EMBEDDABILITY FOR THREE-DIMENSIONAL CAUCHY-RIEMANN
MANIFOLDS AND CR YAMABE INVARIANTS
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ABSTRACT. Let M? be a closed CR 3-manifold. In this paper, we derive a Bochner formula
for the Kohn Laplacian in which the pseudohermitian torsion doesn’t play any role. By
means of this formula we show that the nonzero eigenvalues of the Kohn Laplacian have
a lower bound, provided that the CR Paneitz operator is nonnegative and the Webster
curvature is positive. This means that M? is embeddable when the CR Yamabe constant is
positive and the CR Paneitz operator is nonnegative. Our lower bound estimate is sharp.
In addition, we show that the embedding is stable in the sense of Burns and Epstein. Lastly
we show that the CR Paneitz operator for embeddable CR structures given by polynomial
deformations and close to the standard CR structure on 52 is positive on the subspace of

spherical harmonics ©p>1Hp 0 © Hop.

1. INTRODUCTION,STATEMENTS AND NOTATION

The embedding problem in CR geometry has received a lot of attention. In [5], Burns
and Epstein consider perturbations of the standard CR structure on the 3-sphere S3. They
showed that the generic perturbation is nonembeddable and gave a sufficient condition for
embeddability, which we call condition (BE) in this paper. For small perturbations, Bland
in his paper [2] showed that this condition in some sense is necessary up to a contact diffeo-
morphism. Bland’s results strongly depend on his earlier work on moduli for pointed convex
domains, which is related to one of Lempert’s work (see [16]) on constructing modular data

for pointed convex domains.
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In his paper [15], L. Lempert asked two fundamental questions about the embeddability
problem. The first one is related to the closedness property of CR structures and the second
one is to the stability property. In this paper we introduce a CR invariant condition which
is not perturbative to address Lempert’s questions. In his papers ([9]), Epstein introduced
an invariant, called the relative index of two Szego projectors. It quantifies the stability of
the algebra of CR functions under embeddable deformations. It is used to show that every
embeddable deformation of a CR structure on S® is stable. Our hypotheses in Theorem 1.5
and the result of Theorem 1.3 imply the relative index is zero.

Throughout this paper, we will use the notations and terminology in ([13]) unless otherwise
specified. Let (M, J,0) be a closed three-dimensional pseudo-hermitian manifold, where 6 is
a contact form and J is a CR structure compatible with the contact bundle £ = ker 6. The
CR structure J decomposes C ®¢ into the direct sum of 77 ¢ and Tj; which are eigenspaces
of J with respect to i and —i, respectively. The Levi form (, ), is the Hermitian form
on Ty defined by (Z, W), = —i (d9,Z NW). We can extend ( , )r, to To1 by defining
(Z,W) Ly = WLG for all Z, W € T1 . The Levi form induces naturally a Hermitian form
on the dual bundle of T} , denoted by ( , ) L and hence on all the induced tensor bundles.
Integrating the hermitian form (when acting on sections) over M with respect to the volume
form dV = 6 A dfl, we get an inner product on the space of sections of each tensor bundle.

We denote the inner product by the notation ( , ). For example

(L.1) <%¢>=/MW dv,

for functions ¢ and 1.

Let {T, Z, Z1} be a frame of TM ® C, where Z; is any local frame of T\, Z; = Z; € Ty,
and T is the characteristic vector field, that is, the unique vector field such that 0(T) =
1, dO(T,-) = 0. Then {0, 0, 61}, the coframe dual to {T, Z;, Z1}, satisfies

(1.2) do = ih; 10" A"
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for some positive function h;7. We can always choose Z; such that h;7 = 1; hence, throughout
this paper, we assume h;7 = 1

The pseudohermitian connection of (J,8) is the connection V on TM ® C (and extended

to tensors) given in terms of a local frame Z;, € T} by

VZi=0'® 7, VZi=0i'® Z;, VT=0,

where 6,! is the 1-form uniquely determined by the following equations:

do' = 0" Ao+ O AT
(1.3) '=0 mod 6"
0=0,"+6;",
where 6;' and 7' are called the connection form and the pseudohermitian torsion, re-

spectively. Put 7! = A';01. The structure equation for the pseudohermitian connection

is

6, = RO* A 01 + 2iTm (A, 16" A 6),

where R is the Tanaka-Webster curvature.

We will denote components of covariant derivatives with indices preceded by a comma; thus
we write A'; 10' AG. The indices {0, 1,1} indicate derivatives with respect to {T, Z;, Z;}. For
derivatives of a scalar function, we will often omit the comma, for instance, 1 = Z1¢, 11 =
Z1Z10 — 01(Z1) Z1p, po = T for a (smooth) function.

Next we consider several natural differential operators occuring in this paper. For a
detailed description, we refer the reader to the article [13]. For a smooth function ¢, the

Cauchy-Riemann operator 0, can be defined locally by

Opp = @161,
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and we write 0, for the conjugate of d,. A function ¢ is called CR holomorphic if 9y = 0.

1

the divergence operator d, takes (1,0)-forms to functions by d,(0160') = o1, and similarly,

op(010") = o1 L.
If 0 = 010" is compactly supported, Stokes’ theorem applied to the 2-form 6 A o implies

the divergence formula:

/ 0o N df = 0.
M

It follows that the formal adjoint of d, on functions with respect to the Levi form and the

volume element 6 A df is 0 = —d,. The Kohn Laplacian on functions determined by 6 is
O, = 20,0y,

Define Po = (o1l 4+ iA;19")0" (see [13]) which is an operator that characterizes CR-
pluriharmonic functions, and Py = (¢;'7 — iAi7¢")A1, the conjugate of P. The CR Paneitz

operator Fy is defined by

Pop = 6(Pp).
More explicitly, define Q by Qp = 2i(A™ ) 1, then
1 _
Pyp = Z(Dbmb —2Q)p

1, — .
= Z(Dzﬂw — 4i(A¢1)1)

1
8

By the commutation relation [y, ;] = 4iImQ, we see that 4Py = 0,0, —2Q = 0,00, — 20Q.

((ﬁbDb + Dbib)@ + 8Im(A11<,01)1).

It follows that P, is a real and symmetric operator (see [7] for the details).

DEFINITION 1.1. The Paneitz operator P, is nonnegative if

| (P,

for all smooth functions ¢.
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Note that the nonnegativity of F, is a CR invariant in the sense that it is independent
of the choice of the contact form 6. This follows by observing that if 0 = 270 be another
contact form, we have the following transformation laws for the volume form and the CR

Paneitz operator respectively (see Lemma 7.4 in [11]):
OAdD=eONdD,  Dy=e YD,

We also observe that when the Webster torsion A;; = 0, then the Paneitz operator Fy is
given by,

1 —
PO - ZD()D().

Thus the vanishing of torsion implies that Py > 0. This is because when M is embeddable,
the two operators [0, and [0, commute, and hence are simultaneously diagonalizable on each
eigenspace of [J,, of a nonzero eigenvalue(see [7]). We also recall that the vanishing of torsion
is equivalent to LpJ = 0 where L is the Lie derivative.

In the higher dimensional case, there exists an analog of Py which satisfies the covariant

property. In this case, Graham and Lee, in [10], had shown the nonnegativity of F.

DEFINITION 1.2. Suppose that f = ¢2/0. The CR Yamabe constant is defined by
infz { [, RONO: [OAdI =1},

The CR Yamabe constant is a CR invariant. We are now in a position to describe our

main theorems. In this paper we show

THEOREM 1.3. Let M?3 be a closed CR manifold. If Py > 0 and R > 0, then the non-zero
eigenvalues \ of U, satisfy A > min R, hence the range of Uy, is closed. If Py > 0 and the

CR Yamabe constant > 0, then M3 can be embedded into C", for some n.

REMARK 1.4. The fact [, has closed range is equivalent to global embedding is a result of

Kohn ([12])

In section 3 we prove the stability theorem:
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THEOREM 1.5. Under (3.1), (3.4), (3.5), the embedding is stable which means that if |t| is

small enough then the CR embedding W, is close to V.

REMARK 1.6. If M is embeddable then the Paneitz operator Py has closed range (see [6]).
In particular we point out that one consequence of the Paneitz operator being closed for
embeddable structures is that the Paneitz operator has finitely many negative eigenvalues

for an embeddable CR structure.

We now turn our attention to section 4, where we study the converse to the theorem 1.3.
We shall also compare our result with those of Burns-Epstein [5] and Bland [2]. Let (M, J, 6)
be a CR structure. Let ¢ be a complex valued smooth function on M, such that ||¢|« < 1.

For 6 fixed consider a deformation of the CR structure given by
7?2 = 71 + 7.

Our first order of business in section 4 is to compute in generality the connection forms,
torsion forms and Webster-Tanaka curvature for the deformed structure. Now we specialize
the situation to S® and consider small deformations of the standand CR structure of the

sphere. In particular our goal is to consider the deformed structure on S given by,
7t =79 = F(Zy + toZy),

where F' = (1 — £2[¢]*)7'/2, Z; = Zy5%- — 2159 and t € (—¢,€). The factor F is introduced
to normalize the Levi form so that hy;; = 1. For this structure we compute the deformed
Paneitz operator F{. The main goal in Section 4 is to study the variations of FP}. We now
consider the 3-sphere S® C C* 3 (21, 23) and denote by

Pyq = span{z{ 2z Zla+b=p, c+d =q}

and the spherical harmonics

Hyy={f€Py—Asf=p+qp+q+2)f}
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For a given ¢ € C°°(S?) one has the Fourier representation

O~ D by
where ¢,, is the projection of ¢ onto H,,.
DEFINITION 1.7. We say ¢ satisfies condition (BE) if and only if
Gpg=0for p<qg+4, ¢=0,1,---.
REMARK 1.8. Since for p > q
Poo=Hp @ @ Hp_gp.
It follows that if ¢ € P, ,, then ¢ satisfies (BE) if and only if p > ¢ + 4.

Burns and Epstein proved in [5] that for t € (—¢, €) and ¢ satisfying (BE) the CR structure
embeds into some C". Conversely Bland [2] showed that embeddability of a CR structure

close to the standard structure on S® implies condition (BE). To summarize we have

Theorem [ Burns-Epstein-Bland]. A CR structure close to the standard structure on

S3 is embeddable if and only if ¢ satisfies condition (BE).

We define the space
H = 000(53) n (@plep,O ® H(Lp) :

The main result proved in section 4 is

PROPOSITION 1.9. Let ¢ € P, For a CR structure given by deformation by ¢ and close to

1,91 °

the standard structure on S3, i.e., t € (—¢,¢€), the associated CR Paneitz operator is positive

on H, provided ¢ satisfies (BE).
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We now outline the strategy of proof of Proposition 1.9. Since CR pluriharmonic functions

are annihilated by the Paneitz operator, we will study for f € H, the quadratic form

(1.4) L(f) =< P f.f>.

We show in Theorem 4.6 that for f € H and ¢ € C>(S?),

(15) F(P o = 1P lo = 0.

Thus the first variation all vanish. The (BE) condition does not appear in the first variation
formula, but appears in the second variation formula. To compute the second variation, that
is to compute ]5§|t:0, we perform a Morse decomposition of the functional [;. It splits into
a stable part, called D? which we handle via Proposition 4.7 and an unstable part which is
handled by proposition 4.8. The (BE) condition enters naturally into the unstable part by

means of an expressions F,
E =49 +igy, ¢o=T¢.

In fact if ¢ satisfies (BE) then there is no unstable part.
Writing f € H as
f = ka+zgk7 fk € Hk,(]u gk € HO,k7
k>1 k>1

we get by throwing away the stable part:

PROPOSITION 1.10. For any ¢ € C=(S®), f € H,

d2
dt?

> 2%:/53(k|¢!2 - E¢)f{“f_{+2%/53(k,¢|z _ BR)g.

Li(l=o = 5 L(f)li=o
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We now invoke the Hopf fibration to perform the integration in the right side of the
theorem above. Viewing S% as a S! fibration over C'P! reduces the computation to doing
Fourier series on (—m, 7). This is the content of Proposition 4.10. This proposition works

for general ¢ if £ = [, but we have been unable to do the integration when k£ # [ unless

¢ € P, 4. We get

PRrROPOSITION 1.11. For any ¢ € P,, 4, [ € H,
Do 223 [ (k4 o1 a0 = DGR +16kP).
k S

We emphasize that the conclusion of Theorem 1.11 holds for even those ¢ € B, 4 for

1,91
which p; < ¢ + 4, i.e., for those values of py, ¢ that fail to satisfy condition (BE).

If however ¢ satisfies (BE), then it is evident for k¥ > 1, k+p; — ¢ —4 > 1 and thus
from the above theorem I;(f)|;— > 0, for f € H. Combining this fact with (1.5) and since

t € (—e,€) we see readily that if ¢ satisfies (BE), then for ¢t € (—e¢,€), f € H, we have
(1.6) L(f)=<Pif,f > >0.

We also point out some other results in section 4 of independent interest. One such result

is Corollary 4.3, which states if ¢ € P, with p; = ¢1 + 4, then the deformed structure on

1,917

53 also has zero torsion and conversely if ¢ is a homogeneous polynomial in P, then for

1,91
precisely those for which p; = ¢; + 4, the new torsion will also vanish.

Lastly we comment that our second variation formula shows that for ¢ € P, , and

1,91
f € Hypor f € Hy,, the possible negative direction of I,(f)]i=o can only lie in the space
feH,por f e Hy,forp<g +4—pi. Amore careful computation of the second variation
of Paneitz operator for Rossi’s example ¢ = 1, which we have chosen not to display, shows
that the negative directions are given exactly by the functions f = 21, 2, 21, 2.

Acknowledgment. The first author’s research was supported in part by NSF grant

DMS-0855541, the second author’s research was supported in part by CIZE Foundation and
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2. THE EMBEDDING CRITERION

In this section, we will derive the Bochner formula for the Kohn Laplacian. We need
some commutation relations, for which we refer the reader to Lee’s paper [13]. This formula
contains no term related to pseudohermitian torsion. In this sense it seems to be more

natural than the one for the sublaplacian. We have the following Bochner formula:

PROPOSITION 2.1. For any complex-valued function ¢ ,we have
| _ _
_§Db|ab90‘ = (P11 + P1111)

1 - _ _
(2.1) 3 < Oy, Oy > — < Oy, Opp >

— < Pp,Oyp > +R| Ol
Proof. We calculate

1 1 .
—§Db|ab90|2 = _EDI) < 10", 010" >

(2.2) = (p11$1 + P1P1i

here, for the last equality, we use the identity
1 - = _
5 < Oy, Bplpp >= 1111
Therefore, the Bochner formula is completed if we show that

(2.3) ein@1 = — < By, Oyp > — < P, Oy > +R|Oyp|*.
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By the commutation relations, we have.

and

(2.5)

Combining (4.55) and (4.61) ,we obtain (4.54). This completes the Proposition.

o111 = (11 — 1910 + Ro1)P1

= (111 — o1 — P10 + Re1)P1

= (Pip +iAt1pr — ipo1 — ipio + Rp1) @

= (Pip)p1 + Ro1@r + (iAs1p — ipor — ipio) P1

=< P, 0yp > +R|0pp|” + (iA11901 — 001 — 1010 P1,

=< Pp,dyp > +R|0pp|” + 2(iAir1 — ipo1) @1,

1 _
~ 3 < Oy, Opp >

=< 10", 16! >

= (Prp +iAi1p1 — igo1) 1

=< P, dyp > +(iAtip1 — ipo1) 1

We now prove Theorem 1.3.

11

Proof of Theorem 1.3 : Let ¢ be an eigenfunction with respect to a nonzero eigenvalue

A, that is, ¢ is not a CR function. Taking the integral of both sides of the Bochner formula

(2.1), we have

(2.6)

_ _ 3 =
0= /90119011+/9011¢11 — 5/\/!31790\2

+/ < Pyp, o > +/R|@bg0|2.
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B 1 A -
/@119011 = Z/ < L, Ly >= §/|364P|2-

Taking together the above two formulae, we obtain

A/labsolz Z/!wﬁl2+/ < Pyp,p > +/R|0bs0\2

> / < P>+ / RIdyoP.

On the other hand,

(2.7)

Therefore, if P, is nonnegative and R > 0, then we immediately have that A > min R. Since
the spectrum spec(C,) of the Kohn Laplacian in (0,00) only consists of point eigenvalues
(see Theorem 1.3 in [5]), it follows that the range of [J, is closed. Applying the result of
Kohn [12], we conclude M is embeddable.

To prove the second part of Theorem 1.3 note if the CR Yamabe constant > 0, then we
can choose a contact form such that the Webster curvature with respect to this contact form

is positive and so we conclude by the first part of Theorem 1.3.

REMARK 2.2. The estimate for the nonzero eigenvalues is sharp. For example, the standard
sphere S? as a pseudohermitian 3-manifold has the smallest nonzero eigenvalue A = 2 = R,

for details, see [7].

REMARK 2.3. In general, let M?"*! be a pseudohermitian manifold. The Bochner formula

for the Kohn Laplacian is as follows:

| FE, . ]
—5DhlOpl* = Z;(soaa%ﬁ + PapPaj)

1 = - 1 _ _
— =— < Oy, Oy > — (n+1) < 0o, Opp >
2n 2n

(2.8)

(n—1

1 _ _
—E<P30,ab<,0>—|— ><Pg5,6bgb>

+ Ric(Vype, Vipe),
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where Vg is the corresponding complex (1, 0)-vector of V. The proof of (2.8) is the same
as (2.1). Again, in case n = 2, using this formula we also obtain that the sharp lower bound
of nonzero eigenvalues of the Kohn Laplacian [, is %k‘o, provided that the Ricci curvature

has the lower bound:
Ric(X, X) > k0|X]2,

for some ky and for all complex (1,0)-vector X. Unfortunately, in the higher dimensional
cases n > 3, the coefficient (n_;l) of the term < Pp, 9, > is too large to get the lower bound

of nonzero eigenvalues of the Kohn Laplacian [J, immediately.

ExXAMPLE 2.4. In this example, we shall compute the Webster curvature of Rossi’s global
nonembeddability example together with a suitable contact structure and show that the
associated CR Paneitz operators are not nonnegative. Let S® = {(z1, 25) € C?||21]> +|22|> —
1 = 0} be the boundary of the unit ball in C* with the induced CR structure given by the

complex vector field

0 0
I =Zg— — 21—
1= 22 92 1 (922’
and contact form
i(Ou — Ou)
0=,

where u = |21| + |2]? — 1. Taking the admissible coframe
0! = 29dzy — 21d2s,

we have df = i0' AG'. Rossi’s example is the CR manifold S? together with the CR structure
given by

Lt - Zl + tZl,

for all t € R and ¢ # 1,—1. Now, for |t| < 1, taking the contact form
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and the admissible coframe
0l (t) = ! (' — 6"
V1—1¢2 ’

we have df(t) = i0'(t) A 0'(t) and the following Proposition:

PROPOSITION 2.5. For |t| < 1, with respect to the coframe {0(t), 0 (t), 0 (t)}, the connection

form and pseudohermitian torsion are as follows

4t%i —2(1+t%)
(2.9) () =00 — T
and
4ty 5
L)y = ——0't
where

011 = —Zldzl — EQdZQ =+ Zldzl —f- ZQdEQ = —229

In addition, the Webster curvature is R(t) = 2(11:;2).

Proof. We just check that forms 6,'(t), 7'(¢) satisfy the equations (1.3). Finally, after a

direct computation, we see that df,'(t) = 2(11_—J;t22)01 AL, so R(t) = 2(11_?22). O

Similarly, for |¢| > 1, take the contact form 6(t) and the admissible coframe 6 (¢) as follows:

o) = -0, 0'(t) = t21 (0" + t0").

—_

Then we have

4ti

1
)= "
=15

0'(t) and R(t) = =———~

From Theorem 1.3 and the above Proposition, we immediately obtain that the CR Paneitz

operator of Rossi’s nonembeddable manifolds are not nonnegative.
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3. STABILITY OF EMBEDDABILITY

We now consider stability issues, see [5] and [14] for earlier work. We have a fixed CR

structure on a compact manifold (M?3,8, J). Let us denote by L the CR vector field on M?3.

We now perturb L by a smooth family of functions ¢(-,t) = ¢;(+) ,where (-) represents a

point on M, and ¢t € (—&,¢). We assume always,

(3.1) DZ o(z,8,t)i=0 =0, |af <lp, lo>4, (z,5) € M.
We define
(3.2) Li=L+¢(-t)L.

Associated to L, we form the associated 5ét)-Laplacian operator,

(33) 0 = g0a0.

We now use our main result to guarantee embedding of our CR structure in CV. Thus we

assume that along the deformation path in ¢,

(3.4) the associated Paneitz operator Pét) >0,

(3.5) the CR Yamabe constant > ¢ > 0.
By our main result (Theorem 1.3), using (3.4) and (3.5) it follows that

(3.6) MOy > v >0,

with v independent of . Thus by using the construction of Boutet de Monvel in [4] or the

exposition in Chen and Shaw’s book [8], we can embed for ¢ > 0 small enough the CR

structures via a map ¥, into the same CV, i.e.,

(3.7) W, : (M,0,J,) — CV.
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The question arises if the maps W, are close in say the sup-norm in ¢. We have the following

theorem which we re-state from the introduction:

THEOREM 1.5. Under (3.1), (3.4), (3.5), for any 6 >0, there exists € >0, so that

sup H\Dt — \IJQHCIC(M) < 6, k= k(lg)

te[—e,e]
Proof. The proof of this theorem is abstract and relies on an identity in [5]. We use Proposi-
tion 5.55 in [5]. We denote the projection into the zero eigenspace of Dl(f) by $%¢, which is the
Szego projector. By the spectral theorem and (3.6) if |A\| = v/2, the resolvent (D,(f) -7t

is well-defined and so

¥t = /(D},”—A)—lcm,
IA|=v/2

and it is immediate that 3%t is a bounded operator on L?*(M). As observed in [5] as a
consequence of the above fact and their identity (5.58) they obtain the inequality (5.60)

which we re-state,
(3.8) 1S#8 — 8%\ L2ar) < CvA|lr — woll e (),

where A is the sup norm of some high enough derivative of ¢; — y. But by our hypothesis
(3.1) the right side of (3.8) is smaller than § > 0, for € > 0, sufficiently small.

Now recall the construction of Boutet de Monvel. Using the notation in [8], page 318, the
embedding for each coordinate chart is given by a CR function h; (we are in CR dimension

1), where

(3.9) he = $% (Ye 7)), T — .
Now note h; — hg also satisfy an equation, that is,

(3.10) 05 (he = ho) = (3 = 0F) (ho).

From (38), (39), ||ht — h0||L2(M) < 4.
From (3.1) and (3.10), the right side of (3.10) is small in the C*°-norm. Since we have (3.6),
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it now implies by sub-elliptic regularity that for § > 0, there exists &,
(3.11) sup ||kt — hollcoeary < 0.
te(—eo,c0)
In fact by differentiation of (3.10) in ¢, we may also obtain higher stability in ¢, provided we
replace (3.1) by the stronger hypothesis that Dj’stgo(z, s,0) = 0 for large enough |al, ||

This proves our theorem since on coordinate charts of M, the map W, is given by h;. O

4. THE SECOND VARIATION OF THE PANEITZ OPERATOR

Our goal in this section is to investigate CR structures close to the standard structure
on S?® and prove Theorem 1.9, which is a converse to Theorem 1.3. To achieve our goal we
compute the second variation of the Paneitz operator. Let (M, J,0) be a three-dimensional
pseudo-hermitian manifold. In the computation, the contact form 6 is always fixed and we
suppose that the CR structure J is given by the the (0, 1)-complex vector field Z.

Suppose ¢ € C*°(M) with |¢| < 1. Then the complex vector field

(4.1) 71 = Z1 + 07

defines a strictly pseudoconvex CR structure on M.

For the purpose of computing the second variation, we need to know exactly what the
connection and torsion forms are for the manifold with CR structure defined by the complex
vector field (4.1). Therefore, first of all, we focus on the computation of the connection form
and torsion form and then use them to obtain the second variation of the Paneitz operator.

Let 6! denote the (1,0)-form dual to Z;. We take

(42) 0's = F(6)(6' — 66")

as an admissible coframe, where

1

F:F(@:W,
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which is a real function. For simplifying the computation, we normalize Z;® by setting
Z,* = F(9)(Z1 + ¢Z))

such that {Z,?, Z1®, T} is dual to {0, 9%, 0} and h,1® = hy;. Now we are ready to compute
the connection and torsion forms, which are denoted by 6;'; and 7', respectively. They are

determined by the following structure equations:
d61¢ = 91¢ A 911¢ + 9 /\Tl¢
(4.3) 7', =0, mod 01(;5
hli¢dhli¢ = 91145 + Giid,,
where h'ly is the inverse of hy1. Denote 7', = A';?0',. Then we have the following
proposition
ProprosIiTION 4.1. We have

61l =6,' — F7'dF — F~Y(B116" + Bio' + Bugh);

Y AP = Al — F? (¢o + 00, (T) — 661 (T) + ¢° A"y — !¢\2A11)7
where
By, = F2< —2F — ¢F0;(Z) + 6F0,(Z;)
— Fo1 — 6Fo1 — 26F; — 6" Foy' (21) + |0 F 0 (1) ):
(4.5) By = F? <2|¢|2F1 L OFONZ) — oF0:(Z)

+ Fo1 + 0F g1 + 20F + |10 (Z:) — |0 F0, (Z1) )
Bug = F*( = 6(0 + 06, (1) — 061" (1) + 64'1 — 04", ).

Proof. From the structure equations (1.3), we have

do' = 0" NO '+ O AT
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thus
o'y = d(FO* — pFOY)
= dF NO' + Fdo' — d(¢F) A O" — pFdb’
(4.6) =dF A0+ FO' N0+ FOAT!

— d(¢F) A O* — ¢FOr A 01 — pFO A 7!

= (dF — FO,;") A 0" + (d(¢F) — ¢F6;") A O + (—F7" + ¢F7") A 6.

On the other hand,

01¢/\911¢+6/\T1¢
(4.7) —(FO' — ¢FOY N Oy + O ATy

—(—=F0,') A O + (pF0 ) A O + (=71 5) A 6.

Comparing (4.6) and (4.7), we see, by Cartan’s lemma, that there exists complex-valued

functions B;;, 7,j = 1,2, 3 such that

—F911¢ = (dF - F911> -+ 31191 -+ 31291 + 3130;
(4.8) OF0'y = —d(OF) + ¢FO7') + Byy0' + By + Bysb;

—rly=—Fr' + GOF1! + B310' + B3y0' + Bash),

and
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Therefore, from (4.8), we have
AP (FO" — oFOY)
:Alid)ei

:FTl - QbFTi - 331(91 - 33291 - 3330

=FAY0" — F A" 0" — Bs10" — Bsy0' — B3,

hence, comparing the coeficients, we get

(4.10) FAY? = FA' — By;
(4.11) —FCZEAlI(ﬁ = _F¢Ail — Bsy;
(4.12) B33 =0

Taken together (4.10) and (4.11) implies

that is,

(4.13) ¢FA'Y — B3y = ¢FA11 + Ba;.
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Now, from (4.8) again, multiplying the first formula by ¢ and adding the second formula,

we get
0= ¢(dF — FO,") + ¢B110" + ¢B120" + B30
— d(¢F) + ¢FO;" + By0' + Byo' + Bysf
— —Fd¢ — ¢FO," + ¢FO:' + (¢By1 + B1)0' + (¢Bra + Bs)0' + (¢Brs + Ba)0
— (=F¢1 — ¢F0,*(Z1) + ¢F0:*(Zy) + ¢Bi1 + Byy)6"
+ (=F¢1 — oF6: " (Z1) + $F 61" (Z1) + ¢Buz + Ban)f'

+ (—F¢y — 9FL{(T) 4+ ¢F0:(T) 4 ¢Bys + Bos)b),

that is,

(4.14) —F$y — ¢F0,1(Z)) + ¢F0:(Z1) 4+ ¢Byy + Boy = 0
(4.15) —F¢1 — 9F0. (Z) + ¢F0; (Z1) + ¢Bra + Bay = 0
(4.16) —F¢yg — ¢F0, (T) + ¢pF01 (T) + ¢Bys + Bys = 0.

Multiplying (4.13) by ¢ and subtracting (4.16) we obtain

B, _ Foo+ oFON(T) — 0N (T) + ¢*F AL, — |¢|2F Al
o 1= 16P)
(4.17) (
= F(go + 00, (T) — 001 (T) + ¢ A"y — [¢|*A's).

Since F? = 1 + |¢|*F?, substituting (4.17) into (4.13), we obtain
(4.18) Bus = F*( = 6(00 + 061 (T) — 607" (I) + 6A'1 — 64"
Now, substituting (4.17) into (4.10), we obtain

(4.19) AL = Ay = F2 (0 + 062" (T) — 96, (T) + 6*A"y — |2 A"
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Finally, to complete the proof of the proposition, we need to determine B;; and Biy. Taking

the conjugate of the first formula of (4.8), we get

_Feiiab = (dF — Feii) + B110" + B20" + Byt

= (dF — F(=6," + h'dhy1)) + B110" + B120' + B30

= dF + F0,' — Fh''dh,; + B110' + B2 + Bisb.
On the other hand,
—Fbi'y = —F(—6,'4 + h*'dhy7)
= —(dF — F6,") — B;10" — By30" — B30 — Fh'ldh,;,

where the last equality is due to the first formula of (4.8). Comparing the above two formula,

we have
2dF = (—By, — B12)0" + (—Bio — B11)0" + (=B — By3)0,

which implies that

(4.20) By = — By — 2F%.

Substituting (4.20) into (4.14), we get

(4.21) OBy = By + 2F; + Foéy + oF0, (Z)) — oF0;' (7).

Now multiplying (4.21) by ¢ and subtracting the conjugate of (4.21), we obtain

Bu = F2( =21y — 6F0;! (21) + 60, (1)
(4.22) )
~ Fér — 6F o1 — 20F; — |9F0 (Z) + |6 For'(2)) ).

Substituting this into (4.20), we get

By = F? (2\¢|2F1 + 6F0,N(Z)) — 6F011(Z)
(4.23) ]
+ Fou + 6F61 + 208 + [0 F0: (1) — [61°F6:(21)).

This finishes the proof of the proposition. 0
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According to Example 2.4, we see that if S is the 3-sphere with the standard CR structure

and contact form then
Ay=0, y1=1, R=2, 911(T) = —2, 911(21) = @11(21) = 0.
Therefore we have the following corollary.

COROLLARY 4.2. On S3, the connection form and torsion with respect to the CR structure

given by
Z:i = Zi+ ¢ 2,

are

'y = 0, — F7'dF — F7Y(By10" + B1o0' + Bysf);
(4.24)

ALY = —F(¢o — 4i9),
where

B = F*(=2F, — F¢1 — 9F ¢y — 20 F});

(4.25) Biy = F*(2|¢*F1 + F¢r + 9F o1 + 20 F);

By = —0F°(¢o — 4i0).

COROLLARY 4.3. We have that on S3

(4.26) AP =0<= ¢y =4dip <= p € P,,, p=q+4,
where
(4.27) P, =sp{tda%% a+b=p, c+d=q}.

We are now ready to compute the first and second variations of the Paneitz operator. The
background space is the standard 3-sphere S® C C? with the CR structure given by the

complex vector field

0 0
Ti = g — 7
L= 252~ 7195
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Fix ¢, we use ¢; = t¢ to define the deformation of the CR structures along ¢, i.e., for each

t, the CR structure is defined by the complex vector field
(4.28) 7t = 77% = F(Z1 + toZ),

where F' = 7s- The Kohn Laplacian for the deformed structure will be denoted by

S S
(1-t2[¢]?)
[J¢. Then the coresponding Paneitz operator satisfies

(4.29) AP} =00, — 20",

where Q' is a second order differential operator defined by Q*f = 2i(A™! f1); for each smooth

function f, i.e.,
(4.30) Q' = 2(AM 2Lz} + (24" Z) — A0 (Z2)2}).
We would like to compute the first and second variations of 4F, and use ”-” to denote

differentiation with respect to t. We have the following proposition.

ProprosITION 4.4. We have
(4.31) 4Pt —g = —2D0, — 20,D + 4(EZ, 7y + B\ Z,),

and

4Pt =0 = 16|¢|* Py + 2|¢|*(0,0, + 0,0) + 8D* — 8EGA, + 8V,(E)
(4.32)
+ 4(0p|01*) Ap — 8(Vu|@1*) Ay — 4(Ve|o )T, — 40,(V|9]?),

where

D= ¢Z1Zy+ ¢Z:1 21 + 171 + ¢171;
E=4¢ + 19

Proof. The first and the second derivative with respect to t are, respectively,
. [ =t .
(4.33) 4B, = 040, + 0V, — 20

and
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. e, =1 Lt .
(4.34) 4P =000, + 00, + 2000, — 20"

From (4.24) and (4.25), we have

01 (Z1) = 01 (F(Z1 + o Z1))

(4.35)
= —(Fi + Bya + toF) +t¢Byy),
where
By = F*(=2F, — tF¢7 — t2¢F ¢ — 2t FY)
(4.36) i i
= —t(F’¢1) — (F°01 + F°(Z1|9])) + O(¢%),
and
Biy = F(2°|¢|°Fi + tF ¢y + t*Fod + 2t 1)

(4.37)

= t(F’1) + 2 (FP¢71) + O(°).

Now we compute the Kohn Laplacian and its variations. We have

O, = —22t 7! 4 2011(24) 2!

(4.38)
= 2771 — 2(Fi + By + toF) + t¢B1) Z5;
thus
O, = —2(Zi7¢ + 2021
(4.39) — Q(FI + By + ¢F, + toFy + ¢Byy + t¢Bll)Zf

— 2(F; 4 Bya +toF) + t¢B11)Z.f,

25
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where for any complex vector field Z € T'S?, we have
ZF = 5P FY(Z1P)
F=t|g[F?
ZF = tFY(Z]0P) + SP10P F(Z]6P).
and

7t = F(Z; + toZ,) + FoZ,.
Next, we would like to expand —2Q! with respect to t at t = 0. Denote 4¢ +i¢y as E. From
(4.24), we see that
Ay = F?(4itg — tgy) = it F°E,
hence, from (4.30),
—2Q! = —4i(AMZZL + (Z1AM) 2 - AMY(2))2))
(4.40) = —4i(AMZL 7t + (2P AN ZY) — 4i AMY(Fy + Byy + toF; + tgB) 2!

= MFPEZI 7+ (ZHAFPE)) 2t + 44 F2E(Fy + By + toFy +t¢B11) 7L,

where
MFEZ{ 7! = 4 F*EF(Zy + t621) (F(Z, + t¢Z1))

= AF'E(tZ, 2, — oAy + 26, Z1) + O(1%);

(4.41)
(Z{(MFPE))Z) = 4F?*((Z1 + t9 Z1)(FPE)) (Z1 + tg Z1)

= A(F*E\) 2y + AP FY($E1 Z, + ¢E1 Z1) + O(%);

and
F\ + By + toF; +t¢By,

(4.42) :1t2F3(Zl|¢\2) +tF2h1 + 2 (FPppy) + O(t?) — 2 F2 19

2
1 _
=§t2F3(le¢|2) +tF g1 4+ O(t°).
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Substituting (4.41) and (4.42) into (4.40), we get

—2Q"' = #4FHEZ\Z, + B\ Z)) + AP F*E(—¢Ay + ¢, 77)
(4.43) i i )
+ 42 FYQF1Zy + 9B\ Z7) + AP FOE¢1 Z, + O(t?).

Therefore, from (4.33) together with (4.36), (4.37), (4.38), (4.39) and (4.43), we get

EZ|t:0 = ib§
-t _ _
Oplimo = —2(0Z21 21 + ¢ Z1 21 + 9127 + ¢121);

—2Q"1—0 = A EZ1Z1 + F1 Z,),

hence the first variation of 4F;:

(4.44) 4Pt —g = —2D0, — 20,D + 4(EZ\ 7, + E\ 7)),

where
D = ¢Z\ 7\ + ¢Z1 71 + 017, + ¢171.

Finally, for the second variation of Paneitz operator, we also need to compute the second

variation of the Kohn Laplacian. From (4.39), taking the derivative with respect to t, we get

..t

O, = —2(ZL 7t + ZL Zt + 228 71)

— 2(F} 4 Bys + 20F) + toFy + 208y, + t¢By) 2
(4.45) o . o
— 4(F1 + Bia + ¢F) + toFy + ¢ By + 15(?311)211t

— 2(F; + By +toF) + t¢Bl1)Z£
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where, for all Z € T'S3,
Z% = F(Zi +toZy) + I YAR
F=[o["F* + 3¢ 6| ' F*;
; 3 2y, 199 05 oy, 104 apr 2
ZF = F(21¢°) + I F7(Z16]) + S 1ol F (Z]F),

which implies that

(4.46) Do = 20620, + 0y) — 4(Z162) Z1 — A(Zilo[?) 2.

Therefore, from (4.34) together with (4.36), (4.37), (4.38), (4.39), (4.43) and (4.46), we get
4830 = 216 @ + 00)5s + Ty (2101 (@ + On))
—4((Z1|91") 2y + (Z1191*) 21) 5 — 40s((Z119*) 21 + (Z0]6) Z1)

+ 8D* 4+ 8E(—¢Ay) + 8¢(F1Zy + ErZ7) + 8E(¢1 21 + 6127,

where
Os(2[6[* (0 + O))
=400, (|6[*A)
=4[(Oh]8*) Ay + [oPThAp — 2(|017 2180 + |97 Z1A))]
=2[o[*0y(Tp + Oy) + 40| 8] A — 8(Va¢]*) Ay,
hence
i AP0 = 16]¢|* Py + 2|¢[*(3p0y + 5y 0s) + 8D — 8EGA, + 8V,(E)
- + 4O ¢*) Ay = 8(Vu|6*) Ap — 4(V|0) Ty — 40,(Vs|¢*).
This completes the proposition. O

For the reader’s convenience we list the following useful facts [7] that are necessary for the

subsequent computations. We recall H, , denotes the space of bi-graded spherical harmonics
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of type (p,q) on S®. Then for f € H,,, and the operators associated to the standard

structure on S3,

Oof =2(p+ 1)gf, Ouf =2(q+1)pf,
(4.48)
Pof =palp+1)(q+1)f, Aof =—(fir+ fir) = 2pg+p+a)f.

PROPOSITION 4.5. Let ¢ € C*°(S?). Let gt =0 and f € H,o or Hy,. Then for any p > 0
(4.49) < Plli=of,g >=0.

Proof. We only display the proof for f € H,,. The proof for f € Hy, is similar. We
repeatedly integrate by parts and use g; = 0 to finish the proof. From the first variation
(4.31), we have

4 < Bilimof,g>=—-2<D0,f,g > -2 < Df,Ohg >
(4.50)
+4<Ef11,g>+4<E1f1,g> .

Integration by parts in the fourth term, and using g; = 0 in the integration by parts and in

the second term yields
4 < Bllmof, f >=—2 < DOyf, g >,
(4.51) =—4p(¢+1) <Df,g>= —4p(q+1) <dfu+ d1f1,9 >
=0,

where the last equality is due to the integration by parts and using g7 = 0. 0
PROPOSITION 4.6. Let ¢ € C(S?). Let f € H= C>(S%) N @p>1Hpo ® Hop. Then
< P(ﬂt:()fmf >= 0.

Proof. The Proposition follows from Proposition 4.5 and the fact that the operator P§|t:0 is
real. 0
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PROPOSITION 4.7. Let ¢ € C*(S?). Then
(4.52) < D?f, f>>0, foral f € KerP,

where D is the operator defined in formula (4.44).

Proof. Since f € KerPF,, its Fourier representation has the form

f= prq, withp=0or ¢ =0.

p,q=0
Thus we divide it into a CR holomorphic part and a anti-CR holomorphic part, that is, f has
an expression f = u+ v, where v and v is a CR function and anti-CR function, respectively.

This means u; = 0 and v;=0. Now we compute
(4.53) < D*f, f >=< D*u,u >+ < D*v,v >+ < D*u,v >+ < D*v,u > .

Since uy = 0, we get Du = ¢uq1 + ¢ruq. Thus,
< D*u,u > =< d(Purr + prur )11, u > + < é(@bun + prur )11, u >

(4.54)
+ < d1(Puin + drua)1, u > + < dr(Puan + drua)g, u > .

Integrate by parts the last two terms to get
< ¢1(ur + prur)1,u > + < dy(Puiy + Prur)1, u >
(4.55) = — < ¢(dun + drur)i, u > — < ¢(Puir + grun)y, ug >
— < ¢(Pun + drur)i, u > — < G(Pun + dru),ug > .
Taking together (4.54) and (4.55), and using u; = 0 and integrating by parts again, we see
< D*u,u>=— . O(pury + pru)1tis
(4.56) = /S3 |67 [un[* + [é1[*|ur[* + /Sg(cgcbwmn + ¢roun )

Z/ [puis + dru]* > 0.
S3
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Similarly, using v; = 0, we get

(457) < DQU, v >= /53((?%11 + ¢1u1)(¢1711 + ¢1@1).

Using the conjugate and the fact D? is real, we see

(4.58) < D*v,v>=< D%, > = / |pD11 + G101 |2,
S3
and
(4.59) < D*v,u >= / (Ppurr + Prur) (Pv11 + $107).
SB

Substituting (4.56), (4.57), (4.58) and (4.59) into (4.53), we get

<D’f, f >= / |(¢urr + drun) + (P11 + ¢ror)|* > 0.
S3
This finishes the proof. 0

Using (4.47) write

(4.60) 4 < Pllof, f>=8<D*f,f >+ <Rf f>.

PROPOSITION 4.8. Let ¢ € C>(S%). Let f € H,o or f € Hyp, and g1 = 0. Then for all
p > 0, we have

(a) < Rf,g >=0, if f € Hy,,
and

) < REg>=8 [ (GIoF = Bi)Age 7 € Hyo

Proof. We first compute each term in the formula of the second variation of the Paneitz
operator (see (4.32)). For all f € H,p, and g7 = 0.
By (4.48),

(4.61) < 16|¢|* Py f, g >= 0.
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(4.62) <2ePOT,+ g >= 57 [ 101

(4.63) < —8E¢Af, g >= —8p /SJ Eofq.
Integrating by parts gives

<8V(EQ)f,g > =8 < (Ed)if1 + (Ed)if1,9 >=8 < (EP)1f1,9 >
(4.64) = —8< E¢fi1,9> -8 < Edf,g1 >

=8p/33 E<z3f§—8/s3 Efar

< 4|0 Avf, g > = 4p < (Du||*) f. g >

=4p < Oy(|01°f) — [0 0uf + 2(I8l1 /1 + |9]1 /1), 9 >

(4.65)
=8p < (Vulo|*) f, g >
=< 8(Velo]*)Auf, g > .
< —A(Volo)Opf, 9 > = —8p < (Vo|o|*) f, g >= —8p < |¢|1f1,9 >
(4.66) = 8p < |6 f11,9 > +8p < [6]*f1, 01 >
=38 % fig1 — 8p? ’fg.
p/sgld)\ f1g1 — 8p /SSIM fa
(4.67) < A0, (Vi|6*) f, g >=< —4(Vs|¢]*) f, Thg >= 0

We collect similar terms from (4.61) to (4.67) and observe that both the coefficients of terms

[ 1ok sg ana [ Porg
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are zero. The coefficient of the term |, o |62 f1g1 is 8p and The coefficient of the term
[gs E¢ f1g is —8. This completes the proof of (b).

Similarly, for f € Hy,, integrating by parts and using f; = 0 and g7 = 0, we get
< 16|61 Pof,g > = 0;
< AoPO0, + T Lg > =5 [ 0P S
<—sBodf.g> =5 [ Eofa
(4.68) <8Vy(E¢)f, g > =8p /SS Eofg;
<A Auf g > =< SToPIA g > —55° [ [0
< —4(Vlo)Ouf, 9 > = 0;
< —AO(Vu|6*) f, 9 > =< —4(Vs|9*) f, Trg >= 0,
Taking all together these terms, we get < Rf,g >= 0. This completes the proof of (a). O

The proof of Proposition 1.10: From (4.60),
.. 1
<P§f,f>:2<D2f,f>+Z<Rf,f>.

Using Proposition 4.7,

<p8f7f>21<Rf7f>'

Now,

f:ka+nga kaHk,o, ngHO,k-

k>1 k>1

Using the relations in Proposition 4.8, one computes
1 I I
L<RAT>=2Y [ WoP - BT 23 [ (HoP - Bl
el VS el VS

This ends the proof. 0
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We are going to recall the Hopf fibration of S* C C2. We consider the space BC? by
blowing up the orign from C?. Let (21, 22) be the linear coordinates on C* and (¢, w) denote

blow up coordinates on BC?. These coordinates are related by

z
(=2, w= 2,
21

BC? is the tautological line bundle over C'P!. We see that w is an affine coordinate on
CP' = S2, which is the blow up of the origin, and ( is the fiber coordinate. Now S? is

defined by r(z1, 29) = |21|> + |22]* = 1, so we have
1=r=|z" + |2/
(4.69) = [¢PP(1 + [w]?)
= [¢]?e"™),

where H(w) = In (1 + |w|?), defines a circle bundle over C'P* = S2. This is a fibration of S3.

Let 6 be the standard contact form on S®. Then we have

0?H (w)
Owow

(4.70) ONdO =1 dy A\ dw A dw,

where ¢ = |(|e® and 9 is the fiber coordinate. Also, we see that T is the generator of the
circular action (21, 29) — (€21, €™ 2y) with period 27, that is,

_2
-5

PROPOSITION 4.9. For f € H,o, fi = P 2YH(w,w) and g € Hy,, g1 = e P~ I¥G(w, w),

T

so in particular both |fi| and |gi| does not depend on the fiber coordinate 1).
For ¢ € C*(S3), we have the following Fourier expansion of ¢ with respect to 1
6= D b=, " on(w, ),
p,q=0 meZ

where m = p — q and ¢, is a function only defined on S?.
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Proof. If f € Hyp, say, [ =) 14, Cap?825 then

0 0
— Z _—
Ji Wf = (2’2a P Z1 8zg)f
= Z Cap(az0 257y — b2 7))
a+b=p
4.71 _ _
( ) _ Z Cab(aCa-‘rb—lebw_bga-i-b—lcwb—l)
a+b=p
= (atb=ig ( Z Cap(awbw — bwb_1)> :
a+b=p

Since on S3, 1 = |¢|2e# ™) we have

Ll =[¢ D calaw®D — buw)
a+b=
(4.72) P
= G_QTHH(’L‘U) Z Cab(awbw _ bwb—l) ,
a+b=p

which does not depend on 9. On the other hand, for ¢ € C*(S?), it has the Fourier
representation ¢ = > = dp,. We would like to express it by the coordinates (¢,w). We

denote dpg = D, 1 pep ot deq Cabed?] 257¢z4. Then

gbpq — Z Cabcdca—l—bwb&c-l-dwd

a+b=p,c+d=q

= Z Capea€’ P~ DY | [PTwP D
(4.73) atb=p,c+d=q

oo —(ptg)H(w) _
= E Capea€’ P~ DV e 2 wlw?

a+b=p,c+d=q

= 6imw¢m<wa w),
where m = p — ¢ and ¢,,, = (Za%:p,ﬁd:q cabcde;%?m“’) wbwd)_ ]
PROPOSITION 4.10. (a) Let ¢ € C™(S?), then for ¢ satisfying (BE)

/<k|¢|2 EQ)|fP /|¢| PR k>
53
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/ (ko — E@)|gk? > / GRIgE k> 1.
S3 g3
(b) For any ¢ € Py

0 kA1

| (ko — 1T -
5 Jsalk+p1— i = DGPIFFE k=1

0 kA1

/<k|¢,2_E(/E)gli€9_l1: 20 k|2
5 [k +p1— a1 — D)|P|g52 k=1

Proof. We only display the proof for the first statement of part (a). From Proposition 4.9,
|fF| is independent of the fiber variable 1. Changing variables using (4.70), we have using
the Fourier expansion of ¢ in Proposition 4.9 that
0= =) "ou(w, @), m=p—q
mezZ

Now

Thus

Ed= () ™ (4 —m)dp(w,0))o.

mez

So by Plancherel’s theorem,

/53(k|¢|2 — EQ)|fF? = /52 (/51(k|¢‘2 _ E&)) TiE

-/ <Z<k+m—4>|¢m|2> THE

m

(4.74)

The (BE) condition implies m —4 = p — ¢ —4 > 0, and since k > 1, the term above is

L (; mr?) P

Using Plancherel’s theorem again we obtain our result.

bounded below by
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We only consider the case for fF in part (b), the case for g'f is similar. Observe that if

¢ € Py, 4, then |¢| is independent of the fiber variable v, and since,

E¢ = (46 + i) = 4¢|* + i
= 4|¢° + (@ —p) o> = (4 + @ — )@

E¢ is also independent of the fiber variable 1, and only depends on w,w.Thus if k # [, the

integrand may be written as

eF DY G (w, @),
from which it immediately follows that if £ # [, the integral vanishes. When k = [, from the
computation (4.74) in part (a), ,

[ o =B = tm—a -0 X [ lonPlt?

m=pi1—qi

—(b+p—a =) [ PR
S3
We have our conclusion. O

The proof of Proposition 1.11: We put together Proposition 1.10 and the computation
of the integrals in the right side of Proposition 1.10 which are done in Proposition 4.10. The

Proposition follows. [l

We emphasize that in Proposition 1.11 we do not hypothesize that ¢ satisfies (BE). The

following corollaries are therefore immediate consequences of Proposition 1.11.

COROLLARY 4.11. Let ¢ € P, Then < ]50t|t:0f,f > s positive for all f € Hy,o or

1,91 °

f € Hop, p>1 if ¢ satisfies condition (BE),i.e., pr > 4+ q.

COROLLARY 4.12. Let ¢ € P, 4 and W denote the subspace of ©H,o, ® Hy, on which

P(ﬂt:O < 0. Then W C @Hp,(] ) HO,p; fofr'p < q +4 — 1.
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REMARK 4.13. The reader may verify by making an explicit calculation for ¢, = ¢, using

the above formula, that is in Rossi’s example, we have

< P5|t:0f,f > < O, for f =z, 29, Z1, Zo.
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