On the positive mass theorem
for CR manifolds

Several Complex Variables and Complex Geometry

Academia Sinica, Taipei, July 9-13, 2012

Jih-Hsin Cheng-A.M.-Paul Yang, A positive mass theorem in three dimensional Cauchy-
Riemann geometry, in preparation.



Asymptotically flat (Riemannian) manifolds

A manifold (M3, ¢) is said to be asymptotically flatif 3 K CC M
s.t. M\ K is diffeo. to R3\ B1(0) and s.t., under this diffeo.

M\* o
9¢j=(1+7) Sij +hij,  O'hyy=0(lz|7*7h), 1=0,1,2.

In general relativity these manifolds represent time-slices of static
spacetimes where gravity is present.



Einstein equation

T he structure of spacetime according to general relativity is gov-
erned by Einstein’s equation

1
Egp := Rgp — §R99ab = Typ-

Here R, is the Ricci tensor, R4 the scalar curvature, and T, the
stress-energy tensorf generated by matter.

In vacuum (T, = 0), this equation has variational structure with
Euler-Lagrange functional given by

A(g) = /M R4dVy Einstein-Hilbert functional.

In fact, one has

d 19 * :
dg (RgdVy) [h] = — (h B +V C) dVgh

¢ = — (V*h 4 V(trgh)) = (hjk’k — 1Py ;) da’.



The mass of an asymptotically flat manifold

If we consider variations which preserve asymptotic flatness, then
the divergence term has a role [(flux at infinity)§ and

d .
“(AGg) + m()lh] = /M W E;;dV,
The quantity m(g), called ADM mass, is defined as

) . Kk ;
mlg) = lim, ¢, (95" = 9% ;) v/ dor

Example: Schwartzschild metric. It describes a static black
hole of total mass m = mpys. [T he expression is

(1 1 %)4 (dr? + r2dg?) .

At r = % there is a minimal surface, representing a event horizon.



The positive mass theorem

Theorem ([Schoen-Yau, '79]) If R; > 0 then m(g) > 0. In case
m(g) = 0, then (M, g) is isometric to (R3, dz?).

Physically, this means that a positive local energy density implies
a positive global energy for the system.

A simplified model In Newtonian gravity, the gravitational poten-
tial is described by the Poisson equation. If

A
Af=pe Ce(R3) — F(y) ~oo i A= | e

The issue is that Ry and m(g) are nonlinear in the metric.

e [ he above theorem has a fundamental role in the study of the
Yamabe problem (more details later).



Idea of the proof

The main argument relies on constructing an asymptotically pla-
nar minimal surface in M. [T his is done by solving Plateau prob-
lems on larger and larger circles Cr of (asymptotic) radius R.

- By contradiction, if m(g) < O there is a uniform control on the
height and it is possible to pass to the limit as R — 400 and find
a stable minimal surface.

- On the other hand Ry, > 0 implies instability by the second
variation formula for the area.

e T he argument works for every dimension n < 7§ needs regularity
for minimal surfaces.



Witten’s approach

On spin manifolds E.Witten used Dirac’'s equation to find an
alternative proof. He solved for

(x) Dyp:=) e Vet =0; Y — g as |z| = oo.
i
The square of the D operator satisfies Lichnerowitz’s formula
D? = V*V + %Rg.
Integrating () by parts, the mass appears in the boundary terms

(@) =cn [ (1962 + ZRolu?) dvi,

The last formula allows also to characterize R"™ as the unique
asymptotically flat space with (Ry > 0 and) zero mass



Some extensions

There are also quantitative lower bounds on the mass. ©One is
Penrose’s inequality, concerning outer minimizing surfaces

-----------
.......
~ *
- L4
A} 4
- 4
-~

outer minimizing

non outer minimizing

If A is the total area of the outer minimizing surfaces, Penrose’s

inequality asserts that m > %. T he inequality was proved in

[Huisken-Iimanen, '97], [Bray, '01] using geometric flows.

Energia positiva



Conformal blow-up of a compact manifold

Motivated by the study of Yamabe's problem, one obtains asymp-
totically flat manifolds by conformal blow-up of compact ones.

Consider the conformal Laplacian

o = Lgp:= —-8Ap+ Rgp.

This operator rules the conformal transformation law of scalar
curvature, and behaves nicely under conformal changes of metric.

If the first eigenvalue of Ly is positive, its Green’s function G(z,y)
IS also positivel choosing any p € M, consider the metric

§(z) = G(z,p)*g().

Since G(z,p) ~ d(z,p)~! near p, one can show that (M \ {p}, ) is
an asymptotically flat manifold.



CR manifolds: notation

Consider a three dimensional CR manifold endowed with a con-
tact structure £ and a CR structure J : ¢ — £ such that J2 = —1.

We assume that there exists a global choice of contact form 6
which annihilates & and for which 8 A df is always nonzero. T he
Reeb vector field is the unique vector field T for which

Q(T) = 1; T.do = 0.
Given J as above, we have locally a vector field Zq1 such that
(1) JZ1=1i4q; JZ7 = —iZy where  Z7 = (Z1).

We also define (6,91,0T) as the dual triple to (T, Z1, Z7), so that

df = z’hﬁel A 61 for some h,7 >0 [(w.l.o.g. hi7=1).



The connection 1-form wi and the torsion A% are uniquely deter-
mined by the equations

ot = 01 Awl 4+ ALo A6,
w% —+ w% = 0.
The Webster curvature is then defined by the formula

dwl = W 6L A6t (mod 9).

Example: the Heisenberg group Hl = {(z,t) € C x R}

y

0= dt + izdz — izdz: (=2,
1 . °© 1 (8 4 .-0).
! ol= \/2dz: \ Z1= s (5t izg)s
% ° _ 1 /(8 .0
| 01= V2dz, | 2T ﬁ(%—wm)-

& oOn H! is spanned by real and imaginary parts of %1. The
standard CR structure verifies Jg : &g — &g DY Jp §1= 1 %1.



Blow-up of a CR manifold

We will consider manifolds of positive Webster class, namely for
which there exists a conformal § = ©260 with W5 > 0.

This class can be characterized via the conformal sublaplacian

u = Lui=—-40pu+ Wul= —4(uqy 7 +ugq) + W
Positivity of the class is equivalent to positivity of A1(£).

If M(&,J) has positive Webster class, then as before the Green's
function G(xz,y) of L is positive, and for p € M we can consider
the form 8 = G(p, -)20. Correspondingly, 01 = w(61 4+ 2i(logu)1).

This means that we are solving for

—4Abg(p, )+ WG(p,-) = 529’

namely we get zero curvature outside p.



In CR normal coordinates (z(z),t(x)) at p ([Jerison-Lee, '111])
one has the following asymptotics for ¢

1
Q(p,ac) — 32—7Tp(x)_2+14+0$(1>1 p4($) — |Z|4+t27

for some A € R, where 0;(1) — 0 as (z,t) — O.



CR inversion

If (z,t) are CR normal coordinates in a neighborhood U of p, we

define inverted CR normal coordinates (z«,tx) as
z t
2 Zx = —, ty = ———;

where v =t + i|z|2. Notice that p«(z«,t«) = p(z,t) 1.

on U\ {p},

In these coordinates the new forms become

0= (1+ 47402 + 0(p;>)) (00)+ + O(pi >)dze + O(p %) dzs;

0t = (—2@TA’"*"6’* +0<p;5>> (00)+ + O(py )z

Px

+ (14274024 0(pi3)) V2dzs.

O
converging to the standard @ and 61 as px — 4-oo.



Asymptotically flat pseudohermitian manifolds

Motivated by the above computations we introduce the

Definition A three dimensional pseudohermitian manifold (N, J, 0)
is said to be asymptotically flat pseudohermitian if N = NgU N,
with Ng compact and Ny diffeomorphic to Hl\BpO in which (J,0)
is close to (Jp,0p) in the sense that

6 = (1 + anAp~ % + 0(0_3)) 0o + O(p~>)dz + O(p~>)dz;

6" = O(p~*)bo + O(p™M)dz + (1 + 27 Ap™ + O(p™?)) V2dz,

for some A € R and a unitary coframe 61 in some system of co-
ordinates (asymptotic coordinates). We also require W € L1(N).



A notion of CR-mass

Given a one-parameter family of CR structures J(s), we have
J=2E=2F10'® Zy + 2676 ® Z1.
If W(s) is the corresponding Webster curvature, then

/R(s)e/\de_/Re/\de
d8|s—

— —/d(E11,19A9>+COnj.—/ (AllE —|—COI’U)9/\d9
N N

— 55 iwi A O — / (AllEﬁ + conj.) 0 A do.
o0 N
This formula leads us to the following
Definition Let N be an asymptotically flat manifold. We define
m(J,0) :=7;§1§ wiAO:= lim i wiAb,
00 N—+o0 JSA
where Sh = {p = A}.



The Paneitz operator

The CR Paneitz operator P is defined by

Py = 4(p7t1 +iA119) + conj..
Let P3p := ¢7'1 +iA110%. The CR pluriharmonic functions are

characterized by Pz = 0 ([?]) compatibility (see [?]). Moreover,
for the contact form change 0 = e2/9 one has

Pyp = e* Pyy
e We call P nonnegative if (¢, Pp);2 > 0 for all ¢.

The Paneitz operator enters in the assumptions of the following
embeddability theorem. Recall that Lyu := —2u 14

Theorem ([Chanillo-Chiu-Yang, '10]) Let M be a compact 3D
CR manifold. If P > 0 and W > 0, then every eigenvalue A # 0
of O, is greater or equal to miny; W. In particular range(d,) is
closed. Moreover, M can be embedded into CN for some N € N.



An integral formula for the mass

Proposition Let (N, J,0) be an asymptotically flat pseudohermi-
tian manifold. Let 5 : N — C be such that

B=z+pB_14+0(p T and O,B8=0(" near oo,
where f_1 is a term with the homogeneity of ,0_1 satisfying
1 V2A
p? |22+t
and where € € (0,1). Then one has

2
“m(J,0) = _/ |Db5|20/\d9—|—2/ 181120 A df
3 N N

+ 2/ W|5T|29Ad9+1/ BPBO A dO.
N ! 2JN

The proof uses integration by parts. [T he asymptotics on 5_1
arises from trying to annihilate 0,8

(B-1) 1= —2V27A



On the asymptotics of 5

Proposition Let



Solvability of [y,8 =0

Proposition Let



Positive mass theorem

Massa = Green

Proposition Let



The zero mass case

Suppose that m(J,0) = 0. From the integral formula we get
BHEO; BleO; Pp =0.

The first two relations imply |8 1|? = const k= 3, from the behavior
of B at infinity. We also have then W = 0.

PB =0 also implies A;; 1 =0. Let us show that indeed A1 =0.

Consider the flow s generated by the Reeb v.f. T of N, and let

J(s) = Ps (J = LypJ =2A;p).
For s small, it is possible to solve for
—4Abu5 —+ RJ(S)’QUS =0 on N,

so we get m(J, u§9) > 0. Differentiating the mass in s one finds

d 3
£|5:om(,], u26) = 5/N |A11|%6 A df — A1 = 0.



Congruence to the Heisenberg group

To show that N coincides with H!, first we define a map from a
(simply connected) nb. of infinity 4 in N to a neighborhood of
infinity V in Hl. From the above equations one finds

d(B10%) = B1,01 N0 + B0 AOT =0,
which implies that d8 = BTHT. Taking z = B we have
d(0 — izdz + izdz) = 01 A O — 2idz A dz = 0.
Hence there exists a function ¢ such that

dt = 0 — izdz + 1zdz.

So we get a pseudohermitian isomorphism between U and its
image in Hy, V, if we send g € N into

_ q
¢ (2(9),t(q)) = (mq), / dt) .
q0



where we are taking curves connecting qg to g inside U.

We call W : V — U (sets which we can assume to be connected by
arcs) the inverse of this map: next, we want to extend W globally
on H!. Taking ¢o € V and ¢ € H! arbitrary, we can find a curve

r:[0,1] — H, r(0) =q9, (1) =g

We show that this procedure defines a map W : H! — N, showing
that (1) is independent of the choice of I, by patching local
pseudohermitian isometries.



The CR Yamabe problem

Yamabe's problem consists in finding conformal metrics with con-
stant scalar curvature. Bolved in [Aubin, '76] and [Schoen, '84]
in complementary cases.

In the CR case one looks for constant Webster curvature under
a conformal change of contact form. If § = u29, then

—AApu + Wu = Wu3.
If one wants to solve for constant W, it is possible to do it looking

for solutions of the following extremization problem

W,50 AdO 2|Vpu|2 + 3W;eu2) 0 A db

VM. ) ::mij 10° "¢ :im;fM( Vpul|= + 5 J,91> |
¢ (fMéAd§)2 U (fMu49/\d9)2

The cases Y(M,J) < 0 and Y(M,J) = 0 are easy, while the

positive case is difficult since the embedding S1:2 — 4 is critical.




T he positive case

In the positive case, one has always Y(M,J) < Y(S3,Jy) Mo see
this, one can exploit the conformality of the map = : S3\p — mH!,
p = (0,1) € C?, defined as

. Z1 1 — 2
’W(Z]_,ZQ)— <1+Z27Re <7’1+Z2>>7

where (z1,25) are standard coordinates in C2. Composing with a
dilation, the conformal factor of the inverse map is given by

N

1 2 1\~
w,\<z,t>=X(t2+|z|4+p|z|2+g) . A>0, (zt) eH.

In [Jerison-Lee, '77] these functions were classified as extremals
for the Sobolev-type ratio in HI, equal to Y(S3, Jp).

LLocalizing these functions on any manifold with A\ large, in the
quotient one can get arbitrarily close to y(53, Jo).



Compactness recovery

Compactness of minimizing sequences indeed holds provided one
has the strict inequality Y(M, J) < Y(S3, Jg) (there would not be
enough energy for blow-up).

This condition was proved in [Jerison-Lee, '84] in dimension
greater or equal to 7 and non locally spherical manifolds using
local expansions of the energy.

In low dimension the decay of extremals is slower, so a global
argument is needed. Here the positive mass enters.

Following the argument in [Schoen, '84], one can glue a highly
peaked w) at p € M to a scaled Green’'s function.



More precisely, we set

u(z,t) ~ wx(2;1) in {p < po}; €oép(z,t)
T in M\ {p < po},

where
1

T AL+ 274p2)

Then one finds

Jar (21V5ul? + W0 u?) 0 A do . oA
. < V(8%,J0) = 15 5
(faruto A do)? PO

which implies strict inequality and compactness.



An example with positive W and negative mass

Let J(s) be a perturbation of the standard structure on H!, fast
decaying at infinity. /As noticed before, one can solve for

—4Dpus + Wyig) gtis = 0 on H!.

Using some asymptotic analysis one finds

'U/S:].

/ Wy | eust A do+ O(p~3) at infinity,
32wp (s)’

Recalling that m(J,0) = 4872A (2nd order term in G), we get

3
m(J(S),’UgQ) = _Z/N WJ(S),QU’SH A df.

We choose a deformation J(s) so that FEq7 is a CR function, i.e.
E{;7=0. We can take for example

, —k
E11(z,%,t) = (t+i(]22+ 1)),
with k large (to have decay).



For this choice of E11 one has
W =1 (Ell,ﬁ — Eﬁ,ll) — (A]_]_Eﬁ —|— AﬁEll) — O,
and moreover
W = —2|E11.1]|° — 2E11B1 11 — 2B17F 111

Since Wy =0 and ug = 1 we have that

. 3 .
i (Joyr 30 im0 = — [ WO nab.

SO integrating by parts we get negative mass since

.. 3 o o
m(J,0) = —5 /Hl |E11’1|2 0 Nd 9 < 0.

We can transport the latter example on S3 using



Open problems

On spin manifolds



Thanks for your attention



