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Abstract. We investigate the small area limit of the gauged Lagrangian Floer
cohomology of Frauenfelder [17]. The resulting cohomology theory, which we call
quasimap Floer cohomology, is an obstruction to displaceability of Lagrangians in
the symplectic quotient. We use the theory to reproduce the results of Fukaya-
Oh-Ohta-Ono [21], [19] and Cho-Oh [12] on non-displaceability of moment fibers
of not-necessarily-Fano toric varieties and extend their results to toric orbifolds,
without using virtual fundamental chains. Finally we describe a conjectural rela-
tionship with Floer cohomology in the quotient.
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1. Introduction

Let X be a symplectic manifold. A Lagrangian submanifold L ⊂ X is (Hamil-
tonian) displaceable if there exists a Hamiltonian diffeomorphism φ : X → X such
that L ∩ φ(L) = ∅. Otherwise, L is called non-displaceable. Hamiltonian non-
displaceability questions are among the most basic in symplectic topology. For
example if L = {(x, x)|x ∈ X} ⊂ X− ×X is the diagonal and X is compact then
Arnold conjectured (and Floer [15] later proved under certain conditions) that L is
non-displaceable. Floer introduced a method for proving non-displaceability based
on the study of a complex whose underlying vector space is generated by intersec-
tion points L∩φ(L), if transversal, and whose differential counts finite-energy holo-
morphic strips with boundary values in (L, φ(L)). The resulting Floer cohomology
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group HF (L, φ(L)) is independent of the choice of φ, so that if L is displaceable then
HF (L, φ(L)) vanishes. On the other hand, one can sometimes computeHF (L, φ(L))
by, for example, taking φ small and identifying it with the Morse homology.

In a series of papers [21], [19] Fukaya-Oh-Ohta-Ono used this strategy to prove
non-displaceability results for certain moment fibers of toric varieties, generalizing
earlier work of Cho-Oh [12] and Entov-Polterovich [14]. Most of these fibers have
vanishing Floer cohomology, and many are displaceable by elementary means, which
we will discuss further in a moment. Fukaya et al show that a moment fiber has
non-vanishing Floer cohomology if there is a critical point of a potential obtained
by counting holomorphic disks with boundary on the Lagrangian. Fukaya et al were
able to write the potential as the sum of a naive potential plus quantum corrections
arising from sphere bubbles, and show that the naive potential is given by an explicit
formula which appeared in the paper of the physicists Hori-Vafa [29, 5.16].

One can take a different approach to this problem using the realization of a toric
variety as a symplectic quotient. Let G be a compact connected group with Lie
algebra g and X a Hamiltonian G-manifold with moment map Φ : X → g∨ :=
Hom(g,R). If G acts freely on the level set Φ−1(0) then the symplectic quotient
X//G = Φ−1(0)/G is a smooth symplectic manifold, or more generally a symplectic
orbifold if the action has finite stabilizers. In particular, any smooth projective toric
variety can be realized as the quotient X//G of a vector space X by the action of a
torus G. Given a Lagrangian L ⊂ X//G we ask whether L is displaceable. The pre-

image L̃ of L is a G-invariant Lagrangian in X. An approach to non-displaceability
for Lagrangians in Hamiltonian G-manifolds was introduced by Frauenfelder [18].
At first sight, his theory looks even more complicated than that of Fukaya et al: he
counts pairs (A,u) consisting of a connection A ∈ Ω1(Σ, g) on Σ := R×[0, 1] together
with a map u : Σ → X satisfying a pair of vortex equations: u is holomorphic with
respect to the connection determined by A and the curvature FA is equal to minus
the pull-back u∗Φ of the moment map: FA = −u∗Φ VolΣ. Here VolΣ ∈ Ω2(Σ) is a
choice of area form, in this case a multiple of the standard area form, and constitutes
a parameter in the theory that can be varied. In the limit VolΣ → ∞, the vortex
equations become equivalent to the Cauchy-Riemann equation for a map to the
quotient X//G, so one expects the gauged Floer theory to be related to the Floer
theory of the quotient [22]. In the case that X has no holomorphic spheres, the
gauged Floer theory has better compactness properties than the theory in X//G.
Frauenfelder [17] used his gauged Floer theory to prove a version of the Arnold-
Givental conjecture in this context.

In this paper we study the zero-area limit VolΣ → 0 of gauged Floer theory. The
corresponding limit for gauged Gromov-Witten invariants was studied in Gonzalez-
Woodward [26], and used to prove a version of the abelianization conjecture for
Gromov-Witten invariants. In the zero-area limit the vortex equations reduce to
the Cauchy-Riemann equation in X. We show that the resulting quasimap Floer
theory retains the relationship to non-displaceability, that is, its non-vanishing ob-
structs displaceability, in cases where it is defined. For any toric moment fiber one
obtains an A∞ algebra, in a way that avoids one of the main technical complica-
tions of the theory of Fukaya et al: since all holomorphic disks are regular for the
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standard complex structure, there is no need for Kuranishi structures or virtual
fundamental chains. A classification result of Cho-Oh [12] gives an explicit formula
for the holomorphic disks, see Theorem 6.1. The classification leads to an explicit
formula for the curvature of the resulting A∞ algebra and an explicit criterion for
the non-vanishing of the quasimap Floer cohomology. This allows us to reproduce
the results of Fukaya et al [21], [19], as well as give extensions to orbifold quotients
such as weighted projective spaces.

The main result Theorem 1.1 below is an explicit sufficient condition for a moment
fiber of a toric orbifold to be non-displaceable; its form is the same as that of Fukaya
et al [19]. LetX ∼= CN be Hermitian vector space, H ∼= U(1)N the standard maximal
torus of Aut(X), and G ⊂ H a sub-torus. Choose a moment map for the H-action;
this induces a moment map for the action of G. Suppose that the symplectic quotient
X//G is locally free and so a symplectic orbifold. It has a residual action of a torus
T := H/G, and the residual moment map Ψ : X//G→ t∨ defines a homeomorphism
of (X//G)/T onto its moment polytope Ψ(X//G). We denote by v1, . . . , vN ∈ t the
images of minus the standard basis vectors e1, . . . , eN ∈ h ∼= RN in t. The polytope
Ψ(X//G) is given by linear inequalities

(1) Ψ(X//G) = {λ ∈ t∨ | li(λ) ≥ 0}, li(λ)/2π := 〈λ, vi〉 − ci, i = 1, . . . , N.

where 〈·, ·〉 : t∨ × t → R is the canonical pairing and c1, . . . , cN are constants given
by the choice of moment map. Let Λ be the universal Novikov field consisting of
possibly infinite sums of real powers of a formal variable q,

Λ =

{
∞∑

n=0

anq
dn , an ∈ C, dn ∈ R, lim

n→∞
dn = ∞

}
.

Let Λ+ resp. Λ0 denote the subrings consisting of sums with only positive resp. non-
negative powers. Any fiber Lλ = Ψ−1(λ) over an interior point λ ∈ int(Ψ(X//G))
is a Lagrangian torus, namely a single free T -orbit. We identify H1(Lλ,Λ0) ∼=
H1(T,Λ0)

T ∼= t∨ ⊗ Λ0, so that in particular for any v ∈ t and β ∈ H1(Lλ,Λ0) we

have a pairing 〈v, β〉 ∈ Λ0 and an exponential e〈v,β〉 ∈ Λ0. Define the Hori-Vafa
potential

WG
λ : H1(Lλ,Λ0) → Λ0, β 7→

N∑

i=1

e〈vi,β〉qli(λ);

as in [29, (5.16)].

Theorem 1.1. If WG
λ has a critical point, then Lλ ⊂ X//G is non-displaceable.

In the case that X//G is compact and smooth and there exists a non-degenerate crit-
ical point this is due to Fukaya et al [21], and without the non-degeneracy condition
in their second paper [19]. Overlapping results using different methods are given by
Entov-Polterovich [14]. Related works include Alston [4], Alston-Amorim [5], and
Abreu-Macarini, in progress, who compute the Floer cohomology of toric moment
fibers with the real part of the ambient toric variety. The existence of λ in the in-
terior such that WG

λ has a critical point for compact X//G is proved in Fukaya et al
[21, Proposition 4.7] for toric varieties with rational symplectic classes; the authors
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conjecture that the rationality condition is not necessary. For non-compact X//G,
there may not exist any such λ, for example if X//G = C then every compact La-
grangian is displaceable. As far as the author knows, existence of a non-displaceable
Lagrangian in an arbitrary compact symplectic manifold is an open question. We
also prove a Theorem 7.1 which includes bulk deformations as Fukaya et al’s second
paper [19].

Our proof differs from Fukaya et al in several ways. We already mentioned that
we count disks in X rather than in X//G. The proof in Fukaya et al depends on a
detailed study of the correction terms arising in their potential from sphere bubbling
in X//G, which is not necessary in our case since X has no holomorphic spheres.
Furthermore we use the combined Morse-Fukaya approach to the construction of
A∞ algebras, in which one counts configurations consisting of gradient lines and
holomorphic disks with Lagrangian boundary conditions; this avoids various diffi-
culties with choices of generic chains or smoothness of moduli spaces of stable maps.
A generic perturbation of the gradient flow equations gives an A∞ structure on the
space of Morse cochains of L. A disadvantage of this approach is that the source ob-
jects (tree disks etc.) have somewhat more complicated moduli spaces than the usual
realizations of associahedra, multiplihedra etc. Furthermore the structure maps of
the A∞ algebras constructed this way do not satisfy a divisor equation of the type
described by Cho [11], who noted that the perturbation scheme may destroy the
necessary forgetful maps. The latter requires us to take a slightly different defini-
tion of the potential than Fukaya et al. Then we have to show that the special case
of the divisor equation that we need does in fact hold, and implies that any critical
point of the potential gives rise to non-vanishing Floer cohomology. For pairs of La-
grangians intersecting transversally in X//G, we define an A∞ bimodule by counting
configurations of Floer trajectories in X, holomorphic disks, and gradient trees. The
pre-image Lagrangians intersect only cleanly in X, and this requires several results
(exponential decay, energy quantization, gluing) for Lagrangian clean intersections
which are probably known to experts, but which do not seem to have completely
appeared in the literature.

These results on non-displaceability should be contrasted with those of McDuff
[41] who gives a method for displacing the fibers of a moment polytope of a toric
variety, based on the observation that if λ is sufficiently close to the boundary of
Ψ(X//G) then Lλ is small in some Darboux chart and so displaceable. More precisely
a vector α in the coweight lattice tZ is integrally transverse to an open facet F of
the moment polytope Ψ(X//G) if {α} can be completed to a basis of tZ by vectors
parallel to F . A probe with direction α ∈ tZ and initial point µ ∈ F is the open half
of the line segment lying in the direction of α from µ. If λ lies in a probe, then Lλ
is displaceable.

Example 1.2. In the case X//G = P1 with moment polytope [0, 1], WG
λ (β) = eβqλ +

e−βq1−λ which has a critical point iff λ = 1/2. The fiber Lλ for λ = 1/2 is the
unique non-displaceable moment fiber in P1, since any other fiber is displaced by
a rotation, and Lλ is not displaceable since it separates P1 into two disks of equal
area.
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Example 1.3. This example is a case for which X//G is non-compact. Suppose that
X = C3 and G = C∗ acts with weights −1,−1, 1, and the moment map is chosen
so that X//G is the blow-up of X = C2 at (0, 0), so that the moment polytope is
{(λ1, λ2) ∈ R2

≥0, λ1 + λ2 ≥ 1}. The gauged potential is

WG
λ (β) = eβ1qλ1 + eβ2qλ2 + eβ1+β2qλ1+λ2−1.

This has a critical point iff (λ1, λ2) = (1, 1), so the fiber over (1, 1) is not displaceable.

Example 1.4. This example appears in Fukaya et al [21, Example 4.7] and illustrates
the dependence of the number of non-displaceable fibers on the choice of symplectic
form: Suppose that X//G is the toric blow-up of P1 × P1 with moment polytope

Ψ(X//G) = {(λ1, λ2) ∈ [−1, 1]2 | λ1 + λ2 ≤ 1 + α}

for some real parameter α ∈ (−1, 1) describing the size of the blow-up.

Proposition 1.5. The unique non-displaceable toric fibers for X//G the blow-up
of (P1)2 are described by the following three cases: (i) for α = 0, the fiber over
λ = (0, 0) (ii) for α > 0, the fibers over (0, 0) and (α,α) (iii) for α < 0, the fibers
over (−α/3,−α/3), (α,α + 1), (α+ 1, α).

See Figure 1.

Proof. The gauged potential (which in this case is the same as the potential in
Fukaya et al) is

(2) WG
λ (β) = eβ1q1+λ1 + eβ2q1+λ2 + e−β1q1−λ1 + e−β2q1−λ2 + e−β1−β2q1+α−λ1−λ2 .

The critical points are described in [21, Example 4.7]. The other fibers are displace-
able by the technique of McDuff [41]. �

Note that the non-displaceable fibers “collide and scatter” at α = 0. The number
of non-displaceable fibers depends on the symplectic form, but the multiplicities in
each case do add up to the dimension 5 of the cohomology H(X//G) [21]. The non-
displaceable fibers for other choices of symplectic form are discussed in Fukaya et al
[19]. The values of the potential, counted with multiplicity, match the eigenvalues
for the quantum action of c1(TX) on the quantum cohomology QH(X//G), see [21].

α = 0α > 0 α < 0

Figure 1. Non-displaceable fibers for the blow-up of P1 × P1
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Example 1.6. This example involves the orbifold case. Consider the weighted projec-
tive plane, X//G = P(1, n1, n2) the symplectic quotient of X = C3 by the S1 action
with weights (1, n1, n2). The two-torus T acts on X//G in Hamiltonian fashion with
moment polytope Ψ(X//G) the convex hull of (0, 0), (n1, 0), (0, n2).

Proposition 1.7. For X//G = P(1, n1, n2) the fiber of Ψ over λ = diag((n1n2)/(n1+
n2 + 1)) is non-displaceable.

Proof. The gauged potential is

WG
λ (β) = eβ1qλ1 + eβ2qλ2 + e−β1n2−β2n1qn1n2−n2λ1−n1λ2 .

The derivatives are given by

e−β1∂β1
WG
λ (β) = qλ1 − n2e

−β1(n2+1)−β2n1qn1n2−n2λ1−n1λ2

e−β2∂β2
WG
λ (β) = qλ2 − n1e

−β1n2−β2(n1+1)qn1n2−n2λ1−n1λ2 .

This has solutions in β ∈ Λ0 if and only if

n1n2 − (n2 +n1 + 1)λ1 − (n1 +n2)λ2 = 0, n1n2 − (n1 +n2)λ1 − (n1 +n2 + 1)λ2 = 0.

The unique solution to these equations is λ = diag((n1n2)/(n1 +n2 +1)) as claimed.
�

The case of X//G = P(1, 3, 5) is shown below in Figure 2, taken from [41], with
shaded regions displaceable by McDuff’s probes. The non-displaceable fiber over
λ = (5/3, 5/3) is surrounded by an open subset of fibers for which displaceability is
an open question. (The small line segment connecting (1, 1) with (3/2, 3/2) consist
of fibers that are not displaceable by probes, either. In all the previous examples
except this one, the combination of the McDuff method with the Floer theoretic
methods completely resolved the question of non-displaceability of moment fibers.)
We remark that homological mirror symmetry for the B-model on, in particular,
P(1, 3, 5) is proved in Auroux et al [7]. It would be interesting to know whether the
“twisted sectors” in the orbifold quantum cohomology of these weighted projective
spaces play any role in the displaceability of moment fibers. Note that in this case
there are two kinds of twisted sectors, coming from the two orbifold singularities,
and these match the intersection of the “unknown region” with the boundary of the
polytope.

Example 1.8. As a final example we consider non-displaceability for the weighted
projective line X//G = P(1, 2) with polytope Ψ(X//G) = [0, 1] and orbifold singular-
ity the fiber over 1. The fiber over 2/3 is non-displaceable, by the main Theorem 1.1
and a computation similar to the first example. However, any fiber over λ ∈ [1/2, 1]
is non-displaceable in this case, since any displacing flow would have to map the
preimage of [λ, 1] into the preimage of [0, λ). But this is impossible, since any
Hamiltonian vector field vanishes at the orbifold point, the pre-image of 1, which is
therefore stationary under any Hamiltonian flow.
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Figure 2. Displaceable and non-displaceable fibers for P(1, 3, 5).

The idea of studying curves in X instead of X//G is not new and fits into a long
line of studies of gauged sigma models [62], [24], [29], [37]. This approach is the basis
of Givental’s study of mirror symmetry for complete intersections in toric varieties
[24]. Givental’s idea was to relate the invariants obtained by integration over mod-
uli spaces of quasimaps to those associated to the moduli spaces of stable maps in
the symplectic quotient, by algebraic arguments involving localization. By comput-
ing the (twisted) quasimap invariants, Givental obtained for example a formula for
the descendent Gromov-Witten potential for the quintic three-fold. The space of
quasimaps was identified with the moduli spaces of vortices by J. Wehrheim [58]. In
the last section we explain how arguments similar to that of Gaio-Salamon [22] lead
heuristically to relationship with Floer theory in the quotient. (However, as far as
non-displaceability goes, there is no need to rigorously prove the correspondence be-
tween the two families of invariants, since the quasimap invariants already obstruct
displaceability.) One naturally expects an A∞-morphism from the gauged Fukaya
algebra to the Fukaya algebra of the quotient, which we call the open quantum Kir-
wan morphism, and a relation between the bulk-deformed potential on X//G and the
potential for the gauged theory on X. Carrying out this program would require not
only the compactness and gluing results above but a proper development of virtual
fundamental classes in this setting, which is why the arguments of the last section
are only conjectural.

We thank D. McDuff and M. Abouzaid for helpful suggestions and encouragement,
and G. Xu for pointing out several mistakes.

2. Quasimap Floer cohomology

In this section we explain the definition of quasimap Floer cohomology, which
associates to a pair of Lagrangians L0, L1 in a symplectic quotient X//G an abelian

group HQF (L0, L1) by counting strips in X with boundary in the pre-images L̃0, L̃1

of L0, L1 modulo the action of G. Actually, none of the results of this section will
be used for the main Theorem 1.1, for the reason that the proof of Theorem 1.1
uses the cases that the two Lagrangians are equal (covered in Section 3) together
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with the vanishing of the resulting cohomology when the Lagrangian is displaceable
(covered in Section 5). However, it seemed to the author that our Floer cohomology
should be introduced before A∞ algebras for expositional reasons.

2.1. Symplectic vortices. The definition of quasimap Floer cohomology is moti-
vated by a gauged version of pseudoholomorphic curves introduced by Mundet and
Salamon and collaborators, see for example Cieliebak-Mundet-Gaio-Salamon [13],
which we now review. Readers not interested in the origin of quasimap Floer coho-
mology may skip to the following section, with the caveat that without reading this
section the definition of quasimap Floer cohomology may seem rather miraculous.
Let G be a compact connected group with Lie algebra g and X a Hamiltonian G-
manifold with symplectic form ω ∈ Ω2(X) and proper moment map Φ : X → g∨.
Let X//G := Φ−1(0)/G denote the symplectic quotient. We assume that the action
of G on Φ−1(0) is locally free, that is, has only finite stabilizers, so that X//G is
a symplectic orbifold. Furthermore we assume that the action has trivial generic
stabilizer.

Let J (X) denote the set of compatible almost complex structures J ∈ End(TX)
on X, J (X)G the subset of invariants under the action of G by pull-back, and
J (X//G) the set of compatible almost complex structures on X//G. There exists a
map J (X)G → J (X//G), obtained by restricting J to TΦ−1(0) ∩ g⊥ ∼= π∗T (X//G),
where π : Φ−1(0) → X//G is the projection.

Let Σ be a compact Riemann surface. Holomorphic maps from Σ to X//G
correspond to gauged holomorphic maps from Σ to X, as we now explain. Let
P → Σ be a principal G-bundle. Denote by A(P ) ⊂ Ω1(P, g)G the space of con-
nections on P , and by G(P ) the group of gauge transformations. Any connection
A ∈ A(P ) and J ∈ J (X)G induces an almost complex structure on the associ-
ated fiber bundle P ×G X. Let ∂A be the associated Cauchy-Riemann operator,
so that if in particular Γ(P ×G X) is the space of sections and u ∈ Γ(P ×G X)
then ∂Au ∈ Ω0,1(Σ, u∗T (P ×G X)). A gauged holomorphic map with bundle P
is a pair (A,u) ∈ A(P ) × Γ(P ×G X) satisfying ∂Au = 0. Let H(P,X) denote
the space of gauged holomorphic maps with bundle P ; in general this is a sin-
gular subset of A(P ) × Γ(P ×G X). If J is integrable, then H(P,X) admits a
formal symplectic structure depending on a choice of metric on g and area form
VolΣ ∈ Ω2(Σ), given by as follows: The pairing of two tangent vectors (aj, vj) ∈
Ω1(Σ, P ×G g) ⊕ Ω0(Σ, u∗(P ×G TX)), j = 0, 1 is given by the integral over Σ

(a0, v0), (a1, v1) 7→

∫

Σ
(a0 ∧ a1) + u∗ω(v0, v1)VolΣ

where the first term uses the metric on g. By formal, we mean that each kernel of
the linearized operator has a linear symplectic structure given by the above formula,
so that where H(P,X) is smooth it is symplectic. The group G(P ) acts on H(P,X)
preserving the formal symplectic structure and a formal moment map is given by

H(P,X) → Ω2(Σ, P ×G g), (A,u) 7→ FA + u∗(P ×G Φ)VolΣ

where Ω2(Σ, P ×G g) is identified with a subset of the dual of the Lie algebra
Ω0(Σ, P ×G g) of the group of gauge transformations via the pairing given by
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integration and the metric on g. The formal symplectic quotient M(P,X) :=
H(P,X)//G(P ) is the moduli space of symplectic vortices

M(P,X) =





(A,u) ∈ A(P ) × Γ(P ×G X)

∂Au = 0
FA + u∗(P ×G Φ)VolΣ = 0



 /G(P ).

Define M(Σ,X) to be the union of M(P,X) over isomorphism classes of bundles
P . Note the dependence on the choice of VolΣ. In the infinite area limit the second
equation becomes u∗(P ×G Φ) = 0 and M(Σ,X) is then the moduli space of holo-
morphic maps from Σ to X//G. Indeed any solution descends to a holomorphic map
to X//G. Conversely any holomorphic map to X//G defines a pair (A,u), by choos-
ing a connection on the bundle Φ−1(0) → X//G and taking A to be the pull-back
connection. In general one needs to compactify the moduli space in order to define
invariants but in certain circumstances the moduli space is already compact, see for
example [13]. For example, J. Wehrheim [58] shows that if Σ = P1,X = Cn, G = S1

acting diagonally, then M(Σ,X) is diffeomorphic to
⋃
d≥0 Pnd−1. Thus the moduli

space of symplectic vortices is already compact while the moduli space of maps to
X//G = Pn−1 has a natural compactification, the moduli space of stable maps, whose
boundary is complicated.

Frauenfelder’s thesis [17] exploited the better compactness properties of the vortex
equations to prove a version of the Arnold-Givental conjecture. More precisely,
suppose that L0, L1 ⊂ X are compact invariant Lagrangian submanifolds. In good
cases Frauenfelder constructed a gauged Floer cohomology by counting vortices on
Σ := R × [0, 1]. Since any bundle over Σ is trivial, a symplectic vortex consists
of a pair A ∈ Ω1(Σ, g) of a connection A on Σ := R × [0, 1] together with a map
u : Σ → X such that

∂Au = 0, u(s, j) ∈ Lj, j = 0, 1,∀s ∈ R, FA + u∗Φ VolΣ = 0

modulo gauge transformation, where in this case VolΣ = ds∧dt. The precise details
will not concern us here, since we work in a slightly different set-up.

The gauged Floer cohomology (if everything is well-defined) is independent of
the choice of area form VolΣ by a standard continuation argument, similar to the
one giving independence of the width of the strip in [59]. (In the case of gauged
Gromov-Witten invariants, the dependence on the choice of area form was studied
in Gonzalez-Woodward [25].) Therefore, one expects an equivalent theory obtained
by setting VolΣ = 0, the opposite limit from the one related to the Floer cohomology
on the quotient. In this case the theory drastically simplifies: the equation FA =
0 implies that A is gauge equivalent to the trivial connection, in which case the
other equation becomes the standard Cauchy-Riemann equation. However, since
the trivial connection has automorphism group G, the resulting moduli space is
that of the usual moduli space of holomorphic strips, modulo the action of G. Since
the gauge theory becomes somewhat trivial in this case, we call the resulting Floer
cohomology quasimap Floer cohomology in cases where it is defined, by analogy with
Givental’s use of the term quasimaps.
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2.2. Holomorphic quasistrips. Having motivated the study of holomorphic disks
modulo a group action, we now develop a Floer theory for Lagrangians that are
inverse images of Lagrangians from the symplectic quotient. Let X be a Hamiltonian
G-manifold with G acting locally freely on Φ−1(0). We say that L ⊂ X is G-
Lagrangian if dim(L) = dim(X)/2 and the equivariant symplectic form vanishes on
L, that is, the restriction of the symplectic form and moment map vanish on L.
We will always assume that the action of G on L is free, so that L̃/G is contained

in the smooth locus of X//G. The map L̃ 7→ L̃/G defines a bijection between G-
Lagrangians in X and Lagrangians in X//G.

This correspondence extends to Lagrangian branes as follows. Suppose that X
is equipped with a G-equivariant N -fold Maslov cover LagN (X) → Lag(X). One
obtains an inducedN -fold Maslov cover LagN (X//G) on X//G by taking the quotient
LagN (X)|Φ−1(0)/G and restricting to lifts of Lagrangian subspaces of T (X//G).
A G-Lagrangian brane is an oriented Lagrangian submanifold equipped with a G-
equivariant spin structure, a G-equivariant flat Λ-line bundle, and a G-equivariant
grading, that is, aG-equivariant lift of the map L̃→ Lag(X)|L̃ to LagN (X)|L̃. There
is a one-to-one correspondence between G-Lagrangian branes in X and Lagrangian
branes in X//G, given by L̃ 7→ L̃/G, the induced orientations and spin structure
induced from a choice of orientation and the left invariant spin structure on G,
induced by the trivialization TG ∼= G× g via the action via right multiplication. In
our example, G will be a torus, N = 2 and Lag2(X) → Lag(X) is the double cover
given by the choice of orientation. This Maslov cover is G-equivariant since G is
connected and so acts trivially on the orientations.

The line bundles in our brane structures will arise as follows. Any flat Λ-line
bundle on L = L̃/G is determined by a holonomy map which, since the structure
group is abelian, descends to a map on the underlying homology classes:

HolL : H1(L) → Λ − {0}.

In particular if L is a torus then H1(L) is torsion-free and any cohomology class b ∈
H1(L,Λ0) gives rise to a flat Λ-line bundle with holonomy around a loop representing

a homology class a ∈ H1(L) is given by the pairing e〈a,b〉 ∈ Λ0 ⊂ Λ. (Note that the
well-definedness of the exponential requires coefficients in Λ0.)

The quasimap Floer cochain complex is freely generated by generalized intersec-
tions of transversally intersecting Lagrangians in the quotient. Let L0, L1 ⊂ X//G

be Lagrangian submanifolds, and L̃0, L̃1 ⊂ X their G-Lagrangian lifts to X. Let
H ∈ C∞([0, 1] × X)G, let H//G ∈ C∞([0, 1] × X//G) the corresponding family of

functions on the symplectic quotient X//G and let (H//G)#t ∈ Vect(X//G), t ∈ [0, 1]
denote the corresponding Hamiltonian vector fields. Let I(L0, L1,H) denote the set
of perturbed intersection points in X//G,
(3)

I(L0, L1,H) =

{
x : [0, 1] → X//G, x(j) ∈ Lj, j = 0, 1, (

d

dt
x)(t) = (H//G)#t (x(t))

}
.
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Let φt//G ∈ Aut(X//G) denote the flow of (H//G)#. We require that (φ1//G)(L1)∩
L0 is transverse, so that I(L0, L1,H) is finite and the intersection L̃0 ∩ L̃1 is clean,

that is, T L̃0 ∩ T L̃1 = T (L̃0 ∩ L̃1), so that L̃0 ∩ L̃1 is a finite union of orbits of G.
The differential in quasimap Floer cohomology is defined by counting holomor-

phic strips modulo the group action. Let Σ := R × [0, 1]. Given a Hamiltonian

perturbation H̃ ∈ Ω1(Σ, C∞(X)), we say that a map Σ → X is (J, H̃)-holomorphic

if du − H̃#(u) is a holomorphic map from TzΣ → Tu(z)X, for each z ∈ Σ, where

H̃# ∈ Ω1(Σ,Vect(X)) is the Hamiltonian vector field associated to H̃. For any

(J, H̃)-holomorphic map u : Σ → X the symplectic area resp. energy

A(u) :=

∫

Σ
u∗ω, EH̃(u) :=

1

2

∫

Σ
|du− H̃#(u)|2ds ∧ dt

are related by an identity involving the curvature of the connection determined by
H̃ [42, 8.1.9]: Let H̃ = H̃sds + H̃tdt. The curvature of the connection on Σ × X

defined by H̃ is

RH̃ = (∂sH̃t − ∂tH̃s + {H̃s, H̃t})ds ∧ dt.

Then the area-energy identity of (J, H̃)-holomorphic maps is

(4) EH̃(u) = A(u) +

∫

Σ
RH̃(u).

In particular, as long as the curvature RH̃ is bounded, then any sequence of (J, H̃)-
holomorphic maps has bounded energy iff it has bounded symplectic area. Given
a function H ∈ C∞([0, 1] ×X), a (J,H)-holomorphic strip is a (J, H̃)-holomorphic

strip for H̃ = Hdt. For such strip, the energy is equal to the symplectic area, and
depends only on its homotopy class.

Definition 2.1. Let H ∈ C∞([0, 1] ×X)G. A (J,H)-holomorphic quasistrip with

boundary in L̃0, L̃1 is a (J,H)-holomorphic map Σ → X with boundary in L̃0, L̃1.
An isomorphism of holomorphic quasistrips u0, u1 is an element g ∈ G and an
element s0 ∈ R such that u1(s+ s0, t) = gu0(s, t) for all s ∈ R, t ∈ [0, 1].

That is, a quasistrip is the same as a strip, except that the notion of isomorphism
is different.

Remark 2.2. If X is Kähler (that is, the almost complex structure is integrable)
compact and the Hamiltonian H vanishes then then any holomorphic quasistrip
defines a holomorphic strip in the quotient X//G as follows. Let GC be the com-
plexification of G. Since X is compact, the action of G extends to an action of
GC. The semistable locus Xss of X is the smallest GC-invariant open set containing
Φ−1(0), and is equal to GCΦ−1(0) if the action of G on Φ−1(0) has finite stabiliz-
ers, see for example Kirwan [32]. Furthermore Xss is the complement of a finite
union of G-stable subvarieties of positive codimension. The composition of u with
Xss → X//G, where defined, defines a map from R×[0, 1] to X//G on the complement
of a finite set, and extends over R × [0, 1] by removal of singularities. Conversely,
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any map v : R × [0, 1] → X//G lifts to a quasistrip, since the holomorphic GC-
bundle v∗(Xss → X//G) is trivial. More generally, a similar discussion holds for
non-compact X under the assumption that the G action extends to an action of GC.

Let M(L0, L1;H) denote the moduli space of isomorphism classes of (J,H)-

holomorphic quasimaps of finite energy with boundary in L̃0, L̃1.
The following lemmas on holomorphic strips with clean intersection Lagrangian

boundary conditions were developed jointly with F. Ziltener several years ago, and
are probably known to experts.

Lemma 2.3. Let X be a compact or convex symplectic manifold equipped with a
compatible almost complex structure J , and L0, L1 ⊂ X compact Lagrangians in-
tersecting cleanly. Then (i) there exists an open neighborhood U of the intersection
L0 ∩ L1 such that any finite energy (J,H)-holomorphic strip u : R × [0, 1] → U
with boundary in L0, L1 is trivial (ii) there exists a constant ~ > 0 such that any
(J,H)-holomorphic strip u : R× [0, 1] → X with boundary in L0, L1 has energy E(u)
at least ~.

Proof. (i) By the local model for clean intersections [30, Proposition C.3.1], there
exists a neighborhood U of L0∩L1 and a strong deformation retract ψ : [0, 1]×U → U
to L0∩L1 preserving L0, L1. Using the Cartan homotopy identity, one can construct
α ∈ Ω1(U) with dα = ω so that α vanishes on L0, L1: Let Vr ∈ Vect(U) be the time-
dependent vector field generating ψ, Vr = (d/dr)ψ(x, r). The Poincaré formula

α =

∫ 1

0
ψ∗
r ι(Vr)ωdr

produces the required primitive since

dα =

∫ 1

0
ψ∗
rLVrωdr =

∫ 1

0

d

dt
ψ∗
rωdr = ψ∗

1ω − ψ∗
0ω = ω.

The pull-back i∗jLj of α to Lj, j = 0, 1 is

i∗jα =

∫ 1

0
ψ∗
r i

∗
j ι(Vr)ωdr =

∫ 1

0
ψ∗
r ι(Vr)i

∗
jωdr = 0

since Vr is tangent to L0, L1. By Stokes’ theorem,

E(u) = lim
s→∞

∫

[−s,s]×[0,1]
u∗ω = lim

s→∞

∫

{s}×[0,1]
u∗α−

∫

{−s}×[0,1]
u∗α.

The energy of u restricted to [±(s−1),±(s+1)]× [0, 1] goes to zero as s→ ∞, since
u is finite energy. It follows by the mean value inequality that supt∈[0,1] |du(s, t)| → 0

as s → ±∞, so u has energy zero and must be trivial. (ii) Suppose otherwise that
there exists a sequence uν of holomorphic strips with energy E(uν) → 0 but each
E(uν) non-zero. A standard argument using compactness shows that there exists
a number ǫ > 0 such that any point in x within ǫ of both L0 and L1 lies in the
open subset U from part (i). By the mean value inequality, for ν sufficiently large
the image of uν is within distance ǫ of L0 and L1 (integrate the derivative over the
segments {s} × [0, t] and {s} × [t, 1]) and so is contained in U . By part (i), uν is
trivial. Hence E(uν) vanishes, which is a contradiction. �
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Remark 2.4. The energy quantization lemma in McDuff-Salamon [42, 4.1.4] does not
use a symplectic structure, while the proof above does since it uses the energy-area
relation for holomorphic maps.

Lemma 2.5. Suppose that L0, L1 are compact Lagrangians with clean intersection in
a symplectic manifold X. There exist constants ǫ, δ, C > 0 such that if u : [−S, S]×
[0, 1] → X is a holomorphic strip with boundary conditions L0, L1 with E(u) < ǫ then

E(u|[−S+s,S−s]×[0,1]) < Ce−δsE(u) and | supdu|[−S+s,S−s]×[0,1] < Ce−δs/2
√
E(u) for

s ∈ [1, S]. Furthermore, if u : R×[0, 1] → X is holomorphic with finite energy then u
converges exponentially fast to limits u(±∞, t) ∈ I(L0, L1) as s → ±∞: there exist
constants C, δ > 0 such that dist(u(s, t), u(±∞, t)) < Ce∓δs and |du(s, t)| < Ce∓δs

for ±s sufficiently large.

Proof. Pozniak [47, Lemma 3.4.5] proves a relative version of the isoperimetric in-
equality for the relative action of paths for Lagrangian clean intersections: The

length of a path x : [0, 1] → X is ℓ(x) =
∫ 1
0 |ẋ|dt. for sufficiently small paths

x : [0, 1] → X, 0 7→ L0, 1 7→ L1 the relative action of x is

AL0,L1
(x) = −

∫

[0,1]2
u∗ω

where u : [0, 1]2 → X is a smooth map satisfying u(0, t) ∈ L0 ∩ L1, u(1, t) = x(t)
for t ∈ [0, 1] and u(s, i) ∈ Li for s ∈ [0, 1], i ∈ {0, 1} such that for each s, the path
u(s, ·) has sufficiently small length. (For a precise discussion of what sufficiently
small means in the context of vortices, see Ziltener [65].) One then has a relative
isoperimetric inequality: there exist constants δ, C > 0 such that the following holds.
If x : [0, 1] → X is a path satisfying x(i) ∈ Li, for i = 0, 1 and ℓ(x) < δ then the
action is defined and |AL0,L1

(x)| ≤ C‖ẋ‖2
2. Furthermore, after possibly shrinking δ,

for every pair s− ≤ s+ and every smooth map u : Σ := [s−, s+] × [0, 1] → X the
following holds. If u(s, i) ∈ Li, for i = 0, 1, and ℓ(u(s, ·)) < δ, for every s ∈ [s−, s+],
then the actions of u(s−, ·) and u(s+, ·) are defined and one has an area-action
identity: ∫

Σ
u∗ω = −AL0,L1

(u(s+, ·)) + AL0,L1
(u(s−, ·)).

Then the same convexity argument in [42, Lemma 4.7.3] proves the first claim for
the energy. Using the mean value inequality one obtains an estimate for the first
derivative du. The final claim follows by restricting u to ±[0, S] × [0, 1] and tak-
ing S → ∞, deriving an estimate on the distance from the estimate on the first
derivative. �

Remark 2.6. The constant in exponential decay cannot be chosen arbitrarily close
to 1 as in McDuff-Salamon [42]; it depends on the geometry of intersection of the
Lagrangians. The lemma also does not hold for non-compact Lagrangians in general,
for a similar reason.

Remark 2.7. In the case considered in this paper, an alternative argument is possible:
Suppose that X is Kähler and L̃0, L̃1 are Lagrangians in Φ−1(0) that are inverse

images of Lagrangians intersecting transversely in X//G. Near any point x ∈ L̃0∩ L̃1
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we may write X holomorphically as the product of an open subset of X//G and GC,

so that the Lagrangians L̃0 resp. L̃1 are the product of the Lagrangians L0 resp. L1

and G. Then the exponential decay estimates in Lemma 2.5 are a consequence of
the corresponding exponential decay estimates for the transversely intersecting pair
L0, L1 in X//G, and for holomorphic strips in GC with boundary in G.

For any finite energy holomorphic map u : Σ := R × [0, 1] → X with Lagrangian

boundary conditions in L̃0, L̃1, let ∂ju denote the restriction of u to R×{j} and for
α > 0 define a linearized Cauchy-Riemann operator

(5) Du : Ω0(Σ, u∗TX, (∂0u)
∗T L̃0, (∂1u)

∗T L̃1)1,p,α → Ω0,1(Σ, u∗TX)0,p,α,

ξ 7→ ∇0,1
H ξ −

1

2
(∇ξJ)J∂J,Hu

c.f. McDuff-Salamon [42, p. 258]. The Sobolev spaces above are defined as follows.

For integers k ≥ 0 and p ≥ 1 and ξ a j-form on Σ with values in u∗TX of class W k,p
loc

set

(6) ‖ξ‖k,p,α =
∑

i+j≤k

‖eαγ(s)s∇i
s∇

j
tξ‖p

where γ(s) = −1, s < −1 and γ(s) = 1, s > 1. For k ≥ 0 and p ≥ 1 let
Ωj(R × [0, 1], u∗TX)pre

k,p,α denote the space of ξ with finite k, p, α norm. Let Ω0(R ×

[0, 1], u∗TX)const be the space of smooth sections that are covariant constant in a
neighborhood of infinity. Then

Ω0(R × [0, 1], u∗TX)1,p,α := Ω0(R × [0, 1], u∗TX)pre
1,p,α + Ω0(R × [0, 1], u∗TX)const

is the space of sections of class 1, p that differ in a neighborhood of infinity from
a covariant constant section by a section of class 1, p, α; a norm on this space in a
neighborhood of each end is given by the norm of the limit ξ(±∞) plus the norm of
the element ξ − ξ(±∞) of Ω0(R × [0, 1], u∗TX)pre

1,p,α obtained by subtracting off the

limit: ‖ξ‖1,p,α = ‖ξ‖pre
1,p,α + ‖ξ(∞)‖ for ξ supported on some [0,∞)× [0, 1]. Patching

together these norms with the 1, p norm on a compact subset of R × [0, 1] defines a
norm on Ω0(R × [0, 1], u∗TX)1,p,α, see e.g. [1, 4.7]. Let

Ω0(R × [0, 1], u∗TX, (∂0u)
∗T L̃0, (∂1u)

∗T L̃1)1,p,α ⊂ Ω0(R × [0, 1], u∗TX)1,p,α

denote the subspace with boundary values in T L̃0, T L̃1; in particular this means that
any element ξ has exponential convergence on the ends to an element of T L̃0 ∩T L̃1.
Let

Ω1(Σ, u∗TX)0,p,α := Ω1(Σ, u∗TX)pre
0,p,α

denote the space of one-forms with exponential decay of class 0, p, α; this space does
not contain forms that are constant but non-zero on the ends. Because u has expo-
nential decay, see Lemma 2.5, the map Du of (5) is well-defined for sufficiently small
α > 0 and is a Fredholm operator by combining standard estimates for compactly-
supported sections with totally real boundary conditions with arguments for mani-
folds with cylindrical ends as in Lockart-McOwen [36]. See also McDuff-Salamon [42,
Section 3.1] and Abouzaid [1] who treats holomorphic strips with equal boundary
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conditions using weighted Sobolev spaces; the equality of the boundary conditions
is only used to obtain exponential decay via removal of singularities, which we have
obtained instead via Pozniak’s relative isoperimetric inequality in Lemma 2.5. We
say that u is regular if Du is surjective.

Let M reg(L0, L1;H) denote the moduli space of isomorphism classes of regular,

finite energy J,H-holomorphic quasimaps with boundary in L̃0, L̃1.

Proposition 2.8. The space M reg(L0, L1;H) is a smooth finite dimensional man-
ifold with tangent space at the isomorphism class [u] of a quasimap u given by
T[u]M

reg(L0, L1;H) = ker(Du)/(g + R) for sufficiently small α > 0.

Proof. This is a standard implicit function theorem argument. Consider the map

Fu : Ω0(R × [0, 1], u∗TX, (∂0u)
∗T L̃0, (∂1u)

∗T L̃1)1,p,α → Ω0,1(R × [0, 1], u∗TX)0,p,α

ξ 7→ Tu(ξ)
−1∂J,H expu ξ

where Tu(ξ) denotes parallel transport along expu(ξ) using the complex-linear mod-

ification of the Levi-Civita connection ∇̃ = ∇− 1
2 (∇J)J , and the exponential map

is defined using metrics gt so that gj is totally geodesic with respect to Lj, j = 0, 1,
so that TLj maps to Lj. This means, however, that gj is not the metric cor-
responding to the choice of almost complex structure. This difference gives rise
to additional quadratic corrections in the map Fu, which are explained in more
detail in [60, Remark 2.2], [40, Section 4.3]. Sobolev multiplication and exponen-
tial decay estimates for u above imply that Fu is a smooth map of Banach man-
ifolds. Elliptic regularity [42, B.4.1] implies that any solution ξ to Fu(ξ) = 0 is
smooth. (The regularity theorem there only applies to the case of a single La-
grangian, but the same proof holds when a Lagrangian is assigned to each com-
ponent of the boundary.) If u is regular, the implicit function theorem implies
that F−1

u (0) is a smooth manifold modelled on kerDu. By the exponential decay
Lemma 2.5 for α sufficiently small any nearby solution is of the form expu(ξ) for

some ξ ∈ Ω0(R × [0, 1], u∗TX, (∂0u)
∗T L̃0, (∂1u)

∗T L̃1)1,p,α, so any nearby holomor-
phic strip is represented by a point in F−1

u (0). Since J is G-invariant, G acts by
pull-back on the moduli space of holomorphic strips. The action of G is free and
proper so the quotient, the moduli space of parametrized quasistrips, is a smooth
manifold. The action of R by reparametrization on the resulting moduli space is
also free and proper on the moduli space of non-constant trajectories: if giu(s+si, t)
converges to some u(s, t) for some sequence si → ∞ then we must have u(s, t) con-
stant, by exponential decay. It follows that the quotient has a smooth structure with
the claimed tangent space. (Note that the image of R in ker(Du) may be trivial,
if the trajectory is constant, since it is obtained by differentiating the trajectory in
the s direction.) �

To obtain a complex structure for which the moduli space is regular we follow
the notation in Frauenfelder [17, p. 49], which itself follows closely Floer-Hofer-
Salamon [16]. To set up the notation, for each ξ ∈ g we denote by ξX ∈ Vect(X)
the generating vector field. Let J : TX → TX be a G-invariant compatible almost
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complex structure. The infinitesimal action generates vector spaces

g(x) := {ξX(x), ξ ∈ g} ⊂ TxX, gC(x) = g(x) + Jxg(x).

In the case that the action of G admits an extension to an action of the complex-
ified Lie group GC, the space gC(x) is the subspace generated by the infinitesimal
complexified group action. Each tangent space admits a splitting

(7) TxX = gC(x) ⊕ gC(x)⊥

using the metric on X induced by J ; denote by πx : TxX → TxX the projection
onto the second factor. At a point x ∈ Φ−1(0) we have gC(x)⊥ ∼= Tp(x)(X//G) where

p : Φ−1(0) → X//G is the projection. Note that in the case of time-dependent J ,
the space gC(x) as well as the splitting depend on t.

Definition 2.9. (c.f. [17, Definition 4.8]) A point (s, t) ∈ R × [0, 1] is G-regular for
a Floer trajectory u : R × [0, 1] → X joining Hamiltonian arcs x±(t) if

πu(s,t)∂su(s, t) 6= 0, u(s, t) /∈ Gx±(t),

u(s, t) /∈ Gu(R − {s}, t), Gu(s,t) = {e}

where e ∈ G is the identity. Denote by R(u) ⊂ R× [0, 1] the set of G-regular points.

Theorem 2.10. (c.f. [17, Theorem 4.9]) Let u : R× [0, 1] → X be a Floer trajectory

for L̃0, L̃1 such that πu(s,t)∂su(s, t) 6= 0 for some s, t ∈ R × [0, 1]. Then there exists
S > 0 such that {(s, t) ∈ R(u)|s ≥ S} is open and dense in {(s, t) ∈ R × [0, 1] | s ≥
S}. In particular, R(u) is open and non-empty.

Proof. The proof follows from a sequence of lemmas, taken almost word-for-word
from Frauenfelder [17, Theorem 4.9].

Remark 2.11. It suffices to consider the case that the Hamiltonian perturbation
H vanishes, by an observation in Floer-Hofer-Salamon [16, Discussion following
(7)]: There is a bijection between Floer trajectories u(s, t) for a pair (Jt,Ht) with

Floer trajectories φ−1
t u(s, t) for ((φ−1

t )∗Jt, 0) where φt is the flow of Ĥt. Indeed

∂s((φ
−1
t )u(s, t)) = Dφ−1

t ∂su(s, t) lies inDφ−1
t gC(u(s, t))) iff ∂su(s, t) lies in gC(u(s, t)).

On the other hand, since φt is G-equivariant, Dφ−1
t gC(φt(x)) = Dφ−1

t g(u(s, t)) +

Dφ−1
t Jtg(u(s, t)) = g(φ−1

t (u(s, t))) + (Dφ−1
t )∗Jtg(φ−1

t (u(s, t))).

Lemma 2.12. R(u) is open.

Proof. Suppose otherwise. Then there exists a point (s, t) ∈ R(u) which can be ap-
proximated by a sequence (sν , tν) /∈ R(u). Then πu(sν ,tν)∂su(sν , tν) 6= 0, u(sν , tν) /∈

Gx±(tν) and Gu(sν ,tν) = {e} for ν sufficiently large. Since (sν , tν) /∈ R(u) there
exists a sequence s′ν ∈ R and g(s′ν , tν) ∈ G such that

u(sν , tν) = g(s′ν , tν)u(s
′
ν , tν), s′ν 6= sν .

If the sequence s′ν is unbounded then, passing to a subsequence if necessary, we
may assume s′ν → ±∞. Then by exponential decay, u(s′ν , tν) → x± hence g(s′ν , tν)
converges to some h ∈ G. Hence u(s, t) = hx± which contradicts the fact that
(s, t) ∈ R(u). Hence the sequence s′ν is bounded and we may assume without loss of
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generality that s′ν → s′. It follows that there exists g ∈ G such that u(s, t) = gu(s′, t).
Since (s, t) ∈ R(u) we must have s′ = s. Hence s′ν and sν both converge to s and
this contradicts the fact that πu(s,t)∂su(s, t) 6= 0. This proves that the set R(u) is
open. �

Next we show that R(u) is not empty, and in fact R(u) ∩ {|s| ≥ S} is dense in
{|s| ≥ S}. It follows from the assumption that πu(s,t)∂su(s, t) is somewhere non-zero
that there exists a non-empty open subset

Σ := {(s, t) ∈ R × [0, 1], πu(s,t)(∂su(s, t)) 6= 0, u(s, t) /∈ Gx±, Gu(s,t) = {e}}.

It remains to show that there exists (s, t) ∈ Σ such that u(s, t) /∈ Gu(R − {s}, t).
To do that we show that the set of G-regular points in Σ is dense in Σ. Assume
otherwise so that there exists (s0, t0) ∈ Σ with Bǫ(s0, t0)∩R(u) = ∅ for some ǫ > 0.

Lemma 2.13. There exists ǫ > 0 so small and S > 0 so large so that the following
holds:

(a) u(s, t) /∈ Gu(Bǫ(s0, t0)) for |s| ≥ S and |t− t0| ≤ ǫ; and
(b) πu(s,t)(∂su(s, t)) 6= 0 for every (s, t) ∈ Bǫ(s0, t0), the map u : Bǫ(s0, t0) → X

is an embedding and u(Bǫ(s0, t0)) ∩ gu(Bǫ(s0, t0)) = ∅ for every g ∈ G\{e}.

Proof. The condition u(s, t) /∈ Gu(Bǫ(s0, t0)) for |s| ≥ S and |t−t0| ≤ ǫ is achievable
since u(s0, t0) /∈ Gx±. The condition πu(s,t)(∂su(s, t)) 6= 0 is achievable since it is
open and πu(s0,t0)(∂su(s0, t0)) 6= 0. The latter condition implies that du is injective
and hence u is an embedding near (s0, t0). Finally the condition πu(s,t)(∂su(s, t)) 6= 0

implies that u(·, t) is transverse to the G-orbits and so u(Bǫ(s0, t0))∩gu(Bǫ(s0, t0)) =
∅ for every g ∈ G\{e} for ǫ sufficiently small. �

The condition Bǫ(s0, t0) ∩ R(u) = ∅ means that for all (s, t) ∈ Bǫ(s0, t0) there
exists an s′ ∈ R such that u(s, t) ∈ Gu(s′, t) and s′ 6= s.

Lemma 2.14. There exists a point (s̃0, t̃0) ∈ Bǫ(s0, t0) such that the set

C := {s ∈ R : u(s, t̃0) ∈ Gu(s̃0, t̃0)}

is finite and for every s ∈ C we have rank(du(s, t̃0)) = 2 and πu(s,t̃0)
(∂su(s, t̃0)) 6= 0.

Proof. Choose T ⊂ M a G-equivariant tubular neighborhood of u(s0, t0) such that
G acts freely on T . Define the function

ũ : u−1(T ) → N := T/G, (s, t) 7→ Gu(s, t).

Since ũ is an immersion at (s0, t0), by shrinking ǫ we may assume without loss of
generality that ũ(Bǫ(s0, t0)) ⊂ N and there exists an open set ũ(Bǫ(s0, t0)) ⊂ V ⊂ N
and a chart φ : V → Rm such that

φ(ũ(Bǫ(s0, t0))) ⊂ R2 × {0} ⊂ R2 × Rm−2 ∼= Rm.

Here m := dim(X) − dim(G) is the dimension of N . It follows from (a) of Lemma
2.13 that we can assume without loss of generality that there exists a compact set
K such that ũ−1(V ) ⊂ K ⊂ R × [0, 1]. Abbreviate

A := ũ(Bǫ(s0, t0)) = ũ(u−1(u(Bǫ(s0, t0)))).
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Let ρ : Rm → Rm be the linear projection on R2 × {0}m−2 ⊂ Rm. Define

Ṽ := φ−1 ◦ ρ|−1
φ(V )(φ(A)) ⊂ V.

Note that Ṽ and hence B := ũ−1(Ṽ ) are open. Moreover, B ⊂ K ⊂ R × [0, 1]. We
define further a map

v : B → A, v := (φ|Bǫ(s0,t0))
−1 ◦ ρ ◦ φ ◦ ũ.

Observe that u−1(u(Bǫ(s0, t0))) ⊂ B. Also, the maps v and ũ have the same restric-
tion to u−1(u(Bǫ(s0, t0))). Define the set

C(ũ) := {z ∈ Bǫ(s0, t0) : #{z̃ ∈ B : ũ(z) = ũ(z̃)} = ∞} ⊂ Bǫ(s0, t0).

Because B is contained in the compact set K we may write

C(ũ) = {z ∈ Bǫ(s0, t0) : ∃{zν}
∞
ν=1, zν 6= z, zν → z̃ ∈ B, ũ(zν) = ũ(z) = ũ(z̃)}.

It follows that ũ(C(ũ)) is contained in the set of critical points of ũ. Now the formula

dv = (dφ)−1 ◦ dρ ◦ dφ ◦ dũ

implies ũ(C(ũ)) ⊂ Cv(B) where Cv(B) denotes the set of critical values of v in A.
By Sard’s theorem, the set (A\ũ(C(ũ)) ⊃ (A\Cv(B)) is dense in A and in particular
nonempty. Choose q ∈ A\ũ(C(ũ)) and define

(s̃0, t̃0) := ũ−1(q) ∩Bǫ(s0, t0).

Then (s̃0, t̃0) has the required properties. This proves the Lemma. �

We investigate the failure of G-regularity in more detail. Fix a point (s0, t0) =
(s̃0, t̃0) given by the Lemma. Let s1, . . . , sN ∈ [−S, S] be the points with ũ(s0, t0) =
ũ(s1, t0) = . . . = ũ(sN , t0). Let Fδ be the set of domain values which fail to be
G-injective with one point near (s0, t0):

Fδ := {(s′, t) ∈ R × [0, 1] | ∃(s, t) ∈ B2δ(s0, t0) | ũ(s, t) = ũ(s′, t)}\B2δ(s0 ,t0).

Lemma 2.15. For every constant r > 0 there exists a δ > 0 such that Fδ ⊂⋃N
j=1Br(sj, t0).

Proof. Otherwise, there would exist ρ > 0 and a sequence (sν , tν) → (s0, t0) with
s′ν 6= sν and ũ(sν , tν) = ũ(s′ν , tν) such that (s′ν , tν) /∈ Bρ(sj , t0) for every j ≥ 1. By
(b) of Lemma 2.13, there exists ǫ′ > 0 such that |sν − s′ν | > ǫ′. By (a) of Lemma
2.13, we have |s′ν | ≤ S. Hence the sequence s′ν has an accumulation point s′ which
must be distinct from all the points s0, . . . , sN but satisfies ũ(s′, t0) = ũ(s0, t0). This
contradiction proves the claim in the Lemma. �

Locally the set of domain values can be partitioned according to failure of G-
regularity as follows. Fix an r > 0 and choose δ as in Lemma 2.15. Let Σj be the
set of domain values for which the value at a point near (s0, t0) is repeated near
(sj , t0), that is,

Σj := {(s, t) ∈ Bδ(s0, t0) | ∃(s′, t) ∈ Br(sj , t0), ũ(s′, t) = ũ(s, t)}

for j = 1, . . . , N . The sets Σj are closed and Bδ(s0, t0) = Σ1 ∪ . . . ∪ ΣN . Hence at
least one of the sets Σj has a nonempty interior. Assume without loss of generality
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that int(Σ1) 6= ∅. Choose an open set U ⊂ Σ1 and note that U ∩ B2r(s1, t0) = ∅.
Furthermore, u : B2r(s1, t0) → X is an embedding for r sufficiently small. Since
u(·, t) is transverse to the G-orbits at s1, we have

u(B2r(s1, t)) ∩ gu(B2r(s1, t)) = ∅, ∀g ∈ G\{e}

provided r > 0 was chosen sufficiently small. On the other hand it follows from
the definition of Σ1 that for every (s, t) ∈ U there exists an s′ ∈ R such that
(s′, t) ∈ B2r(s1, t0) and ũ(s, t) = ũ(s′, t).

We show that there exist two regions of the domain on which the map is, up to
gauge transformation, related by a diffeomorphism. Fix a point (ŝ0, t̂0) ∈ U . Let
σ := ŝ′0 − ŝ0 6= 0. Define

w : W̃ := B2r(s1 − σ, t0) → X, (s, t) 7→ u(s + σ, t)

and similarly w̃ = ũ(u + σ, t). Note that w̃ : W̃ → N is an embedding for r

sufficiently small. Moreover, w̃(ŝ0, t̂0) = ũ(ŝ0, t̂0) and ũ(U) ⊂ w̃(W̃ ). Define

W := w̃−1(ũ(U)).

Then ũ−1 ◦ w̃ : W → U is a diffeomorphism. Moreover, our assumptions assert
that this map takes the form ũ−1 ◦ w̃(s, t) =: (κ(s, t), t). Differentiating the formula
w̃(s, t) = ũ(κ(s, t), t) we obtain

0 = πw(s,t)∂sw(s, t) + J(t, w(s, t))πw(s,t)∂tw(s, t)

= πu(κ,t)(∂κu(κ, t)∂sκ) + J(t, u(κ, t))πu(κ,t)(∂κu(κ, t)∂tκ+ ∂tu(κ, t))

= πu(κ,t)∂κu(κ, t)∂sκ+ πu(κ,t)(∂tu(κ, t)∂tκ− ∂κu(κ, t))

= πu(κ,t)(∂κu(κ, t)(∂sκ− 1)) + πu(κ,t)∂tu(κ, t)∂tκ.

Since πu(κ,t)∂κu(κ, t) and πu(κ,t)∂tu(κ, t) are linearly independent we deduce that

∂sκ = 1 and ∂tκ = 0. Hence κ(s, t) = s + σ̂ for some σ̂ ∈ R. Since ũ(ŝ0, t̂0) =
w̃(ŝ0, t̂0), we obtain σ̂ = 0 and hence κ(s, t) = s. This implies that w̃ and ũ agree in
the neighborhood U = W of (ŝ0, t̂0). So w(s, t) = g(s, t)u(s, t) for some g : U → G.
By holomorphicity J(t, u(s, t))(∂tg)X (u(s, t)) = (∂sg)X (u(s, t)), which is impossible
unless g is constant. By unique continuation, gu(s, t) = u(s + σ, t) for any s, t. By
induction gku(s, t) = u(s + kσ, t) for any k ≥ 0. Without loss of generality σ > 0,
and since u(s + kσ, t) converges for s → ∞ to x+ this implies that u is constant in
s. This contradiction completes the proof of the Theorem. �

It remains to show that we may assume that any Floer trajectory has somewhere
non-trivial differential modulo the complexified infinitesimal group action. For this
we use the following modification of a result of Xu [64], which says that for a suit-
able lift of a Hamiltonian for the symplectic quotient, any Floer trajectory has this
property. It suffices to consider the case that the Hamiltonian perturbation on X//G
vanishes.

Theorem 2.16. Suppose that dim(X//G) > 0, L0, L1 ⊂ X//G are transversally-
intersecting Lagrangians and (Jt) ∈ J (X)G is an invariant time-dependent almost
complex structure. There exists H ∈ C∞([0, 1] × X)G equal to 0 on Φ−1(0) such
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that for every Floer trajectory u : R × [0, 1] → X for H, there exists a point (s, t) ∈
R × [0, 1] with πu(s,t)du(s, t) 6= 0.

Proof. Let H ∈ C∞([0, 1]×X)G. Recall that any Floer trajectory may be considered

a gradient trajectory for the action functional on the universal cover P̃ (L0, L1) of

the space of paths P (L0, L1) from L0 to L1: for x̃ ∈ P̃ (L0, L1) covering x,

AH(x̃) = −

∫

[0,1]2
w∗ω −

∫

[0,1]
x∗Hdt

where w : [0, 1]2 → X is a homotopy of x to a base point determined by the choice
of lift x̃. The Hessian of the action functional is independent of the choice of lift and
corresponds to the linear map

(8) Q : Ω0(x∗TX) 7→ Ω0(x∗TX), ξ 7→ Jt(∇tξ −∇ξĤt).

According to a result of Robbin-Salamon [48, Theorem B], any Floer trajectory
u(s, t) is asymptotic to exp(−λs)ξ(t) where ξ is an eigenvector of the Hessian (8)
with non-zero eigenvalue λ, in the sense that ξ(t) = lims→∞ eλsu(s, t). Furthermore
there exist constants s0, c > 0 such that (1/c)e−λs ≤ |∂su| ≤ ce−λs for all s such
that |s| ≥ s0.

For a carefully chosen Hamiltonian all of the eigenvectors have the desired prop-
erty. Let Gx1, . . . , Gxs = φ1,HL̃0∩L̃1 be the finite set of orbits lifting the intersection
points x1, . . . , xs of φH,1L0 ∩ L1. The map

(9) g × (Txi(0)(X//G) × g) → X, (ζ, v, θ) 7→ exp(ζ) expxi
(v + Jt(xi)θX(xi))

a local diffeomorphism onto its image on a neighborhood of 0. We let v1, . . . , vk resp.
θ1, . . . , θd resp. ζ1, . . . , ζd be the coordinates near xi arising from (9) with respect to
orthonormal bases; these coordinates are invariant under the infinitesimal action of
g and so extend to G-invariant functions in a neighborhood of Gxi. Choose cutoff-
functions ρ1, . . . , ρs ∈ C∞(X)G equal to one on a neighborhood of Gx1, . . . , Gxs and
with disjoint support. Let expxi

: Txi
X → X denote geodesic exponentiation.

We first deal with the case that d := dim(G) ≤ dim(X//G) =: 2k. Define an
invariant time-dependent function Fi in a neighborhood of xi by

Fi(v, ζ, θ) = ρi

d∑

l=1

θlvl.

Take the Hamiltonian perturbation to be the sum of the functions above, H =∑s
i=1 Fi. We claim that the Hessian for H in (8) has no eigenvectors which map to

zero under the projection to the tangent space to the symplectic quotient. Indeed
suppose, by way of contradiction, there exists an eigenvector ξ(t) with πxi

ξ(t) = 0
for all t ∈ [0, 1] with eigenvalue λ. Then ξ has the form (0, ζ(t), θ(t)) for some

functions ζ : [0, 1] → g, θ : [0, 1] → g. The eigenvector equation Jt(∇tξ−∇ξF̂i) = λξ
gives

(10) Jt

(
ζ ′(t)X + Jtθ

′(t)X + [Jtθ(t)X ,−F̂i]
)

= λζ(t)X + λJtθ(t)X .



GAUGED FLOER THEORY OF TORIC MOMENT FIBERS 21

Discounting terms that lie in gC(xi) one obtains that [Jtθ(t)X ,−F̂i] vanishes. This
implies that θ(t) vanishes as well, by the explicit choice of Fi above. So Jtζ

′(t)X =
λζ(t)X . Since λ 6= 0, ζ(t)X vanishes. Since the action is locally free near xi, ζ van-
ishes as well. This shows that there do not exist eigenvectors with values contained
in gC(xi) for all t ∈ [0, 1].

Now we deal with the case d > 2k, in which we must choose the Hamiltonian in a
more complicated way. Given a family of matrices ajl(t) for 1 ≤ l ≤ d, 1 ≤ j ≤ 2k,

define using the coordinates v, θ, ζ above a function Fi ∈ C∞([0, 1] ×X)G given by

Fi(t, v, θ, ζ) = ρi
∑

1≤l≤d

∑

1≤j≤2k

ajl(t)θlvj.

Consider the map

(11) Qi,t : g → Txi
X, ζ 7→ Jt[JtζX , F̂i](xi).

Its image satisfies

(12) Im(Qi,t) ⊂ Txi
(X//G) ⊂ Txi

X

in the splitting (7), where xi is the image of xi in X//G. The matrix of Qi,t with
respect to the given bases of g, Txi

(X//G) is ajl(t). Choose the matrices (ajl(t)) so
that the kernel of (11) is spanned by ǫl+cos(2lπt)ǫd, l = 1, . . . , d−2k. Suppose that
ξ(t) = ζ(t)X + Jtθ(t)X is an eigenvector for the Hessian with non-zero eigenvalue
λ. Then by (10) and (12) θ(t) ∈ span{ǫl(t) | l = 1, . . . , d − 2k}. Hence there exist
functions θl such that

(13) θ(t) =
d−2k∑

l=1

θl(t)(ǫl + cos(2πlt)ǫd).

The eigenvalue equation (10) gives ζ ′(t) = λθ(t), θ′(t) = −λζ(t). Together with
the Lagrangian boundary conditions this implies θ′′(t) = −λ2θ(t), θ(0) = θ(1) = 0.
Hence there exist α ∈ g such that θ(t) = α sin(2πλt). By pairing (13) with ǫl we
obtain θl(t) = 〈α, ǫl〉 sin(2πλt), l = 1, . . . , d− 2k. Pairing (13) with ǫd gives

(14) 〈α, ǫd〉 sin(2πλt) =
d−2k∑

l=1

〈α, ǫl〉 sin(2πλt) cos(2πlt).

Comparing Fourier coefficients in (14) implies that all coefficients 〈α, ǫl〉 vanish. It
follows that θ(t) and also ζ(t) vanish. �

We now show that for a generic choice of almost complex structure, the moduli
spaces of Floer trajectories are smooth manifolds. The proof is based on the Sard-
Smale theorem. We denote by

Du : Ω0(R × [0, 1], u∗TX;u∗
R×{0,1}TL0 ⊔ TL1) → Ω0,1(R × [0, 1], u∗TX)

the linearized Cauchy-Riemann operator associated to the almost complex structure
J , acting on sections of the pull-back bundle u∗TX with boundary conditions in
TL0, TL1.
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Theorem 2.17. There exists a comeager subset J ∗ ⊂ J consisting of those J ∈ J
such that Du is surjective for every Floer trajectory u with πu(s,t)∂su not identically
zero.

Proof. Let B = Mapk,p,α(R × [0, 1],X,L0, L1) denote maps locally of Sobolev class
k, p, for some k ≥ 1, p > 2, completed with respect to a metric with exponential
decay with weight α with boundary in L0, L1. Let E denote the vector bundle over
B with fiber Eu = T ∗,0,1(R × [0, 1]) ⊗ u∗TX and

∂ : B → E , u 7→ ∂Ju

the section given by the Cauchy-Riemann operator. Let J ℓ denote the space of
invariant compatible almost complex structures of class Cℓ for ℓ ≥ 1 and consider
the space

M̃W
univ,ℓ

(L0, L1) := {(u, J) ∈ B × J ℓ : ∂Ju = 0}.

The universal moduli space

MWuniv,ℓ(L0, L1) := M̃W
univ,ℓ

(L0, L1)/G

is a separable Banach manifold of class C l. To see this, one verifies that the map

Du,J : TuB × TJJ
ℓ → Eu, (ζ, Y ) 7→ Du(ζ) + Y (u)∂tu

is surjective. Since Du is a Fredholm operator, it has closed range and finite
dimensional kernel. Hence Du,J has closed range and finite dimensional coker-
nel and it only remains to prove that its range is dense. To see this, let η ∈
W−k+1,q

−α (R × [0, 1], u∗TX) for 1/p + 1/q = 1 such that η vanishes on the range
of Du,J , that is,

(15)

∫

R×[0,1]
〈η,Duζ〉dsdt = 0,

∫

R×[0,1]
〈η, Y (u)∂tu〉dsdt = 0

for every ζ ∈ TuB and for every Y ∈ TJJ
ℓ. Equation (15) says that D∗

uη = 0 where
D∗
u is the formal adjoint of Du. An argument using elliptic regularity shows that

η ∈ W ℓ+1,p
loc (R × [0, 1], u∗TX). Let (s, t) ∈ R × [0, 1] be a G-regular point for u. We

claim that η(s, t) = 0. Otherwise, one could construct as in [16] a Y ∈ TJJ
ℓ with

small support around (t, u(s, t)) such that
∫

R×[0,1]
〈η, Y (u)∂tu〉dsdt > 0

contradicting the second equation in (15). This implies that η vanishes at every
G-regular point. Unique continuation for the first order elliptic operator D∗

u implies
that ζ = 0. Hence Du,J is onto for every (u, J) ∈ B×J ℓ. It follows from the implicit

function theorem that MWuniv,ℓ(L0, L1) is a Banach manifold of class Cq for any
q > ℓ − k. The projection pℓ : MWuniv,ℓ(L0, L1) → J ℓ is a Fredholm map since
the kernel and cokernel of Dpℓ at (u, J) may be identified with that of Du. By the
Sard-Smale theorem, after restricting to maps of bounded index, for ℓ sufficiently
large the set J ℓ,∗ of regular values of pℓ is a countable intersection of open and dense
sets in J ℓ. Note that J ∈ J ℓ is a regular value of pℓ exactly if Du is surjective for
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every u ∈ F−1
J (0). A standard Taubes argument (see [42, Chapter 3]) implies that

the space of smooth almost complex structures such that the moduli space is regular
is also comeager. �

2.3. Compactification. In general, a sequence of quasistrips can have bubbling
or breaking behavior, namely disk bubbling with boundary values in L̃0, L̃1, sphere
bubbling, and breaking of Floer trajectories. Here we restrict to the case that
(X,ω) is aspherical, that is,

∫
S2 u

∗ω = 0 for any u : S2 → X, which rules out sphere
bubbling.

Recall that a nodal disk Σ is a contractible space obtained from a collection
D1, . . . ,Dk of disks by identifying points in a distinct set {{w+

1 , w
−
1 }, . . . , {w

+
m, w

−
m}}

of nodes on the boundary. An isomorphism of nodal disks Σ,Σ′ is a homeomorphism
Σ → Σ′ holomorphic on each disk component. A nodal strip is a nodal disk Σ with
2 markings z+, z− on the boundary, distinct from each other and the nodal points.
For each component between the markings z− and z+, the complement of the mark-
ings and the nodes is biholomorphic to a strip R × [0, 1] uniquely up to translation.
We call these components the strip components and the other components disk bub-
bles. See Figure 3, where the vertical dotted line represents a node connecting strip
components. The combinatorial type of a nodal strip is the ribbon tree Γ with two
semi-infinite edges corresponding to z±, obtained by replacing each disk or strip
component with a vertex, each node with a finite edge, and each marking with a
semiinfinite edge, with the ribbon structure (cyclic order of edges at each vertex)
given by the ordering of the nodes and markings around the boundary of each strip
or disk component.

Figure 3. A nodal strip

For any nodal strip Σ let Σ̃ denote the disjoint union of the components, so that
Σ is obtained by identifying pairs of points w±

j ∈ Σ̃, j = 1, . . . ,m. The nodes are
of three types: they either connect strip components, disk components, or a disk
component to a strip component. If Γ is the combinatorial type of Σ, let DefΓ(Σ)
denote the direct sum of the tangent spaces Tw±

j
∂Σ over nodes that do not connect

strip components. Each element ζ of DefΓ(Σ) represents a deformation w±
j (ζ) of

the attaching points used to construct Σ, and so gives rise to a deformed nodal
strip Σζ for sufficiently small ζ. A collection of gluing parameters is an m-tuple
δ = (δ1, . . . , δm) of non-negative real numbers. For any collection δ, we denote by
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Σδ the nodal strip obtained by removing half-disks in a neighborhood of attaching
nodes and gluing together via the map z+,j ∼ δj/z−,j, j = 1, . . . ,m where z±,j are
the coordinates on the half-disks near w±

j ; if the disks represent strip components

then this means that the strips are glued together using a neck of length − log(δj),
each of which we identify with a strip [−2Sj , 2Sj ]×[0, 1]. The length Sj is determined
by radii of the small half-balls ǫ+j , ǫ

−
j used in gluing and the gluing parameter δj by

the relation 4Sj = log(ǫ−j ǫ
+
j /δj). The deformation space Def(Σ) is the sum of the

deformations DefΓ(Σ) preserving the combinatorial type and the gluing parameters

Def(Σ) := DefΓ(Σ) × [0,∞)m

with the last factor representing the deformation parameters. For any sufficiently
small (ζ, δ) ∈ Def(Σ) we denote by Σζ,δ the nodal strip obtained by applying the
gluing construction with parameters δ to the deformed nodal strip Σζ .

Definition 2.18. A nodal (J,H)-holomorphic quasistrip with Lagrangian boundary
conditions L0, L1 consists of a nodal strip Σ together with a continuous map u :
Σ → X with boundary in L̃0 resp. L̃1 such that u is (J,H)-holomorphic with finite
energy on each strip component and J-holomorphic on any other disk component.
An isomorphism of nodal holomorphic quasistrips uj : Σj → X is an isomorphism
φ : Σ0 → Σ1 and an element g ∈ G such that gu0 = φ∗u1. A nodal holomorphic
quasistrip is stable if each constant strip component has at least one nodal point on
the boundary, and each constant disk component has at least three nodal points on
the boundary, or equivalently, there are no non-trivial automorphisms.

The energy of a nodal holomorphic quasistrip is the sum of the energies of the strip
components and the energies of the holomorphic disk components. Let M(L0, L1;H)
denote the moduli space of isomorphism classes of stable holomorphic quasistrips
of finite energy. There is a natural notion of Gromov convergence of a sequence of
stable holomorphic quasistrips, generalizing the usual notion for holomorphic maps
but incorporating the action of G, which we will not spell out.

One possible set-up which guarantees compactness not only of spaces of holomor-
phic maps with bounded energy but also of symplectic vortices is that of Cieliebak-
Mundet-Gaio-Salamon [13] or Frauenfelder [17]:

Definition 2.19. Let X be a Hamiltonian G-manifold. A convex structure on X is
a pair (f, J) where J ∈ J (X)G and f ∈ C∞(X)G satisfies

(16) 〈∇ξ∇f(x), ξ〉 ≥ 0, df(x)JxΦ(x)#(x) ≥ 0

for every x ∈ X and ξ ∈ TxX outside of a compact subset of X.

For example, if X is a Hermitian vector space and G is a torus acting with proper
moment map then the standard complex structure J together with the function
f(z) = |z|2/2 defines a convex structure. In our situation, it suffices for the first
equation in (16) to hold, by a standard argument involving the maximum principle.

Theorem 2.20. If X is compact or convex and L̃0, L̃1 ⊂ X are compact Lagrangian
submanifolds with clean intersection, then any sequence of stable holomorphic qua-
sistrips with bounded energy has a convergent subsequence.
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Proof. This is a version of Gromov compactness which combines arguments in McDuff-
Salamon [42, Chapter 4] (which proves energy quantization for holomorphic disks
with Lagrangian boundary conditions) with energy quantization for holomorphic
strips with clean intersection Lagrangian boundary conditions Lemma 2.3 and ex-
ponential decay estimates explained above in Lemma 2.5 for Floer trajectories for
clean intersection, used to show that bubbles connect. �

With a little more work as in [42], one can show that for any C > 0 the subset
of the moduli space M(L0, L1,H) with energy at most C is compact; this requires
showing that in the topology defined by Gromov convergence, convergence is equiv-
alent to that of Gromov convergence. However, we will not need this result.

We denote by MΓ(L0, L1;H) the stratum of stable holomorphic quasistrips of
combinatorial type Γ. Near the equivalence class defined by a map u : Σ → X the
space MΓ(L0, L1;H) is a quotient of the zero set of the Fredholm map on weighted
Sobolev spaces

(17) Fu : DefΓ(Σ) × Ω0(Σ̃, u∗TX, (∂0u)
∗T L̃0, (∂1u)

∗T L̃1)1,p,α

→ Ω0,1(Σ̃, u∗TX)0,p,α ⊕
m⊕

j=1

Tu(w±
j )Iδ(j)

where Iδ(j) is either L̃0, for a node attaching to the bottom of the strip, L̃1, for a

node attaching to the top of the strip, or L̃0 ∩ L̃1, for a node connecting two strip
components, and the map Fu is given by (ζ, ξ) 7→ Tu(ξ)

−1∂J,H expu ξ on the strip

components, (ζ, ξ) 7→ Tu(ξ)
−1∂J expu ξ on the disk components and the differences

(18)

(ζ, ξ) 7→

(
exp−1

u(w±
j )

expu(w+
j

(ζ))(ξ(w
+
j (ζ))) − exp−1

u(w±
j )

expu(w−
j

(ζ))(ξ(w
−
j (ζ)))

)m

j=1

at the nodes, where the position of the nodes w±
j (ζ) depends on the deformation

parameter ζ. Here weighted Sobolev spaces with weight α are used on the strip
components and ordinary Sobolev spaces on the disk components. MΓ(L0, L1;H) is
given near u : Σ → X as the zero set of Fu, quotiented by the action of G×Aut(Σ).
Define the linearized operator

(19) Du : DefΓ(Σ) × Ω0(Σ̃, u∗TX, (∂0u)
∗T L̃0, (∂1u)

∗T L̃1)1,p,α

→ Ω0,1(Σ̃, u∗TX)0,p,α ⊕
m⊕

j=1

Tu(w±
j )Iδ(j)

given by the linearized Cauchy-Riemann operator on the disk components and the
differential of the evaluation at the nodes,

(20) (ζ, ξ) 7→
m∏

j=1

ξ(w+
j (0)) − ξ(w−

j (0)) +
d

dt
|t=0u(w

+
j (tζ+

j )) −
d

dt
|t=0u(w

−
j (tζ−j )).

We say that u is regular if Du is surjective. Let M reg
Γ (L0, L1;H) denote the locus of

regular stable holomorphic quasistrips of combinatorial type Γ.
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Theorem 2.21. M reg
Γ (L0, L1;H) is a smooth manifold with tangent space at [u]

isomorphic to the quotient of ker(Du) by aut(Σ) × g.

Proof. The zero set F−1
u (0) is a smooth manifold with tangent space ker(Du) at

0 by the implicit function theorem for Banach manifolds. Since G acts freely on
L̃0, L̃0 and is compact, it acts properly on F−1

u (0) and the quotient F−1
u (0)/G is

a smooth manifold. It remains to check that Aut(Σ) acts freely and properly on
F−1
u (0)/G. It suffices to consider the case that Σ is a disk with one or two markings,

by considering each component separately. (There are no automorphisms permuting
components, because there are no automorphisms of a disk permuting the points
on the boundary.) The automorphism group of any disk Σ with one resp. two
markings on the boundary can naturally be identified with the group of translations
and dilations resp. dilations. Suppose that φ is a non-trivial automorphism fixing
Gu, and let ψ denote its (non-trivial) restriction to the boundary. Since ψ fixes as
least one point, for any other point z ∈ ∂Σ the sequence φn(z) converges to some
limit z∞. Then g−nu(z) = u(φn(z)) → u(z∞) for some element g ∈ G. Since G acts

freely on L̃k, g is the identity. If φ is a non-trivial translation or dilation and φ∗u = u
then u must be constant, so Aut(Σ) acts freely. Similarly if gnφ

∗
nu converges to some

map v for some sequence φn ∈ Aut(Σ) of automorphisms going to infinity and some
sequence gn ∈ G, then u, v are constant. This shows that Aut(Σ) acts properly. �

We denote by MΓ(L0, L1;H)d the subset of stable holomorphic quasistrips u with
Ind(Du)−dim(aut(Σ))−dim(g) = d. Thus if u is regular, then theMΓ(L0, L1;H)d of
stable holomorphic quasistrips with the same combinatorial type Γ as u is a smooth
manifold of dimension d in a neighborhood of u, by Theorem 2.21.

Let M1(L̃j) denote the moduli space of holomorphic disks u : (D,∂D) → (X, L̃j),
modulo automorphisms fixing a point 1 ∈ ∂D. For any such u we denote by Du its
usual linearized Cauchy-Riemann operator, and by M1(L̃j)d the subset of M1(L̃j)d
with Ind(Du) = d+ 2. For k = 0, 1 we denote by Mk,1(L̃0, L̃1;H) the moduli space

of (J,H)-holomorphic strips for L̃0, L̃1,H with a single marking on the boundary

component R × {k} ⊂ R × [0, 1], and Mk,1(L̃0, L̃1;H)d the subset whose quotient

Mk,1(L̃0, L̃1;H)d/G has formal dimension d.

Theorem 2.22. If X is convex aspherical and J,H are such that every non-constant
stable holomorphic quasistrip with index 1 or 0 is regular then the one-dimensional
component M(L0, L1;H)1 is a compact one-manifold with boundary given by

(21) ∂M(L0, L1;H)1 = M(L0, L1;H)0 ×I(L0,L1) M(L0, L1;H)0

∪
⋃

k=0,1

(Mk,1(L̃0, L̃1;H)0 ×L̃k
M1(L̃k)0)/G.

Proof. Except for the quotient by the group action and the clean rather than transver-
sal intersection, this is a standard combination of compactness and gluing theorems,
c.f. Oh [43]. Compactness was proved in Theorem 2.20. We sketch the proof
of the gluing theorem for clean intersections which follows Fukaya et al [20] and
Abouzaid [1], who deal with holomorphic strips with equal Lagrangian boundary
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conditions L̃0 = L̃1. However, equality of the Lagrangian boundary in these refer-
ences is only used to obtain exponential decay, which we proved in Lemma 2.5. Let
δ = (δ1, . . . , δm) be a collection of gluing parameters, and Σδ the glued strip. We
assume in order to simplify notation that all gluing parameters are non-zero. We
denote by ν±j : ±[−∞, 2Sj ] × [0, 1] → Σ the embeddings given by the local coor-

dinates near the nodes, so that {0} × [0, 1] maps to the half-circle of radius
√
δj .

(That is, take the logarithm of the local coordinate and shift by log(δj)/2.) The
glued surface is obtained by cutting off ν±j (±[2Sj ,∞)× [0, 1]) and identifying the re-

maining finite strips. Let νj : [−2Sj, 2Sj ]× [0, 1] → Σδ be the coordinates described
above on the j-th neck given by this procedure. Using cutoff functions one defines
an approximate trajectory Gapprox

δ u : Σ → X given by u away from the neck, and on
the j-th neck as follows: Let ρ : R → R be a cutoff function with ρ(s) = 1 for s ≥ 1
and ρ(s) = 0 for s ≤ 0, and ξ±j ∈ Ω0(±[−∞, 2Sj ], u

∗TX) are defined by requiring

expu(wj)±(ξ±j ) = (ν±j )∗u on the component containing w±
j . Then we define

ν∗jG
approx
δ u(s, t) = expu(wj)±(ρ(1 − s)ξ−j (s, t) + ρ(s + 1)ξ+j (s, t)).

An approximate right inverse to DGapprox

δ
u is constructed on Sobolev spaces obtained

by weighting the standard Sobolev norm on the neck. More precisely, choose a
function κ : Σδ → [1,∞) such that κ is the previously defined weight function (6)
outside of the neck and κ(s, t) = exp((2Sj − |s|)pα) on the neck νj. Then

‖η‖p0,p,δ,α =

∫

Σδ

κ‖η‖p

defines a δ-dependent norm on Ω0,1(Σδ, u∗TX). Similarly for any ξ ∈ Ω0(Σδ, u∗TX)
we define a norm as follows: Let zj ∈ Σδ be the point in the middle of the neck
given by νj(0, 1/2). Let ξconst

j denote the section obtained by parallel transport of

ξ(zj) using the Levi-Civita connection from u(0, t) to u(s, t). Let

‖ξ‖p1,p,δ,α = ‖ξ − ξconst‖p0,p,δ,α + ‖∇(ξ − ξconst)‖p0,p,δ,α + ‖ξconst(z)‖p.

Then a patching argument [1, (5.50)] constructs from a one-form η on Σδ a zero-form
ξ = T δuη which satisfies ‖DGapprox

δ
uT

δ
uη − η‖0,p,δ,α ≤

∑
j e

−2Sjα‖η‖0,p,δ,α. We denote

by Ω0(Σ, u∗TX, (∂0)u
∗T L̃0, (∂1u)

∗T L̃1)1,p,α,δ the subset of Ω0(Σ, u∗TX)1,p,α,δ with

boundary values on L̃0, L̃1. The explicit formula for the patching of the element ξ
obtained by applying the right inverse to Du is in terms of the coordinates given by
νj

(22) ν∗j ξ
δ(s, t) = T ξ(w±

j ) + ρ(Sj − s)(T ξ−(s, t) − T ξ(w±
j ))

+ ρ(s+ Sj)(T ξ+(s, t) − T ξ(w±
j ))

where T denotes suitable parallel transports. The proof that it is an approximate
right inverse requires uniform quadratic estimates, see [1, p. 89-96], that are the
same in this situation as in [1] (except for the additional corrections discussed in
[40, Section 4.3]) and we will not reproduce here; these depend on the fact that
the weighted Sobolev norms introduced above control the usual Sobolev norms,
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and these in turn control by C0 norm by estimates that are uniform in the gluing
parameter δ, because the cone angle of the metric on Σδ is uniformly bounded from
below. Because u decays exponentially on the ends by some constant α0 given by
Lemma 2.5, there exists a constant C so that

‖FGapprox

δ
u(0)‖0,p,δ,α < Ce−S(α0−α).

The implicit function theorem then produces for 0 < α < α0 and S sufficiently large,
a solution (ζ, ξ) to FGapprox

δ
(u)(ξ) = 0 with ζ ∈ Def(Σδ) in the image of DefΓ(Σ), and

we set Gδ(u) = expGapprox

δ
(u)(ξ). One expects that the map (δ, u) 7→ Gδ(u) is actually

injective, but this is not needed: rather one shows that each configuration on the
right-hand side of (21) is the limit of a unique one-parameter family of elements of
M(L0, L1;H)1, using the uniqueness of the solution given by the implicit function
theorem. �

Orientations on the moduli spaces of stable quasistrips can be constructed as
follows. Recall [20],[61] that a relative spin structure on an oriented Lagrangian
submanifold L ⊂ X is a lift of the class of TL defined in the first relative Čech
cohomology group for the inclusion i : L → X with values in SO(dim(L)) to first
relative Čech cohomology with values in Spin(dim(L))). The set of such objects
naturally forms a category, equivalent to the category of trivializations of the image
of the second Stiefel-Whitney class w2(TL) in the relative cohomology H2(X,L; Z2).
In particular, the set of isomorphism classes Spin(TL,X) of relative spin structures
is non-empty iff w2(TL) ∈ H2(L; Z2) is in the image of H2(X; Z2), and if non-empty
has a faithful transitive action of H1(X,L; Z2). Any relative spin structure on L
induces orientations on the moduli spaces of stable holomorphic quasistrips as in,
for example, [61], by deforming each linearized operator so that index is identified
with a complex vector space plus a tangent space to the Lagrangian; the relative
spin structure implies that the resulting orientation is independent of the choice of
deformation.

Proposition 2.23. Relative spin structures on L0, L1 induce orientations on the
regular parts of the moduli spaces so that the inclusion of the components in (21)
is orientation preserving for the broken strips, and orientation preserving resp. re-
versing for bubbles in L0 resp. L1.

The proof is similar to that for nodal disks and strips given in [61], and omitted.
We denote by

ǫ : M(L0, L1;H)0 → {±1}

the map comparing the constructed orientations with the canonical orientation of a
point and by ǫ(u) its value at [u] ∈M(L0, L1;H)0.

2.4. Quasimap Floer cohomology. For any x± ∈ I(L0, L1;H) we denote by

x̃± ⊂ Map(I,X) the set of trajectories of H#
t covering x± : I → X//G (any two lifts

are related by the G-action) and by M(x+, x−) := M(x+, x−, L0, L1;H) the subset
of M(L0, L1;H) the set of (J,H)-holomorphic quasistrips such that

(t 7→ lim
s→±∞

u(s, t)) ∈ x̃±.
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For each x ∈ I(L0, L1;H) we fix a trivialization of the Λ-line bundle along x and
denote by

HolL0,L1
: M(L0, L1;H) → Λ

the product of parallel transport maps, that is, parallel transport in L0 from x+

to x− along u|R×{0} and then parallel transport from x− to x+ along u|R×{1}; we
think of this as a holonomy around the loop in L0 ∪ L1, although it is not because
of the Hamiltonian perturbation. Let CQF (L0, L1;H) the chain complex generated
by I(L0, L1;H),

CQF (L0, L1;H) =
⊕

x∈I(L0,L1;H)

Λ <x> .

Define
∂L0,L1,H <x+>=

∑

[u]∈M(x+,x−)0

ǫ(u)HolL0,L1
(u)qA(u) <x−> .

For k = 0, 1 we denote by µ0(Lk) the count

µ0(Lk) =
∑

[u]∈M1(L̃k ,x̃k)0

ǫ(u)qA(u) HolLk
(u)

of holomorphic disks u : D → X with boundary in L̃k passing through a generic
point x̃k ∈ L̃k, where ǫ(u) ∈ {±1} is the orientation induced by the relative spin
structure; assuming every such disk is regular these disks are all Maslov index two.

Theorem 2.24. (c.f. [17, Section 5.2]) Suppose that X is convex aspherical, L0, L1, J,H
are such that every stable holomorphic quasistrip is regular and every non-trivial
holomorphic disk has positive Maslov index. Then ∂2

L0,L1,H
= µ0(L1) − µ0(L0).

Proof. By Theorem 2.22, the additivity of the energy, the multiplicativity of the
holonomies, and orientations Proposition 2.23. �

If µ0(L1) = µ0(L0) then the quasimap Floer cohomology is

HQF (L0, L1) := HQF (L0, L1;H) := H(∂L0,L1,H);

if L0, L1 are equipped with N -Maslov gradings then this is Z2N -graded group. In our
situation we will only have N = 1, so our Floer cohomologies will be only Z2-graded.

Theorem 2.25. In the situation of Theorem 2.24, if J is such that every stable
holomorphic disk is regular and has positive Maslov index, and H0,H1 ∈ C∞

c ([0, 1]×
X)G are two Hamiltonians so that every stable holomorphic quasistrip is regular,
then HQF (L0, L1;H0) is isomorphic to HQF (L0, L1;H1). If L1 ∩ φ(L0) is empty
for some Hamiltonian diffeomorphism φ on X//G then HQF (L0, L1;H) is trivial
for any H.

Proof. The first statement is a standard continuation argument counting (J, H̃)-

holomorphic strips where H̃ is a generic homotopy between H0dt and H1dt. Since
we give a more general argument in the A∞ setting in Section 5, we omit the proof.
To prove the second statement, let H0 ∈ C∞

c ([0, 1] × X//G) be a time-dependent
Hamiltonian whose flow φ satisfies L1 ∩ φ(L0) = ∅. If H ∈ C∞

c ([0, 1] ×X)G is any
lift of H0 then we have I(L0, L1;H) = ∅ hence HQF (L0, L1;H) vanishes. �
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The homotopy argument works with Λ coefficients but not Λ0-coefficients: because
of the energy-area identity (4), the symplectic area of a (J, H̃)-strip is possibly
negative. That is, quasimap Floer cohomology, as well as Floer cohomology, is
defined using Λ0 coefficients but as such is not an invariant of Hamiltonian isotopy.

Notice that we have not said anything about independence from J . There is
probably no hope of achieving regularity for an arbitrary family of almost complex
structures, and so the independence from J falls outside of the techniques considered
in this paper.

3. Quasimap A∞ algebra for a Lagrangian

In order to understand the structure of the Floer cohomology groups defined in
the previous section, it is helpful to understand how they arise via A∞ algebras and
bimodules. This will take the next several sections; in this section we use a standard
trick which combines Morse theory and Floer cohomology via treed disks, and which
in particular gives an A∞ algebra associated to a Lagrangian without using Kuranishi
structures if every stable holomorphic disk is regular and positive Maslov index.
While this is well-known (see for example Seidel [53]) there is unfortunately no
complete writeup in the literature, and the version we need replaces disks in the
quotient with quasidisks. We begin with some generalities about A∞ algebra.

3.1. A∞ algebras. An A∞ algebra over Λ consists of a Z-graded Λ-module A and
a sequence of higher composition maps (µn : A⊗n → A[2− n])n≥0 satisfying the A∞

associativity relation

(23) 0 =
∑

i+j≤n

(−1)ℵµn−i+1(a1, . . . , aj , µi(aj+1, . . . , aj+i), aj+i+1, . . . , an)

where a1, . . . , an are homogeneous elements of degree |a1|, . . . , |an|,

(24) ℵ =

j∑

k=1

(|ak| − 1)

is the sum of the reduced degrees of the elements to the left of the inner operation,
see Seidel [55], and we adopt the standard convention of writing commas instead
of tensor products to save space. The map µ0 : Λ → A is the curvature of A and
is determined by a single element µ0(1) ∈ Λ. If µ0 = 0 then A is flat. The signs
in the A∞ associativity relation only depend on the induced Z2-grading, and this
means that one can replace the assumption of a Z-grading with a Z2-grading, which
will be the case in our example. We also work with A∞ algebras defined over the
Novikov ring Λ0, which means that A is a Λ0-module and the maps µn are Λ0-module
morphisms.
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A morphism of A∞ algebras (A1, (µ1,i)), (A2, (µ2,i)) is a collection (φn : A⊗n
1 →

A2)n≥0 satisfying a relation

(25) 0 =
∑

i,j

(−1)ℵφn−j+1(a1, . . . , ai, µj,1(ai+1, . . . , ai+j), ai+j+1, . . . , an)+

∑

i1,...,ir

µr,2(φi1(a1, . . . , ai1), . . . , φir(ai1+...+ir−1+1, . . . , an)).

The map φ0 is the curvature of the morphism; if φ0 = 0 then the morphism is flat.

3.2. Treed disks. Stasheff’s associahedron Kn is a cell complex whose vertices
correspond to total bracketings of n variables x1, . . . , xn [57]. For example, K3 is an
interval, with vertices corresponding to the expressions (x1x2)x3 and x1(x2x3). The
associahedron has several geometric realizations. The first, well-known description
is as the moduli space of stable marked nodal disks. A nodal disk is stable if it has
no automorphisms, or equivalently, each disk component has at least three nodal or
marked points. Let Mn denote the moduli space of stable nodal n+1-marked disks.

A second and older description of the associahedron due to Boardman-Vogt [9] is
the moduli space of stable ribbon metric trees: A ribbon metric tree is a ribbon tree

Γ = (V (Γ), E(Γ), O(Γ))

consisting of a ribbon tree (V (Γ), E(Γ)) equipped with a labelling of the semiinfinite
edges by integers 0, . . . , n, a cyclic ordering O(Γ) of the edges at each vertex together
with a metric l : E(Γ) → [0,∞]. The semiinfinite edges are required to have infinite
length. Two metric trees are isomorphic if the ribbon metric trees obtained by col-
lapsing all edges of length zero are isomorphic, that is, there is a bijection between
the vertex sets preserving the edges, the cyclic orderings, and their lengths. Equiva-
lently, a metric tree can be taken to be a tree with a metric on each one-dimensional
segment, and an isomorphism of metric trees is required to preserve the metric on
each edge. A metric ribbon tree is stable if each vertex has valence at least two, any
edge containing a vertex of valence two has infinite length, and any edge of infinite
length contains at least one vertex of valence three. (This is a somewhat obscure
way of saying that we allow an edge of finite length to degenerate to a broken edge of
infinite length; the standard method would just be to allow edges of infinite length
but this convention would cause notational problems when we talk about gradient
trees later on.) There is a natural topology on the set of isomorphism classes Wn

of stable ribbon metric trees with n+ 1 leaves, which allows each edge with length
approaching infinite to degenerate to a broken edge, that is, a pair of infinite length
edges joined by a vertex. We refer to [39] for a review. The edges of each tree are
oriented so that the positive orientation is in the direction of the zero-th semiinfinite
edge.

Both Wn and Mn have natural structures as manifolds with corners, isomorphic
as such to Stasheff’s associahedron Kn. In the case of Mn the boundary components
have interiors consisting of configurations with exactly two components containing
prescribed markings. In the case of W n the boundary components have interiors
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whose trees have a single edge of infinite length. The cell structure of Mn is identical
to that of Kn while the cell structure of W n is not.

The following definition combines the two constructions: A treed disk is a collec-
tion of a collection D1, . . . ,Dk of holomorphic disks, segments-with-metric Si which
for simplicity we take to be intervals Si = [ǫ−i , ǫ

+
i ], i = 1, . . . , l where ǫ−i < ǫ+i and

ǫ±i ∈ [−∞,∞], together with a collection

{{w+
1 , w

−
1 }, . . . , {w

+
m, w

−
m}}

of nodes in the disjoint union ∂D1 ⊔ . . . ⊔ ∂Dk ⊔ ∂S1 ⊔ . . . ⊔ ∂Sl such that the set
w+

1 , . . . , w
−
m is distinct and markings z1, . . . , zn contained in ∂S1 ⊔ . . . ⊔ ∂Sl disjoint

from the nodes. Gluing the nodes gives a topological space

Σ := (D1 ⊔ . . . ⊔Dk ⊔ S1 ⊔ . . . ⊔ Sl) /(w
+
j ∼ w−

j )mj=1

which is required to be contractible. The ordering of the markings is required to
agree with the ordering of the leaves of the underlying ribbon tree, that is, the
tree obtained by collapsing the disks to vertices and taking the ribbon structure
induced from the ordering of the nodes on the boundary of the disks. We say
that a node w±

j = ǫ±j contained in the boundary of Sj = [ǫ−j , ǫ
+
j ] is infinite if

ǫ±j = ±∞, and finite otherwise. An isomorphism of treed nodal disks Σ,Σ′ is a

homeomorphism Σ → Σ′ holomorphic on each disk component and preserving the
metric on each line segment, mapping the markings z1, . . . , zn to z′1, . . . , z

′
n. A treed

nodal disk is stable if it has no automorphisms, or equivalently, each disk component
has at least three nodal or marked points, and in addition each node connecting
two line segments is infinite. More explicitly, this means that each disk component
has at least three nodal points, and each sequence of line segments connecting two
disk components is a broken line segment: all nodes of finite type attach to disk
components. Let MW n denote the moduli space of connected stable tree disks with
n+1 semiinfinite edges. See Figure 4 for the example n = 3. The combinatorial type

Figure 4. Moduli space of stable treed disks

of a treed disk is a ribbon tree Γ = (V (Γ), E(Γ), O(Γ)) with a partition of the set of
vertices V (Γ) into two subsets V 1(Γ), V 2(Γ), corresponding to the two-dimensional
and one-dimensional components being glued together. We denote by MWΓ,n the

subset of MWn of combinatorial type Γ. A codimension one stratum MWΓ,n is
a true boundary component if it consists of points in the topological boundary of
MW n, considered as a topological manifold with boundary, and is a fake boundary
component otherwise. For any (not necessarily stable) treed disk Σ we denote by Σ̃
denote the disjoint union of the disk components of Σ, together with a copy of the
real line for each one-dimensional component of Σ. Denote by DefΓ(Σ) the space of
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infinitesimal deformations of Σ preserving the combinatorial type, that is, the direct
sum of the tangent spaces of the boundaries of the disks or tangent spaces to the
lines at the nodes and markings (representing deformations of the attaching points
and markings)

(26) DefΓ(Σ) =

m⊕

j=1,±

Tw±
i
∂Σ̃ ⊕

n⊕

j=1

Tzi
∂Σ̃

where in the case of one-dimensional components we define the boundary to be the
entire component. Over a neighborhood of 0 in DefΓ(Σ) we have a family of treed
disks, given by varying the attaching points using a collection of exponential maps
Tw±

i
∂Σ̃ → ∂Σ defined using a metric on ∂Σ̃. This is a smoothly trivial family in the

sense that the fibers are all smoothly diffeomorphic, and any choice of identification
identifies the deformations with deformations of the complex structure on the disk
components and deformations of the metric on the line segments, but our construc-
tion of the gluing map will not use such a trivialization. Let Aut(Σ) = Aut(Σ̃) denote
the product of the automorphism groups SL(2,C) for each disk component together
the automorphism groups R of each one-dimensional component, and aut(Σ) the Lie

algebra of Aut(Σ). The action of Aut(Σ) on Σ̃ induces a map aut(Σ) → DefΓ(Σ).
If Σ is stable, then a neighborhood of [Σ] in MWΓ,n is homeomorphic to a neigh-
borhood of 0 in DefΓ(Σ)/ aut(Σ). The full deformation space is obtained by taking
the direct sum

Def(Σ) = DefΓ(Σ) ⊕ ((−∞, 0) ∪ {0} ∪ (0,∞))z ⊕ [0,∞)i

where z is the number of edges of zero length (that is, nodes connecting disks)
and i is the number of infinite nodes connecting segments of infinite length. A
neighborhood of [Σ] in MW n is isomorphic as a cell complex to a neighborhood of 0
in Def(Σ)/ aut(Σ), by a map (ζ, δ) 7→ [Σζ,δ] obtained by combining the deformations
above with, in the case of a negative gluing parameter associated to an edge of
zero length, carrying out the gluing procedure for disks mentioned above, see e.g.
[39]. Thus in particular the true boundary components of MW n correspond to
configurations with an edge of infinite length.
MWn admits two natural forgetful maps, one which forgets the disk components

fM : MWn → Wn and takes the ribbon structure to be the one induced from the
ordering of the points on the boundaries of the disks, and one that forgets the edges
fW : MW n →Mn. The fiber of fM over each stratum Mn,Γ is a product of intervals
[0,∞] corresponding to the lengths of the edges, while the fiber over a stratum
Wn,Γ is a product of associahedra corresponding to the valences at the vertices.

The product fM × fW : MW n → Mn × W n defines an injection into a product
of compact spaces, so that MWn has a natural topology for which it is compact.
With respect to this topology each stratum MWΓ,n has a neighborhood in MWn

homeomorphic to the product of MWΓ,n with a product of intervals [0,∞), one for
each node connecting segments of infinite length, together with a product of intervals
(−∞,∞), one for each node connecting disk components. From the first forgetful
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map one sees that MW n is again homeomorphic to Stasheff’s associahedron, but
with a more refined cell structure.

The strata of MWn can be oriented as follows. First, Mn is oriented via the
identification with {0 < z2 < z2 < . . . < zn−1 < 1} ⊂ Rn−2 which maps the first
marked point to ∞, the second to 0, the last to 1, and the remaining points to
the interval (0, 1) ∼= R. The orientations of the boundary strata can be determined
as follows. Any stratum MΓ,n ⊂ Mn corresponding to a tree with m nodes has a
neighborhood homeomorphic to a neighborhood of MΓ,n in MΓ,n × [0,∞)m. In the
case m = 1 so that MΓ,n

∼= Mi ×Mn−i+1 for some i, this homeomorphism has an
inverse given by a gluing map of the form

(27) R ×Mi ×Mn−i+1, (δ, (w2, . . . , wi−1), (z2, . . . , zn−i)) →

(z2, . . . , zj , zj + δw2, . . . , zj + δwi−1, zj + δ, zj+1, . . . , zn−i).

It follows that the inclusion Mi ×Mn−i+1 →Mn has orientation sign ij + 1− j − i.
Next, each stratum MWΓ,n corresponding to a combinatorial type Γ of marked
stable disks is isomorphic to

(28) MΓ,n ×
∏

e∈E<∞(Γ)

R

where MΓ,n is the corresponding stratum of Mn and E<∞(Γ) is the set of finite
edges. Here the order is taken first by distance to the root edge of Γ, and then
by cyclic order determined by the ribbon structure on Γ. Thus MWΓ,n inherits
an orientation from that on MΓ,n, which in turn is induced by an orientation on

Mn induced from that on Mn. On the other hand, the boundary of MW n may be
identified with the union over types Γ of trees with one infinite edge of the product
MW n−i+1×MW i where n+1 is the number of semi-infinite edges of the component
tree not containing the root. Thus

∂MW n
∼=

⋃

i+j≤n+1

MWn−i+1 ×MWi

where the sum is over edges i of the tree with n − i + 1 leaves other than the
root. Then by construction, the inclusion of MWn−i+1 ×MWi has sign that of the
inclusion of Mn−i+1 ×Mn.

Over MW n there is a universal treed disk UMW n → MW n with the property
that the fiber over [Σ] is isomorphic to the treed disk Σ. This is again a cell complex,
with cells indexed by pairs consisting of a combinatorial type of tree disk together
with a cell in the corresponding treed disk.

3.3. Unstable trees. Standard perturbation schemes for Fukaya categories, as in
Seidel [52], use systems of perturbations depending on the underlying stable disk.
We need a different perturbation scheme which depends on the underlying (possibly
unstable) tree, similar to that used for the construction of the Morse A∞ category
via perturbations in e.g. Abouzaid [2, Section 2.2], which has non-vanishing pertur-
bations on edges that would normally be collapsed by the forgetful morphism to the
moduli space of stable trees. This section may be skipped at first reading.
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Let W n,v denote the moduli space of connected rooted metric ribbon trees with
n + 1 leaves, at least one vertex, and at most v vertices, and edges of possibly
zero or infinite length, where equivalence is generated by collapsing edges of zero
length. Given a fixed underlying ribbon tree Γ, the corresponding stratum Wn,v,Γ is
homeomorphic to a product of intervals (0,∞) describing the lengths of the edges,
and so the decomposition

Wn,v =
⋃

Γ

Wn,v,Γ

gives W n,v the structure of a finite cell complex, hence a compact Hausdorff space.
A neighborhood of Wn,v,Γ is homeomorphic to a neighborhood of Wn,v,Γ×{0} in the
product of Wn,v,Γ with a subset of

∏
v∈V (Γ)Wn(v),v with at most v vertices in total,

where n(v) is the valence of v; the homeomorphism is obtained by replacing each
vertex v by the corresponding tree. Over W n,v there is a universal tree UW n,v →
W n,v with the property that the fiber over [Σ] is isomorphic to the treed disk Σ.

The moduli space W 1,3 is the square with edges identified shown in Figure 5.

Figure 5. Strata of W 1,3

Note that W 1,3 is not combinatorially a manifold with corners.

3.4. Holomorphic treed quasidisks. LetX be a Hamiltonian G-manifold equipped
with a compatible almost complex structure J ∈ J (X)G, as above. Let L ⊂ X//G
be a compact oriented Lagrangian submanifold equipped with a brane structure,
that is, a relative spin structure and grading. Let (B : TL⊗2 → R, F : L → R) be
a Morse-Smale pair, that is, B is a Riemannian metric, F is Morse, and for each
pair of critical points x± ∈ crit(F ), the intersection of the stable resp. unstable
manifolds W+(x+) ∩W−(x−) is transverse. In particular, the moduli space of gra-
dient trajectories from x− to x+ is naturally isomorphic to (W+(x+)∩W−(x−))/R,
which is a smooth finite-dimensional manifold. The stable resp. unstable mani-
folds W±(x) of x ∈ crit(F ) are diffeomorphic to the positive resp. negative parts
T±
x L of the tangent space TxL with respect to the Hessian of F ; we denote by
I(x) = dim(T−

x L) the index of x so that the dimension of the space of gradient
trajectories (W+(x+)∩W−(x−))/R is I(x+)− I(x−)− 1. For simplicity, we assume
that L is connected and there is a unique critical point xmin ∈ crit(F ) of index 0.

In addition, we will need to lift gradient trajectories of F in L to the pre-image L̃
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in X. For this purpose we assume that we have fixed a G-invariant metric on L̃ so
that the induced metric on F is obtained from the quotient F = F̃ /G. We may then

identify the gradient trajectories of F on L with those of its G-invariant lift F̃ on
L̃, up to the action of G.

Definition 3.1. A holomorphic treed quasidisk for L consists of a treed disk Σ
together with a map u : Σ → X such that on each disk component in Σ, u is
holomorphic and maps the boundary to L̃, and on each edge in Σ, u is a gradient
flow line of the function F̃ : L̃→ R. An isomorphism of treed quasidisks uj : Σj →
X, j = 0, 1 consists of an isomorphism φ : Σ0 → Σ1 and an element g ∈ G such
that φ∗u1 = gu0. A holomorphic treed quasidisk is stable if u has no automorphisms
(equivalently, any disk on which u is constant has at least three marked or nodal
points and u is non-constant on each segment of each broken line) and if two line
segments are joined at a node, then the node maps to a critical point of F . (This
means that any node of finite type is an attaching point to a disk.)

Because the semiinfinite edges have infinite length, the limit of u along the j-th
semiinfinite edge maps to a critical point xj ∈ crit(F ) under the projection L̃→ L.
A picture of a holomorphic treed disk is shown in Figure 6.

x0

x1

x2

x3x4

Figure 6. A holomorphic treed disk

Our perturbation scheme depends on choosing generic perturbations of the gradi-
ent flow equations on the edges, as in the construction of the Morse A∞ algebra by
perturbation. For any treed disk Σ and v sufficiently large we denote by Σ(1) ∈Wn,v

the (possibly unstable) metric ribbon tree obtained by collapsing the disk compo-
nents of Σ to vertices. Let Fn,v ∈ C∞(UWn,v×L) resp. Bn,v ∈ C∞(UWn,v×TL

⊗2)
be a function equal to F resp. metric equal to B on the complement of a compact
subset of the union of open edges. An (Fn,v, Bn,v)-perturbed treed disk is a treed
nodal disk Σ together with a continuous map u : Σ → X such that u satisfies the
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Cauchy-Riemann equation on the disks and the gradient equation

(29) (
d

dt
u)(t) = grad(F̃n,v(Σ(1), t, u(t)))

for the lift F̃n,v of Fn,v from L to L̃ at the points t in the segments of Σ, which
are identified with the segments of Σ(1). That is, (Σ(1), t) represents a point on

the universal tree UWn,v. The parameters t on the segments are well-defined up
to translation, because of the choice of metric. The energy of a holomorphic treed
disk is the sum of the energies of the disk components. In particular, there is no
contribution to the energy from the gradient flow lines. Given a bound on the energy,
we obtain a bound on the number of disk components in any holomorphic treed disk
by energy quantization for disks, hence a bound on the number of vertices in the
underlying tree. We always suppose that v = v(E) has been chosen sufficiently large
so that if u : Σ → X is a holomorphic treed disk of energy at most E then Σ(1) has

at most v vertices, and so defines a point in W n,v.

Theorem 3.2. If X is aspherical convex and L is compact, then any sequence of
stable holomorphic treed disks with bounded energy and number of semiinfinite edges
has a convergent subsequence.

Proof. The number of segments in any broken gradient trajectory is bounded by
dim(X) by the Morse-Smale condition. Furthermore the number of disk compo-
nents is bounded by the energy divided by the constant in energy quantization for
holomorphic disks, proved in McDuff-Salamon [42, Proposition 4.1.4]. It follows that
the number of possible combinatorial types is finite, and so we may assume after
passing to a subsequence that the combinatorial type is constant.

By Gromov compactness for marked disks, each sequence of disk components
converges to a nodal disk, after passing to a subsequence. Similarly after passing to
a subsequence the sequence of gradient trees converges to a limiting gradient tree.
The limiting treed disk is obtained by attaching the limiting gradient segments to
their attaching points in the limiting holomorphic disks, treating the attaching points
as markings. �

For each homology class γ ∈ H2(X, L̃) let v(γ) be such that any holomorphic treed
disk u : Σ → X has at most v(γ) vertices or disk components. Choose a function
Fn,v(γ) ∈ C∞(UW n,v(γ) × L) and let MW n(L, γ) denote the moduli space of sta-
ble perturbed holomorphic treed quasidisks with boundary in L of class γ using the
perturbation Fn,v(γ). Given two moduli spaces MW n−i+1(L, γ),MW i(L, γ

′) defined
using perturbations Fn−i+1,v(γ), Fi,v(γ′), a gluing procedure produces a perturbation

system for MW n(L, γ + γ′) in a neighborhood of MW n−i+1(L, γ) ×LMW i(L, γ
′),

with the function on the collapsing segment equal to F in a neighborhood of the
infinite node in the case that the length goes to infinity. Similarly, for any stratum
Γ corresponding to an edge of zero length, any perturbation datum for MWΓ,n(L)
produces a perturbation datum in a neighborhood by taking the perturbation to
vanish on the edge whose length is going to zero. We say that a system of per-
turbations F∗ = (Fn,v(γ))n≥0,γ∈H2(X,L̃) has been chosen compatibly if the function
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Fn,v(γ′′) is equal to the function induced by gluing in a neighborhood of the image
of UW n−i+1,v(γ) × UW i,v(γ′) in UW n,v whenever γ′′ = γ + γ′, and similarly in the
case of perturbing an edge length from zero.

Each stratum MWΓ,n(L) is given locally as the quotient of a zero set of a Fred-

holm map of Banach manifolds. For each ζ ∈ DefΓ(Σ) let (w±
j (ζ) ∈ Σ̃)mj=1 denote

the corresponding nodes. Let Σ̃(d), d = 1, 2 the union of 1 resp. 2-dimensional

components of Σ̃, and by ud, d = 1, 2 the restriction of u to Σ̃d. Let

(30) Fu : DefΓ(Σ) ⊕ Ω0(Σ̃(2), (u2)
∗TX, (∂u2)

∗T L̃)1,p ⊕ Ω0(Σ̃(1), (u1)
∗T L̃)1,p,α

→ Ω0,1(Σ̃(2), (u2)
∗TX)0,p ⊕ Ω1(Σ̃(1), (u1)

∗T L̃)0,p,α ⊕
m⊕

j=1

Tu(w±
j )L̃

denote the map given by (ζ, ξ) 7→ Tu(ξ)
−1∂J expu ξ on the components Σ̃(2) of di-

mension 2, the gradient operator

(ζ, ξ) 7→ Tu(ξ)
−1(

d

dt
expu(ξ) − grad(F̃n,v)(Σ(1)(ζ), t, expu(ξ)))dt

on the components Σ̃(1) of dimension 1, together with the differences in (18) where

the position of the nodes w±
j (ζ) depends on the deformation parameter ζ; the

weighted Sobolev spaces are defined as in (6) but on R rather than R × [0, 1]. The
space MWΓ,n(L) is given near u : Σ → X as the zero set of Fu, quotiented by
the action of G× Aut(Σ). The linearized operator associated to Fu is the operator
formed by combining (5) with the linearized gradient operator

(ζ, ξ) 7→ (∇tξ −∇ξ grad(F̃n,v))dt

on the one-dimensional components, and finally for the third factor the differential
of the third component of Fu:

(31) (ζ, ξ) 7→
m∏

j=1

ξ(w+
j (0)) − ξ(w−

j (0)) +
d

dt
|t=0u(w

+
j (tζ+

j )) −
d

dt
|t=0u(w

−
j (tζ−j )).

The first two components depend only on ξ ∈ Ω0(Σ, u∗TX). We say that u is regular
if Du is surjective. Let MW reg

Γ,n(L) denote the locus of regular maps of type Γ.

Theorem 3.3. MW reg
Γ,n(L) is a smooth manifold in a neighborhood of [u] with tan-

gent space at [u] given by the quotient of ker(Du) by the subspace generated by the
Lie algebra g and the infinitesimal automorphisms aut(Σ) of Σ.

Proof. An argument similar to that used in the proof of Theorem 2.21 shows that
Fu is a smooth map of Banach manifolds. The linearized Cauchy-Riemann resp.
gradient operator is elliptic so the first two components of Du define a Fredholm
operator. Then Du is itself Fredholm, since DefΓ(Σ) is finite dimensional. The claim
of the theorem then follows by the implicit function theorem for Banach manifolds,
and properness of the action of Aut(Σ)×G, which holds for the same reasons as in
the proof of Theorem 2.21. �



GAUGED FLOER THEORY OF TORIC MOMENT FIBERS 39

Denote the component ofMW n(L) with homotopy class γ ∈ π2(X, L̃) byMW n(L, γ).
We suppose that a system Bn,v of tree-dependent metrics on L, agreeing with the
given metrics on the ends, has been fixed.

Theorem 3.4. Suppose that F 0
n,v(γ) ∈ C∞(UWn,v(γ) × L) is such that every treed

disk with boundary in L̃ is regular, over an open neighborhood V of the boundary
∂Wn,v(γ). Let ρ ∈ C∞

c (UWn,v(γ)) be a compactly supported function which on the
complement of V is non-vanishing somewhere on each edge. Then there exists a
comeager subset Preg(L) ⊂ P(L) := C∞

b (UWn,v(γ) × L) with the property that if

F 1
n,v(γ) ∈ Preg(L) and Fn,v(γ) = F 0

n,v(γ) + ρF 1
n,v(γ) then every perturbed holomorphic

treed quasidisk of class γ is regular.

Proof. The reader may wish to compare with the argument in Seidel’s book [52] of
the Fukaya A∞ algebra in the exact case, or in the construction of the Morse A∞

algebra, see Abouzaid [2, Section 2.2]. The universal moduli space

(32) MW univ
n (L) = {(Fn,v(γ), u, (w

±
j )mj=1) ∈ C lb(UWn,v(γ) × L) × Map(Σ̃,X, L̃)1,p×

(∂Σ̃(2) ∪ Σ̃(1))
2m |∂u = 0, (29) , u(w+

j ) = u(w−
j ), j = 1, . . . ,m}

is a smooth Banach manifold in a neighborhood of any tree disk, since the linearized
operators on the disk components are surjective by definition, the linearized opera-
tors on the one-dimensional components of Σ̃ are surjective, and the evaluation maps
at the nodes are transversal. To explain the last point, for each segment Si = [ǫ−i , ǫ

+
i ]

we can find a perturbation fn,v(γ) whose image under the linearized operator on Si
has arbitrary end points in Tu(ǫi)±L, and hence the image of Tu(ǫ−i )L⊕Tu(ǫ+i )L⊕g in

Tu(ǫ−i )L̃⊕Tu(ǫ+i )L̃ is contained in the image of the linearized operator; the first factor

is omitted if the segment is a semi-infinite edge of the tree. Keeping in mind that
each node is contained in two components, the extra factor of g is also in the image
by an inductive argument, beginning with the semi-infinite edges corresponding to
the markings z1, . . . , zn. The claim now follows from Sard-Smale applied to each
component with fixed index for sufficiently large l, and a Taubes-type argument to
pass to smooth perturbations. �

It follows from Theorem 3.4 that we can construct perturbations Fn,v(γ) so that
every treed disk is regular, by induction on n. We denote by

MWn(L)d = {[u] ∈MWn(L)| Ind(Du) − dim(aut(Σ) ⊕ g) = d}

the component of dimension d.

Theorem 3.5. Suppose that X is aspherical convex and compatible perturbations
have been chosen so that every holomorphic treed disk is regular. Then MWn(L)1
has the structure of a compact one-manifold with boundary

(33) ∂MW n(L)1 = ∪k+i≤n (MWn−i+1(L)0 ×evk × ev0
MW i(L)0) .

Proof. Compactness is Theorem 3.2, while smoothness of the strata is Theorem 3.3.
The local structure at the boundary follows from a gluing construction: For any
collection δ of gluing parameters, that is, real numbers attached to the edges of zero
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length and nodes of infinite type, denote by Σδ the treed disk obtained by (in the
case of edges of zero length) removing half-disks in a neighborhood of attaching
nodes and gluing together via the map zj,+ ∼ δj/z−,j where zj,± are the coordi-
nates on the half-disks near w±

j . Using cutoff functions one defines an approximate

treed holomorphic map Gapprox
δ u : Σ → X, see the proof of Theorem 2.22. The im-

plicit function theorem then produces a solution (ζ, ξ) to FGapprox

δ
(u)(ζ, ξ) = 0 with

ζ ∈ DefΓ(Σ), and we set Gδ(u) = expGapprox

δ
(u)(ξ), using uniform error estimates, uni-

formly bounded right inverse, and uniform quadratic estimates that combine those
used in the construction of the Morse and Fukaya A∞ categories given in Abouzaid
[1]. These estimates involve the gluing at clean intersection ends which we already
described in the proof of Theorem 2.22. The estimates for the Morse A∞ algebra
are special cases of the corresponding estimates for those of Floer trajectories, in the
special case that the Floer trajectory comes from a Morse trajectory. Uniformity
of the estimates and the exponential decay Lemma 2.5 then implies that for every
sequence ut : Σt → X converging to u, there exists a T such that for t > T , ut is in
the image of the gluing map. �

In fact, for a regular system of perturbations, MWn(L) is a topological manifold
with corners, with a non-canonical C1-structure, by using arguments as in [27].
However, this requires a very complicated study of the gluing construction and we
will not need it.

Any relative spin structure on L induces orientations on MWn(L) by combining
the orientations on the moduli spaces of stable treed disks MWn (if n ≥ 3) in (28)
with those on the linearized operators Du described in [61], see also Katic-Milinkovic
[31]. Let CQF (L) denote the formal sum over critical points (that is, the same vector
space appearing in Morse complex with Λ coefficients)

CQF (L) =
⊕

j

CQF j(L), CQF j(L) =
⊕

x∈crit(F )j

Λ <x>

where crit(F )j ⊂ crit(F ) denotes the subset of critical points of index j. We denote
by 1L ∈ CQF 0(L) the class of the critical point xmin of degree zero (or more gener-
ally, the sum of critical points of degree zero, if the Morse function F has more than
one.) For any disk u : (D,∂D) → (X,L), we denote by HolL(u) = HolL([∂u]) ∈ Λ
the holonomy of the flat line bundle Λ around the boundary ∂u of u. Denote by
MW n(x0, . . . , xn) ⊂MW n(L) the subset with markings mapping to x0, . . . , xn.

Theorem 3.6. For any choice of perturbation system so that all treed holomorphic
disks are regular, the formula

µn(<x1>, . . . , <xn>) =
∑

[u]∈MWn(x0,...,xn)0

(−1)♥ǫ(u)qA(u) HolL(u) <x0>

where ♥ =
∑n

i=1 i|xi| define the structure of a Z2-graded strictly A∞-algebra on
CQF (L).

Proof. The A∞ axiom up to signs follows from Theorem 3.5, the additivity of the
area and the multiplicativity of the holonomies. The signs are painfully justified as
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follows. The determinant line det(Du) of the linearized operator for the holomorphic
disks admits a canonical orientation, by deforming to a connect sum of holomorphic
spheres and constant disks as in [20], [61]. Consider the gluing map

MWi(y, xj+1, . . . , xj+i)0 ×MWn−i+1(x0, x1, . . . , y, . . . , xn)0 →MWn(x0, . . . , xn)1.

TMWi(y, xj+1, . . . , xj+i) → TMWi ⊕ TL⊕ TyL
+ ⊕ Txj+1

L− ⊕ . . .⊕ Txj+i
L−

plus a complex vector space. Here Txi
L− is the negative part of the tangent space

Txi
L with respect to the Hessian of F . Similarly the orientation on the second factor

is determined by an isomorphism

TWMn−i+1(x0, x1, . . . , y, . . . , xn) → TMWn−i+1 ⊕ TL⊕ TL+
x0

⊕ TL−
x1

⊕ . . .⊕ TL−
xn

plus a complex vector space. A sign arises from a switch of TMWn−i+1 with TL⊕
. . . ⊕ Txj+i

L−, that is, a sign of (−1) to the power i(n − i), plus the sign arising

from a switch of TL⊕ TyL
+ ⊕ Txj+1

L− ⊕ . . .⊕ Txj+i
L− with TL⊕ TL+

x0
⊕ TL−

x1
⊕

. . . ⊕ TL−
xj

, giving (−1) to the power i
(
|y| +

∑j
k=1 |xj |

)
, for a total of (−1) to the

power i
(∑n

k=j+i+1 |xk|
)
. The gluing map MWi ×MWn−i+1 → MWn is the same

as that of Mi ×Mn−i+1 → Mn by construction, which has sign (−1) to the power
ij + 1 − j − i, see (27). Comparing the contributions from (−1)♥ with an overall
sign of (−1)�, where � =

∑n
k=1 k|xk|, contributes (−1) to the power

(34)

n∑

k=1

k|xk| +
i∑

k=1

k|xj+k| +

j∑

k=1

k|xk| +

n−i−j∑

k=1

(j + k)|xj+i+k| + (j + 1)|y|

≡2 j(|y| + i) + (i− 1)(

n−i−j∑

k=1

|xj+i+k|) + (j + 1)|y|

≡2 |y| + ji + (i− 1)(

n−i−j∑

k=1

|xj+i+k|)

while the sign in the A∞ axiom contributes
∑j

k=1(|xk| − 1). Combining the signs
one obtains in total

(35)

i




n∑

k=i+j+1

|xk|


 + ij + 1− j − i+ ji+ (i− 1)




n∑

k=i+j+1

|xk|


 + |y|+

j∑

k=1

(|xk| − 1)

=

j∑

k=1

(|xk| − 1) + |y| + 1 +

n∑

k=i+j+1

|xk| ≡2 1 +

n∑

k=1

|xk|

which is independent of i, j. The A∞ -associativity relation follows. �

If the line bundle is defined over Λ0 resp. is trivial then the A∞ algebra is
defined over Λ0 resp. Z. The combined gradient trees/holomorphic disks have
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appeared in many places, for example the Piunikhin-Salamon-Schwarz [46], Biran-
Cornea [8], Albers [3], and Seidel [53]. See also the homological perturbation lemma
in Kontsevich-Soibelman [33], which involves a sum over trees.

3.5. Quasimap Floer cohomology. We wish to achieve units in the quasimap
Fukaya algebra, in a suitable weak sense. Let 1L =<xmin> denote the generator
corresponding to the critical point of index zero xmin of F : L → R, assuming it
is unique. We denote by MWΓ(L) the moduli space of stable treed holomorphic
disks of combinatorial type Γ and by P∗

Γ(L) the space of perturbation data for which
every element of MWΓ(L) is regular.

Proposition 3.7. Suppose that J is such that every non-trivial stable holomor-
phic disk in L is regular and has positive Maslov index. Then for sufficiently small
perturbation data,

µ0(1) =
∑

I(u)=2

qA(u) HolL(u)1L

where the sum is over equivalence classes of Maslov index two holomorphic disks
with boundary in L̃ such that the boundary of u maps to a generic point under the
projection X → X//G. Furthermore, the element 1L satisfies

(−1)|c|µ2(1L, c) = µ2(c, 1L) = c, ∀c ∈ CF (L).

Proof. The assertion on µ0(1) follows from a dimension count and the assumption of
no disks of non-positive Maslov index. By the transversality assumption M1(xmin)
consists of a gradient trajectory to xmin attached to a holomorphic disk of index
two. Since xmin is index zero, the gradient trajectory must be length zero, so that
the disk actually passes through xmin; the perturbation has the effect of replacing
this with a generic point.

To prove the second assertion, let [u : C → X] ∈ MWΓ(L) be an isolated element
with limit along an incoming semi-infinite edge mapping to the maximum x0 ∈
crit(f), the other incoming edge mapping to x1 ∈ crit(f) and the outgoing edge
mapping to x2 ∈ crit(f). The domain C of u is obtained by replacing the vertices v
of a tree T with disksD(v). By assumption all non-constant stable disks are assumed
regular and positive Maslov index. By transversality, all edges in the domain of u
have finite length. We claim that C consists of a single disk D(v) on which u is
constant, and three semi-infinite edges attached to the boundary. We first show
that there are no disks D(v) in the domain of u with a single special point. Indeed
if there existed such a disk D(v) ⊂ C then by varying the length of the connecting
edge d to D(v) one would obtain a one-dimensional family of configurations as
follows. Let t(d), h(d) ∈ C denote the endpoints of d. We have t(d) = ϕℓ(d)h(d)
where ℓ(d) is the length of d and φℓ(d) is the time ℓ(d) perturbed gradient flow. By

transversality the moduli space M2
1(L) of holomorphic disks with boundary on L

and one marked point on the boundary of Maslov index 2 is smooth and evaluation
on the boundary is a local diffeomorphism. Replacing ℓ(d) by a small perturbation
and adjusting t(d) produces a one-dimensional family in MWΓ(L) containing [u]
which is a contradiction. Thus disks with only one special point are involved only
in the definition of µ0, and not in the composition maps µn, n > 0.
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Secondly, any disk D(v) meeting the semi-infinite edge labelled xmin must be
constant. Let z ∈ D(v) be the point on the boundary connecting to the semi-
infinite edge labelled xmin. We have limt→−∞ ϕt(u(z)) = xmin which is an open
condition. If u is non-constant on D(v) one could vary z to obtain a one-parameter
family of elements of MWΓ(L) containing [u], which is a contradiction.

Thirdly, the domain has a single disk component. Let D(v) denote the first
disk component attached to the semi-infinite edge labelled xmin. By the previous
paragraph, u is constant on D(v) with value u(D(v)). After replacing D(v) with a
point, one obtains a perturbed treed holomorphic disk with only one incoming edge
with Ind(Du)−dim(aut(C)) = −1 whereDu is the associated Fredholm operator and
aut(C) the space of infinitesimal automorphisms of the domain. By assumption we
have chosen (f, g) so that the moduli space of holomorphic treed disks with a single
incoming edge is regular, that is, there are no non-constant holomorphic treed disks
u : C → X with Ind(Du)−dim(aut(C)) = −1. The same is true for perturbations in
a neighborhood of (f, g), in particular, for (fΓ, gΓ) in a neighborhood of (f, g), there
are no such configurations. Hence all disks in C are constant. Since each constant
disk between the semi-infinite edges labelled x1 and x2 corresponds to a semi-infinite
edge different from the one labelled x1 and x2, and there are only three semi-infinite
edges, there must be a single disk component.

Collapsing the disk D(v) and forgetting the incoming trajectory from xmin, one
obtains a perturbed gradient trajectory u′ joining x1 to x2 with a distinguished
point z ∈ C. For any critical points x1, x2 of equal index, there is a parametrized
Morse trajectory for (f, g) of index zero connecting x1, x2 if and only if x1, x2 are
equal. The same holds after any sufficiently small perturbation fΓ, gΓ. It follows
that MWΓ(L) is a point if x1 = x2, and is empty otherwise. The orientation is
induced by the orientation on the moduli space of parametrized trajectories from x1

to x2, which is positive. Thus

(−1)|x1|µ2(<xmin>,<x1>) = µ2(<x1>,<xmin>) =<x1>, ∀x1 ∈ crit(f).

The statement for Floer cochains follows by taking linear combinations. �

Remark 3.8. If one wishes an A∞ algebra with strict units may be obtained by the
method of Fukaya-Oh-Ohta-Ono [20], see also Ganatra [23] and Sheridan [56] as we
now explain. Let A be an A∞ algebra over Λ. A homotopy unit for A is an A∞

structure on the Λ-module A+ generated by A and additional generators 1−L , 1
+
L ,

that is, A+ = A⊕ Λ1−L [1] ⊕ Λ1+
L so that the A∞ structure maps µn, n ≥ 1 coincide

with the previous A∞ structure on A and in addition the relations on the maps
µn, n ≥ 0 hold as follows:

µ1(1
−
L ) = 1+

L − 1L

µ1(1
+
L ) = 0

(−1)|a|µ2(1
+
L , a) = µ2(a, 1

+
L ) = a

µn(. . . , 1
+
L , . . .) = 0 for n ≥ 3

for all homogeneous elements a ∈ A. In particular A+ is a strictly unital A∞

category with strict unit 1+
L .



44 CHRISTOPHER T. WOODWARD

A homotopy unit on the quasimap Fukaya A∞ algebra may be obtained following
Fukaya-Oh-Ohta-Ono [20, Remark 10.3], Ganatra [23] and Sheridan [56] by homo-
toping the perturbation data for insertions involving the unit to perturbation data
for which one has forgetful maps. Since the composition maps involving the gener-
ators of CF (L) and the strict unit only are already determined, the problem is to
define the composition maps involving at least one input 1−L . These are defined by
counts of weighted treed disks, by which mean a treed disks equipped with a subset
I ⊂ {1, . . . , n} of the semi-infinite edges corresponding to the inputs marked 1−L , and
for each i ∈ I a weight ρi ∈ [0, 1]. A weighted treed disk is stable if the underlying
treed disk is stable. A collection (f+

Γ , g
+
Γ ) of perturbation data for weighted treed

disks is coherent if

(a) in a neighborhood of any boundary stratum TΓ′ ⊂ TΓ, f+
Γ , g

+
Γ are pulled back

from the boundary perturbation data f+
Γ′ , g

+
Γ′ under the gluing construction;

(b) whenever a weight parameter ρi is equal to 0, f+
Γ , g

+
Γ are pulled back under

the forgetful map forgetting the i-th semi-infinite edge and stabilizing; and
(c) whenever a weight parameter ρi is equal to 1, then the perturbation data

f+
Γ , g

+
Γ is equal to the perturbation data fΓ, gΓ used to define the composition

maps for CF (L).

Given coherent collections of perturbation data, counting isolated points in the
moduli spaces of stable weighted treed holomorphic disks defines the higher com-
position maps for inputs involving 1−L . In particular, the A∞ relations involving

µ1(1
−
L ) = 1+

L−1L hold for the following reason: Weighted disks with some ρi ∈ {0, 1}
are boundary components of the moduli space of weighted disks for which the weight
ρi is allowed to vary freely. When ρi = 0, the perturbation data is pulled back under
the forgetful map. So the higher compositions vanish after insertion of 1+

L while for
ρi = 1 one obtains the corresponding higher composition map with insertion of 1L.
The A∞ relations are proved in the same way as before and yield a strictly unital
A∞ algebra CF+(L). This ends the remark.

TheA∞ algebra CQF (L) might be called the gauged or equivariant Fukaya algebra

of L̃. However, the definition of the structure maps do not involve any connection.
Note that the vortex equations are not conformally invariant, that is, they depend
on a choice of area form. In the next section we investigate the A∞ bimodule as-
sociated to a pair of Lagrangians given by counting holomorphic strips. Since the
automorphism group of a strip does preserve the standard area form, one should ex-
pect an A∞ bimodule defined using the vortex equations. The rigorous construction
of such a bimodule, however, has not been carried out.

Because of Proposition 3.7 we have µ0(1) = w1L for some w ∈ Λ0 and the square
of the first structure map µ1 : CQF (L) → CQF (L) satisfies

(µ1)
2(a) = −µ2(a,w1L) + (−1)|a|µ2(w1L, a) = w(−(−1)|a|a+ (−1)|a|a) = 0.

It follows that the quasimap Floer cohomology

HQF (L) := H(µ1)

is well-defined.
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The higher composition maps have an obvious expansion by energy, such that
the leading order term is the higher composition map in the A∞ Morse algebra
defined by the perturbations Fn,v. In particular the leading order term in µ1 is
the Morse-Smale-Witten operator counting isolated gradient flow lines, and one has
a Morse-to-Floer spectral sequence (compare e.g. Oh [44], Fukaya et al [20], and
especially Buhovsky [10], who uses the same combined Morse-Fukaya framework.)

Proposition 3.9. Suppose that perturbations have been chosen above so that every

holomorphic treed quasidisks are regular. There is a spectral sequence (Ej , µj1)j≥1

converging to HQF (L,Λ0) with first page E1 = HM(L,Λ0) the Morse cohomology.

Proof. The holomorphic treed disks with zero energy have all holomorphic disks
constant. These can be isolated only if each disk has exactly three markings, in
which case they can be collapsed to stable gradient trees. If any disk occurs then
the resulting tree has at least three semiinfinite edges. Hence no disks occur in the
zero energy contributions to µ1, which are therefore those of the Morse differential.
Filtering the chain complex by energy intervals

CQF (L,Λ0) =
⋃

n∈Z≥0

CQF (L)≥nδ, CQF (L)≥nδ =
⊕

x∈crit(F )

qnδΛ0 <x>

for sufficiently small δ > 0 and taking the associated spectral sequence gives the
result. �

Note that here we have assumed that all stable holomorphic quasidisks are regular,
and explicitly constructed perturbations achieving transversality inductively using
moduli spaces of not-necessarily-stable metric ribbon trees.

3.6. The divisor equation. A feature of the combined Morse-Fukaya moduli spaces
is that there is not a forgetful morphism of the form fi : MW n(L) → MW n−1(L)
forgetting the i-th marking. If there was such a morphism, then one would have an
analog of the divisor equation in Gromov-Witten theory, as explained by Cho [11]:
if b ∈ CQF (L) represents a cycle of codimension one in Morse cohomology then

n∑

i=0

µn+1(a1, . . . , ai, b, ai+1, . . . , an; γ)
?
= 〈[∂γ], [b]〉µn(a1, . . . , an; γ)

where µn(· · · ; γ) is the contribution to µn(·) from disks of class γ ∈ π2(X, L̃), and
[∂γ] ∈ H1(L) is the boundary homology class of γ. Indeed, given a holomorphic disk
with the first n markings mapping to a1, . . . , an and class γ, the boundary of the
disk traces out a circle of class [∂γ] ∈ H1(L), and so there are 〈[∂γ], [b]〉 possibilities
for the placement of an additional marked point on the disk so that it lies on the
cycle given by b.

Unfortunately the equations on the segments are perturbed gradient flows, and it
is not possible to choose the perturbation so that it vanishes on every segment that
might be collapsed after forgetting a marked point and stabilization. So there is no
forgetful map, for the perturbation system constructed above. However, we have
the following special case of the divisor equation:
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Proposition 3.10. Suppose that all non-trivial stable holomorphic treed disks are
regular and have positive Maslov index. For any Morse cocycle b ∈ CQF 1(L) and

γ ∈ π2(X, L̃) with I(γ) = 2, we have µ1(b; γ) = 〈[b], [∂γ]〉µ0(1; γ).

Proof. The only contributing configuration is that of a single disk of index two and
two gradient trajectories: all configurations with disks whose degrees sum to more
than two vanish for reasons of degree, while the underlying tree has only one vertex
since the Morse product of b and a point vanishes, so there are no contributing
configurations with constant disks. Suppose that b =

∑
x∈crit(F )1 nx <x> for some

coefficients nx. The contributions to µ1(b; γ) correspond to choices for the position of
the point on the boundary of the disk component connecting via a gradient trajectory
to some x appearing in b, that is, with nx 6= 0, since by assumption the moduli spaces
are regular.

To check that the sign is the expected one, note that for any x1 such that W−
x1

meets u(∂D), the orientation on MW 1(x0, x1) is ±1 depending on whether ∂θu(e
iθ)

maps positively or negatively onto T−
x1
L̃: The orientation on TuMW (x0, x1)0 is

induced from an identification of the determinant line with the determinant line
of ⊖R ⊕ C ⊖ T−

x1
L̃ where C is a factor arising from the complex linear kernel of a

Cauchy-Riemann operator on a sphere, with value prescribed at a marked point.
If u is an element of the kernel of the Cauchy-Riemann operator vanishing at the
marking, then the orientation on the complex line is determined by ∂vu∧∂wu, where
v,w are vector fields on the sphere C ∪ {∞} such that v ∧ w is positive on C. This
property transfers via the gluing construction, so that the orientation is given as
follows. Consider an identification D−{−1, 1} → R× [0, 1] mapping {−1, 1} to the
point at ∓∞. Translation on the strip induces vector fields v,w ∈ Vect(D). Since
v∧w is positive, ∂vu∧∂wu is the orientation on ev(1)−1(0)∩ker(Du) ∼= C. Since the
translation R identifies with span of ∂vu, the sign of the contribution is given by 1
resp. −1 if −∂θu(e

iθ)|θ=π gives the orientation resp. minus the orientation of T−
x1
L̃.

Combining with the factor (−1)|x1| = −1 in the definition of µ1 gives the claim.
Thus the total contribution from each such disk is the sum of these contributions
times nx, for each x with nx 6= 0, or equivalently, 〈[b], [∂γ]〉qA(u) HolL(u). Summing
over such disks proves the Proposition. �

Combining Proposition 3.7 with Proposition 3.10 we obtain:

Corollary 3.11. Suppose that the moduli space of treed quasidisks is regular and
β ∈ CQF 1(L) is a Morse cocycle. Then

µ1(β) =
∑

I(u)=2

〈[β], [∂γ]〉qA(u) HolL(u)1L

where the sum is over equivalence classes of index two holomorphic disks with bound-
ary in L̃ and a boundary point mapping to a generic point in L.

Suppose that L is a torus and consider H1(L,Λ0) as parametrizing a family of
brane structures on a compact oriented Lagrangian L equipped with the standard
spin structure. For any b ∈ H1(L,Λ0) we denote by µbn the structure coefficients for
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Lb, that is, the Lagrangian L with brane structure given by b. The potential for L
is the function

W : H1(L,Λ0) → Λ0, µb0(1) = W (b)1L.

Any β in CQF 1(L) on which the Morse differential vanishes defines a class [β] ∈
H1(L,Λ0).

Proposition 3.12. For β ∈ CQF 1(L) with µb1(β; 0) = 0 we have µb1(β) = ∂[β]W (b).

Proof. By Proposition 3.11, Corollary 3.7, and the formula HolL(u) = exp〈[b], [∂γ]〉.
�

3.7. A∞ homotopy invariance. The homotopy type of the quasimap Fukaya al-
gebra defined above is independent of all choices. The argument uses moduli spaces
of quilted treed disks, which are a particular realization of Stasheff’s multiplihedron
Ln [57]. This is a cell complex whose vertices correspond to total bracketings of
x1, . . . , xn, together with the insertion of expressions f(·) so that every xj is con-
tained in an argument of some f . For example, L2 is an interval with vertices
f(x1)f(x2) and f(x1x2). A geometric realization of this polytope can be given as
follows: A quilted metric ribbon tree is a rooted metric ribbon tree

Γ = (V (Γ), E(Γ), O(Γ), l : E(Γ) → [0,∞])

together with a subset V col(Γ) of the vertices V (Γ), satisfying the condition the
length of the finite part of the path P (z0, v) from the root vertex z0 to any colored
vertex v ∈ V col given by

∏
e∈P (z0,v)

l(e) is independent of the choice of colored vertex

v ∈ V col(Γ), see Ma’u-Woodward [39]. The set of finite resp. semiinfinite edges is
denoted E<∞(Γ) resp. E∞(Γ); the latter are equipped with a labelling by integers
0, . . . , n. A quilted tree is stable if each colored vertex has valence at least two, any
non-colored vertex has valence at least three or connects two edges of infinite length,
and each edge contains either a trivalent vertex or a colored vertex.

There is a natural notion of convergence of quilted trees, in which edges whose
length approaches zero are contracted and edges whose lengths go to zero are re-
placed by broken edges. Let Wn,1 denote the moduli space of quilted metric ribbon
trees; this is naturally homeomorphic to Ln, see [39], although not isomorphic as a
cell complex.

There is a different realization of the multiplihedron given in Ma’u-Woodward
[39] which gives the correct cell structure. Namely in [39] a quilted disk was defined
as a marked disk (D, z0, . . . , zn ∈ ∂D) (the points are required to be in cyclic order)
together with a circle C ⊂ D tangent to the 0-th marking z0. An isomorphism
of quilted disks from (D,C, z0, . . . , zn) to (D′, C ′, z′0, . . . , z

′
n) is an isomorphism of

holomorphic disks D → D′ mapping C to C ′ and z0, . . . , zn to z′0, . . . , z
′
n. The

moduli space Mn,1 of quilted disks admits a compactification Mn,1, isomorphic to
Ln as a cell complex, which allows the interior circle C to “bubble out” into the
extra disk bubbles, or disk bubbles without interior circles to form when the points
come together. (The homotopy invariance of the A∞ algebra of a Lagrangian is
proved in Fukaya et al [20] using a moduli space of weighted stable disks; we find the
used of quilted stable disks more natural because it reproduces exactly Stasheff’s cell
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structure, although the quilting has no geometric meaning in the current paper.) The
open stratum Mn,1 may be identified with the set of sequences 0 = w1 < . . . < wn;
the bubbles form either when the points come together, in which case a disk bubble
forms, or when the markings go to infinity, in which case one rescales to keep the
maximum distance between the markings constant. One has a quilted disk bubbles
for each group of markings that come together after re-scaling, but not before.

There is a combined moduli space MWn,1 that combines both objects: A quilted
treed disk Σ is given by (i) a quilted rooted metric ribbon tree (ii) for each non-
colored vertex of the tree with valence at least three, a disk with markings whose
number is the valence of the given vertex (iii) for each colored vertex, a quilted disk
with number of markings equal to the valence that of the colored vertex. From this
datum one defines a space obtained by attaching the endpoints of the segments of the
quilted metric tree to the marked points on the disks corresponding to the vertices
(except the uncolored vertices of valence two, which are not attached to disks). A
quilted treed disk is stable if it has no automorphisms, that is, each quilted disk resp.
unquilted disk has at least two resp. three marked or nodal points, and in addition
any one-dimensional component is attached to at least one disk.

Thus in particular each disk in a stable quilted treed disk is connected by a
sequence of one resp. two edges, which are of finite resp. infinite length. Let MWn,1

denote the moduli space of stable quilted treed disks. See Figure 7 for a picture of
MW 2,1. The quilted disks are those with two shadings; while the ordinary disks have
either light or dark shading depending on whether they can be connected to the zero-
th edge without passing a colored vertex. The hashes on the line segments indicate
nodes connecting segments of infinite length, that is, broken segments. The space

Figure 7. Moduli space of stable quilted treed disks

MW n,1 admits two forgetful maps fM : MW n,1 → Mn,1, fW : MWn,1 → Wn,1

obtained by forgetting the edges resp. disks and taking the ribbon structure induced
by the order of the markings on the boundary of the disk. The product fM × fW
defines an injection into Mn,1 ×Wn,1, defining a topology on MWn,1 for which it is
compact and a sequence converges iff the underlying sequence of quilted trees and
quilted disks converges. If a stratum MWn,1,Γ is contained in the closure of another
stratum MWn,1,Γ′ , then there is an explicit description of the normal cone as a real
toric singularity, explained in [39] for quilted trees or disks.

The cells of MW n,1 can be oriented by identifying each with a corresponding cell

of Mn,1 times a product of real lines corresponding to the edges. The boundary is
naturally isomorphic to a union of moduli spaces with lower numbers of markings:

∂MWn,1
∼=

⋃

i,j

(
MW n−i+1,1 ×MW i

)
∪

⋃

i1,...,ir


MW r ×

r∏

j=1

MW ij ,1


 .
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By construction the sign of the inclusions of boundary strata are the same as that
for the corresponding inclusion of boundary facts of Mn,1, that is, (−1)ij+n−j−i for
the facet of the first type. For facets of the second type, the gluing map is

R ⊕Mr ⊕
r⊕

j=1

M|Ij |,1 →Mn

(36) (δ, z1 = −1, z2, . . . , zr−1, zr = 0, (w1,j = 0, w2,j , . . . , w|Ij |,j)
r
j=1)

→ (−δ−1,−δ−1+w2,1, . . . ,−δ
−1+w|I1|,1, δ

−1z2, δ
−1z2+δw2,2, . . . , w|Ir|,1, . . . , δw|Ir |,r)

and so changes orientations by
∑r

j=1(r − j)(|Ij | − 1). Finally, there is a universal

quilted tree disk UMW n,1 → MW n,1 which is a cell complex whose fiber over Σ is
isomorphic to Σ.

Theorem 3.13. Suppose that J ∈ J (X)G, L ⊂ X//G are such that every stable disk

with boundary in L̃ is regular. Then the A∞ algebra CQF (L) is independent up to
A∞ homotopy of the choice of perturbation system used to construct it.

To prove this, one considers two systems of perturbations (B∗,0, F∗,0), (B∗,1, F∗,1)
and extends them to a set of perturbations resp. connections for the moduli space
of the following:

Definition 3.14. A holomorphic quilted treed quasidisk to X is a quilted treed
disk Σ together with a map u : Σ → X such that u is holomorphic on each disk
component, and u is a gradient trajectory for F̃n,v ∈ C∞(UWn,v × L̃) on each edge,
where v = v(γ) depends on the homology class γ = γ(u) of u. An isomorphism of
holomorphic quilted treed quasidisks uj : Σj → X is an isomorphism φ : Σ0 → Σ1

together with an element g ∈ G such that φ∗u1 = gu0; in particular this means that
φ preserves the quilting on each quilted disk. A holomorphic quilted treed quasidisk
u : Σ → X is stable if it has no infinitesimal automorphisms (each disk component on
which u is constant has at least three marked or nodal points, and u is non-constant
on each edge of positive length) and each node connecting two line segments maps
to a critical point.

The additional data of the quilting on each quilted disk is not used to modify the
Cauchy-Riemann equation (as opposed to the situation in [38] where the quilting
has a geometric meaning.) Let MW n,1(L) denote the moduli space of holomorphic
quilted treed quasidisks with boundary in L, and perturbation system (B∗, F∗).
Perturbations can be constructed inductively in a neighborhood of the boundary
components, by taking the perturbation system (B∗,0, F∗,0) above the quilted disk
components (that is, on the components not connected to the root by unquilted
components) and (B∗,1, F∗,1) below, and zero on the edges of small length. Assuming
that the perturbations have been constructed inductively, the boundary components
ofMW n,1(L) are the combinatorial types with at least one segment of infinite length.
(There are also “fake boundary component” with edges of zero length, but these
are not part of the “true boundary”.) In particular, the boundary components of
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dimension one consist of two types: configurations where a collection of quilted treed
disks has broken off, or an unquilted treed disk has broken off as shown in Figure 7:

(37) ∂MW d,1(L) =
⋃

i1+...+ir=d

MW r,1(L) ×crit(F )r

r∏

j=1

MW ij(L;B∗,1, F∗,1)

∪
⋃

i+k≤d

MW i(L;B∗,0, F∗,0) ×crit(F ) MW d−i+1,1(L).

Theorem 3.15. If every stable holomorphic disk is regular then there exist compat-
ible systems of perturbations so that every quilted treed quasidisk is regular.

Proof. This is similar to the argument given for the unquilted case above in Theorem
3.4, and is left to the reader. �

Assuming that a perturbation system has been chosen as in Theorem 3.15 define

(38) φn : CQF (L;B∗,0, F∗,0)
⊗n → CQF (L;B∗,1, F∗,1)

(<x1>, . . . , <xn>) 7→
∑

[u]∈MWn,1(L;x0,...,xn)0

(−1)♥ǫ(u)qA(u) HolL(u) <x0> .

Theorem 3.16. φ = (φn)n≥0 is an A∞ morphism.

Proof. For Z2 coefficients, this follows from the description of the boundary in (37).
The signs for the terms (25) of the first type is similar to those for the A∞ axiom
and will be omitted. For terms of the second type we need to determine the sign of
the isomorphism

R ⊕ TMW r(y0, . . . , yr) ⊕
r⊕

j=1

TMW |Ij |,1(yi, xIj ) → TMWn(y0, x1, . . . , xn).

The former is determined by an isomorphism with

R ⊕ TL⊕ T+
y0 ⊕ TMW r ⊕ T−

y1 . . .⊕ T−
yr

⊕
r⊕

j=1


TL⊕ T+

yj
⊕ TMW |Ij|,1 ⊕

⊕

k∈Ij

T−
xk




(where T+
y0 denotes T+

y0L etc.) except that this differs by signs

(39) |y0|(r − 2) +

r∑

j=1

(|Ij | − 1)|yj |

from our previous convention. Equivalently since each moduli space has formal
dimension zero the determinant line is given by

R ⊕ TL⊕ T+
y0 ⊕ TMW r ⊕

⊕

j


T−

yj
⊕ TL⊕ T+

yj
⊕ TMW |Ij |,1 ⊕

⊕

k∈Ij

T−
xk


 .

Using T−
yj

⊕ T+
yj

∼= TL these three factors disappear. Moving each TMW |Ij |,1 past

T−
xk

for k < min Ij contributes a number of signs (|Ij | − 1)
∑

k<min Ij
|xk|. Moving
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TL⊕T+
y0 past R gives |y0| additional signs. Finally we have a contribution from the

signs in the definition of φ|Ij | and the sign from the definition of µr

r∑

j=1

|Ij |∑

i=1

i|xi| +
r∑

j=1

j|yj |

and the overall sign used in the proof the A∞ axiom, 1+
∑n

k=1(k+1)|xk|. The gluing
map has sign (36). In total, the number of signs is

(40)

r∑

j=1


(|Ij | − 1)

∑

k<min Ij

|xk|


 + |y0| +

r∑

j=1

|Ij |∑

i=1

i|xi|

+
r∑

j=1

j|yj | + 1 +
n∑

k=1

(k + 1)|xk| +
r∑

j=1

(r − j)(|Ij | − 1).

The difference is

n∑

k=1

k|xk| −
r∑

j=1

|Ij |∑

i=1

i|xi| =
r∑

j=1

∑

i∈Ij

(|I1| + . . .+ |Ij−1|)|xi|,

so (40) equals

(41)

r∑

j=1

(|Ij | − 1)
∑

k<min Ij

|xk| + |y0| +
r∑

j=1

|Ij |




∑

k>max(Ij)

|xk|


 +

1 +

n∑

k=1

|xk| +
r∑

j=1

j|yj | +
r∑

j=1

(r − j)(|Ij | − 1).

Now
r∑

j=1

|Ij|
∑

k/∈Ij

|xk| =

r∑

j=1

|Ij |(
∑

k

|xk|−
∑

k∈Ij

|xk|) = n(|y0|+n−2)−
r∑

j=1

|Ij |(|yj |+|Ij |−1).

So (40) equals



r∑

j=1

∑

k<min Ij

|xk|


 + |y0| + 1 + (n− 2 + |y0|) +




r∑

j=1

j|yj |


 + n(|y0| + n− 2)

−
r∑

j=1

(|Ij |(|yj | + |Ij | − 1)) +
r∑

j=1

(r − j)(|Ij | − 1).

The first term is
r∑

j=1

∑

k∈Ij

(r − j)|xk| =

r∑

j=1

(|yj |+ |Ij| − 1)(r − j) =

r∑

j=1

(|yj|r − |yj|j + (|Ij | − 1)(r − j).
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So (40) equals

(42)


r∑

j=1

|yj |r − |yj|j + (|Ij | − 1)(r − j)


 + |y0| + 1 + (n− 2 + |y0|) +




r∑

j=1

j|yj |


 +

n(|y0| + n− 2) −
r∑

j=1

(|Ij |(|yj | + |Ij | − 1)) +
r∑

j=1

(r − j)(|Ij | − 1).

Cancelling and simplifying gives

(|y0| + r)r + n|y0| + 1 −
r∑

j=1

|Ij|(|yj | + |Ij| − 1)

which is congruent mod 2 to (n − r)|y0| + (1 − r) −
∑r

j=1 |Ij||yj |. Combining with

(39) and switching T+
yj

⊕ TL with MWn we obtain

(n − r)|y0| + (1 − r) −
r∑

j=1

|Ij ||yj | + |y0|(r − 2) +

r∑

j=1

(|Ij | − 1)|yj | + (n− 1)|y0|

which equals (1 − r) + |y0| +
∑r

j=1 |yj | = (1 − r) + (r − 1) = 0 as claimed. �

If two perturbation systems are equal then we may take as perturbation system
for quilted strips the one given by pullback under the map that forgets the quilting.
In this case the only isolated holomorphic quilted treed disks are the constant ones,
since then MWn,1(L) is a [0, 1]-fiber bundle over the subset of MW n(L) consisting
of non-constant holomorphic treed disks. The morphism φ is then the identity
morphism.

Returning to the general case, the morphism φ is a homotopy equivalence of
A∞ algebras, by an argument using twice-quilted disks similar to the argument for
A∞ bimodules given later in Section 5.3. We show in Figure 8 the moduli space of
twice-quilted stable disks Mn,2, in the case n = 2 which is a pentagon whose vertices
correspond to the expressions

f(g(x1x2)), f(g(x1)g(x2)), f(g(x1))f(g(x2)), ((fg)(x1))((fg)(x2)), (fg)(x1x2).

There is a similar treed version MW n,2, whose description we omit. Given a triple
of perturbation systems (B∗,0, F∗,0), (B∗,1, F∗,1), (B∗,2, F∗,2) and morphisms

φij : CQF (L;B∗,i, F∗,i) → CQF (L;B∗,j , F∗,j), 0 ≤ i < j ≤ 2

defined by extension of these over the moduli space of quilted disks, we wish to com-
pare the composition φ12 ◦φ01 with φ02. Over MWn,2 we consider the moduli space

MW n,2(L), using a perturbation system (B∗, F∗) equal to the given perturbation
systems equal to the given perturbation systems in a neighborhood of the boundary.
(That is, (B∗,0, F∗,0) on the edges above the medium shaded region, (B∗,1, F∗,1) on
edges between the beginning of the medium shaded region and the darkly shaded
region, and (B∗,2, F∗,2) after the beginning of the darkly shaded region.) The facets

of MWn,2 correspond to either to terms in the definition of composition of A∞ maps
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Figure 8. Twice-quilted disks

φ12◦φ01 : CQF (L;B∗,0, F∗,0) → CQF (L;B∗,2, F∗,2), to the components contributing
to φ02 : CQF (L;B∗,0, F∗,0) → CQF (L;B∗,2, F∗,2), or to terms corresponding to the
bubbling off of some markings on the boundary which define a homotopy operator
for the difference φ12 ◦ φ01 − φ02. Since we do not need homotopy invariance for
any of our results (we do need homotopy invariance of the A∞ bimodule) we omit
the proof; see [38] for a related argument for A∞ functors associated to Lagrangian
correspondences. In case (B∗,0, F∗,0) = (B∗,2, F∗,2) this produces a homotopy be-
tween φ12 ◦ φ01 and the identity, and hence φ12, φ01 define a homotopy equivalence
between CQF (L;B∗,0, F∗,0) and CQF (L;B∗,1, F∗,1). In particular homotopy invari-
ance of CQF (L) implies that the quasimap Floer cohomologies HQF (L) defined
using different perturbation systems are isomorphic.

4. Quasimap A∞ bimodule for Lagrangian pair

We describe here a version of Floer theory for pairs (L0, L1) of Lagrangian sub-
manifold, which counts perturbed holomorphic treed strips giving rise to an A∞ bi-
module, invariant up to A∞ homotopy of the choice of perturbation. In particular,
if L1 is displaceable from L0 by a Hamiltonian diffeomorphism then the cohomology
of this A∞ bimodule vanishes.

4.1. A∞ bimodules. Let A0, A1 be A∞ algebras. An A∞ bimodule is a Z-graded
vector space M equipped with operations

µd|e : A⊗d
0 ⊗M ⊗A⊗e

1 →M [1 − d− e]

satisfying the relations
∑

i,k

(−1)ℵµd−i+1|e(a0,1, . . . , µ0,i(a0,k, . . . , a0,k+i−1), a0,k+i, . . . , a0,d,m, a1,1, . . . , a1,e))

+
∑

j,k

(−1)ℵµd|e−j+1(a0,1, . . . , a0,d,m, a1,1, . . . , µ1,j(a1,k, . . . , a1,k+j−1), . . . , a1,e)

+
∑

i,j

(−1)ℵµd−i|e−j(a0,1, . . . , a0,d−i, µi|j(a0,d−i+1, . . . , a0,d,m, a1,1, . . . , a1,j), . . . , a1,e) = 0
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where we follow Seidel’s convention [55] of denoting by (−1)ℵ the sum of the reduced
degrees to the left of the inner expression, except that m has ordinary (unreduced)
degree. As before, the Z-grading is not necessary and a Z2-grading suffices.

A morphism φ of A∞ -bimodules M0 to M1 of degree |φ| is a collection of maps

φd|e : A⊗d
0 ⊗M0 ⊗A⊗e

1 →M1[|φ| − d− e]

satisfying a splitting axiom

(43)∑

i,j

(−1)|φ|ℵµ1,d|e(a0,1, . . . , a0,d−i, φi|j(a0,d−i+1, . . . , a0,d,m, a1,1, . . . , a1,j), a1,j+1, . . . , a1,e)

+
∑

i,j

(−1)|φ|+1+ℵφd|e(a0,1, . . . , a0,d−i, µ0,i|j(a0,d−i+1, . . . , a0,d,m, a1,1, . . . , a1,j), a1,j+1, . . . , a1,e)

+
∑

i,j

(−1)|φ|+1+ℵφd|e(a0,1, . . . , a0,j−1, µ0,i(a0,j , . . . , a0,j+i−1), . . . , a0,d,m, a1,1, . . . , a1,e)

+
∑

i,j

(−1)|φ|+1+ℵφd|e(a0,1, . . . , a0,e,m, a1,1, . . . , µ1,j(a1,j , . . . , aj+i−1), . . . , a1,e) = 0.

Composition of morphisms φ : M0 →M1, ψ : M1 →M2 is defined by

(44) (φ ◦ ψ)d|e(a0,1, . . . , a0,d,m, a1,1, . . . , a1,e)

=
∑

i,j

(−1)|ψ|ℵφi|j(a0,1, . . . , a0,i, ψd−i|e−j(a0,i+1, . . . , a0,d,m, a1,1, . . . , a1,e−j), a1,e−j+1, . . . , a1,e).

A homotopy of morphisms ψ0, ψ1 : M0 → M1 of degree zero is a collection of maps
(φd|e)d,e≥0 such that the difference ψ1 − ψ0 is given by the expression on the left
hand side of (43). Any A∞ algebra A is an A∞ bimodule over itself with operations

(45) µd|e(a0,1, . . . , a0,d,m, a1,1, . . . , a1,e)

= (−1)1+♦µd+e+1(a0,1, . . . , a0,d,m, a1,1, . . . , a1,e), ♦ =
e∑

j=1

(|a1,j | + 1),

see Seidel [54, 2.9].

4.2. Treed strips. In this section we describe the combinatorics of the objects used
to define our A∞ bimodule. A treed strip with (d, e) markings is a treed disk with
d+ e+ 2 markings, such that the edges connecting the 0-th marking with the d+ 1-
marking all have length zero. The disk components in between z0 and zd+1 have
canonical embeddings of holomorphic strips R × [0, 1], whose complements are the
nodes or markings connecting (eventually) to z0 or zd+1. We denote by MW d|e

the moduli space of stable (d, e)-marked treed strips. See Figure 9 for the case
d = 1, e = 2. The orientation on MW d|e can be chosen via its identification with

MW d+e+1. Denote by UMW d|e → MW d|e the universal treed strip. An infinites-
imal deformation of a treed strip of fixed type Σ is an infinitesimal deformation of
the nodal points or lengths of the line segments as in (26). Let DefΓ(Σ) denote
the space of deformations preserving the combinatorial type. We denote by z the



GAUGED FLOER THEORY OF TORIC MOMENT FIBERS 55

Figure 9. Moduli space of stable treed strips with d = 1, e = 2

number of nodes corresponding to edges of zero length not connecting strips, and
by i the number of infinite nodes connected edges of infinite length or strips. Define

Def(Σ) = DefΣ(Σ) × ((−∞, 0) ∪ {0} ∪ (0,∞))z × [0,∞)i

with the second two factors representing gluing parameters for line segments of length
zero resp. infinity. The gluing construction described above defines a homeomor-
phism from a neighborhood of zero in Def(Σ)/ aut(Σ) to a neighborhood of Σ in
MW d|e.

4.3. Holomorphic treed quasistrips. Let (X,ω) be a compact or convex Hamil-
tonian G-manifold equipped with aG-invariant compatible almost complex structure
J ∈ J (X,ω)G and L0, L1 ⊂ X//G compact Lagrangian submanifolds. We suppose
that the Li, i = 0, 1 are equipped with metrics induced from G-invariant metrics on
L̃i, i = 0, 1, and Morse-Smale functions Fi → R. Denote by F̃i : L̃i → X the lifts of
Fi to L̃i.

Definition 4.1. A holomorphic treed quasistrip for L0, L1 ⊂ X//G, J ∈ J (X)G and
H ∈ C∞

c ([0, 1] ×X)G consists of a treed strip Σ, a continuous map u : Σ → X such

that (i) on each strip, u is (J,H)-holomorphic strip with boundary in (L̃0, L̃1); (ii)

on each disk connecting to R×{j}, u is a J-holomorphic disk with boundary in L̃j,
and (iii) on each edge connecting to R × {j}, j = 0, 1, u is a gradient trajectory of

F̃j on L̃j . An isomorphism of treed quasistrips uj : Σj → X, j = 0, 1 is a morphism
of treed strips φ : Σ0 → Σ1 together with an element g ∈ G, such that gu0 = φ∗u1.
A treed quasistrip is stable if it has no automorphisms (that is, each strip or disk
on each u is constant has at least three nodal or marked points) and each node
connecting two edges maps to a critical point.

See Figure 10, in which the dotted line indicates a broken trajectory. For each
treed disk we have a metric tree Σ(1) obtained by forgetting the disk and strip
components. As in the construction of the Fukaya algebra we allow perturbation
systems F∗ = (Fn,v ∈ C∞(UWn,v × (L0 ∪ L1))) depending on Σ(1). We require that
Fn,v is equal to F on the complement of a compact subset of the union of open

edges. Let MW d|e(L0, L1;H,F∗) denote the moduli space of isomorphism classes
of finite energy stable treed perturbed holomorphic quasistrips with boundary in
(L̃0, L̃1) with d left resp. e right markings.
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x0,3

x1,1

x0,1

x0,2

Figure 10. A holomorphic treed strip

Given a holomorphic quasistrip u we denote by Du the linearization of the map

(46)

Fu : DefΓ(Σ)⊕Ω0(Σ̃(2), u
∗
2TX, (∂u2)

∗T (L̃0⊔ L̃1))1,p,α⊕Ω0(Σ̃(1), u
∗
1T (L̃0⊔ L̃1))1,p,α

→ Ω0,1(Σ̃(2), u
∗TX)0,p,α ⊕ Ω1(Σ̃(1), u

∗
1T (L̃0 ⊔ L̃1))0,p,α ⊕

m⊕

j=1

Tu(w±
j )(Iδ(j))

where T (L̃0 ⊔ L̃1) denotes either boundary conditions in T L̃0 or T L̃1, depending

on the boundary component, Iδ(j) = L̃0, L̃1 or L̃0 ∩ L̃1 depending on the type of

node, given by ξ 7→ Tu(ξ)
−1∂J,H expu(ξ) on the strip components of dimension 2,

by the Cauchy-Riemann operator on the disk components, the gradient operator
on the one-dimensional components, and the difference of evaluation maps at the
nodes w±

j , see (18). If H is chosen so that the set of generalized intersection points

I(L0, L1;H) of (3) is transverse, then Du is Fredholm, by the discussion in Section
2. We say that u is regular if Du is surjective. Let MW reg

d|e,Γ(X,L0, L1;H) denote

the moduli space of regular stable treed quasistrips with the combinatorial type Γ.
Then MW reg

d|e,Γ(X,L0, L1;H) is a smooth manifold, with tangent space at u equal to

the kernel of Du modulo the subspace generated by g and aut(Σ), by an application
of the implicit function theorem for Banach spaces similar to that of Theorem 2.21.

As in the previous section, choices of perturbations used to define the spaces
MW d′|e′(L0, L1),MW i(L0),MW j(L1) for d′ < d, e′ < e and all i, j induce pertur-

bations F pren,v on MW d|e(L0, L1) in a neighborhood of the image of the strata

MW d0|e0(L0, L1)0 ×I(L0,L1) MW d1|e1(L0, L1)0

and

MW d−i+1|e(L0, L1)0×crit(F0)MW i(L0)0, MW d|e−i+1(L0, L1)0 ×crit(F1)MW i(L1)0
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under the gluing construction. These extend to a system of perturbations over all
of MW d′|e′(L0, L1), since the space of perturbations is convex.

Theorem 4.2. Suppose that every stable holomorphic disk with boundary in L̃0, L̃1

is regular, and a Hamiltonian perturbation H has been chosen so that every quasistrip
is regular. For any d, e, γ, given a system of perturbations F∗ for strata with d′ <
d, e′ < e,E(γ′) < E(γ) extending the given pairs on the semi-infinite ends such
that every holomorphic treed strip of class γ′ is regular, there exists a comeager
subset of perturbations Preg(L0, L1) in C∞

b (UWd+e+1,v × (L0 ⊔ L1)) such that if
F1 ∈ Preg(L0, L1) and ρ is a cutoff function on UWd+e+1,v with sufficiently large
compact support on the union of open edges, every holomorphic treed quasistrip
u : Σ → X for Fn,v := F pren,v + ρF1 with homotopy class γ is regular.

Proof. As in Theorem 3.4; the only issue is to make the evaluation maps at the nodes
connecting edges with disks transverse. This holds for generic perturbations F1 by
Sard-Smale, by choosing sufficiently large perturbations on the interiors of the edges
so that the evaluation maps at the endpoints are submersions, for perturbations of
class C l, and then for smooth perturbations by density. �

Theorem 4.3. Suppose that L0, L1 are such that all holomorphic disks with bound-
ary in L̃0, L̃1 are regular; a compactly supported Hamiltonian perturbation H has
been chosen as above so that all (J,H)-holomorphic strips are regular; and pertur-
bations Fn,v have been chosen inductively as above so that all treed quasistrips are

regular. Then MW d|e(L0, L1)1 is a compact one-manifold with boundary given by
the union of broken treed trajectories

MW d0|e0(L0, L1)0 ×I(L0,L1) MW d1|e1(L0, L1)0

and configurations

MW d−i+1|e(L0, L1)0×crit(F0)MW i(L0)0, MW d|e−i+1(L0, L1)0×crit(F1)MW i(L1)0

of a treed strip and a treed disk.

Proof. Compactness is Gromov compactness as in [42] combined with compact-
ness for Floer trajectories for Lagrangian pairs with clean intersection, discussed
in Section 2, and for broken gradient trajectories; note that compact support of the
Hamiltonian perturbation H allows us to apply the maximum principal outside of
a compact set given by the convexity condition. Let u represent a regular point in
MW d|e(L0, L1). Define the preglued treed holomorphic strip Gapprox

δ (u) : Σδ → X
by combining the gluing procedures for Morse trajectories for pairs of Lagrangians
with clean intersections (discussed above in the proof of Theorem 2.22) and glu-
ing for disks (see Abouzaid [1]) and gluing for Morse trajectories (see Schwarz
[50]). The proofs of existence of a uniformly bounded right inverse, error esti-
mate and uniform quadratic bound are the same as in those situations, since the
third term in FGapprox

δ
(u) does not involve the gluing parameter. By the implicit

function theorem there exists a unique solution (ζ, ξ) to FGapprox

δ
(u)(ζ, ξ)) = 0 in a

sufficiently small neighborhood of 0 in DefΓ(Σ)⊕Ω0(Σδ
(2), (G

approx
δ (u))∗TX)1,p,δ,α⊕

Ω0(Σδ
(1), (G

approx
δ (u))∗T (L̃0⊔L̃1))1,p,δ,α, and we set Gδ(u) := expGapprox

δ
(u)(ξ) : Σζ,δ →
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X, where FGapprox

δ
(u) is as in the proof of Theorem 2.22 but with the perturbed

Cauchy-Riemann operator on the strips. �

Remark 4.4. In the proof above we required weighted Sobolev spaces on Σ(1) because

the function F̃ is Morse-Bott but not Morse. However, there is bijection between
gradient trajectories of F̃ modulo G and gradient trajectories of F , and by working
with gradient trajectories of F instead of F̃ the use of weighted Sobolev spaces on
Σ(1) may be avoided.

Suppose that every element of MW d|e(L0, L1) is regular. Orientations are con-
structed by choosing for each such end an orientation on the disk one with marking,
and boundary given by a path from TL0 to TL1, see [61]. Define operations

µd|e : CQF (L0)
⊗d ⊗ CQF (L0, L1) ⊗ CQF (L1)

⊗e → CQF (L0, L1)

by counting treed Floer trajectories;

(47) <x0,1> ⊗ . . .⊗ <x0,d> ⊗ <x> ⊗ <x1,1> ⊗ . . .⊗ <x1,e>

7→
∑

[u]∈MWd|e(x0,1,...,x0,d,x,x1,1,...,x1,e,y)0

(−1)♥+♦ǫ(u)HolL0,L1
(u)qA(u) <y>

where ♦ is defined in (45)

Theorem 4.5. Suppose that perturbations have been chosen as in Theorem 4.3.
Then the maps (µd|e)d,e≥0 induce on CQF (L0, L1) the structure of a Z2-graded A∞

(CQF (L0), CQF (L1))-bimodule.

Proof. By the previous Theorem 4.3 and the definition in (43). The sign computation
is equivalent to that in Theorem 3.6. �

The A∞ bimodule CQF (L0, L1) is independent of the choice of Hamiltonian per-

turbation H, metrics Bj on L̃j, j = 0, 1, and perturbation system F∗ used to con-
struct it, up to homotopy of A∞ bimodules over Λ. (Independence of F∗ holds over
Λ0, while independence from H holds only over Λ.) However, we will not give the
argument, since it is very similar to the A∞ bimodule map given in the next section.
Note we are assuming that all holomorphic disks are regular, and H is such that
(J,H)-holomorphic strips are regular.

Lemma 4.6. Suppose that J ∈ J (X)G is such that every non-constant stable holo-
morphic disk with boundary in L is regular and has positive Maslov index. Then
for sufficiently small perturbations we have µ2

0,0 = 0 and hence the quasimap Floer
cohomology of the pair

HQF (L0, L1) := H(µ0,0)

is well-defined.

Proof. The proof is similar to that of Proposition 3.7. The A∞ relation µ2
0,0(·) =

µ1,0(µ
L0

0 (1), ·)±µ0,1(·, µ
L1

0 (1)) and the fact that µ
Lj

0 (1) is a multiple of the generator
corresponding to the maximum of the Morse function implies that µ2

0,0(·) = 0. �
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5. A∞ -bimodule isomorphism in the case of an equal pair

We show that the A∞ algebra constructed in Section 3 for a Lagrangian L, consid-
ered as an A∞ bimodule over itself, is isomorphic to the A∞ bimodule constructed
in Section 4, for the pair (L,L).

5.1. Quilted strips and quilted treed quasistrips. A (d, e)-marked quilted strip
is the same as a (d, e)-marked strip, that is, a strip with markings on the boundary,
except that isomorphisms do not include translations. Equivalently, a (d, e)-marked
quilted strip is a (d, e)-marked strip (R × [0, 1], z0,1, . . . , z0,d, z1,1, . . . , z1,e) with an
additional interior marking at some point y = (s, 1/2), and an isomorphism from
(Σ, z0,1, . . . , z0,d, z1,1, . . . , z1,e, y) to (Σ′, z′0,1, . . . , z

′
0,d, z

′
1,1, . . . , z

′
1,e, y

′) is an isomor-

phism Σ → Σ′ mapping zi,j to z′i,j and y to y′. Geometrically the interior marking
y represents the point at which we “turn on” a Hamiltonian perturbation, and we
will draw a quilted strip by drawing a shaded region beginning at y and extending
to the right.

Figure 11. Quilted strips

The space Md|e,1 of (d|e)-marked quilted strips has a compactification Md|e,1

allowing disk bubbles to develop on the boundary and strips to bubble off on both
ends. In the pictures, we find it convenient to indicate the quilted strip (as opposed
to the strip bubbles) by adding a shaded region, signifying that the Cauchy-Riemann
equation is given a Hamiltonian perturbation on this region. See Figure 11 for the
moduli space of quilted (1, 0)-marked strips. A quilted component of the quilted
strip is a component with some shading, otherwise the component is unquilted. Each
quilted component has either one or two quilted ends, that is, ends with some shaded
region. The cells of Md|e,1 are in one-to-one correspondence with expressions in d
variables x1, . . . , xd, a variable m, and variables y1, . . . , ye, and a function f obtained
by adding parentheses to the expression x1 . . . xdmye . . . y1 and then adding f(. . .)
around some expression including m. For example, for the case (d, e) = (1, 0) the
possible expressions are f((x1m)), f(x1m), x1f(m). This parametrization of cells
is similar to that of the associahedron, but the combinatorial types correspond to
d + e + 2-leaved trees together with a choice of vertex on the path connecting the
0-th to the d+ 1-st leaf.

As before, there is also a treed version. A (d, e)-marked quilted treed strip is the
same as a quilted strip, but now allowing components of dimension one of possibly in-
finite or zero length between disk components or between disk and strip components
or between unquilted strip components or between unquilted strip components and
quilted strip components, but not between quilted strip components. In addition,
there are one-dimensional components attached to the markings on the boundary,
and to the point at infinity at the left of the strip. Two quilted treed strips are
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isomorphic if they are related by automorphism. A quilted treed strip is stable if
it has no infinitesimal automorphisms, and any node connecting two components of
dimension one is of infinite type, that is, attaching ends of the segments of infinite
length. Let MW d|e,1 denote the moduli space of stable quilted treed strips. The case
d = 2, e = 0 is shown in Figure 12. We have not drawn the line segments connecting
the strips, as this makes the picture even more complicated; thus dotted lines in
the left-hand configurations mean that the strip has broken and is connected by a
segment of infinite length. Each picture shows the configuration represented by a
nearby stratum. The moduli spaces MW d|e,1 are complicated even for low values of
d, e, as can be expected from the definition of morphism of A∞ bimodules and the
fact that we are adding trees.

Figure 12. The moduli space MW 2|0,1 of 2|0-marked treed quilted strips

The forgetful map MW d|e,1 →MW d|e has one-dimensional fibers that are canon-
ically oriented so that the positive orientation corresponds to moving the quilting
to the left, and so the orientation of MW d|e induces an orientation on MW d|e,1.

5.2. A∞ bimodule morphisms. We construct a morphism of A∞ bimodulesCQF (L) →
CQF (L,L) via a continuation argument which counts quilted treed holomorphic qua-
sistrips. Let H ∈ C∞

c ((0, 1) × X)G be a regular perturbation for the pair (L,L).
Given a quilted strip with shaded region beginning at s− and shaded region ending
at s0 we consider a Hamiltonian perturbation H1 = H1,sds+H1,tdt equal to Hdt for
s≫ 0 and vanishing for s≪ 0. For any (J,H1)-holomorphic u, we denote by Du the
associated linearized operator, using weighted Sobolev spaces on the strip-like ends.
Let F̃n,v ∈ C∞(UWn,v × L̃)G be a perturbation of F̃ depending on the underlying
tree Σ(1) as above.
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Definition 5.1. A (perturbed) holomorphic quilted treed quasistrip to X consists of
a quilted treed strip Σ and a continuous map u : Σ → X such that (i) on each quilted
strip with one quilted end, u is a (J,H1)-holomorphic map (ii) on each quilted strip
with two quilted ends, u is (J,H)-holomorphic map (iii) on each unquilted disk or
strip, u is a J-holomorphic map (iv) on each edge, u is a gradient trajectory of

F̃n,v. An isomorphism of holomorphic quilted treed quasistrips uj : Σj → X is an
isomorphism φ : Σ0 → Σ1 and an element g ∈ G such that φ∗u1 = gu0; in particular
φ must preserve the quilting on the quilted strip component. A holomorphic quilted
treed quasistrip is stable if it has no automorphisms, and every node connecting two
edges maps to a critical point of F .

See Figure 13 where the unquilted components are represented as disks, the com-
ponent where the quilted regions begins is represented as a disk with a single strip-
like end, and the quilted components are represented by strips.

Figure 13. A holomorphic quilted treed quasistrip

Let P̃(X) be the subset of Ω1(Σ, C∞(X)G) consisting of forms Hsds+Htdt with
Hs,Ht ∈ C∞

b (X)G having all derivatives bounded. Let ρ ∈ C∞(Σ) be a function
with ρ(s) = 0, s ≤ 0 and ρ(s) = 1, s ≥ 1. Let ρ1 ∈ C∞

c (Σ × X) be non-zero on

[0, 1] × [0, 1] × (L0 ∪ L1). For any element H ′
1 ∈ P̃(X), we form an admissible

perturbation H1 = ρHdt + ρ1H
′
1. The proof of the following is similar to that of

Theorem 3.4 and is omitted:

Proposition 5.2. There exists a comeager subset P̃reg(X,L) ⊂ P̃(X) such if H ′
1 ∈

P̃reg(X,L) then every (J,H1)-holomorphic strip is regular.

The moduli spaceMW d|e,1(L) of holomorphic quilted treed quasistrips with bound-

ary in L̃ has a natural evaluation map

ev : MW d|e,1(L) → crit(F )d × crit(F ) × crit(F )e × I(L,L)

where I(L,L) ∼= L ∩ φ1(L) is the set of generalized intersection points of L with
itself. Let MW d|e,1(z1, . . . , zd+e+1, . . . , y) denote the moduli space of holomorphic
quilted treed disks with limits z1, . . . , zd+e+1, y along the semi-infinite edges. As-
suming that every stable holomorphic disk is regular and H,H1 have been chosen as
above, perturbations of the functions on the edges can be constructed inductively so
that every quilted treed holomorphic strip is regular. Consider CQF (L) as an A∞

bimodule over itself (note the change of signs (45)), and let CQF (L,L) denote the
A∞ bimodule defined by the perturbation H. Using the trivialization of the Λ-line
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bundle over the paths in I(L,L) we let HolL(u) ∈ Λ denote the holonomy around
the line bundle around the boundary of u. Define

(48) φd|e : CQF (L)⊗d ⊗ CQF (L; Λ) ⊗ CQF (L)⊗e → CQF (L,L)

<z0,1> ⊗ . . .⊗ <z0,d> ⊗ <z> ⊗ <z1,1> ⊗ . . .⊗ <z1,e>

7→
∑

[u]∈MWd|e,1(z0,1,...,z0,d,z,z1,1,...,z1,e,y)0

(−1)♥+♦ǫ(u)HolL(u)qA(u) <y>

where the cochain groups involved are defined using Λ coefficients; the values A(u)
are not necessarily positive because of the additional term in the energy-area relation
(4).

Proposition 5.3. Assuming perturbations have been chosen so that all holomorphic
treed quasistrips are regular, the collection φ = (φd|e)d,e≥0 is a morphism of A∞

bimodules from CQF (L) to CQF (L,L). If all non-trivial holomorphic disks have
positive Maslov index then φ0|0 is a chain map: φ0,0 ◦ µ1,L = µ1,L,L ◦ φ0,0.

Proof. The boundary components of MW d|e,1(z0,1, . . . , z0,d, z, z1,1, . . . , z1,e, y)1 con-
sist of configurations where a treed strip has broken off or a treed disk has broken
off. The former case corresponds to one of the first two terms in (43) while the latter
corresponds to the last two terms. The signs are similar to that of Theorem 3.6:
The first term in (43) (in which µ appears before φ) has an additional sign from
coming from the definition of the orientation on Md|e,1 as an [0, 1]-bundle over Md|e,
so that the orientation of the fiber corresponds to moving the quilting to the right;
this means that the positive orientation on the gluing parameter for the boundary
components corresponding to terms of the first type becomes identified with the
negative orientation on these fibers, giving rise to the additional sign. The degree of
the morphism is zero, which causes those contributions to the sign in (43) to vanish.
This leaves the contributions from ℵ, which are similar to those dealt with before
and left to the reader. The proof of the assertion on φ0|0 is similar to that of Lemma
4.6: in the absence of holomorphic disks of non-positive index, the additional terms
in the A∞ relation vanish. �

On the other hand, counting strips with given limits on the right defines a similar
morphism of A∞ bimodules ψ = (ψn)n≥0 from CQF (L,L) to CQF (L), by the same
argument but reading everything from right to left.

5.3. Homotopies of morphisms of A∞ bimodules. To show that the compo-
sition of ψ ◦ φ is homotopic to the identity we introduce a moduli space of twice
quilted treed quasistrips. This means that each strip Σ = R × [0, 1] has two dis-
tinguished lines, represented by values s−, s+ ∈ R where the quilted region starts
and where it ends; the corresponding components of Σ are the quilted components.
Let MW d|e,2 denote the moduli space of twice quilted strips with d markings on the

first resp. second boundary component. The moduli space M0|0,2 is shown in Figure
14; the shading represents the region where a Hamiltonian perturbation is allowed.
As before there is a notion of treed twice-quilted strip which allows one-dimensional
segments between the disk and strip components. Let MW d|e,2 denote the moduli
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Figure 14. Twice quilted quasistrips

space of stable treed twice-quilted strips. The reader is encouraged to draw the
picture of MW 1|0,2 for his or herself.

The structure of a twice-quilting defines a region where the Hamiltonian per-
turbation is non-zero. Suppose we are given a compactly supported Hamiltonian
perturbation H ∈ C∞

c ([0, 1] ×X)G that is a regular perturbation for the pair L,L,
and a one-form H1 ∈ Ω1(Σ, C

∞
c ([0, 1]×X)G) that makes the moduli space of quilted

strips regular. Given a twice quilted strip with shaded region beginning at s− and
shaded region ending at s+ consider a Hamiltonian-valued one-form H2 depending
on s+− s− with support on [s−, s+]× [0, 1] which “turns on and off the Hamiltonian
perturbation”. That is, if s+ − s− > 2 then H2 is equal to Hdt between s− + 1 and
s+ − 1, is equal to the translation of H1 by s− on (s−, , s− + 1) and the reflection
and translation of H1 on (s+ − 1, s+), and if s+ − s− < 1 then H2 vanishes. Let
Fn,v ∈ C∞(UWn,v×L) be a perturbation of F depending on the underlying tree Σ(1)

as above. A (perturbed) holomorphic twice-quilted treed quasistrip to X consists of
a twice-quilted treed disk Σ and a continuous map u : Σ → X such that (i) on
each twice-quilted strip, u is a (J,H2)-holomorphic map (ii) on each quilted strip,
u is a (J,H1)-holomorphic map (recall H1 is the homotopy from 0 to Hdt used in
5.2) (iii) on each unquilted strip between two quilted components, u is a (J,H)-
holomorphic map (iv) on each unquilted strip not between quilted components, u

is J-holomorphic (v) on each edge, u is a gradient trajectory of F̃n,v. An isomor-
phism of holomorphic twice-quilted treed quasistrips uj : Σj → X is an isomorphism
φ : Σ0 → Σ1 and an element g ∈ G such that φ∗u1 = gu0 and the quilt structures
are preserved. A holomorphic twice-quilted treed quasistrip is stable if it has no
automorphisms, and every node connecting two edges maps to a critical point of F .
Let MW d|e,2(L) denote the moduli space of stable holomorphic (d, e)-marked treed
twice quilted quasistrips. Assume that all holomorphic quasidisks with boundary
in L̃ are regular. By a generic choice of perturbations on the twice-quilted strips
(that is, a generic perturbation of H2 depending on s+ − s− that is equal to the
given function in a neighborhood of the boundary, and a generic perturbation of
the function F̃ equal to the given function on a neighborhood of the boundary) one
obtains transversality as in the previous discussion in the proof of Proposition 5.2.
For generic choices of perturbations chosen inductively, the moduli spaces of treed
strips MW d|e,2(L) consists entirely of regular elements and the boundary consists of
configurations where either (i) the shaded strip has separated into two components
of a broken strip (ii) a strip has broken off at ±∞ (iii) a treed disk has bubbled off
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along an edge of infinite length. Define

(49) τd|e : CQF (L)⊗d ⊗ CQF (L) ⊗ CQF (L)⊗e → CQF (L)[−1]

(z0,1, . . . , z0,d, z, . . . , z1,1, . . . , z1,e, y)

7→
∑

[u]∈MWd|e,2(z0,1,...,z0,d,z,z1,1,...,z1,e,y)0

(−1)♥+♦ǫ(u)HolL0,L1
(u)qA(u) <y> .

Theorem 5.4. Suppose that every stable holomorphic disk with boundary in L is
regular, and perturbations have been chosen so that all treed strips and treed quilted
strips are regular leading to maps of A∞ bimodules φ : CQF (L) → CQF (L,L) resp.
ψ : CQF (L,L) → CQF (L). Then (τd|e)d,e≥0 defines a homotopy of morphisms of
A∞ bimodules from the identity to ψ ◦ φ in Hom(CQF (L), CQF (L,L)). If every
non-trivial holomorphic disks has positive Maslov index then τ0|0 is a chain homotopy
of the identity to ψ0|0 ◦φ0|0. In particular, HQF (L; Λ) is isomorphic to HQF (L,L).

Proof. The components of the boundary ofMW d|e,2(z0,1, . . . , z0,d, z, z1,1, . . . , z1,e, y)1
which do not involve the shaded region breaking, or the shaded region disappearing,
correspond the terms on the left-hand-side of (43). The components where the
shaded region breaks correspond to the contributions to the composition ψ ◦ φ,
while the components where the shaded region vanishes give the identity morphism
of A∞ modules. The latter follows from a standard symmetry argument: since we
have chosen the perturbation so that regularity has been achieved, and the equation
on the strip with no shading is translation invariant, the only solutions are the
constant strips. The first assertion follows. The proof of the second assertion is
similar to that of Proposition 5.3: In the case that every non-trivial holomorphic
disk has positive Maslov index, µ0,L(1) resp. µ0,L,L(1) is a multiple of the generator
1L resp. 1L,L and the additional terms in the A∞ relation vanish. �

Corollary 5.5. Suppose that L ⊂ X//G is a Lagrangian such that every non-trivial

holomorphic disk in X with boundary in L̃ is regular and positive Maslov index. If
L is displaceable, then HQF (L; Λ) = 0.

Proof. Since HQF (L; Λ) ∼= HQF (L,L) and the latter vanishes if L is displaceable,
since CQF (L,L) does for the function H whose flow displaces L. �

6. Gauged potentials for toric moment fibers

In this section we prove the main Theorem 1.1. Let X ∼= CN , G ⊂ H := U(1)N

a sub-torus, acting on X with moment map Φ : X → g∨. Suppose that the G
action on Φ−1(0) has only finite stabilizers, so that X//G is a presentation of a
quasiprojective toric orbifold with residual action of T = H/G and moment map
Ψ : X//G → t∨. Recall that the moment polytope Ψ(X//G) is given by a finite
set of linear inequalities (1). Let λ lie in the interior of Ψ(X//G). Recall that

Lλ = Ψ−1(λ) ⊂ X//G is a Lagrangian torus, and L̃λ ⊂ X its inverse image in X.
By definition 〈vi, ·〉− cj is the function on t∨ defined by the i-th coordinate function

on h∨ ∼= RN , so the moment map for the action of H on CN takes value lj(λ) on
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L̃λ. Hence L̃λ is obtained from the standard torus (S1)N ⊂ CN by re-scaling the
factors:

L̃λ = {(z1, . . . , zN ) | |zj |
2/2 = lj(λ)/2π, j = 1, . . . , N} =

N∏

j=1

(lj(λ)/π)1/2S1.

The following classification result of Cho-Oh [12, Theorem 5.3] for disks with bound-

ary in L̃λ allows the computation of the gauged potential:

Proposition 6.1. Any holomorphic disk in X = CN with boundary in L̃λ is given
by a Blaschke product

u(z) =


(lj(λ)/π)1/2

dj∏

k=1

z − αj,k
1 − αj,kz



N

j=1

for some constants αj,k of norm less than one and some non-negative integers dj .

Proof. For completeness we reproduce the proof. Since the complex structure and
Lagrangian are split, it suffices to consider the case that X = C and L̃λ = S1 is the
unit circle. Let u : D → X be a holomorphic disk with boundary in L̃λ with d zeroes
counted with multiplicity. Let v be the Blaschke product whose zeroes are those of
u with boundary in L̃λ. Then u/v is a map without zeroes, whose boundary lies in

L̃λ. But any such map must be constant (by e.g. the maximum principal for the
components of u/v and v/u) so v is equal to u up to scalars of unit norm. �

Corollary 6.2. For the standard complex structure on X, every stable disk with
boundary in L̃λ is regular and has positive Maslov index.

Proof. For smooth domain this is proved by Cho-Oh [12, Section 6]. An alternative
argument involves doubling the disk to obtain a sum of rank one, non-negative index
Fredholm problems on the sphere, see e.g. [61, p.5]; these always have trivial coker-
nel. Because of the H-action on space of holomorphic disks with the given boundary
condition the evaluation map at a marked point on the boundary is a submersion,
since H acts transitively on L̃λ. Regularity for stable disks whose combinatorial
type is a tree with k components, follows by induction on k, as in Fukaya et al [21,
Theorem 11.1]: Suppose that Σ is a marked disk such that the component containing
the root z0 is attached to d other stable disks. By the inductive hypothesis the d
stable disks are regular and the evaluation map at the attaching point is submersive.
It follows that the evaluation maps at all nodes are transverse to the diagonal, and
in addition the evaluation map at the root is a submersion. The assertion on the
Maslov index is immediate from the explicit description. �

By Theorem 3.4 we have

Corollary 6.3. For X = Cn and L ⊂ X//G a toric moment fiber as above, there
exist compatible systems of perturbations so that every holomorphic treed quasidisk
is regular.
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Corollary 6.4. The gauged potential for Lλ, that is, the potential associated to the
A∞ algebra CQF (Lλ), is given by

µ0(1) = WG
λ (β)1L, WG

λ (β) =

N∑

i=1

e〈vi,β〉qli(λ).

Proof. For degree reasons, only classes γ of index two contribute, in which case the
classification theorem shows there is exactly one up to isomorphism for each class
γ corresponding to a divisor, given by z 7→ (li(λ)/π)1/2z in the i-th component and
constant on the other components. The holonomy of the brane structure around
the boundary of u is exp(〈vi, β〉) by definition, while the area is li(λ), hence the
claim. �

Remark 6.5. The proof in Fukaya et al [21], uses a stronger version of the divisor
equation, which we have avoided by taking a more direct (but less general) definition
of the potential.

Theorem 6.6. If WG
λ has a critical point b ∈ H1(Lλ,Λ0) then HQF (Lbλ; Λ0) =

HM(Lλ; Λ0).

Proof. The argument is the same as in Cho-Oh [12], Fukaya et al [21, Theorem 13.1].
Suppose that b ∈ crit(WG

λ ), and consider the first page of the Morse-to-Floer spectral

sequence of Proposition 3.9, so that the differential µb1 is defined on HM(Lλ). If
the partial derivatives of the potential W vanish at b then µ1(β) = 0 for all classes
β of degree one, by Corollary 3.12. In general we induce on the degree of a class a.
Suppose that the coefficient µb1,γ(a) of qγ in µb1(a) vanishes for any a ∈ HM |a|(Lλ)

with |a| ≤ k and any γ ∈ π2(X, L̃). For elements a1, a2 of degree at most k, consider
the Leibniz rule arising from the A∞ structure equation,

(50) µb1,γ(a1 ∪ a2) =
∑

γ1+γ2=γ

±µb2,γ1(µ
b
1,γ2(a1), a2) ± µb2,γ1(a1, µ

b
1,γ2(a2))

±
∑

γ1+γ2=γ,γ2 6=0

µb1,γ1(µ
b
2,γ2(a1, a2))

where ∪ denotes the leading order term in the product structure, that is, defined by
gradient trees; there are no contributions from µ0(1), by unitarity. The right-hand
side vanishes by the inductive hypothesis on the degree, since µb2,γ2(a1, a2) has lower

degree than a1∪a2 for γ2 6= 0. Since HM(Lλ) is generated by degree one classes, µb1
vanishes on all classes, hence the higher differentials in the spectral sequence vanish
and HQF (Lbλ; Λ0) = HM(Lλ; Λ0). �

See also Biran-Cornea [8] for further discussion of this technique. As explained in
Fukaya et al [20], non-vanishing of the free part of HQF (Lλ; Λ0) is an invariant of
Hamiltonian isotopy. In particular if HQF (Lλ; Λ0) is a non-trivial free Λ0-module
then HQF (Lλ; Λ) = HQF (Lλ; Λ0) ⊗Λ0

Λ is non-vanishing. (In general, passing to
Λ coefficients may kill the torsion, but non-vanishing of the free part is preserved.)
Hence if WG

λ has a critical point b ∈ H1(Lλ; Λ0) then Lλ is non-displaceable, which
concludes the proof of Theorem 1.1 except for the following technical point in the
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case that X//G is non-compact: So far we have assumed that the Hamiltonian

perturbations are compactly supported. However, suppose that L̃λ is displaced by
a Hamiltonian flow φt generated by arbitrary Hamiltonians Ht ∈ C∞(X)G. Since

L̃λ is compact, the union of images K = ∪t∈[0,1]φt(L̃λ) is compact, so there exists
a cutoff function ρ equal to one on K, and vanishing outside a compact set. Let
φρt denote the flow of ρHt. Then φρt is equal to φt on K for all t ∈ [0, 1] and so

φρ1(L̃λ) ∩ L̃λ = φ1(L̃λ) ∩ L̃λ = ∅.
We have the following improvement of Theorem 1.1, under the same assumptions.

Proposition 6.7. Suppose the gauged potential WG
λ has a critical point. Then

for any compactly supported Hamiltonian diffeomorphism φ ∈ Diffh(X//G) such
that φ(Lλ) intersects Lλ transversally, the number of intersection points is at least

2dim(T ).

Proof. Suppose that φ is the flow of H ∈ C∞
c ((0, 1) × X//G). A generic small

perturbation H ′ of H has the property that every (J,H ′)-holomorphic quasistrip

is regular by Theorem 5.2. Let φ′ ∈ Diffh(X//G) denote the flow of H ′. For H ′

sufficiently small, the number of points in φ′(Lλ) ∩ Lλ is the same as φ(Lλ) ∩ Lλ.
By Theorem 6.6, this number is at least 2dim(T ), which proves the proposition. �

The following characterization of the class of non-compact symplectic toric man-
ifolds admitting presentations as symplectic quotients of vectors spaces (so that the
main result Theorem 1.1 applies) resulted from discussions with E. Lerman and M.
Abouzaid, and appears in [34, Theorem 1.14].

Proposition 6.8. A non-compact symplectic toric orbifold Y with action of a torus
T and moment map Ψ : Y → t∨ admits a presentation as a symplectic quotient of a
vector space X by a torus G if and only if the following three conditions are satisfied:
(i) Ψ is proper, (ii) Ψ(Y ) has finitely many facets, and (iii) Ψ(Y ) has at least one
vertex.

Indeed, any Y which can be realized as X//G satisfies these conditions: (i) and
(ii) follow from the corresponding property the N -torus action on X ∼= CN , while

(iii) follows from the fact that f : X → R, (z1, . . . , zN ) 7→
∑N

j=1 |zj |
2 is proper and

descends to a proper function f//G on Y and generates a Hamiltonian circle action.
Its minimum is a compact symplectic toric manifold and as such automatically
contains a T -fixed point, which is then a vertex of Ψ(Y ). Conversely, any symplectic
toric manifold satisfying these conditions has the property that Ψ(Y ) is contained
in the interior of the moment image of some Hamiltonian T -action on a vector space
Z, see [34], and so can be constructed by symplectic cutting.

Theorem 1.1 can be generalized to the case of an arbitrary symplectic toric man-
ifold with proper moment map such that the moment polytope has finitely many
facets (not necessarily a symplectic quotient) as follows. Any convex polyhedron P
is a prism over a convex polyhedron Q containing a vertex, that is, isomorphic to
Q×R for some vector space R. By the classification in [34] it follows:

Corollary 6.9. Suppose that Y is a symplectic toric orbifold Y with proper moment
map Ψ such that Ψ(Y ) has finitely many facets. Then Y is symplectomorphic to the
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product of a quotient X//G of a vector space X by a torus G with a cotangent bundle
T ∗(S1)r, for some r ≥ 0.

Proposition 6.10. Let Y be as in Corollary 6.9. Then the statement of Theorem
1.1 holds.

Proof. The Floer homology of a toric moment fiber in Y is the tensor product of
Floer homologies of a moment fiber (S1)r and a moment fiber in X//G. Consider
the quasimap Floer theory for the action of G on X × T ∗(S1)r trivial on the second
factor. The various moduli spaces used to defined quasimap Floer cohomology are
compact, since any holomorphic maps in X×T ∗(S1)r projects to holomorphic maps
in X and T ∗(S1)r, which are convex; one may then apply the maximum principle on
the factors. The quasimap Floer cohomology of Lλ × (S1)r is the tensor product of
quasimap Floer cohomology of Lλ with the Morse homology of (S1)r, since there are
no non-trivial holomorphic disks in T ∗(S1)r with boundary on (S1)r. Non-vanishing
obstructs displaceability as before by the same argument involving the quasimap
Floer cohomology of the pair. �

Remark 6.11. The statement of Theorem 1.1, and so the Proposition, depends on the
choice of a realization of X//G as a symplectic quotient, of which there are several; it
seems from computations to be the case that the minimal presentation of X//G (that
is, involving only irredundant inequalities) gives the same list of non-displaceable
fibers as the other presentations.

Remark 6.12. The existence of a non-displaceable torus can be rephrased as follows
for those readers interested mainly in Hamiltonian dynamics: Recall that a quasi-
fixed point of a diffeomorphism ϕ of a symplectic T -orbifold Y is an orbit O ⊂ Y such
that ϕ(O) ∩O 6= ∅. Any compact completely integrable torus action is a projective
toric variety, by Delzant’s theorem and its extension to orbifolds [35]. Theorem 1.1
then implies: For any completely integrable Hamiltonian torus action on a compact
symplectic orbifold Y with rational symplectic class and possibly with orbifold sin-
gularities, there exists at least one orbit O ⊂ Y that is a quasifixed point for any
Hamiltonian diffeomorphism.

7. Non-displaceability via bulk deformations

In this section we briefly describe an extension of quasimap Floer cohomology to
include bulk-deformations as explored in [19]. These groups give additional obstruc-
tions to displaceability.

7.1. Bulk deformations via twists. We first give a somewhat naive definition of
bulk-deformed A∞ algebra for degree two classes by twisting the coefficients of the
composition maps. Let X be a Hamiltonian G-manifold so that X//G is locally free,

L ⊂ X//G a Lagrangian contained in the free locus, and L̃ ⊂ X its inverse image in

X. For α ∈ H2
G(X, L̃; Λ0), define an α-twisted A∞ algebra CQFα(L) by

µαn(<x1>, . . . , <xn>) =
∑

[u]∈MWn(x0,...,xn)0

(−1)♥ǫ(u)e〈α,[u]〉qA(u) HolL(u) <x0>
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well-defined via perturbations as above if every holomorphic disk with boundary in
L̃ is regular. The proof of A∞ associativity is the same as in Theorem 3.6. We
denote by

WG
α : H1(L,Λ0) → Λ0, β 7→

∑

I(u)=2

e〈α,[u]〉qA(u) HolLβ(u)

the a-deformed gauged potential corresponding to the family of brane structures Lβ

on L determined by β ∈ H1(L,Λ0). Similarly given Lagrangians L0, L1 ⊂ X//G

and a class α ∈ H2
G(X, L̃0 ∪ L̃1) there is, if every holomorphic disk with boundary

in L̃0 and L̃1 is regular, an α-deformed A∞ bimodule CQF (L0, L1), isomorphic to
CQF (L) in the case L0 = L1 = L. In particular, if the free part of HQF (L) is

non-vanishing then L̃ is not displaceable by H ∈ C∞
c ([0, 1] ×X)G. This involves no

new analysis, but only a check that the A∞ associativity relations are unchanged by
the twisting above.

Suppose that X//G is a (possibly orbifold) projective toric variety and Lλ is a toric

moment fiber. Then H2
G(X,C) =

⊕N
i=1 CcG1 (Ci) where Ci is the i-th component of

CN , and cG1 (Ci) denotes the equivariant first Chern class, and each of these classes

vanishes on L̃λ. Suppose that α =
∑N

i=1 αic
G
1 (Ci). Then for β ∈ H1(Lλ; Λ0) we have

WG
λ,α(β) =

N∑

i=1

exp(αi + 〈vi, β〉)q
li(λ)

using the fact that the pull-back of α to L vanishes, that is, α is in the image of
H2
G(X, L̃λ) → H2

G(X), since each cG1 (Ci) is a Thom class for the i-th coordinate.

Theorem 7.1. If WG
α,λ has a critical point at β ∈ H1(Lλ; Λ0), then HFα,β(Lλ,Λ0)

is isomorphic to H(Lλ,Λ0), and L̃λ is not displaceable by the flow of any invariant
time-dependent Hamiltonian.

The proof is the same as in the untwisted case. We refer to Fukaya et al [19] for
examples and computations.

7.2. Bulk deformations via insertions. We now explain the connection with
“bulk insertions”. Let Md;e denote the moduli space of stable disks with d markings
on the boundary and e markings in the interior. The boundary strata are formed
when markings on the boundary come together to form disks, interior markings in
the interior go to the boundary to form disks, or interior markings come together to
form spheres.

Similarly let MW d;e denote the moduli space of stable treed disk with d mark-
ings on the boundary and e markings in the interior; this means that there are, in
addition to disk and sphere components, dimension one components attached to the
boundary. See Figure 16 for the case (d; e) = (2, 1), where the edges attached to
boundary markings have been omitted to save space. The boundary of MW d;e is the

same as that for MW d;e, but there are also codimension two strata corresponding

to sphere bubbles. Standard arguments imply that MW d;e is compact and local de-
scriptions of the moduli space may be obtained by combining the local descriptions
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Figure 15. Moduli space of stable 2; 1 marked disks

Figure 16. Moduli space of treed disks with interior marking

of MW d with local descriptions of the moduli space of stable marked curves; these
are left to the reader.

Let X and L ⊂ X//G be as above. A treed holomorphic (d; e)-marked quasidisk

to (X, L̃) consists of a treed (d; e)-marked disk together with a continuous map
u : Σ → X which is holomorphic on each disk and sphere component and a gradient
trajectory on each edge. A treed holomorphic quasidisk is stable if it has no infini-
tesimal automorphisms, and each node connecting two segments maps to a critical
point. Let MW d;e(L) denote the moduli space of stable tree marked quasidisks. Let

MW
fr
d;e(X,L) denote the moduli space of framed quasidisks: this means that we do

not mod out by the G-action, so that MW d;e(X,L) = MW
fr
d;e(X,L)/G. Associated

to any treed holomorphic (d; e)-marked disk is a linearized operator Du as before.
The map u is regular if Du is surjective.

Theorem 7.2. The moduli space MW
reg
d;e(X,L) resp. MW

fr,reg
d;e (X,L) of regular

holomorphic (d; e)-marked treed disks resp. framed (d; e)-marked treed disks has the
structure of a topological manifold with boundary given by the union over strata
corresponding to types where a tree has broken off, resp. principal G-bundle over
MW

reg
d;e(X,L).

This theorem requires a slightly more detailed analysis of the gluing construction,
see the review section of [27] which constructs C1-compatible charts for the moduli
space of holomorphic maps on surfaces without boundary. (Since we do not give
a proof for the case with boundary, the reader should feel free to consider this an

axiom for the following discussion.) The claim on MW
fr,reg
d;e (X,L) follows from the

fact that any free differentiable G-action has the structure of a principal G-bundle.
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The moduli space admits combined evaluation maps to crit(F )d+1, by evaluation
at the boundary markings, and an evaluation map at the interior markings

evfr : MW
fr
d;e(X,L) → Xe.

By the second part of the theorem, there is a classifying map to the Borel construc-

tion MW
fr,reg
d;e (X,L) → EG. Combining this with the framed evaluation maps we

obtain evaluation maps at the interior markings

ev : MW
reg
d;e (X,L) → Xe

G.

Assuming every point in the moduli space is regular, “integration” over these moduli
spaces defines operations

(51) µd;e : CQF (L)⊗d ⊗ ZG(X)⊗e → CQF (L)

<x1> ⊗ . . .⊗ <xd> ⊗a1 ⊗ . . .⊗ ae

7→
∑

γ∈π2(X,L̃)

qA(γ) HolL(γ)(MW d;e(X,L;x0, . . . , xd; γ), ev
∗
1 a1 ∪ . . . ∪ ev∗

e ae) <x0>

where A(γ) denotes the symplectic area, depending only on on the homotopy class γ
of u, (·, ·) denotes the pairing of the cochain ev∗ a = ev∗1 a1∪ . . .∪ ev∗e ae with a chain
representing the relative fundamental class, obtained by for example triangulating
MW d;e(X,L;x0, . . . , xd; γ); since ev∗ a is closed the pairing is independent of the
choice of triangulation. One can also define the pairing using equivariant de Rham
theory. In this setting, the form ev∗ a is obtained by pull-back of an equivariant

form a ∈ ΩG(X) [28] to MW
fr
d;e(X,L;x0, . . . , xd; γ) and then obtaining an ordinary

form on the quotient MW d;e(X,L;x0, . . . , xd; γ) using the Cartan construction.
The operations satisfy a relation similar to that of A∞ associativity, (continuing

to assume that every stable marked quasimap is regular)

(52) 0 =
∑

k,i,J⊂{1,...,e}

µd−i;e−|J |(x1, . . . , xj

µi;|J |(xj+1, . . . , xj+i; aj , j ∈ J), . . . , xn; aj , j /∈ J).

For any cycle α ∈ ZG(X,Λ+) we obtain an A∞ algebra with operations denotes µαn
called the bulk-deformed A∞ algebra of L, by summing over all possible insertions:

µαd (x) =
∑

e≥0

µd;e(x;α, . . . , α)/e!.

Any cohomologous choice α′ ∈ ZG(X,Λ+) gives a homotopic A∞ algebra, so that
the bulk-deformed Floer cohomology HQFα(L) = H(µα1 ) depends only on the class
[α] ∈ HG(X), up to isomorphism. The bulk-deformed invariants satisfy a divisor

relation for α ∈ Z2
G(X) representing a class in the image of H2

G(X, L̃) → H2
G(X)

µα,n(b; γ) = e〈[α],γ〉µn(b; γ)

obtained from the forgetful map MW d;e(L, γ) →MW d;e−1(L, γ). In particular, this
divisor relation implies that the bulk-deformed A∞ algebra is equal to that defined
by twisting in the previous section for classes of degree 2.
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One also has a bulk-deformed A∞ bimodule CQFα(L0, L1) for a pair L0, L1 ⊂
X//G of Lagrangians, obtained by adding bulk insertions to the holomorphic strips,
and an isomorphism of A∞ bimodules CQFα(L0, L1) → CQFα(L) in the case of
an equal pair L = L0 = L1. In particular, if the free part of HFα(L,Λ0) is non-

trivial then L̃ is not displaceable by any flow generated by a G-invariant family
H ∈ C∞

c ([0, 1] × X)G. However, except for α in H2
G(X, L̃) these seem difficult to

compute.

8. Relationship to Floer cohomology in the quotient

In this final section we outline a formal argument which relates the potential of a
symplectic quotient to the gauged potential by a combined bulk-boundary quantum
Kirwan map. Let Σ be the unit disk equipped with standard area form VolΣ. For
any ǫ ∈ [0,∞) let Md;e(x0, . . . , xd)ǫ denote the moduli space of solutions to the
vortex equations on Σ with area form ǫVolΣ with d markings on the boundary,
e markings in the interior, and boundary in L̃, compactified as for the previous
moduli spaces, with boundary markings mapping to x0, . . . , xd ∈ crit(F ), modulo
holomorphic automorphisms of Σ which preserve VolΣ. Let ev : Md;e(x1, . . . , xd)

ǫ →
Xe
G denote the evaluation maps at the interior markings (obtained by combining

with a classifying map as above). Integration over Md;e(x1, . . . , xn)ǫ should define
invariants

τ ǫd;e : CQF (Lλ,Λ0)
⊗d ⊗ ZG(X,Λ0)

⊗e → Λ0

via the formula

τ ǫd;e(x1, . . . , xd, α) =
∑

γ

qA(γ) HolL(γ)([M d;e(x1, . . . , xd; γ)ǫ], ev
∗ α).

If ǫ = 0 then these moduli spaces are quasimap moduli spaces, but with parametrized
domain. Define a vortex potential

W ǫ
λ(β, α) =

∑

e≥1

(1/e!)τd;e(α, . . . , α)

where β ∈ H1(L,Λ0) corresponds to the local system and α ∈ ZG(X,Λ0). Since
the vortex moduli spaces are always reducible free one expects these potentials to
be independent of ǫ. We study the large area limit ǫ → ∞. We consider, as in
Gaio-Salamon [22], a sequence (Aν , uν) of vortices on Σ = R × [0, 1] with boundary

in L̃ with area form ǫν VolΣ with ǫν → ∞. Suppose that

cν := |dAνuν(zν)| := sup |dAνuν |.

We denote by dist(z, ∂Σ) the distance of a point z ∈ Σ to the boundary ∂Σ. Six
types of bubbling are possible (we do not exclude the possibility of sphere bubbling
in X in the following discussion:)

(a) If cν/ǫν → ∞ and cν dist(zν , ∂Σ) → ∞ as ν → ∞ then after re-scaling and
passing to a subsequence one obtains a sphere bubble in X;

(b) If cν/ǫν → ∞ and cν dist(zν , ∂Σ) has a finite limit as ν → ∞ then after

re-scaling and passing to a subsequence one obtains a disk bubble in (X, L̃);
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(c) If cν/ǫν has a finite limit and cν dist(zν , ∂Σ) → ∞ as ν → ∞ then after re-
scaling and passing to a subsequence one obtains a vortex on C with values
in X;

(d) If cν/ǫν has a finite limit and cν dist(zν , ∂Σ) has a finite limit as ν → ∞
then after re-scaling and passing to a subsequence one obtains a vortex on
H = {Im(z) ≥ 0} with boundary in L̃;

(e) If cν/ǫν → 0 and cν dist(zν , ∂Σ) → ∞ as ν → ∞ then after re-scaling and
passing to a subsequence one obtains a sphere bubble in X//G;

(f) If cν/ǫν → 0 and cν dist(zν , ∂Σ) has a finite limit as ν → ∞ then after re-
scaling and passing to a subsequence one obtains a disk bubble in X//G with
values in L.

One expects the potential W∞
λ (β, α) counting quasimap invariants to be related

to the parametrized potential on the quotient after incorporating vortex bubbles.
Let MWd;e(H,X,L) denote the moduli space of treed vortices on (H,R) with values

in (X, L̃) with d markings on the boundary and e markings in the interior, and
MW d,e(H,X,L) its compactification allowing disk and sphere bubbles. The codi-
mension one boundary strata consist of configurations where a holomorphic disk
with values in L̃ has bubbled off

(MW
fr
d0;e0(H,X,L) ×L̃MW d1;e1(X, L̃))/Gn

and configurations

MW
fr
r;e0(X//G,L) ×Lr

r∏

j=1

MW |Ij|;ej
(H,X,L)

where r vortices on H have bubbled off, leaving as the “main component” a holo-
morphic disk in X//G with values in L. Let CQF (L) denote the quasimap Fukaya
algebra defined above and suppose that the Fukaya algebra CF (L) of L ⊂ X//G
using holomorphic disks in X//G has been rigorously defined. If we assume that
all moduli spaces are regular and compact, then one can define an open quantum
Kirwan morphism

QκX,L : CQF (L)⊗d → CF (L)

(<x1>, . . . , <xd>) 7→
∑

[u]∈Md(H,X,L;x0,...,xd)

(−1)♥ǫ(u)qA(u) HolL(u) <x0> .

Adding bulk insertions produces maps

QκX,L : CQF (L)⊗d ⊗ ZG(X) → CF (L)

(53) (<x1>, . . . , <xd>;α) 7→
∑

γ,e

(1/e!)(−1)♥qA(γ) HolL(γ)

(Md;e(H,X,L;x0, . . . , xd), ev
∗
1 α ∪ . . . ∪ ev∗

e α) <x0> .

Formally, QκX,L without bulk insertions satisfies the axioms of an A∞ -morphism,
because the boundary components of the one-dimensional strata correspond to facets
of the multiplihedra as in Ma’u-Woodward [39]. Similarly we have a version for
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vortices on C, which was already discussed in for example Woodward-Ziltener [63]
and formally produces a map

QκX : ZG(X) ⊗ Λ → Z(X//G) ⊗ Λ.

Since the bubbling that appears in the limit have been incorporated into the bulk
and boundary quantum Kirwan morphisms, one expects

Conjecture 8.1. With X,X//G and L ⊂ X any G-Lagrangian brane,

W∞
λ (QκL,X(β, α), QκX (α)) = W 0

λ (β, α).

This conjecture is closely related to a question of Auroux (related to the discus-
sion in [6]), who asked whether Wλ is related to WG

λ by a change of coordinates. In
particular we conjecture that the “bulk” part of the necessary change of coordinates
is equivalent to that appearing in Givental’s work as the “mirror map”. There are
at least two explicit examples which provide evidence for this conjecture, besides
the conceptual framework provided by the large area limit explained above: first,
Auroux’s computation of the potential for the second Hirzebruch surface [6, Propo-
sition 3.1] shows that the corrected potential is related to the naive potential by a
transformation equivalent to Givental’s mirror map. Secondly, the computation in
[45] relates a disk potential defined without markings on the boundary (thus, not the
potential that appears in A∞ setting) to a naive potential via a coordinate change
that is the same as in the closed case. However, it is not clear in general how to fit
the invariants of [45] into the above framework, in general; the relation between the
various disk potentials seems an interesting topic for further investigation.
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