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1 Introduction, Notation, and Results

In this paper, we study the simplest cases of differences of topology at infinity
in Yamabe-type problems with changing-sign solutions. In the past twenty years,
there has been a wide range of activity in the study of the positive solutions to the
problems of Yamabe-type, using various methods, including the study of differ-
ences of topology at infinity. After [1, 6], these differences of topology are starting
to be well understood in the framework of positive functions. In sharp contrast to
this, very little is known when the hypothesis of positivity is removed.

We believe that completing such a task is important not only per se, but also
because it lays the ground for Yang-Mills (Einstein’s?) equations. These equations
should only represent a complication in the background framework with respect
to Yamabe changing-sign problems. In the present work, we are completing this
program for the pure Yamabe problem—allowing for sign changes—onS3 and for
only pairs of functions at infinity. In order to formulate our results, we need to
introduce some notation and quote slight variations of well-known results.

The partial differential equation that we will be studying is

(1.1)

{
−1S3u + 3

4u = u5

u ∈ C∞(S3,R) .

Equivalently, using one of the stereographic projections fromS
3 to R

3, we will be
studying the family of solutions to the partial differential equation{

−1R3ϕ = ϕ5

ϕ ∈ H = {
w ∈ C∞(R3,R) such that

∫
R3(|∇w|2 + w6)dx < +∞}

.

Both problems have equivalent variational formulations, and we will use the most
convenient framework to complete our computations depending on the circum-
stances; i.e., in order to complete some computations, we will complete a stere-
ographic projection fromS

3 into R
3, with conveniently chosen north and south
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poles, and we will use the conformal invariance of several quantities and compute
them inR

3.
Recalling the variational formulation of (1.1), we introduce the unit sphere

6 =

u ∈ H1(S3,R) :
 ∫

S3

(|∇u|2 + 3
4u2

)
dv

1/2

= |u|H1 = 1


and on6, the variational problem

J(u) = 1∫
S3 u6dv

.

J is C3 on6 but does not satisfy the Palais-Smale condition. It is known, using
some subgroups ofO(4), to have infinitely many critical points, but no study of
the so-called noncompactness has been carried out in this simple framework with
the goal of finding a general formula—useful in other cases where infinitely many
solutions are not known to exist—for the difference of topology at infinity.

Introducing the family of solutions of the changing-sign Yamabe equation onS
3

−1ωi,σ + 3
4ωi,σ = ω5

i,σ

wherei runs inN andσ indicates a position in the conformal group (we will elabo-
rate more on this below), we can characterize the sequences(uk) ∈ 6 along which
J fails to satisfy the Palais-Smale condition.

For this, we introduce, givenωi,σ ,

DEFINITION 1.1

µ =
 ∫

S3

|ωi,σ |5 dv

−1/2

.

DEFINITION 1.2 We define the concentration point ofωi,σ to be a pointb of S
3

such thatδ(b) is minimal, whereδ(b) is defined through the equation∫
B(b,δ(b))

|∇ωi,σ |2 dv = S

2

andS is the Sobolev constant in dimension 3.

We then have the following:

PROPOSITION1.3 Let (uk) ∈ 6 be such that(J(uk)) is bounded and(J ′(uk))

tends to zero. Then there exists, up to the extraction of a subsequence, p indices
i1, . . . , i p and sequencesσ 1

k , . . . , σ
p

k in the conformal group such that

(i) |uk − c(p, ω̄1, . . . , ω̄p)
∑p

j =1ωi j ,σ
j

k

∣∣
H1 → 0 and

(ii) µk
i /µ

k
j +µk

j /µ
k
i +µk

i µ
k
j d(a

k
i ,a

k
j )

2 → ∞ ∀i 6= j , where aki is any point of
S

3 satisfying Definition1.2 for ωi j ,σ
j

k
.
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The proof of Proposition 1.3 is omitted here, since it is similar (even simpler,
since we do not worry about the positivity of the “bubbles”) to the case whereuk

is positive [2, 5, 7].
We develop a method similar to the one used in [2, 5]. Given basic func-

tions ω̄1, . . . , ω̄p, denoting byω1, . . . , ωp the families of functions derived from
ω̄1, . . . , ω̄p through the action of the conformal group, we introduce the set

V(p, ε, ω̄1, . . . , ω̄p) = V(p, ε) ={
u ∈ 6 :

∣∣∣∣u − c(p, ω̄1, . . . , ω̄p)

p∑
i=1

ωi

∣∣∣∣
H1

< ε

with
µi

µj
+ µj

µi
+ µiµj d(ai ,aj )

2 >
1

ε

}
.

We then introduce, givenu ∈ V(p, ε), the minimizing problem

min
αi>0, σi

∣∣∣∣u −
p∑

i=1

αiωi

∣∣∣∣
H1

whereσi characterizesωi with respect toω̄i .
We then have the following:

PROPOSITION 1.4 The preceding minimization problem has a unique solution∑p
i=1 αiωi . Denotingv = u −∑p

i=1 αi , ωi , we then have

(1.2) (v, ωi )H1 = 0 ,

(
v,
∂ωi

∂σ
j

i

)
H1

= 0 ,

where theσ j
i ’s are coordinates for the action of the conformal group atωi with

respect toω̄i .

We omit the proof of Proposition 1.4 since it is very similar to the case where
uk is positive; see [2, 4, 5].

We study here the casep = 2, i.e., the case of two fundamental masses
(ω̄1, ω̄2). We will produce a formula for the difference of topology at infinity in
V(2, ε, ω̄1, ω̄2) for ε fixed small enough. The result we derive requires four hy-
potheses or conjectures on the solutions of the changing-sign Yamabe problem on
S

3. These are reasonable conjectures that most probably are true. The arguments
supporting these conjectures are derived from transversality theory and thus con-
clusions may be drawn for generic functions. Since we are dealing with specific
functions, there is still a possibility that one or several of the assumptions will fail.
In such a case, we expect that our result will still hold, with perhaps slight modi-
fications, because the functionsωi are real analytic and, therefore, the conjecture
that we introduce now will still hold, in a modified way. The conjectures are as
follows:
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(A1) Let σ̃ j
i be parameters along the orthogonal group. For everyω a solu-

tion of the (changing-sign) Yamabe problem onR
3, the various∂ω

∂σ̃
j

i

’s and
x · ∇ω(x) are linearly independent.

(A2) For everyω a solution of the (changing-sign) Yamabe problem onS
3,

∇ω(x) is nonzero at everyx such thatω(x) = 0.
(A3) Let σ j

i be parameters along the conformal group onS
3. For everyω a solu-

tion of the (changing-sign) Yamabe problem onS
3, the linearized operator

−1+ 3
4 − 5ω4 has span{∂ω/∂σ j

i } as the null space.

Let N andS be the north and south poles ofS
3. The tangent spaces toS3 at N

andSare parallel to the sameR3 and are therefore identified; then

(A4) There existsc8 > 0 such that for every(ω̃1, ω̃2) derived from(ω̄1, ω̄2)

through the action of the orthogonal group ofS
3 and satisfying

(0)∞


ω̃1(S) = ω̃2(N) = 0
∂

∂σ̃
j

1

(∇ω̃1(S) · ∇ω̃2(N)
)

is collinear to ∂

∂σ̃
j

1

(ω̃1(S))

∂

∂σ̃
j

2

(∇ω̃1(S) · ∇ω̃2(N)
)

is collinear ∂

∂σ̃
j

2

(ω̃(N)) ,

we have
|∇ω̃1(S) · ∇ω̃2(N)| ≥ c8 .

In order to formulate our result about the difference of topology at infinity,
we also need to introduce the following: LetDu(ω̄1) be a small disk, the (strict)
unstable manifold of̄ω1/|ω̄1|H1 for J and for some pseudogradient (we need to
know Wu(ω̄1) only locally, nearω̄1/|ω̄1|H1), and let

c∞ = c∞(ω̄1, ω̄2) =
(∫

ω̄6
1 +

∫
ω̄6

2

)2

.

Let G1 ⊂ O(4) be the group of symmetry of̄ω1 andG2 ⊂ O(4) be the group of
symmetry ofω̄2. Let11 be the standard simplex of dimension 1. We then have the
following:

THEOREM 1.5 Assume that(A1)–(A4) hold. Then

(i) If ω̄1 is not derived fromω̄2 through the action of some element in O(4),
then there existsε0 andε1 > 0 small enough so that, forε < ε1, (Jc∞+ε ∩
V(2, ε0), Jc∞−ε ∩ V(2, ε0)) is homologically equivalent to(

O(4)/G1 × O(4)/G2 × Du(ω̄1)× Du(ω̄2)×11,O(4)/G1 × O(4)/G2

× ∂(Du(ω̄1)× Du(ω̄2)×11) ∪ A × Du(ω̄1)× Du(ω̄2)×11
)

where

A = {
(σ1, σ2) ∈ O(4)/G1 × O(4)/G2 such thatω̄1(σ1(S))ω̄2(σ (N)) ≥ 0

}
− {

(σ1, σ2) ∈ O(4)/G1 × O(4)/G2 such thatω̄1(σ1(S)) = 0,

ω̄2(σ2(N)) = 0, and∇ω̄1(σ1(S)) · ∇ω̄2(σ2(N)) ≤ 0
}
.
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(ii) If ω̄1 is derived fromω̄2 through the action of O(4), all the above formulae
have to be changed into the quotient of these spaces through the action of
the group of permutations of order2, π2, which acts in the natural way on
(O(4)/G × Du(ω̄))

2 and permutesα1 andα2 in 11.

The proof of Theorem 1.5 will follow from Lemma 4.3, i.e., from the proof
of existence of normal forms forJ on V(2, ε0) in Section 4. It is worth noting
here that while the formula for the difference of topology provided in Theorem 1.5
parallels the one provided in [6], it also differs sharply from it through the addition
of various parameters, the definition ofA, and also the presence here of the factor
Du(ω), which stands for the contribution of the unstable manifold ofω on 6.
Du(ω) is reduced to zero whenω is positive; this is why we do not see this factor
appear in [6].

2 Expansions at Infinity of ω1, ω2, and J(α1ω1 + α2ω2)

In order to complete our computations, a slight modification of the framework
described in Section 1 is convenient. Propositions 1.3 and 1.4 still hold in this
modified framework. Given a solution of the Yamabe problem onS

3, ω, we have
thought of it as a rescaled version of a basic solutionω̄, which is defined by the
condition |ω̄|∞ = 1 up to a sign change and the action of the orthogonal group.
Thus, denoting byTσ the action for the elementσ of the orthogonal group and by
Tµ1,a the action of the conformal vector field defined by the meridians witha as
north pole andµ1 as the coefficient along this action, we can writeω as

ω = Tµ1,a ◦ Tσ ω̄

for suitable values ofσ , a, andµ1.
The parametersa andµ1 can be uniquely defined in a function ofω as soon as

the functionω is sufficiently “concentrated”; i.e., there existsb in S
3 such that∫

B(b,δ)

|∇ω|2 dv = S

2

whereS is the Sobolev constant in dimension 3 andδ is small enough. We will
refer toa andµ1 as the point of concentration and the concentration of the “mass”
ω. We remark thatµ1 might differ fromµ of Definition 1.1, but their ratio belongs
to a fixed compact interval inR+ − {0}.

The parameterσ corresponds to a rigid rotation. If̄ω has some symmetry,
typically for positive solutions, for example,σ might not be uniquely defined.

Since our problem is conformally invariant, we can always rescale a single mass
ω into its normalized formω̄. When there are two massesω1 andω2, or more, this
is not possible anymore for both of them. Considering the case of two interacting
massesω1 andω2 with small interaction, i.e.,

∫
(|ω2|5|ω1| + |ω1|5|ω2|)dv is small

(as occurs in the behavior of the sequences that do not satisfy the Palais-Smale
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condition), we then know that, for one of them, the concentrationµ1 is large and
larger than or equal to the concentration of the other mass.

Let us assume that the most concentrated one isω2. We can then rescaleω1

around its concentration point into its normalized formω̄1 up to rigid rotation. By
conformal invariance, keeping the same notationω2 for the second mass, we know
that

∫
(|ω̄1|5|ω2|+ |ω2|5|ω̄1|)dv is still small, so thatω2 is still concentrated around

a pointa with a large concentrationµ1. We choosea to be the south pole onS3.
Accordingly, we have a north pole. We would like to have a nice representation for
ω2 after stereographic projection onR

3, and this is easy to complete because, since
ω2 has a large concentration around the south pole, we can equivalently think that
its stereographic projection has a large concentration around zero inR

3; it can thus
be written as

ω̃2(x) = √
λω̃2(λx) , λ large, whereω̃2(y) =

(
2

1 + r 2

)1/2

ω̄′
2(π(y)) ,

andπ : R
3 → S

3 is the inverse stereographic projection, which has the analytic
form

π(y) = 2

1 + r 2


y1

y2

y3
r 2−1

2

 .
ω̄′

2 is similar toω̄2, possibly not equal; it is a normalized solution of the Yamabe
problem onS3.

Since no confusion is possible, we replace the notationω̄′
2 by ω̄2 for the sake

of simplicity. Let ω̄2(∞) be the value of̄ω2 at the north pole. We then have the
following:

LEMMA 2.1 There are suitable constants c2, c4, c5, c6, and ci j and a linear form
L onR

3 depending only on̄ω2 such thatω̃2 has, forλ|x| large, the expansions

ω̃2(x) ∼ ω̄2(∞)

√
λ

(1 + λ2r 2)1/2
+ c2λ

3/2x1

(1 + λ2r 2)3/2
+ O

(
λ5/2r 2

(1 + λ2r 2)5/2

)
,(2.1)

ω̃2(x) ∼ ω̄2(∞)

√
λ

(1 + λ2r 2)1/2
+ c2λ

3/2x1

(1 + λ2r 2)3/2
+ c4

√
λ

(1 + λ2r 2)3/2
(2.2)

+
∑

ci j λ
5/2xi xj

(1 + λ2r 2)5/2
+ c5λ

3/2L(x)

(1 + λ2r 2)5/2
+ O

(
λ7/2r 3

(1 + λ2r 2)7/2

)
,

ω̃2(x) = ω̄2(∞)

√
λ

(1 + λ2r 2)1/2
+ c2λ

3/2x1

(1 + λ2r 2)3/2
+ c4

√
λ

(1 + λ2r 2)3/2
(2.3)

+
∑ ci j λ

5/2xi xj

(1 + λ2r 2)5/2
+ c5λ

3/2L(x)

(1 + λ2r 2)5/2
+ c6

√
λ

(1 + λ2r 2)5/2

+ O

(
λ7/2r 3

(1 + λ2r 2)7/2

)
for every x inR

3 .
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Lemma 2.1, which holds in aC1 sense as will be seen clearly from its proof (C1

with respect toλ and∞), allows us to derive a first expansion ofJ(α1ω1 + α2ω2)

in aC1 sense. The proof of the lemma is provided later.

LEMMA 2.2 Letα1 andα2 be nonnegative such that|α1ω̄1+α2ω2|H1 = 1. Assume
that

∫
(|ω̄1|5|ω2| + |ω2|5|ω̄1|)dv is small. Letλ̄ be the concentration ofω2 in the

coordinates defined above. Then J(α1ω̄1 + α2ω2) expands, in the C1 sense, as
follows: With suitable constants c and c′

J
(
α1ω̄1 + α2ω2

) =(
α2

1

∫
ω̄6

1 + α2
2

∫
ω̄6

2

)3∫
S3

(
α6

1ω̄
6
1 + α6

2ω̄
6
2

)
dv

×
[
1 + 6

(
α1α2

α2
1

∫
ω̄6

1 + α2
2

∫
ω̄6

2

− α5
1α2 + α5

2α1

α6
1

∫
ω̄6

1 + α6
2

∫
ω̄6

2

)

×
(

cω̄2(∞)ω1(0)√
λ

+ c′∇ω1(0) · ∇ω2(∞)

λ3/2

)

+ O

(
ω̄2(∞)2

λ
+ |ω1(0)|2

λ
+ 1

λ2

)]
.

This expansion can be differentiated with respect to0, ∞, andλ.

PROOF: Expanding, we have

J
(
α1ω̄1 + α2ω2

)
=

(
α2

1

∫
ω̄6

1 + α2
2

∫
ω̄6

2 + 2α1α2
∫
ω̄5

1ω2
)3

α6
1

∫
ω̄6

1 + α6
2

∫
ω̄6

2 + 6
(
α5

1α2 + α5
2α1

) ∫
ω̄5

1ω2 + O
( ∫
ω̄4

1w
2
2 + ω4

2ω̄
2
1 + |ω̄1|3|ω2|3

)
=
(
α2

1

∫
ω̄6

1 + α2
2

∫
ω̄6

2

)3
α6

1

∫
ω̄6

1 + α6
2

∫
ω̄6

2

(
1 + 6

(
α1α2

α2
1

∫
ω̄6

1 + α2
2

∫
ω̄6

2

− α5
1α2 + α5

2α1

α6
1

∫
ω̄6

1 + α6
2

∫
ω̄6

2

)

×
∫
ω̄5

1ω2 + O

((∫
ω̄5

1ω2

)2

+
∫
ω̄4

1ω
2
2 + ω4

2ω̄
2
1 + |ω̄1|3|ω2|3 dv

))
.

We first estimate
∫

S3 ω̄
5
1ω2 dv = ∫

S3 ω
5
2ω̄1 dv = ∫

R3 ω̃
5
2
˜̄ω1 dx. For the sake of

simplicity, we remove∼ from aboveω̃2 and we denote byω1 the function ˜̄ω1. We
have∫

R3

ω5
2ω1 dx

= ω1(0)
∫
ω5

2 +
∫
(ω1 − ω1(0))ω

5
2
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= ω1(0)
∫

−1ω2 +
∫
Bδ

(
∇ω1(0) · x + 1

2
D2ω1(0) · x · x + O(|x|3)

)
ω5

2

+ O

( ∫
Bc
δ

|ω2|5
)
.

Bδ is a small ball of radiusδ around the origin. Since
∫

r 2dr
(1+r 2)5/2

is finite, using
Lemma 2.1, ∫

Bc
δ

|ω2|5 = O

(
ω̄2(∞)5

λ5/2

)
+ O

(
1

λ7/2

)
.

Clearly, ∫
R3

−1ω2 = lim
R→+∞

∫
∂BR

−∂ω2

∂ν
= Cω̄2(∞)√

λ
.

We also have∫
Bδ

|x|3|ω2|5 = 1

λ3
√
λ

O

 ∫
r ≤δλ

r 5dr

(1 + r 2)5/2

 = δO

(
1

λ5/2

)
= o

(
1

λ5/2

)
.

We are thus left with∫
Bδ

(∇ω1(0) · x
)
ω5

2 and
1

2

∫
Bδ

(
D2ω1(0) · x · x

)
ω5

2 .

We have∫
Bδ

xω5
2 =

∫
R3

xω5
2 −

∫
Bc
δ

xω5
2 ,

∫
Bc
δ

xω5
2 = O

 1

λ5/2

∫
|x|≥δ

r 3dr

r 5

 = O

(
1

λ5/2

)
.

However, inω5
2, the main term in the expansion whenλ|x| is large is radial, and its

contribution to
∫

Bc
δ

xω5
2 is therefore zero. The remainder terms are then

O

 1

λ7/2

∫
|x|≥δ

r 3dr

r 6

 = O

(
1

λ7/2

)
;

thus
∫

Bc
δ

xω5
2 = O(1/λ7/2). On the other hand,∫

R3

xω5
2 =

∫
|x|≤M

xω5
2 + O

(
1

λ7/2

)
=

∫
|x|=M

(
ω2
∂x

∂ν
− x

∂ω2

∂ν

)
.
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Then, by using the expansion of Lemma 2.1, the radial term yields a zero contri-
bution, by oddness. The contribution ofO

(
λ5/2|x|2

(1+λ2|x|2)5/2
)

is

1

λ5/2
O

 ∫
|x|=M

r 4

r 5
dσ

 = 1

M
O

(
1

λ5/2

)
= o

(
1

λ5/2

)
.

We are left with ∫
R3

(∇ω1(0) · x)
c5

2(λ
3/2x1)

5

(1 + λ2|x|2)15/2
dx · e1

being, after a suitable rotation, the direction of∇ω2 at infinity. We thus have, with
an appropriate constantc,∫

Bδ

xω5
2 = c

∇ω1(0) · ∇ω2(∞)

λ3/2
+ o

(
1

λ5/2

)
.

Turning now to1
2

∫
Bδ

D2ω1(0)x · xω5
2, we have

1

2

∫
Bδ

D2ω1(0)x · xω5
2

= −1ω1(0)
∫
Bδ

ω2 − 1

2

∫
∂Bδ

(
D2ω1(0)x · x

∂ω2

∂ν
− ∂

∂ν

(
D2ω1(0)x · x

)
ω2

)

= −1ω1(0)

6

∫
Bδ

ω21
(∑

x2
i

)

− 1

2

∫
∂Bδ

(
D2ω1(0)x · x

∂ω2

∂ν
− ∂

∂ν

(
D2ω1(0)x · x

)
ω2

)

= −ω1(0)
5

6

∫
Bδ

(∑
x2

i

)
ω5

2 + ω1(0)
5

6

∫
∂Bδ

(
ω2

∂

∂ν
r 2 − r 2 ∂

∂ν
ω2

)

− 1

2

∫
∂Bδ

(
D2ω1(0)x · x

∂ω2

∂ν
− ∂

∂ν

(
D2ω1(0)x · x

)
ω2

)
.

Observe that

ω1(0)
5
∫
Bδ

|x|2|ω2|5 = ω1(0)
5

λ2
√
λ

O

 ∫
r ≤δλ

r 4dr

(1 + r 2)5/2

 = ω1(0)
5O

(
logλ

λ5/2

)
.

We are thus left with boundary terms, for which we can use the expansions of
Lemma 2.1. In these boundary terms,c2λ

3/2x1
(1+λ2r 2)3/2

yields a zero contribution, by
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oddness. ω̄2(∞)
√
λ

(1+λ2r 2)1/2
yields, after integration by parts and an error term that is of

orderω1(0)
5O
( logλ
λ5/2

)
,

ω̄2(∞)

∫
Bδ

1

2
D2ω1(0) · x · x

λ5/2

(1 + λ2|x|2)5/2 dx

= O

 ω̄2(∞)ω1(0)
5

λ2
√
λ

∫
Bδ

r 4dr

(1 + r 2)5/2

 = O

(
ω̄2(∞)ω(0)5

λ2
√
λ

logλ

)
.

Using (2.1) from Lemma 2.1, the contribution ofO
(

λ5/2r 2

(1+λ2r 2)5/2

)
to

ω1(0)
5

6

∫
∂Bδ

(
ω2
∂r 2

∂ν
− r 2∂ω2

∂ν

)

is ω1(0)
5O
(
1/λ5/2

)
. We are thus left with its contribution to the other boundary

term, and here we use (2.2) from Lemma 2.1, which tells us that

ω∗
2 = O

(
λ5/2r 2

(1 + λ2r 2)5/2

)
=
∑

ci j
λ5/2xi xj

(1 + λ2r 2)5/2
+ c4

√
λ

(1 + λ2r 2)3/2
+ c5λ

3/2L(x)

(1 + λ2r 2)5/2

+ O

(
λ7/2r 3

(1 + λ2r 2)7/2

)
c5

λ3/2L(x)
(1+λ2r 2)5/2

yields, by oddness, a zero contribution to this boundary term, and

O
(

λ7/2r 3

(1+λ2r 2)7/2

)
yields a contribution that isO(1/λ7/2).

We are left with the two other, radial plus quadratic, terms. Using oddness, we
can easily see that the contribution of the radial term to∫

∂Bδ

(
D2ω1(0)x · x

∂ω2

∂ν
− ∂

∂ν
(D2ω1(0)x · x)ω2

)
dσ

isω1(0)
5O(1/λ5/2). With the quadratic term, we have∫

∂Bδ

[(
D2ω1(0)x · x

) ∂
∂ν

(
λ5/2

∑ ci j xi xj

(1 + λ2|x|2)5/2
)

−
(
∂

∂ν
D2ω1(0) · x · x

)
λ5/2

∑ ci j xi xj

(1 + λ2|x|2)5/2
]
r 2 dσ
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= δ2


λ5/2

(1 + λ2δ2)5/2

∑
`,m
i, j

∫
∂Bδ

((
D2ω1(0)

)
`,m

x`xm × ci j
∂r 2

∂ν

xi

|x|
xj

|x|

− (
D2ω1(0)

)
`,m

∂r 2

∂ν
× x`

|x|
xm

|x|ci j xi xj

)
dσ

+λ5/2
∫
∂Bδ

(
D2ω1(0) · x · x

)(∑
ci j xi xj

) ∂
∂ν

1

(1 + λ2r 2)5/2
dσ


= − 5λ5/2λ2δ7

(1 + λ2δ2)5/2+1

∫
∂Bδ

(
D2ω1(0) · x

|x| · x

|x|
)(∑

ci j
xi

|x|
xj

|x|
)

dσ

= − 5λ9/2δ7

(1 + λ2δ2)7/2

∑∫
∂Bδ

ci j
(
D2ω1(0)

)
i j

(
xi

|x|
)2( xj

|x|
)2

dσ

= − c′′

λ5/2

∑
ci j
(
D2ω1(0)

)
i j

+ O

(
1

λ7/2

)
= − c′′

λ5/2
D2ω1(0) · D2ω2(∞)+ O

(
1

λ7/2

)
.

Summing up, we have derived that

∫
ω1ω

5
2 = c

ω̄2(∞)ω1(0)√
λ

+ c′ ∇ω1(0) · ∇ω2(∞)

λ3/2
− c′′

λ5/2
D2ω1(0) · D2ω2(∞)

+ O

(
ω1(0)

5 logλ

λ5/2

)
+ O

(
ω̄(∞)5

λ5/2

)
+ o

(
1

λ5/2

)
.

On the other hand,

∫
|ω1|3|ω2|3 ≤ |ω1(0)|3

∫
|x|≤1

|ω2|3 + C
∫

|x|≤1

|x||ω2|3 +
∫

|x|≥1

|ω1|3|ω2|3 ,
∫
ω4

1ω
2
2 ≤ ω4

1(0)
∫

|x|≤1

ω2
2 + C

∫
|x|≤1

|x|ω2
2 +

∫
|x|≥1

ω4
1ω

2
2 ,

∫
ω4

2ω
2
1 ≤ ω2

1(0)
∫

|x|≤1

ω4
2 + C

∫
|x|≤1

|x|ω4
2 +

∫
|x|≥1

ω4
2ω

2
1 .
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|ω1| is less thanC/(1 + r 2)1/2, and by Lemma 2.1,|ω2| is less than|ω̄2(∞)|
r
√
λ

+
O
(

1
λ3/2r 2

)
for r ≥ 1. Thus∫

|x|≥1

ω4
1ω

2
2 +

∫
|x|≥1

ω4
2ω

2
1 +

∫
|x|≥1

|ω1|3|ω2|3

≤ C
∫

|x|≥1

[
1

(1 + r 2)2

(
ω̄2(∞)2

λr 2
+ 1

λ3r 4

)
+ 1

1 + r 2

(
ω̄2(∞)4

λ2r 2
+ 1

λ6r 8

)

+ 1

(1 + r 2)3/2

(
ω̄2(∞)3

λ3/2r 3/2
+ 1

λ9/2r 6

)]
r 2 dr

= O

(
ω̄2(∞)2

λ
+ 1

λ3

)
.

Using Lemma 2.1, we also know that

|ω2(x)| ≤ |ω̄2(∞)|√λ
(1 + λ2r 2)1/2

+ O

( √
λ(1 + λr )

(1 + λ2r 2)3/2

)
.

Thus∫
r ≤1

|ω2|3
(|ω1(0)|3 + Cr

)+ ω4
2

(
ω1(0)

2 + Cr
)+ ω2

2

(
ω1(0)

4 + Cr
)

≤ |ω̄2(∞)|3
∫

r ≤1

(|ω1(0)|3 + Cr
) λ3/2r 2 dr

(1 + λ2r 2)3/2

+ ω̄2(∞)4
∫

r ≤1

(
ω1(0)

2 + Cr
) λ2r 2

(1 + λ2r 2)2
dr

+ ω̄2(∞)2
∫

r ≤1

(
ω1(0)

4 + Cr
) λr 2

1 + λ2r 2
dr

+ O

 ∫
r ≤1

[
λ3/2(1 + λ3r 3)

(1 + λ2r 2)9/2

(|ω1(0)|3 + Cr
)+ λ2(1 + λ4r 4)

(1 + λ2r 2)6

(
ω1(0)

2 + Cr
)

+ λ(1 + λ2r 2)

(1 + λ2r 2)3

(
ω1(0)

4 + Cr
)]

r 2 dr


= O

(
ω1(0)

2 + ω̄2(∞)2

λ
+ 1

λ2

)
.
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Hence,∫ (|ω1|3|ω2|3 + ω4
1ω

2
2 + ω2

1ω
4
2

)
is O

(
ω1(0)

2 + ω̄2(∞)2

λ
+ 1

λ2

)
,

and the expansion forJ follows from the above estimate and the expansion of∫
ω1ω

5
2 at theC0-level. Because Lemma 2.1 holds at theC1-level—i.e., we can

differentiate the formulae of Lemma 2.1 with respect to∞ andλ ∂
∂λ

, keeping all

estimates unchanged, while∂ω1
∂0 behaves asω1 does—our expansion holds, in fact,

in theC1-sense. �

PROOF OFLEMMA 2.1: ω̃2(x) is equal to
√
λω2(λx) and

ω2(y) =
(

2

1 + r 2

)1/2

ω̄′
2(π(y)) =

(
2

1 + r 2

)1/2

ϕ(π(y))

where

π : R
3 → S

3 , y → 2

1 + r 2


y1

y2

y3
r 2−1

2

 ; (see [6]).

Extendingϕ to a neighborhood ofS3 in R
3, we have (N is the north pole)

ϕ(π(y)) = ϕ(N)+ Dϕ(N)(π(y)− N)+ 1
2 D2ϕ(N)

(
π(y)− N

)(
π(y)− N

)
+ O

(|π(y)− N|3) .
Thus, since

π(y)− N = 2

1 + r 2


y1

y2

y3

−1

 ,

(
2

1 + r 2

)1/2

ϕ(π(y)) =
√

2

(1 + r 2)1/2
ϕ(N)+ 2

√
2

(1 + r 2)3/2
Dϕ(N)


y1

y2

y3

−1



+ 1

2

(
2

1 + r 2

)5/2

D2ϕ(N)


y1

y2

y3

−1




y1

y2

y3

−1


+ O

(
1 + r 3

(1 + r 2)7/2

)
.

Sinceω̃2(x) is
√
λω2(λx), (2.3) and (2.2) in Lemma 2.1 follow as does (2.1).�
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3 Thev and v̄ Parts of u

Next, we want to expandJ(α1ω̄1+α2ω2+v), wherev, following the parametri-
zation introduced in Proposition 1.4, satisfies

(1.2)

{
(v, ω̄1)H1 = (v, ω2)H1 = 0(
v, ∂ω̄1

∂σ̃1

)
H1

=
(
v, ∂ω2

∂σ̃2

)
H1

= 0; (v, ∂ω2
∂λ

)
H1 = 0;

(
v, ∂ω1

∂µ
|ω1=ω̄1

)
= 0 ,

whereµ is the rescaling factor for the family of functions corresponding toω1. The
derivative is taken atω1 = ω1. Theσ̃ j

i are variables corresponding to the action of
the orthogonal group ofS3 on ω̄1 andω2, respectively.

A straightforward computation yields

J(α1ω̄1 + α2ω2 + v) = J(α1ω̄1 + α2ω2)+ ( f, v)H1 + Q0(v, v)+ O(|v|3H1) .

This expansion can be differentiated with respect tov; v is small in theH1-norm,
by construction.Q0 is a quadratic form on thev’s satisfying (1.2). We prove in the
sequel various results onQ0 and estimates on|v|H1 and several related quantities.
The estimates will be completed inR3, after stereographic projection. Thus, we
will use the notationω1 andω2, which stand for˜̄ω1 andω̃2, instead ofω̄1 andω2.
However, for the sake of simplicity, we will keep the same notation forv. Whatv
refers to will be clear from the context.

We now introduce the following:

�1 =
{

x ∈ R
3 : 1

8
√
λ
< |x| <

√
λ

8

}
, �2 =

{
x ∈ R

3 : |x| < 1

8
√
λ

}
;

Pi , the orthogonal projection fromH = {w : ∇w ∈ L2(R3), w ∈ L6(R3)} onto
H1

0 (�i );

S1 : H1
0 (�1) → H1 =

{
w ∈ H1

0 (�1) :
∫

∇w · ∇ω1 =
∫

∇w · ∇ ∂ω1

∂σ
j

1

= 0

}
,

S2 : H1
0 (�2) → H2 =

{
w ∈ H1

0 (�2) :
∫

∇w · ∇ω2 =
∫

∇w · ∇ ∂ω2

∂σ
j

2

= 0

}
;

the orthogonal projectors (theσ j
i ’s are coordinates along the conformal group)

K = {
h : ∇h ∈ L2(R3), h ∈ L6(R3),1h = 0 in�1 ∪�2

}
.

Let

v
T7−→ (

S1 ◦ P1(v), S2 ◦ P2(v), v − (P1 + P2)(v)
) = (

ṽ1, ṽ2, h
) = Ṽ ,

H 7−→ H1 × H2 × K .

We then have the following:

LEMMA 3.1 Assume(A3): For everyω solution of the Yamabe problem onS
3, the

linearized operator−1 + 3
4 − 5ω4 hasspan

{
∂ω

∂σ j

}
as the null space. Then, for

α2/α1 close to1,
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(i) Q0(v, v) = ∫ |∇v|2 − S
∫
(ω4

1 + ω2
2)v

2 dx + o(|v|2
H1), up to a positive

constant, and is defined on the set ofv’s satisfying(1.2), and
(ii) T is a linear isomorphism that is bounded and has its inverse bounded

independently ofλ.

Q0 reads as

Q0(Ṽ, Ṽ) = Q̃1(ṽ1, ṽ1)+ Q̃2(ṽ2, ṽ2)+
∫

|∇h|2

+ o

(∫
|∇ṽ1|2 +

∫
|∇ṽ2|2 +

∫
|∇h|2

)
where

Q̃1(ṽ1, ṽ1) =
∫

|∇ṽ1|2 − 5
∫
ω4

1ṽ
2
1 and Q̃2(ṽ2, ṽ2) =

∫
|∇ṽ2|2 − 5

∫
ω4

2ṽ
2
2

are nondegenerate, with spectra bounded away from zero independently ofλ. Fur-

thermore, after a change of variables from̃V → ˜̃V (both variables belonging to a

neighborhood of the origin in H1×H2×K ), where the change of variables satisfies

bounds independent ofλ, we find forv small,v ∈ H, satisfying(1.2), J(α1ω̄ +
α2ω2 + v) in the new coordinates reads as J(α1ω1 + α2ω2) + ϕ(

˜̃V) + Q( ˜̃V, ˜̃V),
whereϕ( ˜̃V) stands, at first order, for( f, v)H1.

PROOF OFLEMMA 3.1: The proof of (i) is straightforward. Consider nowQ0

on H and letv1 = P1v, v2 = P2v, andh = v − (v1 + v2), wherev1, v2, and
h are connected by (1.2). Then by [2, lemma 3.2, p. 64] and by the proof of [2,
proposition 3.1, pp. 65–68], we have

Q0(v, v) =
∫

|∇v1|2 − 5
∫
ω4

1v
2
1 +

∫
|∇v2|2 − 5

∫
ω4

2v
2
2 +

∫
|∇h|2

+ o

(∫
|∇v1|2 +

∫
|∇v2|2 +

∫
|∇h|2

)
because

|ω1| ≤ C

(1 + r 2)1/2
and |ω2| ≤ C

√
λ

(1 + λ2r 2)1/2
.

The quadratic formQ̃1 is nondegenerate onH1, and its spectrum is bounded
away from zero independently ofλ. The same claim holds for̃Q2 in H2. We
formally have

Q0(v, v) = Q̃1(v1, v1)+ Q̃2(v2, v2)+
∫

|∇h|2 +o

(∫
|∇v1|2 +|∇v2|2 +|∇h|2

)
up to the fact that the spaces of definition are totally wrong sincev1 andv2 are not
in H1 andH2, respectively.
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In order to overcome this problem, we use the projectionsS1 andS2. Sincev
satisfies (1.2),∫

∇v1 · ∇ω1 = −
∫

∇v2 · ∇ω1 −
∫

∇h · ∇ω1

= −
∫
�c

1

(∇v2 + ∇h) · ∇ω1 −
∫
∂�1

∂h

∂ν
ω1

= o

((∫
|∇v2|2

)1/2

+
(∫

|∇h|2
)1/2)

= o

((∫
|∇v|2

)1/2
)
.

Similar estimates hold for the pairsv1 and ∂ω1

∂σ
j

i

, v2 andω2, andv2 and ∂ω2

∂σ
j

2

; so that,

using (A1) and also using the invariance by scaling of various scalar products,

S1(v1)+ S2(v2)+ h = v + o

((∫
|∇v|2

)1/2
)
.

Thus we can now write, in a rigorous way, that

Q0(v, v) = Q̃1
(
S1(v1), S1(v1)

)+ Q̃2
(
S2(v2), S2(v2)

)+
∫

|∇h|2

+ o

(∫
|∇S1(v1)|2 +

∫
|∇S2(v2)|2 +

∫
|∇h|2

)
.

Conversely, givens1 in H1, s2 in H2, andh harmonic in�1 and�2, there exists
(using (A1)) a unique functionϕ in

F = span

{
µ
∂ω1

∂µ
, λ
∂ω2

∂λ
,
∂ω1

∂σ̃
j

1

,
∂ω2

∂σ̃
j

2

}
so that

s1 + s2 + h + ϕ satisfies (1.2).

We also have, denotingQF the projector ontoF and recalling that (A1) holds,∫
|∇ϕ|2 ≤ C

(∫
|∇QF(s1)|2 +

∫
|∇QF(s2)|2 +

∫
|∇QF(h)|2

)
≤ o

(∫ (|∇s1|2 + |∇s2|2 + |∇h|2)) ,
since(s1, s2, h) belong toH1 × H2 × K . Thus, the mapT is invertible and we
may considerQ̃ to be defined onH1 × H2 × K , with a quadratic form very close
to Q̃1(s1, s2) + Q̃2(s2, s2) + ∫ |∇h|2. Since eachQ̃i is nondegenerate and is the
linearized operator of the Yamabe problem atω1 andω2, respectively, the result
follows. �
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Using Lemma 3.1, we find a uniquēv satisfying (1.2) such that

∂

∂v
J
(
α1ω̄1 + α2ω2 + v

)|v̄ = 0 .

In order to estimatēv in the H1-norm, we have the following:

LEMMA 3.2 (i) For anyv satisfying(1.2),

|( f, v)H1| ≤ C|v|H1

( |ω1(0)| + |ω̄2(∞)|√
λ

+ 1

λ3/2

)
.

(ii)

|v̄|H1 ≤ C

( |ω1(0)| + |ω̄2(∞)|√
λ

+ 1

λ3/2

)
.

PROOF: Since
∫
ω̄5

1v = ∫
ω5

2v = 0,

|( f, v)H1| ≤ C
∫ (|ω̄1|4|ω2| + |ω2|4|ω1|

)|v|
≤ C|v|L6

(∫ (|ω̄1|4|ω2| + ω4
2|ω̄1|

)6/5)5/6

.

Using Lemma 3.1, we then have

|v̄|H1 ≤ C′
(∫ (

ω̄4
1|ω2| + ω4

2|ω̄1|
)6/5)5/6

.

Thus, we need to estimate
(∫ |ω1|24/5|ω2|6/5

)5/6 + (∫ |ω2|24/5|ω1|6/5
)5/6

. We will
use (2.3) of Lemma 2.1.

Clearly,ω1(x) = ω1(0)+ O(|x|). Thus,(∫
|ω2|24/5|ω1|6/5

)5/6

≤ C

(
|ω1(0)|

(∫
|ω2|24/5

)5/6

+
(∫

|ω2|24/5|x|6/5
)5/6

)
.

We know that|ω2(x)| is bounded above by C
√
λ

(1+λ2r 2)1/2
. Thus,(∫

|ω2|24/5

)5/6

≤ C

λ(3− 12
5 )

5
6

(∫
r 2 dr

(1 + r 2)12/5

)5/6

≤ C′
√
λ
.

We also have(∫
|ω2|24/5|x|6/5

)5/6

≤ C

λ3/2

(∫
r 2+ 6

5

(1 + r 2)12/5

)
≤ C′′

λ
√
λ
.

Thus, (∫
|ω2|24/5|ω1|6/5

)5/6

≤ C

( |ω1(0)|√
λ

+ 1

λ3/2

)
.
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For
(∫ |ω1|24/5|ω2|6/5

)5/6
, we use the formula of (2.3) from Lemma 2.1. Out-

side a ball of radiusM , ω2(x) − ω̄(∞)
√
λ

(1+λ2r 2)1/2
is bounded above byC

λ3/2 . Thus, the

contribution ofω2 − ω̄2(∞)
√
λ

(1+λ2r 2)1/2
outside a ball of radiusM is bounded above by

C

λ3/2

 ∫
Bc(0,M)

ω
24/5
1

5/6

= O

(
1

λ3/2

)
.

On the other hand,∫ |ω1|24/5

( √
λ

(1 + λ2r 2)1/2

)6/5
5/6

≤ C√
λ

+ C

λ2

 ∫
B(0,1)

λ3r 2 dr

(1 + λ2r 2)3/5

5/6

≤ C√
λ

+ C

λ2

 ∫
r ≤λ

r 2 dr

(1 + r 2)3/5

5/6

≤ C√
λ

+ C

λ2
(λ3−6/5)5/6 = C1√

λ
.

Thus,

|ω̄2(∞)|
∫ |ω1|24/5

( √
λ

(1 + λ2r 2)1/2

)6/5
5/6

≤ C
|ω̄2(∞)|√

λ
.

Next, we estimate ∫
B(0,M)

|ω1|24/5|ω2 − ω̄2(∞)
√
λ

(1 + λ2r 2)1/2
|6/5
5/6

.

We observe that ∣∣∣∣ω2 − ω̄2(∞)
√
λ

(1 + λ2r 2)1/2

∣∣∣∣ ≤ C
√
λ

1 + λ2r 2
.

Thus, ∫
B(0,M)

|ω1|24/5

∣∣∣∣ω2 − ω̄2(∞)
√
λ

(1 + λ2r 2)1/2

∣∣∣∣6/5
5/6

≤ C

 ∫
r ≤M

λ3/5

(1 + λ2r 2)6/5
r 2 dr

5/6

≤ Cλ1/2

λ5/2

(
(Mλ)3− 12

5

)5/6 = C

λ3/2
.

Summing up, we have(∫
|ω1|24/5|ω2|6/5

)5/6

≤ C

( |ω̄2(∞)|√
λ

+ 1

λ3/2

)
,
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and thus

|( f, v)H1| ≤ C|v|H1

( |ω1(0)| + |ω̄2(∞)|√
λ

+ 1

λ3/2

)
.

Using Lemma 3.1(i) and (ii), we find a unique optimalv̄ in the space ofv’s, and
we have

|v̄|H1 ≤ C

( |ω1(0)| + |ω̄2(∞)|√
λ

+ 1

λ3/2

)
.

�

4 The Morse Lemmas at Infinity

We thus have been able to prove, forα2/α1 close to 1, the existence ofv̄ satis-
fying (1.2) such that

J
(
α1ω̄1 + α2ω2 + v

) = J
(
α1ω̄1 + α2ω2 + v̄

)+ Q(V,V)

where V is essentiallyv − v̄. In fact, in V there is an additional lower-order
term since, in the expansion ofJ, there is anO(|v|3

H1). V also satisfies (1.2), and
therefore, by Lemma 3.1,Q(V,V) is a nondegenerate quadratic form.

We study, in what follows,J(α1ω̄1+α2ω2+v̄), and following the method of [3],
we find a change of variables in the(σ̃1, σ̃2, λ)-space that bringsJ(α1ω̄1+α2ω2+v̄)
into a nice normal form.

We first prove the following:

LEMMA 4.1 Assume(A1): For every solutionω of the Yamabe problem inR3, the
various ∂ω

∂σ̃ j and x · ∇ω(x) are independent, where thẽσ j are parameters along
the orthogonal group.

Then, for every

w0 = w1
0λ
∂ω2

∂λ
+
∑

w2
0, j

∂ω2

∂σ̃
j

2

+
∑

w1
0, j

∂ω̄1

∂σ̃
j

1

that corresponds to the variationλw1
0 = δλ in theλ-concentration and the various

variationswi
0, j in the parameters corresponding to the orthogonal group and that

induces the variation∂v̄(w0) in the v̄-component, we have

−J ′(α1ω̄1 + α2ω2 + v̄
) · (w0 + ∂v̄(w0)

) ≥

−J ′(α1ω̄1 + α2ω2) · w0 + O

(
ω̄1(0)2 + ω̄2(∞)2

λ
+ 1

λ3

)(
|w1

0| +
∑
i, j

|wi
0, j |
)
.

PROOF OFLEMMA 4.1: Let

E = span

{
ω1, ω2, µ

∂ω1

∂µ
, λ
∂ω2

∂λ
,
∂ω2

∂σ̃
j

2

,
∂ω1

∂σ̃
j

1

}



CHANGING-SIGN YAMABE PROBLEMS 469

and

F = span

{
µ
∂ω1

∂µ
, λ
∂ω2

∂λ
,
∂ω2

∂σ̃
j

2

,
∂ω1

∂σ̃
j

1

}
.

Let QE and QF be the orthogonal projections fromH1 onto these spaces. Since
J ′(α1ω̄1 + α2ω2 + v̄) is, by definition ofv̄, orthogonal to the space ofv’s, i.e., to
the orthogonal ofE, and since, by differentiation of (1.2),∂v̄(w0) is orthogonal to
ω̄1 andω2, we have

QE(∂v̄(w0)) = QF(∂v̄(w0))

and

J ′(α1ω̄1 + α2ω2 + v̄
) · ∂v̄(w0)

= J ′(α1ω̄1 + α2ω2 + v̄
) · QF

(
∂v̄(w0)

)
= J ′(α1ω̄1 + α2ω2

) · QF

(
∂v̄(w0)

)+ O
(|v̄|H1|QF

(
∂v̄(w0)

)|H1

)
.

We need to estimateQF(∂v̄(w0)). Using our relations, we have

QF(∂v̄(w0)) · ∂ωi = −v̄ · ∂

∂w0
(∂ωi )

where∂ωi stands for one of the functions spanningF .

Using (A2) and the fact that the functionsµ∂ω̄1
∂µ

and ∂ω̄1

∂σ
j

1

on one hand and the
∂ω2

∂σ
j

2

andλ∂ω2
∂λ

on the other are nearly orthogonal (by assumption, we are in a neigh-

borhood of infinity), we derive that

|QF(∂v̄(w0))|H1 ≤ C|v̄|H1|w0|H1 .

Indeed, by conformal invariance,∣∣∣∣ ∂∂w0
(∂ωi )

∣∣∣∣
H1

≤ C|w0|H1 .

Thus,

J ′(α1ω̄1 + α2ω2 + v̄) · ∂v̄(w0) =
J ′(α1ω̄1 + α2ω2

) · QF(∂v̄(w0))+ O
(|v̄|2H1|w0|H1

)
QF(∂v̄(w0))

is orthogonal toω̄1 andω2. We also have∫
ω̄5

1QF(∂v̄(w0)) =
∫
ω5

2QF(∂v̄(w0)) = 0 .

Thus,

J ′(α1ω̄1 + α2ω2
) · QF(∂v̄(w0))

= O

(∫ (
ω4

1|ω2| + ω4
2|ω1|

)|QF(∂v̄(w0))|
)
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= O

(
|v̄|H1|w0|H1

(∫
(ω4

1|ω2| + ω4
2|ω1|)6/5

)5/6
)

= O

(
|v̄|H1|w0|H1

( |ω1(0)| + |ω̄2(∞)|√
λ

+ 1

λ3/2

))
and, using Lemma 3.2,

J ′(α1ω̄1 + α2ω2 + v̄) · ∂v̄(w0) = O

((
ω1(0)

2 + ω̄2(∞)2

λ
+ 1

λ3

)
|w0|H1

)
.

Turning then toJ ′(α1ω̄1 + α2ω2 + v̄) · w0, we expand to find

J ′(α1ω̄1 + α2ω2 + v̄
) · w0 =

J ′(α1ω̄1 + α2ω2
) · w0 + J ′′(α1ω̄1 + α2ω2

) · v̄ · w0 + O
(|v̄|2H1|w0|H1

)
.

Using the fact thatJ ′(α1ω̄1 + α2ω2) · v̄ = O(|v̄|2
H1), sinceJ ′(α1ω̄1 + α2ω2 +

v̄) · v̄ = 0, and using the fact thatv̄ is H1-orthogonal tow0, a direct computation
shows that

J ′′(α1ω̄1 + α2ω2) · v̄ · w0 = O

(∫
(α1ω1 + α2ω2)

4w0v̄

)
+ O(|v̄|2H1|w0|H1) .

Observe that ∫
ω4

1

∂ω1

∂σ̃
j

1

v̄ = 0 ,
∫
ω4

2

∂ω2

∂σ
j

2

v̄ =
∫
ω4

2

∂ω2

∂λ
v̄ = 0 .

Thus,

J ′′(α1ω̄1 + α2
) · v̄ · w0

=
(

|w1
0|
∣∣∣∣ ∫ ω4

1λ
∂ω2

∂λ
v̄

∣∣∣∣+∑
|w2

0, j |
∣∣∣∣ ∫ ω4

1

∂ω2

∂σ
j

2

v̄

∣∣∣∣+∑
|w1

0, j |
∣∣∣∣ ∫ ω4

2

∂ω1

∂σ̃
j

1

v̄

∣∣∣∣
+
∫ (|ω1|3|ω2| + |ω2|3|ω1|

)|w0||v̄| + |v̄|2H1|w0|H1

)
.

Using the conformal invariance and the scaling, this reduces to

J ′′(α1ω̄1 + α2ω2
) · v̄ · w0 =

O

((
|w1

0| +
∑

|w2
0, j |
) ∫

ω4
1|ω2||v̄|

+
(∑

|w1
0, j |
) ∫

ω4
2|ω1|v̄| + |v̄|2H1|w0|H1

)
.

Using the estimates derived in the proof of Lemma 3.2, we have

J ′′(α1ω̄1 + α2ω2
) · v̄ · w0 =

O

((
|w1

0| +
∑

|w2
0, j | +

∑
|w1

0, j | + |w0|H1

)( |ω1(0)| + |ω̄2(∞)|√
λ

+ 1

λ3/2

)2
)
.
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Under (A2),

|w0|H1 is equivalent to |w1
0| +

∑
|w2

0, j | +
∑

|w1
0, j | .

Thus,

J ′(α1ω̄1 + α2ω2 + v̄
) · w0 =

J ′(α1ω̄1 + α2ω2
) · w0

+ O

((
|w1

0| +
∑

|w1
0, j | +

∑
|w2

0, j |
)(ω1(0)

2 + ω̄2(∞)2

λ
+ 1

λ3

))
.

and combining the estimates onJ ′(α1ω̄1+α2ω2+v̄)·∂v̄(w0)with the above remark
on |w0|H1 yields

J ′(α1ω̄1 + α2ω2 + v̄
) · (w0 + ∂v̄(w0)

) =

J ′(α1ω̄1 + α2ω2
) · w0

+ O

((
|w1

0| +
∑

|w1
0, j | +

∑
|w2

0, j |
)(ω1(0)

2 + ω̄2(∞)2

λ
+ 1

λ3

))
.

�

Next, we prove the following:

LEMMA 4.2 Assume(A1), the additional condition(A2) ( for every solutionω of
the Yamabe problem onS3, the differential ofω is nonzero on the zero set ofω),
and (A4): There exists a constant c8 > 0 such that|∇ω1(0) · ∇ω2(∞)| ≥ c8 on
the set of couples(ω̄1, ω̄2) satisfying

(0)∞


ω1(0) = ω̄2(∞) = 0
∂

∂σ̃ i
1
(∇ω1(0) · ∇ω2(∞)) is collinear to ∂

∂σ̃ i
1
(ω1(0))

∂

∂σ̃ i
2
(∇ω1(0) · ∇ω2(∞)) is collinear to ∂

∂σ̃ i
2
(ω̄2(∞)) .

Then we can constructw0 depending smoothly on(αi , σ
j

i , λ) so that, with an ap-
propriate positive constant c,

−J ′(α1ω̄1 + α2ω2 + v̄) · (w0 + ∂v̄(w0)) ≥
c|w0|H1

( |ω1(0)| + |ω̄2(∞)|√
λ

+ 1

λ
√
λ

)
.

PROOF: We first observe—and this is obvious from the proof—that the ex-
pansion of Lemma 2.2 can be differentiated with respect toλ and σ̃ i

j , because
Lemma 2.1 holds for the derivatives ofω2 with respect toλ and σ̃ i

2. (This claim
is a straightforward consequence of the proof of Lemma 2.1, which is based on
a scaling argument and an expansion around the north pole of the functionϕ on
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S
3.) Consider now the expansion ofJ(α1ω̄1 + α2ω). If ω1(0) or ω̄2(∞) are both

not small, the proof of Lemma 4.2 is straightforward. If one ofω1(0) or ω̄2(∞) is
small while the other is not small, we can choosew1

0 = 0 and an appropriatewi
0, j

nonzero with all the other ones zero. Lemma 2.2 will then imply that

−J ′(α1ω̄1 + α2ω2) · w0 ≥ c|w0|H1√
λ

.

Using Lemma 4.1, Lemma 4.2 follows.
If bothω1(0) andω̄2(∞) are small, we use thẽσ i

j -parameters. Then, taking the
derivative of the expansion of Lemma 2.2 with respect to these parameters, either

(0)


ω1(0) = O( 1

λ
); ω̄2(∞) = O( 1

λ
)

c ω̄2(∞)√
λ

∂

∂σ̃ i
1
(ω̄1(0))− c′ ∂

∂σ̃ i
1

∇ω1(0)·∇ω2(∞)

λ3/2 = o
(

1
λ3/2

)
cω1(0)√

λ

∂

∂σ̃ i
2
(ω̄2(∞))− c′ ∂

∂σ̃ i
2

∇ω1(0)·∇ω2(∞)

λ3/2 = o
(

1
λ3/2

)
,

or (0) is not satisfied. Then, we can buildwi
0, j , i.e.,w0, so that the inequality of

Lemma 4.2 holds. Thus, assuming(0), under (A3),ω(0) andω̄2(∞) areO(1/λ).
Multiplying (0) by λ3/2 and going to the limit asλ tends to+∞, we derive that we
have a solution of

(0)∞


ω1(0) = ω̄2(∞) = 0

C1
∂

∂σ̃ i
1
ω1(0)− c′ ∂

∂σ̃ i
1
(∇ω1(0) · ∇ω2(∞)) = 0

C2
∂

∂σ̃ i
2
ω̄2(∞)− c′ ∂

∂σ̃ i
2
(∇ω1(0) · ∇ω2(∞)) = 0

whereC1 andC2 are limits ofλω1(0) andλω̄2(∞). C1 andC2 behave as Lagrange
multipliers; i.e., their values are not prescribed. Thus,(0)∞ amounts to twelve
constraints on the twelve parametersσ̃ i

j related toO(4) and affecting(ω̄1, ω2)

(once basic forms of solutions to the Yamabe problem have been assigned forω̄1

andω̄2).
Thus, we expect generically to have only isolated solutions to(0)∞, up to rigid

motions of the couple(ω̄1, ω̄2), and since∇ω1(0) · ∇ω2(∞) is invariant through
these rigid motions, we may assume (A4), i.e., that there exists a constantc8 > 0
such that, forλ large enough,

|∇ω1(0) · ∇ω2(∞)| ≥ c8 > 0

as soon as(0) is satisfied.
Differentiating then the expansion of Lemma 2.2 with respect toλ, we derive

J ′(α1ω̄1 + α2ω2) · λ∂ω2

∂λ
=

O

(
ω1(0)ω̄2(∞)√

λ

)
− c′ ∇ω1(0) · ∇ω2(∞)

λ3/2
+ O

(
1

λ5/2

)
.

Sinceω1(0)ω̄2(∞) is O
(

1
λ2

)
and|∇ω1(0) ·∇ω2(∞)| is larger thanc8, w0 can again

be built, using Lemma 4.1, so that the inequality of Lemma 4.2 holds. It is easy to
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patch, using a partition of unity, the various local values ofw0 and derive a smooth
w0. �

We now provide the various Morse lemmas at infinity that cover all the possible

situations we may encounter. Coming back to Lemma 3.1,J(α1ω̄1 + α2ω2 + v)

reads asJ(α1ω̄1 +α2ω2)+ϕ( ˜̃V)+ Q( ˜̃V, ˜̃V) with ˜̃V belonging to a neighborhood

of the origin inH1 × H2 × K . Minimizing J(α1ω̄1 + α2ω2 + v) with respect tov

is equivalent to minimizingJ(α1ω̄1 +α2ω2)+ϕ( ˜̃V)+ Q( ˜̃V, ˜̃V) with respect to˜̃V .

After a change of variables̃̃V → V , which holds in a neighborhood of the origin

in H1 × H2 × K , J(α1ω̄1 + α2ω2 + v) reads asJ(α1ω̄1 + α2ω2 + v̄)+ Q(V,V).

The notationQ(V,V), which is now clear, will be used in the statement of the

following:

LEMMA 4.3 Assume that(A1)–(A4) hold.

(i) Near a couple(0,∞)0 such that neither(ω̄1(0))0 nor (ω̄2(∞))0 is zero,
J(α1ω̄1 +α1 +α2ω2 +v) can be read, up to an additive universal constant
and another multiplicative constant depending only on(α1, α2, ω̄1, ω̄2), as
c/

√
λ+ Q(V,V).

(ii) Near a couple(0,∞)0 such that(ω̄1(0))0 is zero while(ω̄2(∞))0 is non-
zero, X = ω̄1(0) can be taken to be a coordinate and J(α1ω̄1 + α2ω2 +
v) can again be read, up to an additive universal constant and another
multiplicative constant depending only on(α1, α2, ω̄1, ω̄2), as cX/

√
λ +

Q(V,V) and cY/
√
λ + Q(V,V) in the reverse case, when(ω̄2(∞))0 is

zero while(ω̄1(0))0 is nonzero.
(iii) Near a couple(0,∞)0 such that(ω̄1(0))0 is zero as well as(ω̄2(∞))0,

ω̄1(0) = X andω̄2(∞) = Y can be taken to be two coordinates.
(a) Assuming(0,∞)0 and (ω̄1, ω̄2) do not satisfy(0)∞, there are con-

stants c0, c̄1, andc̄2 and a nonsingular linear form L onR10, where
Z ∈ R

10 stands for the remaining ten dimensions of the orthogonal
group’s action on(ω1, ω2) after X and Y have been chosen, so that
(up to constants as above), J(α1ω̄1 + α2ω2 + v) reads as

−λXY − c0 − c̄1X − c̄2Y − L(Z)

λ3/2
+ Q(V,V) .

(b) Assuming now that(0,∞) and (ω̄1, ω̄2) satisfy(0)∞, there exists a
constant c0 (nonzero) such that(up to constants as above) J(α1ω̄1 +
α2ω2 + v) reads as

−λXY − c0

λ3/2
+ Q(V,V) .

PROOF: (i) and (ii) follow easily from the proof of (iii); we thus look into (iii).
The line of proof of Lemma 4.3(iii) is identical, given Lemma 4.2, to the line of
proof in [3, appendices 1 and 2].



474 A. BAHRI AND S. CHANILLO

Let us consider the following three functionals:J(α1ω̄1 +α2ω2 + v̄), J(α1ω̄1 +
α2ω2), andψ(α1ω̄1 + α2ω2) defined as follows: Consider the function∇ω̄1(0) ·
∇ω2(∞) defined on the space of variables(X,Y, Z). Expanding, we have

∇ω̄1(0) · ∇ω2(∞)(X,Y, Z) =
∇ω̄1(0) · ∇ω2(∞)(0,0,0)+ c̄1

c′ X + c̄2

c′ Y + L(Z)+ Q̄(X,Y, Z) ,

whereQ̄ is of degree larger than or equal to 2 andL is a linear form onZ. Set

∇ω̄1(0) · ∇ω2(∞)(0,0,0) = c0

c′ ,

Q̄(X,Y, Z) = Q̄(0,0, Z)+ o(|X| + |Y|)

= Q1(Z, Z)+ o
(|X| + |Y| + |Z|2) .

ψ(α1ω̄1 + α2ω2) is then defined to be

−λXY − c0 − c̄1X − c̄2Y − L(Z)

λ3/2
in case (iii)(a),

−λXY − c0 − c̄1X − c̄2Y − Q1(Z, Z)

λ3/2
in case (iii)(b).

By Lemma 4.2 and its proof

−J ′(α1ω̄1 + α2ω2 + v̄
) · (w0 + ∂v̄(w0)

) ≥
c|w0|H1

( |ω̄1(0)| + |ω̄2(∞)|√
λ

+ 1

λ
√
λ

)
and

−J ′(α1ω̄1 + α2ω2
)·w0 ≥ c|w0|H1

( |ω̄1(0)| + |ω̄2(0)|√
λ

+ 1

λ
√
λ

)
.

Using the expansion of Lemma 3.1, the above definition ofψ , and the argu-
ments of Lemma 4.2 again, it is easy to see that we also have

−ψ ′m
(
α1ω̄1 + α2ω2

) · w0 ≥ c|w0|H1

( |ω̄1(0)| + |ω̄2(∞)|√
λ

+ 1

λ
√
λ

)
.

In case (iii)(b), because we know thatc0 is nonzero (we are at(ω̄1, ω̄2,0,∞) sat-
isfying (0)∞), we can removēc1X, c̄2Y, andQ1(Z, Z) from the expansion ofψ .
Thus,w0 is a common pseudogradient for the three functionalsJ(α1ω̄1+α2ω2+v̄),
J(α1ω̄1 + α2ω2), andψ(α1ω̄1 + α2ω2), and we can use its flow lines to transmute
one functional into the other and conversely. The only problem is with the Palais-
Smale condition on the flow lines ofw0: We have to check that, along a flow
line of w0, before reaching the valueλ = +∞ or exiting the domain of defini-
tion of each localw0, we have changed, along the flow line,J(α1ω̄1 + α2ω2 + v̄)

into ψ(α1ω̄1 + α2ω2), and vice versa. By construction,J(α1ω̄1 + α2ω2 + v̄) and
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ψ(α1ω̄1 + α2ω2) differ by an amount that iso(1/λ3/2). Indeed, by a preliminary
change of variables in the(X,Y, Z)-space, we can get rid ofO(λ−1(ω̄1(0)2 +
ω̄2(∞)2))+ o(λ−3/2|Z|2) = O(λ−1(X2 + Y2))+ o(λ−3/2|Z|2) in the expansion of
J by using the term−λ−1/2XY − λ−3/2L(Z) − λ−3/2Q1(Z, Z). In addition, we
can get rid ofQ1(Z, Z) if the linear formL(Z) is nonsingular.

Thus, if along a flow line ofw0, either of these functionals undergoes a change
of the order ofc/λ3/2

0 , starting with an initial largeλ0, while λ is still not+∞ and
we are still in the domain of definition of the localλ0, we will have established
Lemma 4.3.

Along the flow lines ofw0, normalized so that|w0|H1 = 1, we have, since
w0 = w1

0λ(∂ω2/∂λ)+∑
w2

0, j (∂ω2/∂σ
j

2 )+∑
w1

0, j (∂ω̄1/∂σ
j

1 ),

λ̇ = O(λ) and − d

dt

(
J(α1ω̄1 + α2ω2 + v̄)

) ≥ c1

λ3/2
.

Thus, withλ0 as the initial concentration

λ = λ0O(et) , t ∈ (−∞,∞) ,

and

J
(
α1ω̄1 + α2ω2 + v̄

)
(0) ≥

J
(
α1ω̄1 + α2ω2 + v̄

)
(t)+ c10

λ
3/2
0

∫ t

0
e− 3τ

2 dτ for t ≥ 0 ,

J
(
α1ω̄1 + α2ω2 + v̄

)
(t) ≥

J
(
α1ω̄1 + α2ω2 + v̄

)
(0)+ c10

λ
3/2
0

∫ 0

t
e− 3τ

2 dτ for t ≤ 0 .

The same inequalities hold withψ(α1ω̄1 + α2ω2) instead ofJ(α1ω̄1 + α2ω2 + v̄).
The only restriction on these computations lies with the validity of the expansions
in the(X,Y, Z)-space, in particular the one concerning∇ω̄1(0) · ∇ω2(∞) and the
use of the(X,Y, Z) coordinates. Along the flow lines ofw0, we have

˙
(X,Y, Z) = O(1) by construction (in fact, Ẏ = O(λ−1)) ,

so that the time needed to exit the neighborhood where such expansions hold is
bounded from below by a fixed and positiveγ > 0.

Using the inequalities above and the existence ofγ , we see that the variation of
J(α1ω̄1 + α2ω2 + v̄)(t) aroundJ(α1ω̄1 + α2ω2 + v̄)(0) is at leastc11/λ

3/2
0 in both

the positive and the negative directions. The same holds withψ(α1ω̄1 + α1ω2).
SinceJ(α1ω̄1 + α2ω2 + v̄)(0) andψ(α1ω̄1 + α2ω2)(0) differ by o(1/λ3/2

0 ) when
λ0 tends to+∞, and sincew0 is a pseudogradient for both functionals, we may
transmute one functional into the other using the flow lines ofw0. �
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PROOF OFTHEOREM 1.5: According to Lemma 4.3, inV(2, ε0, ω̄1, ω̄2), for
ε0 small enough,J(α1ω̄1 + α2ω2 + v) reads in suitable local coordinates as(

α2
1

∫
ω̄6

1 + α2
2

∫
ω̄6

2

)3
α6

1

∫
ω̄6

1 + α6
2

∫
ω̄6

2

(
1 + h(X,Y, Z, λ)+ |V+|2 − |V−|2)

whereh(X,Y, Z, λ) assumes the various forms of Lemma 4.3 andQ(V,V) has
been diagonalized into|V+|2 − |V−|2. We recall that

c∞ =
(∫

ω̄6
1 +

∫
ω̄6

2

)2

.

We want to study, up to excision, the pair(Jc∞+ε ∩ V(2, ε0), Jc∞−ε ∩ V(2, ε0))

for ε tending to zero,ε0 small. Takingε0 small enough, we can use Proposition 1.4
and Lemma 4.3. Whenλ tends to+∞ and|V |2 tends to zero whileα2/α1 tends
to 1, J(α1ω̄1 + α2ω2 + v) tends toc∞. Thus, Jc∞+ε ∩ V(2, ε0) can be replaced
with the full-parameter spacePA(α1, α2, X,Y, Z,V+,V−, λ) with λ large enough
λ ≥ A, |V+|, |V−| small: Using the pseudogradientw0 of Lemmas 4.1–4.3, this
space deforms ontoJc∞+ε ∩ V(2, ε0) in Jc∞+ε′ ∩ V(2, ε0), with ε′ small,ε′ tending
to zero whenA tends to+∞. Since Jc∞+ε′ ∩ V(2, ε0) deforms throughw0 on
Jc∞+ε ∩ V(2, ε0) and since, using various values forε, ε′, and A, we can build a
nested family

Jc∞+ε ∩ V(2, ε0) ↪→ PA ↪→ Jc∞+ε′ ∩ V(2, ε0) ↪→ PA′

with PA′ deforming ontoPA, and Jc∞+ε ∩ V(2, ε0) and PA being homologically
equivalent. We can usePA in lieu of Jc∞+ε ∩ V(2, ε0) in the computation of the
difference of topology.

On the other hand,Jc∞+ε∩ V(2, ε0) can be replaced byJc∞ ∩ V(2, ε0) because,
from Proposition 1.3, the Palais-Smale condition is satisfied below the levelc∞
(until the next critical level at infinity), and using the decreasing flow lines ofw0,
we may assume, even if we start at the levelc∞, that we are a tiny bit below this
level.

Thus, we are considering the pair(PA, Jc∞ ∩ V(2, ε0)). The differential equa-
tion ∂V+/∂s = −V+ retracts by deformation this pair onto the pair(P̃A, J̃c∞ ∩
V(2, ε0)), where

P̃A =
{(
α1, α2, X,Y, Z,V−, λ

)
, λ ≥ A, |V−| ≤ 1

A
,

∣∣∣∣α2

α1
− 1

∣∣∣∣ < 1

A

}
and

J̃c∞ ∩ V(2, ε0) =
{(
α1, α2, X,Y, X,V−, λ

) = z ∈ P̃A : J̃c∞(z) =(
α2

1

∫
ω̄6

1 + α2
2

∫
ω̄6

2

)3
α6

1

∫
ω̄6

1 + α6
2

∫
ω̄6

2

× (
1 + h(X,Y, Z, λ)− |V−|2) ≤ c∞

}
.
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Let us first assume, in order to studỹJc∞ ∩ V(2, ε0), thatV− = 0 andα1 = α2.
This part,D∞, of J̃c∞ ∩ V(2, ε0), reads as

h(X,Y, Z, λ) ≤ 0 ;
X and Y areω1(0) and ω̄2(∞); Z represents the transversal parameters in the
orthogonal group.

(1) Considering Lemma 4.3(i) and (ii), we are led directly to include inD∞
the subset of̃PA defined by

C = {
z ∈ P̃A : XY ≥ 0, X or Y nonzero

}
.

(2) Studying Lemma 4.3(iii)(b), we see that the conditionh(X,Y, Z, λ) ≤ 0
reads

XY ≥ c0

λ
.

Sincec0 is nonzero, we distinguish two cases:
(α) Whenc0, which represents∇ω1(0) · ∇ω2(∞), is positive, then this

set has two connected contractible components, since(0,0) in the
(X,Y)-space is not included in it. It has the same homotopy type
(up to multiplication by a ball in theZ-space and by[A,+∞)); then
{(X,Y) : XY ≥ 0} − {(0,0)}.

(β) When∇ω1(0) · ∇ω2(∞) is negative, then this set is reduced to a con-
tractible set, since(0,0) ties the two former components. It has the
same homotopy type as{(X,Y) : XY ≥ 0}.

(3) (α) and (β) can be extended to include all cases where∇ω1(0) · ∇ω2(∞)

is nonzero, since Lemma 4.3(iii)(b) holds under this hypothesis.
(4) The case remains where∇ω1(0) · ∇ω2(∞) is zero and Lemma 4.3(iii)(a)

holds. Thenh(X,Y, Z, λ) ≤ 0 reads(
X + c̄2

λ

)(
Y + c̄1

λ

)
≥ c̄1c̄2

λ2
− L(Z)

λ
.

|Z| is small, independently of how largeλ is, i.e., independently ofA; i.e.,
|Z| ≤ θ , while λ ≥ A. Taking A very large and using the fact thatL
is nonsingular, we easily see that the above set completes the transition
between (α) and (β); i.e., asL(Z) changes from−γ0 to γ0, whenγ0 is a
small positive constant, the corresponding section to this set evolves from
(α) to (β) or vice versa.

Observe thatL is the differential of the function∇ω1(0) · ∇ω2(∞) re-
stricted to{X = 0} ∩ {Y = 0}. By assumption, the level zero for this
function on{X = 0} ∩ {Y = 0} is regular, sinceL is nonzero. It is there-
fore easy to identify the transition set from (α) to (β) with the level zero of
∇ω1(0) · ∇ω2(∞) on {X = 0} ∩ {Y = 0}.

Summing up three cases, we see thatD∞ is the union ofC and of a
subset of{(X,Y, Z) ∈ P̃A : X = Y = 0}× [A,+∞) that is very close and
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has the same homotopy type as{(X,Y, Z) ∈ P̃A : X = Y = 0,∇ω1(0) ·
∇ω2(∞) > 0} × [A,+∞).

In J̃c∞ ∩ V(2, ε0) − D∞, sinceV− is nonzero orα1/α2 is not 1, there
is a decreasing pseudogradient, which is nonzero as long asα1 andα2 are
nonzero andV− is small. Along the flow lines of this pseudogradient, we
deform J̃c∞ ∩ V(2, ε0) − D∞ onto P̃A × ∂(11 × Du(Q)), where11 is
the standard one simplex (for(α1, α2)) and Du(Q) is the unstable disk of
Q for this pseudogradient. By Lemma 3.1,Du(Q) is a product equal to
Du(Q̃1)× Du(Q̃2). Since this deformation acts only on the(α1, α2,V−)-
space, it does not exitD∞, and the previous arguments characterizingD∞
and the present argument that displays a retract by deformation ofJ̃c∞ ∩
V(2, ε0) − D∞ combine to provide the statement of Theorem 1.5 after
canceling the[A,+∞) factor (which is useless) and identifying̃PA (up to
[A,+∞)) with the orthogonal groupO(4)2×11, modded out byπ2 in the
eventω̄1 andω̄2 can be brought one onto the other by an element ofO(4).

�
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