(|20l2), dij(z) = aij(|zol2), L = 8:(ai;()9;),
o = 2. Note |o| = 1.

As we have pointed out that G is the Green’s function of —L with pole at the
origin. By Cacciopoli’s inequality (since G is a solution to LG = 0 outside the
pole ) and Proposition 1.1, we have

_\1/2 C\1/2
( / IVGI’) scl( / IGI’) .
By () By ()
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We apply the Harnack inequality to obtain

Y ]
(/ |G12) <af @l
B%(U) B*(G)

Further, by Proposition 1.1, we have

/ |c:'|g/ 1G] < Cy.
B%(”) B3(0)

R(I—II?] /B |\7c:|=)1/z <a.

By Hoélder’s inequality we get from the estimate above that for 1 < p < 2,

1 1/p
R -—/ VG") <.
(IBI 1Vl :

Theorem 0.1 follows from Cases One - Four.

Scaling back, we obtain

Corollary 1.1: For the Green’s function G(y) defined above, we have
IG=(")llzmo < Cy, V= € R%.
Proof. By the Poincaré-Sobolev inequality we have, for any z € R%,1 < p < 2,

L o=t [ar)” <or(L [ vap)”
18] % " 181 Js 157 Js

for all balls B C R? with radius R > 0.

The conclusion of our Corollary follows immediately from Theorem 1.1 and
the above inequality.

2.
LEMMA 2.1. Let (a;;(z)) satisfy (0.1) and L, G, be as before. Let p € H!(R?),
the Hardy space, ¥(z) = Jza Gz(v)e(y) dy, then
1]l (ma) < Cillellne.

Proof. We point out that in the identity
¥(z) = /; | G:(v)e(v) dy,

the integral is to be interpreted suitably on a dense class of functions in the Hardy
space. See Stein’s book [St] (page 225) for a suitable dense class which is com-
posed of Schwartz functions. By using the result of C. Fefferman [Fe] on the
duality between Hardy spaces and BMO and Corollary 1.1, we immediately get
the conclusion of this Lemma.

Before we proceed further we give a technical extension of the main result of
[Ch) which is the basis of an alternative proof pf Lemma 2.3. This is stated as
Lemma 2.2.
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LEMMA 2.2. Let f € H*(R"), g(z) = (gi(z))~, with V-g = 0 and g €
L*(R™,R™). Further we assume for some 1 < p < +o00,

1 1/p
(2.1) supr <-;‘-/ |Vh|") =A< +oo.
T, r B,(z)

Then
< e(n)A|V fllLa e llgll 2 (&)

/ fg-Vhde
mn

/ Vf-ghdz
R»

and

< c(n)A||V fllLam)llgllarm)-

Remark 2.1: The case p > 2 is proved in [Ch]. Moreover the weighted analog of
the result above can also be proved as in [Ch] where the weight w(z) has now to
be chosen in the Muckenhoupt class A, if p < 2 and in A, for p > 2. The two
inequalities above are equivalent as an integration by parts shows.

Proof. The proof is exactly the same as in [Ch], except that an L? version of
Lemma 2.1 is required to prove Lemma 2.7. Lemma 2.1 is replaced in the proof of
Lemma 2.7 by the following well-known inequality which is the inequality for the
Littlewood-Paley g — function, see Theorem 1 on page 82 in [St]. For F(z,y) the
harmonic extension to R} of F(z) we have,

(2.2 (L vivreor ayei) <o,

Lemma 2.1 is the case p = 2 of the inequality above, in which case it is a conse-
quence of Green’s theorem, see [Ch].

Using this inequality in lieu of Lemma 2.1 at every application one may prove
Lemma 2.7 in [Ch] under the hypothesis (2.1). To prove Lemma 2.6 in [Ch] under
the hypothesis (2.1) we apply the John-Nirenberg inequality [JN] to show, with
the notation of [Ch],

1/2
sup (—1—- / |h — hao)? du) < sup —1-; |h — hgy|du.
B(z,t) t

z,t n z,t B(z,t)

Now notice that the Poincaré-Sobolev inequality immediately shows that the
right side of the inequality above is bounded by a uniform constant given that
(2.1) holds.

The situation in dimension 2 (which is the situation of interest in this paper)
is even simpler as we can dispense with the John-Nirenberg inequality and right
away see by the Poincaré-Sobolev inequality that for any p > 1, '

1 1/2 . 1/p
sup —2/ [h = Rao|? du < supt —,;/ |VAIP du .
2t \ t* JB(z,) gt \ 1?2 JB(z,y
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