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1 Introduction, Notation, and Results

In this paper, we study the simplest cases of differences of topology at infinity
in Yamabe-type problems with changing-sign solutions. In the past twenty years,
there has been a wide range of activity in the study of the positive solutions to the
problems of Yamabe-type, using various methods, including the study of differ-
ences of topology at infinity. After [1, 6], these differences of topology are starting
to be well understood in the framework of positive functions. In sharp contrast to
this, very little is known when the hypothesis of positivity is removed.

We believe that completing such a task is important not only per se, but also
because it lays the ground for Yang-Mills (Einstein’s?) equations. These equations
should only represent a complication in the background framework with respect
to Yamabe changing-sign problems. In the present work, we are completing this
program for the pure Yamabe problem—allowing for sign changesS2@md for
only pairs of functions at infinity. In order to formulate our results, we need to
introduce some notation and quote slight variations of well-known results.

The patrtial differential equation that we will be studying is

—AgU+ Su =05

(1) ue C*®(S3 R).

Equivalently, using one of the stereographic projections f&6ro R3, we will be
studying the family of solutions to the partial differential equation

—Apap = ¢°
¢ € H = {w € C*(R3 R) such that [ (|Vw|? + w®)dx < +oo} .

Both problems have equivalent variational formulations, and we will use the most
convenient framework to complete our computations depending on the circum-
stances; i.e., in order to complete some computations, we will complete a stere-
ographic projection fron§? into R3, with conveniently chosen north and south
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poles, and we will use the conformal invariance of several quantities and compute
them inR3.
Recalling the variational formulation of (1.1), we introduce the unit sphere
1/2

¥ ={ueHYSSR): /(|Vu|2+ 2u?)dv = Ul =1
S3

and onX, the variational problem

1
Jsa ubdv
J is C® on X but does not satisfy the Palais-Smale condition. It is known, using
some subgroups dD(4), to have infinitely many critical points, but no study of
the so-called noncompactness has been carried out in this simple framework with
the goal of finding a general formula—useful in other cases where infinitely many
solutions are not known to exist—for the difference of topology at infinity.

Introducing the family of solutions of the changing-sign Yamabe equati@t on

J(u) =

3 5
—Awi  + 0o = 0,

wherei runs inN ando indicates a position in the conformal group (we will elabo-
rate more on this below), we can characterize the sequénges X along which
J falils to satisfy the Palais-Smale condition.

For this, we introduce, gives; ,,

DEFINITION 1.1
-1/2

n = /|wi,a|5dv

S3

DEFINITION 1.2 We define the concentration pointaf, to be a pointo of S3
such tha# (b) is minimal, wheres (b) is defined through the equation

S
2
|va)i’0| dU = E
B(b,5(b))

andSis the Sobolev constant in dimension 3.
We then have the following:

PrROPOSITION1.3 Let (ux) € X be such thatJ(uy)) is bounded andJ’(uk))
tends to zero. Then there exists, up to the extraction of a subsequence, p indices
i1,...,ipand sequences}, el okp in the conformal group such that
(i) lux —c(p, @1, ..., dp) ijzla)ij’akj | s — Oand
(i) pf/uf + ul/uf + piufd@F, af)? — oo Vi # j, where ¢ is any point of
S® satisfying DefinitioriL.2 for O -
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The proof of Proposition 1.3 is omitted here, since it is similar (even simpler,
since we do not worry about the positivity of the “bubbles”) to the case wihere
is positive [2, 5, 7].

We develop a method similar to the one used in [2, 5]. Given basic func-
tions s, ..., wp, denoting byws, ..., wp the families of functions derived from
o1, ..., wp through the action of the conformal group, we introduce the set

V(p, &, w1,...,0p) =V(P, &) =

{UEZ:

p
U_C(pvd)l’ ’(Z)p)za)l
i=1

<é€
H1

_ . . 1
with ﬂ—I—ﬂ +uiujd(a;,aj)2 > —}.
My M €

We then introduce, given € V(p, ¢), the minimizing problem

p
u-— Zaiwi
i=1

whereo; characterizes; with respect tay;.
We then have the following:

min

aj >0, oj

H1

PrOPOSITION 1.4 The preceding minimization problem has a unique solution
3P ajwi. Denotingy = u — P, i, wi, we then have

a .
1.2) (v, wj)yr =0, (v, ﬂ) =0,

3O’iJ H1
where theo—ij’s are coordinates for the action of the conformal groupcuatwith
respect ta; .

We omit the proof of Proposition 1.4 since it is very similar to the case where
Uk is positive; see [2, 4, 5].

We study here the casp = 2, i.e., the case of two fundamental masses
(1, @2). We will produce a formula for the difference of topology at infinity in
V (2, &, w1, @) for ¢ fixed small enough. The result we derive requires four hy-
potheses or conjectures on the solutions of the changing-sign Yamabe problem on
S%. These are reasonable conjectures that most probably are true. The arguments
supporting these conjectures are derived from transversality theory and thus con-
clusions may be drawn for generic functions. Since we are dealing with specific
functions, there is still a possibility that one or several of the assumptions will fail.
In such a case, we expect that our result will still hold, with perhaps slight modi-
fications, because the functions are real analytic and, therefore, the conjecture
that we introduce now will still hold, in a modified way. The conjectures are as
follows:
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(A1) Let 6! be parameters along the orthogonal group. For evesy solu-
tion of the (changing-sign) Yamabe problem&f, the various;%’j’s and
X - V() are linearly independent. %

(A2) For everyw a solution of the (changing-sign) Yamabe problemSin
Vw(X) is nonzero at every such that (x) = 0.

(A3) Leto; be parameters along the conformal grougsénFor everyw a solu-
tion of the (changing-sign) Yamabe problem®h the linearized operator

—A+ % — 5w* has spa{‘Ba)/aoi’} as the null space.
Let N and S be the north and south poles®f. The tangent spaces $3 at N
andSare parallel to the san® and are therefore identified; then
(A4) There existxg > 0 such that for everyw,, @;) derived from (w1, @7)
through the action of the orthogonal groupS3fand satisfying
01(S) = wa(N) =0
(M a%(Vd)l(S) - Vap(N)) is collinear toa%(cbl(S))
o1 1

2 (Vou(S) - Van(N)) is coIIineara—gzj—(cb(N)) ,

35,
we have
[Vo1(S) - Vap(N)| > cg.
In order to formulate our result about the difference of topology at infinity,

we also need to introduce the following: LB, (w1) be a small disk, the (strict)
unstable manifold oo, /|@1|4: for J and for some pseudogradient (we need to

know W, (1) only locally, nearo;/|@1]41), and let

2
Coo = Coo(@1, @3) = (/@$+f@§) .

Let G1 € O(4) be the group of symmetry @, andG, C O(4) be the group of
symmetry ofw,. Let A; be the standard simplex of dimension 1. We then have the

following:

THEOREM 1.5 Assume thatA1)—(A4) hold. Then
() If @1 is not derived from, through the action of some element in4y,

then there existsy ande; > 0 small enough so that, far < €1, (Je 4. N
V (2, £0), Jeo,—e NV (2, £0)) is homologically equivalent to
(O /e, x O@)/c, x Du(@1) x Dy(@2) x A1, O/, x O4)/s,
x 3(Dy(@1) x Dy(@2) x A1) U A x Dy(@1) x Du(@2) x Az)
where
A= {(01,02) € O(¥/6, x O(4)/c, such that1 (51(S))w2(o (N)) > 0}
—{(01.02) € O(4) /6, x O(4)/s, such thatw,(61(S)) = 0,
@2(02(N)) = 0, and Va1 (01(9)) - Var(a2(N)) < 0}.
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(ii) If wq is derived fromw, through the action of @), all the above formulae
have to be changed into the quotient of these spaces through the action of
the group of permutations of ord@r r,, which acts in the natural way on
(0(4)/s x Dy(@))? and permutes; anda, in Aj.

The proof of Theorem 1.5 will follow from Lemma 4.3, i.e., from the proof
of existence of normal forms fad on V (2, gg) in Section 4. It is worth noting
here that while the formula for the difference of topology provided in Theorem 1.5
parallels the one provided in [6], it also differs sharply from it through the addition
of various parameters, the definition Af and also the presence here of the factor
Dy (w), which stands for the contribution of the unstable manifoldvobn X.
Du(w) is reduced to zero whem is positive; this is why we do not see this factor
appear in [6].

2 Expansions at Infinity of w1, w2, and J (e101 + o2w2)

In order to complete our computations, a slight modification of the framework
described in Section 1 is convenient. Propositions 1.3 and 1.4 still hold in this
modified framework. Given a solution of the Yamabe problen$&ny, we have
thought of it as a rescaled version of a basic solu@ignwhich is defined by the
condition|®|, = 1 up to a sign change and the action of the orthogonal group.
Thus, denoting byl,, the action for the elememt of the orthogonal group and by
T,,.a the action of the conformal vector field defined by the meridians witts
north pole andt; as the coefficient along this action, we can wiitas

w=T,a0T,®

for suitable values of , a, andu.

The parametera andu; can be uniquely defined in a function ©fas soon as
the functionw is sufficiently “concentrated”; i.e., there existén S° such that

S
Vol?dv ==
Vol >
B(b,5)

whereS is the Sobolev constant in dimension 3 ahd small enough. We wiill
refer toa andu; as the point of concentration and the concentration of the “mass”
. We remark that; might differ from . of Definition 1.1, but their ratio belongs
to a fixed compact interval iR* — {0}.

The parametes corresponds to a rigid rotation. & has some symmetry,
typically for positive solutions, for example, might not be uniquely defined.

Since our problem is conformally invariant, we can always rescale a single mass
w into its normalized forniw. When there are two masses andw,, or more, this
is not possible anymore for both of them. Considering the case of two interacting
masses; andw; with small interaction, i.e.f (|wz|®|w1| + |w1]°|w;])dv is small
(as occurs in the behavior of the sequences that do not satisfy the Palais-Smale
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condition), we then know that, for one of them, the concentratiois large and
larger than or equal to the concentration of the other mass.

Let us assume that the most concentrated on&.isWe can then rescale;
around its concentration point into its normalized fabmup to rigid rotation. By
conformal invariance, keeping the same notatigrior the second mass, we know
that [ (|1 |?|wz| + |w2|?|@1])dv is still small, so that, is still concentrated around
a pointa with a large concentration,. We choose to be the south pole of®.
Accordingly, we have a north pole. We would like to have a nice representation for
w, after stereographic projection &%, and this is easy to complete because, since
w, has a large concentration around the south pole, we can equivalently think that
its stereographic projection has a large concentration around zRr/y iincan thus
be written as

1/2
@2(X) = VAd,(AX), A large whereéz(y)=(m) wy((Y))

andr : R® — S3is the inverse stereographic projection, which has the analytic
form

Y1

2 Y2
=T | v
r’-1

2
@, is similar tow,, possibly not equal; it is a normalized solution of the Yamabe

problem orsS2.

Since no confusion is possible, we replace the notatipby @, for the sake
of simplicity. Letw,(oco) be the value oo, at the north pole. We then have the
following:

LEMMA 2.1 There are suitable constants, s, Cs, Cs, and g; and a linear form
L onR® depending only o, such thatw, has, fori|x| large, the expansions

. } VA CoA32x, A5/2r2
(2.1)  @2(X) ~ wr(00) ESEDYE + ESCEEE 0(7(1_‘_)\%2)5/2) ,
. _ «/X C2)»3/2X1 04\/X
(2.2)  @2(x) ~ @2(00) (1+ A2r2)172 T (1+ A2r2)32 + (1+ A2r2)32
> G A2 X CsA32L (x) A?r3
(1+k2r2)5/2 (1+)L2I’2)5/2 (1—|—)»2I'2)7/2 ’
. _ N CoA3%xg Cav/A
(2.3)  @2(X) = @2(c0) Ao T a2 T AT aeron
3 Gij A¥/2%i X csA¥2L(x) Cov/A

(1+ A2r2)5/2 (1+ XZFZ)S/Z (1+ A2r2)5/2

37/2¢3
+ O(m) for every x inR3.
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Lemma 2.1, which holds in@* sense as will be seen clearly from its pro6f(
with respect to. andoo), allows us to derive a first expansion dfeiw; + a2w2)
in aC! sense. The proof of the lemma is provided later.

LEMMA 2.2 Leta; anda; be nonnegative such that; i + asws| g1 = 1. Assume
that [ (|@1/%|wz| + |w2|®@1])dv is small. Leth be the concentration ab, in the
coordinates defined above. Theltdo: + axwy) expands, in the Esense, as
follows: With suitable constants c ant ¢

J (0{15)1 + O(za)z) =
(0(% f CD? + O[% f @2)3 |:1 N 6( oo a?()(z + OlgOlj_ )
X —
Joa (0202 + a33)dv of [ +of [@F  of [@F+af [ @3

. (CCDz(OO)Ql(O) L OV, 0) v%(oo))

J 2.3/2
w2(00)? | w0 1
+o( ) et -+F)]

This expansion can be differentiated with resped, oo, andA.

PROOF Expanding, we have

J (0115)1 + ozza)z)
~ (o [ &8 + 03 [ &S + 2010z [ @fwp)°
af [ @F +af [ @3 + 6(a3wz + a31) [ @Fwz + O( [ @wj + wia? + |@1]3|w2|?)

_(affcb?—l—ot%f@g)s(l_i_(j( a1 B cxi’az—l—agal )
S b +ad @b of [ +af [ of [@F+af [ @3

2
x /@?wg—i— o((/aﬁm) +/@‘1‘w§+w§‘@§+ |c?)1|3|a)2|3dv>>.

We first estimatef; @3w, dv = [ w301 dv = [ps @Sw1dx. For the sake of
simplicity, we remove~ from above®, and we denote by, the functionw;. We
have

5
f w;wq dX

R3

= 0,(0) f oS + / (@) — 0,(0))S
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= 0,(0) / —Awy —|—/ (Vgl(O) X+ %ngl(O) XX+ O(|x|3))wg

Bs
+ O( /|w2|5)-
B§

B; is a small ball of radiu$ around the origin. Sincg (lﬁ% is finite, using
Lemma 2.1,
= 5
5 2(00) 1
B

/_szz lim /_@:m,
R—)—}—oo‘ ov ﬁ

R3 JIBRr

Clearly,

We also have

1 rodr 1 1
3 5 __ | = — | = N
/le ool = =0 / A3z | =°%0 <k5/2) _O(ks/z)'
Bs

r<éx

We are thus left with

/(Vgl(O).x)a)g’ and %/(DZQI(O).x.X)wg.
Bs Bs

We have
5 5 5 s_of L r3dr of L
X(,L)z = sz — X(,()Z y X(,()Z = m r_5 = m .
Bs R3 Bf Bf [X|=8

However, ina)g, the main term in the expansion whglx| is large is radial, and its
contribution to ;. Xw3 is therefore zero. The remainder terms are then
8

1 rdr 1
© W/,—e =O(m);

[X|=$8

thusz§ Xw3 = O(1/A7/?). On the other hand,

1 X ow

R3 IX|=M [X|=M
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Then, by using the expansion of Lemma 2.1, the radial term yields a zero contri-

bution, by oddness. The contribution @(%) i
1 r4 1 1
o[ [ t) kol o()
IX|=M
We are left with
S00)°

X- e

J 0005

being, after a suitable rotation, the directionvab, at infinity. We thus have, with
an appropriate constaot

Vw,(0) - Vw,(c0) 1
5 =1 =2
/Xa)z_c 2372 +0(—5/2)‘

Bs

Turning now to3 [ D?w;(0)x - xw3, we have

1

5_/ D2w,(0)X - X3
Bs

Aa)l(O)

— % f <D2Q1(0)X : x@ — i(DZQI(O)X : X)a)z)

av av
dBs
w,(0)° _1(0) 2 0
= —T (Z 2+ 2— —r 8—0)2
Bs 0Bs
1 owy 0
- E / ( 601(0))( XW - 5( zgl(O)X . X)a)g) .
0Bs
Observe that
5 ,(0)° rdr log
2,0 f ool = 5720 | [ e | =00 (e
r<éi

We are thus left with boundary terms, for which we can use the expansions of
Lemma 2.1. In these boundary terrr’@ifi%z;)%/2 yields a zero contribution, by
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oddness.% yields, after integration by parts and an error term that is of

orderw, (0)°0(%%}),

)\.5/2

i 1,

_ o [ @2002,0° rédr _ (cbz(OO)Q(O)5 log /\)
A2/ (1+r2)52 A2/ '
Bs
Using (2.1) from Lemma 2.1, the contribution @f(%) to
w,(0)° / arz  Lowp
[ — r -
6 @2 ov ov

dBs

is w,(0)°0(1/A>2). We are thus left with its contribution to the other boundary
term, and here we use (2.2) from Lemma 2.1, which tells us that

25/2r2
w; =0 <(1+ Azr2)5/2>

B Z 252X i Can/A N csA 2L (X)
T @ A2 T (L4 A2 232 T (L4 A2r2)52

Al2r3
+0|———r—
(l—i—)le' 2)7/2
yields, by oddness, a zero contribution to this boundary term, and
O( 17/2¢3

W) yields a contribution that i©(1/173).

We are left with the two other, radial plus quadratic, terms. Using oddness, we
can easily see that the contribution of the radial term to

2321 (x)
(l+12r2)5/2

/(Dza)l(O)X X?——(Dza)l(O)X X)a)z)da

0Bs

is w;(0)°0(1/A%?). With the quadratic term, we have

Gii Xi X
/[( a)l(O)X X <)»5/ZZ<1+)12|X|12)5/2>

dBs
0 GCii Xi X
(D200 - x . x 25285 GIXX 2y
(av 2 ) v
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o e [ (e

(14 1282)5/2 90 X[ x|
iy
(D2%w,(0)) or? w XMy Vdo
J— a) —
T em gy T g x

9Bs

5).5/2).287 X X X X
A RAT D2w.(0) . — . Gi ——- |d
(_*]__i_)M2(32)5/2+1a'B/v ( @0 |X| |X|)<Z ! IX] |X|> 7

5

519257 Xi X \°
= T Ay Za/ 6 (D%, 0); <|x|) <M>

Bs

¢’ 1

(o 1
=5z wl(O) D wz(oo)+o(w2)

Summing up, we have derived that

/ 0103 = (22020 | Ven0 V(o) ¢ D?w, (0) - D?w,(c0)

JA 23/2 T 35/2
sloga @(00)° 1
+O(C()1(0) 5/2)+O< )\'5/2 +0 m .

On the other hand,

/|91|3|w2|3§|Q1(0)|3f lwp® +C / IX||w2|® + f AR

Ix]<1 Ix]=1 Ix]=1

f@fu)%fg‘f(O) / a)§+C / |x|w§+ / Q‘lla)g,

Ix|<1 Ix|=1 Ix]=1

/wgggggg@ / W4 C / Xl + / ie?

Ix|<1 Ix|=1 Ix]=1
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|wy| is less thanC/(1+ 1?2, and by Lemma 2.1jw,| is less than®2Z +
O(535) forr > 1. Thus

4 2 4 2 3 3
/Q1w2+ / wo,w7 + / |wq [7]w2|

Ix|>1 Ix|>1 x|>1
- 2 - 4
< C / 1 a)z(OO) 4 1 4 1 a)g(oo) 4 1
(L+r2)2\ ar? Asr4 14r2\ A%r2 A6ré8
[X]=1
1 2(00)3 1 )
+ 1+ r2)3/2(k3/2r3/2 + 219/2r6 redr
w(00)? 1
=0 — .
("5 +53)
Using Lemma 2.1, we also know that

@2(00)IVE ( V(L4 ar) )

N ———5=5 A 12,03/
|(1)2( )l = (1+A2r2)1/2 (1+)L2r2)3/2

Thus

/ w23 (I, (0)* + Cr) + w3(w1(0)? + Cr) + w5(w,(0)* + Cr)

r<1i

< @a(00)? f (loy (O + Cr)

r<1l

+an(00)* [ (207 + )

r<i

A3/2r2dr
(14 A2r2)3/2
22
———dr
(1+A2r2)2

2

o, Ar
+C()2(OO) / (Q1(0)4+Cr)m dr

r<i

)\3/2(1 + A% 3) )LZ(]_ + A4 4)
o ( / [m(@lm)'s +CN) + g e (@@ +Cr)

r<i
AL+ A?%r?)

A @102+ d(00)? | 1
— o AL, 2,




462 A. BAHRI AND S. CHANILLO

Hence,

. 02+ @ 2 1
and the expansion fod follows from the above estimate and the expansion of
[ w3 at theCO-level. Because Lemma 2.1 holds at & level—i.e., we can

differentiate the formulae of Lemma 2.1 with respecb@oandk%, keeping all

estimates unchanged, Whﬂ% behaves a®, does—our expansion holds, in fact,
in theC'-sense. O

PROOF OFLEMMA 2.1: @,(X) is equal toﬁgz(xX) and

o \Y2 5 \12
w,(y) = <m> o (y)) = <1+ r2> @(m(y)

where
Y1
2 Y2
7:R®— S3, yﬁm vs | (see [6]).
r2—1

2
Extendingy to a neighborhood d§2 in R3, we have N is the north pole)
o (y)) = 9(N) + De(N)((y) — N) + 3D%p(N) (7 (y) — N)((y) — N)
+ O(|m(y) — NJ%).

Thus, since
Y1
_ 2 Y2
-1
Y1
1/2 2 2.2 v
(m) p(m(y)) = W(P(N) + WDQD(N) Vs
~1

Y1 Y1
1 2 5/2
+§(1+r2> D2¢(N) Y2 Y2

Y3 Y3
1+r3
of-—"_).
+0 Ty )

-1/ \-1
Sincew;,(X) is \/ng(kx), (2.3) and (2.2) in Lemma 2.1 follow as does (2.1)]
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3 Thev and v Parts of u

Next, we want to expand (a1 +azwo+v), Wherev, following the parametri-
zation introduced in Proposition 1.4, satisfies

(1.2) (v, @)1 = (v, w2)y1 =0
' RIo) ow . dw, — 0 Jw —
(v, ﬁ)Hl = (v, ﬁ)Hl =0; (v, a_/\z)Hl =0; (v, a_;tllwl:@l) =0,
wherey is the rescaling factor for the family of functions correspondingtoThe
derivative is taken aby = w,. Theg,! are variables corresponding to the action of

the orthogonal group & on @, andw,, respectively.
A straightforward computation yields

J(od1 + 2wz + v) = J(o1d1 + o) + (f, V)1 + Qo(v, v) + O(Jvl3) .

This expansion can be differentiated with respeat;to is small in theH-norm,
by constructionQy is a quadratic form on the's satisfying (1.2). We prove in the
sequel various results dQy and estimates ofv| 41 and several related quantities.
The estimates will be completed R®, after stereographic projection. Thus, we
will use the notationw; andw,, which stand foko; and@,, instead ofv; andws.
However, for the sake of simplicity, we will keep the same notatiorvfoVhatv
refers to will be clear from the context.

We now introduce the following:

1
Qr={xeR®: — < x| < —1}, Q:{xe]R3:|x|<—};
! { 2 8V

P, the orthogonal projection froll = {w : Vw € L?(R3%), w e L%R®)} onto
Ha(Qi);
0
S Hol(Ql)—> H, = {we Hol(Ql):/Vw-Vglz/Vw-Va—le=O},
0,
1 1 30)2
S :Hy(2) > Ho= 1w e Hy(R22) : | Vw: Vo, = Vw-V;:O ;
03
the orthogonal projectors (ttm:—-;j 's are coordinates along the conformal group)
K ={h:VhelL*R%, helL®R?, Ah=0inQ;UQ}.
Let
T - - ~
v (S0 Pi(v), S0 Po(v), v — (PL+ Py (v)) = (01, 12, h) =V,
Hr—~ H;y x Hy x K.
We then have the following:

LEMMA 3.1 AssumédA3): For everyw solution of the Yamabe problem 8f, the
linearized operator-A + 2 — 50»* hasspan{ %} as the null space. Then, for
az/aq close tol,
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(i) Qo(v,v) = [|Vv]?2 = Sf(w] + w3)v?dx + o(Jv[,), up to a positive
constant, and is defined on the sebtf satisfying(1.2), and

(i) T is a linear isomorphism that is bounded and has its inverse bounded
independently of.

Qg reads as

Qo(V. V) = Oy (i, ) + Oa(iz, 52) + / Vhy?
+o(f|w1|2+/|w2|2+/|Vh|2)
where

Quos. o) = [ V3?5 [ wfit and Qatia. i) = [ 1952 =5 [ fi?

are nondegenerate, with spectra bounded away from zero independentliFaf
thermore, after a change of variables frofh— \7 (both variables belonging to a
neighborhood of the origin in Hx H, x K), where the change of variables satisfies
bounds independent af we find forv small,v € H, satisfying(1.2), J(c10 +
aw2 + v) in the new coordinates reads asadw; + aowy) + <p(\7) + Q(\7, \:/),
where(p(\7) stands, at first order, fo(f, v) 1.

PROOF OFLEMMA 3.1: The proof of (i) is straightforward. Consider nd@y
on H and letv; = Pyv, v, = P, andh = v — (vy + vy), wherev,, v,, and
h are connected by (1.2). Then by [2, lemma 3.2, p. 64] and by the proof of [2,
proposition 3.1, pp. 65—-68], we have

Qo(v, v) =/|Vv1|2—5/gl‘v§+/|Vuz|2—5/w;‘v§+/|vm2
+o(f|Vv1|2+/|Vv2|2+f|Vh|Z)

__¢C q - CVa
ol = e AN e = e
The quadratic formQ; is nondegenerate oH;, and its spectrum is bounded
away from zero independently af The same claim holds fo®, in H,. We
formally have

because

Qo(v, v) = Q1(v1, v1) + Qa(v2, vz)+/|Vh|2+o<f|Vv1|2+|sz|2+|Vh|2)

up to the fact that the spaces of definition are totally wrong sin@dv, are not
in Hy and Hy, respectively.
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In order to overcome this problem, we use the projectisnand S,. Sincev
satisfies (1.2),

/Vvl-Vglz—vaz-Vgl—/Vh-VQl

ah
:_/(VUZ"'Vh)'VQl_/a_le

Qi 0921

o (o) (o)) - )

Similar estimates hold for the pairs andg—%l—, v2 andwo,, andvs andg—“’f—; so that,

using (Al) and also using the invariance By scaling of various scalar products,

1/2
Si(v1) + S(v2) +h=v+0 ((/ IVv|2> ) .

Thus we can now write, in a rigorous way, that

Qo(v, v) = Q1(S1(v1), Si(v1)) + Q2(S(v2), S(v2)) + / |Vh?

+o(f|vsl<v1>|2+/|vsz(vz>|2+/|Vh|2).

Conversely, givers; in Hi, ; in Hp, andh harmonic in2; and€2,, there exists
(using (A1)) a unigue functiop in

0 0 d 0
F= span{uﬂ,/\ﬂ, @1 w?}
du A 35 95,
so that
ss+S+h+¢ satisfies (1.2)

We also have, denotin@Qr the projector ontd- and recalling that (A1) holds,

/|w|2sc(/|VQF<s1)|2+/|VQF<s2>|2+/|VQF(h>|2)
so(f(|vS1|2+|VS2|2+|Vh|2)),

since(s;, S, h) belong toH; x H, x K. Thus, the maf is invertible and we
may consideiQ to be defined oH; x H, x K, with a quadratic form very close
to Q1(s1, ) + Qa(S2, ) + i |Vh|2. Since eachQ; is nondegenerate and is the
linearized operator of the Yamabe problenuwatandw,, respectively, the result
follows. O
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Using Lemma 3.1, we find a uniquesatisfying (1.2) such that
B
ﬁJ(alcT)l—Fazwz—l- U)|f, =0.

In order to estimat@ in the H!-norm, we have the following:
LEMMA 3.2 (i) For anyw satisfying(1.2),

@0 +132(0)] | 1
\/X 232 )

|(f, V)2l = Clols (

(ii)

|5|H1§C<Igl(0)|+|cbz(oo>l N 1 )

N 232

PROOF. Since[ @3v = [ w3v =0,
(Fo ol =€ [ (1@al*foal + o) o

o/5 5/6

scwm(f(|cbl|4|w2|+w;‘|cz)1|) ) :
Using Lemma 3.1, we then have

6/5 5/6
Bl < C' (f (@Flwz| + wlanl) ) :
Thus, we need to estimafg @1|24/5|a)2|6/5)5/6 +(f |a)2|24/5|gl|6/5)5/6. We will

use (2.3) of Lemma 2.1.
Clearly,w;(X) = w;(0) + O(|x]|). Thus,

5/6 5/6 5/6
( / |w2|24/5|@1|6/5) < C| o, (0)] ( / |wz|2“/5) + ( / |w2|24/5|X|6/5) :

We know thatjw,(x)| is bounded above bﬁ% Thus,

+22r

5/6 5/6 /
o) = S ([ qodre) =
w3\ a+ryes) =4

We also have

5/6 248 i
flwzlz“/‘r’lxle/5 << r <

5/6
24/5,  16/5 |, (0)] 1
(/|w2|/|Q1|/) SC(T—FW .

Thus,
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For (f |Q1|24/5|a)2|6/5)5/6, we use the formula of (2.3) from Lemma 2.1. Out-
side a ball of radiusv, wy(x) — -22¥%_is hounded above byss. Thus, the

(1+12r2)1/2
contribution ofw, — % outside a ball of radius is bounded above by
5/6
C 24/5 -0 1
33/2 @ = 332 )
BS(O,M)

On the other hand,

6/5\ >/° 3.2 o/°
[l Vi -
w1 (1_,’_)\‘2r2)1/2 - A A2 (l+)\.2r2)3/5
B(0,1)
5/6
C C r2dr
< — 4 — ———
REV/RPEN W TN EEE
r<a
_ < n E(k376/5)5/6 _G
VT N
Thus,
6/5\ 5/6 .
] s % |@2(00)|
00 I <C .
|a)2( )| /|Q1| <(1+)\2r2)1/2> — \/)T
Next, we estimate
5/6
101 245w — Mf%
@Y1 2 (1+A2r2)1/2
B(O,M)
We observe that
Y @2(00) /A B CVa
2T A2 T 112
Thus,
5/6
f 0112450 _MWS <C / erdr
[of) (1+ A2r2)1/2 = (14 A2r2)8/5
B(O,M) r=m
CAL2 3_12\%/6 C
< S (%)= o5
25/2 A3/2

Summing up, we have
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and thus

|01(0)] + [@2(00)] | 1
|(f:U)H1|§C|U|H1( L 7 2 +W)
Using Lemma 3.1(i) and (ii), we find a unique optiniain the space ob’s, and
we have

_ @1 (0)] + |@2(00)] 1
|v|H1§C< L ﬁz +m>

4 The Morse Lemmas at Infinity

We thus have been able to prove, gy« close to 1, the existence ofsatis-
fying (1.2) such that

J (01167)1 + aowy + v) =J (06167)1 + oowz + 1_)) + Q(V,V)

whereV is essentiallyy — v. In fact, inV there is an additional lower-order
term since, in the expansion df there is arO(|v|,341). V also satisfies (1.2), and
therefore, by Lemma 3.1Q(V, V) is a nondegenerate quadratic form.

We study, in what follows) («101+a2w,+v), and following the method of [3],
we find a change of variables in tl#,, 6,, A)-space that bringd(«1i;+aswo+0)
into a nice normal form.

We first prove the following:

LEMMA 4.1 AssumgA1l): For every solutiono of the Yamabe problem iR®, the
varlous"’—‘”- and x- Vo (x) are independent, where tldd are parameters along
the orthogonal group.

Then, for every

_wo 8w2+Z OJ Z Ojawl

that corresponds to the variations$ = 8 in theA-concentration and the various
variationSw{),j in the parameters corresponding to the orthogonal group and that
induces the variatiodv(wg) in the v-component, we have

—J' (@101 + aowz + 1) - (wo + d0(wo)) >
2 2
—J' (a1 + 02w2) - wo + O <a)1(0) - @2(o0) ) ( wg| + Z |wp,| |>

A

PROOF OFLEMMA 4.1: Let

3@1 8&)2 aa)z aa)l
E = spanj w;, w2, u—=,
au VR 802 801
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and

3%1 3602 8a)2 86()1
F=spanqypu— A—, —, —¢.
au axr 3O’ZJ 801'

Let Qe and Qr be the orthogonal projections from® onto these spaces. Since
J (101 + 2wy + ) is, by definition ofv, orthogonal to the space o, i.e., to
the orthogonal o, and since, by differentiation of (1.2)p(wo) is orthogonal to
w1 andws, we have

Qe (0v(wo)) = Qr (dv(wo))
and

J' (011 + oy + ¥) - 90 (wo)
= J' (0101 + 2w + ) - Qp (d0(wo))
= J'(c1001 + 0202) - Q (30(wo)) + O(19]11|Qr (90 (wo)) In2) -
We need to estimat®r (dv(wg)). Using our relations, we have

_ _ 0
Qr(0v(wo)) - dwi = —v - — (i)
3w0
wheredw; stands for one of the functions spannifg

Using (A2) and the fact that the functiomga% andg—‘_‘)}- on one hand and the
o1

3%2 andkaa% on the other are nearly orthogonal (by assumption, we are in a neigh-

a.

borhood of infinity), we derive that
|QF (0v(wo)) |1 < Clv|n1|woly1 .
Indeed, by conformal invariance,

! (0i)
8w0 @

< Clwoln1 .
Hl
Thus,

J' (1601 + oo + V) - 30 (wo) =
I (e11 + 0t202) - Qr (00(wo)) + O(|91%1|wol 1) Qr (3T (wo))
is orthogonal tan; andw,. We also have
/@?Qp(az‘)(wo)) = /ngF@f»(wo)) =0.
Thus,
J' (01001 + 0r202) - Qr (00 (wo))

=0 (/ (wilw2] +w§|21I)IQF(317(wo))I>
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5/6
=0 <|v|H1|wo|H1 </(@‘1‘|sz +w§|@1|>6/5) )

_ 0)] + | 1
=0 <|U|Hl|w0|Hl <|Ql( )l \/X|w2(00)| + W))

and, using Lemma 3.2,

w1(0)% + @z(00)? 1
L . + e lwoln1
Turning then tod'(ay1 + azw, + ) - wo, we expand to find

J' (a1001 + apwp + V) - 30 (wg) = O <(

J' (011 + aawz + V) - wo =
J/(alc_ol + azwz) ~wo + J”(oz15)1 + 0120)2) -0 - wo+ O(|1_1|2H1|U)0|H1) .

Using the fact thatl’ (a1 + aows) - v = O(|9]%,,), sinced’ (1@ + azwz +
v) - v = 0, and using the fact thatis H'-orthogonal towg, a direct computation
shows that

(11 + a2wp) - V- wo = O (/(05191 + O52602)4111017) + O(|9/2:|wol 1) -

Observe that

0 0 0
/Qi‘ﬂf} =0, /wgﬂﬁ:/a)gﬂf) =0.
Ik o, dA
Thus,
J”(ocld)l—i—az) -V - W

dwo _ 2 43602_ 1 480)1_

= |wl|/Q4A—v+ |w -|‘/Q—-U+ |lwg | Wo—=10

(a1 f ot za] + S| [ty %)+ i | f ot

3 3 S 2
+ / (lwgPlwz] + |w2l |, |) [wol D] 4 |U|H1|wO|H1> :

Using the conformal invariance and the scaling, this reduces to

J”(Ot1651 + Olzwz) S0 wg =

O((|wé| + 2 1081) [ eflalls
+(Z|wé,j|)/w§@1w|+|v|.il|wo|H1).

Using the estimates derived in the proof of Lemma 3.2, we have

J//(Ollcbl + 062602) -V wo =

0)] + | 1)?
o<(|wg|+Z|w§,j|+Z|w3,j|+|wo|H1)('Ql( >|ﬁ|wz<oo>| +m) )
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Under (A2),
|wolpr is equivalentto [wgl+ > wh;l+ > lwg ;-
Thus,

\]/(Ollc_()]_ + aowr + 1_)) - W =
J/(Ollcbl + Otza)z) - Wo

02_|_ = 2 1
+0 ((|wc1)| + Z |w(1,’]- | + Z Iwg’j|) (Ql( ) )\a)z(OO) n F)) ‘

and combining the estimates df(ay w1 +a2w+v) - 00 (wo) With the above remark
on |wol w1 yields

J' (01001 + 02wz 4 V) - (wo + 30(wo)) =

J/(Ol]_C?)l + Olza)z) - Wo

@1(0)2 + @p(00)? 1
+o((|w3|+Z|wg,j|+2|w§,j|)( L - 2 +ﬁ))

g

Next, we prove the following:

LEMMA 4.2 AssumgAl), the additional conditior{fA2) (for every solutiono of
the Yamabe problem d&¥, the differential ofw is nonzero on the zero set @),
and (A4): There exists a constang ¢- 0 such that|Vw,(0) - Vw,(c0)| > cg on
the set of coupleGv,, @,) satisfying
®1(0) = wz(00) =0
(M %(le(O) - Vaw,(00)) is collinear toa%l(gl(O))

%(v%(m - Vaw,(00)) is collinear to%(@z(oo)) :

Then we can construety depending smoothly ofa;, oij , A) so that, with an ap-
propriate positive constant c,

—J/(Ollcf)l + arwo + l_)) . (wo + 8ﬁ(wo)) >

lw1 (0)] + [@2(00)| 1 )
Clwo|H1 + .
[woln ( 7 W
PROOF. We first observe—and this is obvious from the proof—that the ex-
pansion of Lemma 2.2 can be differentiated with respect &nd 5j', because

Lemma 2.1 holds for the derivatives @ with respect tox andé). (This claim
is a straightforward consequence of the proof of Lemma 2.1, which is based on
a scaling argument and an expansion around the north pole of the fupctian
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S®.) Consider now the expansion dfa11 + aow). If ,(0) or wy(c0) are both
not small, the proof of Lemma 4.2 is straightforward. If onewxt0) or w(c0) is
small while the other is not small, we can choege= 0 and an appropna'ﬁw0
nonzero with all the other ones zero. Lemma 2.2 will then imply that

Clwo| 1

VA

—J' (@101 + o2wp) - wo >

Using Lemma 4.1, Lemma 4.2 follows.
If both w, (0) andw,(c0) are small, we use thﬁ' -parameters. Then, taking the
derivative of the expansion of Lemma 2.2 with respect to these parameters, either

@1(0) = O(2); @z(c0) = O(2)
T) c@2() 3 (@1(0)) — C’ 0 Vw1(0i372wz(oo) _ 0(%)

AR
01(0) 3 ¢ a V1(0)-Vaw,(00)

c V) |(CU2(OO))_ ~ T —O(Aa/z),

or (T') is not satisfied. Then, we can bunlai0 i.e., wo, SO that the inequality of
Lemma 4.2 holds. Thus, assumi(ig), under (A3)a)(0) andwy(oco) areO(1/1).
Multiplying (I') by %2 and going to the limit as tends to+oco, we derive that we
have a solution of

@1(0) = @2(00) =
(Mo C13 le(o) —Cor (Va)l(O) Vw,(00)) =

Co:lr wz(OO)—C 57 (V1 (0) - Va(00)) = 0

whereC,; andC, are Ilmlts ofAw,(0) andsz(oo). C; andC; behave as Lagrange
multipliers; i.e., their values are not prescribed. Th{3),,, amounts to twelve
constraints on the twelve parametérj‘s related toO(4) and affecting(w, wz)
(once basic forms of solutions to the Yamabe problem have been assigried for
anday).

Thus, we expect generically to have only isolated solutior{§'jq,, up to rigid
motions of the coupléws, w»), and sinceVw, (0) - Vwz(oo) is invariant through
these rigid motions, we may assume (A4), i.e., that there exists a congtan®
such that, foi large enough,

[Vw,(0) - Vwz(oo)| > cg > 0

as soon agl) is satisfied.
Differentiating then the expansion of Lemma 2.2 with respeét twe derive

0
J (2101 + a2w2) - K% =
@1(0)w2(00) ,V,(0) - Vw,(00) 1
o) e o (5m).

Slncea)l(O)wz(oo) is O( 5) and| Vo, (0) - Va,(c0)| is larger tharcs, wo can again
be built, using Lemma 4.1, so that the inequality of Lemma 4.2 holds. It is easy to
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patch, using a partition of unity, the various local valuessgtind derive a smooth
wo. O

We now provide the various Morse lemmas at infinity that cover all the possible
situations we may encounter. Comi~ng~back to ~Lemma Bdgw1 + aowr + v)
reads as) (c11 + aawp) + (V) + Q(V, V) with V belonging to a neighborhood
of the origin inH; x H, x K. Minimizing J(ald)} + ow; +~v) with respect ta
is equivalent to minimizing) (11 + a2w2) + ¢(V) + Q(V, V) with respect tov..

After a change of variableg — V, which holds in a neighborhood of the origin
in Hy x Hy x K, J(a101 + apwo + v) reads asl (ayo1 + aowy + 0) + Q(V, V).
The notationQ(V, V), which is now clear, will be used in the statement of the
following:

LEMMA 4.3 Assume thafAl)—(A4) hold.

(i) Near a couple(0, co)g such that neitheXw:(0))g nor (ws(o0))g is zero,
J(a1001 4+ a1 + apw7 + v) can be read, up to an additive universal constant
and another multiplicative constant depending only@n oz, @1, @,), as
c/vA+ Q(V, V).

(i) Near a couple(0, co)g such that(i(0))g is zero while(w,(c0))g is non-
zero, X = @1(0) can be taken to be a coordinate andada, + asw, +
v) can again be read, up to an additive universal constant and another
multiplicative constant depending only o, a, @1, @2), as cX/~/A +
Q(V, V) and cY/v/A + Q(V, V) in the reverse case, whew,(c0))g is
zero while(w1(0))g is nonzero.
(i) Near a couple(0, 0o) such that(w1(0))g is zero as well agw,(00))o,
@1(0) = X andw,(00) = Y can be taken to be two coordinates.
(&) Assuming(0, co)o and (@1, @) do not satistI") ., there are con-
stants g, €1, and¢, and a nonsingular linear form L oR'°, where
Z e R0 stands for the remaining ten dimensions of the orthogonal
group’s action on(w;, w,) after X and Y have been chosen, so that
(up to constants as abayel (a1@w1 + aow, + v) reads as
ZAELELE A
(b) Assuming now that0, co) and (w1, @») satisfy(I'),, there exists a
constant g (nonzerd such that(up to constants as aboyd («1w1 +
asws + v) reads as
—AXY — ¢
B

PROOEF (i) and (ii) follow easily from the proof of (iii); we thus look into (jii).
The line of proof of Lemma 4.3(iii) is identical, given Lemma 4.2, to the line of
proof in [3, appendices 1 and 2].

+ QV, V).
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Let us consider the following three functionalls(o;wy + aow, + v), J(a1d1 +
arwy), andyr (a1w1 + aswy) defined as follows: Consider the functidin, (0) -
Vw,(oo) defined on the space of variables, Y, Z). Expanding, we have

V1(0) - Va,(00)(X, Y, Z) =
V@1(0) - Vaw,(00)(0, 0, 0) + %x + %Y +L(2)+Q(X,Y, 2),

whereQ is of degree larger than or equal to 2 dndk a linear form orZ. Set
V1(0) - Vaoo(0)(0,0,0) = =2
Q(X,Y, Z) = Q(0,0,2) +o(X| + [Y])

= QuZ, Z) + o(IX] + Y| +1Z?).

¥ (o101 + apw») is then defined to be
—AXY — ¢y — X —8Y —L(2)
23/2
—AXY — Co — Clx — CzY — Ql(Z, Z)
A3/2
By Lemma 4.2 and its proof

in case (iii))(a)

in case (iii)(b)

—J' (@1 + apwz + 0) - (wo + d0(wo)) >
|w1(0)| + [@2(00)] 1
C'w‘"“l( N O wx)

and

|1(0)| + |@2(0)] . 1 )
vV v

Using the expansion of Lemma 3.1, the above definitionypfind the argu-
ments of Lemma 4.2 again, it is easy to see that we also have
|w1(0)| + |@w2(c0)| " 1 )

Vi A

In case (iii)(b), because we know thatis nonzero (we are dtv1, @, 0, co) sat-
isfying (IN) ), We can removeé,; X, C,Y, andQ1(Z, Z) from the expansion of.
Thus,wg is a common pseudogradient for the three functiodédg w1 +aw,+v),
J (0101 + axwy), andyr (w11 + axw;), and we can use its flow lines to transmute
one functional into the other and conversely. The only problem is with the Palais-
Smale condition on the flow lines aby: We have to check that, along a flow
line of wop, before reaching the value = +oo or exiting the domain of defini-
tion of each localwg, we have changed, along the flow linK@1w1 + axw, + v)
into ¥ (@101 + a2w>), and vice versa. By constructiof(aiw; + axw2 + v) and

—J' (01001 + o) - wo > C|w0|H1(

—y'M(a@1 + opws) - wo > Clwo| e (
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V(11 + aawy) differ by an amount that is(1/1%2). Indeed, by a preliminary
change of variables in theX, Y, Z)-space, we can get rid d®(x~1(@1(0)? +
@2(00)?)) +0(A7%2|Z1%) = O(AH(X? 4+ Y?)) + 0(A~%?|Z|?) in the expansion of
J by using the term-A"Y2XY — A=%2L(Z) — A~%?Q4(Z, Z). In addition, we
can get rid ofQ4(Z, Z) if the linear formL (Z) is nonsingular.

Thus, if along a flow line ofwg, either of these functionals undergoes a change
of the order ot:/kg/z, starting with an initial large.o, while 1 is still not+oco and
we are still in the domain of definition of the locay, we will have established
Lemma 4.3.

Along the flow lines ofwg, normalized so thatwo|y: = 1, we have, since

wo = wgk(dwz/d1) + Y wh ;(dwz/doy) + 3w (dd1/d07),

. d _ _ C
A=0R) and - a(J(alan + aswy + v)) > )\Tiz

Thus, withig as the initial concentration
A= )"Oo(et) ’ te (_OO’ OO) s

and

J (OllCT)l + ooy + I_J) ) >

- _ co [' =
J(ala)1+a2a)2+ v)(t) + ﬁ/ e 2dr fort>0,
Ag  JO
J(o1n + apwp + D) (1) >

0
c o
J(a1c7)1+oz2a)2+17)(0)+%[ e 7 dr fort <O0.
Ag It

The same inequalities hold with(ay@1 + azw;) instead of) (a1w1 + aowz + D).

The only restriction on these computations lies with the validity of the expansions
in the (X, Y, Z)-space, in particular the one concerniig: (0) - Vw,(c0) and the

use of the(X, Y, Z) coordinates. Along the flow lines afy, we have

(X.Y.Z) = O(1) by construction (in facty = O(A™1)),

so that the time needed to exit the neighborhood where such expansions hold is

bounded from below by a fixed and positive> 0.

Using the inequalities above and the existencg,ofie see that the variation of
J(a1d1 + azw; + 1) (1) aroundd (cads + azw; 4 9)(0) is at leasty;/A) % in both
the positive and the negative directions. The same holds Wwith®; + aiws).
Since J(a1@1 + azwz 4 ©)(0) andy (aadr + aawy)(0) differ by o(1/A3%) when
Ao tends to+oo, and sincewg is a pseudogradient for both functionals, we may
transmute one functional into the other using the flow linesof O
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PROOF OFTHEOREM 1.5: According to Lemma 4.3, iV (2, g, @1, @2), for
g0 Small enough,J (a1@w1 + aow, + v) reads in suitable local coordinates as

- -6\3
(of f @2 + o5 [ @)
of [ &F +af [ @
whereh(X,Y, Z, ) assumes the various forms of Lemma 4.3 &/, V) has
been diagonalized int/+|? — |V~ |2. We recall that

o (Jo )

We want to study, up to excision, the paik._ .. NV (2, &), Je,—e NV (2, £0))
for e tending to zerogo small. Takingsg small enough, we can use Proposition 1.4
and Lemma 4.3. Wheh tends to+oo and|V |? tends to zero whiler,/«y tends
to 1, J(a1d1 + a2w2 + v) tends tocy. Thus, . . N V (2, &) can be replaced
with the full-parameter spadea(as, az, X, Y, Z, VT, V~, 1) with A large enough
A > A VT, V™| small: Using the pseudogradiemt of Lemmas 4.1-4.3, this
space deforms ontd,_ . NV (2, gg) iN Je+ NV (2, €0), With ¢’ small,&” tending
to zero whenA tends to+oo. SinceJ. . N V (2, gg) deforms throughwo on
Je.+e NV (2, g0) and since, using various values fgre’, and A, we can build a
nested family

(L+h(X, Y, Z,0) + VT2 = V7P

Jcm_;,_s N V(2, 80) —> PA —> 'Jcoc"l‘E/ N V(2, 80) —> PA/

with Pa deforming ontoPa, and J._ . N V(2, o) and P4 being homologically
equivalent. We can usBa in lieu of J._ . NV (2, o) in the computation of the
difference of topology.

On the other handl.__. NV (2, g9) can be replaced by, NV (2, eo) because,
from Proposition 1.3, the Palais-Smale condition is satisfied below the dgyel
(until the next critical level at infinity), and using the decreasing flow lines®f
we may assume, even if we start at the lexg] that we are a tiny bit below this
level.

Thus, we are considering the p&Ra, J., NV (2, &g)). The dlfferentlal | equa-
tion 9V*/ds = —V ™ retracts by deformation this pair onto the pemA, JCoo

V (2, g9)), where
=-i-3)
o1 A

~ 1
Pa= {(al,az, XY Z V7 2z AV < 4

and
Je. NV (2, g0) = {(al,az, X, Y, X,V™, 1) =z€e Pa: X (2 =

(0 [ @f + a3 [ @)’

o [+ 03 [

x (L+h(X,Y,Z,0) = V%) < coo}.
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Let us first assume, in order to stugyw NV (2, &), thatV~— = 0 anda; = ao.
This part,D.,, of J., NV (2, &p), reads as

h(X,Y, Z,x) <0;

X andY arew,(0) andwx(o0); Z represents the transversal parameters in the
orthogonal group.

(1) Considering Lemma 4.3(i) and (ii), we are led directly to includé®ig
the subset oP, defined by

C={zePa: XY >0,XorY nonzerq.

(2) Studying Lemma 4.3(iii)(b), we see that the conditlaiX, Y, Z, 1) < 0

reads
Co

XY > e
Sincecy is nonzero, we distinguish two cases:
(o) Whency, which represent¥w,(0) - Vw,(00), is positive, then this
set has two connected contractible components, Si60@) in the
(X, Y)-space is not included in it. It has the same homotopy type
(up to multiplication by a ball in th&-space and byA, +00)); then
{(X,Y) : XY >0} - {(0,0)}.
(B) WhenVw,;(0) - Vw,(c0) is negative, then this set is reduced to a con-
tractible set, sinc€0, 0) ties the two former components. It has the
same homotopy type 46X, Y) : XY > 0}.
(3) (@) and () can be extended to include all cases wheeg (0) - Vw,(o0)
is nonzero, since Lemma 4.3(iii)(b) holds under this hypothesis.
(4) The case remains whe¥aw, (0) - Vw,(o0) is zero and Lemma 4.3(iii)(a)
holds. Therh(X,Y, Z, 1) < O reads

o &G\ & L@
X+ 2)(vy+2)> 22 - =2
(x+3)(v+3)=5 -

|Z| is small, independently of how largeis, i.e., independently o4; i.e.,

|Z| < 6, while A > A. Taking A very large and using the fact that

is nonsingular, we easily see that the above set completes the transition
between ¢) and (8); i.e., asL(Z) changes from-yq to yo, Whenyg is a

small positive constant, the corresponding section to this set evolves from
() to (B) or vice versa.

Observe that is the differential of the functioVe, (0) - Va,(c0) re-
stricted to{X = 0} n {Y = 0}. By assumption, the level zero for this
function on{X = 0} N {Y = 0} is regular, sincd. is nonzero. It is there-
fore easy to identify the transition set from)(to (8) with the level zero of
Vw,(0) - Va,(c0) on{X = 0} N {Y = 0}.

Summing up three cases, we see that is the union ofC and of a
subset of (X, Y, Z) € Pa: X =Y =0} x [A, +00) that is very close and
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has the same homotopy type{@X, Y, Z) € 5A : X =Y =0,Vuw,0) -
Vaw,(00) > 0} x [A, +00).

In \TCOO NV (2, gg) — Ds, SinCceV ™ is nonzero okx1/ay is not 1, there
is a decreasing pseudogradient, which is nonzero as long @sda, are
nonzero and/~ is small. Along the flow lines of this pseudogradient, we
deform J.,, NV (2, gg) — Do ONto P4 x 9(A1 x Dy(Q)), whereA; is
the standard one simplex (fow, o)) and D, (Q) is the unstable disk of
Q for this pseudogradient. By Lemma 3.0,(Q) is a product equal to
Dy (Q1) x Dy(Q2). Since this deformation acts only on ttwe,, ap, V7)-
space, it does not exid.,, and the previous arguments characterizing
and the present argument that displays a retract by deformatidg, of
V (2, e0) — Do combine to provide the statement of Theorem 1.5 after
canceling thg A, +00) factor (which is useless) and identifyirigy, (up to
[A, +00)) with the orthogonal grou®(4)? x A1, modded out byr, in the
eventw; andw, can be brought one onto the other by an eleme@@f¥).

O
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