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SURFACES WITH PRESCRIBED GAUSS CURVATURE

SAGUN CHANILLO and MICHAEL KIESSLING

1. Introduction. LetSg = (R2,g) denote a conformally flat surface overR2 with
metric given by

ds2= gij dxi dxj = e2u(x)(dx1
2+ dx2

2), (1.1)

whereu is a real-valued function of the isothermal coordinatesx = (x1,x2) ∈R2. If
u is given, the Gauss curvature functionK for Sg is then explicitly given by

K(x)=−e−2u(x)1u(x), (1.2)

where1 is the Laplacian for the standard metric onR2. The quantity

K(u)≡
∫
R2
K(x)e2u(x)dx, (1.3)

where dx denotes Lebesgue measure onR2, is called the integral curvature of the
surface (sometimes called total curvature). We say thatSg is aclassicalsurface over
R2 if u ∈ C2(R2). Clearly,K ∈ C0(R2) in that case. The inverse problem, namely,
to prescribeK and to find a surfaceSg pointwise conformal toR2 for whichK is
the Gauss curvature, renders (1.2) a semilinear elliptic partial differential equation
(PDE) for the unknown functionu. The problem of prescribing Gaussian curvature
thus amounts to studying the existence, uniqueness or multiplicity, and classifica-
tion of solutionsu of (1.2) for the givenK. A particularly interesting aspect of the
classification problem is the question under which conditions radial symmetry of the
prescribed Gauss curvature functionK implies radial symmetry of the classical sur-
faceSg = (R2,g) and under which conditions radial symmetry is broken. Notice that
the inverse problem may not have a solution. In particular, when considered onS2

instead ofR2, there are so many obstructions to finding a solutionu to (the analog
of) (1.2) for the prescribedK that Nirenberg was prompted many years ago to raise
the question: Which real-valued functionsK are Gauss curvatures of some surface
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Sg overS2? For Nirenberg’s problem, see [4], [6], [9], [10], [11], [33], [36], [38],
[44], [45], [47], [48], [50], and [51]. For related works on other compact 2-manifolds,
see, for example, [26] and [60]. In this work, we are interested in the prescribed
Gauss curvature problem onR2. There is considerable literature on this problem, for
example, [2], [3], [12], [17], [18], [19], [21], [22], [46], [49], and [59]. We study
here the existence problem of surfaces for a large class ofK via a novel approach.
We also mention an existence-of-solutions result for a monotonically decreasingK

that is unbounded below and positive at the origin. Moreover, we study the ques-
tion of radial symmetry of classical surfaces, which correspond to classical solutions
of (1.2), for monotonically decreasingK and for nonpositiveK. The problem of
nonpositive prescribed Gaussian curvatureK is already fairly well understood (see
[1], [21], [22], [52], [53], and [61]). In particular, [21, Theorem III] characterizes any
Sg with compactly supportedK and finite integral curvature uniquely by its integral
curvature and by an entire harmonic functionH to whichu is asymptotic at infinity. If
the entire harmonic function is constant andK radially symmetric, thenu is radially
symmetric, by uniqueness. [21, Theorem II] characterizes anySg with K ∼−C|x|−`
when|x| →∞, ` > 2, and finite integral curvature uniquely by its integral curvature
alone, so thatu is radially symmetric ifK is. [21, Theorem II] is extended in [22] to
K satisfying an integrability condition andC|x|−m ≤ |K(x)| ≤ C|x|m as|x| →∞.

Our Theorem 2.1 below generalizes [21, Theorem III] as well as Cheng and Ni’s
[21, Theorem II] and its sequel in [22] to a larger class ofK satisfying mild inte-
grability conditions without pointwise asymptotic bounds or even compact support
for K. Our existence results follow as corollaries from our probabilistic Theorem 8.4
that applies to nonnegativeK as well as nonpositive ones. We prove our Theorem 8.4
using the methods developed in [37], [8], [40], and [41]; see also [38]. For nonpositive
radialK, the radial symmetry ofu then follows from our uniqueness Theorem 2.2,
which we prove in its dual version Theorem 9.1.

Prescribing Gaussian curvatureK that is somewhere strictly positive is a much
richer problem and less well understood. Existence results are available in [3], [18],
[19], [46], and [59]; note [18] regarding [3]. The question of radial symmetry ofu has
been studied by various authors for decreasingK under various additional conditions,
see [12], [15], [16], [17], and [54].

As already emphasized above, our Theorem 2.1 establishes existence ofu also
for nonnegativeK, under mild integrability conditions onK rather than prescribed
asymptotic behavior or pointwise bounds, as employed in [3], [18], [19], [46], and
[59]. We also announce an existence result of a radial surface with positive integral
curvature for a radial continuousK that is positive at the origin and diverges logarith-
mically to−∞ as|x| →∞ (see Proposition 2.4). In our proof of Proposition 2.4, we
actually do not prescribeK but, inspired by [39], we consider asystem of equations
whose solutions determine bothK andu, and we use scattering theory and gradient
flow techniques to control it. This system case is of independent interest, and details
will be published elsewhere.
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The radial symmetry of surfaces withK positive somewhere does not follow simply
by uniqueness. In Section 2, we list various nonradial surfaces with radial Gauss
curvature. We extract from this discussion a set of conditions onK andg which rule
out the various nonradial surfaces we found. In particular, we demand thatK be radial
decreasing. We formulate a conjecture that, under this set of conditions, any classical
surface for the corresponding prescribed Gauss curvatureK is radially symmetric
about some point.

We then state in Section 3, and subsequently prove in Sections 4–7, using the
method of moving planes (see [30] and [49]), Theorems 3.2 and 3.3 on radial sym-
metry of classical surfaces. Our symmetry theorems require a slightly stronger set of
conditions than formulated in our conjecture. However, our conditions are consider-
ably weaker than those used in [12], [15], [16], and [17]. In particular, we impose
no pointwise bounds near infinity on positiveK. We also allowK to be unbounded
below, but with some growth conditions near infinity, allowing logarithmic as well as
power law growth of|K|. Our existence-of-solutions Theorem 2.1 and Proposition
2.4 establish that solutions exist under these conditions onK and thus verify that our
radial symmetry theorems cover more cases than the earlier symmetry results listed
above.

After submission of our work, existence results whenK is positive somewhere and
satisfies 0≥K(x)≥−C|x|` as|x| →∞, with 0< ` < 2, appeared in [20]. Of these
surfaces, those which also satisfy the hypotheses onK listed in Proposition 3.1 are
radial symmetric by Theorems 3.2 and 3.3.

2. Broken symmetry and a symmetry conjecture. We say thatSg is radially
symmetric about some pointx∗ ∈ R2 if the associated solutionu of (1.2) satisfies
u(x−x∗) = u(R(x−x∗)) for anyR ∈ SO(2). We say thatu is nonradial if no such
point exists. We now collect a list of examples of nonradial surfaces from which we
extract conditions onK andg under which one can hope to assert the radial symmetry
of u.

Clearly, u cannot be radially symmetric about some point ifK is not radially
symmetric about the same point. Without loss, we choose the point about whichK is
radially symmetric to be the origin; that is, we demand that

K(x)=K(Rx). (2.1)

A few moments of reflection reveal that some further conditions onK(x) andu(x) are
needed; for without further conditions, examples to nonradially symmetric surfaces
having a Gauss curvatureK satisfying (2.1) are readily found.

In particular, ifK satisfying (2.1) is compactly supported, then solutionsu of (1.2)
that display some nonconstant entire harmonic behavior near infinity are asserted to
exist (for nonpositiveK) in [21, Theorem III]. Our first theorem, proved in Section 8,
generalizes [21, Theorem III], as well as [21, Theorem II] and its extension in [22],
to a much wider class of sufficiently ‘concentrated’K that have well-defined sign.
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We define the signσ(K) of the functionK by: σ(K) = +1 if K 6≡ 0,K(x) ≥ 0 for
all x ∈ R2; σ(K) = −1 if K 6≡ 0,K(x) ≤ 0 for all x ∈ R2; σ(K) = 0 if K(x) ≡ 0.
For otherK, σ(K) does not exist.

Theorem 2.1. AssumeK ∈ L∞(R2) has well-defined signσ(K). Furthermore,
assume that for some entire harmonic functionH : R2 7→ R and for all 0< γ < 2,
K satisfies ∫

B1(y)

|y−x|−γ |K(x)|e2H(x)dx −→ 0 as |y| −→∞, (2.2)

whereBR(y) ⊂ R2 is the open ball of radiusR centered aty. Given the sameH ,
assume also thatK satisfies∫

R2
|K(x)|e2H(x)|x|q dx <∞ (2.3)

for someq > 0. If K ≤ 0, define

κ∗(K,H)=−2π sup
q>0

{
q : (2.3) is true

}
. (2.4)

Then, for any suchK,H , and anyκ satisfying

κ ∈


(κ∗,0) if K 6≡ 0, K ≤ 0;
{0} if K ≡ 0;
(0,4π) if K 6≡ 0, K ≥ 0,

(2.5)

there exists a solutionu = UH,κ ∈W2,p
loc ∩L∞loc of (1.2) for the prescribed Gaussian

curvature functionK, having integral curvature

K
(
UH,κ

)= κ (2.6)

and having asymptotic behavior given by

UH,κ(x)=H(x)− κ

2π
ln |x|+o(| ln |x||) as |x| −→∞. (2.7)

Moreover, ifK ∈ C0,α, thenUH,κ is a classical solution. IfK ∈ C0,α also satis-
fies (2.1), andH is nonconstant, thenUH,κ generates a classical surface which is
asymptotic to a nonradial entire harmonic surface, hence breaking radial symmetry.

We remark that ifK ∈ C0,α satisfying (2.1) is also decreasing, then all the conclu-
sions of Theorem 2.1 hold without imposing (2.2).

Surfaces that are asymptotic to some nonradial entire harmonic surface (entire
harmonic surfaces forK ≡ 0) can be eliminated by the mild integrability condition

u+ ∈ L1(BR(y),dx), uniformly in y, (2.8)
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whereu+(x) := max{u(x),0}. For the category ofK ≤ 0 covered in Theorem 2.1,
which, in addition, satisfy (2.1), condition (2.8) already eliminatesall nonradial solu-
tionsu of (1.2) with finite integral curvature. Indeed, we have the following theorem.

Theorem 2.2. Under the hypotheses stated in Theorem 2.1, ifK ≤ 0, thenUH,κ
is unique. Moreover, ifK ≤ 0 also satisfies (2.1), andu satisfies (2.8), thenUH,κ is
radially symmetric and decreasing.

It remains to discussK that are strictly positive somewhere. In that case, among
theSg that satisfy (2.1) and (2.8), one finds nonradial surfaces that are periodic about
the origin of the Euclidean plane, having fundamental period 2π/n, with n > 1.
We illustrate this with the following examples, taken from [12] (see also [54]). For
x 6= 0, we introduce the usual polar coordinates(r,θ) of x; that is,r = |x| > 0 and
tanθ = x2/x1, with θ ∈ [0,2π). Let N denote the natural numbers. Forn ∈ N, let
K(x)=K(n)(x), with

K(n)(x)= 4n2|x|2(n−1). (2.9)

Clearly,K(n) ∈ C∞(R2). Let y ∈R2 be chosen arbitrarily, except thaty 6= 0, and let
θ0 be the polar angle coordinate ofy. Let ζ ∈R. Thenu( . )= U(n)ζ ( . ;y), with

U
(n)
ζ (x;y)=− ln

(
1−2
|x|n
|y|n cos

(
n(θ−θ0)

)
tanhζ + |x|

2n

|y|2n
)
− ln

(|y|n coshζ
)
,

(2.10)

is aC∞(R2) solution of (1.2) for the Gaussian curvature function (2.9). The integral
curvature of the surface described by (2.10) is given by

K
(
U
(n)
ζ (x;y)

)
= 4πn, (2.11)

independently ofζ andy. For ζ = 0 and alln ∈ N, the solution (2.10) is radially
symmetric about the origin. Forζ 6= 0, if n = 1 so that (2.9) reduces to a constant,
K(1) = 4, the solution (2.10) is periodic about the origin with fundamental period 2π ,
yet it is radially symmetric about and decreasing away from the pointx∗ = tanh(ζ )y.
For ζ 6= 0 andn > 1, in which casesK(n) increases monotonically with|x|, the
solution (2.10) is periodic about the origin with a fundamental period 2π/n, hence
nonradial about any point; see Figure 1.

This last family of nonradial surfaces is eliminated by admitting only monotonically
decreasing radialK, that is, thoseK satisfying

K(x)≤K(y), whenever|x| ≥ |y|. (2.12)

Among theSg that satisfy (2.1), (2.8), and (2.12), we still find nonradial surfaces,
namely, whenK(x)=K0, with

K0= const> 0, (2.13)
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Figure 1. Level curvese2u(x) = 2a , a ∈ {−5,−4, . . . ,0,1}, for u given by (2.10)
with n = 2, |y| = 1, θ0 = 0, andζ = 1. maxe2u ≈ 2.57 is taken at the centers of
the two islands. For|x| large, the conformal factore2u(x) ∼ C|x|−8 and the level
curves become circular

in which case (1.2) is the conformally invariant Liouville equation [42]. Besides the
radially symmetric entire solutions obtained withn=1 in (2.10), this equation has
entire classical solutions that are periodic along a Cartesian coordinate direction. Let
y ∈ R2 be an arbitrary fixed point, and letv ∈ R2 andv′ ∈ R2 be two fixed vectors
that are orthogonal with respect to Euclidean inner product; that is,〈v,v′〉 = 0, having
identical lengths given by|v| = |v′| =K1/2

0 . Let ζ ∈R. Thenu( . )= Uζ ( . ;y), with

Uζ (x;y)=− ln
(
cosh(ζ )cosh〈v,x−y〉−sinh(ζ )sin

〈
v′,x−y〉), (2.14)

is a nonradialC∞(R2) solution of (1.2) for the Gauss curvature function (2.13) (see
also [12]). Forζ = 0, the solution is translation invariant alongv′, while for ζ 6= 0, it
is periodic alongv′ with period 2π/

√
K0. See Figure 2.

Since exp(2Uζ ( . ;y)) 6∈ Lp(R2,dx) for all p exceptp = ∞, the surface corr-
esponding to (2.14) has integral curvatureK(u) = +∞, as does any surface that is
periodic or invariant along a fixed direction.

To rule out translation invariant surfaces and those that are periodic along a fixed
Cartesian direction of the Euclidean plane, we could impose the integrability condition∫

exp(2u(x))dx <∞. However, it suffices to impose the milder, and more natural,
restriction that the surface’s Gauss curvature is absolutely integrable; that is,∫

R2
|K(x)|e2u(x)dx <∞, (2.15)

which reduces to
∫

exp(2u(x))dx <∞ if K = const> 0.
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Figure 2. Level curvese2u = 2a , a ∈ {−6,−5, . . . ,0}, with u given by (2.14),
with ζ = 1, y = −v′, K0 = 1, x1 = 〈x,v′〉, andx2 = 〈x,v〉. maxe2u ≈ 1.22 is
taken at the centers of the islands. For|〈v,x〉| large,e2u(x) ∼ Ce−|〈v,x〉| and level
curves become straight lines.

We summarize the various conditions onSg as follows.

Definition 2.3. For eachK ∈ C0,α(R2) satisfying (2.12), we denote bySK the set
of classical surfacesSg, with Gauss curvatureK being absolutely integrable, (2.15),
and with metric (1.1) satisfying (2.8).

Notice that there existK for which the setSK is empty. Thus, sinceK satisfies
(2.12), no entire solutions of (1.2) exist ifK < 0 everywhere (see [52]). In particular,
entire solutions inR2 with K = constant < 0 do not exist (see [1], [52], and [61]).
Moreover, ifK(x)∼−C|x|p for p ≥ 2 (irrespective of whetherK(x)≤ 0 for |x|<R
or not), then it follows from an easy application of Pokhozaev’s identity thatSK is
empty.

On the other hand, ifK ≥ 0 everywhere, then there are plenty of radially symmetric
surfaces inSK , which follows from Theorem 2.1 withH ≡ constant. Furthermore,
we note thatSK is not empty for certain radialK that are unbounded below, for the
following proposition.

Proposition 2.4. There exist continuousK(x) satisfying (2.12) andK(x) ∼ −
C ln |x| as|x| →∞ for whichSK contains radial surfaces with finite positive integral
curvature.

The proof of Proposition 2.4, which uses ideas from scattering theory similar to
those in [39], together with gradient flow techniques, is of independent interest and
will be published elsewhere.

All known examples of surfaces inSK are radially symmetric, and we could not
conceive of any counterexample to radial symmetry. Hence, we conjecture that all
surfaces inSK are radially symmetric. More precisely, our conjecture reads as follows.
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Conjecture 2.5. Any classical surfaceSg ∈ SK is equipped with a radially sym-
metric nonexpansive metric, in the sense that the conformal factore2u is radially
symmetric and decreasing about some point.

Presumably, Conjecture 2.5 can even be widened to include certainK that are not
everywhere decreasing (see [12] and [54] for examples). However, currently it seems
not clear how to prove even Conjecture 2.5 without some additional technical con-
ditions. In the ensuing sections, we will first state and then prove radial symmetry
theorems forSK under conditions that are weaker than those used in previous theo-
rems, yet slightly stronger than those stated in Conjecture 2.5. In the next section, we
state precisely our main symmetry results, assess the territory covered by them, and
also compare them to existing results.

3. Symmetry theorems for radial decreasingK. To state our new symmetry
results forK ∈ C0,α(R2) satisfying (2.12), we define

κ∗(K)= π inf

{
q > 0 :

∫
R2
|K(x)|(1+|x|)−q dx <∞

}
. (3.1)

The significance ofκ∗(K) is that of an explicit lower bound to the integral curvature.

Proposition 3.1. LetK ∈ C0,α(R2) satisfy (2.12). IfK is unbounded below, then
let K also satisfy one of the following two conditions, either (1) there exists some
C > 0 such that

|K(x)| ≤ C inf
y∈B1(x)

|K(y)| as |x| −→∞, (3.2)

uniformly in x (this condition is satisfied, e.g., ifK ∼ −C|x|`, any ` > 0); or (2)
there exist some finiteP ≥ 1 andC > 0 such that

|K(x)| ≤ C∣∣ ln |x|∣∣P as |x| −→∞. (3.3)

Let K be the Gauss curvature function for a surfaceSg ∈ SK . Then the integral
curvature ofSg is bounded below by

K(u)≥ κ∗(K). (3.4)

We now state two theorems on radial symmetry of surfaces inSK , distinguishing
the casesK(u) > κ∗(K) and K(u) = κ∗(K). Theorem 3.2 verifies Conjecture 2.5,
under the hypotheses of Proposition 3.1, for all integral curvaturesK(u) > κ∗(K).
By Proposition 3.1, this covers the spectrum of potential integral curvature values
all the way down to its lower bound (3.4), but not including it. This signals that the
borderline caseK(u) = κ∗(K) is critical. The critical caseK(u) = κ∗(K) is dealt
with in Theorem 3.3, where we assert the radial symmetry and decrease ofu under
an additional hypothesis that is mildly stronger than (2.15).
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Theorem 3.2 (the sub-critical case). Under the assumptions stated in Proposition
3.1, all surfacesSg ∈ SK with integral curvatureK(u) > κ∗(K) are equipped with a
radially symmetric, nonexpansive metric (1.1); that is, there exists a pointx∗ ∈ R2

such thatu in (1.1) is radially symmetric and decreasing aboutx∗,

u(x−x∗)≤ u(y−x∗), whenever|x−x∗| ≥ |y−x∗|. (3.5)

Moreover, ifK 6≡ const, thenx∗ = 0, and ifK ≡ const, thenx∗ is arbitrary.

Theorem 3.3 (the critical case). Under the assumptions stated in Proposition 3.1,
a surfaceSg ∈ SK having integral curvatureK(u) = κ∗(K) is equipped with a
radially symmetric, nonexpansive metric (1.1) (in the sense of (3.5)) provided∫

R2

∣∣ ln |x|∣∣2|K(x)|e2u(x)dx <∞. (3.6)

In that case, ifK 6≡ 0, thenx∗ = 0, and ifK ≡ 0, thenx∗ is arbitrary.

With reference to Conjecture 2.5, the foremost question now is how much ofSK is
actually covered by Theorems 3.2 and 3.3, and how much remains uncharted territory.
A priori speaking, Theorems 3.2 and 3.3 leave us anywhere in between the following
extreme scenarios. In the best conceivable case, all surfaces with critical integral
curvature satisfy (3.6), and then Theorems 3.2 and 3.3 taken together would prove
Conjecture 2.5 completely. In the worst conceivable case, all surfaces have critical
integral curvature, and none satisfies (3.6); thus, Theorems 3.2 and 3.3 would be
empty. To assess the situation, we need to address the question whether for anyK

there exists a critical surfaceSg such that inequality (3.4) is an equality, and if so,
whether any such criticalSg satisfies (3.6). Notice that (3.6) is only needed for those
K for which there exists a critical surface, that is, a surface for which (3.4) is an
equality.

Inequality (3.4) is certainly an equality in the trivial caseK ≡ 0, where we have
K(u) = 0 = κ∗(0). Of course, (3.6) is trivially satisfied whenK ≡ 0, hence this
case is covered by Theorem 3.3.

If K(x) 6≡ 0 decreases to zero at least asC|x|−2−ε , possibly having compact
support, thenK(u) > 0, by (1.3), whileκ∗(K) = 0. Obviously inequality (3.4) is
strict in these cases, hence Theorem 3.2 covers all possible surfaces for each suchK.
We remark that by Theorem 2.1, withH ≡ constant, it follows for such a decreasing
K that surfaces do exist for all integral curvature values in the open interval(0,4π).
Together withK(u) > 0, this implies for theseK that κ∗(K) = 0 is the infimum to
the set of integral curvatures for surfacesSg ∈ SK .

For Gauss curvature functionsK =K0 > 0, withK0 a constant, we haveκ∗(K0)=
2π , while K(u) = 4π for all solutionsu of (1.2), (2.8), (2.12), and (2.15) (see [13]
and [15]). Not only is inequality (3.4) strict in these cases, butκ∗(K0) is not even the
best constant in the sense of an optimal lower bound to the integral curvature. Clearly,
the casesK =K0 > 0, withK0 a constant, are entirely covered by Theorem 3.2.
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The situation seems less clear when, as|x| →∞, K behaves likeC|x|−p or like
−C|x|p, with p < 2. In these cases, explicit existence statements of surfaces inSK
with critical curvatureK(u)= κ∗(K) seem currently not available.

We remark that surfaces with critical curvatureK(u)= κ∗(K) do exist whenK ≤ 0
andK(x) ∼ −|x|−` as |x| → ∞, with ` > 2. While these surfaces are radially
symmetric by a uniqueness argument, it is nevertheless quite interesting to register
that they donot satisfy (3.6)! The metric (1.1) of these surfaces is equipped with a
conformal factore2U , whereU is the maximal solution of Cheng and Ni (see [21,
Theorem II, p. 723]). Cheng and Ni’s result signals the possible existence of surfaces
with critical curvature inSK to which our Theorem 3.3 does not apply.

We summarize this state of affairs with the following list of interesting open ques-
tions.

Open Problems 3.4.Do there exist radially decreasingK 6≡ 0 for which there
exist solutions of (1.2), (2.8), and (2.12), withK(u) = κ∗(K)? If the answer to the
previous question is positive, is (3.6) a genuine condition, in the sense that there exist
surfaces inSK violating (3.6)? In case the answer to that question is also positive, is
Conjecture 2.5 false for some of these surfaces?

Incidentally, the above discussion also points to a related open question, which,
though less directly relevant to our inquiry into radial symmetry, is an interesting
problem in itself. To this extent, we introduce the notion of a least integrally curved
surface inSK , and, with an eye toward the above discussion, also the notion of when
such a surface is critical.

Definition 3.5. A surfaceSg ∈ SK is called least integrally curvedif K(u) =
κ(K), whereκ(K) is defined as the infimum of the set of integral curvatures for
which there exists a surfaceSg ∈ SK , givenK. A least integrally curved surface is
calledcritical if κ(K)= κ∗(K).

Open Problems 3.6.Find and classify allK for which there exists a least integrally
curved surface inSK ; with reference to Problems 3.4, determine which of those
surfaces are critical!

We now return to the question of radial symmetry and to our strategy of proof
for Theorems 3.2 and 3.3. We use the technique of the moving planes (see [30] and
[43]), adapted to the setting in two-dimensional Euclidean space (where it is proper
to rather speak of moving lines) so that it is possible to move in the lines from “spatial
infinity.” Due to the logarithmic divergence of solutions at infinity, this part is more
delicate than in higher dimensions, in particular whenK > 0. Various authors before
have applied this method to the problem under consideration here. Hence, before we
enter the details of our proof, we briefly explain in which way Theorems 3.2 and 3.3
go beyond existing results.

Radial symmetry of surfaces with strictly positive,constantGauss curvature func-
tion (2.13) and finite integral curvature (2.15) was proven by Chen and Li [15]. In
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[15], a radial “comparison function” was invented that made it possible to overcome
the “problem at infinity.” In this case, the result allows one to compute explicitly all
surfaces, which are given by (2.10) withn = 1. This result was also obtained, with
two different alternate methods, in [23] and [13].

In [12], the method of [15] was extended to a wider class of surfaces with monotone
decreasing, bounded Gauss curvature functions, given certain integrability conditions.
The following was proven in [12].

Theorem 3.7. Let K be the bounded Gauss curvature function of a classical
surfaceSg, with metric given by (1.1), and assume that (2.8), (2.15), and (2.12) are
satisfied. LetK+ denote the positive part ofK. Then any surfaceSg whose integral
curvature satisfies

K(u) > π

(
3+ limsup

|x|→∞
lnK+(x)

ln |x|
)
, (3.7)

is radial; more precisely, there exists a pointx∗ ∈R2 such that (3.5) holds.

Remark 3.8. The proof of Theorem 3.7 is contained in [12, proof of Theorem P1].

Clearly, Theorem 3.7 falls short of proving Conjecture 2.5 becauseK is assumed
bounded in Theorem 3.7 and, furthermore, because there exist surfaces with radially
decreasing and bounded Gauss curvature function whose integral curvaturesK(u)
violate (3.7). For instance, consider the special case of (2.3), whereK > 0 satisfies
the growth condition

lim|x|→∞
lnK(x)

ln |x| = −m<−2. (3.8)

Theorem 3.7 asserts the radial symmetry of surfaces withK(u) > π(3−m)+ ((3.7)
with ‘limsup’ now ‘lim’). Surfaces with integral curvature in the interval 0< K(u)≤
π(3−m)+, which, by Theorem 2.1, exist form ∈ (2,3), are not covered by Theo-
rem 3.7.

On the other hand, by Proposition 3.1,κ∗(K) = 0 for K > 0 satisfying (2.12)
and (2.3), whileK(u) > 0 because ofK > 0. Hence, Theorem 3.2 applies and
asserts the radial symmetry of all surfaces inSK with nonnegative radially decreasing
Gauss curvature functionsK satisfying (2.3), including, as a special case, theK that
satisfy (3.8).

Closer inspection of the proof of Theorem 3.7 (see Remark 3.8) reveals that the
origin of the 3π in (3.7), versus the 2π that is required to cover all surfaces for the
K satisfying (3.8), traces back to our using the comparison function of [15]. That
comparison function, while well-suited for constant and for certain monotonically
decreasing Gauss curvature functionsK, does not suit radially decreasingK in general.

One main technical innovation of the present paper is the systematic construction
of a new, radial comparison function which proves itself nearly optimal for handling
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the problem at infinity. We also obtain better control of solutionsu of (1.2) near
infinity, which allows us to forgo some technical contraptions used in [12].

Other, heuristic, comparison functions have been explored in the literature. Chen
and Li [16] use a translation invariant comparison function rather than a radial one,
and they require the stronger conditions thate2u ∈ L1(R2), thereby restricting inte-
gral curvatures toK(u) > 2π , to prove that all corresponding surfaces with strictly
positive, radially symmetric decreasingK are given by radially symmetric and de-
creasing solutionsu of (1.2). This result of [16] is contained in our Theorems 3.2 and
3.3. Furthermore, it intersects with, but does not subsume, due to its stronger condi-
tions onu, [12, Theorem 3.11]. For example, consider the Gauss curvature function
K(x)=Kγ (x), with

Kγ (x)= 4γ exp
(
2(1−γ )U(1)0 (x;y)), (3.9)

whereU(1)0 (x;y) is the special caseζ = 0 andn= 1 in (2.10), withy 6= 0 arbitrary,
and 0< γ ≤ 1. All Kγ are radially decreasing, and we have

Kγ (x)∼ C|x|−4(1−γ ).

Clearly,

u(x)= γU(1)0 (x;y) (3.10)

is a radial, decreasing solution of (1.2) forK given by (3.9). A classical radial surface
described by (3.10) has integral curvature∫

R2
Kγ (x)e

2γU(1)0 (x;y)dx = γ4π ∈ (0,4π ], (3.11)

independently ofy. Whenγ ≤ 1/2, our examples (3.10) violate Chen and Li’s con-
dition thate2u ∈ L1. Nevertheless, forK given by (3.9), solutions of (1.2) that satisfy
(2.8) and (2.15) also satisfy condition (3.7) in Theorem 3.7, irrespective ofγ , hence
radial symmetry follows by Theorem 3.7 (cf., also [12, Theorem V2]). Incidentally,
κ∗(Kγ ) = 2π(2γ −1)+ < γ4π , and so none of these surfaces is critical. Hence, the
radial symmetry of these surfaces follows by Theorem 3.2 as well. Finally, a nonsym-
metric comparison function (a sum of a radial and a translation invariant function) is
used in [17] to prove the radial symmetry of surfaces with radially decreasing Gauss
curvature functionK, having finite integral curvature, under stronger conditions on
K than in Theorems 3.2 and 3.3, namely, thatK be strictly positive and decay slower
than exponentially.

This concludes our discussion of the radial symmetry theorems. The next three
sections are devoted to the proof of Theorems 3.2 and 3.3. In Section 8, we prove
Theorem 2.1, and in Section 9, we prove Theorem 2.2.
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4. Asymptotics. To prepare the proofs of our theorems, we need to gather some
facts about the asymptotic behavior of the solutionsu of (1.2). In the following
lemma,X = x/|x|2 denotes the Kelvin transform ofx.

Lemma 4.1. Let u be a classical solution of (1.2) satisfying (2.8). Assume that
(2.15) holds and thatK satisfies (2.12). Thenu satisfies the integral equation

u(x)−u(0)=−K(u)

2π
ln |x|− 1

2π

∫
R2

ln |X−Y |K(y)e2u(y)dy (4.1)

for all x.

Proof. By hypothesis,K is monotone decreasing. We distinguish the cases with
K ≥ 0 from those whereK < 0 for |x|>R.

In caseK becomes negative somewhere, say, for|x| > R, then outside the disk
BR(0) the functionu is subharmonic, and so isu+. Hence, for concentric disks
B1/2(y) and B1(y), we have

‖u+‖L∞(B1/2(y)) ≤ C‖u+‖L1(B1(y))
(4.2)

for some constantC that is independent ofy. Our hypothesis (2.8) guarantees that
the right-hand side in (4.2) is bounded by a constant, hence we have a uniformL∞

bound foru+ outside a disk, and this implies a uniformL∞ bound foru+ in all R2.
In caseK ≥ 0, sinceK is decreasing, and we are assuming thatu is a classical

solution so thatK is continuous, we automatically haveK ∈ L∞. Then, by examin-
ing Brezis and Merle [7, Theorem 2] (see also [14]), we again conclude thatu+ is
uniformly bounded above.

With u+ ∈ L∞, we now proceed, as in the proof of [12, Lemma 1, p. 224], to get

u(x)= u(0)− 1

2π

∫
R2

(
ln |x−y|− ln |y|)K(y)e2u(y)dy. (4.3)

Pulling out the contribution∝ ln |x| from the integral, noting that

ln
|x−y|
|x||y| = ln

∣∣∣∣ x|x|2 − y

|y|2
∣∣∣∣, (4.4)

and recalling the definition of the Kelvin transform, gives us (4.1).

Proof of Proposition 3.1. Let |x| ≥ 4. We define, for givenx, the set

Dx =
{
y : |x|

2
≤ |y| ≤ 2|x| and|x−y| ≤ 4

}
(4.5)
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and splitR2 accordingly intoR2=Dx∪DCx , whereDCx is the complement ofDx in
R2. Moreover, fory ∈DCx , we use the decompositionDCx = Ex ∪Fx ∪Gx , with

Ex =
{
y : 2|y| ≤ |x|}, (4.6)

Fx =
{
y : |y| ≥ 2|x|}, (4.7)

Gx =
{
y : |y| ≤ 2|x| ≤ 4|y| and|x−y| ≥ 4

}
. (4.8)

Recall (4.4). LetI3 denote the indicator function of the set3. It is now readily
verified that, with positive generic constantsC,

∣∣ ln |X−Y |∣∣= ∣∣∣∣ ln |x−y||x||y|
∣∣∣∣≤

C ln |x|+C∣∣ ln |x−y|∣∣; y ∈Dx,
C+C∣∣ ln |y|∣∣IEx +C∣∣ ln |x|∣∣IFx∪Gx ; y ∈DCx .

(4.9)

In each of these regions, the corresponding inequality in (4.9) follows by an appli-
cation of the triangle inequality, paying attention to the a priori bounds onx, y, and
x−y.

Thus, with positive generic constantsC,

1

ln |x|
∫
R2

∣∣∣∣ ln |x−y||x||y|
∣∣∣∣|K(y)|e2u(y)dy

≤ C

ln |x|
∫
|y|≤1

∣∣ ln |y|∣∣dy+C ∫
1≤|y|≤|x|/2

∣∣ ln |y|∣∣
ln |x| |K(y)|e

2u(y)dy

+C
∫
|y|≥2|x|

|K(y)|e2u(y)dy+C
∫
|y−x|≤4

∣∣ ln |x−y|∣∣
ln |x| |K(y)|e

2u(y)dy.

(4.10)

The first term on the right obviously goes to zero as|x| → ∞. The second integral
on the right goes to zero as|x| → ∞, by the dominated convergence theorem and
becauseKe2u ∈ L1(R2). The third integral on the right goes to zero as|x| → ∞
becauseKe2u ∈ L1(R2). For the fourth integral on the right, we need to distinguish
two cases, (i)K ∈ L∞ and (ii)K 6∈ L∞. As for case (i), sinceu+ ∈ L∞, we have
Ke2u ∈ L∞, and so

1

ln |x|
∫
|y−x|≤4

∣∣ ln |x−y|∣∣|K(y)|e2u(y)dy ≤ C

ln |x|
∫
|y−x|≤4

∣∣ ln |x−y|∣∣dy
≤ C

ln |x| −→ 0 as|x| −→∞.
(4.11)

As for case (ii), since thenK(x) < 0 for |x|>R, we have

−1u(x)=K(x)e2u(x) ≤ 0 for |x|>R, (4.12)
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henceu(x) is subharmonic for|x|>R. Thus, for|x0| ≥ R+1, we have

u(x0)≤ 1

π

∫
B1(x0)

u(y)dy. (4.13)

By Jensen’s inequality [34],

e2u(x0) ≤ 1

π

∫
B1(x0)

e2u(y)dy, (4.14)

hence ∣∣K(x0)
∣∣e2u(x0) ≤ 1

π

∫
B1(x0)

∣∣K(x0)
∣∣e2u(y)dy. (4.15)

Now, by hypothesis, either (3.2) or (3.3) holds. If (3.2) holds, then|K(x0)| ≤ C|K(y)|
for all y in B1(x0), hence∫

B1(x0)

∣∣K(x0)
∣∣e2u(y)dy ≤ C

∫
B1(x0)

|K(y)|e2u(y)dy ≤ C, (4.16)

where the second estimate holds by (2.15). It follows once again thatKe2u ∈ L∞,
and so we are back to (4.11). If (3.3) holds, then, writing|K| = |K|1/p|K|1/q with
p = P , 1/p+1/q = 1, we have, by Hölder’s inequality [34],∫

|y−x|≤4

∣∣ln |x−y|∣∣|K(y)|e2u(y)dy

≤
(∫
|y−x|≤4

|K(y)|e2qu(y)dy

)1/q (∫
|y−x|≤4

∣∣ln |x−y|∣∣p|K(y)|dy)1/p

.

(4.17)

Sinceu+ ∈ L∞, and since (3.3) holds, we now have

1

ln |x|
∫
|y−x|≤4

∣∣ln |x−y|∣∣|K(y)|e2u(y)dy

≤ C
(∫
|y−x|≤4

|K(y)|e2u(y)dy

)1/q(∫
|y−x|≤4

∣∣ln |x−y|∣∣p dy

)1/p

−→ 0

as|x| −→∞,
(4.18)

and this completes the estimates on the third integral in (4.10).
In total, by Lemma 4.1 and our estimates on the last integral in (4.1), we conclude

that for anyε there exists aC(ε) andR(ε) such that

e2u(x) ≤ C|x|−(K(u)/π)+ε for |x|>R(ε). (4.19)

Recalling now the definition ofκ∗, Proposition 3.1 follows.
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Lemma 4.2. Let u be a classical solution of (1.2) satisfying (2.8). Assume that
(2.15) holds and thatK satisfies (2.12). Moreover, ifK is unbounded below, assume
that either (3.2) or (3.3) holds. Finally, ifK(u)= κ∗(K), let (3.6) be satisfied. Then,
uniformly inx,

lim|x|→∞

(
u(x)−u(0)+ 1

2π
K(u) ln |x|

)
= 1

2π

∫
R2

ln |y|K(y)e2u(y)dy. (4.20)

Proof. By Proposition 3.1,K(u)≥ κ∗(K). If K(u)= κ∗(K), then (3.6) is satisfied,
by hypothesis, and this implies that

∫
R2 ln |y|K(y)e2u(y)dy exists. IfK(u) > κ∗(K),

then, by (4.19) and the definition ofκ∗(K), the existence of
∫
R2 ln |y|K(y)e2u(y)dy

follows once again. By inspecting the estimates of the proof of Proposition 3.1, we
now conclude, once again by dominated convergence, that

lim
X→0

∫
R2

ln |X−Y |K(y)e2u(y)dy =−
∫
R2

ln |y|K(y)e2u(y)dy. (4.21)

Lemma 4.2 follows.

5. Global results. With the help of Lemma 4.2, and noting (2.12) and (2.15), we
now see that the asymptotic behavior ofu implies that the integral curvatureK(u) of
Sg ∈ SK is strictly positive ifK(x) < 0 for |x| > R. In addition, it follows trivially
from the definition ofK(u) thatK(u)≥ 0 if K ≥ 0, with equality holding if and only
if K ≡ 0. We summarize this as the following lemma.

Lemma 5.1. Let u be a classical solution of (1.2) satisfying (2.8). Assume (2.15)
holds. In addition, assume thatK satisfies (2.12). IfK(u) = κ∗(K), let (3.6) be
satisfied. Then the integral curvatureK(u) of Sg is positive,∫

R2
K(x)e2u(x)dx ≥ 0, (5.1)

with “=” holding if and only ifK ≡ 0.

We also need an angular average ofu. In the following, we setr = |x|, and we
identify points inR2 with points inC. We define the radial function

u(r)= 1

2π

∫ 2π

0
u
(
reiθ

)
dθ, (5.2)

which is well defined for allr ≥ 0 becauseu is a classical solution. Similarly, we
defineK(r). Notice thatK(|x|)=K(x).

Lemma 5.2. Letu be a classical solution of (1.2) satisfying (2.8) and (2.15), with
K satisfying (2.12). IfK(u)= κ∗(K), let (3.6) be satisfied. Letu be defined by (5.2).
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Then there exists a positive constantc(u) <∞ such that∣∣u(x)−u(|x|)∣∣≤ c(u) (5.3)

for all x, andc(u) is the smallest suchc.

Proof. For |x| ≤ R, the statement is trivial, sinceu is a classical solution. For
|x|>R, the statement follows from Lemma 4.2.

Lemma 5.3. Letu be a classical solution of (1.2) satisfying (2.8) and (2.15), with
K satisfying (2.12). Letu be defined by (5.2). Then we have∫

R2
|K(x)|e2u(|x|)dx <∞. (5.4)

If (3.6) holds, then we also have∫
R2
(ln |x|)2|K(x)|e2u(|x|)dx <∞. (5.5)

Proof. By Jensen’s inequality,

eu(r) ≤ 1

2π

∫ 2π

0
eu(re

iθ )dθ. (5.6)

Upon multiplying (5.6) by 2πr|K(r)| and then integrating overr, we get∫ 2π

0

∫ ∞
0

∣∣K(r)∣∣e2u(r)r dr dθ ≤
∫
R2
|K(x)|e2u(x)dx, (5.7)

which now shows that (5.4) holds because of (2.15). Similarly, if (3.6) holds, then
we can multiply (5.6) by 2πr(ln r)2|K(r)| and subsequently integrate the result over
r to get∫ 2π

0

∫ ∞
0

∣∣K(r)∣∣e2u(r)(ln r)2r dr dθ ≤
∫
R2
|K(x)|e2u(x)(ln |x|)2dx, (5.8)

which shows that (5.5) now holds because of (3.6).

6. The comparison function. In this section, we construct a comparison function
for u, a classical solution of (1.2) satisfying (2.8) and (2.15), withK satisfying (2.12).
In caseK(u) = κ∗(K), we assume that (3.6) is satisfied. Recall thatu is defined
by (5.2).

We first introduce a functiong : [0,∞)→R, given by

g(r)= r
∫ ∞
r

∣∣K(s)∣∣e2u(s)s(ln s)2ds−r ln r
∫ ∞
r

∣∣K(s)∣∣e2u(s)s ln s ds, (6.1)

if r > 0, whileg(0) is given by continuous extension tor = 0. Notice thatg is well-
defined forr ≥ 0, for, by Lemma 5.3, the integrals are well-defined for allr ≥ 0, and
r ln r has a removable singularity atr = 0.
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Lemma 6.1. The functiong defined in (6.1) is the uniqueC2(R+) solution of the
inhomogeneous Euler equation

r2g′′(r)−rg′(r)+g(r)= ∣∣K(r)∣∣e2u(r)r3 ln r, (6.2)

under the asymptotic condition

g(r)= o(r) asr −→∞. (6.3)

Furthermore,g is eventually positive,

g(r)≥ 0 if r > 1, (6.4)

andg vanishes atr = 0,

g(0)= 0. (6.5)

Proof. Inserting (6.1) into (6.2), one verifies that (6.1) is a particular solution
of (6.2). Moreover, since|K| ≥ 0 and r < s, when r > 1 we have the bounds
0< (ln r)(ln s) < (ln s)2, which imply

0≤ g(r)≤ r
∫ ∞
r

∣∣K(s)∣∣e2u(s)s(ln s)2ds for r > 1. (6.6)

The first inequality in (6.6) states positivity (6.4), and both together prove (6.3), for
clearly

0≤ lim
r→∞

g(r)

r
≤ lim
r→∞

∫ ∞
r

∣∣K(s)∣∣e2u(s)s(ln s)2ds = 0, (6.7)

the last step as a consequence of Lemma 5.3. Moreover, sinceg(0) is defined by
g(0)= limr→0g(r), (6.5) holds because of Lemma 5.3 andr ln r→ 0 for r→ 0.

The general solution of (6.2) is obtained by adding to this particular solution the
general solution of the homogeneous problemAr+Br ln r, with A,B constants. By
(6.3), we conclude thatA= B = 0, and thus also uniqueness is shown.

Let α > 0, and defineR(α) as the smallestR > 0 such thatr−αg(r) > e for all
r > R. By (6.5), (6.3), and the continuity ofr 7→ r−αg(r), it follows that a positive
R(α) exists and thatR(α)−αg(R(α)) = e. We now introduce the family of radial
functionsfα :R2\BR(α)→R, given by

fα(x)= ln
(|x|−αg(|x|)). (6.8)

Clearly,fα(x) > 1 for |x|>R(α), andfα(x)= 1 for |x| = R(α). We also introduce

α∗(u)= 2e2c(u), (6.9)

wherec(u) is defined in Lemma 5.2.
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Lemma 6.2. Given u, α > α∗(u), the functionfα defined in (6.8) satisfies the
partial differential inequality

1fα(x)+2K(x)e2u(x)fα(x) < 0 (6.10)

for all x satisfying|x|>max{1,R(α)}.
Proof. In the following,g′(r)= ∂rg(r), and so on. Recall thatr = |x|.
By explicit calculation we find

1fα(x)

fα(x)
= α

(−r2g′′(r)+rg′(r)−g(r))+α2
(
rg(r)g′′(r)−rg′(r)2+g(r)g′(r))

r
(
r−αg(r))2 ln

(
r−αg(r))

=− α
∣∣K(r)∣∣e2u(r)(

1−αg(r)/r)(1+ ln
(
1−αg(r)/r)/ ln r

)
− α2

(
g(r)−rg′(r))2

r2
(
r−αg(r))2 ln

(
r−αg(r))

<−α|K(x)|e2u(|x|) for r > R(α),
(6.11)

the last step by the facts thatr > 1 andαg(r) > 0 for r > 1, andr > R(α) and
1−αg/r > 1/r for r > R(α). By (6.11), Lemma 5.2, andα > α∗(u) defined in (6.9),
we now have

1fα(x)+2K(x)e2u(x)fα(x) <−
(
α|K(x)|e2u(|x|)−2K(x)e2u(x))fα(|x|)

≤−(α|K(x)|e−2c(u)−2K(x)
)
e2u(x)fα(|x|)

≤ 0

(6.12)

for all x satisfying|x|>max{1,R(α)}.

7. Proof of symmetry Theorems 3.2 and 3.3.In the following, we always under-
stand thatSg ∈ SK , thatu is the associated solution of (1.2), and that (3.6) is assumed
to be satisfied in case thatK(u) = κ∗(K). Moreover, ifK is unbounded below, it is
also assumed that either (3.2) or (3.3) holds.

By Lemma 4.2,u(x)→ −∞ as |x| → ∞. Therefore, and sinceu is a classical
solution,u has a global maximum, say, atx∗. SinceK satisfies (2.12), ifx 7→ u(x)

solves (1.2), then so doesx 7→ u(R(x)) for anyR ∈ SO(2). Therefore, after at most
a rotation, we can assume that our solutionu has a global maximum at the point
x∗ = (−|x∗|,0), with |x∗| ≥ 0.

We now introduce the family of straight lines

Tλ =
{
x ∈R2 | x1= λ

}
(7.1)
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and the half-plane “left ofTλ,”

6λ =
{
x : x1< λ

}
. (7.2)

We denote the reflection ofx at Tλ by

x(λ) = (2λ−x1,x2
)
. (7.3)

Lemma 7.1. For x1 ≤ λ≤ 0, and in particular forx ∈6λ, with λ≤ 0, we have

K(x)≤K(x(λ)). (7.4)

Proof. K satisfies (2.12).

We next introduceuλ(x)= u(x(λ)), and also

vλ(x)= uλ(x)−u(x). (7.5)

Clearly,vλ is well defined onR2.

Lemma 7.2. For all λ ∈R, vλ vanishes onTλ and at infinity; that is,

lim|x|→∞vλ(x)= 0 (7.6)

uniformly in |x|.
Proof. Notice that onTλ we havex(λ) = x, hencevλ(x) = 0 for x ∈ Tλ. The

vanishing ofvλ at infinity is a consequence of Lemma 4.2.

We next resort to our comparison functionfα. We pick anyα > α∗(u) and introduce
the functionwλ :6λ∪Tλ→R, defined as

wλ(x)=


vλ(x)

fα(x)
, |x| ≥ R(α),

vλ(x), |x| ≤ R(α).
(7.7)

Notice thatwλ is twice continuously differentiable at allx with |x| 6= R(α), and is
continuous as a function ofx ∈6λ∪Tλ, with anyλ. It vanishes for|x| →∞ as well
as forx ∈ Tλ. Therefore, ifwλ(x) < 0 for somex ∈ 6λ, thenwλ will have a global
negative minimum in6λ. Our next lemma allows us to initialize the moving planes
argument and also to finalize it.

Lemma 7.3. For eachu, there exists anR(u) > 0 such that, ifx∗ ∈ 6λ is a
minimum point forwλ, andwλ(x∗) < 0, then|x∗|<R(u), independently ofλ.

Proof. We begin by observing that, in the flat caseK ≡ 0, u= const., andvλ ≡ 0
for all λ, so that the claim is trivially true.
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In the nonflat case whereK 6≡ 0, we prove Lemma 7.3 by contradiction. Thus,
assume that no suchR(u) exists. Then, for anyR, we can find aλ ≤ 0 such that
|x∗| > R, wherex∗ ∈ 6λ is a minimum point forwλ with wλ(x∗) < 0. In particular,
we may chooseR > max{1,R(α)}. At such a minimum pointx∗ ∈ 6λ, we have
∇wλ(x∗)= 0 and1wλ(x∗)≥ 0, and, of course,wλ(x∗) < 0.

First, notice that the reflected functionuλ satisfies the PDE

−1uλ(x)=K
(
x(λ)

)
e2uλ(x). (7.8)

Taking the difference between (7.8) and (1.2), we get

−1vλ(x)=K
(
x(λ)

)
e2uλ(x)−K(x)e2u(x). (7.9)

By the mean value theorem, there exists a numberψλ(x) betweenu(x) andu(x(λ))
such that

e2uλ(x)−e2u(x) = 2vλ(x)e
2ψλ(x). (7.10)

By (7.10) and Lemma 7.1, we see thatvλ satisfies the partial differential inequality

1vλ(x)+2K(x)e2ψλ(x)vλ(x)≤ 0, (7.11)

for all x ∈6λ. With the help of (7.11), we now easily find thatwλ satisfies the partial
differential inequality

1wλ(x)+2
∇fα(x)
fα(x)

·∇wλ(x)+
(
1fα(x)

fα(x)
+2K(x)e2ψ(x)

)
wλ(x)≤ 0, (7.12)

for all x ∈6λ for which |x|>max{1,R(α)}. Now, by assumption,wλ(x∗) < 0, with
|x∗| > max{1,R(α)}, and sincefα(x) > 1 for |x| > max{1,R(α)}, we also have
vλ(x∗) < 0, and this means thatuλ(x∗) < u(x∗). But thenψλ(x∗) ≤ u(x∗). Making
use of this and of∇wλ(x∗)= 0, from (7.12) we now obtain the inequality

1wλ(x∗)+
(
1fα(x∗)
fα(x∗)

+2K(x∗)e2u(x∗)
)
wλ(x∗)≤ 0. (7.13)

Using now Lemma 6.2, recalling thatα > α∗(u), in combination withwλ(x∗) < 0, we
see that (7.13) implies that1wλ(x∗) < 0. But this is a contradiction to1wλ(x∗)≥ 0.

Hence,wλ has no strictly negative minimum outside the diskBR(u) with R(u) =
max{1,R(α∗(u))}. This concludes the proof of Lemma 7.3.

Corollary 7.4. For eachu, whenλ <−R(u), thenvλ(x)≥ 0 for x ∈6λ.
Proof. Assumevλ(x∗) < 0 for somex∗ ∈ 6λ, with λ < −R(u). Then, since

wλ = vλ/fα for all x ∈ 6λ with λ < −R(u), and sincefα > 1 for all x ∈ 6λ with
λ < −R(u), we conclude thatwλ(x∗) < 0 for x∗ ∈ 6λ with λ < −R(u). But then,
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sincewλ → 0 as |x| → ∞, andwλ = 0 on Tλ, we see thatwλ attains a negative
minimum for somex∗ ∈6λ, with λ <−R(u). This is a contradiction to Lemma 7.3.

Recall the maximum principle (MP) and the Hopf maximum principle (HMP)
(see [31]).
MP: Let1v(x)+∑i bi(x)∂xi v(x)+c(x)v(x)≤ 0 in �⊂Rn andv ≥ 0. If v(x̂)= 0
for at least onêx ∈ int(�), thenv ≡ 0 in all of �.
HMP: Under the same assumptions as in MP, ifv 6≡ 0 in �, and∂� is smooth with
v|∂� ≡ 0, then∂v/∂ν < 0, where∂v/∂ν is the exterior normal derivative on∂�.

Notice that no sign condition is being imposed onc(x) as the minimum ofv is 0.
We are now ready for the moving lines. The arguments in our ensuing proof of

Theorems 3.2 and 3.3 are a straightforward modification of those in the proof of
[12, Theorem P1]. For the convenience of the reader, we give the complete argument
instead of listing where to modify the arguments of [12].

Proof of Theorems 3.2 and 3.3.By Lemma 7.4,vλ(x) ≥ 0 for λ < −R(u), inde-
pendently ofλ. We now slide the lineTλ to the right until we reach a critical value
λ0, which is the largest value ofλ for which vλ(x)≥ 0, x ∈6λ.

Claim A. We havevλ(x) > 0 for x ∈6λ with λ < λ0, and∂x1u > 0 for x1< λ0.

Claim B. We haveλ0=−|x∗|.
Proof of Claim A. We begin by establishing the first assertion in Claim A. Sup-

pose, forλ < λ0, thatvλ(x) = 0 at some pointx ∈ 6λ. Sincevλ(x) ≥ 0 for x ∈ 6λ,
if vλ(x) = 0, the minimum ofvλ(x) is achieved in6λ. Since (7.11) holds, and
vλ(x) ≥ 0, we can apply the maximum principle and deducevλ(x) ≡ 0 in 6λ. This
means forλ = λ0− δ, someδ > 0, thatu(λ0−2δ,x2) = u(λ0,x2). But vλ(x) ≥ 0,
thusu(x(λ))≥ u(x), which implies∂x1u≥ 0 for x1 ≤ λ0. This fact, together with the
fact u(λ0−2δ,x2) = u(λ0,x2), yields∂x1u = 0 for λ0−2δ ≤ x1 ≤ λ0. In particular,
∂x1u = 0 whenx1 = λ0−2δ. By the HMP and the MP, we havevλ ≡ 0 if and only
if ∂x1vλ = 0 on Tλ. Now, ∂x1vλ = −2∂x1u for x1 = λ. But, since∂x1u = 0 when
x1= λ0−2δ, we see∂x1vλ0−2δ = 0 for x1= λ0−2δ or, which is the same, onTλ0−2δ.
Now the HMP saysvλ0−2δ ≡ 0. We may repeat this procedure indefinitely and thus
deduce thatu is independent ofx1. This is a contradiction, and so the first assertion
of Claim A is proved.

As for the second assertion of Claim A, note that sincevλ > 0 in 6λ for λ < λ0,
andvλ = 0 onTλ, by the HMP we get∂x1vλ < 0 onTλ. Since forx1 = λ, we have
∂x1u =−(1/2)∂x1vλ, we also have∂x1(u) > 0 for x1 = λ, with λ < λ0. So Claim A
is proved.

Proof of Claim B. From the second assertion in Claim A, we seeu is strictly
increasing forx1 < λ0. By a rotation, we had arranged that the maximum ofu is at
(−|x∗|,0). It follows thatλ0 ≤ −|x∗|. Thus, to prove Claim B, we need to rule out
the caseλ0 <−|x∗|.
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Assumeλ0 <−|x∗|. There are two possibilities. Eithervλ0 ≡ 0 or vλ0 6≡ 0.
We will first rule out the caseλ0 < −|x∗|, andvλ0 6≡ 0. Indeed, sincevλ0(x) ≡ 0

for x ∈ Tλ0 and for |x| → ∞, but vλ0 6≡ 0 in 6λ0, and sincevλ0 satisfies (7.11),
then by the MP we getvλ0 > 0 for x1 < λ0. Hence, by the HMP,∂x1vλ0 < 0 when
x1 = λ0. On the other hand, by definition ofλ0, there exists a sequence of numbers
λk, decreasing toλ0, such thatvλk < 0, hence alsowλk < 0, andλ0 < λk <−|x∗| .
Notice thatwλk is well defined forλk < −|x∗|. Let xk be a minimum point for
wλk . Thenwλk (xk) < 0 and∇wλk (xk) = 0. As Lemma 7.3 implies|xk| < R(u),
independently ofλ, there exists a subsequencexkj → x∗ such that∇wλ0(x

∗) = 0
andwλ0(x

∗)≤ 0 for x∗ = (A,B), A≤ λ0. This is a contradiction. Thus, our claim is
proved in this case.

We now rule out the caseλ0 < −|x∗| andvλ0 ≡ 0. Indeed, in that caseu(xλ0) =
u(x) for x ∈6λ0. But u attains its maximum at(−|x∗|,0) and by Claim A,∂x1u > 0
for x1< λ0. Sinceλ0 <−|x∗|, it follows that∂x1u= 0 at(|x∗|+2λ0,0), which again
is a contradiction.

Thus,λ0 = −|x∗|. Recall thatλ0 is the largest value ofλ for which vλ(x) ≥ 0,
x ∈6λ. Hence,v−|x∗|(x)≥ 0 for x ∈6−|x∗|, thusu−|x∗|(x)≥ u(x).

We may now repeat this argument by sliding the lineTλ in from x1 = ∞ to get
u−|x∗|(x)≤ u(x). Putting the two inequalities together, we conclude thatu−|x∗|(x)=
u(x). This now implies thatu is symmetric with respect toT−|x∗|. Moreover, from
the arguments involving the HMP, we see that any solution is also decreasing away
from T−|x∗|. Recall that(−|x∗|,0) is the point of global maximum ofu.

Finally, if x∗ 6= 0, then, sinceu satisfies (1.2), and sinceK is radially symmetric
about(0,0), we conclude thatK is a constant. But ifK is a constant, then ifu(x) is
a solution of (1.2), so isu(x+x∗) for any fixedx∗. Thus, by a simple translation of
the origin tox∗, we can assume that our solution is in fact symmetric with respect to,
and decreasing away from,T0. On the other hand, ifK 6≡ const., thenx∗ = 0, and
again our solution is symmetric with respect to, and decreasing away from,T0. But
if x∗ = 0, then we can repeat our moving line argument with any other than thex1-
direction; thus, we come to the conclusion thatu is symmetric about, and decreasing
away from, any straight line through the origin. This now means thatu is radially
symmetric about and decreasing away from the origin, modulo a translation in case
thatK = const.

This completes the proof of Theorems 3.2 and 3.3.

8. Proof of existence theorem 2.1.We begin with the remark that, in the special
case of identically vanishing Gauss curvature, our Theorem 2.1 is obviously true.
Hence, in the rest of this section, we assume that the Gauss curvature is not identically
zero.

In the following, we prove a probabilistic theorem which implies Theorem 2.1 as
an immediate corollary. Incidentally, the proof also provides us with an algorithm
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for the construction(in principle at least) of nonradial surfaces. We use the meth-
ods developed in [37] (see also [8]), [40], and [41]. For applications to Nirenberg’s
problem, see [38].

We first introduce some probabilistic notation and terminology. In the following,x1,
x2, . . . denote points inR2, not Cartesian components ofx. LetN denote the natural
numbers. For eachN ∈N, we denote the probability measures onR2N by P(R2N).
For %(N) ∈ P(R2N), we denote the associated Radon measure by%̂ (N). A measure
%(N) ∈ P(R2N) is called absolutely continuous with respect to a measure$(N) ∈
P(R2N), written d%(N)� d$(N), if there exists a positived$(N)-integrable function
f (x1, . . . ,xN), called the density of%(N) with respect to$(N), such that d%(N) =
f (x1, . . . ,xN)d$(N). By P s(R2N), we denote the exchangeable probabilities, that
is, the subset ofP(R2N) whose elements are permutation symmetric inx1, . . . ,xN .
The nth marginal measure of%(N) ∈ P s(R2N), n < N , is an element ofP s(R2n),
given by

%(N)n

(
dx1 · · ·dxn

)= ∫
R2N−2n

%(N)
(
dx1 · · ·dxndxn+1 · · ·dxN

)
. (8.1)

By �≡ (R2)
N

, we denote the infinite Cartesian product of the exchangeableR2-
valued infinite sequences. ByP s(�), we denote the permutation symmetric proba-
bility measures on�. The de Finetti-type result of Hewitt and Savage [35] states that
eachµ ∈ P s(�) is uniquely presentable as a convex superposition of product mea-
sures; that is, for eachµ ∈ P s(�), there exists a unique probability measureν(d% | µ)
onP(R2), such that

µn
(
dx1 · · ·dxn

)= ∫
P(R2)

ν
(
d% | µ)%⊗n(dx1 · · ·dxn

)
, n ∈N, (8.2)

where%⊗n(dx1 · · ·dxn) ≡ %(dx1)⊗·· ·⊗%(dxn), andµn denotes thenth marginal
measure ofµ. For de Finetti’s original work, see [29] (see also [27], [24], and [25]).
We remark that (8.2) coincides with the extremal decomposition for the convex set
P s(�), an application of the Krein-Milman theorem. For details, see [35].

To % ∈ P(R2), we assign the energy

E(%)≡ 1

2
%̂⊗2( ln |x−y|)= 1

2

∫
R2

∫
R2

ln |x−y|%(dx)%(dy), (8.3)

whenever the integral on the right exists. We denote byPE(R2) the subset ofP(R2)

for which E(%) exists. Forµ ∈ P s(�), the mean energy ofµ is defined as

e(µ)= 1

2
µ̂2
(
ln |x−y|), (8.4)

whenever the integral on the right exists. The following proposition, proved in [57],
characterizes the subset ofP s(�) for which (8.4) is well-defined.



PRESCRIBED GAUSS CURVATURE 333

Proposition 8.1. The mean energy ofµ, (8.4), is well-defined for thoseµ whose
decomposition measureν(d% | µ) is concentrated onPE(R2), and in that case given
by

e(µ)=
∫
PE(R2)

ν
(
d% | µ)E(%). (8.5)

Let ϒ :R2→R+ be anL∞ function,ϒ 6≡ 0. For some entire harmonic function
H , which may be constant, and all 0< γ < 2, we assumeϒ satisfies∫

B1(y)

ϒ(x)e2H(x)|x−y|−γ dx−→ 0 as|y| −→∞. (8.6)

Moreover, we assume that for the same harmonic functionH and someq > 0, ϒ
satisfies ∫

R2
ϒ(x)e2H(x)|x|q dx <∞, (8.7)

and we define

q∗(ϒ,H)= sup

{
q > 0 :

∫
R2
ϒ(x)e2H(x)|x|q dx <∞

}
. (8.8)

Given suchH andϒ , we now define the a priori measure

τ(dx)= ϒ(x)e2H(x)dx (8.9)

onR2. Sinceϒ satisfies (8.7), the integral

M(1) =
∫
R2
τ(dx) (8.10)

exists and is called the mass ofτ . The probability measure associated toτ , given by

µ(1)(dx)= 1

M(1)
τ (dx), (8.11)

is thus clearly absolutely continuous with respect to dx.
For each%(N)(dx1 · · ·dxN) ∈ P(R2N), its entropy with respect to the probability

measureµ(1)(dx1)⊗·· ·⊗µ(1)(dxN)≡ µ(1)⊗N(dx1 · · ·dxN) is defined as

S(N)
(
%(N)

)=−∫
R2N

ln

(
d%(N)

dµ(1)⊗N

)
%(N)

(
dx1 · · ·dxN

)
, (8.12)

if %(N) is absolutely continuous with respect to dτ⊗N , and provided the integral in
(8.12) exists. In all other cases,S(N)(%(N)) = −∞. In particular, ifµn is thenth
marginal measure of aµ ∈ P s(�), then the entropy ofµn, n ∈ {1, . . . }, is given by
S(n)(µn), with S(n) defined as in (8.12) with%(n) = µn. We also defineS(0)(µ0)= 0.
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For eachµ ∈ P s(�), the sequencen 7→ S(n)(µn) enjoys the following useful
properties, proofs of which are found in [55, Section 2, proof of Proposition 1] (see
also [28] and [37]).

Nonpositivity ofS(n)(µn): For all n,

S(n)(µn)≤ 0. (8.13)

Monotonic decrease ofS(n)(µn): If n < n′, then

S(n
′)(µn′)≤ S(n)(µn). (8.14)

Strong subadditivity ofS(n)(µn): For n′,n′′ ≤ n, and withS(−m)(µ−m) ≡ 0 for
m> 0,

S(n)(µn)≤ S(n
′)(µn′)+S(n

′′)(µn′′)

+S(n−n′−n′′)
(
µn−n′−n′′

)−S(n
′+n′′−n)(µn′+n′′−n). (8.15)

As a consequence of the subadditivity (8.15) ofS(n)(µn), the limit

s(µ)= lim
n→∞

1

n
S(n)(µn) (8.16)

exists whenever infn n−1S(n)(µn) >−∞; otherwise,s(µ)=−∞. The quantitys(µ)
given in (8.16) is called the mean entropy ofµ ∈ P s(�). The mean entropy is an
affine function (see [55]). This entails the following useful representation, proved in
[55].

Proposition 8.2. The mean entropy ofµ, (8.16), is given by

s(µ)=
∫
P(R2)

ν
(
d% | µ)S(1)(%). (8.17)

Next, identifying eachxk ∈ R2 with the correspondingzk ∈ C, we recall the
definition of the alternant1(N)(x1, . . . ,xN),

1(N)
(
x1, . . . ,xN

)= ∏
1≤i<j≤N

(
zi−zj

)
. (8.18)

Clearly, ∣∣1(N)∣∣(x1, . . . ,xN
)= ∏

1≤i<j≤N

∣∣xi−xj ∣∣. (8.19)

We also recall the definition ofq∗ > 0 in (8.8) and define

β∗(ϒ,H)=−2q∗. (8.20)
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Forβ ∈ (β∗,4), andN ∈N, we now introduce the probability measureµ(N) onR2N

by

µ(N)
(
dx1 · · ·dxN

)≡ 1

M(N)(β)

∣∣1(N)∣∣−β/N (x1, . . . ,xN
) ∏

1≤`≤N
τ(dx`) (8.21)

if N > 1, andµ(N) ≡ µ(1) given in (8.11) ifN = 1. The next lemma asserts that
(8.21) is well-defined for allN ∈N, and allβ ∈ (β∗,4).

Lemma 8.3. For all β ∈ (β∗,4), the measure (8.21) satisfiesdµ(N) � dτ⊗N .
Moreover, for the associated density we havedµ(N)/dτ⊗N ∈ Lp(R2N,dτ⊗N), with
p ∈ [1,β∗/β) whenβ < 0, p ∈ [1,∞] whenβ = 0, andp ∈ [1,4/β) whenβ > 0.

Proof. First, if β = 0, orN = 1, the claim is obviously true.
If N > 1 andβ ∈ (β∗,0), we make use of the inequality∣∣xi−xj ∣∣≤ (|xi |+2

)(|xj |+2
)
, (8.22)

valid for any twoxi ∈ R2 andxj ∈ R2. Inequality (8.22) is a consequence of the
triangle inequality|xi −xj | ≤ |xi |+ |xj |, the fact that|x| < |x|+2, and finally the
fact thatr+s < sr when bothr > 2 ands > 2. To verify this last inequality, use that
2+r < 2r wheneverr > 2, so that whenr > 2 ands > 2, we haver+s = r+2+ε <
2r+ε = (2+ε)r−εr+ε = sr−ε(r−1) < sr. With the help of (8.22), we now have
for β < 0,

M(N)(β)=
∫
R2N

∣∣1(N)∣∣−β/N (x1, . . . ,xN
) ∏

1≤k≤N
τ(dxk)

≤
∫
R2N

∏
1≤i≤N

(
2+|xi |

)−β/2
τ(dxi)

=
(∫

R2

(
2+|x|)−β/2τ(dx))N.

(8.23)

The last integral exists, by hypothesis (8.7). This proves dµ(N) � dτ⊗N for β ∈
(β∗,0).

If N > 1 andβ ∈ (0,4), we use the inequality between arithmetic and geometric
means (see [34]), permutation invariance (twice), and Hölder’s inequality (see [34]),
to get

M(N)(β)=
∫
R2N

∣∣1(N)∣∣−β/N (x1, . . . ,xN
) ∏

1≤k≤N
τ(dxk)

≤
∫
R2N

1

N

∑
1≤i≤N

∏
1≤j≤N
(j 6=i)

∣∣xi−xj ∣∣−β/2 ∏
1≤k≤N

τ(dxk)
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=
∫
R2

∫
R2(N−1)

∏
2≤j≤N

∣∣x1−xj
∣∣−β/2τ(dxj )τ(dx1)

=
∫
R2

(∫
R2
|x−y|−β/2τ(dy)

)N−1

τ(dx) (8.24)

≤
(

sup
x

∫
R2
|x−y|−β/2τ(dy)

)N−1

M(1).

In the last step, we used that forβ ∈ (0,4), we have∫
R2
|x−y|−β/2τ(dy) <M(1)+9β(x), (8.25)

with9β : x 7→
∫
B1(x)
|x−y|−β/2τ(dy) ∈ C0(R2) (becauseϒ ∈ L∞) and9β(x)→ 0

for |x| →∞ (by hypothesis (8.6)). This proves dµ(N)� dτ⊗N for β ∈ (0,4).
By repeating now the same chains of estimates withpβ in place ofβ, one concludes

that dµ(N)/dτ⊗N ∈ Lp(R2N,dτ⊗N) for all p ∈ [1,4/β) whenβ > 0, respectively,
all p ∈ [1,β∗/β) whenβ < 0.

We now come to the main theorem of this section. It addresses the limiting behavior
of µ(N)n asN→∞, with n arbitrary but fixed.

Theorem 8.4. The sequence of probability measuresN 7→ µ
(N)
n (dx1 · · ·dxn) is

the union of weakly convergent subsequences in the sense that there exist disjoint
sequencesE` = {N`(k)}k∈N, E`∩E`′ = ∅, for ` 6= `′, such that for each̀, the map
k 7→ µ

(N`(k))
n (dx1 · · ·dxn) converges weakly in the sense of probability measures,

with densities with respect todτ⊗n converging weakly inLp(R2n,dτ⊗n), for all
p ∈ [1,∞).

Let µ`n denote the weak limit point of such a subsequence. Then there exists a
uniqueµ` ∈ P s(�) (of whichµ`n is thenth marginal), andµ` has its decomposition
measureν(d% | µ`) concentrated on the subset ofP(R2)∩⋃p>1L

p(R2,dτ), whose
elements minimize the functional

Fβ(%)= βE(%)−S(1)(%). (8.26)

Remark 8.5. Notice that Theorem 8.4 asserts thatFβ does have a minimizer
%β ∈ PE. If it can be shown that (8.26) has a unique minimizer, say,%β , then in fact
we have convergence to a product measure,

lim
N→∞µ

(N)
n

(
dx1 · · ·dxn

)= ⊗
1≤k≤n

%β(dxk), (8.27)

weakly inP(R2n)∩Lp(R2n,dτ⊗n) for anyp ∈ [1,∞).
Before we prove Theorem 8.4, we show that Theorem 2.1 is a corollary of Theo-

rem 8.4.
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Proof of Theorem 2.1.Assume that all hypotheses of Theorem 8.4 are fulfilled.
Then (8.26) has a solution for allβ ∈ (β∗,4). The minimizers of (8.26) are of the
form %(dx)= ρ(x)dx, with ρ satisfying the Euler-Lagrange equation

ρ(x)= ϒ(x)exp
(−β ∫R2 ln |x−y|ρ(y)dy+2H(x)

)∫
R2ϒ(x)exp

(−β ∫R2 ln |x−y|ρ(y)dy+2H(x)
)
dx
. (8.28)

Recall thatϒ ≥ 0, by hypothesis. Ifβ ∈ (0,4), we now identifyϒ with a (positive)
Gauss curvature function,K ≡ ϒ , and ifβ ∈ (β∗,0), we identify−ϒ with a (negative)
Gauss curvature function,K ≡ −ϒ . In either case,K satisfies the hypotheses of
Theorem 2.1. We also identifyβπ with the integral Gauss curvature,

κ = βπ, (8.29)

and we notice thatβ∗π = κ∗, defined in (2.4).
We now pick a corresponding solution of (8.28), say,ρ

H,β
, which exists by Theorem

8.4. With the help of thisρ
H,β

, we define, for allx ∈R2, the function

UH,κ(x)=H(x)− β
2

∫
R2

ln |x−y|ρ
H,β
(y)dy+U0, (8.30)

the constantU0 being uniquely determined by the requirement that∫
R2
K(x)e2UH,κ (x)dx = κ. (8.31)

By Theorem 8.4,ρ
H,β
∈ Lp(R2,dτ) for all p ∈ [1,∞), henceUH,κ ∈W2,p

loc ∩ L∞loc.
With1 ln |x−y| = 2πδ(x−y), it now follows thatu(x)= UH,κ(x) is a distributional
solution of (1.2) for the prescribed Gauss curvature functionK, with K satisfying
(2.2) and (2.3), andu satisfying the asymptotics (2.7).

For the subset ofK ∈ C0,α(R2), we can bootstrap toUH,κ ∈ C2,α(R2) by using
elliptic regularity, thus obtaining an entire classical solution of (1.2). For the further
subset ofK satisfying also (2.1), this classical solution obviously breaks the radial
symmetry ifH 6≡ constant. Finally, for the further subset ofK satisfying (2.12), a
straightforward estimate shows that (2.2) is redundant.

This concludes the proof of Theorem 2.1.

We now prepare the proof of Theorem 8.4. Let5(R2N) denote the subset of
P(R2N) whose elements are absolutely continuous with respect to dτ⊗N , having
density d%(N)/dτ⊗N ∈⋃p>1L

p(R2N,dτ⊗N). On5(R2N), we define the functional

F(N)
β

(
%(N)

)= β%̂(N)(ln∣∣1(N)∣∣)−NS(N)
(
%(N)

)
. (8.32)

Lemma 8.6. For eachβ ∈ (β∗,4), the functional (8.32) takes its unique minimum
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at the probability measure (8.21); that is,

min
%(N)∈5(R2N)

F(N)
β

(
%(N)

)= F(N)
β

(
µ(N)

)
. (8.33)

Moreover,

F(N)
β

(
µ(N)

)=−N ln µ̂(1)⊗N
(∣∣1(N)∣∣−β/N ). (8.34)

For β ≥ 4, and forβ < β∗, (8.32) is unbounded below.

Proof. Since ln|1(N)| ∈ Lp(R2N,dτ⊗N) for all p ∈ [1,∞) by Lemma 8.3, the
integral F(N)

β (µ(N)) is well-defined forβ ∈ (β∗,4). The identity (8.34) is readily
verified by explicit computation. In turn, the Gibbs variational principle (8.33) is just
convex duality [56], verified by the standard convexity argument (cf. [28, proof of
Proposition I.4.1]). Thus, rewriting (8.32) as

F(N)
β

(
%(N)

)= ∫
R2N

ln

(
d%(N)

dµ(N)

)
d%(N)

dµ(N)
dx1 · · ·dxN (8.35)

and using nowx lnx ≥ x − 1, with equality if and only ifx = 1, we find that
F(N)
β (%(N))≥ 0, with equality holding if and only if%(N) = µ(N). This proves Lemma

8.6 forβ ∈ (β∗,4).
Now, letβ ≥ 4, orβ < β∗. Assume thatM(N)(β) is finite. Then, by (8.34) and by

the Gibbs variational principle (8.33), we have min%F(N)
β (%(N)) = −N lnM(N)(β).

However, a simple scaling argument shows thatM(N)(β ≥ 4) > C for anyC, and
similarly we haveM(N)(β < β∗) > C for anyC, by definition ofβ∗. This verifies
the unboundedness below of (8.32) forβ ≥ 4 andβ < β∗.

Lemmas 8.6 and 8.3 entail the following lemma.

Lemma 8.7. The functionβ 7→ F(β) defined by

F(β)≡ inf
%∈5(R2)

Fβ(%) (8.36)

is continuous for allβ ∈ (β∗,4).
Proof. Gibbs’ variational principle (8.33) evaluated with a trial product measure

%(N) = %⊗N ∈ P(R2N), with % ∈ P(R2)∩Lp(R2,dτ) for somep > 1, gives us

1

N2
F(N)
β

(
µ(N)

)≤ 1

N2
F(N)
β

(
%⊗N

)= (1− 1

N

)
βE(%)−S(1)(%) (8.37)

for all % ∈ P(R2)∩Lp(R2,dτ), p > 1, andN > 1. Now, by (8.23) and (8.24), the
left-hand side in (8.37) is uniformly bounded below. LettingN →∞ in (8.37), we
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obtain a lower bound forFβ(%), uniformly overP(R2)∩Lp(R2,dτ), p > 1, for each
β ∈ (β∗,4). Thus,

βE(%)−S(1)(%)≥ limsup
N→∞

1

N2
F(N)
β

(
µ(N)

)≥ lim inf
N→∞

1

N2
F(N)
β

(
µ(N)

)≥ f0(β),

(8.38)

with

f0(β)=


− lnsup

x

∫
R2
|x−y|−β/2µ(1)(dy) for β ≥ 0,

− ln
∫
R2

(
2+|x|)−β/2µ(1)(dx) for β ≤ 0.

(8.39)

Recalling (8.26), this proves thatFβ is bounded below forβ ∈ (β∗,4).
Having a lower bound, continuity ofF now follows from the definition ofF .

Assume thatF is discontinuous atβ0 ∈ (β∗,4). Without loss of generality, we can
assumeF(β−0 ) > F(β+0 ). (The reverse caseF(β−0 ) < F(β+0 ) is treated essentially
verbatim.) Now letβ = β0+ε. Clearly, for eachε we can find a minimizing sequence
{%k}k∈N (depending onε) such thatFβ0+ε(%k) < F(β+)+ δ if k > M(δ). Pick a
sufficiently smallδ and select a%∗ ∈ {%k}k>M(δ). Insert this%∗ into Fβ0−ε . Using
Fβ = βE−S(1), we find, for anyε andδ,

F(β0−ε)≤ Fβ0−ε(%∗)
= Fβ0+ε(%∗)−2εE(%∗)
≤ F(β0+ε)+δ−2εE(%∗).

(8.40)

Letting ε→ 0 andδ→ 0, we obtainF(β−0 )≤ F(β+0 ), which is a contradiction.

Taking the infimum over% in (8.38) and noting Lemma 8.7, gives the following
proposition.

Proposition 8.8. For all β ∈ (β∗,4),

limsup
N→∞

1

N2
F(N)
β

(
µ(N)

)≤ F(β). (8.41)

Proposition 8.8 is complemented by a sharp estimate in the opposite direction.

Proposition 8.9. For all β ∈ (β∗,4),

lim inf
N→∞

1

N2
F(N)
β

(
µ(N)

)≥ F(β). (8.42)

To prove Proposition 8.9, we need to prove that the sequence of thenth marginal
measuresµ(N)n is not “leaking at∞” as N → ∞. Whenβ > 0, we also need to
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show that the sequences of the densities dµ
(N)
n /dτ⊗n of these marginal measures

are uniformly inLp(R2n,dτ⊗n) for N > Nn(β). However, since it gives a priori
regularity, we prove uniformLp bounds for allβ ∈ (β∗,4). We remark that whenϒ
is radially symmetric decreasing, or has compact support, then many of the following
proofs simplify considerably, some to trivialities. However, since we work with a
minimal set of assumptions onϒ , it is unavoidable that the ensuing estimates become
somewhat more technical.

We begin by deriving bounds on the expected value of ln|1(N)| with respect to
µ(N) which, using permutation symmetry, can be written in terms ofµ

(N)
2 ,

µ̂(N)
(
ln
∣∣1(N)∣∣)=N(N−1)

1

2
µ̂
(N)
2

(
ln |x−y|). (8.43)

Lemma 8.10. For eachβ ∈ (β∗,4), there exist constantsC(β) andC(β), inde-
pendent ofN , such that for allN ≥ 2, we have the estimates

C(β)≥ βµ̂(1)⊗2( ln |x−y|)≥ βµ̂(N)2

(
ln |x−y|)≥ C(β). (8.44)

Proof. The first inequality in (8.44) is implied by our hypotheses (8.6) and (8.7)
that enter our definitions ofτ (8.9) andµ(1) (8.11).

To obtain the second inequality, we study the functionsβ 7→ fN(β), N > 1, given
by

fN(β)=− 2

N−1
ln µ̂(1)⊗N

(∣∣1(N)∣∣−β/N) (8.45)

for β ∈ (β∗,4). Jensen’s inequality [34] with respect toµ(1)⊗N applied in (8.45) gives
us

fN(β)≤ βµ̂(1)⊗2( ln |x−y|). (8.46)

On the other hand,N(N−1)fN(β)= 2F(N)
β (µ(N)). Therefore, by Lemma 8.6, (8.35),

definition (8.34), and the negativity ofS(N) (see (8.13)), we have

fN(β)= βµ̂(N)2

(
ln |x−y|)− 2

N−1
S(N)

(
µ(N)

)≥ βµ̂(N)2

(
ln |x−y|). (8.47)

The second estimate in (8.44) is proved.
To prove the third estimate in (8.44), we note that for anyβ ∈ (β∗,4), there exists a

smallε > 0 such that(1+ε)β ∈ (β∗,4). By Jensen’s inequality with respect toµ(N),

M(N)
(
(1+ε)β)≥M(N)(β)exp

(
− 1

2
(N−1)εβµ̂(N)2

(
ln |x−y|)). (8.48)

Dividing (8.48) byM(1)N , taking the logarithm, and then multiplying by−2/(N−1)
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gives

fN
(
(1+ε)β)≤ fN(β)+εβµ̂(N)2

(
ln |x−y|). (8.49)

Now, fN(β) is bounded above and below independently ofN , N > 1, for

2F(β)≥ (1−N−1)fN(β)≥ 2f0(β), (8.50)

β ∈ (β∗,4), and since 1−N−1→ 1. The first inequality in (8.50) is Proposition 8.8;
the second is (8.38). With the help of (8.50), from (8.49) we now obtain, forN > 1,

βµ̂
(N)
2

(
ln |x−y|)≥ 1

ε

(
fN
(
(1+ε)β)−fN(β))

≥ 2(
1−N−1

)
ε

(
f0
(
(1+ε)β)−F(β))

≥ C(β)

(8.51)

uniformly inN , for all β ∈ (β∗,4).
We next prove a hybrid bound, which forN = 1 reduces to the first inequality in

(8.44).

Lemma 8.11. For eachβ ∈ (β∗,4), N ≥ 1, there is anN -independent̃C(β) such
that

βµ̂(1)⊗ µ̂(N)1

(
ln |x−y|)≤ C̃(β). (8.52)

Proof. Forβ = 0, the statement is obvious.
Forβ ∈ (β∗,0), we have

βµ̂(1)⊗ µ̂(N)1

(
ln |x−y|)≤ µ̂(N)1

(∫
B1(x)

β ln |x−y|µ(1)(dy)
)

≤ µ̂(N)1

(
C̃(β)

)
= C̃(β).

(8.53)

The first estimate in (8.53) is obvious, sinceβ ∈ (β∗,0). The second estimate follows
from the fact that9log : x 7→

∫
B1(x)

ln |x−y|µ(1)(dy) ∈ C0(R2) (becauseϒ ∈ L∞),
with 9log(x)→ 0 as |x| → ∞ (by | ln |x− y|| < |x− y|−γ on B1(x), γ ∈ (0,2),
followed by (8.6)).

Forβ ∈ (0,4), we use (8.22) to estimate

µ̂(1)⊗ µ̂(N)1

(
ln |x−y|)≤ µ̂(1)( ln(2+|x|))+ µ̂(N)1

(
ln(2+|y|)). (8.54)

By (8.7),

µ̂(1)
(
ln(2+|x|))= C1<∞. (8.55)
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As to estimatinĝµ(N)1 (ln(2+|y|)), if β ∈ (0,2), we can pickp ∈ (1,2/β) and apply
Hölder’s inequality with respect toτ(dx1) followed by obviousL∞ estimates to
get the upper bound̂µ(N)1 (ln(2+ |y|)) ≤ C(β)M(N−1)(β ′)/M(N)(β), whereβ ′ =
(1−N−1)β and where

C(β)=
(∫

R2

(
ln(2+|y|))p∗τ(dy))1/p∗

sup
N

sup
x∈R2

(∫
R2
|x−y|−pβ ′τ(dy)

)1/p

<∞.
(8.56)

We subsequently estimate the ratio ofM ’s uniformly inN in the manner done below,
but whenβ ∈ [2,4), Hölder’s inequality does not lead toL∞ functions and so this
road is then blocked. However, noting that forq ∈ (0,q∗) we have, by (8.7),∫

R2
exp

(
q ln(2+|y|))τ(dy)= C2 <∞, (8.57)

we can use convex duality (see [56]) for “exp” to get, for anyq ∈ (0,q∗) and all
β ∈ (0,4),

µ̂
(N)
1

(
ln(2+|y|))−M(N−1)(β ′)

M(N)(β)

∫
R2

exp
(
q ln(2+|y|))τ(dy)

≤−1

q

(
1+ ln q+β ′µ̂(N)2

(
ln |x−y|))

≤ C∗(β).

(8.58)

In (8.58),C∗(β) is independent ofN , by Lemma 8.10. Hence, it now remains to
estimateM(N−1)(β ′)/M(N)(β) from above uniformly inN , for eachβ ∈ (0,4). To
carry out this last step, we regularizeM(N) and prove anN -independent upper bound
on the “regularized ratio ofM ’s” which is independent of the regularization parameter.

We regularize ln|x− y| by −Vε(x,y) ≡ π−2ε−4
∫
Bε(x)

∫
Bε(y)

ln |ξ −η|dξ dη. Let

Hε denote the Hilbert space obtained by completing theC∞0 (R2) functions with
vanishing integral,

∫
R2 f (x)dx = 0, with respect to the positive definite inner product

〈f,f 〉ε ≡N−1β

∫
R2

∫
R2
f (x)Vε(x,y)f (y)dx dy. (8.59)

If B1 ≡ B1/
√
π (0) denotes the disk of area 1 centered at the origin, andδy(x) is the

Dirac measure onR2 concentrated aty, we note that

δ]y(x)≡ δy(x)−χB1 (x) ∈Hε. (8.60)

Accordingly,

δ
]

(N)(x)≡
N∑
k=1

δ]xk (x) ∈Hε (8.61)
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as well. We now define

Wε(x)≡
∫
B1
Vε(x,y)dy− 1

2

∫
B1

∫
B1
Vε(x,y)dx dy (8.62)

and write

τ(dx)= eβWε(x)τ̃ (dx). (8.63)

Note that, unlessq∗ > β, τ̃ does not have finite mass, but that doesnot cause a
problem. We writeM(N)

ε (β) for M(N)(β) with − ln |x − y| replaced byVε(x,y).
With (8.59) to (8.63), we have the identity

M(N)
ε (β)= e−1/2βVε(0,0)

∫
R2N

e
(1/2)〈δ]

(N)
,δ
]
(N)
〉
ε

N∏
`=1

τ̃ (dx`). (8.64)

We now use Gaussian functional integrals (see [32]) to rewrite (8.64). Minlos’s
theorem (see [32]) asserts thatN−1βVε(x,y) is the covariance “matrix” of a Gaussian
probability measure with mean zero; that is, there exists a Gaussian average Ave( . )

on a space of linear functionals8 on Hε , with Ave(φ(x))= 0 and Ave(φ(x)φ(y))=
N−1βVε(x,y), whereφ(x) is shorthand for8(δ]x). Using the generating function
(see [32])

Ave
(
e8(f )

)= e(1/2)〈f,f 〉ε , (8.65)

with f = δ](N) given in (8.61), then integrating overR2N with respect tõτ⊗N , we
obtain

M(N)
ε (β)= e−(1/2)βVε(0,0)Ave

((∫
R2
eφ(x)τ̃ (dx )

)N)
. (8.66)

Jensen’s inequality in the form〈FN 〉 ≥ 〈FN−1〉N/(N−1) applied to the right-hand
side of (8.66) now gives, in terms of theMε ’s,

M(N)
ε (β)≥M(N−1)

ε (β ′)
(
M(N−1)
ε (β ′)

)1/(N−1) (8.67)

for all ε. Hence, we letε→ 0, and thenN→∞ to obtain

limsup
N→∞

M(N−1)(β ′)
M(N)(β)

≤ limsup
N→∞

(
M(N−1)(β ′)

)−1/(N−1)

≤ 1

M(1)
einf %Fβ(%)

≤ 1

M(1)
eFβ(µ

(1))

= 1

M(1)
exp

(
1

2
βµ̂(1)⊗2( ln |x−y|)).

(8.68)
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By Lemma 8.10, the right-hand side of (8.68) exists and is obviouslyN -independent.
Combining (8.57), (8.58), and (8.68), we have

µ̂
(N)
1

(
ln(2+|x|))≤ C̃2(β) (8.69)

independently ofN . By (8.54), (8.55), and (8.69), and setting̃C(β)= C̃1(β)+C̃2(β),
Lemma 8.11 is proved also forβ ∈ (0,4).

We now prepare for uniformLp bounds.

Lemma 8.12. For eachn ∈N, β ∈ (β∗,4), there existNn(β) ∈N andC(n,β) >
0, such that forN > Nn, the Radon-Nikodym derivative ofµ(N)n with respect toτ⊗n
is bounded by

dµ(N)n

dτ⊗n
(
x1, . . . ,xn

)≤ C(n,β)∣∣1(n)∣∣−β/N (x1, . . . ,xn
)
. (8.70)

Proof. Whenβ = 0, this is trivial.
Whenβ 6= 0, we begin by writing

dµ(N)n

dτ⊗n
(
x1, . . . ,xn

)= 1

M(N)(β)
G
(
x1, . . . ,xn

)∣∣1(n)∣∣−β/N (x1, . . . ,xn
)
, (8.71)

where

G
(
x1, . . . ,xn

)= ∫
R2(N−n)

∏
1≤i≤n<j≤N

∣∣xi−xj ∣∣−β/N ∏
n<k<`≤N

∣∣xk−x`∣∣−β/Nτ(dxj ).
(8.72)

Let [[ . ]] denote integer part. We define

Nn(β)=


n

[[
2β∗−β
β∗−β

]]
if β ∈ (β∗,0),

n

[[
8−β
4−β

]]
if β ∈ (0,4).

(8.73)

Givenβ ∈ (β∗,4), letN >Nn(β). Then, by Hölder’s inequality,

G
(
x1, . . . ,xn

)≤
∫

R2(N−n)

∏
1≤i≤n<j≤N

∣∣xi−xj ∣∣−β/2nτ (dxj )
2n/N

×
∫

R2(N−n)

∏
n<i<j≤N

∣∣xi−xj ∣∣−β/(N−2n) ∏
n<k≤N

τ(dxk)

1−2n/N

.

(8.74)
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As for the first factor on the right-hand side of (8.74), permutation symmetry gives

∫
R2(N−n)

∏
1≤i≤n<j≤N

∣∣xi−xj ∣∣−β/2nτ(dxj )=
∫

R2

∏
1≤i≤n

∣∣xi−x∣∣−β/2nτ (dx)
N−n .

(8.75)

By the arithmetic-geometric mean inequality and permutation invariance, we have∫
R2

∏
1≤i≤n

∣∣xi−x∣∣−β/2nτ (dx)≤ 1

n

∑
1≤i≤n

∫
R2

∣∣xi−x∣∣−β/2τ(dx). (8.76)

For the right-hand side of (8.76), we have the estimates

1

n

∑
1≤i≤n

∫
R2

∣∣xi−x∣∣−β/2τ(dx)≤


sup
y

∫
R2
|y−x|−β/2τ(dx) if β ≥ 0,

Cn

∫
R2
(2+|x|)−β/2τ(dx) if β < 0,

(8.77)

whereCn =maxi∈{1,...,n}(2+|xi |)|β|/2. By (8.75), (8.76), and (8.77), the first term on
the right-hand side of (8.74) is bounded by the 2n(1−n/N)th power of the right-hand
side of (8.77), hence uniformly with respect toN .

As for the second factor on the right-hand side of (8.74), we split off the(−2n/N)th
power. We setα(N)= (N−n)/(N−2n). SinceN > Nn, we have 1< α(N) < 4/β
if β > 0, and 1< α(N) < β∗/β if β < 0. We also haveα(N)→ 1 asN →∞.
Proceeding as in the proof of Lemma 8.7, we find that

limsup
N→∞

∫
R2N−2n

∏
n<i<j≤N

∣∣xi−xj ∣∣−β/(N−2n) ∏
n<k≤N

τ(dxk)

−2n/N

= limsup
N→∞

(
M(N−n)(α(N)β))−2n/N

≤
(
eF(β)

M(1)

)2n

,

(8.78)

which implies anN -independent bound on(M(N−n)(α(N)β))−2n/N . Feeding (8.75),
(8.76), (8.77), and (8.78) back into (8.74), we see thatG(x1, . . . ,xn) ≤ CM(N−n)
(α(N)β). This already proves that the density (8.71) will eventually (i.e., forN large)
be in anyLp(R2n,dτ⊗n), p < ∞. To prove that dµ(N)n /dτ⊗n ∈ Lp(R2n,dτ⊗n) uni-
formly in N , it remains to estimate the ratioM(N−n)(α(N)β)/M(N)(β) from above,
independently ofN .

We once again can apply the Gaussian functional integral method used in the
proof of Lemma 8.11. Sinceα(N)β occurs in the argument ofM(N−n) instead of
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(1−nN−1)β, besides Jensen’s inequality (now pulling a powerN/(N−n) out of the
average), we also need a “change of covariance formula” (see [32]). However, having
proved Lemmas 8.10 and 8.11 already, a more direct way follows.

Using Jensen’s inequality twice in a self-explanatory way, we obtain

M(N−n)(α(N)β)
M(N)(β)

≤ 1

M(1)n
exp

(
n(n−1)

N

1

2
βµ̂(1)⊗2( ln |x−y|))

×exp

(
n

(
1− n

N

)
βµ̂(1)⊗ µ̂(N−n),α1

(
ln |x−y|))

×exp

(
−n

(
1− n+1

N

)
α(N)βµ̂

(N−n),α
2

(
ln |x−y|)),

(8.79)

whereµ̂(N−n),α stands for (8.21) withα(N)β in place ofβ. The first exponential
factor on the right-hand side of (8.79) is bounded above uniformly inN because
βµ̂(1)⊗2(ln |x − y|) ≤ C(β) independently ofN , by the first inequality in Lemma
8.10; as for the second exponential factor on the right-hand side of (8.79), by re-
identifying N → N − n andβ → αβ, theN -independent upper bound in Lemma
8.11 givesβµ̂(1)⊗ µ̂(N−n),α1 (ln |x−y|) ≤ C̃(α(N)β). Sinceα(N)→ 1 asN →∞,
the second exponential factor on the right-hand side of (8.79) is bounded above
uniformly in N . As for the third exponential factor on the right-hand side of (8.79),
sinceβ∗ < α(N)β < 4, and since (8.44) holds for allβ ∈ (β∗,4), by Lemma 8.10 we
haveβµ̂(N−n),α2 (ln |x−y|) ≥ C(α(N)β). Again, sinceα(N)→ 1, we now see that
also the third exponential factor on the right-hand side of (8.79) is bounded above
uniformly inN . This proves Lemma 8.12.

Lemma 8.12 establishes that for each triplen ∈ N, β ∈ (β∗,4), p ∈ [1,∞) there
exists aÑn(β,p) ( > Nn(β)) such that dµ(N)n /dτ⊗n ∈ Lp(R2n,dτ⊗n) uniformly in
N whenN > Ñn(β,p). Hence, the sequenceN 7→ µ

(N)
n is Lp(R2n,dτ⊗n)-weakly

compact whenN > Ñn(β,p), for eachp ∈ [1,∞).
However, a weakLp limit point of µ(N)n need not be a probability measure. Since

R2 is unbounded, some partial mass of the marginalsµ
(N)
n of (8.21) could escape to

infinity whenN→∞. We now show that this does not happen by proving tightness
of the sequences. Recall (see [5]) that the sequence of probability measuresµ

(N)
n is

tight if, for eachε� 1, there existsR(ε) such thatµ(N)n (BnR(ε)) > 1−ε, independent

of N , where BnR ⊂ R2n is then-fold Cartesian product of the ball BR ⊂ R2 that is
centered at the origin, having radiusR.

Lemma 8.13. For eachn, the sequence{µ(N)n }N≥n given by (8.21) is tight.

Proof. Since our marginal measures are permutation symmetric and consistent,
in the sense thatµ(N)n (dxn) = µ(N)m (dxn⊗R2(m−n)) for m > n, it suffices to prove
tightness forn= 1.
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It follows from the definition ofµ(1) that the mapy 7→ h(y)≡ ∫R2 ln |y−x|µ(1)(dx)
+C is continuous and independent ofN . The constantC is chosen so thath(y) > 0.
Moreover, we haveh(y)→∞ as|y| →∞, uniformly iny. Therefore, and by Lemma
8.11, for each positiveε� 1, we can findR(ε), independent ofN , such that for allN ,

inf
x1 6∈BR(ε)

h(x1)≥ 1

ε
µ̂
(N)
1 (h(x1)). (8.80)

Let I3 denote the indicator function of the set3. We then have the chain of estimates

µ̂
(N)
1 (h(x1))≥ µ̂(N)1

(
h(x1)IR2\BR(ε)

)
≥ 1

ε
µ̂
(N)
1 (h(x1))µ̂

(N)
1

(
IR2\BR(ε)

)
= 1

ε
µ̂
(N)
1 (h(x1))

(
1−µ(N)1

(
BR(ε)

))
.

(8.81)

Dividing (8.81) byε−1µ̂
(N)
1 (h(x1)) and resorting terms slightly gives us

µ
(N)
1

(
BR(ε)

)≥ 1−ε, (8.82)

independent ofN . The proof is complete.

To prove Proposition 8.9, we also need a lower bound on the mean entropy.

Lemma 8.14. For eachβ ∈ (β∗,4), there exists aC(β), independent ofN , such
that

1

N
S(N)

(
µ(N)

)≥ C(β). (8.83)

Proof. By definition (8.32) ofF(N)
β (%(N)),

1

N
S(N)

(
µ(N)

)= β 1

N2
µ̂(N)

(
ln
∣∣1(N)∣∣)− 1

N2
F(N)
β

(
µ(N)

)
. (8.84)

The bound (8.83) now follows from Proposition 8.8, (8.43), and Lemma 8.10.

Proof of Proposition 8.9. By Lemma 8.13, the sequence of probability measures
{µ(N)n | N = n, n+1, . . . } is tight in P(R2n) for all n. Therefore (see [5]) we can
select a subsequencek 7→ N`(k) ∈ N, k ∈ N such that for eachn ∈ N, µ(N`(k))n ⇀

µ`n ∈ P(R2n), ask →∞. Since the marginals are consistent (in the sense defined
above in the proof of tightness), by Kolmogorov’s existence theorem (see [5, p. 228
ff.] and [28, p. 301 ff.]), the infinite family of marginals{µ`n}n∈N now defines a unique
µ` ∈ P s(�). Furthermore, forβ∗ < β < 4, we have as a corollary of Lemma 8.12 that,
for anyn and anyp ∈ [1,∞), the sequence{µ(N)n | N = n, n+1, . . . } is eventually
in a ball {g : ‖g‖Lp(R2n) ≤ T }, whereT (n,β,p) is independent ofN . Therefore, as
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k→∞, after at most selecting a subsubsequence (also denoted byk 7→ N`(k) ∈N,
k ∈ N), we have that dµ(N`(k))n /dτ⊗n ⇀ dµ`n/dτ

⊗n, weakly inLp(R2n,dτ⊗n), any
p ∈ [1,∞).

We first study convergence of energy. By (8.43), we have

1

N`(k)2
µ̂(N`(k))

(
ln
∣∣1(N`(k))∣∣)= (1− 1

N`(k)

)
1

2
µ̂
(N`(k))
2

(
ln |x−y|). (8.85)

Since ln|x−y| ∈ Lq(R4,dτ⊗2), 1/q+1/p = 1, by weakLp(R4,dτ⊗2) convergence
of µ(N`(k))2 ,

1

2
µ̂
(N`(k))
2

(
ln |x−y|)−→ 1

2
µ̂`2
(
ln |x−y|)= e(µ`). (8.86)

Furthermore, since 1−N`(k)−1→ 1 ask→∞, we have

lim
k→∞

1

N`(k)2
µ̂(N`(k))

(
ln
∣∣1(N`(k))∣∣)= e(µ`). (8.87)

We now turn to the entropy. We definem=N`(k)−[[N`(k)/n]]n. By subadditivity
(8.15) and negativity (8.13) we have, for anyn < N`(k),

1

N`(k)
S(N`(k))

(
µ(N`(k))

)≤ 1

N`(k)

[[
N`(k)

n

]]
S(n)

(
µ(N`(k))n

)+ 1

N`(k)
S(m)

(
µ(N`(k))m

)
≤ 1

N`(k)

[[
N`(k)

n

]]
S(n)

(
µ(N`(k))n

)
.

(8.88)

Clearly,N`(k)−1[[N`(k)/n]] → n−1. Moreover, for eachn, weak upper semicontinu-
ity of S(n) (see [57]) gives us

limsup
k→∞

S(n)
(
µ(N`(k))n

)≤ S(n)
(
µ`n
)
.

Therefore, for alln,

limsup
k→∞

1

Nk
S(N`(k))

(
µ(N`(k))

)≤ 1

n
S(n)

(
µ`n
)
. (8.89)

Recalling (8.16) and Lemma 8.14, we see thats(µ) exists. Hence,n→∞ in (8.89)
gives

limsup
k→∞

1

N`(k)
S(N`(k))

(
µ(N`(k))

)≤ s(µ`) (8.90)

for each convergent subsequenceµ(N`(k)) ⇀ µ`.
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Pulling the estimates (8.87) and (8.90) together, we find, for anyβ ∈ (β∗,4),

lim inf
k→∞

1

N2
` (k)

F(N`(k))
β

(
µ(N`(k))

)≥ βe(µ`)−s(µ`). (8.91)

Recalling Propositions 8.1 and 8.2, and finally using Lemma 8.7, we have

βe
(
µ`
)−s(µ`)= ∫

P(R2)

ν
(
d% | µ`)Fβ(%)≥ F(β). (8.92)

By (8.92) and (8.91), the proof of Proposition 8.9 is complete.

We remark that, whenβ < 0, Proposition 8.9 can be proved withoutLp estimates.
Indeed, whenβ < 0, then (8.91) follows already, with (8.87) replaced by

limsup
k→∞

1

2
µ̂
(N`(k))
2

(
ln |x−y|)≤ 1

2
µ̂`2
(
ln |x−y|)= e(µ`), (8.93)

which holds by the weak upper semicontinuity of ln|x−y| and the weak convergence
of µ(N)2 in the sense of measures (see [37] and [41]). Also, the entropy estimate in

the proof of Proposition 8.9 holds by just such weak convergence ofµ
(N)
2 . However,

without Lp estimates, one loses the a priori information on the regularity of the
solutions of (8.28).

We now prove our main existence theorem.

Proof of Theorem 8.4.Combining Propositions 8.8 and 8.9, we conclude that

lim
N→∞

1

N2
F(N)
β

(
µ(N)

)= F(β). (8.94)

Recalling (8.91) and (8.92), we see that (8.94) implies∫
P(R2)

ν
(
d%
∣∣ µ`)Fβ(%)= F(β) (8.95)

for every limit pointµ` ofµ(N). Equation (8.95) in turn implies that the decomposition
measureν(d% | µ`) is concentrated on the minimizers ofFβ(%); for otherwise we
would have ∫

P(R2)

ν
(
d%
∣∣ µ`)Fβ(%) > F(β),

by Lemma 8.7, which contradicts (8.95). The proof of Theorem 8.4 is complete.

We now are also in the position to vindicate our Remark 8.5. By the tightness
and weakLp compactness, the sequence{µ(N), N = 1,2, . . . } is a union of weakly
convergent subsequences inLp. If the minimizer%β is unique, the set of limit points
of {µ(N), N ∈N} consists of the single product measureµ= %⊗Nβ .
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9. Proof of uniqueness Theorem 2.2 forK ≤ 0. We conclude this paper with a
proof of Theorem 2.2. We do this by proving the dual version, that is, uniqueness of
solutions of (8.28) whenβ < 0.

Theorem 9.1. For β < 0, the solutionρβ,H of the fixed point equation (8.28) is
unique.

Proof. We introduce operator notation for (8.28), thus

ρ = P(ρ), (9.1)

whereP indicates that the right side is a probability density overR2. Now, assume
that for givenβ < 0 andH entire harmonic, two solutions of (9.1) exist, say,ρ(1)

andρ(2). Thenρ2,1≡ ρ(2)−ρ(1) ∈H−1
0 (R2). In particular,

∫
R2 ρ2,1dx = 0, and

−
∫
R2

∫
R2
ρ2,1(x) ln |x−y|ρ2,1(y)dx dy ≥ 0, (9.2)

with equality holding if and only ifρ2,1≡ 0 (cf. [58]).
Forλ ∈ [0,1], we define the interpolation densityρλ = ρ(1)+λρ2,1. Expected value

with respect toP(ρλ) is denoted by

〈f 〉(λ)=
∫
R2
f (x)P(ρλ)(x)dx. (9.3)

We use (8.28) for one of theρ2,1 in the left-hand side of (9.2) and, with the abbrevi-
ation

U2,1(x)=
∫
R2

ln |x−y|ρ2,1(y)dy, (9.4)

find that

−
∫
R2

∫
R2
ρ2,1(x) ln |x−y|ρ2,1(y)dx dy

=−
∫
R2

∫
R2
U2,1(x)

(
P
(
ρ(2)

)−P
(
ρ(1)

))
(y)dx dy

=−
∫
R2

∫
R2
U2,1(x)

∫ 1

0

d

dλ
P(ρλ)(y)dλdx dy

= β
∫ 1

0

〈(
U2,1−〈U2,1〉(λ)

)2〉
(λ)dλ.

(9.5)

Sinceβ < 0, the last term in (9.5) is less than or equal to zero, and it vanishes if and
only if U2,1 ≡ constant. By (9.5) and (9.2), we conclude thatρ2,1 ≡ 0. Uniqueness
is proved.
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Corollary 9.2. If β < 0, H ≡ const, andϒ is radially symmetric, then the
unique solutionρβ,H of (8.28) is radially symmetric as well. Gauss’s theorem then
implies that the corresponding solution of (1.2),UH,κ given in (8.30), is radially de-
creasing.

The proof of Corollary 9.2 is trivial. Theorem 9.1 and Corollary 9.2 prove Theo-
rem 2.2.

References

[1] L. V. Ahlfors, An extension of Schwarz’s lemma, Trans. Amer. Math. Soc.43 (1938),
359–364.

[2] T. Aubin, Meilleures constantes dans le théorème d’inclusion de Sobolev et un théorème de
Fredholm non linéaire pour la transformation conforme de la courbure scalaire, J.
Funct. Anal.32 (1979), 148–174.

[3] P. Aviles, Conformal complete metrics with prescribed nonnegative Gaussian curvature inR2,
Invent. Math.83 (1986), 519–544.

[4] W. Beckner, Sharp Sobolev inequalities on the sphere and the Moser-Trudinger inequality,
Ann. of Math. (2)138 (1993), 213–242.

[5] P. Billingsley, Convergence of Probability Measures, J. Wiley and Sons, New York, 1968.
[6] T. Branson, Group representations arising from Lorentz conformal geometry, J. Funct. Anal.

74 (1987), 199–291.
[7] H. Brezis and F. Merle, Uniform estimates and blow-up behavior for solutions of−1u =

V (x)eu in two dimensions,Comm. Partial Differential Equations16(1991), 1223–1253.
[8] E. Caglioti, P. L. Lions, C. Marchioro, and M. Pulvirenti, A special class of stationary

flows for two-dimensional Euler equations: A statistical mechanics description, Comm.
Math. Phys.143 (1992), 501–525.

[9] E. Carlen and M. Loss, Competing symmetries, the logarithmic HLS inequality, and Onofri’s
inequality onSn, Geom. Funct. Anal.2 (1992), 90–104.

[10] S.-Y. A. Chang and P. Yang, Prescribing Gaussian curvature onS2, Acta Math.159(1987),
215–259.

[11] , Conformal deformation of metrics onS2, J. Differential Geom.27 (1988), 259–296.
[12] S. Chanillo and M. K.-H. Kiessling, Rotational symmetry of solutions of some nonlin-

ear problems in statistical mechanics and geometry, Comm. Math. Phys.160 (1994),
217–238.

[13] , Conformally invariant systems of nonlinear PDE of Liouville type, Geom. Funct. Anal.
5 (1995), 924–947.

[14] S. Chanillo and Y. Y. Li, Continuity of solutions of uniformly elliptic equations inR2,
Manuscripta Math.77 (1992), 415–433.

[15] W. Chen and C. Li, Classification of solutions of some nonlinear elliptic equations, Duke
Math. J.63 (1991), 615–622.

[16] , Qualitative properties of solutions to some nonlinear elliptic equations inR2, Duke
Math. J.71 (1993), 427–439.

[17] K.-S. Cheng and C.-S. Lin, On the asymptotic behavior of solutions of the conformal Gaussian
curvature equations inR2, Math. Ann.308 (1997), 119–139.

[18] , Compactness of conformal metrics with positive Gaussian curvature inR2, Ann.
Scuola Norm. Sup. Pisa Cl. Sci. (4)26 (1998), 31–45.

[19] , On the conformal Gaussian curvature equations inR2, J. Differential Equations146
(1998), 226–250.



352 CHANILLO AND KIESSLING

[20] , Conformal metrics inR2 with prescribed Gaussian curvature with positive total cur-
vature, Nonlinear Anal.38 (1999), 775–783.

[21] K.-S. Cheng and W.-M. Ni, On the structure of the conformal Gaussian curvature equation
onR2, Duke Math. J.62 (1991), 721–737.

[22] , On the structure of the conformal Gaussian curvature equation onR2, II, Math. Ann.
290 (1991), 671–680.

[23] K. S. Chou and T. Y. H. Wan, Asymptotic radial symmetry for solutions of1u+eu = 0 in a
punctured disc, Pacific J. Math.163 (1994), 269–276.

[24] P. Diaconis, “Recent progress on de Finetti’s notions of exchangeability” inBayesian Statistics,
3 (Valencia, 1987), Oxford Sci. Publ., Oxford Univ. Press, New York, 1988, 111–125.

[25] P. Diaconis and D. Freedman, A dozen de Finetti-style results in search of a theory, Ann.
Inst. H. Poincaré Probab. Statist.23 (1987), 397–423.

[26] W. Ding, J. Jost, J. Li, and G. Wang, The differential equation1u = 8π − 8πheu on a
compact Riemann surface, Asian J. Math.1 (1997), 230–248.
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