Contemporary Mathematics
Volume 599, 2013
http://dx.doi.org/10.1090/conm/599/11905

Embedded three-dimensional CR manifolds and the
non-negativity of Paneitz operators

Sagun Chanillo, Hung-Lin Chiu, and Paul Yang

ABSTRACT. Let  C C2 be a strictly pseudoconvex domain and M = 99
be a smooth, compact and connected CR manifold embedded in C2 with the
CR structure induced from C2. The main result proved here is as follows.
Assume the CR structure of M has zero torsion. Then if we make a small real-
analytic deformation of the CR structure of M along embeddable directions,
the CR structures along the deformation path continue to have non-negative
Paneitz operators. We also show that any ellipsoid in C? has positive Webster
curvature.

1. Introduction

Throughout this paper, we will use the notation and terminology in ([14])
unless otherwise specified. Let (M, J,0) be a smooth, closed and connected three-
dimensional pseudo-hermitian manifold, where 6 is a contact form and J is a CR
structure compatible with the contact bundle £ = kerd. The CR structure J
decomposes C ®¢ into the direct sum of T3 ¢ and Ty ; which are eigenspaces of J
with respect to ¢ and —i, respectively. The Levi form ( , ) L, 18 the Hermitian form

on Ti o defined by (Z, W>L9 = — <d9,Z /\W). We can extend ( , >Ls to Tp1 by
defining <7, W>L9 =(Z,W),, forall Z,W € Tj o. The Levi form induces a natural
Hermitian form on the dual bundle of T} o, denoted by ( , ) Ly and hence on all the

induced tensor bundles. Integrating the hermitian form (when acting on sections)
over M with respect to the volume form dV = 6 A df, we get an inner product on
the space of sections of each tensor bundle. We denote the inner product by the
notation ( , ). For example

(L1) (o) = /N v,

for functions ¢ and .

Let {T, Z1, Z7} be a frame of TM ® C, where Z; is any local frame of T} o, Z7 =
Z, € Tp,1 and T is the characteristic vector field, that is, the unique vector field
such that 8(T) =1, dO(T,-) = 0. Then {9791, 91}, the coframe dual to {T, Z, Z7 },
satisfies

(1.2) df = ihy760" A 0
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for some positive function h 7. We can always choose Z; such that h;7 = 1; hence,
throughout this paper, we assume h;7 = 1

The pseudohermitian connection of (.J, 6) is the connection V on TM @ C (and
extended to tensors) given in terms of a local frame Z; € T ¢ by

VZi=0,'®Z, VZi=0;'®2Z;, VT =0,
where 61! is the 1-form uniquely determined by the following equations:
dot =0 Aot + O AT
(1.3) 7'=0 mod #'
0=0,"+6;",
where 6;! and 7! are called the connection form and the pseudohermitian torsion,

respectively. Set 7! = Aliei. The structural equation for the pseudohermitian
connection is given by,

(1.4) 91t = Rhy10" AT + A" 101 NG — At 101 A 0.

where R is the Tanaka-Webster curvature, see [18].

We will denote components of covariant derivatives with indices preceded by a
comma; thus we write A'; ;01 A 0. The indices {0,1,1} indicate derivatives with
respect to {T,Z;,Z1}. For derivatives of a scalar function, we will often omit
the comma, for instance, 1 = Z1p, p11 = Z1Z1p — 01(Z7)Z1p, po = T for a
(smooth) function.

Next we introduce several natural differential operators occuring in this paper.
For a detailed description, we refer the reader to the article [I4]. For a smooth
function ¢, the Cauchy-Riemann operator J, can be defined locally by

8})@ = ()01917

and we write 9, for the conjugate of d,. A function ¢ is called CR holomorphic if
Opp = 0. The divergence operator &, takes (1,0)-forms to functions by &,(c10') =
o1 !, and similarly, 51,(0101) = 0171.

If 0 = 010! is compactly supported, Stokes’ theorem applied to the 2-form O Ao

implies the divergence formula:
/ opof A df = 0.
M

It follows that the formal adjoint of J, on functions with respect to the Levi form
and the volume element § A df is 9f = —d,. The Kohn Laplacian on functions is
given by the expression,
Oy = 20; 0p.
Define
(1.5) Pyp = (p1'1 +iAnph)0t

(see [14]) which is an operator whose vanishing characterizes CR-pluriharmonic
functions. o o
We also define P3p = (o117 — iA91)0!, the conjugate of Ps.

DEFINITION 1.1. The CR Paneitz operator Py is defined by
(1.6) Pyp = 5y (Psgp).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



NONNEGATIVITY CRITERION FOR PANEITZ OPERATORS 67

More explicitly, define Q by Qg = 2i(Atp1) 1, then

1

Pyp = —(0,0, — 2Q)¢

—

= —(Dbﬁb(p — 47;(1411301)1)

—

=3 (@05 + 0,05) ¢ + 8Im(A™ p1)1).

By the commutation relation [[J;, ] = 4iImQ, we see that 4P; = 0,00, — 2Q =
0,0 — 2Q. Tt follows that Pj is a real and symmetric operator (see [4] for details).

DEFINITION 1.2. We say the Paneitz operator Py is nonnegative if and only if

/ (Pig)@ > 0.
M

for all smooth functions ¢. We use the notation Py > 0 to denote non-negative
Paneitz operators.

Note that the nonnegativity of P, is a CR invariant in the sense that it is
independent of the choice of the contact form 6. This follows by observing that if
6 = ¢2/0 be another contact form, we have the following transformation laws for
the volume form and the CR Paneitz operator respectively (see Lemma 7.4 in [12]):

ONdD = el oA db; P, = 4p,.

In the higher dimensional case, there exists an analog of P; which however
seems not to satisfy the covariant property. In this case, Graham and Lee, in
[11], had shown the nonnegativity of P;. To be specific, non-negativity of Py is a
condition in dimension three but it is a given in higher dimensions. Moreover the
invariance property for the Paneitz discussed above does not hold in dimensions
five and higher.

We will restrict ourselves exclusively to the three dimensional case in our paper.
We next observe that when the Webster torsion A;; = 0, then the Paneitz operator
Py is given by,

1 —
(1.7) Py = 20,0,

It follows that the vanishing of torsion implies that P, > 0. This is because
when the torsion vanishes identically, the two operators O, and O, commute, and
hence are simultaneously diagonalizable on each eigenspace of [, of a nonzero
eigenvalue(see [4]). We also recall that the vanishing of torsion is equivalent to
LrJ = 0 where L is the Lie derivative, see [18]. We summarize a part of the facts
above as a proposition, which will prove useful later.

PROPOSITION 1.3. Let the Webster torsion tensor identically vanish, i.e. At =
0. Then,

(1.8) ker Py = ker P; = CR-pluriharmonic functions.
Moreover one has,

(1.9) Py > 0.
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It remains an interesting problem to determine the precise geometrical condi-
tion under which the kernel of the Paneitz operator is exactly the pluri-harmonic
functions or even a direct sum of a finite dimensional subspace with the pluri-
harmonic functions.

DEFINITION 1.4. Suppose that 0 = ¢2/0. The CR Yamabe constant is defined
by
inf;{fMRH/\dH c [OAdO =1}

The CR Yamabe constant is a CR invariant.
We now come to the primary results of our paper. To motivate the results, it
is helpful to recall the main result in our earlier paper [6].

THEOREM 1.5. Let M? be a closed CR manifold.
(a) If Py > 0 and R > 0, then the non-zero eigenvalues \ of Oy satisfy

A > min R.

It follows the range of Oy is closed. Coupled with the result of Kohn stated
above, under the conditions Py > 0 and R > 0, M globally embeds into some C".

(b) A consequence of part (a) is that: If Py > 0 and the CR Yamabe constant
> 0, then M? can be globally embedded into C", for some n.

Our aim is to investigate a converse to the theorem stated above. More specif-
ically we want to know if for embedded structures, the CR Paneitz operator is
non-negative. We recall the following example due to Grauert, Andreotti-Siu [I]
and Rossi [17] and referred to as Rossi’s example in the literature [7].

EXAMPLE 1.6. On the standard sphere (S3, Jy), we consider the deformation J;
given by the vector field Z7 + ¢Z;, with ¢ € R and |¢| # 0, 1. This structure fails to
embed globally since it is known that the CR functions for this structure are even.
We note u; = z; (which is an odd function) is a continuous family of eigenfunctions

for P} with eigenvalue \(t) = % This means that we are unable to find a CR

function ¢; for the CR structure (S, .J;) which is as close to uy = z; as we please.
The key observation is that the Paneitz operator is negative and the structure fails
to embed.

The example thus suggests that indeed it is possible that for embedded struc-
tures the CR Paneitz operator may indeed be non-negative. The main result in Sec-
tion 2l of our paper is a result that ensures non-negativity of the Paneitz operator,
for CR structures embedded in C? along a deformation path that is real-analytic.
More precisely, we are given a triple (M, Jy, ), the background CR structure. This
CR structure is given to be embedded in C2. Now we deform the almost complex
structure Jy via a real-analytic path J;, keeping of course the contact form 6 fixed.
That is each CR structure along the path of deformation J; is smooth for fixed ¢,
but the dependence is real-analytic in the variable ¢. In the sequel when we perform
deformations, the Paneitz operator associated to the deformed structures J; will be
denoted by Pj. The Paneitz operator for the reference structure .Jy will be denoted
by Py instead of PJ.

THEOREM 1.7. Let (M, Jy,0) be a CR structure that is embedded in C2. Let
Ji be a deformation from Jy along an embeddable direction with real-analytic de-
pendence on the deformation parameter t. Assume, each structure J; for fized t is
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smooth and embedded in C2. Let P} denote the Paneitz operator associated to the
structure (M, Jy,0). Assume further that the Paneitz operator at t = 0, Py(= PY)
is non-negative and

ker Py = CR-pluriharmonic functions.

Then for some § > 0 and |t| < & we have:

Pi>0.

COROLLARY 1.8. Under the hypothesis of zero torsion, A = 0, the hypothesis
of Theorem [L1 are met by virtue of Proposition [L3. Thus if the structure Jy has
zero torsion, it follows P§ > 0 for |t| < 6.

REMARK 1.9. Theorem [[.7 is a consequence of a local deformation theorem
proved in Section @l It is based in part on the stability of CR functions and a
theorem of Lempert [15]. It is also important to note that in light of Rossi’s
example, the hypothesis that J; is an embedded structure along the deformation
path, cannot be removed.

REMARK 1.10. In the theorem above, we need to start deforming from a mani-
fold which is embedded and whose CR, Paneitz operator is non-negative. Examples
of such manifolds are many. The sphere S® is such a manifold. The CR struc-
ture remains invariant under a circle action and as remarked above, this forces the
CR structure to have vanishing torsion and so as observed above, the CR Paneitz
operator for the sphere is non-negative.

The sphere is simply-connected. We can consider now the manifold for (z,w) €
C? given by

22+ 4 w2 = 100.
2|2
It is evident that the CR structure is invariant under a circle action. It is also
evident that the manifold is not simply connected. Thus this example provides an
example of a starting structure that is not simply connected and has a non-negative
Paneitz operator.

REMARK 1.11. A result in [5], Prop. 4.1 states that for embedded structures
M:

(1.10) o[ 1< [ musr

which is valid V f € (ker P})*, with ¢ > 0 and independent of f. That is P; has
closed range for embedded structures. However it is not obvious that when one
performs a deformation along embedded directions, the constant ¢ in the inequality
above stays uniformly positive. If one were to obtain a uniform positive lower bound
for ¢ along the deformation path, one would be able to improve the conclusion of

Theorem [L7] to a global result valid for all ¢ in any compact interval containing
t=0

This brings us to the remaining part of the converse in Theorem That
is, do embedded structures have positive Yamabe constant or positive Webster
curvature. This is unlikely globally but certainly true if the CR structures are
small perturbations of the standard CR structure of S3. This is just by continuity.
In fact by continuity if one performs a small perturbation from any CR structure
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whose Webster curvature is positive, the deformed CR structure does have positive
Webster curvature. However, for one large class of important hypersurfaces in C2,
the ellipsoids, we do show that the Webster curvature is positive no matter how
much deformed the ellipsoid is. The principal result in Section [3] is:

THEOREM 1.12. The Webster curvature for all ellipsoids is positive.

We have been informed by Song-Ying Li that he too was aware of the theorem
stated above.

Now we specialize the situation to S and consider small deformations of the
standard CR structure of the sphere. In particular our goal is to consider the
deformed structure on S3 given by,

Zt =79 = F(Z; + t$Z1),

where F = (1 — t2|¢|?)"V/2, Z; = Zgaizl - Zlai% and ¢ € (—e,¢€). The factor F is
introduced to normalize the Levi form so that hy; = 1. The CR Paneitz operator
for the deformed structure will be denoted by Pf. We now consider the 3-sphere
53 € C? 3 (21, 22) and denote by

P,, =span{z{25%2ja+b=p, c+d=q}
and the spherical harmonics
Hyg={fePyl-Asf=@+q)(p+q+2)f}
For a given ¢ € C°°(S?) one has the Fourier representation
G~ bng

where ¢, is the projection of ¢ onto H 4.

DEFINITION 1.13. We say ¢ satisfies condition (BE) if and only if

¢pg=0for p<qg+4, ¢=0,1,---.
REMARK 1.14. Since for p > ¢
Ppq=Hpg @@ Hpqo-

It follows that if ¢ € P, 4, then ¢ satisfies (BE) if and only if p > ¢+4. Furthermore,
the example of Rossi corresponds to ¢ = 1 and thus fails condition (BE).

Burns and Epstein proved in [3] that for ¢ € (—¢,€) and ¢ satisfying (BE) the
CR structure embeds into some C". Conversely Bland [2] showed that embeddabil-
ity of a CR structure close to the standard structure on S? implies condition (BE).
To summarize we have

Theorem | Burns-Epstein-Bland]. A CR structure close to the standard
structure on S? is embeddable if and only if ¢ satisfies condition (BE).

One of the results proved in Section[2lour paper, which is obtained by combining
the results in our earlier paper [6], Theorem [[LHl with the results obtained in Section
of this paper and the theorem of Burns-Epstein-Bland cited above is:

THEOREM 1.15. Let us consider the three sphere S® and a CR structure J,
obtained as a small perturbation of the standard CR structure on S® and whose CR
vector field is given by Z‘{ above. Then the following are equivalent.
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(1) The CR structure embeds in C2.

(2) O, the Kohn Laplacian for the deformed structure has closed range.

(3) The deformation function ¢(-) used to define the CR vector field Z%, sat-
isfies the Burns-Epstein condition (BE).

(4) The CR Paneitz operator P} for the deformed structure is non-negative
and the Yamabe constant for the deformed structure is positive.

As pointed out earlier, the Yamabe constant is positive for the deformed struc-
ture and follows simply by continuity and the fact we are only making a small
deformation of the standard structure on S3. The Yamabe constant is of course
positive for the standard CR structure on S3.
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2. Small deformations of a CR structure

In the sequel we will always assume D C C? is a strictly pseudoconvex, bounded
domain with (M, Jy) = 0D, in particular M is compact. Suppose that J; be
a deformation from Jy defined by a family of smooth functions in the coordinate
variable of the manifold denoted by - and real analytic in the deformation parameter
variable t. The deformation functions on M will be denoted by ¥(-,t). That is,

the vector field 7§ = Z1 + (-, t)Z; defines a CR holomorphic vector field with
respect to J;. We also fix notation and denote the CR Paneitz operator wrt to the
background CR structure Jy as Py instead of PY.

We now define the notion of stability for the Paneitz operator.

DEFINITION 2.1. We say the Paneitz operator P;° associated to the CR struc-
ture Jy, is stable, if given € > 0, there exists § > 0 such that for all ¢ such that
|t — to| < d, and given any f € ker P}°, there exists g € ker P} such that

I1f = gllcory <e

There is a similar notion for the stability of CR functions. Stability of CR
functions was established in a paper by Lempert [15].

The proof of the next proposition was communicated to us by C. Epstein [9].
For our purposes we need the projection operators constructed in Prop. (8.18) in
[8], except for the zero eigenspace, to be continuous even at ¢ = 0. This is the
content of the following proposition. To state the lemma we need a few facts. We
consider a family L; of operators on M, that is holomorphic in t € C for [¢| < 4.
For real t we assume that the operators L; are Hermitian with respect to L?(M)
defined using a fixed measure independent of ¢ which for our purposes is 6 A df.
Our operators L; are densely defined on C*°(M) and the examples we need them
for are Kohn’s Laplacian [0} and P}. We assume moreover that

(1) Each L; has closed range.
(2) Each L; has pure point, discrete eigenvalues with finite dimensional eigen-
spaces.
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(3) In particular it follows from the above two assumptions that for each L,
we do not have non-zero eigenvalues with zero as limit point.
(4) We assume the spectrum of L; is bounded below.

Since we will apply the proposition to families of Paneitz operators P} associated
to embedded families of CR structures (M, J;) and associated Kohn Laplacians O},
we note that the closed range hypothesis for embedded structures is satisfied for P¢
by a result in [5] and for O} by a result in [13]. Now further assume there exists
r > 0, such that
((—=r,0) U (0,7)) N'spectrum Ly = 0.

Non-zero eigenvalues of L; that lie in (—r,r) will be called small, using the termi-
nology of [8].

PROPOSITION 2.2. Let L, be a holomorphic family as above. Then the small
eigenvalues of Ly are finitely many and depend real-analytically ont fort € (=6,0).
The projection Pt into the eigenspace for the small eigenvalue \;(t) of Ly depends
real-analytically on t € (—6,8). Moreover if P* denotes the projection into the small
eigenvalues, then the rank of Pt is constant in t.

ProOF. In Proposition (8.18) [8], the analytic dependence of the small eigen-
values is already established. What remains to be proven is the second part of our
lemma. Recall the definition of P! eqn. (8.23) in [8] which is,

(2.1) Pl = Ni(OIL2i(Ni(t) — A;(1))P.
For u,v € L?(M), define the function g(t)
< Plu,v >

i1 (Ni(t) = A5 (1))

Then g(¢) is holomorphic in a punctured nbhd. of ¢ = 0. The function g(¢) can
have only poles of finite order as singularities at ¢t = 0 and on the real axis via (21),
for |t| < e the function g(¢) is bounded. Thus the singularity at ¢ = 0 is removable
and then arguing now as the rest of Proposition (8.18) in [8] we conclude that

the projection operators are real-analytic and converges to a finite rank projection
operator at t=0. Since

g(t) = 3

rank P' = trace P,

we obtain the integer valued function rank P? is continuous and hence constant. [J

PROPOSITION 2.3. Suppose (M, Jy) is embedded in C™. Let J; be a deformation
from Jo along an embeddable direction, with t varying real-analytically and |t| < §.
Let Py > 0 and assume further that the CR Paneitz operator Py for the structure Jy
is stable. Then P} cannot have small eigenvalues. In particular there does not exist
any continuous family of eigenfunctions u; corresponding to mon-zero eigenvalues
of P} branching out from a function ug in the kernel of Py. One therefore concludes
P >0.

PRrROOF. We argue by contradiction. Assume P} has small eigenvalues. Then
by Prop2.2], the eigenvalues vary continuously in ¢ and the projection operators to
these non-zero eigenvalues P! are also continuous. From the continuous dependence
of Pt and \;(t) on t we conclude that any eigenfunction u; for a non-zero small
eigenvalue can be written as uy = wug + f;, where ug is in the kernel of P4, and
[|fell2 = o(1). We normalize ||ug|lz = 1. From our stability assumption, there
exists a function g; in ker P such that |[ug — g:|| < e. Now < uy, g >= 0 as they

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



NONNEGATIVITY CRITERION FOR PANEITZ OPERATORS 73

are eigenfunctions for distinct eigenvalues of P}. Thus for each t # 0 small enough
we have

0=<u gt >
(2.2) =< ug, ug > + < Ug, g — Ug >
=14+ < fr,ugp >+ < ug, gt —ug >=1+0(1) #0,

which is a contradiction. Thus there are no small eigenvalues of P;. The operator
Py > 0 by assumption. Thus it follows that P} > 0 for [¢| < é. O

We are now in a position to supply the proof of Theorem[I.7l It is a consequence
of the next proposition.

PROPOSITION 2.4. Assume the kernel of Py consists of exactly the CR pluri-
harmonic functions for the structure (M, Jy). Assume the CR structures (M, Jy)
are all embedded in C2. Then the Paneitz operator Py associated to the structure
Jo is stable.

PrOOF. By assumption any function f € ker P, is a CR pluriharmonic func-
tion. Locally then f is the real part of a CR holomorphic function F. We may now
locally extend F' into €2 where M = 0f2. We continue to denote the extension by
the symbol F. We now denote points in C? by (z,w). Next note in Q that (Re F),
is a holomorphic function defined globally in a nbhd of M in . This is because
Re F = f is globally defined on M. Since M is connected, by Hartog’s theorem we
can even assume that (Re F'), is defined in all of Q. Let us denote the restriction
to M of (Re F), by 2. Now = is a CR function. We apply the stability theorem
of Lempert [I5] to obtain a function =, which is a CR function for the structure J;
and such that

[|2 — Etlloo < €

Being a CR function =, lies in the kernel of P}. Next we consider the extension
of =; to the interior as a holomorphic function. This globally exists by Hartog’s
theorem again. We continue to denote this extension by =;. Next we integrate =;
in the z variable, that is we consider the indefinite integral

Fi(z,w) = /Et dz.

There may be an ambiguity in the definition of F}, because of imaginary periods
but the Real part of F; is well-defined. Set f; = Re F;. Then f; is pluriharmonic
and its restriction to M is CR-pluriharmonic. Similarly we also consider

H(z,w) :/E dz

Note that H(z,w) may differ from F because of imaginary periods. But their real
parts do coincide.
We now easily see using the the stability estimate above,

I1f - ftHL“’(M) <e€

We have proved stability.

If M were simply connected then the proof of the proposition is quite easy, since
then f being CR pluriharmonic can be taken to be the real part of a CR function
G which is defined globally on M. One may then apply the result of Lempert on
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stability of CR functions to G. The stability of the pluriharmonic functions follows
by consideration of the real part. ([l

The proof of Theorem [[.7] follows because under the hypothesis of the theorem
that the kernel of P, is exactly the CR pluri-harmonic functions, we obtain via
Proposition 2.4 that the Paneitz operator P; is stable. Thus the hypothesis of
Proposition 23] is satisfied and we may conclude that P} > 0 for [t| < 4.

Deformation functions (-, ) = t¢(-) where ¢ € C°°(S3) have been studied in
an important paper by Burns-Epstein[3]. The standard CR structure on S® has
vanishing torsion. Thus combining the results in [3] and our Theorem [[.7] we also
have:

COROLLARY 2.5. Suppose that (S3, Jo) is the sphere S® equipped with the stan-
dard CR structure and (-, t) = t¢(-) is a deformation function where ¢(-) satisfies
the Burns-Epstein condition. If we define the deformation J; of the CR structures
by ¥(-,t) then P} >0 for t small enough.

The previous Corollary when combined with the results in [2], [3] and [6], easily
yields Theorem of the introduction.

3. The Webster curvature for Ellipsoids

In this section, we are going to show Theorem of the introduction. We
will need a formula for the Webster curvature for hypersurfaces embedded in C? in
a form suitable for our computations. Other formulae have been derived in [16],
see Theorem 1.1 there.

Let M — C? be a hypersurface defined by a defining function u(z1, 22):

M? = {(21,22) € C* | u(z1, 22) = 0},

where du(z) # 0 for all z € M. Equipped with the induced CR structure from C?
and the contact form

09— i(Ou — Ou)
2

M is a pseudohermitian manifold, provided that 8 A df # 0. It is easy to see that
the induced CR structure can be defined by the complex (1, 0)-vector

0 0
(31) Z1 —UQa—Zl—’U/la—Zz.

|M3;

We will use the notations:
o O
T 0z, T 9z0%)
for all j, k € {1,2,1,2}. The characteristic vector field T is a real vector field which
is uniquely defined by

(3.2) dd(TN)=0, 6(T)=1.
Let {61,0',6} be the dual frame to {Z;, Z;,T}. Then we have
(3.3) df = ih, 10" A6,

for some nonzero real function h;7. If necessary, we could change the sign for v and
assume, without loss of generality, that hy; > 0.
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Let
u (5% Uz
(3.4) Jw)=|u wi w3
Uz Uzl U3

PROPOSITION 3.1. On M3, we have

(3.5)

Proor. We compute, on M,

df = —id(0u)

2 2
—’Ld(z Udej) = —Z(Z du]' N de)
Jj=1 Jj=1

(3.6) & <
=1 Z Ujpdz; Ndzy +1 Z updz; A dzy,
J,k=1 J,k=1
2
=1 u;pdzj A dzy,.
J,k=1
Therefore
hi1 = —id0(Z1 N\ Z7)
2
0 0 0 0
= wirdz: Ndzp((ug=— —u1—) A (us— — u —
j;l jk“<d 7 (( 2321 1622) ( 25‘21 1822))
(3.7) o . o o B
UITUUZ T U3UTUT — U13U2UT — UTULUF
0 wui us U Ui Uz
=" | U1 w1 w2 | = ur wyp wp | =—J(u), on M.
Uz U] U2 Uz U] Ul
O
Let
U Ui U3
(3.8) U= Uawp)sxz= | u1 wi U
Uz U1 U2l
That is, Uy, = Ugp, and

(3.9) U1 = u; Uiz = ug; Uiz = ug;
. UGj+1yk+1) = w5, 1< k<2

Note that h;1 > 0, so the matrix U is invertible on a neighborhood of M. Let
U~! = (U%) be the inverse of U. Then it is easy to show that U%® = U4t and

Uil — Ul — UITULD Uiz — UgaUT — UgTUZ i3 U Uy — U3UT
hi1 ’ n hq1 ’ hq1 ’
(3.10) 11 11 11
22 — 422 o3 TUWAU3. 33 M1UT
T ohyp T h ' o
11 1
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PROPOSITION 3.2. On M,

(3.11) T= Z Ul(JH) —|— complex conjugate

0! = U13d21 — U12dz2.
PROOF. We just check that T satisfies
(T n-)=0, 6(T)=1.
We compute

dO(T A -) Z updz; A deg) (T A )
7,k=1

;i (dz;(T')dzg, — dzg(T')dz;)

I

o~
e
i M“

—

I
N

UG+ U T dzg + Uiy gy U dz))

k=1
(3.12) 2 2
== (s — Ursy U )dzg — Y (835 — U Ugjpan)dz;
k=1 j=1
2
=Y UignUdz; + UM UGaands
j=1
= Ull(z ujdz; + ujdz;)
j=1
=U"u=0, on M,
and
2
— —i(> " uydz;)(T)
j=1
2 2
_ 716+ ' 1(j+1)
(3.13) - ;u”U T = 2 Vgt
3
=> UnU", on M (Uyy =0, on M)
b=1
=1
Similarly, after a direct computation, we get 6*(7) = 0 and 6'(Z;) = 1. O

PROPOSITION 3.3. With respect to the frame Zy, the connection form 01! and
the torsion form 7' are expressed by

01" = (W Z1h17)0" + (unTey — upTer) + i(er1 Zoca — caZrc1))0,
™ = —i(c1 Zico — 022101)91,

where b1 = hﬁl, 1 =UB and ¢ = —U2.

(3.14)
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Proor. First we point out that all equalities are only true on M. Now let
0' = ci1dz + cadzy, ie., c; = U and ¢ = —U'. We have that 1 = 01(Z;) =
ciug — couy. Therefore
w0’ = uscidzy + uscadzy

= dz1 + courdz1 + uscadzo

(3.15) = dz1 + ca(urdz1 + usdzy)
=dz1 + icab,
or
(3.16) dz1 = uz0' —ics0),
hence,
0 =d(dz) = d(uz6" —icy0
(3:17) = dz(Lg ;)01 +<u22d01 - z‘;cz A0 —icodh,
or
(3.18) uadft = —dug A O +idey A O + icodh.
Similarly, we have
(3.19) dzo = —u10' + ic:16,
and thus,
(3.20) urdf = —duy A O' +idey A O +icidh.

Taking together (BI8) and ([B20]), one obtains that
do' = (crug — coup)do?!

(3.21) (11 2 = cati)

=0 A (CldUQ — ng’u,l) + 0N i(ngCl — CldCQ)

On the other hand, we have

(3.22) ot =0 Aot o AT

From [B21)), (322)) and by the Cartan lemma, there exists functions a, b and ¢ such
that

01" = c1dus — coduy + af' + bo

(3.23) o |
7 =i(cadey — crdes) + b0 + .

Since 7' = A'161, from ([B:23)), this means that

Ali = i(CQZicl — C1Z102),

(3.24) b= —i(caZic1 — c1Z1¢2),
c=—i(caTer — e1Tes),

hence,

(3.25) 0,' = crduy — coduy + af' —i(caZicy — c171¢9)0.

Finally, from the structural equation h'ldh,; = 61 + 65, we get

(3.26) a=caZyur — e1 Zyug + WM Zihy,
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hence,
(3.27)
01! = crduy — coduy + (coZiuy — c1 Z1us + hﬁZlhli)Ql —i(ceZrc1 — c1Z1¢2)0
= (W' Z1hi7)0" + (i1 Tz — usTer) + i(ey Zico — caZicy)),

where in the last equality, we used the identities ui Zico — usZ7c; = 0 and ciug —
CUp = 1. O

PROPOSITION 3.4. The Webster curvature can be expressed as
(328) R= —hﬁ(ZiZl log hy1) + i((ulTCQ —ugTer) +i(e1 Zres — czZlcl)).

PROOF. Let F = (u1Tco — usTer) + i(c1Z1ca — caZicr). Taking the exterior
differential of 6;!

db,' = d(Zyloghy1) A0 + (Z1log hy1)d8' + dE A6 + Edf
(3.29) = (=Z1Z1log hyi + 01" (Z1)(Zy log hy1) + ihy1 E)0' A 6F, mod 6
= (=Z1Z1log hii + ih 1 E)0' A 6, mod 6.

Comparing F29) with the structure equation dfy' = hy;RO' A 0Y, mod 6, we
immediately get formula (328)) for the Webster curvature. O

Finally combining (3.14)) and ([B:28), we get another representation for the con-
nection form
(3.30) 0! = (Z1log hy1)0" — i (R + 122, log hﬁ)) 0.

REMARK 3.5. There is another expression for the Webster curvature, which
was proved by S.-Y. Li and H.-S. Luk in [16]. It is

2
I 0?log (—=J(u)) ; 5 .det H(u)
3.31 R=—h! - D wiwk o/
( ) j,%:zl 8zJ8z,; hﬁ

Next an ellipsoid is given by
(332) A1x12 + Bly12 + A2$22 + Bgy22 —1= 0,

where Ay, As, By, B > 0. Set z; = x1 + iy; and 2o = x5 + iy2. Then our defining
function becomes

(333) u = b1|21‘2 + b2|22|2 + 0,12’12 + 0,1212 + CL2222 + CL2222 —1= O,

where a; = $(A; — B;), b; = 3(A; + B;) > 0, j = 1,2. We want to make use of
the formula for Webster curvature ([3.28))

R=-hn"2Z;7, (log hy1) + i[(u1Tcz — ugTer) +i(cr Zics — c2Z1ch)],
where we recall Z; = uza%l — “18872 and 6 = %(fm — Ou). The functions cy, ¢y
satisfy the identities:
(3.34) Ziuy = hyyc1, and Zjus = hqjce.
So,
Z1Ziuy = Zi(hq1)er + h1Z1ca

3.35
( ) ZlZiUQ = Zl(hli)CQ + hﬁZlcg.
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Multiplying the first equation in ([3.38]) by c2 and the second by ¢; and subtracting,
we get

(336) hli(nglcl - chlcg) = Cngzi’ul - 0121Z1U2.
So,

(3.37)
CQZlZiU]_ — ClzlinQ
hy1
c2([ 21, Zi|ur) — ei([ 21, Z1uz) n caZ1Z1uy — c1 41 L1 us
hy1 hi1
—ihﬁ(CgTUl — CITUQ) CzZiZlul — 01Z1Z1u2
+ h’li
62Z1Z1U,1 — chiZlug
i '

coZic1 —c1Zicy =

= i(ClTUQ - 62Tu1) +
Next note 0'(Z1) = cyug — ujca = 1. Thus, T(ciuz — uicz2) = 0. So we have,
(338) UQTCl - UlTCQ = CgTUl - ClT’LLg.

From 337) and (B38) we get,
(u1T62 — UQTcl) + z'(chlcQ - Cngcl)

ZiZyuy — 1 iz
= (ClTUQ - CgTUl) + Z(—Z)(ClTUQ - CQTUl) —1 (CZ 141t g% 1UQ>

(3.39) hy1

VAYA — 14774
= 2(01TU2 - 62Tu1) —1 (Cz 121t = €147 1U2) .

ha
Substituting ([339) into the Webster curvature formula (328]), we get
(3.40)

R = —hllZiZl (log hli) +1 [(u:[TCQ - UQTCl) + i(012102 — 622161)]

YAYAL T chlZluz)
hli

= —hliZiZl (log hy7) + 2i(c1Tuy — caTuy) + (

We next compute an expression for the Levi form. We have,

u ui Uz u  uy us
Jw)=|w wg ugp |=|ur b 0
uz Uz U3 ug 0 by
(3.41) u 2a1Zz1 + b1z1  2a2Z2 + bazo
= 2(112’1 + blzl bl 0
2a929 + b2 0 b

= blbgu - b1UQ’U,Q - bgul’lﬁ.
Thus when u = 0, one has

(3.42) hy1 = brusus + boujus.
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Next we compute the first term in the Webster curvature formula (B.40):

- _ Z h _
—h“ZlZl(loghll)_—hnZI< - 11>
hi1
_|Zhia?  ZiZihag
(h11)? (hi1)?

A straightforward computation using the defining function yields,

(3.43)

i 1
using At = —.
hyi1

Ziug = —bouy, Ziyu1 = bius
(3.44) e R o
Ziui = 2a1u3, Ziuz = —2a2U7.
So,
Zizlhli = 2a1b2Zi (’LLQUi) - QCLleZi(UﬂLQ)
(3.45) = 2a1ba[(Z1uz)ui + uz(Ziut)] — 2a2b1[(Z1u1))us + w1 (Z1us)]
= 4a12b2|U2|2 =+ 4@22b1\u1|2 — 2a1b22(u1)2 — 2a2b12(u2)2.

Next we claim that

. 2
(3.46) 2i(c1Tug —caTuy) = - (bib3|ur > + babT|ua|? — 2a1b3|ug|? — 2a2b%|ug|?) ;
11
and
(3.47) c2Z1Zvuy — c1Z1Zyup _ 20103 us | + 2ab7|ug|?
hi1 (h11)?
These follow because,
(348) ZiZlul = Z1(2a1u2) = —2&11)2’&1.
So,
—baug 2a103 (uz)?
(349) coliZiu = - (—2a1b2ui) =— .
ha hyi1
Similarly,
birus —2a5b? (us)?
(3.50) 123 Zvuy = P22 (“2a5h,ug) — —202bi(u2)”
ha hi1

Taking the two expressions above together, we get the second claim ([B.47). To
prove the first claim (340]), we use

i 0 0
(3.51) T = hLﬁ <b2u18_21 + bius 8_22> + complex conjugate.
So
2ia1b2u1 iblbgul
TU1 = —
(3.52) haz haz
’ Ziagbl’l@ ib1b2u2
TU2 = — 5
hat hi1
In conjunction with ¢; = bﬁ 2oy = 722?1, we get the first claim (340). Now we

substitute ([43) into (BI%]) ‘and substitute B43), B46) and B4M) into formula
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B:40), to obtain
g [Zhal | 26106 = 205) | + 265 (b7 — 2af) uaf?
(3.53) (h11)? (h11)?
>0,

The last inequality is a consequence of b? —2a? > 0, i = 1,2. This follows because,

@:%&+&F

(3.54) g
2 2 - T4 A’L - B’L 27
aZ 16( )
hence b? — 2a? = §(A? + B? + 64;B;) > 0, (note that A;, B; > 0).

4. Further Remarks

It remains an interesting problem to determine the precise geometrical condi-
tion when the notion of being in the kernel of Py coincides with CR~pluriharmonicity
for a general CR structure. One problem of immediate interest is to determine if for
embedded structures, the CR-pluriharmonic functions coincide with the functions
in the kernel of the Paneitz operator. It is unclear if such an equivalence is true
even for CR structures close to the standard structure on S3. Under the assump-
tion that the CR pluriharmonic functions coincide with the kernel of the Paneitz
operator, C. R. Graham, K. Hirachi and J. M. Lee proved the theorem stated be-
low. Thus our question has further geometric consequences beyond a possible link
with embedding of CR structures.

THEOREM 4.1. Let Q C C? be a strictly pseudoconvex domain with a defining
function u. Suppose M = 0. Then the following are equivalent:
(1) Q=0
(2) w satisfies Fefferman’s Monge-Ampere equation —J(u) =1 along M up to
multiplication by a CR pluriharmonic function.
(3) OAdO is the invariant volume element up to multiplication by a CR pluri-
harmonic function.

We recall that J(u) is Fefferman’s Monge-Ampere equation, which is defined
by
Uiz wz U
J(u) =det | usr ugz u2
ui (5] u
In section[3] we showed that the Webster curvature for ellipsoids are positive. It
is interesting to know if the Webster curvature is also positive for a strictly convex
domain? If so, then from our earlier result in [6], there is an uniform positive lower
bound for the first nonzero eigenvalues \; of the Kohn Laplacian [} for the family
of strictly convex domains 2;, which is smoothly dependent on t.
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