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SURFACES WITH PRESCRIBED GAUSS CURVATURE

SAGUN CHANILLO and MICHAEL KIESSLING

1. Introduction. LetS, = (R2, ¢) denote a conformally flat surface oVRf with
metric given by

ds? = g dx; dx; = 2 (dx12+ dxzz), (1.1)

whereu is a real-valued function of the isothermal coordinates (x1, x2) € R2. If
u is given, the Gauss curvature functi@nfor S, is then explicitly given by

K(x) = —e 2D Ay(x), (1.2)

whereA is the Laplacian for the standard metric BR. The quantity
H(u) = / K (x)e?™ dx, (1.3)
R2

where d denotes Lebesgue measureRfy is called the integral curvature of the
surface (sometimes called total curvature). We say$has aclassicalsurface over

R? if u € C3(R?). Clearly, K € C°(R?) in that case. The inverse problem, namely,
to prescribek and to find a surfacé, pointwise conformal tdR? for which K is

the Gauss curvature, renders (1.2) a semilinear elliptic partial differential equation
(PDE) for the unknown function. The problem of prescribing Gaussian curvature
thus amounts to studying the existence, uniqueness or multiplicity, and classifica-
tion of solutionsu of (1.2) for the givenK. A particularly interesting aspect of the
classification problem is the question under which conditions radial symmetry of the
prescribed Gauss curvature functignimplies radial symmetry of the classical sur-
faceS, = (R?, g) and under which conditions radial symmetry is broken. Notice that
the inverse problem may not have a solution. In particular, when considerd on
instead ofR2, there are so many obstructions to finding a solutico (the analog

of) (1.2) for the prescribed that Nirenberg was prompted many years ago to raise

the question: Which real-valued functiois are Gauss curvatures of some surface
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Sg over $2? For Nirenberg’s problem, see [4], [6], [9], [10], [11], [33], [36], [38],
[44], [45], [47], [48], [50], and [51]. For related works on other compact 2-manifolds,
see, for example, [26] and [60]. In this work, we are interested in the prescribed
Gauss curvature problem dR?. There is considerable literature on this problem, for
example, [2], [3], [12], [17], [18], [19], [21], [22], [46], [49], and [59]. We study
here the existence problem of surfaces for a large clags v a novel approach.

We also mention an existence-of-solutions result for a monotonically decre&sing
that is unbounded below and positive at the origin. Moreover, we study the ques-
tion of radial symmetry of classical surfaces, which correspond to classical solutions
of (1.2), for monotonically decreasing and for nonpositivek. The problem of
nonpositive prescribed Gaussian curvatires already fairly well understood (see
[1], [21], [22], [52], [53], and [61]). In particular, [21, Theorem Ill] characterizes any
S with compactly supported and finite integral curvature uniquely by its integral
curvature and by an entire harmonic functiéino whichu is asymptotic at infinity. If

the entire harmonic function is constant aKidadially symmetric, them is radially
symmetric, by uniqueness. [21, Theorem Il] characterizesSamyith K ~ —C|x|~*
when|x| — oo, £ > 2, and finite integral curvature uniquely by its integral curvature
alone, so thai is radially symmetric ifK is. [21, Theorem lII] is extended in [22] to

K satisfying an integrability condition and|x|™ < |K (x)| < C|x|™ as|x| — oc.

Our Theorem 2.1 below generalizes [21, Theorem lll] as well as Cheng and Ni's
[21, Theorem 1] and its sequel in [22] to a larger classkofatisfying mild inte-
grability conditions without pointwise asymptotic bounds or even compact support
for K. Our existence results follow as corollaries from our probabilistic Theorem 8.4
that applies to nonnegativé as well as nonpositive ones. We prove our Theorem 8.4
using the methods developed in [37], [8], [40], and [41]; see also [38]. For nonpositive
radial K, the radial symmetry ofi then follows from our uniqueness Theorem 2.2,
which we prove in its dual version Theorem 9.1.

Prescribing Gaussian curvatuke that is somewhere strictly positive is a much
richer problem and less well understood. Existence results are available in [3], [18],
[19], [46], and [59]; note [18] regarding [3]. The question of radial symmetry lods
been studied by various authors for decreagingnder various additional conditions,
see [12], [15], [16], [17], and [54].

As already emphasized above, our Theorem 2.1 establishes existencalsuf
for nonnegativek, under mild integrability conditions o rather than prescribed
asymptotic behavior or pointwise bounds, as employed in [3], [18], [19], [46], and
[59]. We also announce an existence result of a radial surface with positive integral
curvature for a radial continuous that is positive at the origin and diverges logarith-
mically to —oo as|x| — oo (see Proposition 2.4). In our proof of Proposition 2.4, we
actually do not prescrib& but, inspired by [39], we considersystem of equations
whose solutions determine bokh andu, and we use scattering theory and gradient
flow techniques to control it. This system case is of independent interest, and details
will be published elsewhere.
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The radial symmetry of surfaces wikh positive somewhere does not follow simply
by uniqueness. In Section 2, we list various nonradial surfaces with radial Gauss
curvature. We extract from this discussion a set of conditionk andg which rule
out the various nonradial surfaces we found. In particular, we demang thatradial
decreasing. We formulate a conjecture that, under this set of conditions, any classical
surface for the corresponding prescribed Gauss curvauig radially symmetric
about some point.

We then state in Section 3, and subsequently prove in Sections 4—7, using the
method of moving planes (see [30] and [49]), Theorems 3.2 and 3.3 on radial sym-
metry of classical surfaces. Our symmetry theorems require a slightly stronger set of
conditions than formulated in our conjecture. However, our conditions are consider-
ably weaker than those used in [12], [15], [16], and [17]. In particular, we impose
no pointwise bounds near infinity on positive We also allowkK to be unbounded
below, but with some growth conditions near infinity, allowing logarithmic as well as
power law growth of K|. Our existence-of-solutions Theorem 2.1 and Proposition
2.4 establish that solutions exist under these conditions amd thus verify that our
radial symmetry theorems cover more cases than the earlier symmetry results listed
above.

After submission of our work, existence results whéis positive somewhere and
satisfies 0> K (x) > —C|x|¢ as|x| — oo, with 0 < £ < 2, appeared in [20]. Of these
surfaces, those which also satisfy the hypothese& disted in Proposition 3.1 are
radial symmetric by Theorems 3.2 and 3.3.

2. Broken symmetry and a symmetry conjecture. We say thatS, is radially
symmetric about some point* € R? if the associated solutiom of (1.2) satisfies
u(x —x*) = u(@Rx —x*)) for any® € SQ2). We say thau is nonradial if no such
point exists. We now collect a list of examples of nonradial surfaces from which we
extract conditions ok andg under which one can hope to assert the radial symmetry
of u.

Clearly, u cannot be radially symmetric about some pointifis not radially
symmetric about the same point. Without loss, we choose the point about ®hih
radially symmetric to be the origin; that is, we demand that

K (x) = K (Rx). (2.1)

A few moments of reflection reveal that some further condition& @n) andu (x) are
needed; for without further conditions, examples to nonradially symmetric surfaces
having a Gauss curvatuié satisfying (2.1) are readily found.

In particular, ifK satisfying (2.1) is compactly supported, then solutioms (1.2)
that display some nonconstant entire harmonic behavior near infinity are asserted to
exist (for nonpositivek) in [21, Theorem Il1]. Our first theorem, proved in Section 8,
generalizes [21, Theorem IlI], as well as [21, Theorem II] and its extension in [22],
to a much wider class of sufficiently ‘concentratdd’that have well-defined sign.
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We define the siger (K) of the functionk by: o(K) =+1if K #£0, K(x) > 0 for
alxeRZ o(K)=—-1if K#£0,K(x)<0forallx € R% 6(K)=0if K(x)=0.
For otherk, o (K) does not exist.

Theorem 2.1 Assumek e L*®°(R?) has well-defined sige (K). Furthermore,
assume that for some entire harmonic functidn R? — R and for all0 < y < 2,
K satisfies

/ ly—x|7V|K(@®)|?A®dx — 0 as|y| — oo, (2.2)
B1(y)

whereBz(y) ¢ RZ is the open ball of radiusk centered aty. Given the saméf,
assume also thak satisfies

/ |K (x)]e?H ™) x| dx < 00 (2.3)
R2
for someg > 0. If K <0, define
K*(K,H) = —2msup{q : (2.3)is true}. (2.4)
g>0

Then, for any suclk, H, and anyk satisfying
(«k*,0) ifK#0, K<O0;
Kk € 4 {0} if K=0; (2.5)
(0,47) if K#£0, K >0,

there exists a solution = Uy , € Wlf;c” N Ly, of (1.2)for the prescribed Gaussian

curvature functionk, having integral curvature
H(Uni) =« (2.6)
and having asymptotic behavior given by

Upe(x) = H(x) — % In|x|+o(|In|x|l) as|x| — oo. 2.7)

Moreover, ifK € C%¢, thenUy,, is a classical solution. 1K € €% also satis-
fies (2.1), andH is nonconstant, thed/y , generates a classical surface which is
asymptotic to a nonradial entire harmonic surface, hence breaking radial symmetry.

We remark that ifk € C%¢ satisfying (2.1) is also decreasing, then all the conclu-
sions of Theorem 2.1 hold without imposing (2.2).

Surfaces that are asymptotic to some nonradial entire harmonic surface (entire
harmonic surfaces fak = 0) can be eliminated by the mild integrability condition

ut e LY(Br(y),dx), uniformly in y, (2.8)
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whereu™(x) := maxu(x), 0}. For the category ok < O covered in Theorem 2.1,
which, in addition, satisfy (2.1), condition (2.8) already eliminatksionradial solu-
tionsu of (1.2) with finite integral curvature. Indeed, we have the following theorem.

Theorem 2.2 Under the hypotheses stated in Theorem 2.X # 0, thenUp
is unique. Moreover, iK < 0 also satisfies (2.1), andsatisfies (2.8), theWy . is
radially symmetric and decreasing.

It remains to discusX that are strictly positive somewhere. In that case, among
the S, that satisfy (2.1) and (2.8), one finds nonradial surfaces that are periodic about
the origin of the Euclidean plane, having fundamental periedn2 with n > 1.

We illustrate this with the following examples, taken from [12] (see also [54]). For
x # 0, we introduce the usual polar coordinate®) of x; that is,» = |x| > 0 and
tand = xo/x1, with 6 € [0, 27). Let N denote the natural numbers. Foe N, let

K (x) = K™ (x), with

K™ (x) = 4n?|x)?" D, (2.9)
Clearly, K™ e C*°(R?). Let y € R? be chosen arbitrarily, except that~ 0, and let
6o be the polar angle coordinate pfLet¢ € R. Thenu(.) = Uén)(.;y), with

" cos x| n
T (n(@—eo))tanhg”rm —In(|y|" cosht),
(2.10)

|x

ly

Ug(")(x; y)=—In (1—2

is aC>(R?) solution of (1.2) for the Gaussian curvature function (2.9). The integral
curvature of the surface described by (2.10) is given by

ﬂc(Ug’” (x; y)) — 47, (2.11)

independently ot andy. For¢ = 0 and allz € N, the solution (2.10) is radially
symmetric about the origin. Far # 0, if n = 1 so that (2.9) reduces to a constant,
KD =4, the solution (2.10) is periodic about the origin with fundamental perind 2
yet itis radially symmetric about and decreasing away from the pdiat tanh(¢)y.
For ¢ # 0 andn > 1, in which casek ™ increases monotonically with|, the
solution (2.10) is periodic about the origin with a fundamental periedn2 hence
nonradial about any point; see Figure 1.

This last family of nonradial surfaces is eliminated by admitting only monotonically
decreasing radiak, that is, thoseK satisfying

K(x) < K(y), whenevelx|>|y|. (2.12)

Among theS, that satisfy (2.1), (2.8), and (2.12), we still find nonradial surfaces,
namely, wherk (x) = Kg, with

Ko =const> 0, (2.13)
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Figure 1. Level curvese®/™) =24 4 e {—5,—4, ...,0,1}, for u given by (2.10)
withn =2, |y| = 1,600 =0, andz = 1. maxe® ~ 2.57 is taken at the centers of
the two islands. Fofx| large, the conformal factar®™) ~ C|x|~8 and the level
curves become circular

in which case (1.2) is the conformally invariant Liouville equation [42]. Besides the
radially symmetric entire solutions obtained with=1 in (2.10), this equation has
entire classical solutions that are periodic along a Cartesian coordinate direction. Let
y € R? be an arbitrary fixed point, and lete R? andv’ € R? be two fixed vectors

that are orthogonal with respect to Euclidean inner product; that,is,) = 0, having

identical lengths given byv| = |v/| = Ké/z. Letz e R. Thenu(.) =U(.;y), with

U; (x; y) = —In(cosh¢) coshv, x — y) —sinh(¢) sin(v’, x — y)), (2.14)

is a nonradialC> (R?) solution of (1.2) for the Gauss curvature function (2.13) (see
also [12]). Forz = 0, the solution is translation invariant along while for ¢ £ 0, it
is periodic along’ with period 2r/+/Ko. See Figure 2.

Since exp2U;(.;y)) & LP(R2,dx) for all p exceptp = oo, the surface corr-
esponding to (2.14) has integral curvattifé:) = +o0, as does any surface that is
periodic or invariant along a fixed direction.

To rule out translation invariant surfaces and those that are periodic along a fixed
Cartesian direction of the Euclidean plane, we could impose the integrability condition
fexp(2u(x))dx < oo. However, it suffices to impose the milder, and more natural,
restriction that the surface’s Gauss curvature is absolutely integrable; that is,

/ IK (x)]e? ™ dx < oo, (2.15)
[RZ

which reduces td exp(2u(x))dx < oo if K = const- 0.
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Figure 2. Level curvese® =24, a € {—6,—5,..., 0}, with u given by (2.14),
with ¢ =1,y = -V, Ko =1, x1 = (x,v'), andxz = (x,v). maxe? ~ 1.22 is
taken at the centers of the islands. Far, x)| large,e?®) ~ Ce~ 1)l and level
curves become straight lines.

We summarize the various conditions §nas follows.

Definition 2.3. For eachk e C%*(R?) satisfying (2.12), we denote I8 the set
of classical surfaceS,, with Gauss curvatur& being absolutely integrable, (2.15),
and with metric (1.1) satisfying (2.8).

Notice that there exisk for which the setSk is empty. Thus, sinc& satisfies
(2.12), no entire solutions of (1.2) existAf < O everywhere (see [52]). In particular,
entire solutions ifR? with K = constant < 0 do not exist (see [1], [52], and [61]).
Moreover, ifK (x) ~ —C|x|? for p > 2 (irrespective of whethet (x) < Ofor|x| < R
or not), then it follows from an easy application of Pokhozaev’s identity Szats
empty.

On the other hand, ik > 0 everywhere, then there are plenty of radially symmetric
surfaces irSg, which follows from Theorem 2.1 witl{/ = constant. Furthermore,
we note thaSg is not empty for certain radigt that are unbounded below, for the
following proposition.

Proposition 2.4 There exist continuoufk (x) satisfying (2.12) an&K (x) ~ —
CIn|x| as|x| — oo for whichSk contains radial surfaces with finite positive integral
curvature.

The proof of Proposition 2.4, which uses ideas from scattering theory similar to
those in [39], together with gradient flow techniques, is of independent interest and
will be published elsewhere.

All known examples of surfaces iBx are radially symmetric, and we could not
conceive of any counterexample to radial symmetry. Hence, we conjecture that all
surfaces irBg are radially symmetric. More precisely, our conjecture reads as follows.
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Conjecture 2.5 Any classical surfac§, € S is equipped with a radially sym-
metric nonexpansive metric, in the sense that the conformal faétois radially
symmetric and decreasing about some point.

Presumably, Conjecture 2.5 can even be widened to include céftthiat are not
everywhere decreasing (see [12] and [54] for examples). However, currently it seems
not clear how to prove even Conjecture 2.5 without some additional technical con-
ditions. In the ensuing sections, we will first state and then prove radial symmetry
theorems foiSx under conditions that are weaker than those used in previous theo-
rems, yet slightly stronger than those stated in Conjecture 2.5. In the next section, we
state precisely our main symmetry results, assess the territory covered by them, and
also compare them to existing results.

3. Symmetry theorems for radial decreasingk. To state our new symmetry
results fork e C%(R?) satisfying (2.12), we define

k«(K) = minf {q >0: /2 K (x)|(1+|x])"%dx < oo} (3.2)
R

The significance ok, (K) is that of an explicit lower bound to the integral curvature.

Proposition 3.1 LetK e C%*(R?) satisfy (2.12). i is unbounded below, then
let K also satisfy one of the following two conditions, either (1) there exists some
C > O such that

IK(x)|<C inf |K(y)| as|x|]— oo, (3.2)
yeBi(x)

uniformly in x (this condition is satisfied, e.g., E ~ —C|x|, any ¢ > 0); or (2)
there exist some finit® > 1 and C > 0 such that

K| < C|Inlxl]” as|x] — oc. (3.3)

Let K be the Gauss curvature function for a surfage e Sx. Then the integral
curvature ofS, is bounded below by

H(u) > kex(K). (3.4)

We now state two theorems on radial symmetry of surfac&xindistinguishing
the cases{(u) > k. (K) and¥(u) = x+(K). Theorem 3.2 verifies Conjecture 2.5,
under the hypotheses of Proposition 3.1, for all integral curvatif@$ > «.(K).
By Proposition 3.1, this covers the spectrum of potential integral curvature values
all the way down to its lower bound (3.4), but not including it. This signals that the
borderline casé{(u) = k.(K) is critical. The critical casé{(u) = «4(K) is dealt
with in Theorem 3.3, where we assert the radial symmetry and decreasenafer
an additional hypothesis that is mildly stronger than (2.15).



PRESCRIBED GAUSS CURVATURE 317

Theorem 3.2 (the sub-critical case)Under the assumptions stated in Proposition
3.1, all surfacesS, € Sk with integral curvature¥{(x) > «.(K) are equipped with a
radially symmetric, nonexpansive metric (1.1); that is, there exists a poirt R?
such thatx in (1.1) is radially symmetric and decreasing abatit

ul(x—x*) <u(y—x*), whenevetx —x*| > |y—x"|. (3.5)
Moreover, ifK # const thenx™ =0, and if K = const thenx* is arbitrary.

Theorem 3.3 (the critical case) Under the assumptions stated in Proposition 3.1,
a surfaceS, € Sk having integral curvatureX(u) = k(K) is equipped with a
radially symmetric, nonexpansive metric (1.1) (in the sense of (3.5)) provided

/[RZ | In |x|‘2|K(x)|eZ"(x) dx < o0. (3.6)

In that case, ifK # 0, thenx* =0, and if K = 0, thenx* is arbitrary.

With reference to Conjecture 2.5, the foremost question now is how mush
actually covered by Theorems 3.2 and 3.3, and how much remains uncharted territory.
A priori speaking, Theorems 3.2 and 3.3 leave us anywhere in between the following
extreme scenarios. In the best conceivable case, all surfaces with critical integral
curvature satisfy (3.6), and then Theorems 3.2 and 3.3 taken together would prove
Conjecture 2.5 completely. In the worst conceivable case, all surfaces have critical
integral curvature, and none satisfies (3.6); thus, Theorems 3.2 and 3.3 would be
empty. To assess the situation, we need to address the question whether for any
there exists a critical surfacg, such that inequality (3.4) is an equality, and if so,
whether any such critical, satisfies (3.6). Notice that (3.6) is only needed for those
K for which there exists a critical surface, that is, a surface for which (3.4) is an
equality.

Inequality (3.4) is certainly an equality in the trivial cake= 0, where we have
H(u) = 0= k,(0). Of course, (3.6) is trivially satisfied wheki = 0, hence this
case is covered by Theorem 3.3.

If K(x) # O decreases to zero at least @sc|~2~¢, possibly having compact
support, therif(u) > 0, by (1.3), whilex,(K) = 0. Obviously inequality (3.4) is
strict in these cases, hence Theorem 3.2 covers all possible surfaces for egh such
We remark that by Theorem 2.1, with = constant, it follows for such a decreasing
K that surfaces do exist for all integral curvature values in the open intérvét ).
Together with¥(«) > 0, this implies for thes& that«,(K) = 0 is the infimum to
the set of integral curvatures for surfacgse Sk .

For Gauss curvature functiods= Kg > 0, with K a constant, we have.(Kp) =
27, while ¥ (u) = 4 for all solutionsu of (1.2), (2.8), (2.12), and (2.15) (see [13]
and [15]). Not only is inequality (3.4) strict in these cases,fUKp) is not even the
best constant in the sense of an optimal lower bound to the integral curvature. Clearly,
the caseX = Ko > 0, with Ko a constant, are entirely covered by Theorem 3.2.
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The situation seems less clear when|xds— oo, K behaves likeC|x|~7 or like
—C|x|?, with p < 2. In these cases, explicit existence statements of surfac®s in
with critical curvaturel{(u) = k. (K) seem currently not available.

We remark that surfaces with critical curvattité:) = «,(K) do exist wherk <0
and K (x) ~ —|x|~¢ as|x| — oo, with £ > 2. While these surfaces are radially
symmetric by a uniqueness argument, it is nevertheless quite interesting to register
that they donot satisfy (3.6)! The metric (1.1) of these surfaces is equipped with a
conformal factore?V , whereU is the maximal solution of Cheng and Ni (see [21,
Theorem I, p. 723]). Cheng and Ni’s result signals the possible existence of surfaces
with critical curvature inSg to which our Theorem 3.3 does not apply.

We summarize this state of affairs with the following list of interesting open ques-
tions.

Open Problems 3.4.Do there exist radially decreasing # 0 for which there
exist solutions of (1.2), (2.8), and (2.12), withiu) = «,(K)? If the answer to the
previous question is positive, is (3.6) a genuine condition, in the sense that there exist
surfaces irSg violating (3.6)? In case the answer to that question is also positive, is
Conjecture 2.5 false for some of these surfaces?

Incidentally, the above discussion also points to a related open question, which,
though less directly relevant to our inquiry into radial symmetry, is an interesting
problem in itself. To this extent, we introduce the notion of a least integrally curved
surface inSk, and, with an eye toward the above discussion, also the notion of when
such a surface is critical.

Definition 3.5. A surfaceS, € Sk is calledleast integrally curvedf H(u) =
k(K), wherekx(K) is defined as the infimum of the set of integral curvatures for
which there exists a surfacg € Sk, given K. A least integrally curved surface is
calledcritical if x(K) = k4(K).

Open Problems 3.6.Find and classify alK for which there exists a least integrally
curved surface irBg; with reference to Problems 3.4, determine which of those
surfaces are critical!

We now return to the question of radial symmetry and to our strategy of proof
for Theorems 3.2 and 3.3. We use the technique of the moving planes (see [30] and
[43]), adapted to the setting in two-dimensional Euclidean space (where it is proper
to rather speak of moving lines) so that it is possible to move in the lines from “spatial
infinity.” Due to the logarithmic divergence of solutions at infinity, this part is more
delicate than in higher dimensions, in particular wié- 0. Various authors before
have applied this method to the problem under consideration here. Hence, before we
enter the details of our proof, we briefly explain in which way Theorems 3.2 and 3.3
go beyond existing results.

Radial symmetry of surfaces with strictly positinstantGauss curvature func-
tion (2.13) and finite integral curvature (2.15) was proven by Chen and Li [15]. In
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[15], a radial “comparison function” was invented that made it possible to overcome
the “problem at infinity.” In this case, the result allows one to compute explicitly all
surfaces, which are given by (2.10) with= 1. This result was also obtained, with
two different alternate methods, in [23] and [13].

In[12], the method of [15] was extended to a wider class of surfaces with monotone
decreasing, bounded Gauss curvature functions, given certain integrability conditions.
The following was proven in [12].

Theorem 3.7. Let K be the bounded Gauss curvature function of a classical
surfacesS,, with metric given by (1.1), and assume that (2.8), (2.15), and (2.12) are
satisfied. Letk © denote the positive part & . Then any surfacé, whose integral
curvature satisfies

+
H(u) > n(3+limsupM), (3.7)

|x]—=00 In x|
is radial; more precisely, there exists a poirit € R? such that (3.5) holds.

Remark 3.8. The proof of Theorem 3.7 is contained in [12, proof of Theorem P1].

Clearly, Theorem 3.7 falls short of proving Conjecture 2.5 bec&lse assumed
bounded in Theorem 3.7 and, furthermore, because there exist surfaces with radially
decreasing and bounded Gauss curvature function whose integral cuntupes
violate (3.7). For instance, consider the special case of (2.3), wherd) satisfies
the growth condition

INnK (x)

|x|=o0 In | x|

=—-m< —2. (3.8)

Theorem 3.7 asserts the radial symmetry of surfaces 34th > = (3—m)™ ((3.7)
with ‘lim sup’ now ‘lim’). Surfaces with integral curvature in the intervakO¥ (u) <
7(3—m)™T, which, by Theorem 2.1, exist fon € (2, 3), are not covered by Theo-
rem 3.7.

On the other hand, by Proposition 34,(K) = 0 for K > 0 satisfying (2.12)
and (2.3), while¥(«) > 0 because oK > 0. Hence, Theorem 3.2 applies and
asserts the radial symmetry of all surfaceSgnwith nonnegative radially decreasing
Gauss curvature functiort$ satisfying (2.3), including, as a special case, khéhat
satisfy (3.8).

Closer inspection of the proof of Theorem 3.7 (see Remark 3.8) reveals that the
origin of the 3r in (3.7), versus thes that is required to cover all surfaces for the
K satisfying (3.8), traces back to our using the comparison function of [15]. That
comparison function, while well-suited for constant and for certain monotonically
decreasing Gauss curvature functighsloes not suit radially decreasitgn general.

One main technical innovation of the present paper is the systematic construction
of a new, radial comparison function which proves itself nearly optimal for handling
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the problem at infinity. We also obtain better control of solutianef (1.2) near
infinity, which allows us to forgo some technical contraptions used in [12].

Other, heuristic, comparison functions have been explored in the literature. Chen
and Li [16] use a translation invariant comparison function rather than a radial one,
and they require the stronger conditions tbt e L1(R?), thereby restricting inte-
gral curvatures t@f(u) > 2, to prove that all corresponding surfaces with strictly
positive, radially symmetric decreasitig are given by radially symmetric and de-
creasing solutions of (1.2). This result of [16] is contained in our Theorems 3.2 and
3.3. Furthermore, it intersects with, but does not subsume, due to its stronger condi-
tions onu, [12, Theorem 3.11]. For example, consider the Gauss curvature function
K(x) = K, (x), with

K, (x) = 4y exp2L— UL (x; y)), (3.9)

whereUél) (x;y) is the special case= 0 andn = 1 in (2.10), withy # O arbitrary,
and O< y < 1. All K, are radially decreasing, and we have

K, (x) ~ Clx|747),
Clearly,
_ @
u(x) =yUy~(x;) (3.10)

is a radial, decreasing solution of (1.2) fkrgiven by (3.9). A classical radial surface
described by (3.10) has integral curvature

K., (x)e o x = y4m € (0,4r], .
L (027000 d = yar € (0, 47 3.11
R2

independently ofy. Wheny < 1/2, our examples (3.10) violate Chen and Li’s con-
dition thate? € L. Nevertheless, fok given by (3.9), solutions of (1.2) that satisfy
(2.8) and (2.15) also satisfy condition (3.7) in Theorem 3.7, irrespective bénce
radial symmetry follows by Theorem 3.7 (cf., also [12, Theorem V2]). Incidentally,
Kk« (Ky) = 2w (2y —1* < y4m, and so none of these surfaces is critical. Hence, the
radial symmetry of these surfaces follows by Theorem 3.2 as well. Finally, a nonsym-
metric comparison function (a sum of a radial and a translation invariant function) is
used in [17]to prove the radial symmetry of surfaces with radially decreasing Gauss
curvature functionk, having finite integral curvature, under stronger conditions on
K than in Theorems 3.2 and 3.3, namely, tkiabe strictly positive and decay slower
than exponentially.

This concludes our discussion of the radial symmetry theorems. The next three
sections are devoted to the proof of Theorems 3.2 and 3.3. In Section 8, we prove
Theorem 2.1, and in Section 9, we prove Theorem 2.2.
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4. Asymptotics. To prepare the proofs of our theorems, we need to gather some
facts about the asymptotic behavior of the solutiensf (1.2). In the following
lemma,X = x/|x|? denotes the Kelvin transform af

Lemma 4.1 Letu be a classical solution of (1.2) satisfying (2.8). Assume that
(2.15) holds and thak satisfies (2.12). Them satisfies the integral equation

H(u)
2w

u(x)—u(0) =— |n|x|—%/Rzln|X—Y|K(y)62”(y)dy (4.1)

for all x.

Proof. By hypothesisK is monotone decreasing. We distinguish the cases with
K > 0 from those wher& < O for |x| > R.

In caseK becomes negative somewhere, say,|fdr> R, then outside the disk
Br(0) the functionu is subharmonic, and so is"™. Hence, for concentric disks
B1/2(y) and Bi(y), we have

lut 2 @ya0m < Cllut Il ) (4.2)

for some constan€ that is independent of. Our hypothesis (2.8) guarantees that
the right-hand side in (4.2) is bounded by a constant, hence we have a uaiférm

bound foru™* outside a disk, and this implies a uniforbi® bound forut in all R2.

In caseK > 0, sinceK is decreasing, and we are assuming that a classical
solution so tha is continuous, we automatically hake e L*°. Then, by examin-
ing Brezis and Merle [7, Theorem 2] (see also [14]), we again conclude:théa
uniformly bounded above.

With u* € L>, we now proceed, as in the proof of [12, Lemma 1, p. 224], to get

1
u(x) =u(0)— Z/Rz (Inlx —y|=In|y|)K (»)e* ¥ dy. (4.3)

Pulling out the contributionx In |x| from the integral, noting that

|x =yl x y
=lh|— - —5|, (4.4)
x1lyl Ix12 [yl?
and recalling the definition of the Kelvin transform, gives us (4.1). O

Proof of Proposition 3.1. Let |x| > 4. We define, for given, the set

Dx={yi%SIyISZIXIandIX—yIE4} (4.5)
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and splitR? accordingly intoR? = D, U D¢, whereD€ is the complement oD, in
R2. Moreover, fory € D¢, we use the decompositidd¢ = E, U F, UG, with

E.={y:2ly| <Ixl}, (4.6)
Fe={y:lyl = 2lxl}, (4.7)
Gy ={y:ly| <2x| <4yl and|x —y| > 4}. (4.8)

Recall (4.4). Letl , denote the indicator function of the sat It is now readily
verified that, with positive generic constarits

bx—y| Cinlx|+C|In|x—yl; y € Dy,
<

|In|X—Y||=‘In <
11yl C+C|Inlyl[l g, +C|InlxI]l fug,; v € DE.
(4.9)

In each of these regions, the corresponding inequality in (4.9) follows by an appli-
cation of the triangle inequality, paying attention to the a priori bounds,on and
X—y.

Thus, with positive generic constands

1 —
[x y|‘|K(y)|€2u(y)dy
Inix| Jrz | Ix]lyl
Inly|
< }|n|y||dy+C/ MIK()J)MZ”(”dy
Inlxl Jjyj<1 1<pyl<ixi/2 INlx]
In|x —y|

—I—C/ K (y)]e2 dy—l—C/ Mm(y”ezu(y) dy.

[y1=2lx| ly—x|<4 Inlx]|

(4.10)

The first term on the right obviously goes to zerol.as— oco. The second integral
on the right goes to zero 48| — oo, by the dominated convergence theorem and
becausek ¢2* € L1(R?). The third integral on the right goes to zero|a$ — oo
becausek ¢2 € L1(R?). For the fourth integral on the right, we need to distinguish
two cases, (DK € L™ and (ii) K ¢ L*. As for case (i), sinca™ € L>, we have
Ke? € L™, and so

1

Inx| Jyy—xi<

4|In|x—y|||1<<y>|e2“<y>dy5 [Injx —y||dy

In|x| |y—x\§4 (4 11)
<
~Injx]|

—> 0 as|x| — oo.

As for case (ii), since theR (x) < O for |x| > R, we have

—Au(x) = K(x)e?* <0 for|x| > R, (4.12)
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henceu(x) is subharmonic fotx| > R. Thus, for|xg| > R+1, we have

1
woo = [ udy. (4.13)
T JB1(x0)
By Jensen’s inequality [34],
e21(x0) < 1/ e2u(y) dy, (4.14)
7T JB1(x0)
hence
1
|K (xo)[e? 0 < = / |K (x0)[¢2©) dy. (4.15)
7 JB1(x0)

Now, by hypothesis, either (3.2) or (3.3) holds. If (3.2) holds, thétxo)| < C|K (y)|
for all y in B1(xp), hence

/ |K (x0) [P dy < € / K (y)|e*Pdy < C, (4.16)
B1(xo0) B1(xo0)

where the second estimate holds by (2.15). It follows once againktbét € L,
and so we are back to (4.11). If (3.3) holds, then, writikg = | K |/?|K |4 with
p=P,1/p+1/q =1, we have, by Hblder’s inequality [34],

/ Infx — yl|IK (y)[e2©) dy
l[y—x|<4
1/q » 1/p
5(/ |K<y>|e2‘f“<”dy) (/ lInfx — yl| |K<y>|dy) :
l[y—x|<4 l[y—x|<4
(4.17)

Sinceu™ € L*, and since (3.3) holds, we now have

1
Infx] Jjy—x|<4

1/q 1/p
sc(/ |K(y)|e2”<—“>dy) (/ |In |x—y|\”dy) —0
ly—x|<4 [y—x|<4

as|x| — oo,

[Injx — || K ()] dy

(4.18)

and this completes the estimates on the third integral in (4.10).
In total, by Lemma 4.1 and our estimates on the last integral in (4.1), we conclude
that for anye there exists & (¢) and R(¢) such that

2D < Clx|~TW/Mte for x| > R(e). (4.19)

Recalling now the definition of,, Proposition 3.1 follows. O
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Lemma 4.2 Letu be a classical solution of (1.2) satisfying (2.8). Assume that
(2.15) holds and thak satisfies (2.12). Moreover, K is unbounded below, assume
that either (3.2) or (3.3) holds. Finally, i («) = k. (K), let (3.6) be satisfied. Then,
uniformly inx,

lim <u(x)—u(0)+if7{(u)|n|x|):i/ In|y|K (y)e*Pdy.  (4.20)
|x|—00 2w 21 JRr2

Proof. By Proposition 3.1 (1) > «+(K). If X (u) = k(K), then (3.6) is satisfied,
by hypothesis, and this implies thA. In|y|K (y)e?¥ dy exists. If¥(u) > k. (K),
then, by (4.19) and the definition ef(K), the existence of . In|y|K (y)e?™ dy
follows once again. By inspecting the estimates of the proof of Proposition 3.1, we
now conclude, once again by dominated convergence, that

lim / |n|X—Y|K(y)e2"<>’>dy=—/ In|y|K (y)e?O) dy. (4.21)
X—0/Rr2 R2
Lemma 4.2 follows. O

5. Global results. With the help of Lemma 4.2, and noting (2.12) and (2.15), we
now see that the asymptotic behavionammplies that the integral curvatupé(u) of
S¢ € Sk is strictly positive if K (x) < 0 for [x| > R. In addition, it follows trivially
from the definition of/ («) that¥(«) > 0 if K > 0, with equality holding if and only
if K =0.We summarize this as the following lemma.

Lemma 5.1 Letu be a classical solution of (1.2) satisfying (2.8). Assume (2.15)
holds. In addition, assume th& satisfies (2.12). If{(u) = «.(K), let (3.6) be
satisfied. Then the integral curvatuig(u) of S, is positive,

/[RZ K(x)ez"(x) dx >0, (5.1)

with “=" holding if and only if K = 0.

We also need an angular averagexofin the following, we set = |x|, and we
identify points inR? with points inC. We define the radial function

1

2
u(r) = Z/o u(re'®)do, (5.2)

which is well defined for alk > 0 becausex is a classical solution. Similarly, we
definek (r). Notice thatK (|x|) = K (x).

Lemma 5.2 Letu be a classical solution of (1.2) satisfying (2.8) and (2.15), with
K satisfying (2.12). Iff(u) = x.(K), let (3.6) be satisfied. L&t be defined by (5.2).
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Then there exists a positive constarnt) < oo such that
\M(X) —ﬁ(IXI)\ <c(u) (5.3)
for all x, andc(u) is the smallest such

Proof. For |x| < R, the statement is trivial, since is a classical solution. For
|x| > R, the statement follows from Lemma 4.2. O

Lemma 5.3 Letu be a classical solution of (1.2) satisfying (2.8) and (2.15), with
K satisfying (2.12). Le& be defined by (5.2). Then we have

/ |K (x)]e2*0%D dx < 0. (5.4)
R2
If (3.6) holds, then we also have
/ (n)x?1K (x)]eZ D dx < o0. (5.5)
R2
Proof. By Jensen’s inequality,
— 1 [% i
10 < —/ ") dg. (5.6)
2 0
Upon multiplying (5.6) by 2 r|K (r)| and then integrating ovet, we get

2t poo
/0 /0 |K(r)|e2ﬁ(r)rdrd9 5/%2|K(x)|ezu(x) dx, (5.7)

which now shows that (5.4) holds_because of (2.15). Similarly, if (3.6) holds, then
we can multiply (5.6) by 2r(Inr)?|K (r)| and subsequently integrate the result over
r to get

2w poo
/ / |K(r)[e* ) (Inr)?rdrdg < / IK (x)]e2X) (In|x|)%dx, (5.8)
o Jo R2
which shows that (5.5) now holds because of (3.6). O

6. The comparison function. In this section, we construct a comparison function
for u, a classical solution of (1.2) satisfying (2.8) and (2.15), viitkatisfying (2.12).
In case¥ (u) = x4 (K), we assume that (3.6) is satisfied. Recall thas defined
by (5.2).

We first introduce a functiog : [0, o0) — R, given by

&) ) .
g() =r/ |?(s)|em<s)s(|ns)2ds—rlnrf |E(s)|ezu(‘v)s|nsds, (6.1)

if » > 0, while g(0) is given by continuous extension to= 0. Notice thatg is well-
defined forr > 0, for, by Lemma 5.3, the integrals are well-defined for-all 0, and
rInr has a removable singularity at= 0.
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Lemma 6.1 The functiong defined in (6.1) is the uniqué?(R*) solution of the
inhomogeneous Euler equation

r?¢" () —rg' (N +g(r) = [K()|e*riinr, (6.2)
under the asymptotic condition
g(r)=o(r) asr— oo. (6.3)
Furthermore,g is eventually positive,
g(r)=0 ifr>1, (6.4)
and g vanishes at = 0,
g(0)=0. (6.5)

Proof. Inserting (6.1) into (6.2), one verifies that (6.1) is a particular solution
of (6.2). Moreover, sincéK| > 0 andr < s, whenr > 1 we have the bounds
0 < (Inr)(Ins) < (Ins)2, which imply

O0<g(r) =< r/ \?(s)|ezms)s(|ns)2ds forr > 1. (6.6)

The first inequality in (6.6) states positivity (6.4), and both together prove (6.3), for
clearly
0o —
0< lim 8(r) < lim / 1K (5)[e®Ps(Ins)?ds =0, (6.7)
r—oo r r—oo J,.

the last step as a consequence of Lemma 5.3. Moreover, giozas defined by
g(0) =lim,_0g(r), (6.5) holds because of Lemma 5.3 arldr — 0 forr — 0.

The general solution of (6.2) is obtained by adding to this particular solution the
general solution of the homogeneous problérmy- BrInr, with A, B constants. By
(6.3), we conclude that = B = 0, and thus also uniqueness is shown. O

Letwo > 0, and defineR(«) as the smallesk > 0 such that —ag(r) > e for all
r > R. By (6.5), (6.3), and the continuity ef— r —ag(r), it follows that a positive
R() exists and thaR (o) — ag(R(«)) = e. We now introduce the family of radial
functions f, : R?\ Bg() — R, given by

fax) =In(|x| —ag(|x])). (6.8)
Clearly, f(x) > 1 for |x| > R(a), and f(x) = 1 for |x| = R(«). We also introduce
o (u) = 262w, (6.9)

wherec(u) is defined in Lemma 5.2.
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Lemma 6.2 Givenu, o > a*(u), the functionf, defined in (6.8) satisfies the
partial differential inequality

Afu(x)+2K (x)e?™ f,(x) <0 (6.10)

for all x satisfying|x| > max{1, R(x)}.
Proof. In the following, g’ (r) = 9, ¢(r), and so on. Recall that= |x|.
By explicit calculation we find
Afax) _ a(=r?g" () +rg'(r) —g(r) +e?(rg(r)g" (r) —rg'(r)?+g()g'(r))
Ja(x) r(r—ocg(r))zln (r—otg(r))
o |?(r) }ezg(’)
(1— ag(r)/r) (1+ In (1— ag(r)/r)/ In r)
 dPgn—rgn)?
rz(r —ag(r))zln (r —otg(r))

< —a|K(x)|[e®¥D for r > R(a),

(6.11)

the last step by the facts that> 1 andag(r) > O for r > 1, andr > R(«) and
l—ag/r > 1/rforr > R(x). By (6.11), Lemma 5.2, and > o*(u) defined in (6.9),
we now have

Afu(X)+2K ()@ fo (x) < —(a|K (x)|e D — 2K (x)e2*™)) £, (Jx])

< —(alK(x)|e %W —2K (x))e® ™ f,(Ix])  (6.12)
<0

for all x satisfying|x| > max{1, R(x)}. O

7. Proof of symmetry Theorems 3.2 and 3.3.In the following, we always under-
stand thafS, € Sk, thatu is the associated solution of (1.2), and that (3.6) is assumed
to be satisfied in case th#t(u) = «.(K). Moreover, if K is unbounded below, it is
also assumed that either (3.2) or (3.3) holds.

By Lemma 4.2u(x) — —oo as|x| — oo. Therefore, and since is a classical
solution,« has a global maximum, say, at. SinceK satisfies (2.12), ik — u(x)
solves (1.2), then so doas— u(R(x)) for any® € SQO2). Therefore, after at most
a rotation, we can assume that our solutiohas a global maximum at the point
x* = (—|x*|,0), with |x*| > 0.

We now introduce the family of straight lines

T ={xeR?|xy =2} (7.1)
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and the half-plane “left of},”
Z,\z{x:x1<)»}. (7.2)
We denote the reflection af at 7;, by
M = (ZA—xl,xz). (7.3)
Lemma 7.1 For x; <A <0, and in particular forx € %, , with A <0, we have
K(x) < K(x()‘)). (7.4)

Proof. K satisfies (2.12). O

We next introducer; (x) = u(x®), and also
v (x) = up (x) —u(x). (7.5)

Clearly, v, is well defined oriR?.

Lemma 7.2 Forall A € R, vy vanishes orf; and at infinity; that is,

lim vy(x) =0 (7.6)

|x|—o00
uniformly in|x|.

Proof. Notice that onT; we havex® = x, hencev, (x) =0 for x € T;. The
vanishing ofv, at infinity is a consequence of Lemma 4.2. O

We next resort to our comparison functigiy We pick anyr > o* (1) and introduce
the functionw; : ¥; UT, — R, defined as

v s R,
wy (x) = { Ja(¥) (7.7)

vi(x), x| < R(@).

Notice thatw, is twice continuously differentiable at all with |x| # R(«), and is
continuous as a function afe X, UT;, with anyA. It vanishes folx| — co as well

as forx e T;. Therefore, ifw, (x) < 0 for somex € %, thenw, will have a global
negative minimum inz,. Our next lemma allows us to initialize the moving planes
argument and also to finalize it.

Lemma 7.3 For eachu, there exists amR(x) > 0 such that, ifx, € X, is a
minimum point forw;, andw; (x4) < 0, then|x,| < R(u), independently of.

Proof. We begin by observing that, in the flat cal§e= 0, u = const, andv; =0
for all A, so that the claim is trivially true.
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In the nonflat case wherg # 0, we prove Lemma 7.3 by contradiction. Thus,
assume that no sucR(u) exists. Then, for anyR, we can find a» < 0 such that
|x«| > R, wherex, € ¥, is a minimum point forw, with w; (x,) < 0. In particular,
we may chooseR > max{1, R(«x)}. At such a minimum poink, € X,, we have
Vw; (xy) =0 andAw; (x4) > 0, and, of coursey; (x4) < 0.

First, notice that the reflected functian satisfies the PDE

—Au; (x) = K(x()‘))ezul(x). (7.8)
Taking the difference between (7.8) and (1.2), we get
—Avy(x) = K(x()‘))ezul(x) — K (x)e?, (7.9)

By the mean value theorem, there exists a numher) betweenu(x) andu(x®))
such that

@2 _ o210 = 2y, (x)e2Vr (), (7.10)
By (7.10) and Lemma 7.1, we see thatsatisfies the partial differential inequality
Avy(x) 42K (x)e??* Oy, (x) <0, (7.12)

for all x € X,. With the help of (7.11), we now easily find thaj, satisfies the partial
differential inequality

Vfa(x) Afo(x)
Ja(x) Ja(x)

for all x € &, for which |x| > max{1, R(«)}. Now, by assumptiony, (x,) < 0, with
|xx] > max{l, R(x)}, and sincef,(x) > 1 for |x| > max{1, R(«x)}, we also have
vy (x4) < 0, and this means that, (x,) < u(x,). But theny; (x,) < u(x,). Making
use of this and oVw; (x,) = 0, from (7.12) we now obtain the inequality

Afy(xy)
Jo(xy)

Using now Lemma 6.2, recalling that> o* (1), in combination withw; (x,) < 0, we
see that (7.13) implies tha&tw; (x,) < 0. But this is a contradiction taw; (x,) > 0.

Hence,w, has no strictly negative minimum outside the dBk,) with R(u) =
max{1, R(a*(u))}. This concludes the proof of Lemma 7.3. O

Aw, (x)+2

Vw;\(x)—f-( +2K(x)ez'p(x)>wk(x) <0, (7.12)

Awy (xy) + ( + 2K(x*)62”(x*)> w; (xy) < 0. (7.13)

Corollary 7.4. For eachu, wheni < —R(u), thenv; (x) > 0forx € ;.

Proof. Assumev; (xx) < O for somex, € X;, with A < —R(u). Then, since
wy, = v, /fy for all x € T, with A < —R(u), and sincef, > 1 for all x € ¥, with
A < —R(u), we conclude thaty; (x,) < O for x, € X, with A < —R(u). But then,
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sincew; — 0 as|x| — oo, andw; = 0 on T;, we see thaiv, attains a negative
minimum for somex,, € 3, with A < —R(u). This is a contradiction to Lemma 7.3.
O

Recall the maximum principle (MP) and the Hopf maximum principle (HMP)
(see [31]).

MP: Let Av(x) 4+, b (x)dy, v(x) +c(x)v(x) <0in Q C R" andv > 0. If v(x) =0
for at least onex € int(2), thenv = 0in all of Q.

HMP: Under the same assumptions as in MR; ¥ 0 in 2, and 92 is smooth with
v]ye =0, thendv/dv < 0, wheredv/av is the exterior normal derivative ob¢.

Notice that no sign condition is being imposedan) as the minimum ob is 0.

We are now ready for the moving lines. The arguments in our ensuing proof of
Theorems 3.2 and 3.3 are a straightforward modification of those in the proof of
[12, Theorem P1]. For the convenience of the reader, we give the complete argument
instead of listing where to modify the arguments of [12].

Proof of Theorems 3.2 and 3.3By Lemma 7.4, (x) > 0 for A < —R(u), inde-
pendently ofa. We now slide the lindl;, to the right until we reach a critical value
Ao, Which is the largest value of for which v, (x) > 0, x € %;.

Claim A. We havey, (x) > O for x € £, with A < A9, anda,,u > 0 for x1 < Aq.
Claim B. We have\g = —|x™|.

Proof of Claim A. We begin by establishing the first assertion in Claim A. Sup-
pose, fork < Ag, thatv, (x) = 0 at some poink € ;. Sincev, (x) > 0 for x € %,
if v)(x) = 0, the minimum ofv, (x) is achieved inZ,. Since (7.11) holds, and
v, (x) > 0, we can apply the maximum principle and dedugéx) = 0 in ;. This
means for. = Ag— 3§, somes > 0, thatu(rg— 26, x2) = u(rg, x2). But vy (x) > 0,
thusu (x ™) > u(x), which impliesa,,u > 0 for x1 < Aq. This fact, together with the
factu (Ao — 268, x2) = u(ho, x2), yieldsd,,u = 0 for Ao — 28 < x1 < Xp. In particular,
dx,u = 0 whenxy = Ag—26. By the HMP and the MP, we hawg = 0O if and only
if dy,vs = 0 onT,. Now, 9y, vy = —20,,u for x1 = 1. But, sinced,,u = 0 when
x1=Ao—28, We sed, vy,—25s = 0 for x1 = 10— 28 or, which is the same, ofy,,—2s.
Now the HMP says);,—2s = 0. We may repeat this procedure indefinitely and thus
deduce that is independent of;. This is a contradiction, and so the first assertion
of Claim A is proved.

As for the second assertion of Claim A, note that singe- 0 in X, for A < Ag,
andv, = 0 onT;, by the HMP we geb,, v, < 0 onT;. Since forx; = A, we have
Oy it = —(1/2)dx, vy, we also havéxy(u) > 0 for x; = A, with A < Ag. So Claim A
is proved. O

Proof of Claim B. From the second assertion in Claim A, we seés strictly
increasing forxy < Ag. By a rotation, we had arranged that the maximuna @ at
(—]x*], 0). It follows thatig < —|x*|. Thus, to prove Claim B, we need to rule out
the case.g < —|x*|.
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Assumeirg < —|x*|. There are two possibilities. Eitheg, =0 orv,, # 0.

We will first rule out the caseq < —|x*|, andwv;,, # 0. Indeed, since;,(x) =0
for x € T;, and for|x| — oo, but vy, # 0 in X,,, and sincev,, satisfies (7.11),
then by the MP we get,, > 0 for x1 < Ag. Hence, by the HMP),, v,, < 0 when
x1 = Ao. On the other hand, by definition af, there exists a sequence of numbers
Ak, decreasing tao, such that,, <0, hence alsa;, < 0, andig < Ax < —|x*|.
Notice thatw,, is well defined fori; < —|x*|. Let x; be a minimum point for
wy,- Thenw;, (xx) < 0 andVw,, (xx) = 0. As Lemma 7.3 implie$xi| < R(u),
independently of., there exists a subsequenge — x* such thatVw,,(x*) =0
andw,,(x*) <0 forx* = (A, B), A < xo. This is a contradiction. Thus, our claim is
proved in this case.

We now rule out the casky < —|x*| andv,, = 0. Indeed, in that case(x,,) =
u(x) for x € X,,. Butu attains its maximum at—|x*|, 0) and by Claim Ad,,u >0
for x1 < Xo. Sincerp < —|x*|, it follows thatd,, u = 0 at(|x*|+ 210, 0), which again
is a contradiction. O

Thus, Ao = —|x*|. Recall that\g is the largest value of for which vy (x) > O,
x € X;. Hencep_j+(x) > 0forx € X, thusu _,+(x) > u(x).

We may now repeat this argument by sliding the lifiein from x1 = co to get
u_j+ (x) < u(x). Putting the two inequalities together, we conclude that« (x) =
u(x). This now implies that: is symmetric with respect t@_,. Moreover, from
the arguments involving the HMP, we see that any solution is also decreasing away
from T_,+. Recall that(—|x*|, 0) is the point of global maximum af.

Finally, if x* # 0, then, since: satisfies (1.2), and sincg is radially symmetric
about(0, 0), we conclude thak is a constant. But ik is a constant, then if(x) is
a solution of (1.2), so ia(x +x*) for any fixedx*. Thus, by a simple translation of
the origin tox™, we can assume that our solution is in fact symmetric with respect to,
and decreasing away frorfiy. On the other hand, iK # const, thenx* = 0, and
again our solution is symmetric with respect to, and decreasing away fiprBut
if x* =0, then we can repeat our moving line argument with any other tham the
direction; thus, we come to the conclusion thas symmetric about, and decreasing
away from, any straight line through the origin. This now means #hiat radially
symmetric about and decreasing away from the origin, modulo a translation in case
that K = const.

This completes the proof of Theorems 3.2 and 3.3. O

8. Proof of existence theorem 2.1.We begin with the remark that, in the special
case of identically vanishing Gauss curvature, our Theorem 2.1 is obviously true.
Hence, in the rest of this section, we assume that the Gauss curvature is not identically
zero.

In the following, we prove a probabilistic theorem which implies Theorem 2.1 as
an immediate corollary. Incidentally, the proof also provides us with an algorithm
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for the construction(in principle at least) of nonradial surfaces. We use the meth-
ods developed in [37] (see also [8]), [40], and [41]. For applications to Nirenberg’s
problem, see [38].

We first introduce some probabilistic notation and terminology. In the following,
X2, ... denote points iR2, not Cartesian components.ofLet N denote the natural
numbers. For eacN e N, we denote the probability measuresRAY by P(R?V).
For o™ e P(R?"), we denote the associated Radon measurg®y. A measure
o™ e P(R?V) is called absolutely continuous with respect to a measuf®
P(RZN), written o™ « dew ), if there exists a positivéw (V) -integrable function
f(x1,...,xn), called the density oo™ with respect tow ™, such that ¢V =
f(x1,...,xy)da ™. By PS(R%V), we denote the exchangeable probabilities, that
is, the subset oP (R?Y) whose elements are permutation symmetrigin.., xy.
The nth marginal measure ™) € PS(R?), n < N, is an element o’ (R?),
given by

Q,SN)(dxl---dxn) =/ Q<N)(dx1---dxn dxpg---dxy). (8.1)
RZN*Zn

By Q= ([RZ)N, we denote the infinite Cartesian product of the exchangéRble
valued infinite sequences. BY®($2), we denote the permutation symmetric proba-
bility measures o1f2. The de Finetti-type result of Hewitt and Savage [35] states that
eachu € P*(R2) is uniquely presentable as a convex superposition of product mea-
sures; that s, for eagh € P*(Q2), there exists a unique probability measu(do | )
on P(R?), such that

U (dx1-~-dx,,) =/ v(dQ | /L)Q(Xm (dx1-~-dx,,), neN, (8.2)
P(R2)

where 0®"(dx1 ---dx,) = 0(dx1)®---®o(dx,), and u, denotes the:ith marginal
measure oft. For de Finetti's original work, see [29] (see also [27], [24], and [25]).
We remark that (8.2) coincides with the extremal decomposition for the convex set
P’ (2), an application of the Krein-Milman theorem. For details, see [35].

To 0 € P(R?), we assign the energy

1 1
“o =50y =5 [ [ inlr=yle@ne@n. @3

whenever the integral on the right exists. We denotePb§R?) the subset o (R?)
for which€(p) exists. Foru € P*(2), the mean energy of is defined as

1
e(p) = éﬁz(lnlx—yl), (8.4)

whenever the integral on the right exists. The following proposition, proved in [57],
characterizes the subset Bf (2) for which (8.4) is well-defined.
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Proposition 8.1 The mean energy af, (8.4), is well-defined for thoge whose
decomposition measurgdp | 1) is concentrated oP¢(R2), and in that case given

by
cw=[  v(delnEe. (8.5)
Pg(R?)

Let Y : RZ - R* be anL®™ function, Y = 0. For some entire harmonic function
H, which may be constant, and alk0y < 2, we assumé&" satisfies

/ YT(x)e?H®|x—y Y dx — 0 as|y| — oo. (8.6)
B1(y)

Moreover, we assume that for the same harmonic funclioand some; > 0, T
satisfies

/RZT(X)eZH(X)|x|qu <00, (8.7)
and we define
qg* (Y, H) = sup{q >0: /RZT(x)eZH(x)|x|q dx <oo}. (8.8)
Given suchH andY, we now define the a priori measure
T(dx) = T (x)e?1 ™ dx (8.9)

on R2. SinceY satisfies (8.7), the integral

MD = / (dx) (8.10)
R2
exists and is called the mass«fThe probability measure associatedtaiven by
1
(€] —
u(dx) = JYIES T(dx), (8.11)

is thus clearly absolutely continuous with respect.to d
For eacho™) (dx1---dxy) € P(R2V), its entropy with respect to the probability
measurgx ™V (dx1) ® - @ u® (dxy) = pPEN (dxy - --dxy) is defined as

ymwwg:_/

dQ(N) )
Rlen (W)Q (d_x:]_"'d.XN), (812)

if o™ is absolutely continuous with respect te®", and provided the integral in
(8.12) exists. In all other case$™) (0M)) = —oo. In particular, if u, is the nth
marginal measure of a € P*(R2), then the entropy of.,, n € {1,...}, is given by
F (1), with ™ defined as in (8.12) with™ = 1,,. We also define© (1) = 0.
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For eachu € P*(Q), the sequence — ¥ (u,) enjoys the following useful
properties, proofs of which are found in [55, Section 2, proof of Proposition 1] (see
also [28] and [37]).

Nonpositivity o™ (u,,): For alln,
F (un) <0, (8.13)
Monotonic decrease &f"™ (u,): 1If n <n’, then
S () < S (). (8.14)

Strong subadditivity of*™ (w,): Forn’,n” < n, and with¥" (u_,,) = 0 for
m > 0,

PO () < L () + S ()

’ " / " (815)
+y(n—n —n )(Mn—n’—n”) _ (@' +n"—n) (Mn’-i—n”—n)-
As a consequence of the subadditivity (8.1516% (11,,), the limit
i Lom
s(p) = lim =% () (8.16)
n—oon

exists whenever infn =19™ (u,,) > —oo; otherwises (i) = —oo. The quantitys (u)
given in (8.16) is called the mean entropy ofe P*(2). The mean entropy is an
affine function (see [55]). This entails the following useful representation, proved in
[55].

Proposition 8.2 The mean entropy of, (8.16), is given by
s(u) = / v(do | 1)V (). (8.17)
P(R?)

Next, identifying eachy; € R? with the corresponding; € C, we recall the
definition of the alternanA™) (x1, ..., xn),

AN (e, o) = [T (i—z), (8.18)
1<i<j<N
Clearly,
(AN G, xn) = [T b=l (8.19)
1<i<j<N

We also recall the definition ef* > 0 in (8.8) and define

B*(T, H) = —2q*. (8.20)
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For B € (8*,4), andN € N, we now introduce the probability measur&") on RV
by
1

(N)|=B/IN
W\A I

M(N)(dXJ_"'dXN)E Lyovns xN) 1_[ 7(dxp) (8.21)

1<¢<N

if N>1,andu®™ = u® given in (8.11) if N = 1. The next lemma asserts that
(8.21) is well-defined for allv € N, and allg € (8*, 4).

Lemma 8.3 For all g € (8*,4), the measure (8.21) satisfigg V) <« dr®V.
Moreover, for the associated density we haye) /dr®Y ¢ LP(R2ZV dr®N), with
p e[l 8*/B) whens <0, p € [1,o0] wheng8 =0, andp € [1,4/8) wheng > 0.

Proof. First, if 8 =0, or N =1, the claim is obviously true.
If N >1andg e (8%, 0), we make use of the inequality

i — x| < (1% +2) (1x;1+2), (8.22)

valid for any twox; € R? andx; e R?. Inequality (8.22) is a consequence of the
triangle inequalitylx; — x;| < |x;| + |x;|, the fact thatx| < |x|+ 2, and finally the
fact thatr +s < sr when bothr > 2 ands > 2. To verify this last inequality, use that
2+4+r < 2r whenever > 2, sothatwhem > 2 ands > 2, we have +s =r+2+4¢€ <
2r+e=2+¢e)r—er+e =sr—e(r—1) < sr. With the help of (8.22), we now have
forg <0,

M“V)(ﬁ):/ AP (g, xy) T ()

2N
R 1<k<N

< fR T @)@ (8.23)

1<i<N

_ (/RZ (2+|x|)_ﬂ/zt(dx)>N.

The last integral exists, by hypothesis (8.7). This prove§'d « dt®V for g e
(8%,0).

If N >1andg € (0,4), we use the inequality between arithmetic and geometric
means (see [34]), permutation invariance (twice), and Holder's inequality (see [34]),
to get

MM () = /R AP ) T e

1<k<N

S/ggm% o IT k=™ TT =@

1<i<N 1<j<N 1<k<N
(J#D)
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= B2 (g
_/RZ/RZWDKIJ'—!N‘M il 7(dx;)(dxa)

N-1
=f <f |x—y|ﬁ/2r(dy)> 7(dx) (8.24)
R2 R2

N-1
< (Sup/ |x—y|ﬂ/2r(dy)> MY,
X R2
In the last step, we used that fére (0, 4), we have
/ x =y P22 (dy) < MDD +Wg(x), (8.25)
|R2

with Wg x> [g Ix —y|~#/2z(dy) € CO(R?) (becausér e L>®°) andWg(x) — O
for |x| — oo (by hypothesis (8.6)). This provegul¥) « dt®V for g € (0, 4).

By repeating now the same chains of estimates wjftln place ofg, one concludes
that gu™) /dr®N e LP(R2N, dt®V) for all p € [1,4/B8) whenp > 0, respectively,
all p e[1,8*/8) wheng < 0. O

We now come to the main theorem of this section. It addresses the limiting behavior

of Mf,N) asN — oo, with n arbitrary but fixed.

Theorem 8.4 The sequence of probability measugs— /,L,SN)(dxl-“dxn) is

the union of weakly convergent subsequences in the sense that there exist disjoint
sequence&; = {N¢(k)}ren, EcNEy = @, for £ #£ £/, such that for eacld, the map

k — ulef(k))(dxyndxn) converges weakly in the sense of probability measures,
with densities with respect tdr®" converging weakly inL”(R?", dr®"), for all

p €[1,00).

Let 1% denote the weak limit point of such a subsequence. Then there exists a
uniquep’ € P*(2) (of whichu! is thenth marginal), andu’ has its decomposition
measure(do | u%) concentrated on the subsetbt[Rz)ﬂU L?(R2,dr), whose
elements minimize the functional

Fs(0) = BE(0) — P (0). (8.26)

Remark 8.5. Notice that Theorem 8.4 asserts tl#ag does have a minimizer
0p € Pe. If it can be shown that (8.26) has a unique minimizer, @gy,then in fact
we have convergence to a product measure,

Jim M (dy - do) = Q) (). (8:27)

1<k<n

p>1

weakly in P(R#")NLP(R?,dr®") for any p € [1, 00).

Before we prove Theorem 8.4, we show that Theorem 2.1 is a corollary of Theo-
rem 8.4.
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Proof of Theorem 2.1.Assume that all hypotheses of Theorem 8.4 are fulfilled.
Then (8.26) has a solution for gl € (8*,4). The minimizers of (8.26) are of the
form o(dx) = p(x) dx, with p satisfying the Euler-Lagrange equation

_ Y (x)exp(—B [gzInlx —ylp(y)dy+2H (x))
Jr2 Y(x)exp(—B [gzIn|x —ylp(y)dy +2H (x)) dx’

Recall thaty > 0, by hypothesis. IB € (0, 4), we now identifyY with a (positive)
Gauss curvature functio; = T, and if8 € (8*, 0), we identify—Y with a (negative)
Gauss curvature functiork = —7Y. In either caseK satisfies the hypotheses of
Theorem 2.1. We also identif§z with the integral Gauss curvature,

p(x) (8.28)

« = B, (8.29)

and we notice tha*r = «*, defined in (2.4).
We now pick a corresponding solution of (8.28), s@y, , which exists by Theorem

8.4. With the help of thip,, ,, we define, for alk € R?, the function

sy = H) =5 [ In1r=310,,0)dy-+ o (8:30)
the constant/p being uniquely determined by the requirement that

/ K (x)e?Vne 0 dy = k. (8.31)
R2

By Theorem 8.4p,, , € LP(R?,dr) for all p € [1,00), henceUy , € Wlf)’c”m LS.
With Aln|x —y| = 278(x —y), it now follows thatu(x) = Uy « (x) is a distributional
solution of (1.2) for the prescribed Gauss curvature funckgrwith K satisfying
(2.2) and (2.3), and satisfying the asymptotics (2.7).

For the subset ok € C%%(R?), we can bootstrap t&/y,, € C>%(R?) by using
elliptic regularity, thus obtaining an entire classical solution of (1.2). For the further
subset ofK satisfying also (2.1), this classical solution obviously breaks the radial
symmetry if H # constant. Finally, for the further subset &f satisfying (2.12), a
straightforward estimate shows that (2.2) is redundant.

This concludes the proof of Theorem 2.1. O
We now prepare the proof of Theorem 8.4. LIétR2") denote the subset of
P(R?N) whose elements are absolutely continuous with respect %" dhaving
density &™) /de®N € ., L?(R?,dr®Y). OnT1(R?Y), we define the functional
75" (™) = pa™ (In|aAM[) = N (o). (8.32)

Lemma 8.6 For eachg € (8*, 4), the functional (8.32) takes its unique minimum
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at the probability measure (8.21); that is,

(N) ( (N)Y — g(N) ()
Q(N)en([RZN)gﬁ (Q )_@}3 (/’L ) (8.33)

Moreover,
9?}(31\’) (M(N)) =—NIn ﬁ(l)@N(|A(N)|—ﬂ/N)' (8.34)

For 8 > 4, and forg < 8*, (8.32) is unbounded below.

Proof. Since INAM)| e LP(R?N  dr®N) for all p € [1,00) by Lemma 8.3, the
integral @/(SN)(M(N)) is well-defined forg e (8*,4). The identity (8.34) is readily
verified by explicit computation. In turn, the Gibbs variational principle (8.33) is just
convex duality [56], verified by the standard convexity argument (cf. [28, proof of
Proposition 1.4.1]). Thus, rewriting (8.32) as

do™\ do™
GV (N _ e 0 -
Fg (Q ) = /Rzzv In (d,u(N)>dM(N) dxp---dxy (8.35)

and using nowxInx > x — 1, with equality if and only ifx = 1, we find that
@éN)(Q(N)) > 0, with equality holding if and only ip™) = 1Y), This proves Lemma
8.6 for 8 € (8*, 4).

Now, let8 > 4, or B < B*. Assume thatt V) (B) is finite. Then, by (8.34) and by
the Gibbs variational principle (8.33), we have g‘ﬂﬁng)(g(N)) =—-NInMMp).
However, a simple scaling argument shows th&t") (8 > 4) > C for any C, and
similarly we haveM ™) (8 < p*) > C for any C, by definition of 8*. This verifies
the unboundedness below of (8.32) for 4 andg < B*. O

Lemmas 8.6 and 8.3 entail the following lemma.

Lemma 8.7. The functions — F(8) defined by
F(B)= inf Fg(o) (8.36)
o€l (R?)

is continuous for allg € (8*, 4).

Proof. Gibbs’ variational principle (8.33) evaluated with a trial product measure
o) = o®N ¢ P(R?V), with o € P(R?)NLP(R?, dr) for somep > 1, gives us
ig(N)( (N)) < ig,f(N)( ®N)_ 1_1 BE0)— 9P (o) (8.37)

p W) =15F (@77) = N 0 0 :

for all o € P(R?)NLP(R?,d7), p > 1, andN > 1. Now, by (8.23) and (8.24), the
left-hand side in (8.37) is uniformly bounded below. LettiNg— oo in (8.37), we
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obtain a lower bound fa 4 (o), uniformly overP (R?)NL?(R?,dz), p > 1, for each
B € (B*,4). Thus,

1 1
€(0)—9® l —FM (M) = liminf —F (™ :
BE(0) (0) 2 lim sup-5 () zliminf 25557 (™) = fo(B)

(8.38)
with
—Insup / =y P2udy) for p=0,
x JR
So(B) = (8.39)
—In/ (2+|x|)_’3/2u(1)(dx) for B <O0.
[RZ

Recalling (8.26), this proves théts is bounded below fop € (8*,4).

Having a lower bound, continuity of' now follows from the definition ofF.
Assume thatF is discontinuous aBg € (8*, 4). Without loss of generality, we can
assumer (By) > F(By). (The reverse casE(By) < F(By) is treated essentially
verbatim.) Now le{8 = Bo+¢. Clearly, for eacl we can find a minimizing sequence
{or}ken (depending ore) such thatF gyt (ox) < F(BT)+ 38 if k > M(8). Pick a
sufficiently smalls and select @, € {ox}i>m(s). Insert thisg, into Fg,_.. Using
Fp = pe—SY, we find, for anye ands,

F(Bo—e) < gﬂo—e (0+)
= Gjﬁg—i—e (Q*) —2¢¢ (Q*) (840)
< F(Bo+e€)+8—2€€(04).
Lettinge — 0 ands — 0, we obtainF (8;) < F(,Bar), which is a contradiction. [J
Taking the infimum ovep in (8.38) and noting Lemma 8.7, gives the following
proposition.
Proposition 8.8 For all g € (8*,4),
. 1
Iljrvn supm@ef;’v) (u™) < F(B). (8.41)
— Q0

Proposition 8.8 is complemented by a sharp estimate in the opposite direction.

Proposition 8.9, For all 8 € (8*,4),

. . l (N) (N)
I;\r}n_:g(l: m@ﬁ (™) = F(B). (8.42)
To prove Proposition 8.9, we need to prove that the sequence eththaarginal

measurem,ﬂm is not “leaking atco” as N — oco. When g > 0, we also need to
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show that the sequences of the densitia.%Nd/dr@@” of these marginal measures
are uniformly inL?(R?",dz®") for N > N,(8). However, since it gives a priori
regularity, we prove uniforniL?” bounds for all € (8*, 4). We remark that whefr
is radially symmetric decreasing, or has compact support, then many of the following
proofs simplify considerably, some to trivialities. However, since we work with a
minimal set of assumptions on, it is unavoidable that the ensuing estimates become
somewhat more technical.

We begin by deriving bounds on the expected value Al | with respect to
w™ which, using permutation symmetry, can be written in termﬁ@’f),

AN (In|aA™|) = N(N - 1)%@&”("1 = y1). (8.43)

Lemma 8.10 For eachp e (B*,4), there exist constant§ (8) and C(B), inde-
pendent ofv, such that for allvV > 2, we have the estimates

C(B) = BAVE2(In|x —yl) = S (In[x = yI) = C(B). (8.44)

Proof. The first inequality in (8.44) is implied by our hypotheses (8.6) and (8.7)
that enter our definitions aof (8.9) andu® (8.11).
To obtain the second inequality, we study the functigns fx(8), N > 1, given

by

2 _
_ ~(DH®N (N)|—B/N
fnB) = N_llnu <|A | ) (8.45)

for g € (B*, 4). Jensen’s inequality [34] with respectié?®" applied in (8.45) gives
us

In(B) < BaPE(Infx —y)). (8.46)
On the other handy (N —1) fy (8) = 2%;31\’) (u™™). Therefore, by Lemma 8.6, (8.35),
definition (8.34), and the negativity 6fV) (see (8.13)), we have

_ 2 A
InB) =B (Injx —yl) - 7V (™) = By (Inlx—yl).  (8.47)

The second estimate in (8.44) is proved.
To prove the third estimate in (8.44), we note that for Any (8*, 4), there exists a
smalle > 0 such that1+¢)g € (8*,4). By Jensen’s inequality with respecté"’,

MM ((1+e)) = MY (ﬂ)EXp(— %(N —Depiiy” (Inx —y|)). (8.48)

Dividing (8.48) byM®" | taking the logarithm, and then multiplying by2/ (N — 1)
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gives
fn(@+oB) = fu(B) +epis" (Infx —yl). (8.49)
Now, fn(8) is bounded above and below independentiwofN > 1, for
2F(B) = (1=N"1) fn(B) = 2fo(B), (8.50)

B € (B*,4), and since - N~ — 1. The first inequality in (8.50) is Proposition 8.8;
the second is (8.38). With the help of (8.50), from (8.49) we now obtainyfer 1,
R 1
pag (Nl —y1) = =(fw(A+e)B) = fn(p))

2
= m(fO((l—l-e)lB) _F(,B)) (8.51)
> C(B)
uniformly in N, for all 8 € (8*,4). .

We next prove a hybrid bound, which fof = 1 reduces to the first inequality in
(8.44).

Lemma 8.11 For eachg e (8*,4), N > 1, there is anN-independen€ (8) such
that
prP @nt (Injx —yl) < C(B). (8.:52)

Proof. For 8 =0, the statement is obvious.
For 8 € (B*,0), we have

o~ ~(N ~(N
Y omM (Inlx —yl) <Al ></ ﬁlnlx—ylu(l)(dy)>
Ba(x)

—~(N) (8.53)

=" (C®)
=C(B).
The first estimate in (8.53) is obvious, singe (8*, 0). The second estimate follows
from the fact thatWiog : x = [, Inlx —y|p®(dy) € CO(R?) (becauser e L>),
with Wjog(x) — 0 as|x| — oo (by [In|x —y|| < [x —y|™" on B1(x), y € (0,2),
followed by (8.6)).
For 8 € (0,4), we use (8.22) to estimate

AV @AM (Inx —yl) < AP (In@+1xD) + 2 (In@+ D). (8.54)
By (8.7),

2P (In@2+|x])) = €1 < oo. (8.55)
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As to estimatingz’ (in2+|y|)), if 8 € (0, 2), we can pickp € (1,2/8) and apply
Holder's inequality with respect ta(dx1) followed by obviousL® estimates to
get the upper bound@{" (In@2+ |yD) < C(BIMN-V(B")/M™N (B), wherep’ =
(1—N—1B and where

. 1/p* , i/p
C(ﬂ)=(/ (In@+1yD)” r(dy)> SUDSUD</ o=y~ T(dy)> < oo.
R2 N xeR2? R2
(8.56)

We subsequently estimate the ratiaMfs uniformly in N in the manner done below,
but wheng € [2,4), Hblder’s inequality does not lead > functions and so this
road is then blocked. However, noting that &pe (0, ¢*) we have, by (8.7),

/RZ exp(gIn(2+y)))z(dy) = C2 < oo, (8.57)

we can use convex duality (see [56]) for “exp” to get, for ang (0,¢*) and all
B € (0,4,

R MWN=-D (g

MgN)(|n(2+|y|))—MN—)(f£) [Rzexp(qln(2+|y|))r(dy)
s—§(1+|nq+ﬂ/ﬁ§’v>(|n|x_y|)) (8.58)
=C*(B).

In (8.58), C*(B) is independent oV, by Lemma 8.10. Hence, it now remains to

estimateM V=D 8"/ M) () from above uniformly inN, for eachs < (0, 4). To

carry out this last step, we regulariz&") and prove arV-independent upper bound

on the “regularized ratio a¥’s” which is independent of the regularization parameter.
We regularize Itx — y| by —Ve(x,y) = 7% [ ) J5.(»yIN1E =l g dy. Let

#. denote the Hilbert space obtained by completing tﬂgé([RZ) functions with

vanishing integral/g. f (x) dx = 0, with respect to the positive definite inner product

() =Np / f FEOVelr,y) £ dxdy. (8.59)
R2 JR2

If Bl= By, /z(0) denotes the disk of area 1 centered at the origin,éand) is the
Dirac measure ofR? concentrated at, we note that

85(x) = 8y (x) — x 0 (x) € He. (8.60)
Accordingly,

N
8y (1) = 8% (x) € e (8.61)
k=1
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as well. We now define
1
We(x) E/ Ve(x,y)dy——/ / Ve(x,y)dxdy (8.62)
Bl 2 gt )p1
and write
7(dx) = YW F(dx). (8.63)

Note that, unlesg* > B, T does not have finite mass, but that dows cause a
problem. We writeM ") (8) for M) () with —In|x — y| replaced byV. (x, y).
With (8.59) to (8.63), we have the identity

N
MM (B) = e Y2BV,(0,0) / N U280y 8, [Tz @xo. (8.64)
R =1
We now use Gaussian functional integrals (see [32]) to rewrite (8.64). Minlos’s

theorem (see [32]) asserts that 18V, (x, y) is the covariance “matrix” of a Gaussian
probability measure with mean zero; that is, there exists a Gaussian average Ave
on a space of linear functionadson ., with Ave(¢ (x)) =0 and Avd¢ (x)¢ (y)) =
N~18V.(x,y), where¢(x) is shorthand forrb(sﬁ). Using the generating function
(see [32])

Ave(ecb(f)) — e(1/2)(f,f)e’ (8.65)

with f = S?N) given in (8.61), then integrating ové&2" with respect tot®", we
obtain
N.

MM () = ¢~ (H/DBV(00) Ave(( / 2e¢<x>f(dx)> ) (8.66)
R

Jensen’s inequality in the forgF ") > (FN-1)yN/(V=D gpplied to the right-hand
side of (8.66) now gives, in terms of thid,.'s,

MM (B) = MN-D (B (MN =D (g VD (8.67)

for all e. Hence, we let — 0, and thenV — oo to obtain

_ MN-D(gry o
IlmsupN—(’B) < ||msup(M(N—1)(,3/)) /(N-1)
N—o0 M )(/3) N—oo
< %einfﬁ, Fg(0)
(8.68)
< —l egﬁ(u(l))
MO

1 1
— ~(1)®2
=5 exp<§ﬂ,u (|n|x—y|)).
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By Lemma 8.10, the right-hand side of (8.68) exists and is obviodisigdependent.
Combining (8.57), (8.58), and (8.68), we have

" (In@+[xD) < Ca(8) (8.69)
independently ofV. By (8.54), (8.55), and (8.69), and settiGg8) = C1(8)+C2(B),
Lemma 8.11 is proved also f@ e (0, 4). O

We now prepare for uniforni” bounds.

Lemma 8.12 For eachn € N, 8 € (8%, 4), there existV,(8) e N andC(n, 8) >
0, such that forN > N,,, the Radon-Nikodym derivative of"’ with respect tor®”
is bounded by

du (xl, ...,xn) < C(n, ﬂ)|A(”)|_ﬁ/N(x1, .. .,xn). (8.70)

Proof. Whenpg = 0, this is trivial.
Wheng £ 0, we begin by writing

dus”) 1 ~BIN
er@" (xl, ...,xn) = M(N—)(,B)G(xl’ ...,xn)|A(")| (xl, . ..,xn), (8.71)
where
G(X1,-.-,xn)=/ 1_[ |xi_xj|7ﬁ/N l_[ |xk—x5|7ﬁ/Nr(dxj).
R2(N= 1<i<n<j<N n<k<tl<N
(8.72)
Let[[ . ]l denote integer part. We define
2/3*—,3}] ,
n|| —— if B e(B8*0),
[[ gp] "PEV
Nn(B) = (8.73)
n[[j%ﬂ] if Be(0,4).
Givenpg € (8*,4), let N > N,,(B). Then, by Holder's inequality,
2n/N
G(xl,...,xn)f / 1_[ |x,~—xj|_ﬁ/2nr(dx]-)
R2(NV=m) 1<i<n<j<N
1-2n/N

. |7B/(N=2n)
X(/[Rzuvn)n 1_[ }x’ x/| l_[ ‘L’(dxk))

<i<j<N n<k<N
(8.74)
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As for the first factor on the right-hand side of (8.74), permutation symmetry gives

|8/ ) — =B/
/IRZ(Nn) l_[ i =] 7(dx;) (/ﬂ‘gz H |xi —x| T(dx))

1<i<n<j<N 1<i<n

N—n

(8.75)

By the arithmetic-geometric mean inequality and permutation invariance, we have

/RZ l_[ ’xi—x‘_ﬂ/znr(dx)S% Z /[RZ |xi—x’_ﬁ/21:(dx). (8.76)

1<i<n 1<i<n

For the right-hand side of (8.76), we have the estimates

sup/ ly—x|"#2z(@dx) if 8>0,
y JR?

1 _
- Z / |x,-—x| ﬂ/zt(dx)f (8.77)
n - R2
1=izn Cn/ @+ 1x)P2r(dx) if B <0,
[RZ

.....

the right-hand side of (8.74) is bounded by th&?— /N )th power of the right-hand
side of (8.77), hence uniformly with respectib

As for the second factor on the right-hand side of (8.74), we split off-+2 /N )th
power. We setv(N) = (N —n)/(N —2n). SinceN > N,, we have 1< a¢(N) < 4/8
if 8>0,and 1< a(N) < g*/B if B < 0. We also havex(N) — 1 asN — oo.
Proceeding as in the proof of Lemma 8.7, we find that

—2n/N
: L —B/(N=20)
Imsup(/RZN_zn | | |xi — x| | | t(dxk))

N—o0 n<i<j<N n<k<N

= limsup(MN =" (a(N)B)) 2" (8.78)

N—o0
FBN\Z
< | —
< (S ) -
which implies anV-independent bound o N =" («(N)8))~2/N . Feeding (8.75),
(8.76), (8.77), and (8.78) back into (8.74), we see thigty,...,x,) < CMN—"
(x(N)B). This already proves that the density (8.71) will eventually (i.e.Mdarge)
be in any.? (R?", dz®"), p < co. To prove that @"/dr®" ¢ LP(R?*,dz®") uni-
formly in N, it remains to estimate the ratid =" («(N)g)/M ™) () from above,
independently ofv.

We once again can apply the Gaussian functional integral method used in the
proof of Lemma 8.11. Since(N)g occurs in the argument o/ V=" instead of
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(1—-nN~1 B, besides Jensen’s inequality (now pulling a powgkN —n) out of the
average), we also need a “change of covariance formula” (see [32]). However, having
proved Lemmas 8.10 and 8.11 already, a more direct way follows.

Using Jensen’s inequality twice in a self-explanatory way, we obtain

MW= (a(N)B) 1 nn—11 _ a0

MM = MO ( N 2PH ®('”'x‘y')>
xexp(n(l—%)ﬂﬁ(l)@)ﬁ(l’v_”)’“(ln|x—y|)) (8.79)
xexp(-rz(l-"TJrl)a(N)ﬁﬁgN‘")’“(ln|x—y|)>,

wheret¥ =% stands for (8.21) withw(N)A in place of 8. The first exponential
factor on the right-hand side of (8.79) is bounded above uniformly ibecause
BrP®2(In|x — y|) < C(B) independently ofV, by the first inequality in Lemma
8.10; as for the second exponential factor on the right-hand side of (8.79), by re-
identifying N — N —n and 8 — «f, the N-independent upper bound in Lemma
8.11 givespi® @ 1" ™ (In|x — y|) < C(a(N)B). Sincea(N) — 1 asN — oo,

the second exponential factor on the right-hand side of (8.79) is bounded above
uniformly in N. As for the third exponential factor on the right-hand side of (8.79),
sinces* < a(N)B < 4, and since (8.44) holds for gl (8*, 4), by Lemma 8.10 we
have,Bﬁ;N’")""(In lx —y]) = C(a(N)B). Again, sincex(N) — 1, we now see that
also the third exponential factor on the right-hand side of (8.79) is bounded above

uniformly in N. This proves Lemma 8.12. O

Lemma 8.12 establishes that for each triple N, g8 € (8*,4), p € [1, ) there
exists aN, (8, p) ( > N,(B)) such that @\ /dr®" e LP(R?", dz®") uniformly in
N whenN > N, (8, p). Hence, the sequencé — " is LP(R?", dr®")-weakly
compact whemV > N, (8, p), for eachp € [1, co).

However, a weald. ? limit point of uffv) need not be a probability measure. Since
R? is unbounded, some partial mass of the margipéjl\Q of (8.21) could escape to
infinity when N — oo. We now show that this does not happen by proving tightness
of the sequences. Recall (see [5]) that the sequence of probability meaéi\ﬂ)rés

tight if, for eache « 1, there existR (¢) such thau,ﬁN)(B’}e(e)) > 1—¢, independent

of N, where B, C R?" is then-fold Cartesian product of the ballBc R? that is
centered at the origin, having radi®s

Lemma 8.13 For eachn, the sequencmle)}NZn given by (8.21) is tight.

Proof. Since our marginal measures are permutation symmetric and consistent,

in the sense that!" (dx") = 1) (dx" ® R2m=m) for m > n, it suffices to prove

tightness fom = 1.
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It follows from the definition of+Y thatthe mapy > h(y)= [p2In|y —x|u® (dx)
+ C is continuous and independent®f The constan€ is chosen so that(y) > 0.
Moreover, we havé(y) — oo as|y| — oo, uniformly iny. Therefore, and by Lemma
8.11, for each positive « 1, we can findR (¢), independent o, such that for allv,

inf  h(x) > pr) (h(x1)). (8.80)
X1¢BRr(e)

Let |, denote the indicator function of the set We then have the chain of estimates
A" () = 257 (h )l geyg o)
> ;ﬁ(lN)(h(xl))ﬁgN)U [R{Z\BR(G)) (8.81)
= 220" 0 (1- " (Brio)
Dividing (8.81) bye‘l"(1 )(h(xl)) and resorting terms slightly gives us

1" (Bre) = 1—e, (8.82)

independent olN. The proof is complete. O
To prove Proposition 8.9, we also need a lower bound on the mean entropy.

Lemma 8.14 For eachg € (8*,4), there exists a(8), independent oV, such
that

SYW (M) = . (8.83)

Proof. By definition (8.32) of?ﬁl(gN) (™),

1 1 1
Ng)w)(“(M):ﬂN AN (In[a™]) - 2 o~l<3N>( ). (8.84)

The bound (8.83) now follows from Proposition 8.8, (8.43), and Lemma 8.10.

Proof of Proposition 8.9. By Lemma 8.13, the sequence of probability measures
{M(N) | N =n,n+1,...} is tight in P(R?") for all n. Therefore (see [5]) we can
select a subsequenke—> N¢(k) € N, k € N such that for each € N, ,u(N‘(k))
ul e P(R?), ask — oo. Since the marginals are consistent (in the sense defined
above in the proof of tightness), by Kolmogorov’s existence theorem (see [5, p. 228
ff.] and [28, p. 301 ff.]), the infinite family of marginalg.‘ },cn Nnow defines a unique
ut e P*(Q). Furthermore, fop* < B < 4, we have as a corollary of Lemma 8.12 that,
for anyn and anyp € [1, c0), the sequenceuﬁ,N) | N=n,n+1,...}is eventually
inaball{g: llgll.rr2) < T}, whereT (n, B, p) is independent ofV. Therefore, as
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k — oo, after at most selecting a subsubsequence (also denoted-by, (k) € N,
k € N), we have that d"*® /dr®" — dut/dr®", weakly in LP(R?, dr®"), any
p €[1,00).
We first study convergence of energy. By (8.43), we have
1

1 \1
= W) (| AN |y — (1 L) (15 —
AGER (In|a ) <1 Ng(k)>2”2 (Injx—yl).  (8.85)

Since Injx —y| € L4(R* dr®?), 1/g+1/p = 1, by weakL? (R*, dr®?) convergence

of SN,

1. 1
2z (Infe =) — Sip(Inf = yl) = e(uf). (8.86)

Furthermore, since N, (k)1 — 1 ask — oo, we have

im o (Ne(k) (Ne(k)) |y — 14

kl|—>moo Ng(k)zu (In|A |) e(u ) (8.87)
We now turn to the entropy. We define= N, (k) — [N, (k)/n]ln. By subadditivity

(8.15) and negativity (8.13) we have, for amyx Ny (k),

1 1 [Nk
PN (|, (Netk))) < [[ }]gm) (NeW)) 4 pm) (, (Ne(K)
Ne(k) W) = wl ™)+ ™ )
1 TN T
< NeW) Nl pom (Ve
_Nz(k)H: n ﬂ (™) 59

Clearly, Ny (k) Y[ Ny (k)/n]] — n~1. Moreover, for each, weak upper semicontinu-
ity of ™ (see [57]) gives us

k— 00

Therefore, for alk,

1 1

lim Sup_y(Ne(k))(’u(Nf(k))) < _y(n)(uﬁ). (8.89)
k— o0 k n

Recalling (8.16) and Lemma 8.14, we see th@at) exists. Hencez — oo in (8.89)

gives

1
lim sup——— Ve ([, (NN < (! 8.90
k—>oopNZ(k) (M ) - (M ) ( )

for each convergent subsequenc@:®) — ;¢
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Pulling the estimates (8.87) and (8.90) together, we find, forfaayg*, 4),

. 1 (Ne(k)) (,, (Ne(k)) 14 1
g (Ne i _
IIkmlnf Nf(k) Fy (n ) = Be(n') s(u )- (8.91)

Recalling Propositions 8.1 and 8.2, and finally using Lemma 8.7, we have
Be(n')—s(u') = /P - v(do | 1) Fs(0) = F(B). (8.92)

By (8.92) and (8.91), the proof of Proposition 8.9 is complete. O

We remark that, whepg < 0, Proposition 8.9 can be proved withdwt estimates.
Indeed, wherg < 0, then (8.91) follows already, with (8.87) replaced by

. 1. 1.
lim supé,ugv‘f(k))(ln |x —yl) < Eug(ln |x —y|) = e(ug), (8.93)

k— 00

which holds by the weak upper semicontinuity ofir- y| and the weak convergence

of ,u(ZN) in the sense of measures (see [37] and [41]). Also, the entropy estimate in

the proof of Proposition 8.9 holds by just such weak convergenq:ézl\@t However,
without L? estimates, one loses the a priori information on the regularity of the
solutions of (8.28).

We now prove our main existence theorem.

Proof of Theorem 8.4.Combining Propositions 8.8 and 8.9, we conclude that

1
]J@mﬁgg"”(u(m) = F(p). (8.94)

Recalling (8.91) and (8.92), we see that (8.94) implies
[, vide | u)%st0r=Fep) (8.95)
P(R?)

for every limit pointut of © ™). Equation (8.95) in turn implies that the decomposition
measurev(de | u%) is concentrated on the minimizers 01 (0); for otherwise we
would have

/ v(do | 1Y) Fs(0) > F(B),
P(R2)

by Lemma 8.7, which contradicts (8.95). The proof of Theorem 8.4 is complete.

We now are also in the position to vindicate our Remark 8.5. By the tightness
and weakL?” compactness, the sequerigé™), N = 1,2,...} is a union of weakly
convergent subsequencedifi. If the minimizergg is unique, the set of limit points

of {u™), N e N} consists of the single product measyre- Q?N. O
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9. Proof of uniqueness Theorem 2.2 fok < 0. We conclude this paper with a
proof of Theorem 2.2. We do this by proving the dual version, that is, uniqueness of
solutions of (8.28) whep < 0.

Theorem 9.1 For g < 0, the solutionpg y of the fixed point equation (8.28) is
unigue.

Proof. We introduce operator notation for (8.28), thus

where® indicates that the right side is a probability density o8t Now, assume
that for giveng < 0 and H entire harmonic, two solutions of (9.1) exist, say
andp®@. Thenpz 1 = p@ — p® € Hy 1 (R?). In particular, [z2 p2,1dx =0, and

—/ / p2,1(x)INfx —ylpz1(y)dxdy >0, (9.2)
R2 JR2
with equality holding if and only ifp2 1 = 0 (cf. [58]).

Forx € [0, 1], we define the interpolation densjty = p® 4+ 05 1. Expected value
with respect td?(p,) is denoted by

(fr(vny = /[;Zf(X)@(m)(X)dx. (9.3)

We use (8.28) for one of thep 1 in the left-hand side of (9.2) and, with the abbrevi-
ation

Uz 1(x) =/Rz|nlx—y|,02,1(y)dy, (9.4)

find that
_/ / p2.1(x)In|x —y|p2,1(y) dx dy
R2 JR2
=— 2\ _ (1
B /[RZ/RZUZ’l(x)(@('O )=2(p")) () dxdy

1d
=—/ / Uz,l(x)/ —P(p2)(y)didxdy
R2 JR2 0 dx

1
= ﬂ/O (U21— (U21)(1)?)(2) di.

(9.5)

Sincep < 0, the last term in (9.5) is less than or equal to zero, and it vanishes if and
only if Uz 1 = constant. By (9.5) and (9.2), we conclude that = 0. Uniqueness
is proved. O
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Corollary 9.2 If 8 <0, H = const and Y is radially symmetric, then the
unique solutionog y of (8.28) is radially symmetric as well. Gauss’s theorem then
implies that the corresponding solution of (1.2)y . given in (8.30), is radially de-

creasing. 0
The proof of Corollary 9.2 is trivial. Theorem 9.1 and Corollary 9.2 prove Theo-
rem 2.2.
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