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AN OPEN QUANTUM KIRWAN MAP

CHRIS WOODWARD AND GUANGBO XU

Abstract
We construct, under semipositivity assumptions, an A-infinity morphism from the equi-

variant Fukaya algebra of a Lagrangian brane in the zero level set of a moment map to the
Fukaya algebra of the quotient brane. The map induces a map between Maurer–Cartan
solution spaces, and intertwines the disk potentials. As an application, we show the weak
unobstructedness and Floer nontriviality of various Lagrangians in symplectic quotients. In
the semi-Fano toric case we give another proof of the results of Chan–Lau–Leung–Tseng
[CLLT17], by showing that the potential of a Lagrangian toric orbit in a toric manifold
is related to the Givental–Hori–Vafa potential by a change of variable. We also reprove
the results of Fukaya–Oh–Ohta–Ono [FOOO10] on weak unobstructedness of these toric or-
bits. In the case of polygon spaces we show the existence of weakly unobstructed and Floer
nontrivial products of spheres.
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1. Introduction

The gauged sigma model in physics, see for example, Witten [Wit93], is a the-
ory unifying Gromov–Witten theory of hypersurfaces or complete intersections and
A-model Landau–Ginzburg theory. The model is related to the non-linear sigma
model of the symplectic quotient by a renormalization procedure. In mathematics,
there have been a number of versions of this relationship. Givental’s work pro-
duced a formula relating the closed-string correlation functions, using fixed point
techniques. A geometric approach to defining the and relating invariants was intro-
duced by Cieliebak–Gaio–Salamon [CGS00] and Mundet i Riera [Mun99, Mun03],
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and followed by [MT09], in the case analogous to symplectic Gromov–Witten the-
ory. In this approach, the correlators of the gauged sigma model are defined by
counting vortices, which are equivariant analogues of pseudoholomorphic curves. In
the low energy/large area limit, this theory “converges” in a rough sense to the
Gromov–Witten theory of the symplectic quotients, as studied in [GS05]. An im-
portant advantage of the gauged theory over the usual Gromov–Witten theory of
the quotients lies in the fact that the equivariant target space (in many interesting
cases just a Euclidean space) often has simpler geometry and topology than the
symplectic quotient. It simplifies many technicalities, and especially bypasses the
formidable virtual technique treatment of transversality ([LT98] [FO99] [HWZ07]
[Par16], etc.). For example, this idea has been applied in Floer theory (see [Fra04a]
[Xu16]).

In this paper we use vortices with Lagrangian boundary conditions to study the
relationship between the Lagrangian Floer theories in the equivariant target space
and in the quotient, extending the work in [Woo11], [WX17], [VXne], [Xu]. The
precise set-up is as follows. Let X be a Kähler manifold having symplectic form ωX
and complex structure JX . Let K be a compact Lie group with Lie algebra k acting
on X preserving the complex structure and the symplectic form. Let µ : X Ñ k_

be a proper moment map of the action so that K acts freely on µ´1p0q. Let
X̄ “ µ´1p0q{K

be the symplectic quotient, which is a smooth compact Kähler manifold. The ac-
tion of K on X extends to a holomorphic action on X of a complex reductive Lie
group G with maximal compact K. The Kempf–Ness theorem [KN79] identifies the
symplectic quotient X̄ with the geometric invariant theory quotient X{{G, which
is the variety ProjpCrXsGq whose coordinate ring is the invariant part CrXsG of
the coordinate ring CrXs of X. The coordinate ring CrXs depends on a choice of
a linearization i.e. a G-equivariant ample line bundle over X equipped with a K-
invariant connection whose curvature resp. moment map is the symplectic form ωX
resp. the moment map µ. In particular X and X̄ are rational symplectic manifolds.

There is a natural correspondence between Lagrangians in the quotient and in-
variant Lagrangians contained in the zero level set µ´1p0q, and we wish to compare
the Fukaya algebras associated to these data. Let L Ă X be a compact K-invariant
Lagrangian submanifold that is contained in µ´1p0q. The quotient L̄ “ L{K is then
a Lagrangian submanifold in X̄. We assume that L̄ is equipped with a brane struc-
ture: an orientation, a spin structure and a local system; each of these structures
induces a corresponding equivariant structure on L. Let FukpL̄q denote the Fukaya
A8 algebra in the quotient X̄ , with composition maps

nk : FukpL̄qk Ñ FukpL̄q, k ě 0

defined by counting treed holomorphic disks in X̄. The Fukaya algebra has a family
of deformations parametrized by quantum cohomology classes a P QH˚pX̄q, denoted
by FukapL̄q, called the bulk deformation as in [FOOO11], defined by counting holo-
morphic disks with interior markings mapping to a cycle representative of a. The
A8 structure contains many symplectic geometric properties of the Lagrangian L̄.
For example, when the Fukaya algebra is weakly unobstructed one can define a Floer
cohomology of L̄, which generalizes Floer’s original definition [Flo88a]. The nontriv-
iality of the Floer cohomology is often related to the critical points of the so-called
potential function of the A8 algebra. The family of bulk deformations is also related
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to the B-side Landau–Ginzburg theory of the superpotential via mirror symmetry
(see [FOOO16]). On the other hand, the Lagrangian brane upstairs L Ă X has an
equivariant Fukaya algebra FukKpLq with composition maps

mk : Fuk
KpLqbk Ñ FukKpLq, k ě 0

in Woodward [Woo11], by counting holomorphic disks in X modulo the K-action.
The equivariant Fukaya algebra and the Fukaya algebra of the quotient have the
same underlying space of chains, but are defined using different counts. In the toric
case, the work of [FOOO11] [CLLT17] shows that the potential function of FukpL̄q is
related to the Givental–Hori–Vafa potential via a change of variable. This relation
was shown in [CLLT17] in the semi-Fano case, via the Seidel representation; it was
shown for general compact toric manifolds in [FOOO11]. The Givental–Hori–Vafa

potential is the potential function of FukKpL̄q as shown in [Woo11].
Our aim is to construct an A8 morphism from FukKpLq to certain bulk defor-

mation of FukpL̄q. Using the construction of [CW15] both of the A8 algebras are
constructed with strict units. We also make the following assumptions to simplify
the transversality arguments.

Definition 1.1. The pair pX,Lq is admissible if

(a) the manifold X is convex at infinity (see Definition 2.1) and either aspherical
or monotone with minimal Chern number 2;

(b) the unstable locus Xus Ă X has real codimension at least four;
(c) the Lagrangian L is equivariantly rational (see Definition 3.1); and
(d) the target X and Lagrangian L satisfy the semi-Fano conditions in (2.4).

The main result of this paper relates the quasimap Fukaya algebra upstairs with
a vortex bulk-deformation of the Fukaya algebra of the quotient. Since we are in the
rational case, we can use the Novikov field with integral energy filtrations, namely
the field of Laurent series in a formal variable q:

Λ “ Qppqqq “
#

`8ÿ

i“m

aiq
i

ˇ̌
ˇ̌
ˇ ai P Q, m P Z

+
.

Let Λě0 resp. Λą0 be the subring of series starting from nonnegative resp. positive
powers of q. On the other hand, by the vortex invariant we mean a cohomology class
c P QH˚pX̄ ; Λą0q that arises, roughly, as the image of the moduli space of affine
vortices under the evaluation map at infinity. Denote by FukcpL̄q the bulk-deformed
Fukaya algebra in the quotient with bulk-deformation c.

Theorem 1.2. Let pX,Lq be an admissible pair as above. There exists a unital A8

morphism (called the open quantum Kirwan morphism)

ϕ “ pϕk : Fuk
KpLqbk Ñ FukcpL̄q, k ě 0q

defined by counting affine vortices over the upper half plane H. The open quantum
Kirwan morphism is a higher order deformation of the identity in the sense that

ϕ1 “ Id`Opqq; ϕk “ Opqq, k ‰ 1.

The unitality of the open quantum Kirwan map has important consequences for
disk potentials of Lagrangians in quotient. Recall that an A8 algebra A with com-
positions mk and strict unit e is called weakly unobstructed if the following weak
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Maurer–Cartan equation has a solution
ÿ

k

mk

`
b, . . . , bloomoon

k

˘
P Λe.

The solution set MC is equipped with a potential function W :MC Ñ Λ defined by

W pbq “
ÿ

kě0

mk

`
b, . . . , bloomoon

k

˘
{e, @b P MC.

In the situation of Theorem 1.2, the A8 morphism ϕ induces a total map (formally)

ϕ : FukKpLq Ñ Fuk cpL̄q, ϕpaq “
ÿ

kě0

ϕk
`
a, . . . ,alooomooon

k

˘
.

By the A8 axiom for ϕ and unitality the total map ϕ maps the Maurer–Cartan
solution spaces

FukKpLq Ą MCKpLq Ñ MCcpL̄q Ă FukcpL̄q
and intertwines with the potential functions

WK
L :MCKpLq Ñ Λ, W c

L̄
:MCcpL̄q Ñ Λ.

Corollary 1.3. ϕ maps MCKpLq injectively into MCcpL̄q. Therefore, FukcpL̄q is
weakly unobstructed provided that FukKpLq is weakly unobstructed. Moreover,

W c
L̄

pϕpbqq “ WK
L pbq, @b P MCKpLq.

Another consequence of Theorem 1.2 is the relation between the quasimap Floer
cohomology of L and the bulk-deformed Floer cohomology of L̄. Given a weakly
bounding cochain b P MCKpLq and its image b̄ “ ϕpbq P MCcpL̄q, the deformed
A8 morphism ϕb

k gives a cochain map

ϕb
1 : pFukKpLq,mb

1q Ñ pFuk cpL̄q,nb̄
1q.

Since ϕ is a higher order deformation of the identity, ϕb
1 is an invertible linear map.

It implies the following result.

Corollary 1.4. ϕb
1 is an invertible cochain map and induces an isomorphism

H˚pFukKpLq,mb
1q » H˚pFuk cpL̄q,nb̄

1q.
These results have the following consequences for the existence of weakly bounding

cochains. We set b “ 0 and for b P H1pL̄; Λě0q labelling a local system over L̄
denote by m0,bp1q resp. n0,bp1q the curvatures of the corresponding Fukaya algebras

FukKpLqresp. Fuk cpL̄q. Suppose that only Maslov two quasidisks contribute to
m0,bp1q or n0,bp1q. Denote the deformed curvature

m0,bp1q “ WK
L pbqxM

`
resp. n0,bp1q “ W c

L̄
pbqxM

˘
.

Here WK
L pbq or W c

L̄
pbq is an element of Λą0 and xM P CF pL̄q is the Morse cochain

represented by the unique maximum of the chosen Morse function on L̄. In remainder
of the introduction, abusing terminology, we also call the function

WK
L : H1pL̄; Λě0q Ñ Λ, W c

L̄
: H1pL̄; Λě0q Ñ Λ

defined above the potential function. (By the trick of homotopy units we can pretend
that xM “ e is the strict unit.) Our first result on unobstructedness uses the
following assumption:
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Hypothesis 1.5. All nonconstant JX -holomorphic disks in pX,Lq have positive Maslov
indices.

Theorem 1.6. Suppose X, L satisfy the conditions in Definition 1.1 and Hypoth-
esis 1.5. Then for all b P H1pL̄; Λě0q labelling a local system, only Maslov index
two quasidisks contribute to m0,bp1q. In particular, both FukKb pLq and FukcbpL̄q are
weakly unobstructed and their potential functions are related as in Corollary 1.3.

Our second main result on unobstructedness concerns a particular weakly bound-
ing cochain and requires stronger assumptions:

Hypothesis 1.7.

(a) All nonconstant JX -affine vortices over H have positive Maslov indices.
(b) All nonconstant J̄X -holomorphic disks in pX̄, L̄q have positive Maslov indices.
(c) The anticanonical divisor S in Definition 2.4 does not intersect L.

Together with Definition 2.4, Hypothesis 1.7 is roughly a generalization of the
semi-Fano condition in the toric case.

Theorem 1.8. Assume that X,L satisfy conditions of Definition 1.1, Hypothesis
1.5 and Hypothesis 1.7. Then for any b P H1pL̄; Λě0q labelling a local system, the
equality WK

L pbq “ W c
L̄

pbq holds.

We now turn to concrete examples in which we prove the weak unobstructedness
of certain Lagrangians in symplectic quotients. The first case, which is well-studied,
is that of compact toric manifolds. Let k be a positive integer. A 2k-dimensional
compact toric manifold X̄ whose moment polytope has N faces can be realized as
the geometric invariant theory quotient of X “ CN by an action of G “ pC˚qN´k.
For each Lagrangian torus fibre L̄ Ă X̄ , we can calculate explicitly the potential
function of the equivariant Fukaya algebra FukKb pLq as in [Woo11]. Indeed for the
standard complex structure on X “ CN , the moduli spaces of stable holomorphic
disks in X (of any tree configurations) is regular. The potential function is es-
sentially determined by the counting of Maslov two disks, which gives rise to the
Givental–Hori–Vafa potential. The combining with Corollary 1.3, we show that the
potential function of FukcbpL̄q is related to the Givental–Hori–Vafa potential. The
“coordinate change” of the Kähler parameter in this relation is essentially the class
c counting affine vortices above. This result extends the work of Chan–Lau–Leung–
Tseng [CLLT17] using the Seidel representations, and also reformulated a result in
[FOOO16]. We formulate our result in the following theorem.

Theorem 1.9. Let X̄ be a rational compact toric manifold viewed as a geometric
invariant theory quotient of X “ CN by G “ pC˚qN´n. Suppose X is equivariantly
semi-Fano. Let L̄ Ă X̄ be a rational toric orbit and L Ă X be its invariant lift.

(a) X and L satisfy Assumption 1.1, the semi-Fano condition of Definition
2.4 and Hypothesis 1.5, and for each b P H1pL̄; Λě0q, the Fukaya algebras
FukKb pLq and FukcbpL̄q are both weakly unobstructed.

(b) X and L satisfy Hypothesis 1.7, hence

WK
L pbq “ W c

L̄
pbq, @ b P H1pL̄; Λě0q.

(c) WK
L pbq coincides with the Givental–Hori–Vafa potential (see [Giv95] [HV00]).

A second example is the case of polygon spaces, that is, quotients of products of
two-spheres whose classical cohomology rings were studied by Kirwan [Kir84]. View
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S2 as the set of unit vectors v P R3 which is acted upon by the group of rotations
SOp3q. The inclusion S2 ãÑ R3 » sop3q_ is a moment map for the action. Let X
be the product of p2k ` 3q copies of S2 acted by the diagonal SOp3q-action, with a
moment map

µpv1, . . . , v2k`3q “ v1 ` ¨ ¨ ¨ ` v2k`3.

The corresponding symplectic quotient can be viewed as the moduli space of equi-
lateral p2k ` 3q-gons in R3 up to rigid body motion. Let L Ă X be the Lagrangian

L “ ∆̄S2 ˆ ¨ ¨ ¨ ˆ ∆̄S2looooooooomooooooooon
k

ˆ∆3

where ∆̄S2 Ă S2 ˆS2 is the anti-diagonal and ∆3 Ă S2 ˆS2 ˆS2 is the set of triples
of unit vectors pv1, v2, v3q in R3 satisfying v1 ` v2 ` v3 “ 0. The submanifold L is
an SOp3q-invariant Lagrangian of X which projects to a Lagrangian L̄ Ă X̄ that is
diffeomorphic to the product of k spheres.

Theorem 1.10. The Fukaya algebras FukKpLq and FukcpL̄q are weakly unobstructed
and the corresponding Floer cohomologies for suitable choice of weakly bounding
cochain are isomorphic to H˚pL̄; Λq.

The transversality of various relevant moduli spaces is achieved by generalizing
the stabilizing divisor technique introduced by Cieliebak–Mohnke [CM07]. Their
original framework allows one to construct genus zero Gromov–Witten invariants
for compact rational symplectic manifolds. It is extended by by [CW17], [CW15] to
Lagrangian Floer theory for rational Lagrangian submanifolds. In all the previous
approaches, a single stabilizing divisor is sufficient. In our case we use multiple
stabilizing divisors, in order to rule out objects having positive energy whose images
are contained in the divisor, or those having less than three intersection points
with the divisor. In the case of Cieliebak–Mohnke [CM07] or Charest–Woodward
[CW15], one can rule out holomorphic spheres contained in the smooth divisor by
perturbing the almost complex structure, via the deformation theory of holomorphic
maps into the divisor. In our case, it becomes extremely technical to rule out affine
vortices that are contained in the (singular) stabilizing divisor. We include the semi-
Fano condition (Definition 2.4) to simplify the argument. However this condition
is still not enough to rule out affine vortices that only intersect with the divisor at
the infinity. Using multiple divisors guarantees the existence of at least one finite
intersection point with the divisor. Results on hyperbolicity in the sense of algebraic
geometry are also helpful in simplifying the arguments.

The organization of the paper is as follows. In Section 2 we recall many basic facts,
including the analytic and geometric knowledge about vortices. In Section 3 we give
some technical discussion about the Lagrangian, the stabilizing divisor and almost
complex structures. In Section 4 we give a detailed account of the combinatorial
structures we need, especially the definition of treed disks and coherent system of
perturbations. In Section 5 we discuss the concept of coherent perturbation data.
In Section 6 and Section 7 we study the properties of the moduli space of stable
treed scaled vortices and proved the transversality result. In Section 8 we define
the Fukaya algebras and prove our main theorem. In Section 9 and Section 10 we
consider the examples of semi-Fano toric manifolds and polygon spaces. In Section
11 we explain how to achieve strict unitality for the A8 algebras by using weighted
treed disks (originally introduced in [CW15]).
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Siu-Cheong Lau, Paul Seidel for helpful discussions, and to thank Yuchen Liu and
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dence given by the zero level set of the moment map. One advantage of our approach
is that it shows that the correction is given (in good cases) by counting affine vor-
tices, so that the coordinate change for the potential functions is the same, at least
in principle, 1 as one appearing in the closed case.

2. Vortices

Symplectic vortices were introduced in Cieliebak–Gaio–Salamon [CGS00] and
Mundet i Riera [Mun99, Mun03], as equivariant analogues of pseudoholomorphic
curves. In this section we review the preliminary knowledge about vortices and
pseudoholomorphic curves, as well as setting up the notations. Several basic as-
sumptions about the target manifold geometry will also be provided.

2.1. The target manifold. We work under the assumptions listed in (1.1). In
particular the K-action on the symplectic manifold X admits a moment map

µ : X Ñ k_.

Denote by Γ pTXq the space of sections of TX, that is, vector fields. For a P k, let
Xa P Γ pTXq be the vector field generating the infinitesimal action, defined in such
a way that

k Ñ Γ pTXq, a ÞÑ ´Xa

is a Lie algebra homomorphism. By our convention the moment map satisfies

dpµ ¨ aq ¨ Y “ ωXpXa, Y q
for all a P k and all tangent vectors Y P TX.

We identify k with k_ by an Ad-invariant metric, and consider the map µ to be
k-valued. We denote by

ΩKpXq “ Hompk,ΩpXqqK , ωKX “ ωX ` µ P Ω2
KpXq

the space of equivariant de Rham forms resp. the equivariant symplectic form on
X. By Cartan’s equivariant de Rham theory (see [GS99] or [BGV03, Chapter 7]),
the equivariant de Rham operator

dK : ΩKpXq Ñ ΩKpXq, pdKαqpξq “ dpαpξqq ` ιXξ
α

squares to zero and has cohomology identified with the equivariant cohomology

HKpX;Rq – HpXK ;Rq – HKpEK ˆK X;Rq.
In particular, the equivariant symplectic form defines a cohomology class in the
second equivariant cohomology H2

KpX;Rq. We assume as in Definition 1.1 that
0 P k is a regular value of µ and the symplectic quotient

X̄ :“ X{{K :“ µ´1p0q{K
is a free quotient, equipped with the induced Kähler form ωX̄ and integrable almost
complex structure JX̄ .

1A complete argument would require a proof that the symplectic vortex invariants defined here are
the same as the algebraic vortex invariants.
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According to the Kempf–Ness theorem [KN79], the symplectic quotient X̄ may
be identified with Mumford’s geometric invariant theory quotient

X{{G “ Proj

˜
à

k

H0pRbkqG
¸
.

Here we assume that R Ñ X is a linearization of the G-action, namely a holomorphic
G-equivariant line bundle. We assume that R Ñ X is equipped with a K-invariant
Hermitian metric whose Chern connection is denoted by A. Assume further that
the equivariant curvature given by k times the equivariant symplectic form for some
positive integer k:

curvKpAq “ p2πk{iqωKX P Ω2
KpXq.

In particular implies the rationality on the cohomology class of rωKX s P H2
KpX;Rq.

Mumford’s geometric invariant theory quotient [MFK94] is defined as follows. For
the given linearization R, the semistable locus Xss of X is the set of points

Xss “
!
x

ˇ̌
ˇ Dk ą 0, s P H0pRbkqG such that spxq ‰ 0

)

where some equivariant section of a tensor power of the linearization is non-vanishing.
The complement of the semistable locus Xss is the unstable locus, denoted by Xus.
Inside the semistable locus, the polystable locus Xps consists of points x for which
the orbits Gx is closed in Xss, and the stable locus Xs Ă Xps consists of polystable
points x whose stabilizers Gx are finite. The GIT quotient is then the obtained from
the semistable locus Xss by quotienting by the orbit equivalence relation

x1 „ x2 ðñ Gx1 XGx2 XXss ‰ H.

The Kempf–Ness theorem [KN79] is that the symplectic quotient X̄ is homeomorphic
to the GIT quotient X{{G defined by Mumford. The assumption that 0 is a regular
value of the moment map is equivalent to the equalities

Xss “ Xst “ Xps “ Gµ´1p0q.
We will then only use the symbol Xst. There is a holomorphic submersion

πX : Xst Ñ X̄

obtained by mapping any semistable point x P Xst to the intersection GxX µ´1p0q.
The kernel of the linearization of this projection and its complement provides a
G-equivariant orthogonal splitting

TX|Xst » HX ‘GX

where GX “ KX ‘ JXKX is the (integrable) holomorphic distribution spanned by
infinitesimal G-actions, and HX , which is the orthogonal complement of GX , is
isomorphic to π˚

XTX̄.
In order to construct perturbations we also use almost complex structures that

are compatible with the above projection in the following sense. Let J pXq be the
space of smooth K-invariant, ωX-compatible almost complex structures J on X

whose restriction to µ´1p0q respects the splitting HX ‘GX and that coincide with
JX outside some compact subset of the stable locus Xst. Then each J P J pXq
induces an ωX̄-compatible almost complex structure J̄ on the symplectic quotient.
Moreover, any J̄ on the quotient can also be lifted to certain J in J pXq.

We will assume the following condition that controls the compactness of the mod-
uli spaces of vortices.
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Definition 2.1. (cf. [CGMS02, Section 2.5]) Let ∇ be the Levi–Civita connection
of the Kähler metric on X. X is called convex at infinity if there exists a K-invariant
smooth proper function fX : X Ñ r0,`8q and a number cX ą 0 such that

@ x P X, fXpxq ě cX ùñ
#

x∇ξ∇fXpxq, ξy ` x∇JXξ∇fXpxq, JXξy ě 0, @ξ P TxX,
dfXpxq ¨ JXXµpxq ě 0.

2.2. Lagrangian branes. In this section we describe the assumptions and addi-
tional structures on the Lagrangian submanifolds we consider. A Lagrangian sub-
manifold L Ă X is called a K-Lagrangian if L is contained in µ´1p0q and is K-
invariant. This class of submanifolds was studied in Woodward [Woo11] and Xu
[Xu13], but is not the same as that studied in Frauenfelder [Fra04a, Fra04b]. For
each K-Lagrangian L, the projection of L in X̄ is a Lagrangian submanifold L̄, and
the correspondence L ÞÑ L̄ established a bijection between K-Lagrangians in X and
Lagrangians in X̄ .

The structure maps in the Fukaya algebra depend on certain holonomies of local
systems on the boundaries of the pseudoholomorphic disks. A Λ-local system on L̄
is a flat Λ-bundle over L̄ with structure group being the group of units Λˆ of Λ.
This is equivalent to a holonomy homomorphism

Hol : H1pL̄;Zq Ñ Λˆ.

We only consider the holonomy induced by an element b P H1pL̄; Λě0q, i.e.,
Holpγq “ expxb, γy, @γ P H1pL̄;Zq.

From now on we fix a compact embedded Lagrangian submanifold L̄ Ă X together
with an orientation and a spin structure on L̄.

2.3. Pseudoholomorphic maps. We recall the definition of pseudoholomorphic
maps and quasimaps. Let Σ be an oriented surface with possibly nonempty boundary
BΣ and complex structure j : TΣ Ñ TΣ. A domain-dependent almost complex
structure on X is a map

J : Σ Ñ J pXq, z ÞÑ Jz.

A J-holomorphic map u : Σ Ñ X with boundary in L is a smooth map satisfying
the conditions

BJupzq “ 1

2

`
dupzq ` Jzdupzqjpzq

˘
, @z P Σ, upBΣq Ă L.

In the given situation that X has an action of a group K fixing the Lagrangian
and almost complex structures Jz, K acts on the set of holomorphic maps by
pointwise multiplication pkuqpzq “ kupzq. A K-orbit of pseudoholomorphic maps
rus “ tku, k P Ku from Σ to X is called a quasimap.

A local model for the moduli space of quasimaps is obtained by a modification of
the local model for pseudoholomorphic maps. It suffices for this paper to consider
the case that Σ is D2, the unit disk. Choose a class B P H2pX,L;Zq. For a fixed

integer p ą 2, let B̃D2pX,L;Bq be the space of W 1,p maps u : D2 Ñ X with
boundary condition upBD2q Ă L that represent the relative class B. Since the K-

action is free on L, one has a free K-action on B̃D2pX,L;Bq. The quotient, which is
still a smooth Banach manifold, is denoted by BD2pX,L;Bq. Consider the Banach
vector bundle

ẼD2pX,L;Bq Ñ B̃D2pX,L;Bq
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whose fibre over u is

ẼD2pX,L;Bqu “ LppD2,Λ0,1 b u˚TXq.
If g P K, then g induces a natural isomorphism between the fibres over u and g ¨ u.
Therefore ẼD2pX,L;Bq descends to a Banach vector bundle

ED2pX,L;Bq Ñ BD2pX,L;Bq.
Given a smooth domain dependent almost complex structure J on X, the Cauchy–
Riemann operator defines a section

BJ : BD2pX,L;Bq Ñ ED2pX,L;Bq.
Its linearization at rus P BD2pX,L;Bq is a Fredholm operator denoted Drus whose

Fredholm index is indpDrusq “ dimL̄` MaspBq where

Mas : H2pX,L;Zq Ñ Z

is the Maslov index.
Pseudoholomorphic maps to the symplectic quotient are locally cut out by a

Fredholm Cauchy-Riemann operator. We only consider the cases of the two-sphere
Σ “ S2 or disk Σ “ D2. We view

S2 “ C Y t8u. resp. D2 “ H Y t8u
as the compactification of the complex plane C resp. upper half plane H . Choose
a class B P H2pX̄, L̄;Zq. Let BS2pX̄;Bq be the space of W 1,p maps from S2 to X̄
which represent the class B. Over BS2pX̄ ;Bq there is a bundle ES2pX̄;Bq whose
fibre over ū P BS2pX̄ ;Bq is

ES2pX̄ ;Bqu “ LppS2,Λ0,1 b ū˚TX̄q.
Similarly, let BD2pX̄, L̄;Bq be the space ofW 1,p maps from D2 to X̄ with boundary
condition ūpBD2q Ă L̄, which represent the class B. Over this Banach manifold there
is a bundle ED2pX̄, L̄;Bq whose fibre over ū P BD2pX̄, L̄;Bq is LppD2,Λ0,1b ū˚TX̄q.
Each domain-dependent almost complex structure J onX induces a domain-dependent
almost complex structure J̄ on X̄. Then the Cauchy–Riemann equation defines a
Fredholm section

BJ̄ : BS2pX̄ ;Bq Ñ ES2pX̄;Bq, or BJ̄ : BD2pX̄, L̄;Bq Ñ ED2pX̄, L̄;Bq.
The Fredholm index of its linearization at ū is

indpDūq “ dimX̄ ` MaspBq resp. dimL̄` MaspBq
in the closed case resp. open case. The moduli spaces of pseudoholomorphic spheres
and pseudoholomorphic disks have a well-known topology and compactifications by
stable maps [MS04].

2.4. Affine vortices. Vortices are equivariant generalizations of pseudoholomor-
phic maps, obtained from what we call gauged maps by minimizing a certain energy
functional. Let Σ be a Riemann surface, not necessarily compact and possibly hav-
ing a nonempty boundary BΣ. By a gauged map from pΣ, BΣq to pX,Lq we mean a
triple v “ pP,A, uq where

P Ñ Σ is a smooth K-bundle,
A P ApP q is a smooth connection on P and
u P Γ pP pXqq is a section of the associated X-bundle P pXq “ P ˆK X
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satisfying the boundary condition that upBΣq Ă P ˆK L. The group AutpP q of
automorphisms (i.e. gauge transformations) of P acts (from the right) on the space
of gauged maps pP,A, uq by

g˚pP,A, uq “ pP, g˚A, gpXq´1uq, g P AutpP q
where gpXq : P pXq Ñ P pXq is the associated fiber bundle automorphism.

Given an invariant almost complex structure, there is a natural analogue of the
Cauchy–Riemann operator on the space of gauged maps. Given a gauged map
pP,A, uq, A induces a covariant derivative

dAu P Ω1pΣ, u˚P pTXqq,
where P pTXq Ñ P pXq is the vertical tangent bundle. Let J be a domain-dependent
K-invariant almost complex structure on X. Then it induces a complex structure
on P pTXq. A gauged map pP,A, uq is called pseudoholomorphic if the p0, 1q-part of
dAu, denoted by

BAu P Ω0,1pΣ, u˚P pTXqq
vanishes. The set of pseudoholomorphic gauged maps with fixed P is preserved by
the group AutpP q of gauge transformations; choosing an area form ν P Ω2pΣq on
the surface, this set becomes formally a symplectic manifold and a moment map for
the action of AutpP q is

pP,A, uq ÞÑ FA ` u˚P pµqν P Ω2pΣ, P pkqq (2.1)

where ν P Ω2pΣq is an area form on Σ and P pµq : P pXq Ñ P pkq is the map on
associated bundles induced by the moment map µ. A pseudoholomorphic gauged
map pP,A, uq is called a vortex if (2.1) vanishes.

In this paper we only consider gauged maps over the complex plane, upper half
plane or open subsets of such. We always view P as trivialized and fix the z “ s` it.
Then a gauged map can be written as a triple v “ pu, φ, ψq where u : Σ Ñ X

is an ordinary map, and φ,ψ are the components of the gauge field A, i.e., A “
d`φds`ψdt. Let the area form be ν “ σds^dt. Then a gauged map v “ pu, φ, ψq
is a vortex if it satisfies the equations

vs ` Jzvt “ 0, Fφ,ψ ` σµpuq “ 0 (2.2)

where

vs “ Bsu` Xφpuq, vt “ Btu` Xψpuq, Fφ,ψ “ Bsψ ´ Btφ` rφ,ψs.
Just as pseudoholomorphic maps are minimizers of their energy in their homotopy

class, vortices are minimizers of the Yang–Mills–Higgs functional, defined by

YMHpP,A, uq :“ 1

2

”››vs
››2
L2 ` }vt}2L2 `

››Fφ,ψ
››2
L2 `

››µpuq
››2
L2

ı
.

Here the norms are defined using the metric on Σ determined by the complex struc-
ture on Σ and the volume form ν P Ω2pΣq, the metric on k and the family of almost
Kähler metrics on X determined by ωXp¨, Jz ¨q. Vortices over a surface Σ are always
assumed to have finite Yang–Mills–Higgs action, and if Σ is noncompact, we assume
upΣq has compact closure in X.

The linearization of (2.2), modulo gauge transformations, is an elliptic first-order
differential operator. The space of (formal) infinitesimal deformations of a gauged
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map v is a triple ξ “ pξ, η, ζq where ξ P Γ pu˚TXq and η, ζ : Σ Ñ k. The linearization
of (2.2) at v is then

Dvpξq “
«

∇sξ ` ∇ξXφ ` J
`
∇tξ ` ∇ξXψ

˘
` p∇ξJqvt ` Xηpuq ` JXζpuq

Bsζ ` rφ, ζs ´ Btη ´ rψ, ηs ` dµpuq ¨ ξ

ff
.

We introduce an additional operator to take care of the gauge fixing. Define the
augmented linearization

D̂vpξq “

»
—–

∇sξ ` ∇ξXφ ` J
`
∇tξ ` ∇ξXψ

˘
` p∇ξJqvt ` Xηpuq ` JXζpuq

Bsη ` rφ, ηs ` Btζ ` rψ, ζs ` dµpuq ¨ Jξ
Bsζ ` rφ, ζs ´ Btη ´ rψ, ηs ` dµpuq ¨ ξ

fi
ffifl .

(2.3)
Our main interest is in the compactification and regularization of affine vortices.

Let A be either the complex plane C or the upper half plane H . Let J be a domain-
dependent almost complex structure over A. A J-affine vortex over A is a vortex
over A with respect to J and the standard area form ν “ ds^ dt, that satisfies the
boundary condition upBAq Ă L when A “ H .

We recall the results on removable singularities of affine vortices at infinity. For
affine vortices over C it is due to Ziltener (see [Zil09, Zil05, Zil14], and a more general
result in the recent [CWW17]); for affine vortices over H it is due to Dongning Wang
and the second named author [WX17, Theorem 2.11].

Proposition 2.2. Let v “ pu, φ, ψq be an affine vortex over C (resp. over H), then
there exists x̄ P X̄ (resp. x̄ P L̄) such that as points in the orbit space X{K,

lim
zÑ8

K ¨ upzq “ x̄.

Furthermore, when A “ C, then up to gauge transformation, there exists a smooth
loop γ : S1 Ñ K and x P µ´1p0q such that

lim
rÑ`8

upreiθq “ γpθqx.

The above proposition allows one to associate an equivariant homology class to
any affine vortex. For the case A “ C, given the loop γ above, define a K-bundle
P Ñ S2 using γ as a clutching function. Let ũ P Γ pP pXqq be the section that with
respect trivialization of P |C , ũ coincides with the map u. Then section ũ represents
an equivariant homology class B P HK

2 pX;Zq. By [Zil14, page 5] one has the energy
identity

Epvq “ xrωKX s, By. (2.4)

Similarly, an affine vortex over H represents a relative class B P H2pX,L;Zq and a
similar energy identity holds.

We are particularly interested in vortices that map to an orbit of the complex
group, since these are the most difficult to deal with in transversality:

Lemma 2.3. Let v “ pu, φ, ψq be an affine vortex over H. Suppose there exists
x P µ´1p0q such that upCq Ă Gx (not the closure of Gx), then Epvq “ 0.

Proof. Let γ : S1 Ñ K be the loop given by Proposition 2.2. By the condition on
v, there is a smooth map g : C Ñ G such that upzq “ gpzqx. Since the G-action on
Gµ´1p0q is free, it follows that γpθq is contractible in K. Then the induced bundle
P Ñ S2 (see the paragraph above) is trivial and the section ũ is homotopic to an
ordinary map from S2 to the orbit Gx, written as g̃pzqx for some map g̃ : S2 Ñ G.
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Recall that the second homotopy groups of connected Lie groups are trivial. Hence
ũ is homotopic to a constant. Since the energy of affine vortices is topological, it
follows that the energy of the original affine vortex is zero. �

In order to regularize moduli spaces of affine vortices we impose the following semi-
positivity condition for affine vortices and holomorphic spheres, which simplifies the
transversality arguments. We remark that assuming suitable regularization, the
arguments in this paper do not require any semi-positivity condition and apply to
any symplectic quotient.

Definition 2.4. A Kähler Hamiltonian G-manifold pX,ωX , JX , µq is semi-Fano if
the following hold:

(a) All JX-affine vortices v “ pu, φ, ψq over C have nonnegative equivariant
Chern numbers xcK1 pTXq, rvsy.

(b) All J̄X-holomorphic spheres ū : S2 Ñ X̄ in X̄ have nonnegative Chern
numbers xc1pTX̄q, ūpS2qy.

(c) There exists a nonempty G-invariant normal crossing anticanonical divisor

S “ S1 Y ¨ ¨ ¨ Y SN Ă X ´ L

that is, a divisor whose class rSs is dual to the equivariant Chern class
cK1 pTXq. We require that X ´ S contains no nontrivial JX-affine vortices or
nonconstant holomorphic spheres in X̄.

Given the semi-Fano condition, the equivariant Poincaré dual of the anti-canonical
divisor S represents the equivariant first Chern class. The quotient of the divisor

S̄ “ S̄1 Y ¨ ¨ ¨ Y S̄N “ pS X µ´1p0qq{K Ă X̄

is an anti-canonical divisor in the quotient X̄ . That is, its homology class rS̄s
represents the first Chern class c1pTX̄q of X̄. The semi-Fano condition also implies
that, if a nontrivial JX -affine vortices over C resp. nonconstant holomorphic sphere
in X̄ has zero equivariant Chern number resp. ordinary Chern number, then its
image is contained in S resp. S̄.

The following lemma is a useful result related to choosing the support of pertur-
bations for affine vortices.

Lemma 2.5. Let J : C Ñ J pXq be a family of almost complex structures on X

depending continuously on z P C. Let v “ pu, φ, ψq be a J-affine vortex with energy
E ą 0. For any K-invariant open neighborhood U Ă X of µ´1p0q, let cU ą 0 be
such that |µpxq| ď cU ùñ x P U . Define

AE “ 2E

c2U
. (2.5)

Then for any measurable subset B Ă C with area greater than or equal to AE,
upBq X U ‰ H.

Proof. Suppose upBq XU “ H. Then |µpuq|B ą cU . By the definition of energy, we
have

E ě 1

2

ż

C

|µpuq|2dsdt ě 1

2

ż

B

|µpuq|2dsdt ą 1

2
AEc

2
U ě E,

which is a contradiction. �
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2.5. Local model of affine vortices. A topology on the moduli space of affine
vortices is defined as follows. Given a class B P HK

2 pX;Zq resp. B P H2pX,L;Zq and
a domain-dependent almost complex structure J : A Ñ J pXq, let MJpA;Bq be the
set of gauge equivalence classes of J-affine vortices over A. There is a natural topol-
ogy, called the compact convergence topology, abbreviated as c.c.t., on MJpA;Bq
defined as follows. We say that a sequence of smooth gauged maps vi “ pui, φi, ψiq
converges in c.c.t. to a gauged map v8 “ pu8, φ8, ψ8q if for any precompact open
subset Z Ă A, vi|Z converges to v8|Z uniformly with all derivatives. We say that
vi converges in c.c.t. to v8 modulo gauge transformation if there exist a sequence
of smooth gauge transformations gi : A Ñ K such that gi ¨ vi converges to v8

in c.c.t.. The notion of sequential convergence in c.c.t. modulo gauge descends to
a notion of sequential convergence in the moduli space MJpA;Bq, and induces a
topology on MJpA;Bq (see [MS04, Section 5.6]). This topology is Hausdorff, first
countable, however not necessarily compact. A natural compactification for A “ C

is constructed in by Ziltener [Zil05, Zil14], while the compactification in the case
of A “ H is also essentially constructed by Wang and the second named author
[WX17].

The analytic local models of the moduli spaces of affine vortices are not as straight-
forward as the case of pseudoholomorphic curves, largely due to the fact that the
domain A is noncompact and asymptotically Euclidean. In [VXne], a local model
is constructed using the following weighted Sobolev spaces. Let A be either affine
space C or the half-space H . Choose a smooth function ρ : A Ñ r1,`8q that
coincides with the radial coordinate r outside a compact subset of A. For δ P R and
an open subset U Ă A, introduce the following weighted Sobolev norms:

}f}Lp,δpUq “
„ż

U

|fpzq|pρpzqpδdsdt
 1

p

.

}f}
L
1,p,δ
g pUq

“ }f}Lp,δpUq ` }∇f}Lp,δpUq, }f}
L
1,p,δ
h

pUq
“ }f}L8pUq ` }∇f}Lp,δpUq.

When U “ A in the notation we drop the dependence on the domain U . These

norms have the property that if p ą 2, δ P p1´ 2
p
, 2q, then for f P L1,p,δ

g , the limit of

f at infinity is zero; while any f P L1,p,δ
h has a well-defined limit fp8q, not necessarily

zero. We use the specialization of [Xu] where we set

p P p2, 4q, δ “ δp “ 2 ´ 4

p
.

In this case the above three norms are abbreviated as L̃p, L̃1,p
g , L̃1,p

h .
We use the above weighted norms to define Sobolev norms on the tangent space to

the space of gauged maps. Given a gauged map v “ pu, aq “ pu, φ, ψq from A to X
(where A is either H or C), consider the space of formal infinitesimal deformations

Γ pA, u˚TX ‘ k ‘ kq

whose elements are denoted by ξ “ pξ, η, ζq. Define the covariant derivative of ξ by

∇̂ξ “ dsb ∇̂sξ ` dtb ∇̂tξ
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(this differs from the notations used in [Xu, VXne]) where

∇̂sξ “

»
—–

∇sξ ` ∇ξXφ

∇sη ` rφ, ηs
∇sζ ` rφ, ζs

fi
ffifl , ∇̂tξ “

»
—–

∇tξ ` ∇ξXψ

∇tη ` rψ, ηs
∇tζ ` rψ, ζs

fi
ffifl .

Given p ą 2 and δ P p1 ´ 2
p
, 1q, define the following norm on ξ “ pξ, η, ζq:

}ξ}
L̃
1,p
m

:“ }ξ}L8 ` }∇̂ξ}L̃p ` }dµpuq ¨ ξ}L̃p ` }dµpuq ¨ JXξ}L̃p . (2.6)

The subscript “m” represents “mixed.” This norm can be viewed as the combination
of the norms on L̃1,p

h and L̃1,p
g . Namely, near infinity inA in the direction ofGX‘k‘k,

finiteness of the above norm requires ξ has finite L̃1,p
g -norm; in the direction of HX ,

finiteness requires that ξ has finite L̃1,p
h -norm. On the other hand, the norm (2.6)

is gauge invariant in the following sense. If we have two gauged maps v “ pu, aq,
v1 “ pu1, a1q and a gauge transformation g : A Ñ K such that v1 “ g ¨ v. Then for
any infinitesimal deformation ξ “ pξ, η, ζq along v, ξ1 :“ g ¨ ξ “ pgξ,Adgη,Adgζq is
an infinitesimal deformation of v1 and }ξ}

L̃
1,p
m

“ }ξ1}
L̃
1,p
m
.

A Banach manifold of gauged maps near a given affine vortex is constructed using
the above norms. Suppose v is an affine vortex over A. Let B̂v be the Banach space
of W 1,p

loc -sections ξ “ pξ, η, ζq that have finite L̃1,p
m -norm and satisfies the boundary

condition

ξ|BA Ă u˚TL, η|BA “ 0

For any ǫ ą 0 let B̂ǫv Ă B̂v be the ǫ-ball centered at the origin. Then we can identify

ξ P B̂ǫv with a nearby gauged map defined as

expv ξ “ pexpu ξ, φ ` η, ψ ` ζq.
Here the exponential map exp is defined using a K-invariant Riemannian metric
hX on X such that both L and µ´1p0q are totally geodesic. Therefore, expv ξ also
satisfies the boundary condition expv ξpBAq Ă L.

Local slices for the action of the group of gauge transformations are given by
enforcing a Coulomb gauge condition. With respect to the central v, an element
v1 “ expv ξ is said to be in Coulomb gauge if

∇̂sη ` ∇̂tζ ` dµpuq ¨ Jξ “ 0.

Let Bǫv Ă B̂ǫv be the set of elements in Coulomb gauge. The set Bǫv is an open subset
of an affine subspace and so also a Banach manifold. The Coulomb gauge condition
is gauge invariant, so that

g ¨ Bǫv “ Bǫg¨v @g : A Ñ K.

Let E Ñ Bǫv be a Banach space bundle whose fibre over a gauged map v1 “ pu1, φ1, ψ1q
is

E |v1 “ L̃pppu1q˚TX ‘ kq.
The affine vortex equation (2.2) with respect to certain J defines a Fredholm section

Fv : Bǫv Ñ E .

By Ziltener [Zil14, (1.27)] if v represents an equivariant homology class B P HK
2 pX;Zq,

then one has the index formula

indFv “ dimX̄ ` 2xcK1 pTXq, By.
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Moreover, in [VXne, Appendix] we proved the index formula for affine vortices over
H . Namely, for every B P H2pX,L;Zq, we have

indFv “ dimL̄` MaspBq.
A local model of affine vortices was obtained by the second named author and

Venugopalan [VXne]. We state a slight generalization in which the almost complex
structure is allowed to vary with z P A in a compact set, which has the same proof.
Let W Ă Rk be an open neighborhood of the origin. Let J̃ : W ˆ A Ñ JX be a
smooth family of almost complex structures on X such that for some compact subset
Z Ă A, J̃pw, zq “ JX for z R Z. Consider the moduli space MW of pairs pw, rvsq
where w P W and rvs is an gauge equivalence class of Jw-affine vortices in class B.
Equip MW with the compact convergence topology. Choose a point p0, rvsq and a
representative v.

Theorem 2.6. [VXne] Suppose pwn, rvnsq converges to p0, rvsq. Then for n suffi-

ciently large, there exists a gauge transformation gn of regularity W 2,p
loc , such that

gn ¨ vn P Bǫv. Moreover, for ǫ sufficiently small, the natural inclusion

F´1
W p0q X pW ǫ ˆ Bǫvq ãÑ MW

is a homeomorphism onto an open neighborhood of p0, rvsq in MW .

Each Coulomb slice gives a Banach manifold chart for the moduli space. Indeed,
for different smooth affine vortices v and v1 and possibly different ǫ, ǫ1, there can
be a nonempty overlap between Bǫv and Bǫ

1

v1 as a set of gauge equivalence classes

of gauged maps and the overlaps can be identified with open subset of Bǫv and Bǫ
1

v1 .
Hence the overlap defines a transition function between these two open subsets. It is
proved as [VXne, Proposition 3.8] that the transition function is a diffeomorphism
of Banach manifolds. The collection of all such charts and transition functions
clearly satisfy the cocycle condition and hence define a Banach manifold of gauge
equivalence classes, which is denoted as

BApBq “ BApX,L, µ;Bq, B P HK
2 pX,L;Zq. (2.7)

A point of BApBq is defined as ru, φ, ψs where v “ pu, φ, ψq is a concrete represen-
tative. Moreover, we can also glue the Banach vector bundles to obtain a bundle

EApBq “ EApX,L, µ;Bq Ñ BApX,L, µ;Bq, B P HK
2 pX,L;Zq. (2.8)

Then for the chosen domain-dependent almost complex structure J , there is a
smooth Fredholm map

FJ,B : BApBq Ñ EApBq.
Then Theorem 2.6 implies that F´1

J,Bp0q is homeomorphic to the moduli space of
J-affine vortices over A that represent the class B. In particular, when a vortex v

is regular, a neighborhood of its gauge equivalence class rvs in MJpA;Bq is home-
omorphic to an open subset in the kernel of the linearization of FJ,B at rvs.

2.6. Orientations. Orientations on the moduli space of affine vortices may be
constructed as in the case of pseudoholomorphic curves assuming a relative spin
structure on the Lagrangian. It is well-known that the Cauchy–Riemann operator
BJ̄ : BS2pX̄, L̄;Bq Ñ ES2pX̄, L̄;Bq over S2 has a canonical orientation (on the de-
terminant line of its linearizations) by deformation of its linearization to a complex



AN OPEN QUANTUM KIRWAN MAP 17

linear operator. On the other hand, recall from Fukaya–Oh–Ohta–Ono [FOOO09]
the orientation and the spin structure on L̄ induces an orientation on

BJ : BD2pX̄, L̄;Bq Ñ ED2pX̄, L̄;Bq.
The orientation and the spin structure on L̄ also induces a canonical orientation on
the operator

BJ : BD2pX,L;Bq Ñ ES2pX,L;Bq
by using the canonical spin structure and orientation on the Lie algebra.

The moduli space of affine vortices with Lagrangian boundary condition is ori-
ented by a similar discussion.

Proposition 2.7. Given a spin structure and an orientation on L̄, there is a nat-
urally induced orientation on the linearization at every affine vortex over H.

Before proving the proposition we introduce the following notation. Let E Ñ D2

be a complex vector bundle and BE : Ω0pEq Ñ Ω0,1pEq be a real linear Cauchy–
Riemann operator. Let λ Ñ BD2 be a totally real subbundle of E|BD2 , meaning that
JEλXλ “ t0u and λ has maximal dimension, where JE is the complex structure on

E. The pair pE,λq is called a bundle pair over pD2, BD2q. Let p ą 2 and W 1,p
λ pEq

be the Sobolev space of W 1,p-sections of E whose boundary values lie in λ. Then
we have a Fredholm operator

BEλ : W 1,p
λ pEq Ñ LppEq.

Lemma 2.8. [FOOO09, Proposition 8.1.4] Suppose λ is trivial. Then each trivial-
ization of λ canonically induces an orientation on BEλ .

A similar discussion holds in the case of boundary value problems on the half-
space, fixed outside a compact set. Let pE,λq be a bundle pair over H . Fix a
trivialization of E outside a compact set Z Ă H , i.e.,

ρ : E|HrZ » pH r Zq ˆ Cm

whose restriction to BH r Z maps λ to Rm. If we regard D2 » H Y t8u, then ρ
induces a bundle pair on D2, which is still denoted by pE,λq.

Choose a Hermitian metric h on E such that

h´ h0 ˝ ρ P L̃1,ppH r Z,Cnˆnq
where h0 is the standard metric on Cn. Here L̃1,p is just the weighted Sobolev space

used in the previous section for p P p2, 4q and weighted by |z|2´ 4

p . Choose a metric
connection ∇E on E such that near infinity it is almost the ordinary differentiation
for Cn-valued functions. Then, using hE and ∇E, one can define weighted Sobolev
space of sections of E

L̃
1,p
h pH , Eqλ.

Here the subscript λ indicates the boundary values should be in λ Ă E|BH . Consider
a real linear Cauchy–Riemann operator BE on E such that with respect to ρ

BE “ B ` α, where α P W 1,p,δpH r Z,Λ0,1 b Cmˆmq, δ ą δp “ 2 ´ 4

p
.

Consider the bounded linear operator

BEλ : L̃1,p
m pH , Eqλ Ñ L̃ppH ,Λ0,1 b Eq. (2.9)
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The operator BEλ is Fredholm, by an argument similar to the proof of the Fred-
holm property of linearizations of affine vortices over H given in [VXne, Appendix].

Moreover, by straightforward verification, the Banach norm L̃
1,p
h over H and the

Banach norm W 1,p over D2 are equivalent. Hence Lemma 2.8 implies the following
lemma.

Lemma 2.9. Suppose the real bundle λ over BD2 is trivial. Then each trivialization
of λ canonically induces an orientation of the operator BEλ of (2.9).

Now we prove Proposition 2.7. Given an affine vortex v “ pu, φ, ψq over H .
By Proposition 2.2, u has a well-defined limit at 8 modulo K-action. Since a
neighborhood of 8 P H is contractible, by gauge transformation, we can assume
that u has a well-defined limit x8 P L at 8. Moreover, the convergence can be made
stronger, i.e., up to gauge transformation, we may assume that in local coordinates
around x8,

∇u P W 1,p,δpH r Zq, @δ P
´δp
2
, 1
¯
.

Therefore, E :“ u˚TX has a continuous extension to D2, which is still denoted by
E. Let the boundary restriction of u be l : BH Ñ L, which projects to l̄ : BH Ñ L̄.
Both l and l̄ extends to continuous maps on BD2. Denote λ :“ l˚TL and λ̄ :“ l̄˚T L̄.
There is a projection λ Ñ λ̄ whose kernel is spanned by infinitesimal K-actions. We
write

λ » λK ‘ λ̄.

The direct sum λK ‘ JEλK is a complex subbundle of E|BD2 , which is canonically
trivialized. The sum λK ‘ JEλK extends unique to a trivial complex subbundle
EK Ă E over D2, uniquely up to homotopy. Extend λ̄ ‘ JE λ̄ to a complement
of EK , denoted by EK

K . With respect to the splitting E » EK
K ‘ EK , the linear

operator (2.3) may be written, up to compact operators, as
»
—–

BEK
K 0 0

0 BEK IK

0 IK BEK

fi
ffifl .

Note that adding compact operators does not alter the orientation problem. More-
over, the lower right two by two matrix, denoted by DK , is invertible. Therefore the
orientation of the augmented linearized operator D̂v is reduced to the orientation

of BEK
K , which is a kind of operator treated in Lemma 2.9. Hence a trivialization

of λ̄ » l̄˚T L̄ induces a canonical orientation. Finally, the spin structure and the
orientation of L̄ canonically induce an oriented trivialization of λ̄ (see discussions in
[FOOO09, Chapter 8] for details).

Lastly, the orientation problem for affine vortices over C is relatively simpler, as
the linearized operator has a complex linear symbol. Hence we leave to the reader
to check that for affine vortices over C there is always a canonical orientation.

3. Stabilizing divisors

To regularize the moduli spaces we choose invariant divisors so that the additional
intersection points stabilize the domains. The choice of stabilizing divisor also de-
termines the set of almost complex structures we can use to perturb the equation.
This technique was firstly introduced by Cieliebak–Mohnke [CM07] and many re-
sults presented here have parallel discussions in [CW17, CW15]. However, since X̄
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is an algebraic variety, the proofs of some of these results can be simplified using
results from algebraic geometry in this case.

The theory of stabilizing divisors requires a rationality assumption. Recall that
R Ñ X is a G-equivariant holomorphic line bundle that carries a K-invariant Her-
mitian metric, and the Chern connection A on R, which is K-invariant, extends to
an equivariant (super)connection Aeq whose equivariant curvature form is a multiple
of the equivariant symplectic form

ωKX “ ωX ` µ P Ω2
KpXq.

The bundle R descends to a holomorphic line bundle R̄ Ñ X̄ whose Chern class is
a multiple of the class rωX̄ s P H2

KpXq. Hence X̄ is a rational symplectic manifold.
The notion of rational Lagrangians used in [CW17] generalizes to the equivariant

case as follows.

Definition 3.1. (cf. [CW17, Definition 3.5]) TheK-Lagrangian submanifold L Ă X

is called equivariantly rational if the following conditions are satisfied.

(a) For some positive integer k, the restriction of pRbk, Abk
eq q to L is isomorphic

to a trivial K-equivariant line bundle with the trivial connection. Notice that
then R̄bk|L̄ is trivialized. Without loss of generality assume that k “ 1.

(b) Notice that every G-equivariant section f P Γ pRqG induces a smooth section
f̄ P Γ pR̄q. We require that there is a holomorphic section f0 P H0

GpRq
such that f̄0|L̄ is nonvanishing and defines a trivialization of R̄|L̄ which is
homotopic to the trivialization in the first condition.

Equivariant rationality in particular implies that the quotient L̄ “ L{K is a rational
Lagrangian (i.e., “Bohr–Sommerfeld”) of X̄. Indeed, the bundle-with-connection R
descends to a bundle

R̄ “ R|µ´1p0q{K
on X̄ with curvature a multiple of the symplectic form. From now on we assume
that L is equivariantly rational.

3.1. Stabilizing divisors. We construct invariant divisors with mild singularities
in the unstable locus, used later to construct regularizations of the moduli space of
vortices. Take a sufficiently large integer k and denote

Γk “ H0pX,RbkqG, resp. Γ̄k “ H0pX̄, R̄bkq
the space of G-equivariant holomorphic sections on X resp. holomorphic sections
on X̄ . Restriction to the semistable locus defines a natural map

Γk Ñ Γ̄k.

Let ΓkpLq Ă Γk be the subset of sections f P Γk such that f |L is nonvanishing and

such that f |L is in the same homotopy class of fbk
0 |L where f0 is the section in

Definition 3.1. Therefore ΓkpLq is a nonempty open subset of Γk. Similarly, define
Γ̄kpL̄q Ă Γ̄k. The following can be proved in the same way as in [CW17]. Given
f P ΓkpLq denote

Df “ f´1p0q, D̄f̄ “ f̄´1p0q.
Then L is exact in X rDf and L̄ is exact in X̄ r D̄f .

The existence of sections transverse to the zero section follows from Bertini’s the-
orem [Har77, II.8.18]). By Hartog’s theorem and the assumption that the unstable
locus is complex codimension at least two, restriction induces an identification of
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Γk with Γ̄k and induces an identification ΓkpLq » Γ̄kpL̄q. For a generic f̄ P Γ̄kpL̄q,
D̄f̄ Ă X̄ is a smooth divisor representing the Poincaré dual of an integer multiple of
rωX̄s. For the corresponding f P ΓkpLq, its zero locus Df is a G-invariant subvari-
ety, smooth inside Xst. Any such Df is called a stabilizing divisor. Let PD be the
Poincaré dual operator acting on (pseudo)cycles in X. The integer PDpD̄f̄ q{rωX̄s
obtained by pairing the symplectic class rωX̄s with the Poincaré dual PDpD̄f̄ q is
called the degree of Df̄ . We note, for later use, the fact that any stabilizing divisor
defined using an invariant section contains the unstable locus. Indeed, by Mumford’s
definition [MFK94], Xus is the locus where all equivariant sections of Rbn vanish.

3.2. Intersection numbers. Our transversality scheme uses a generalization of the
approach of Cieliebak–Mohnke [CM07] to the case of multiple stabilizing divisors,
as follows. Suppose X̄ has complex dimension n̄. Choose a sufficiently large k and
n̄` 1 generic sections with the corresponding stabilizing divisors

f0, ¨ ¨ ¨ , fn̄ P ΓkpLq D0, . . . ,Dn̄ Ă X̄.

For generic choices, the union

D “ D0 Y ¨ ¨ ¨ YDn̄

is a normal crossing divisor, and the intersection of all components of D is Xus.
Denote

D̄ “ D̄0 Y ¨ ¨ ¨ Y D̄n̄.

Any disk with boundary in L has a well-defined intersection number with the sta-
bilizing divisor. Let u : D2 Ñ X be a smooth map such that upBD2q XD “ H and
z P u´1pDq. Let V Ă D2 be an open neighborhood of z containing no other element
of u´1pDq. The local intersection number pu XDqpzq of u with D at z is defined to
be the sum

puXDqpzq “
ÿ

z1PV

pu1 XDqpz1q

of topological intersection numbers u1 X Dpz1q for z1 P V between a generic pertur-
bation u1 supported in the interior of D2 of u with all Dst

a , for any sufficiently small
perturbation u1. Because Xus and all intersections Dst

a X Dst
b have codimension at

least four, a generic perturbation u1 avoids the singularities of D. Moreover, given
two transverse perturbations u1, u2 of u that are homotopic, a generic homotopy
between them can also avoid singularities of D. Hence the intersection number is
well-defined and is homotopy invariant. Since D and all its strata are K-invariant,
if g : D2 Ñ K is a continuous map, then pg ˝ uq´1pDq “ u´1pDq. Therefore, if
P Ñ D2 be a continuous K-bundle and u is a continuous section of P pXq that has
an isolated intersection at 0 P D2, then the local intersection number can be defined
by using locally trivializations.

In particular the local intersection number between an affine vortex mapping
infinity to the divisor is well-defined. Let v “ pu, φ, ψq be a gauged map from C

to X which extends to a continuous gauged map ṽ “ pP,A, ũq over S2 “ C Y t8u.
We denote by v´1pDq Ă S2 the subset of points that are mapped by ũ into P pDq Ă
P pXq. We say that 8 is an isolated intersection with D if 8 P ṽ´1pDq while u
does not intersect D outside some compact subset of C. Suppose v has isolated
intersection points with D both in the interior and at 8. Then the intersection
number v XD is defined as the sum of local intersection numbers of v plus the local
intersection number of ṽ at 8.
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To study the intersection numbers of holomorphic spheres or vortices with the
divisor in the algebraic case, recall the following results from algebraic geometry.

A hypersurface V Ă Pn of degree d is general if its defining section belongs
to a nonempty Zariski open subset of the projectivization of the space of
sections PH0pOpdqq.
A hypersurface V Ă Pn is very general if its defining section belongs to a
countable intersection of nonempty Zariski open subsets of PH0pOpdqq.

Theorem 3.2.

(a) [Cle86][Voi96][Voi98] Let V Ă Pn be a general hypersurface of degree d ě
2n´ 1. Then V contains no rational curves.

(b) [PR07, Corollary 4] Let V Ă Pn be a very general hypersurface of degree
d ě 2n ` 1, and C Ă Pn a curve not contained in V , then

2gpC̃q ´ 2 ` ipC, V q ě pd ´ 2nqdegC.

where ν : C̃ Ñ C is the normalization of C, gpC̃q its genus, and ipC, V q is
the number of distinct points in ν´1pV q.

These results imply the existence of stabilizing divisors in the following sense:

Corollary 3.3. There exists N ą 0 such that for a generic G-invariant divisor
Df Ă X of degree nD ě N , the following conditions are satisfied.

(a) D̄f contains no nonconstant J̄X -holomorphic sphere.

(b) Suppose ū : S2 Ñ X̄ is a nonconstant J̄X -holomorphic sphere that is not
contained in D̄f . Then pūq´1pD̄f q contains at least three points.

(c) Suppose v “ pu, φ, ψq is a nonconstant JX -affine vortex whose image is not
contained in Df . Then u´1pDf q contains at least one finite point in C.

Proof. The claims follow by equivariant embedding in projective space. The sections
of the positive line bundle R̄ Ñ X̄ (after taking a tensor power) embed X̄ into
projective space Pn. Let D̄ be the intersection of X̄ with a divisor V Ă Pn. Given
a nonconstant J̄X -holomorphic sphere in X̄, the underlying simple holomorphic
sphere is in particular a rational curve in Pn. Theorem 3.2 implies that there is no
nonconstant holomorphic sphere in D̄, namely Item (a) holds; Theorem 3.2 implies
that any nonconstant holomorphic sphere in X̄ must intersect at least three points
with D̄, namely Item (b) holds.

For Item (c), let v be a nonconstant JX -affine vortex over C that is not contained
in D. The image of u is contained in the stable locus except at isolated points.
Hence using the projection Xst Ñ X̄ and the removal of singularity, u projects to a
holomorphic sphere ū : S2 Ñ X̄ . If ū is nonconstant, then by Theorem 3.2, ū has to
intersect with D̄ at at least three points, two of which must be finite points. Since
D is G-invariant, v also intersects with D at these points. If ū is constant, then u
is contained in the closure of a single G-orbit Gx. By Lemma 2.3, u has to intersect
the unstable locus Xus at a finite point. Since Xus Ă D, u´1pDq then contains a
finite point. So Item (c) holds. �

Later we will see that given an energy bound, any almost complex structure
sufficiently close to JX also satisfies the conditions of Corollary 3.3 .
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3.3. Almost complex structures. The almost complex structures used for the
construction of perturbations are given as follows. Recall the set of almost complex
structures J pXq in Subsection 2.1 can be viewed as the set of certain “compactly
supported” perturbation of JX . However a common support of the perturbations
must be specified in order to have a complete space. Furthermore, any almost com-
plex structure J must make D almost complex in order to identify local intersection
numbers with contact orders. Finally to control the singularities of the divisor we
require J “ JX near the unstable locus. So now we fix a space of more restricted
almost complex structures. We fix a K-invariant open neighborhood U of µ´1p0q
where the K-action is free. Define

J pU,Dq “
 
J P J pXq | J |D “ JX , J |XrU “ JX

(
,

J pX̄, D̄q “
 
J̄ P J pX̄q | J̄ |D̄ “ J̄X

(
.

Clearly there is a smooth map J pU,Dq Ñ J pX̄, D̄q. Further, the following propo-
sition implies nonempty intersections between D and holomorphic objects on open
domains.

Proposition 3.4. (cf. [CW17, Equation (15)]) Given J P J pX,Dq. Suppose v is
either a J̄-holomorphic disk, or a J-holomorphic quasidisk, or a J-affine vortex over
H. If v has positive energy, then v´1pDq ‰ H.

Proof. The equivariant rationality of L implies that L is exact in X rD. Reducing
to X̄ it implies that L̄ is exact in X̄ r D̄. Then the case of v being a holomorphic
disk is proved in [CW17]. For the case of v being a quasidisk, if v´1pDq “ H, then
the exactness implies that Epvq “ 0. For the case of v being an affine vortex over
H , suppose v´1pDq “ H. Assume that in some gauge (see [WX17]), the connection
part a P Ω1pHq of v is well-behaved at infinity. Then by the energy identity for
affine vortices (2.4), one has

Epvq “
ż

H

“
u˚ωX ` dpa ¨ µq

‰
“
ż

H

u˚ωX “ 0..

Hence v is trivial. �

The above proposition implies that the intersection points with the divisor sta-
bilize the domain in the case of disks. However, the corresponding discussion for
spheres is more involved since in this case we need at least three points. For E ą 0,
define

JEpU,Dq “
 
J P J pU,Dq

ˇ̌
J satisfies condition StabE

(

where StabE is the condition

(StabE) Every nonconstant J̄-holomorphic sphere in X̄ having energy at most E
intersects D̄ at at least three distinct points.

The following is similar to Cieliebak–Mohnke [CM07, Proposition 8.11].

Lemma 3.5. For every E ą 0, JEpU,Dq contains an open neighborhood of JX in
J pU,Dq in the C2-topology.

Proof. The proof of the statement of the lemma is a Gromov compactness argument.
First, by Corollary 3.3, we see that JX P JEpU,Dq for all E ą 0. Suppose JEpU,Dq
does not contain an open neighborhood of JX for some E ą 0. Then there exists a
sequence Ji P J pU,Dq r JEpU,Dq that converges in C2-topology to JX , such that
there is a sequence of nonconstant J̄i-holomorphic spheres ūi : S

2 Ñ X̄ that is not
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contained in D̄ but each ūi only intersects with D̄ at at most two points. Then by
Gromov compactness [MS04, Chapter 5] a subsequence of ūi converges to a stable
J̄X -holomorphic sphere in X̄, and at least one component of the limit has positive
energy. By Corollary 3.3, this component, denoted by ū : S2 Ñ X̄, cannot lie in D̄
and must intersects with D̄ at at least three points. Then in the subsequence, for
i sufficiently large, ūi is not contained in D̄. We claim that for i sufficiently large,
ūi intersects with D̄ at at least three points. Indeed, by reparametrizing the maps
ūi, we may assume that ūi converges to ū as maps away from nodal points. Then
for each z P ū´1pD̄q, if z is not a node, then the local intersection number nz of
ū restricted to a small neighborhood Bz of z is positive; if z is a node, then the
local intersection number of ū restricted to a small neighborhood Bz of z, plus the
intersection number of the bubble tree attached at z is also positive. Denote the sum
as nz. In both cases, by the homotopy invariance of local intersection numbers, for
i sufficiently large, nz coincides with the local intersection number of ūi restricted
to Bz. Since all these small neighborhoods Bz are disjoint in the domains of ūi,
we see that for i sufficiently large, ū´1

i pD̄q contains at least three points, which is a
contradiction. �

To ensure that negative index vortices do not occur, we also need the following
result to make use of Hypothesis 1.5 and Hypothesis 1.7.

Lemma 3.6. For any E ą 0, there exists ǫE ą 0 satisfying the following conditions.
Let Σ be either D2, S2, C or H, and let J : Σ Ñ J pU,Dq be a smooth map such
that }J ´ JX}C0pΣ,C2pXqq ď ǫE.

(a) Suppose Hypothesis 1.5 is satisfied. Then every nonconstant J-holomorphic
disk u : D2 Ñ X with boundary in L whose energy is at most E has positive
Maslov index.

(b) Suppose both Hypothesis 1.5 and Hypothesis 1.7 are satisfied. Then in addi-
tion

(i) For a nonconstant J̄-holomorphic disk u : D2 Ñ X̄ with boundary in
L̄ (resp. a nonconstant J-affine vortex over H with boundary in L̄)
whose energy is at most E, its Maslov index Maspuq is positive.

(ii) For any J̄-holomorphic sphere ū : S2 Ñ X̄ (resp. any J-affine vortex
v over C) whose energy is at most E, its Chern number xc1pTX̄q, rūsy
(resp. equivariant Chern number xcK1 pTXq, rvsy) is nonnegative.

(iii) For any nonconstant J̄-holomorphic sphere in X̄ (resp. any nontrivial
J-affine vortex over C) whose energy is at most E, if its Chern number
(resp. equivariant Chern number) is zero, then its image is disjoint
from L̄ (resp. L).

Proof. We only prove (bii) and the case of affine vortex over H . The other cases are
similar and simpler. Suppose the conclusion is not true. Then there exists a sequence
of smooth maps Ji : H Ñ J pU,Dq converging to JX uniformly, and a sequence of
nonconstant Ji-affine vortices vi over H with uniformly bounded energy. Then by
Gromov compactness, a subsequence (still indexed by i) converges to a stable JX -
holomorphic disk. Moreover, by energy quantization, the energy of vi is bounded
from below. By the conservation of energy, the limit object has positive energy.
Therefore, by Hypothesis 1.5, Hypothesis 1.7, and the monotonicity condition of
X, the total Maslov index of the limit object is nonnegative. Moreover, if the
Maslov index is zero, then all holomorphic disks or affine vortices over H in the
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limit object have to be constants, hence their images are contained in L. Moreover,
in the limit object there is only one nonconstant JX -holomorphic sphere in X̄ or a
nonconstant JX -affine vortex whose Maslov index is zero. However, by Hypothesis
1.7, both possibilities are impossible because such a sphere or an affine vortex has
to be disjoint from L̄ or L. The conclusion follows. �

For later use we introduce the following notation for sequences of spaces almost
complex structures satisfying the required perturbation conditions. Fix a positive
number E0 ą 0 such that the energies of nonconstant holomorphic curves or affine
vortices are integral multiples of E0. Choose a sequence of open neighborhoods

JX P ¨ ¨ ¨JnpU,Dq Ă Jn´1pU,Dq Ă ¨ ¨ ¨ Ă J1pU,Dq Ă J pU,Dq (3.1)

such that JnpU,Dq Ă JnE0
pU,Dq where JnE0

pU,Dq is the one given in Lemma 3.5,
and for each J P JnpU,Dq,

}J ´ JX}C2pXq ď ǫnE0

where ǫnE0
is given by Lemma 3.6.

Given one of the admissible almost complex structures above, the intersection
multiplicity of any gauged map with the divisor may be identified with the order of
vanishing along the divisor. Let J P J pU,Dq and suppose there is one irreducible
component Di Ă D. If u : D2 Ñ X is a J-holomorphic map and 0 P D2 is an
isolated intersection point with Dst

i , denote the contact order of u at 0 with D0 by

lpu, 0q “
ˆ
min
kě1

ImDkup0q Ă Tup0qD
0

˙
´ 1 P N Y t0u.

By [CM07, Proposition 7.1] if 0 P D2 is an isolated intersection point with Dst
i and

l ě 0 be the contact order of u at 0. Then the local intersection number of u with
Di at zero is l ` 1. Since Di are all G-invariant, the notion of contact order can
also be extended to pseudoholomorphic gauged maps and it is invariant under gauge
transformations.

The intersection number of any gauged map with the stabilizing divisor is non-
negative:

Lemma 3.7. Given J P J pU,Dq and let v “ pu, φ, ψq be a J-holomorphic gauged
map from D2 to X such that upBD2q X D “ H. Then the intersection number
uXD ě 0.

Proof. Indeed, we can regard u as a J̃φ,ψ-holomorphic map ũ : D2 Ñ D2 ˆX, where

J̃φ,ψ is an almost complex structure on the product such that J̃φ,ψp0, V q “ p0, JV q
for any V P TX. The product D̃ “ D2 ˆ D is of codimension 2 and J̃φ,ψ-complex

by the G-invariance of D. The inverse image of the divisor is u´1pDq “ ũ´1pD̃q,
and, by the positivity of intersection numbers between pseudoholomorphic curves
and almost complex hypersurfaces, (see discussions in [MS04, Appendix E]), the
conclusion follows. �

4. Combinatorics

In this section we give a comprehensive treatment of the combinatorics of trees
used in this paper. Similar treatments have appeared in several previous papers
[Woo11], [CW17], [CW15]. This version is adapted for vortices.
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4.1. Trees. We begin with the combinatorics of trees. First we look at rooted trees
which are combinatorial models for nodal spheres. A rooted tree Γ consists of a tree
with its set of vertices VpΓq and its set of edges EpΓq, a set TpΓq of tails with a
tail map TpΓq Ñ VpΓq, and a distinguished tail tout P TpΓq called the output. The
image v8 P VpΓq of tout is called the root. The remaining tails TpΓq ´ ttoutu are
called the inputs. The output determines the orientation on edges so that all edges
are pointing towards the output. The orientation can also be viewed as a partial
order ď among vertices: we denote vβ ď vα if vβ is closer to the root v8. We write
vα ą vβ if vβ ď vα and vα and vβ are adjacent. Associated to a rooted tree is a
topological space, also denoted Γ, obtained by replacing vertices with points, edges
and tails with line segments. The boundary ΓB of Γ is a finite union of points, one
“ at infinity” on each tail.

The combinatorial type of a nodal disk with both disk and sphere components is
a based tree, in which a distinguished subtree corresponds to the disk components.
To set up the definition, we say that a rooted subtree of a rooted tree Γ is a subtree
Γ1 of Γ which contains the root v8. Γ1 becomes a rooted tree by setting its set of
tails TpΓ1q as the subset of TpΓq consisting of tails that are attached to vertices in
Γ1. In the remainder of this paper, all trees are rooted and the term “rooted” will
be skipped. On the other hand, a ribbon tree, denoted by Γ in this paper, is a tree
equipped with an isotopy class of topological embeddings of Γ into the unit 2-disk
with ΓB mapped to the boundary of the disk. With the above notions understood,
a based tree consists of a rooted tree Γ with set of tails TpΓq, a nonempty subtree
Γ with a subset TpΓq Ă TpΓq of tails containing tout, such that the rooted tree
pΓ,TpΓqq, called the base, is equipped with the structure of a ribbon tree. To clarify
different tails, we call elements of TpΓq boundary tails and elements of

LpΓq :“ TpΓq r TpΓq
interior leaves of Γ. The numbers of boundary tails and interior leaves are usually
denoted by k and k respectively. To model nodal spheres with marked points, we
also call a rooted tree Γ without specifying a base a baseless tree. In this case the
set LpΓq “ TpΓq r ttoutu is also called the set of interior leaves.

Inclusions of strata in the moduli spaces of vortices correspond to certain mor-
phisms of trees with additional data. A morphism between two based resp. baseless
trees Γ1 and Γ, denoted by ρ : Γ1 Ñ Γ, consists of a surjective map ρV : VpΓ1q Ñ VpΓq
between the set of vertices and a bijection ρT : TpΓq Ñ TpΓ1q between the sets of
leaves, both of which satisfy the following conditions.

(a) ρV : VpΓ1q Ñ VpΓq gives a morphisms of trees such that ρVpVpΓ1qq “ VpΓq.
(b) If a boundary tail or an interior leaf t1 P TpΓ1q is attached to a vertex vα1 P

VpΓ1q, then ρTpt1q is attached to ρVpvα1q.
(c) ρTpt1outq “ tout and ρTpTpΓ1qq “ TpΓq.

Hence a morphism ρ induces a bijection between the set of leaves ρL : LpΓ1q Ñ LpΓq.
Given a morphism ρ : Γ1 Ñ Γ, for any vertex v P VpΓq, the vertices in the preimage
ρ´1
V pvq together with all edges among them and all leaves, boundary tails attached

to them form a subtree of Γ1. An edge in this subtree is said to be contracted by ρ.
Any edge that does not belong to such a subtree is said to be preserved by ρ.

We introduce the following terminology for broken trees. A broken ribbon tree
is a ribbon tree Γ with a set of vertices of valence 2, called “breakings.” A broken
based tree is a tree Γ such that Γ is broken and the breakings are not adjacent to
any vertices in VpΓqrVpΓq. However, we will view a broken based tree in a different
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way, namely, we view a broken based tree as the union of finitely many unbroken
based trees glued along the breakings. Each unbroken component of a broken tree is
called a basic part. In notation, we do not treat the breakings as elements of VpΓq,
but instead, each breaking gives two elements in TpΓq, an input of some basic part
and an output of another basic part. There is a naturally induced order on the set
of basic parts, denoted by Γi ą Γj . Given a broken tree, one can glue it at a subset
of breakings, and obtain a tree with fewer breakings.

We put various extra discrete structures to a based or baseless tree Γ, consisting
of a coloring, a metric type, and a contact datum. The tree Γ together with these
structures will be called a combinatorial type.

Definition 4.1. (Coloring) Let Γ be an unbroken based or baseless tree. Let △, ♦,
▽ be ordered as △ ď ♦ ď ▽. A coloring on Γ is an order-reversing map

s : VpΓq Ñ t△,♦,▽u
satisfying

(Monotonicity condition) within any non-self-crossing path α1 ą ¨ ¨ ¨ ą αl in
Γ with spα1q ď ♦, spαlq ě ♦, there is a unique αj with spαjq “ ♦.

For a “ △,♦,▽, we denote VapΓq “ s´1paq. A coloring on Γ induces a partition

TpΓq “ T△pΓq \ T▽pΓq
as follows. t P T△pΓq if the vertex to which t is attached is in V△pΓq \ V♦pΓq;
otherwise t P T▽pΓq. A colored tree pΓ, sq consists of a based tree Γ and a coloring
s. Given a colored tree pΓ, sq, denote by

E△pΓq be the set of edges between vertices in V△pΓq \ V♦pΓq
E▽pΓq the set of edges between vertices in V▽pΓq, and
E♦pΓq the set of edges between a vertex in V♦pΓq and a vertex in V▽pΓq.

Elements of the first two sets of edges are called non-special edges and the elements
of the last set of edges are called special edges. A colored tree pΓ, sq is of type △ if
s ” △; pΓ, sq is of type ▽ if it is based and s|VpΓq ” ▽, or if it is baseless and s ” ▽;
otherwise we say that pΓ, sq is of mixed type or type ♦. In the last case there could
be incoming boundary tails of both type △ and type ▽.

The set of maximal vertices is denoted as follows. When an unbroken colored tree
pΓ, sq is of type ♦, denote by VB▽pΓq Ă V▽pΓq the set of vertices in V▽pΓq which
are maximal (with respect to the partial order ď). When pΓ, sq is of type ▽, define
VB▽pΓq Ă V▽pΓq rVpΓq to be the set of vertices in V▽pΓq which are maximal (with
respect to the partial order ď). When pΓ, sq is of type △, define VB▽pΓq “ H.

If Γ is a broken tree, then a coloring on Γ consists a collection of colorings
s1, . . . , sm on all its basic parts Γ1, . . . ,Γm, satisfying the following conditions: 1)
the induced map s : VpΓq Ñ t△,♦,▽u is order-reversing; 2) if Γ1 ą ¨ ¨ ¨ ą Γl is a
chain of basic parts and pΓ1, s1q is of type △ or ♦, pΓl, slq is of type ♦ or ▽, then
there is a unique basic part Γj in this chain such that pΓj , sjq is of type ♦.

We list a few special colored trees which play certain roles in our construction.

(a) An infinite edge is a tree Γ with VpΓq “ EpΓq “ H (hence the coloring is
empty) and TpΓq “ ttin, toutu.

(b) A Y-shape is a colored tree pΓ, sq with Γ “ Γ, VpΓq “ tv8u, EpΓq “ H,
TpΓq “ tt1in, t2in, toutu and spv8q being △ or ▽.

(c) A Φ-shape is a colored tree pΓ, sq with Γ “ Γ, VpΓq “ tv8u, EpΓq “ H,
TpΓq “ ttin, toutu and spv8q “ ♦.
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The moduli space of vortices we consider will be a union of strata corresponding
to stable types, defined as follows. In this paper the valence of a vertex v in a tree
Γ is the number of vertices in Γ that are attached to v (tails attached to v do not
count).

Definition 4.2. (Stability) A colored tree pΓ, sq that does not consist of a single
infinite edge is called stable if the following conditions are satisfied.

(a) For each vα P V▽pΓq \ V△pΓq r VpΓq, the valence of vα plus the number of
tails that are attached to vα is at least 3.

(b) For each vα P V▽pΓq \ V△pΓq, the valence of vα in Γ plus the number of
boundary tails that are attached to vα plus twice the number of vertices in
VpΓqrVpΓq that are attached to vα plus twice the number of interior leaves
that are attached to vα is at least 3.

(c) For each vα P V♦pΓq, the valence of vα plus the number of tails that are
attached to vα is at least 2.

Definition 4.3. (Metric) Let pΓ, sq be an unbroken colored based tree. A metric
type on pΓ, sq consists of two functions m “ pm1,m2q, m1 : EpΓq Ñ t0,`u and
m2 : VB▽pΓq Ñ t0,´u. These functions induce two partitions

EpΓq “ E0pΓq \ E`pΓq, VB▽pΓq “ V0
B▽pΓq \ V´

B▽
pΓq.

A metric on Γ of type m “ pm1,m2q is a map λ : EpΓq Ñ r0,8q satisfying E0pΓq “
λ´1p0q and the following condition.

(Balanced condition) For each vα P V♦pΓq \ V▽pΓq, let P pvα, v8q be the
unique path in Γ connecting vα with the root, viewed as a subset of EpΓq.
Consider the function λ̃ : V♦pΓq \ V▽pΓq Ñ R defined by

λ̃pvαq :“
ÿ

ePP pvα,v8q

λpeq.

We require that λ̃ restricted to V♦pΓq is a constant (say b), λ̃pvαq ă b for

vα P V´
B▽

pΓq and λ̃pvαq “ b for vα P V0
B▽

pΓq. (The balanced condition implies

that if vα P V♦pΓq is adjacent to vβ P V0
B▽

pΓq, then λpeαβq “ 0.)

The balanced condition is nonempty only for colored trees of mixed type. A metric
type (resp. metric) on a broken colored tree is a collection of metric types (resp.
metrics) on all its basic parts. Notice that for a broken tree, the balanced condition
only applies to its basic parts of type ♦.

Since we are using Cieliebak–Mohnke’s [CM07] stabilizing divisor technique, we
need to record the contact orders of holomorphic curves or vortices at interior mark-
ings with respect to a (singular) divisor. For a colored tree pΓ, sq, a contact datum
is a function

o : LpΓq Ñ N.

Definition 4.4. (Combinatorial types)

(a) An combinatorial type is a quadruple pΓ, s,m, oq where Γ is a based tree, s is
a coloring on Γ, m is a metric type on pΓ, sq, and o is a contact data. The
type pΓ, s,m, oq is called stable if pΓ, sq is stable. In many cases we use Γ to
abbreviate the quadruple.
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(b) Two combinatorial types pΓ, s,m, oq, pΓ1, s1,m1, o1q are isomorphic if there is
a tree isomorphism ρ : Γ1 Ñ Γ which respects all the extra structures. Let
T be the set of isomorphism classes of types and Tst Ă T be the subset of
stable ones. Without making any confusion, we drop the term “isomorphism
class” and call an element T a combinatorial type.

4.2. Degeneration and broken trees. The possible degenerations of colored met-
ric trees involving “degenerating” an edge in to obtain a broken tree, or extend an
edge of length zero to one with positive length. The balanced condition in Definition
4.3 imposes some restrictions on such operations.

Definition 4.5. (Elementary morphisms of types) Let Γ1,Γ P T be types such that
Γ is unbroken and let s1, s be their colorings respectively. We say that Γ is obtained
from Γ1 by an elementary morphism if one of the following situations holds. (From
Figure 1 to Figure 7, � represents a vertex not in the base, ‚ represents a vertex in
the base, and İ represents a breaking.)

(a) ( Collapsing a non-special edge not in the base) There is a morphism ρ :
pΓ1, s1q Ñ pΓ, sq which collapses exactly one edge in EpΓ1qr pEpΓ1q YE♦pΓ1qq.
Geometrically the morphism corresponds to inclusion of a stratum bubbling
off a sphere. See Figure 1; in the figures square vertices represent spherical
components while the round vertices represent disk components.

Γ1 Γ

Figure 1. Collapsing a non-special edge not in the base.

(b) (Collapsing a non-special edge of length zero in the base) There is a morphism
ρ : pΓ1, s1q Ñ pΓ, sq such that ρ collapses exactly one edge in E0pΓ1qrE♦pΓ1q.
Geometrically the morphism corresponds to inclusion of a stratum corre-
sponds to bubbling off a disk. See Figure 2.

λpeq “ 0

Γ1 Γ

Figure 2. Collapsing a non-special edge of length zero in the base.
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(c) (Collapsing special edges of length zero) There is a morphism ρ : Γ1 Ñ Γ
and a vertex v1

α P V0
B▽

pΓ1q, such that ρ collapses (and only collapses) the

subtree consisting of v1
α and all v1

β with v1
β ą v1

α to a vertex v♦α P V♦pΓq.
Geometrically the morphism corresponds to the gluing of stable affine vortices
over H (i.e. the case considered in [Xu]). See Figure 3.

λ “ 0

Γ1 Γ

Figure 3. Collapsing special edges of length zero in the base.

(d) (Collapsing special edges not in the base) There is a morphism ρ : Γ1 Ñ Γ
and a vertex v1

α P VB▽pΓ1qrVpΓ1q, such that ρ collapses (and only collapses)
the subtree consisting of v1

α and all v1
β with v1

β ą v1
α to a single vertex

vα P V♦pΓq r VpΓq. This type of morphism corresponds to the gluing of
stable affine vortices over C. See Figure 4.

Γ1 Γ

Figure 4. Collapsing special edges not in the base.

(e) (Extending a non-special edge of length zero) There is a morphism ρ : Γ1 Ñ
Γ that is an isomorphism on the underlying tree and preserves all extra
structures except that there is one edge e1 P E0pΓ1q identified with an edge
e P E`pΓq. See Figure 5.
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λpe1q “ 0

Γ1

λpeq ą 0

Γ

Figure 5. Extending a non-special edge of length zero.

(f) (Extending special edges of length zero) There is an isomorphism

ρ : pΓ1, o1, s1,w1q Ñ pΓ, o, s,wq
that preserves metric types on all edges with the following exceptions. There
is a vertex v1

α P V0
B▽

pΓ1q such that for all v1
β ą v1

α, e
1
βα P E0pΓ1q and the

corresponding edge eβα P E`pΓq. See Figure 6.

λ “ 0

Γ1

λ ą 0

Γ

Figure 6. Extending special edges of length zero.

(g) (Gluing one breaking) When both Γ1 and Γ are of type △ or type ♦, Γ1 is
obtained from Γ by degenerating an edge e P E`pΓq X E△pΓq. When both Γ1

and Γ are of type ▽, Γ1 is obtained from Γ by degenerating an edge e P E`pΓq.
See Figure 7.

Figure 7. Gluing a breaking to a non-special edge.



AN OPEN QUANTUM KIRWAN MAP 31

(h) (Gluing several breakings) Both Γ1 and Γ are of type ♦. Γ1 has basic parts
Γ1
1, . . . ,Γ

1
m,Γ

1
8 where Γ1

i are of type ♦ and Γ1
8 is of type ▽. Γ1 is obtained

from Γ by degenerating edges e1, . . . , em P E`pΓq X E▽pΓq.
Using elementary morphisms define a partial order on the set of types as fol-

lows. For Π,Γ P T with Γ unbroken, denote Π Ĳ Γ, if there are types Π “
Γ1
0,Γ

1
1, . . . ,Γ

1
k´1,Γ

1
k “ Γ P T such that Γ1

i is obtained from Γ1
i´1 by an elemen-

tary transformation. This notion can be extended in a straight forward way to the
case that Γ is possibly broken. The proof of the following lemma is left to the reader:

Lemma 4.6. The relation Π Ĳ Γ is a partial order. Moreover, if Π Ĳ Γ, then
there exists a unique subset of breakings of Π, and, if we denote by Γ1 the combina-
torial type obtained from Π by gluing this subset of breakings, then there is a unique
morphism ρ : Γ1 Ñ Γ.

4.3. Treed disks. The domains of the configurations of vortices in our compactifi-
cation are constructed from colored trees by replacing each vertex with a nodal disk
or sphere, or an affine space or half-space in the case of a colored vertex.

Definition 4.7. (Treed scaled disks) Given an unbroken type Γ “ pΓ, s,m, oq a treed
disk modelled on Γ consists of a collection pΣαq of surfaces indexed by vα P VpΓq, a
collection of markings and nodes Z, and a metric λ of type m such that

(a) (Upper half plane for vertices in the base) If vα P VpΓq, then Σα “ H ;
(b) (Complex plane for verties not in the base) if vα R VpΓq, then Σα “ C.

Each Σα admits a compactification to a disk Σα – D2 or sphere Σα – S2 by adding
a “point at infinity” 8α P Σα. The metric, markings, and nodes form a tuple

Z “
“
λ, z “ pziq1ďiďk, z “ pziq1ďiďk, w “ pwαα1 qeαα1 PEpΓq

‰

where z (resp. z) is the collection of boundary (resp. interior) marked points,
and w is the collection of nodes. These data are required to satisfy the following
conditions/conventions.

(a) (Boundary and interior nodes) If eαα1 P EpΓq, wαα1 P BΣα1 ; if eαα1 R EpΓq,
wαα1 P IntΣα1 .

(b) (Boundary and interior markings) zi P BΣαi
, zi P IntΣαi

;

For each vα P VpΓq, the collection of special points

Wα :“
 
zi | αi “ α

(
Y
 
zi | αi “ α

(
Y
 
wβα | eβα P EpΓq

(
Ă Σα

are required to be distinct, and the order of boundary markings and nodes wαα1 P
BΣα1 , zi P BΣαi

corresponding to edges meeting any vertex respect the ribbon struc-

ture of Γ. If Γ is broken and has basic parts pΓsqs“1,...,d, then a treed disk modelled
on Γ is a collection of treed disks Zs modelled on every Γs. Note that a basic part
of Z could be an infinite edge.

The set of treed disks naturally forms a category. If Z and Z 1 are treed disks
modelled on Γ and Γ1 respectively, an isomorphism from Z 1 to Z consists of an
isomorphism ρ : Γ1 Ñ Γ (which identifies each v1

α P VpΓ1q with vα “ ρVpv1
αq P VpΓq),

translations on infinite edges, and biholomorphic maps ϕα : Σ1
α Ñ Σα such that

the nodes and markings transform correspondingly. We require that when vα P
V△pΓq \V▽pΓq, ϕα is a Möbius transformation fixing the infinity; when vα P V♦pΓq,
then ϕα is a translation of Σα. The automorphism group of a treed disk Z modelled
on Γ P T is trivial if and only if Γ is stable (see Definition 4.2).



AN OPEN QUANTUM KIRWAN MAP 32

We think of treed disks as topological spaces via the following realization con-
struction. Given a treed disk Z for each e P EpΓq let Ie Ă R be a closed interval
of length λpeq; to each boundary tail t P TpΓq not belong to an infinite edge, let
It be a semi-infinite interval being either p´8, 0s or r0,`8q; to an infinite edge
ttin, toutu we assign It´ “ It` “ p´8,`8q. These intervals and the surfaces Σα are
glue together in a natural way, and form a connected topological space called the
realization of Z. In the realization, all intervals with positive or infinite lengths are
replaced by a finite closed interval and zero-length intervals are replaced by a point.
So the realization is well-defined up to homeomorphism.

We denote the moduli spaces of stable treed disks as follows. For Γ P Tst, let WΓ

be the set of isomorphism classes of stable treed disks of type Γ. Denote by the bar
notation the union over subordinate types

WΓ :“
ğ

ΠĲΓ
Π stable

WΠ.

Introduce a topology on this union by the following notion of sequential conver-
gence, which generalizes that for stable genus zero curves with k ` 1 markings in
McDuff–Salamon [MS04] and for trees in Boardman–Vogt [BV73]. We first con-
sider the simple case where pΓ, sq is the colored baseless tree with a single vertex
colored by ♦ and interior leaves l1, . . . , lk (k ě 1). Let o be any contact data. For
Γ “ pΓ, o, sq. Let Zj be a sequence of treed disks modelled on pΓ, sq, which are
equivalent to distinct points zj,1, . . . , zj,k P C modulo translations. As j goes to
8, the points may come together or separate from each other. Consider Π Ĳ Γ
and let Z8 be a tree disk modelled on Π, which is described as in Definition 4.7.
We temporarily fix the following notations. Let vα P V△pΠq. Then there exists a
unique vertex vα♦ P V♦pΠq connecting vα to the root (see Definition 4.1), and a
point wαα♦ P C » Σα♦ corresponding to the node in the path connecting vα and
vα♦ .

Definition 4.8. A sequence Zj converges to Z8 if the following conditions hold.

‚ For each vα P V△pΠq, there exist a sequence of Möbius transformations
φj,α : pΣα,8q Ñ pC,8q that converge to the constant map with value wαα♦

uniformly with all derivatives away from special points of Σα, such that for
each leaf li P LαpΠq, φ´1

j,αpzj,iq converges to z8,i P Σα.

‚ For each vα P V▽pΠq, there exist a sequence of Möbius transformations φj,α :

pΣα,8q Ñ pC,8q that converges to the constant map with value 8 away
from special points on Σα.

‚ For each vα P V♦pΠq, there exist a sequence of translations φj,α : Σα Ñ C

such that for each leaf li P LαpΠq, φ´1
j,αpzj,iq converges to z8,i P Σα.

The sequences of Möbius transformations satisfy the following condition. For each
edge eαβ P EpΠq having a corresponding node wαβ P Σβ, the sequence of maps

φ´1
j,β ˝ φj,α : Σα Ñ Σβ

converges uniformly with all derivatives to the constant wαβ away from 8. Here
ends this definition.

A topology on moduli spaces of colored treed disks is defined similarly. When
pΓ, sq is the colored based tree with a single vertex colored by ♦, boundary tails
t1, . . . , tk and interior leaves l1, . . . , lk (k`2k ě 1). Let m be the trivial metric type.
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Let o be any contact data. Then for Γ “ pΓ, s,m, oq, the topology of WΓ is defined
in a way similar to Definition 4.8 (cf. [Xu, Section 2] for detailed discussion of a
special case). We omit the details.

For a general stable colored based or baseless tree Γ, the notion of sequential
convergence in WΓ can be obtained from the above two special cases combined
with the notion of convergence of stable marked spheres or stable marked disks,
and the notion of convergence of metric trees. Again we omit the details. The
sequential convergence actually determines a compact Hausdorff topology, because
of the existence of local distance functions as in McDuff–Salamon [MS04]. We leave
it to the reader to check the following statement.

Lemma 4.9. The moduli space WΓ is compact and Hausdorff with respect to the
topology defined in Definition 4.8.

4.4. Dimension formula. We give a formula for the dimension of the moduli
spaces of stable treed disks. Given k, k ě 0 and t P t△,▽,♦u, there are finitely
many unbroken types Γi P Tt

k,k, i “ 1, . . . ,M , satisfying the following conditions.

(a) There are no edges of length zero.
(b) All vertices in Γ.
(c) V 0

B△
pΓ̂q “ H.

The collection of WΓi
’s form the top stratum. Define

Wt
k,k :“

Mğ

i“1

WΓi
, t P t△,♦,▽u.

Then one has the dimension formula for the top stratum:

dim
“
W△

k,k

‰
“ dim

“
W▽

k,k

‰
“ dim

“
W♦

k,k

‰
` 1 “ 2k ` 2k ´ 2.

On the other hand, for a general Γ P Tt
k,k, the dimension formula is

dimWΓ “ dimWt
k,k ´ #

´
E0

△pΓq \ E0
▽pΓq

¯
´ 2#

´
E△pΓq \ E▽pΓq r EpΓq

¯

´ #V0
B▽pΓq ´ 2#

´
VB▽pΓq rVB▽pΓq

¯
´ bpΓq. (4.1)

Here bpΓq is a number characterizing how many breakings Γ has defined as

bpΓq “
#

#breakings in Γ, if all basic parts are of type △ or ▽;

#basic parts of type △ ` #basic parts of type ▽, in other cases .

In particular, if Γ is unbroken, then bpΓq “ 0.

4.5. Forests and superstructures. In this section we discuss moduli spaces treed
spheres which are modelled on forests, that is, disconnected graphs where each
connected component is a baseless tree. Given a forest Γ denote the connected
components by Γ1, . . . ,Γs. We require that the labelling of interior leaves is a bi-
jection between t1, . . . , ku for certain k ě 0 and LpΓ1q \ ¨ ¨ ¨ \ LpΓsq. Then the
labelling determines an order among the components, by the smallest label of each
component.

We always assume forests are baseless. Then for the structures introduced in
Subsection 4.1, only the coloring s and the contact data o are nonempty. A forest
Γ is of type △ or type ▽ if all components are of type △ or type ▽, otherwise it is
of type ♦. A forest is stable if every component is stable. Almost all notions about
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colored trees extend to forests componentwise. Let F be the set of all forests and
Fst the set of stable forests.

For each forest Γ with components Γ1, . . . ,Γs, a treed disk (more precisely treed
spheres) of combinatorial type Γ is roughly the disjoint union of treed disks of type
Γ1, . . . ,Γs, with interior markings indexed by the labelling data in Γ. Let WΓ be
the moduli space . We have natural isomorphisms

WΓ » WΓ1
ˆ ¨ ¨ ¨ ˆ WΓs , WΓ » WΓ1

ˆ ¨ ¨ ¨ ˆ WΓs .

Let Γ “ pΓ, s,m, oq be a combinatorial type. Every connected component of ΓrΓ
is called a superstructure, which is an element of F. Any subset of superstructures
of Γ naturally form a forest where the order of interior leaves (and hence the order
of components) is inherited from the order of interior leaves of Γ.

5. Perturbations

In this section we define the notion of coherent perturbation data and prove cer-
tain properties of the space of coherent perturbation data. In Subsection 5.1 we
discuss the geometry and topology of the universal curve over the moduli space of
stable treed disks. In Subsection 5.2 we define the notion of coherent nodal neigh-
borhoods, which is prerequisite for defining coherent perturbations. In Subsection
5.3 we introduce the notion of coherent maps. In Subsection 5.4 we specify the
target spaces of coherent maps and give a system of Banach spaces of perturbation
data. In Subsection 5.5 we consider the technical notion of special perturbations.

5.1. The universal curves. Our perturbation scheme requires us to study the ge-
ometry and topology of the universal curve of stable treed disks. The following
proposition explains the basic properties of the universal curve. To state the coher-
ence condition we also allow disconnected types (with finitely many components).
For each stable type Γ P Tst Y Fst, there is a compact and metrizable topological
space UΓ, the universal curve of disks of type Γ together with two closed subspaces
U2
Γ, U

1
Γ, the two and one-dimensional parts of the universal curve, satisfying the

following conditions.

(a) The universal curve UΓ is the union of the parts U2
Γ Y U1

Γ. Moreover if Γ is

baseless, then U1
Γ “ H.

(b) There is a subjective continuous map πΓ : UΓ Ñ WΓ such that UΓ :“
π´1
Γ pWΓq is an open and dense subset.

(c) Denote U2
Γ :“ UΓ X U2

Γ and U1
Γ :“ UΓ X U1

Γ. Then the restrictions of πΓ to
U2
Γ and U1

Γ are fibre bundles over WΓ.

(d) For each stable treed disk Z representing a point p P WΓ, there is a home-
omorphism π´1

Γ ppq » Z unique in the following sense. If Z is isomorphic to
Z 1, then the canonical homeomorphism Z » Z 1 between their realizations
intertwines between the homeomorphisms π´1

Γ ppq » Z and π´1
Γ ppq » Z 1.

We denote π´1
Γ ppq by Zp and identify Zp with its realization.

To state the coherence condition of perturbations, consider the following types of
maps between different universal curves.
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(a) For each type Π Ĳ Γ, there are natural injective maps ρΓ,Π : WΠ Ñ WΓ and

ρ̃Γ,Π : UΠ Ñ UΓ such that the following diagram commutes.

U iΠ
//

ρ̃Γ,Π

��

UΠ

ρ̃Γ,Π

��

πΠ
// WΠ

ρΓ,Π

��

U iΓ
// UΓ πΓ

// WΓ

, i “ 1, 2. (5.1)

(b) Let a baseless forest Γ P Fst have connected components Γ1, . . . ,Γs. Let
UΓ1

‘ ¨ ¨ ¨ ‘ UΓs be the fibration over WΓ1
ˆ ¨ ¨ ¨ ˆ WΓs whose fibre over

pp1, . . . , psq is the disjoint union of Zp1 , . . . ,Zps . Then we have the following
commutative diagram

UΓ1
‘ ¨ ¨ ¨ ‘ UΓs

//

��

WΓ1
ˆ ¨ ¨ ¨ ˆ WΓs

��

UΓ
// WΓ

. (5.2)

(c) Let Γ P Tst be a broken type and with basic parts Γ1, . . . ,Γs. Let UΓ1
9‘ ¨ ¨ ¨ 9‘ UΓs

be the fibration overWΓ1
ˆ¨ ¨ ¨ˆ WΓs whose fibre over pp1, . . . , psq is the union

of Zp1 , . . . ,Zps where we glue at the breakings. Then we have the following
commutative diagram whose vertical lines are both homeomorphisms.

UΓ1
9‘ ¨ ¨ ¨ 9‘ UΓs

ρ̃Γ
��

// WΓ1
ˆ ¨ ¨ ¨ ˆ WΓs

ρΓ

��

UΓ πΓ
// WΓ

. (5.3)

(d) For any subset S Ă VpΓqrVpΓq which is either disjoint from VpΓq or contains
VpΓq, let ΓS be the subtree or forest that contains all vertices in S, with all
nodes between vertices in S and vertices in VpΓq r S as leaves. Then there
is a closed subset UΓ,ΓS Ă UΓ, and a commutative diagram

UΓ,ΓS

π̃S
//

��

UΓS

��

WΓ
πS

// WΓS

. (5.4)

Here the lower horizontal arrow is the map forgetting all vertices not in S.

5.2. Coherent system of nodal neighborhoods. In the following subsection we
define Banach manifolds of coherent perturbations on the universal curves UΓ. Our
perturbations are fibrewise smooth maps from UΓ to certain Banach spaces that sat-
isfy the coherence condition we just defined. However to obtain a complete norm,
we need to specify the neighborhoods of nodal points and breakings over which the
perturbations are zero or constants. In the total space of the universal curve UΓ,
there is a closed subset Und

Γ corresponding to all interior nodes, all edges in E0pΓq,
and all interior leaves in LpΓq. There is another closed subset Ubk

Γ corresponding to
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all breakings and all infinities of infinite edges. We use U thin
Γ to denote a neighbor-

hood of Und
Γ (also called the neck region), and use U long

Γ to denote a neighborhood

of Ubk
Γ .

Definition 5.1. A collection of nodal neighborhoods
 
U thin
Γ | Γ P Tst Y Fst

(
are

called coherent if the following conditions are satisfied.

(a) For any Π Ĳ Γ, we have U thin
Π “ U thin

Γ X UΠ.
(b) The nodal area on each irreducible component does not depend on the moduli

of other irreducible components. More precisely, for any subset S Ă VpΓq
which either contains VpΓq or is disjoint from VpΓq, we have U thin

Γ XUΓ,ΓS “
π̃´1
S pU thin

ΓS
q (see 5.4).

(c) For every vertex vα P V♦pΓq rVpΓq, define

Eα “ 1

ND

ÿ

liPLpvαq

opliq ą 0, Aα “ 2Eα
c2U

. (5.5)

Then for every p P WΓ, U
thin
Γ X Zp X UΓ,vα is disjoint from some open set of

area at least Aα. (This condition is to respect Lemma 2.5).

It is important to prove the existence of such collections.

Lemma 5.2. There exists a coherent collection of nodal neighborhoods.

Proof. We first construct a coherent system of nodal neighborhoods for all Γ P
Fst. By Item (b) of Definition 5.1, the choice of a nodal neighborhood for a stable
forest Γ P Fst is completely determined by the case of its connected components.
Hence it suffices to construct the neighborhoods for connected elements of Fst. The
construction is inductive. First consider the case that Γ is of type ▽. The case for
spheres with two leaves is obvious. Suppose we have constructed a coherent system
of nodal neighborhoods for all configurations with at most k interior leaves. Let
Γ be a configuration with exactly k ` 1 interior leaves. If Γ is disconnected, then
each component has at most k leaves, and the requirement for coherence uniquely
determines a nodal neighborhood U thin

Γ Ă UΓ. Now we consider a connected Γ. If Γ
has at least one node, then by Item (b), the nodal neighborhoods we have already
constructed uniquely determines a nodal neighborhood U thin

Γ Ă UΓ. It remains to
consider the unique Γ which has k ` 1 interior leaves and no node. In this case,
the nodal neighborhoods U thin

Π for all ΠŸΓ (which have been determined) define an

open subset U thin
BΓ Ă BUΓ. For each point x P U thin

BΓ , choose an open subset Ux Ă UΓ

such that Ux X BUΓ Ă U thin
BΓ . Then the open set

Uthin,1

Γ :“
ď

xPUthin

BΓ

Ux

contains Und
Γ XBUΓ. Then we can find another open set U thin,2

Γ which is disjoint from

BUΓ such that U thin
Γ :“ U thin,1

Γ Y U thin,2

Γ contains all U
nd

Γ . This finishes the induction
step which grants a nodal neighborhood for all forests with exactly k ` 1 interior
leaves. Inductively this construction gives a coherent system of nodal neighborhoods
for all type ▽ stable forests.

The construction of coherent nodal neighborhoods for stable forests of type △ is
accomplished in a similar way. We consider type ♦ stable forests in Fst. First, for the
stable tree Γ of type ♦ with a single vertex and a single interior leaf (with arbitrary
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opliq), it is easy to find a neighborhood U thin
Γ ; this is essentially a neighborhood of

infinity of C that becomes smaller and smaller as opliq goes larger. Given Γ, suppose
we have chosen U thin

Π for all Π Ÿ Γ and all Π that has strictly fewer interior leaves.
Then if Γ has more than one vertex, then the nodal neighborhoods for every vertices
determine uniquely a nodal neighborhood U thin

Γ . So it suffices to consider the case
that Γ has only one vertex. By the same method as the case of type ▽ trees, there

exists a neighborhood U thin,1

Γ Ă UΓ such that U thin,1

Γ XBUΓ “ U thin
BΓ . Moreover, one can

guarantee that the intersection of U thin,1

Γ with each fibre of UΓ Ñ WΓ satisfies Item

(c). Lastly, we can choose U thin,2

Γ sufficiently small so that U thin
Γ :“ U thin,1

Γ Y Uthin,2

Γ

still satisfies Item (c).
One can carry out similar inductive constructions to construct coherent collection

of nodal neighborhoods for all types Γ P Tst, while preserving the choice of nodal
neighborhoods for all baseless forests we have constructed above. The details are
omitted. �

One also needs to construct coherent neighbourhoods of the breakings.

Lemma 5.3. There exists a collection of open neighborhoods U long
Γ of U

br

Γ Ă U
1

Γ for
all Γ P Tst satisfying the following conditions.

(a) If Π Ĳ Γ, then U long
Π “ U long

Γ X UΠ.

(b) For any S Ă VpΓq containing the base, U long
Γ “ π̃´1

S pU long
ΓS

q.
Proof. Left to the reader. �

From now on we fix coherent collections

Uthin
Γ Ă UΓ, @Γ P Tst Y Fst, U long

Γ Ă UΓ, @Γ P Tst. (5.6)

5.3. Coherent maps. We first introduce the following concept which will be used
frequently in many inductive constructions.

Definition 5.4. A nonempty subset S Ă Tst Y Fst is called a basic subset if the
following conditions are satisfied.

(a) If Γ P S and Γ1 Ĳ Γ, then Γ1 P S.
(b) If Γ P S and S Ă VpΓq either contains VpΓq or is disjoint from VpΓq, then

ΓS P S.
(c) If Γ P S X Tst and Γ1 is a basic part of Γ, then Γ1 P S.

In other words, a subset of the set of stable based trees or stable forests is a basic
subset if it is closed under the operations of degeneration, removing a subtree con-
taining the base, removing a subtree disjoint from the base, and taking a basic part
for broken types.

Given Γ P Tst, let SpΓq be the smallest basic subset that contains Γ, and denote
S˚pΓq “ SpΓq r tΓu. Notice that S˚pΓq is also a basic subset. It is also easy to see
that Tst

△ , Tst
▽ , and Fst are basic subsets.

Definition 5.5. Let Z1, Z2 be topological vector spaces and S Ă Tst Y Fst be a
basic subset. For i “ 1, 2, a system of continuous maps tgiΓ : U iΓ Ñ Zi | Γ P Su is
called coherent if the following conditions are satisfied.

(a) (Neck region) g1Γ vanishes in U long
Γ and g2Γ vanishes on U thin

Γ .
(b) (Degeneration) For all pairs Γ,Π P S with Π Ĳ Γ, with respect to the com-

mutative diagram (5.1), one has giΓ ˝ ρ̃iΓ,Π “ giΠ.
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(c) (Cutting edge) For any broken Γ P S with all basic parts Γ1, . . . ,Γs, with
respect to the commutative diagram (5.3), one has giΓ ˝ ρ̃iΓ “ \giΓα

.
(d) (Components) For Γ P S and S Ă VpΓq that either contains VpΓq or is disjoint

from VpΓq, there exist continuous maps hiΓS : UΓi
S

Ñ Zi such that

giΓ|UΓ,ΓS
“ hiΓS ˝ π̃S.

We remark that Item (d) implies that the restriction of g2Γ to any two-dimensional
components only depends on the positions of the special points on that component.

5.4. Banach manifolds of perturbations. For the purpose of applying the Sard-
Smale theorem we define Banach spaces of perturbation data. First we recall Floer’s
norm on smooth functions. Choose a sequence of positive numbers ǫl converging
to zero. On any Riemannian manifold M , let CǫpMq denote the class of smooth
functions that has finite Cǫ-norm, which is defined by

}f}ǫ :“
ÿ

lě0

ǫl}f}Cl.

This is a complete norm. Floer (see [Flo88b, Lemma 5.1]) observed and proved
the fact that if ǫl decays fast enough (which is a dimensionless condition), then the
space of Cǫ-functions contain certain bumped smooth functions whose supports can
be arbitrarily small.

We extend Floer’s norm to almost complex structures as follows. Recall the
set J pU,Dq specified in Subsection 3.3. Let J ǫpU,Dq denote the subset of almost
complex structures of the form JX ` h for some h P ΓpEndpTXqq of finite Cǫ-norm
(with respect to the Kähler metric on X). Then J ǫpU,Dq is a Banach manifold
and JX P J ǫpU,Dq. Take a small neighborhood J Ă J ǫpU,Dq of JX which can be
identified with a small neighborhood of the origin of the tangent space TJXJ

ǫpU,Dq.
An element J P J is also denoted by JX ` h. On the other hand, let F “ CǫpL̄q be
the set of Cǫ-functions on L̄.

The perturbations are almost complex structures and Morse functions that equal

the given ones on certain open subsets. Recall the open sets U thin
Γ and U long

Γ fixed in

(5.6). Denote by MappU1
Γ,Fq and MappU2

Γ,J q the set of maps which satisfy the
(Neck region) condition of Definition 5.5 whose difference with the base maps is of
class Cǫ. Denote the Banach space of perturbations

PpUΓq “ MappU1
Γ,Fq ˆ MappU2

Γ,J q.
Definition 5.6. Let S Ă Tst Y Fst be a basic subset. A coherent system of pertur-
bation data over S consists of a collection

PS :“
!
PΓ “ pfΓ, hΓq P PpUΓq | Γ P S

)

that satisfies the following conditions.

(a) The collection PΓ is coherent in the sense of Definition 5.5.
(b) For each vα P VpΓq, let Γα be the subtree of Γ consisting of vα and all

superstructures attached to vα. Denote

nα “ 1

NDE0

ÿ

liPLpΓαq

opliq.

Then the restriction of JΓ to components in the subtree Γα takes value in
the open subset Jnα Ă J , where for an integer n, Jn is chosen in (3.1).
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If S “ Tst YFst, then we drop the subscript S in the notation. We will also identify
fΓ with FΓ :“ F ` fΓ and hΓ with JΓ :“ JX ` hΓ. Occasionally for convenience we
will also write the perturbation data for Γ P S as PΓ “ pFΓ, JΓq.

The Banach norms on the spaces of perturbations are adapted from the Floer
norm. Consider Γ P Tst Y Fst. The norm for fΓ P MappU1

Γ,Fq is defined in terms

of a metric on U1
Γ by

}fΓ}ǫ :“ sup
e

}fΓ|Ie}CǫpIeˆL̄q. (5.7)

However, the definition of a Cǫ norm on MappU2
Γ,J q is a bit subtle, since the way

of measuring derivatives depends on how one parametrizes the fibres of UΓ. For
any p P WΓ, we know that there is a local universal family Up Ñ Wp where Wp is

an open neighborhood of p in WΓ. For any open subset Op Ă Z2
p whose closure is

disjoint from the special points, one can find Wp sufficiently small such that there
is a trivialization

U2
p r U thin

p » Wp ˆOp.

For any q P Wp, let φpq : Op Ñ Z2
q Ă U2

p the corresponding open subset. We may

assume that Op is chosen in such a way that Z2
p “ Op Y pU thin

Γ X Z2
p q and such that

U thin
p is contained in U thin

Γ . For hΓ P MappU2
Γ,J q, define in terms of a metric on the

complement of the nodes in U2
Γ the Floer norm }hΓ}ǫ. The subspace of maps vanish

on U thin is a Banach space which we take to be our space of perturbations.

5.5. Forgetting leaves. In order to ensure that the regularized moduli space of
vortices are compact, we wish to rule out certain configurations involving ghost
bubbles in the compactification. For this, we need to ensure that certain stabilization
operations respect the perturbations. Let Γ “ pΓ, s,m,w, oq P TYF (not necessarily
stable). Let S Ă VpΓqrVpΓq be a nonempty subset which has connected components
Ξ1, . . . ,Ξm, such that each connected component has at least one interior leaf. In
the following we define a new object Γ1 “ pΓ1, s1,m1,w1, o1q P Tst Y Fst called the
S-stabilization of Γ.

First, there are two types of connected components Ξs of S, i.e., the non-separating
and separating ones, depending on whether the complement of Ξs is connected or
not. Suppose Ξs is connected via an edge es to a vertex vαs . For each non-separating
Ξs, remove Ξs together with the edge es connecting Ξs to the rest of the tree, and
add a new leaf l1s to be attached to vαs . Label l

1
s by the largest labelling of all interior

leaves on Ξs. To each separating Ξs, remove all but the one leaf on Ξs that has the
largest labelling, and regard this leaf as a new leaf. This separation may result in an
unstable type, so after the above operations we stabilize and obtain a stable colored
tree pΓ1, s1q. The set of leaves of Γ1 can be decomposed as

LpΓ1q “ LoldpΓ1q \ LnewpΓ1q.
The leaves are not labelled by consecutive numbers. We relabel them by consecutive
numbers 1, 2, . . . while keep the order unchanged. The metric type m is naturally
inherited by Γ1, denoted by m1. Lastly, for each old leaf li, define o1pliq “ opliq. For
each new leaf l1s obtained from a connected component Ξs, define

o1pl1sq “
ÿ

liPLpΞsq

opliq.

Lastly, if there is a vertex v P V♦pΓ1q r VpΓ1q which has valence 1 and only one
interior leaf, and if v is attached to w P V▽pΓ1q, then we contract v, v and replace the
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leaf by a new leaf attached to w. The contact order at the new leaf is set to be the
same as the contact order at the leaf attached to v. This completes the definition of
the S-stabilization Γ1 “ pΓ1, s1,m1,w1, o1q.

Definition 5.7. Consider an arbitrary Γ P Tst Y Fst. A subset S Ă VpΓq r VpΓq
is called special if for each connected component of S, there is at most one interior
leaf attached to this component. For a special subset S, a map JΓ P MapǫpUΓ,J q
is called special for S if its restriction to UΓ,ΓS Ă U2

Γ equals the constant JX . A
perturbation PΓ “ pFΓ, JΓq is called an S-special perturbation if JΓ is special for S.
Let PSpUΓq the space of S-special perturbations. Then PpUΓq “ PHpUΓq.

Notice that as a closed subspace of PpUΓq, PSpUΓq is a separable Banach space.
Now we define an operation on perturbation data induced by the stabilization

procedure defined above. Consider Γ P Tst Y Fst and any subset S Ă VpΓq rVpΓq.
Let Π be the S-stabilization of Γ. Then the union of all non-separating components
of S becomes a special subset R of VpΠq r VpΠq and the S-stabilization yields a
map WΓ Ñ WΠ. Moreover, for the complement of S or R, there are closed subsets
UΓ,Sc Ă UΓ and UΠS,Rc Ă UΠ and a commutative diagram

UΓ,Sc
//

��

UΠ,Rc

��

WΓ
// WΠ

.

An arbitrary perturbation PΓ “ pFΓ, JΓq P PpUΓq induces a R-special perturbation
on Π. Hence such a perturbation yields a map

πS : PpUΓq Ñ PRpUΠq (5.8)

between Banach manifolds. If we identify pF, JXq with the origin of the correspond-
ing Banach space, then this map is linear. Furthermore, a right inverse to this map
is given by using the constant almost complex structure on all components of UΓ

corresponding to vertices in S.
This discussion has the following consequence for generic perturbations. Recall

that in a Baire space a comeager subset (a countable intersection of open dense
subsets) is dense.

Lemma 5.8. Suppose Γ P Tst Y Fst.

(a) For any S Ă VpΓqrVpΓq, let Π be the S-stabilization of Γ. With notation as
above, the preimage of any comeager subset of PRpUΠq under the restriction
map is a comeager subset in PpUΓq.

(b) For any Γ1 Ĳ Γ, the preimage of any comeager subset of PpUΓ1q under the
restriction map is a comeager subset in PpUΓq.

Proof. Both claims follow from the existence of a continuous right inverse and
Lemma 5.9 below. �

Lemma 5.9. Let X, Y be separable Banach spaces. Let f : X Ñ Y be a continuous
linear map that admits a continuous right inverse. Then for any comeager subset
U Ă Y , f´1pUq is also a comeager subset of X.
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Proof. By definition, we can write U “ Ş8
i“1 Ui where Ui is an open dense subset of

Y . Then

f´1pUq “
8č

i“1

f´1pUiq.

Since preimages of open sets are open sets, the conclusion of this lemma follows
if we can prove that the preimage of any dense subset of Y is dense in X. Let
S Ă Y be a dense subset. Since X is Hausdorff and first countable, it suffices
to prove that every point x P X can be approximated by a sequence in f´1pSq.
Denote y “ fpxq and x1 “ gpyq. Then x ´ x1 P kerf . On the other hand, there
is a sequence yi P S converging to y in Y . Denote x1

i “ gpyiq. Then the sequence
x1
i ` px´x1q “ x` px1

i ´x1q “ x` gpy1
i ´ yq converges to x. Moreover, x1

i ` px´x1q P
x1
i ` kerf Ă f´1pSq. Hence f´1pSq is dense. �

6. Moduli Spaces

In this section we construct moduli space of curves and vortices appearing in
definitions of the A8 algebras and the A8 morphism. In Subsection 6.1 we define
the notion of vortex types, which are combinatorial types for the moduli spaces of
affine vortices. In Subsection 6.2 we define the notion of treed scaled vortices and
the notion of adaptedness with respect to the stabilizing divisor. In Subsection 6.3
we define the topology on the moduli space and prove the compactness result.

6.1. Vortex types. The combinatorial type of a vortex is defined as follows. Re-
member that we have chosen a Morse function F : L̄ Ñ R which has a unique
maximum xM (since L is connected). For x P crit we assign the degree

ipxq “ dimpL̄q ´ indpxq
where ind is the Morse index. We use homology classes to label two-dimensional
components. There is a commutative diagram

H2pX̄q //

��

HK
2 pXq

��

H2pX̄, L̄q // HK
2 pX,Lq

.

We use B to denote an element of HK
2 pX,Lq. Denote the Maslov index

Mas : HK
2 pX,L;Zq Ñ Z.

We say that a holomorphic sphere in X̄ (resp. a holomorphic disk in X̄ resp. an
affine vortex over C) represents B if its homology class in H2pX̄q (resp. H2pX̄, L̄q
resp. HK

2 pXq) is mapped to B.
We use certain submanifolds to label pointwise constraints at interior markings.

For each nonempty subset I Ă t0, 1, . . . , n̄u, denote

DI “
č

aPI

Da, D0
I “

´č

aPI

Dst
a

¯
r

´ď

bRI

Db

¯
.

The normal crossing divisor S “ S1Y¨ ¨ ¨YSN of Definition 2.4 can also be stratified:
for each J P t1, . . . , Nu, define

S0
J “

´ č

aPJ

Sa

¯
r

´ď

bRJ

Sb

¯
Ă Xst.



AN OPEN QUANTUM KIRWAN MAP 42

We also have stratified the unstable locus Xus as Xus “ Xus
1 \ ¨ ¨ ¨ \Xus

m . Then let

V “
 
Xus
c | c “ 1, . . . ,m

(
\
 
D0
I X S0

J | I Ă t0, 1, . . . , n̄u, J Ă t1, . . . , Nu
(
.

Notice that when I “ J “ H, D0
I X S0

J “ X. Each V P V defines a smooth
submanifold V̄ “ pµ´1p0q X V q{K Ă X̄ which is possibly empty.

Definition 6.1. An unbroken vortex type Γ̃ is a tuple Γ̃ “ pΓ, x̃,B,V , õq where

‚ Γ P T Y F is an unbroken type.
‚ x̃ “ px1, . . . ,xk;x8q is a sequence of elements in the set of critical points of
F , where k is the number of incoming boundary tails of Γ.

‚ B is collection of classes Bα P HK
2 pX,L;Zq labelled by vertices of Γ.

‚ V “ pV1, . . . , Vkq is a sequence of K-invariant smooth submanifolds of X
belonging to V.

‚ õ : LpΓq Ñ Z is a function such that õpliq is between 1 and opliq.
The notion of unbroken vortex types can be easily extended to the notion of broken
vortex types, for which we skip the details. Every vortex type Γ̃ has an underlying
combinatorial type Γ and the correspondence Γ̃ Ñ Γ will be used frequently without
explicit explanation. The type Γ̃ is then called a refinement of Γ. The total energy
EpΓ̃q and the total Maslov index MpΓ̃q of a vortex type Γ̃ is defined as

EpΓ̃q :“
ÿ

vαPVpΓq

EpBαq, MaspΓ̃q “
ÿ

vαPVpΓq

MaspBαq.

For two vortex types Γ̃, Γ̃1, we say Γ̃1Ĳ̃Γ̃ if the following conditions are satisfied:

‚ Γ1 Ĳ Γ, which implies a tree map ρ : Γ1 Ñ Γ.
‚ For any boundary tail t1i P TpΓ1q and ti “ ρTptiq P TpΓq, x1

i “ xi.
‚ For any vertex vα P VpΓq, we require

Bα “
ÿ

v1
β

Pρ´1

V
pvαq

B1
β P HK

2 pX,L;Zq.

‚ For any interior leaf l1i P LpΓ1q and li “ ρLpl1iq P LpΓq, if V 1
i “ D0

a for some
a P t0, 1, . . . , n̄u, then we require

Vi “ D0
a, õ

1pl1iq ě õpliq.

If V 1
i ‰ D0

a for any a P t0, 1, . . . , n̄u, then we require that V 1
i Ă Vi.

6.2. Treed vortices. A treed vortex is a combination of disks, spheres, and vortices,
sometimes with Lagrangian boundary condition, pseudoholomorphic with respect
to a given collection of domain-dependent almost complex structures, together with
gradient segments of the given domain-dependent Morse function. Given a collection
of coherent perturbation data P :“ tPΓ “ pJΓ, FΓq | Γ P Tst Y Fstu, for each (not
necessarily stable) treed disk Z with underlying type Γ P TYF, there are an induced
family of almost complex structures JZ : Z2 Ñ J and an induced family of domain-
dependent smooth functions FZ : Z1 Ñ F . Indeed, if Γ is stable, then pJZ , FZq is
induced by pull back PΓ via the embedding of Z into a fibre of the universal curve
UΓ. If Z is unstable, let Zst (with underlying type Γst) be the stabilization. Then
on each stable two-dimensional component of Z, JZ is induced from JZst ; on the
edges of Z that persist under the stabilization, FZ is also induced from FZst ; on
edges that are contracted by the stabilization, FZ is equal to the unperturbed F .
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Definition 6.2. Given a system of coherent perturbation data P “
 
PΓ | Γ P

Tst Y Fst
(
, given a (not necessarily stable) vortex type Γ̃,

A treed scaled vortex of vortex type Γ̃ is a collection

C :“
 
Z, pvαqvαPVpΓq, pxeqePEpΓq\TpΓq

(
(6.1)

where

‚ Z is a treed disk with type Γ;
‚ for each vα P VpΓq, vα is a gauged map from pΣα, BΣαq to pX,Lq;
‚ for each e P EpΓq \ TpΓq, xe : Ie Ñ L̄ is a smooth map

satisfying the following conditions:

‚ vα is a generalized vortex with respect to JZ |Σα . More precisely, if vα P
V△pΓq, then vα is a K-orbit of JZ |Σα-holomorphic disk or sphere in X̄; if
vα P V♦pΓq, then vα is a gauge equivalence class of JZ |Σα-affine vortex over
C or H ; if vα P V▽pΓq, then vα is a J̄Z |Σα-holomorphic disk or sphere in X̄.

‚ Each xe is a solution to x1
epsq ` ∇pFZ |Ieqpxepsqq “ 0 on Ie. Moreover, if t´

and t` form an infinite edge in Γ, then (recall It´ “ It` “ R) xt´ “ xt` .
‚ For each e P TpΓq, xeptq converges as t Ñ ˘8 to the prescribed limit in crit.
‚ There are obvious matching conditions at nodes and points where one di-
mensional components are attached to two dimensional components.

A treed scaled vortex C as described above is said to satisfy the contact order con-
dition at a leaf li P LpΓq if the following conditions are satisfied.

‚ Suppose li P L△pΓq and is attached to a vertex vα P V△pΓq \ V♦pΓq, then
zi P v´1

α pViq. Moreover, suppose Vi “ D0
a for some a P t0, 1, . . . , n̄u and vα is

not entirely contained in D0
a, then the contact order of vα at zi with D

0
a is

õpliq.
‚ Suppose li P L▽pΓq and is attached to a vertex vα P V▽pΓq, then zi P v´1

α pV̄iq.
Moreover, suppose Vi “ D0

a for some a P t0, 1, . . . , n̄u and vα is not entirely
contained in D̄a, then the contact order of vα at zi with D̄ is õpliq.

A treed scaled vortex C as described above is stable if the following condition is
satisfied.

‚ For each unstable vertex vα, vα has positive energy.
‚ For each infinite edge tt´, t`u in Γ, xt´ “ xt` is nonconstant.

The notion of isomorphisms between treed scaled vortices can be defined in an
ordinary way, namely, by incorporating domain symmetries and the gauge symmetry.

Given a vortex type Γ̃, let MΓ̃pPΓq be a moduli space of treed scaled vortices of

type Γ̃ that satisfy the contact order condition at all interior leaves.

6.3. Convergence and compactness. We describe a notion of Gromov conver-
gence for sequences of vortices. Let pΓ, sq be the colored baseless tree with a sin-
gle vertex colored by ♦ and a finite set of leaves l1, . . . , lk with k ě 1. Let Zk
be a sequence of marked curves representing a sequence of points pk P WΓ. Let
Π Ĳ Γ be a vortex type and let Z8 be a marked stable curve representing a point
p8 P WΠ Ă WΓ.

Definition 6.3. (Gromov convergence of vortices) Let vk “ puk, φk, ψkq be a se-
quence of vortices from C to X and v8 be a stable J8-affine vortex on C having
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components v8,α. We say that vk Gromov converges to v8 if the following condi-
tions are satisfied: there exist sequences of Möbius transformations or translations

φα,k : Σα Ñ C

such that

(a) (Holomorphic spheres or disks or vortices in X) For vα P V△pΠq \ V♦pΠq,
there exists a sequence of gauge transformations ζk P AutpPαq such that
vk ˝φα,k converges uniformly with all derivatives to v8,α on compact subsets
of Σα rWα.

(b) (Holomorphic spheres or disks in X̄) For vα P V▽pΠq, uk ˝ φα,k converges
uniformly to u8,α on compact subsets of Σα rWα.

(c) (No energy loss) Epvkq converges to Epv8q.

This notion of convergence is essentially due to Ziltener (see [Zil14]). Slightly
generalizing this notion to the bordered case, we can define the convergence of a se-
quence of affine vortices over H with markings to a stable affine vortex over H . We
omit the details but assume that the reader understand the role of the Möbius trans-
formations (or translations) in the convergence and different requirements between
components in V△pΓq Y V♦pΓq and components in V▽pΓq.

Now we define the notion of convergence for unbroken objects stable treed scaled
vortices. The definition for the case of a sequence of broken objects can be easily
derived. Besides infinite edges, we only need to consider the compactification of
MΓ̃ for which the underlying type Γ is stable, although the boundary of MΓ̃ may
contain objects with unstable underlying types.

Definition 6.4. Let pCkq8
k“1 be a sequence of stable treed scaled vortices of unbroken

vortex type Γ̃k with the same underlying stable type Γ. Let C8 be another stable
treed scaled vortex. We say that Ck converges modulo gauge to C8 if the following
conditions are satisfied.

(a) Let the underlying treed disks of Ck be Zk and the underlying treed disk of
C8 be Z˝

8. Z˝
8 may not be stable and let its stabilizations be Z8. Then

we require that Zν converges to Z8 in the sense of Definition 4.8 (we use
the same notations as Definition 4.8). Let Γ and Γ8 be the underlying
combinatorial types of Zν and Z8, respectively. Let Γ1 be the combinatorial
type obtained from Γ8 by gluing new breakings. Then there is a morphism
ρ : Γ1 Ñ Γ.

(b) For each vα P VpΓq, consider the sequence of generalized vortices vα,k with
domain Σα. The preimage of vα under ρV corresponds to a subtree of Γ1,
which also corresponds to a stable generalized vortex Cα,8. Then the se-
quence vα,k converges modulo gauge to Cα,8, in the sense we just discussed
before this definition.

(c) For an edge of positive length or boundary tail e P E`pΓq\TpΓq, its preimage
under ρE corresponds to a (chain of) edges in Γ˝

8, which in C8 corresponds to
a (broken) perturbed gradient line (with possibly finite ends). If the lengths
of e in Zk do not converge to zero, then the sequence of perturbed gradient
lines xe,k converges uniformly in all derivatives to the (broken) perturbed
gradient line in C8. If the lengths of e converge to zero, then there is no
extra requirement for the sequence of perturbed gradient lines xe,k.
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One can easily extend the above definition to the case that the underlying vortex
type Γ̃ of the sequence is broken. We also leave the following statements to the
reader to check.

Proposition 6.5. The sequential limits defined as in Definition 6.4, are unique.
Namely, if a sequence Ck stable treed scaled vortices converges to two stable treed
scaled vortices C8, C

1
8, then there exists an isomorphism from C8 to C1

8.

Proposition 6.6. If in the sequence each Ck satisfies the contact order condition at
all interior leaves, then the limit C8 also satisfies the contact order condition at all
interior leaves.

Proposition 6.7. Suppose Ck converges to C8. Suppose C8 has underlying vortex
type Γ̃8 and for all k, Ck has the same underlying vortex type Γ̃, then Γ̃8Ĳ̃Γ̃.

Lastly we state the compactness theorem. We do not provide the detailed proof
since as long as the convergence notion is defined clearly, the proof is a combination
of results on compactness for broken Morse trajectories, Gromov compactness for
holomorphic spheres and disks, and affine vortices due to Ziltener in [Zil14]; the
compactness result of affine vortices over H is essentially proved by Wang–Xu in
[WX17] (in Wang–Xu [WX17] the authors actually proved the compactness of vor-
tices over the unit disk under adiabatic limit, and the case of vortices over H can
be reproduced from the same argument).

Theorem 6.8. (Compactness of fixed type) Let Ck be a sequence of stable treed
scaled vortices with isomorphic stable underlying combinatorial types Γ P Tst Y Fst,
while the equations are defined by a common perturbation PΓ P PǫpUΓq. Suppose
the energy EpCkq are uniformly bounded. Then there is a subsequence of Ck (still
indexed by k) that have isomorphic underlying vortex types and that converge to a
stable treed scaled vortex C8.

In particular, consider a stable type Γ P Tst Y Fst and a refinement Γ̃. Consider
the moduli space MΓ̃pPΓq. We define

MΓ̃pPΓq :“
ğ

Π̃Ĳ̃Γ̃

MΠ̃pPΓ|U
Πst

q. (6.2)

Notice that there might be stable refinements Π̃ appearing in the disjoint union on
the right hand side, whose underlying Π is unstable. A priori Theorem 6.8 does not
immediately imply the sequential compactness of MΓ̃pPΓq. To show the sequential

compactness, first notice that there are only finitely many Π̃ appearing in the disjoint
union on the right hand side of (6.2). Second, given a sequence of elements in
MΠ̃pPΓ|Πstq with Π unstable, we can add a fixed number of markings to stabilize
all unstable components of Π. Then Theorem 6.8 implies that a subsequence of the
stabilized sequence converge to a limit. It is routine to show that after removing the
added marked points, the convergence still holds.

Theorem 6.9. Let Γ P Tst be a stable type and Γ̃ be a refinement. Let PΓ be a
perturbation data on UΓ. Then the moduli space MΓ̃pPΓq has a unique compact and
Hausdorff topology for which sequential convergence is the same as the sequential
convergence defined by Definition 6.4.
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7. Transversality

In this section we discuss the regularity of various moduli spaces. To achieve
transversality while maintaining certain properties of the countings, we impose sev-
eral additional conditions on the perturbation data.

Definition 7.1. Let Γ̃ “ pΓ, x̃,B, õ,V q be a vortex type (see Definition 6.1).

(a) Γ is called reduced if V△pΓq “ V△pΓq, i.e., there is no vertices corresponding
to holomorphic spheres in X.

(b) In Γ̃, a ghost vertex is a vertex vα with Bα “ 0. A ghost tree is a subtree
whose vertices are all ghost vertices.

(c) A vortex type Γ̃ is called uncrowded if for each ghost tree Ξ, there is at most

one interior leaf attached to vertices in Ξ. Otherwise Γ̃ is called crowded.
(d) Let S Ă VpΓq r VpΓq be a special subset (see Definition 5.7). A refinement

Γ̃ of Γ is called S-special if Bα “ 0 for all vα P S.
(e) Suppose the degree of the stabilizing divisor D is ND. The vortex type Γ̃ is

said to be controlled if: 1) for each superstructure Π of Γ

NDEpΠ̃q “ ND

ÿ

vαPVpΠ̃q

xωKX , Bαy ď
ÿ

liPLpΠq

opliq; (7.1)

2) For each maximal subtree Πα of Γ that contains only one vertex in vα P
VpΓq, one has

NDEpΠ̃αq “ ND

ÿ

vαPVpΠ̃αq

xωKX , Bαy ď
ÿ

liPLpΠαq

opliq; (7.2)

We remark that in this paper transversality is only achieved for moduli spaces
M˚

Γ̃
pPΓq Ă MΓ̃pPΓq in which Γ̃ is reduced, uncrowded, and controlled in the sense

of Definition 7.1. Here M˚
Γ̃

pPΓq is the open subset consisting of configurations for

which no nonconstant component is mapped entirely into the stabilizing divisor. In
order to obtain nice compactifications of the moduli spaces (the refined compactness
theorem, Proposition 7.12), the transversality needs to be stronger than the naive
one, in which the discussion involves S-special refinements and S-stabilizations (see
Subsection 5.5).

The remaining of this section is organized as follows. In Subsection 7.1 we give
the analytic local models for holomorphic curves and affine vortices with prescribed
tangency conditions at interior markings. In Subsection 7.2 we set up the analytical
framework for the associated universal Fredholm problem and state the definition
of regular perturbation data. In Subsection 7.3 we consider the transversality for
moduli spaces over closed domains. In Subsection 7.4 we consider the transversality
for bordered domains. In Subsection 7.5 we comment on a special condition on the
perturbation data, which has implications on the theories on the classical level. In
Subsection 7.6 we prove a compactness results for certain moduli spaces of expected
dimension zero or one.

7.1. Local model with tangency conditions. As in [CM07] we need to discuss
holomorphic maps or vortices having constraints of derivatives at interior markings.
One should be able to describe the tangency condition on the level of Banach mani-
folds. In [CM07], one can use higher Sobolev spaceW k,p to model maps and consider
the l-th order derivative of any maps of regularity W k,p, thanks to the Sobolev em-
bedding W k,p ãÑ C l if k ě l ` 1. However if we would like to use higher Sobolev
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spaces to model vortices, we need to re-work the result of the second name author
and Venugopalan [VXne], which was already quite technical. Instead, we still use
the W 1,p norm and use the twisting trick which appeared in [Zin11]. We hereby
thank A. Zinger for explaining this method to us.

Define a Banach space of sections that vanish to a certain order at a given point
as follows. Recall p P p2, 4q. Let Σ be a Riemann surface, E Ñ Σ be a complex line
bundle equipped with a metric and a metric connection. Let Z “ o1z1 ` ¨ ¨ ¨ ` omzm
be an effective divisor with multiplicity oi ě 1. Then denote by W

k,p
Z pΣ, Eq Ă

W
k,p
loc pΣ r Z,Eq the space of sections s of E such that for every zi P Z there exists

a neighborhood Ui of zi and a coordinate w : Ui Ñ C such that

wpziq “ 0,
∇ls

wk´l`oi´1
P LppUi, Eq, @l “ 0, . . . , k.

In other words, s is of class W
k,p,oi´

2

p with respect to the cylindrical metric near Z.
It is straightforward to check that if s is holomorphic near Z with respect to certain
local holomorphic structure of E and spwq “ Op|w|oiq near all zi, then s lies in the

space W k,p
Z pΣ, Eq. Moreover, the following lemma is standard.

Lemma 7.2. W
k,p
Z pΣ, Eq is a Banach space. Moreover, if Σ is a compact Riemann

surface without boundary, D : Ω0pEq Ñ Ω0,1pEq is a real linear Cauchy–Riemann
operator, then D induces a Fredholm operator

D :W k,p
Z pΣ, Eq Ñ W

k´1,p
Z pΣ,Λ0,1 b Eq,

whose index is
indRD “ 2 ´ 2g ` 2degE ´ 2degZ.

A similar index formula, left to the reader, holds for the case of Cauchy–Riemann
operators on a surface with boundary with totally real boundary conditions.

Consider the following tangency conditions for pseudoholomorphic curves or vor-
tices. First consider the case that the domain is S2. Let Za be an effective divisor for
a P t0, 1, . . . , n̄u. Assume all Za pairwise disjoint and denote Z “ pZ0, Z1, . . . , Zn̄q.
Let BS2,ZpB̄q be the space of W 1,p-maps ū : S2 Ñ X̄ that represent the class

B̄ P H2pX̄, L̄;Zq, such that, if D̄a is the vanishing locus of s̄a P Γ pR̄q, then
ū˚s̄a P W 1,p

Za
pS2, ū˚R̄q.

Define the Banach space bundle ES2,ZpBq Ñ BS2,ZpBq whose fibre over ū is the
space

ES2,ZpBq|ū “
!
η P LppS2,Λ0,1 b ū˚TX̄q | ds̄a ˝η P LpZa

pS2,Λ0,1 b ū˚R̄q, 0 ď a ď n̄
)
.

Let J P J pU,Dq and consider the Cauchy–Riemann operator BJ̄ . We claim that for

each ū P BS2,ZpBq, BJ̄ ū P ES2,ZpBq. Indeed, by the condition ū˚s̄a P W 1,p
Za

pS2, ū˚R̄q
and the fact that s̄D is holomorphic with respect to J̄X , we see

ds̄a ˝ BJ̄ ū “ Bps̄a ˝ ūq ` 1

2
ds̄a ˝ pJ̄ ´ J̄Xq ˝ dū ˝ j.

The first term lies in ES2,ZpBq automatically. For the second term, notice that

J̄ |D̄a
“ J̄X |D̄a

and the distance between ū and D̄a can be estimated. It is not hard
to show that the second term is also in ES2,ZpBq. Hence we have a smooth section

BJ̄ : BS2,ZpBq Ñ ES2,ZpBq
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of Banach space bundles. The local expression for the Cauchy–Riemann operator
implies that BJ̄ is a Fredholm section and Lemma 7.2 implies its index is equal to

dimX̄ ` MaspB̄q ´ 2
n̄ÿ

a“0

degZa.

Moreover, every point in the zero locus is a holomorphic sphere representing the
class B̄, which has the prescribed tangency conditions at the interior markings.

Similar Fredholm result and index computations hold if the almost complex struc-
ture is domain-dependent; if there are zeroth order interior constraints at other
markings; or if there Lagrangian boundary condition; these are left to the reader.

We state a similar Fredholm result and index computation for affine vortices with
tangency conditions. Choose B P HK

2 pX,L;Zq. Recall the Banach manifolds BCpBq
of gauged equivalence classes of triples pu, φ, ψq we introduced in (2.7), for A “ C.
Let BC,ZpBq Ă BCpBq be the subset of triples gauge equivalence classes of gauged
maps pu, φ, ψq from C to X satisfying the conditions that

(a) for each zi P Za, upziq P D0
a; and

(b) for certain small neighborhood Ui around zi, u
˚sa P W 1,p

Za
pUi, u˚Rq.

Moreover, let ECpBq Ñ BCpBq be the bundle (2.8) and let EC,ZpBq Ă ECpBq be the
subset of η “ rη1, η2, η3s where near each zi P Z, dsa ˝ η1 P LpZpUi, u˚Rq. Then for
any J P J pU,Dq, the affine vortex equation defines a Fredholm section

FJ,B,Z : BC,ZpBq Ñ EC,ZpBq

with

indFJ,B,Z “ dimRX̄ ` 2degB ´ 2
n̄ÿ

a“0

degZa.

The corresponding statements for affine vortices over H are left to the reader.
The above index computations lead to the following formula for the expected

dimension of MΓ̃ where Γ̃ is a reduced, unbroken, uncrowded type Γ̃. We define the
expected dimension of MΓ̃ as

indΓ̃ “ dimWΓ ` ipx̃q ` MaspΓ̃q ´
kÿ

i“1

δipΓ̃q. (7.3)

Here the first term is given in (4.1),

ipx̃q “ ipx8q ´
kÿ

i“1

ipxiq,

and δipΓ̃q is defined as

δipΓ̃q “
#

codimRpVi,Xq, Bαi
“ 0 or Vi ‰ D0

a for all a P t0, 1, . . . , n̄u;
2õpliq, Bαi

‰ 0 and Vi “ D0
a for some a P t0, 1, . . . , n̄u. (7.4)

The formula for broken vortex types that are reduced and uncrowded can be derived
easily from (7.3).

7.2. Definition of regularity.
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7.2.1. The Fredholm problem setup. The moduli spaces of stable treed scaled vortices
of any given type is locally cut out by a Fredholm map of Banach spaces as follows.
Given a reduced vortex type Γ̃ whose underlying type Γ is unbroken and stable; let
Z be any stable treed disk representing a point of WΓ. To define various Sobolev
spaces, we need to choose a Riemannian metric on every two-dimensional component
of Z. If vα P V△pΓq \ V▽pΓq, there is no canonical choice of a metric on Σα because
the group of Möbius transformations do not preserve any metric. Nonetheless we
choose an arbitrary one. If vα P V♦pΓq, choose the translation invariant metric on
Σα, which is diffeomorphic to either C or H . For each vertex vα P VpΓq, let Zα
be the set of interior markings on Σα, and let Z0

α “ pZ0
α,0, . . . , Z

0
α,n̄q be the union

of divisors given by all interior markings zi labelled by some D0
a together with the

contact orders õpliq. Let Bα be the Banach manifold consisting of equivalence classes
of maps defined as follows.

(a) If vα P V△pΓq, set

Bα “
!

rus P BΣα,Z0
α

pX,L;Bαq | upΣαq Ĺ D, upziq P Vi, @zi P Zα r Z0
α

)
;

(b) If vα P V▽pΓq, set

Bα “
!
ū P BΣα,Z0

α
pX̄, L̄;Bαq | ūpΣαq Ĺ D̄, upziq P V̄i, @zi P Zα r Z0

α

)
;

(c) If vα P V♦pΓq, set

Bα “
!

rvs “ ru, φ, ψs P BΣα,Z0
α

pX,L, µ;Bαq | upΣαq Ĺ D, upziq P Vi, @zi P ZαrZ0
α

)
.

To unify the notations, for all Bα, its elements are denoted as gauge equivalence
classes rvs “ ru, φ, ψs of gauged maps from Σα to X2. On the other hand, for each
one-dimensional component Ie of Z of positive length λpeq ą 0, let Be be the Banach

manifold of W 1,p-maps from Ie to L̄. If Ie is unbounded, then Γ̃ induces asymptotic
constraints and we can define Be consisting of W 1,p

loc maps from Ie into L̄ satisfying
the asymptotic constraints in a suitable sense. We omit the details.

Before discussing the sections defined by the equations, we consider the matching
conditions at nodes. Notice that there are well-defined evaluation maps defined on
Bα or Be. Let

BΓ̃pZq Ă
ź

α

Bα ˆ
ź

e

Be

to be the open subset of the product such that for each node of Z, the distance
between the evaluations at the two sides of the nodes is less than a fixed very small
constant; for example, a number small than the injectivity radii of X̄ and L̄. An
element of BΓ̃pZq is denoted by ppvαq, pxeqq. Abbreviate X̄2 “ X̄ ˆ X̄, L̄2 “ L̄ˆ L̄.
Let ∆X̄ Ă X̄2, ∆L̄ Ă L̄2 be the diagonals. Denote

XΓ “ pX̄2qE▽pΓqrE▽pΓq ˆ pL̄2qE0pΓq ˆ pL̄2qBE`pΓq;

Then there is a smooth evaluation map

evΓ : BΓ̃pZq Ñ XΓ.

Its image is contained in a small neighborhood of the “diagonal” ∆Γ, defined as

∆Γ “ p∆X̄qE▽pΓqrE▽pΓq ˆ p∆L̄qE0pΓq ˆ p∆L̄qBE`pΓq.

2Because Γ̃ is reduced, we do not need to define Banach manifolds for maps from S
2 to X.
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Let NΓ be the normal bundle of ∆Γ inside XΓ. Using parallel transport we can
regard NΓ as a bundle over a small neighborhood of the diagonal ∆Γ inside XΓ. Let
EΓ̃pZq be a Banach space bundle over BΓ̃pZq whose fibre over ppvαq, pxeqq is

´à
α

Evα

¯
‘
´à

e

Exe

¯
‘ ev˚

ΓNΓ.

Here for each vertex vα, Evα is the corresponding (weighted) Sobolev space consid-

ered in Subsection 7.1; for each e P E`pΓq, Ek,pxe “ LppIe, x˚
e T L̄q.

We define a Fredholm section of a Banach vector bundle locally as follows. Let
Z be a stable treed disk representing a point of p P WΓ. Points near p parametrize
the deformation of the lengths of finite length edges and the position of interior and
boundary markings (modulo Möbius transformations or translations). LetWp Ă WΓ

be such a small neighborhood, which is homeomorphic to an open ball in RdimWΓ .
The union of two-dimensional components of fibres of UΓ for all q P Wp can be
identified with a product, in which the deformation is realized as deforming the
positions of the special points of each component. The union of all one-dimensional
components can also be identified with the product of Wp with the disjoint union
of different intervals corresponding to edges of positive lengths. By choosing such
identifications, we can define a Banach manifold

BΓ̃pWpq » Wp ˆ BΓ̃pZq.
The union of Banach vector bundles EΓ̃ defined above also gives a Banach vector
bundle

EΓ̃pWpq Ñ BΓ̃pWpq.
Define the regularized moduli space as a quotient of a subset of the zero set of the

Fredholm section above, as follows. Consider a perturbation PΓ P PΓ. Its restriction
to UΓ|Wp induces a section

FPΓ,Wp : BΓ̃pWpq Ñ EΓ̃pWpq.
Choose for each p P WΓ a local patch Wp and define the Banach manifold, Ba-
nach vector bundles and sections as above. We remark that WΓ can be covered by
countably many such patches. Denote

M˚
Γ̃

pPΓ,Wpq “ F´1
PΓ,Wp

p0q.
Then there is a natural equivalence relation „ on the disjoint union of allM˚

Γ̃
pPΓ,Wpq.

Define a topological space

M˚
Γ̃

pPΓq “
ğ

pPWΓ

M˚
Γ̃

pPΓ,Wpq{ „ . (7.5)

The usual regularity results for holomorphic curves and the regularity of vortices
(see [CGMS02, Section 3]) imply that there is a natural inclusion

M˚
Γ̃

pPΓq ãÑ MΓ̃pPΓq, (7.6)

where the latter, defined in Section 6, is the moduli space of gauge equivalence classes
of stable treed scaled vortices with vortex type Γ̃ that satisfy the contact order
conditions at all interior markings, where the equations are defined with respect
to the perturbation data PΓ. Here the superscript ˚ only indicates that we take
out those objects that have some nonconstant components mapped entirely into the
stabilizing divisor D. Notice that a priori the topologies on the two sides of (7.6)
are different: the topology on the domain is induced from the topology of Banach
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manifolds, while the topology on the target is induced from sequential limit. However
it is a standard process to show that the natural inclusion (7.6) is a homeomorphism
on to an open subset.

7.2.2. Regular and strongly regular perturbations. We now define the notion of reg-
ular and strongly perturbations and coherent system of perturbations.

Definition 7.3. Let Γ P Tst Y Fst be a stable type.

(a) Given PΓ P PΓ, an element C P M˚
Γ̃

pPΓ,Wpq Ă M˚
Γ̃

pPΓq is called regular

if the linearization of FPΓ,Wp at C is surjective. (Notice that this condition
descends under the equivalence relation „ in (7.5).)

(b) A perturbation datum PΓ is regular if for all reduced, uncrowded and con-

trolled refinement Γ̃ of Γ, all elements in M˚
Γ̃

pPΓq are regular.

(c) Let S Ă VpΓq be a special subset. Then an S-special perturbation PΓ (see

Definition 5.7) is S-regular if for any controlled and S-special refinement Γ̃ of
Γ (see Definition 7.1), all elements in M˚

Γ̃
pPΓq are regular.

(d) A perturbation PΓ is strongly regular if the following condition is satisfied.
For any subset S Ă VpΓq r VpΓq, let Π be the S-stabilization of Γ and
R Ă VpΠq be the induced special subset (see Subsection 5.5) and (5.8).
Then πSpPΓq P PRpUΠq, which is an R-special perturbation, is R-regular.

(e) Let P “ tPΓ | Γ P Tst Y Fstu be a coherent collection of perturbations. We
say that P is strongly regular all its elements are strongly regular.

7.3. Transversality for closed domains. In this subsection we prove the follow-
ing proposition about regular and strongly regular perturbations on closed domains.
This result is crucial for defining the bulk deformation term c P H˚pX̄ ; Λą0q.
Proposition 7.4. For every stable forest Γ P Fst and a special subset S Ă VpΓq,
there exist comeager subsets

PregpUΓq Ă PpUΓq; Preg
S pUΓq Ă PSpUΓq

that satisfy the following conditions.

(a) Each JΓ P PregpUΓq is regular.
(b) Each JΓ P Preg

S pUΓq is S-regular.

(c) For Γ1 Ĳ Γ, recall the inclusion ρ̃Γ,Γ1 : UΓ1 Ñ UΓ (see (5.1)). Then we have

PregpUΓq Ă ρ̃´1
Γ,Γ1P

regpUΓ1q. (7.7)

(d) For every S Ă VpΓq, let Π be the S-stabilization and R Ă VpΠq be the induced
special subset (see notations explained in Subsection 5.5). Then we have

PregpUΓq Ă π´1
S Preg

R pUΠq. (7.8)

(e) Let Γ have n connected components Γ1, . . . ,Γn. Then for each JΓ P PregpUΓq,
for any subset I “ ti1, . . . , isu Ă t1, . . . , nu, the evaluation map

evI : M
˚
Γ̃

pJΓq Ñ X̄I

is transversal to

∆IL̄ “ tpx, . . . xq P X̄I | x P L̄u.
Remark 7.5. (a) The second collection of comeager subsets (those labelled by S)

only plays an auxiliary role. The perturbations we use to construct moduli
spaces are picked from PregpUΓq.
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(b) Let Γ1 be a connected component of Γ P Fst. If JΓ and JΓ1 belong to a co-
herent collection of perturbations, then it does not follow that the restriction
to JΓ to UΓ,Γ1 coincides with JΓ1 ˝ π̃Γ,Γ1 . However, Item (d) above implies

that the restriction JΓ to UΓ,Γ1 comes from a comeager subset of regular

perturbations on UΓ1 .

Proof of Proposition 7.4. We first construct the collection Preg
S pUΓq by using the

Sard–Smale theorem. Given a reduced, controlled, uncrowded and S-special refine-
ment Γ̃ of Γ, we consider the universal moduli problem

FΓ̃ : PSpUΓq ˆ BΓ̃ Ñ EΓ.

Claim. FΓ̃ is transverse to zero.

Proof of the claim. Consider any point pJΓ, p,vq P F´1

Γ̃
p0q, where p P WΓ is of

certain type Π Ĳ Γ, and v is a stable affine vortex with domain isomorphic to Zp
with respect to the almost complex structure JΓ|Zp . We prove that without using
the deformation of p, the linearization of FΓ̃ at this point is surjective onto the
corresponding fibre of EΓ. Let an infinitesimal deformation of JΓ be hΓ “ phαqαPVpΓq

and an infinitesimal deformation of v “ pvαqvαPVpΓq be ξ “ pξαqαPVpΓq. Then we see

DFΓ̃pe, ξq “
`
DFαpξαq ` hαpvαq, BΓpξq

˘
.

Here BΓpξq takes value in the normal bundle NΓ to the diagonal ∆Γ, defined by the
differences of the evaluations of components of ξ at nodal points.

Consider any vertex vα that is not a ghost vertex; namely the object vα has
positive energy. We want to show that the map

pξα, hαq ÞÑ
`
DFαpξαq ` hαpvαq, evαpξαq

˘
(7.9)

is surjective onto Eα|vα ‘À
zPZnode

α
TvαpzqX̄ . This surjectivity follows if we can show

that the map hα ÞÑ hαpvαq has dense range. If vα is a non-constant holomorphic
sphere in X̄, then since vα is not a ghost vertex, the points in its domain where vα
is locally an immersion is dense and open, in particular intersecting the complement
of U thin

Γ (the nodal neighborhood) at a nonempty open subset. Hence it is standard
to show that (7.9) has dense range and is surjective. On the other hand, suppose
vα is an affine vortex over C. Let Up,α Ă Σα be the complement of the nodal neigh-
borhood, namely the domain where we can adjust the almost complex structure.
Then by the definition of nodal neighborhoods (see Definition 5.1), the area of Up,α
is greater than or equal to the number Aα defined by (5.5). Moreover, since Γ̃ is
controlled, the energy of vα is less than or equal to the number Eα given by (5.5).
By Lemma 2.5, we have

uαpUp,αq X U ‰ H.

Moreover, the subset of Σα where vα,s “ vα,t ‰ 0 is open and dense. Hence one can
use the deformation of JΓ|Up,α to show that DFα is surjective.

It remains to prove transversality in the presence of ghost vertices. Let Π be a
maximal ghost subtree of Γ,

X̄Π “ pX̄ ˆ X̄qEpΠq

and ∆Π Ă X̄Π be the product of diagonals. Then the evaluation of v at nodes
corresponding to edges of Π is a point x̄Π P ∆Π (notice that V△pΠq “ H because
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Γ is reduced). If V♦pΠq “ H, then Π corresponds to a maximal ghost tree of
holomorphic spheres in X̄ . Consider the linear map

à

vαPVpΠq

W
1,p
Zα

pΣα, ū˚
αTX̄q Ñ

à

vαPVpΠq

L
p
Zα

pΣα,Λ0,1 b ū˚
αTX̄q ‘ Tx̄ΠX̄Π

Tx̄Π∆Π

.

Here W 1,p
Zα

pΣα, ū˚
αTX̄q is the tangent space of BS2,Zα

pBαq at ūα and Bα “ 0, and

L
p
Zα

pΣα,Λ0,1 b ū˚
αTX̄q is the fibre of ES2,Zα

pBαq over ūα. By the uncrowdedness
condition, among all divisors Zα there is at most one nontrivial one whose degree
is one. Therefore this linear map is surjective. On the other hand, if V♦pΠq ‰ H,
then by the stability condition V♦pΠq only contains one element vβ which has one
interior leaf corresponding to a marked point zβ P Σβ. Then we have the surjectivity
of the linearization

Dvβ
: Tvβ

BC,Zβ
pX̄q Ñ EC,ZαpX̄q|vβ

.

is also surjective. Moreover, for any other vertex vα P VpΠqrtvβu, we know Zα “ H
and hence the linear map

à

vαPVpΠqrtvβu

W 1,ppΣα, ū˚
αTX̄q Ñ

à

vαPVpΠqrtvβu

LppΣα,Λ0,1 b ū˚
αTX̄q ‘ Tx̄ΠX̄Π

Tx̄Π∆Π

is surjective. Combining the surjectivity we have proved for non-ghost components,
this implies that FΓ̃ is surjective. �

The above claim implies that the zero locus of FΓ̃, denoted by UMΓ̃, is a smooth

Banach manifold of PSpUΓqˆBΓ̃. Then the projection UW Γ̃ Ñ PSpUΓq is a Fredholm
map whose index coincides with the index of this problem. By Sard–Smale theorem,
the set of regular values, denoted by Preg

S,Γ̃
pUΓq, is a comeager subset of PSpUΓq.

Then since there are at most countably many reduced, uncrowded, controlled, and
S-special vortex types Γ̃ whose underlying combinatorial type is Γ, the intersections
of all such regular subsets of perturbations is still a comeager subset, denoted by

Preg
S pUΓq Ă PSpUΓq.

Then every element JΓ P Preg
S pUΓq is S-regular.

We construct the desired set of regular perturbations PregpUΓq as an intersection
of special subsets. Using the same argument as in the previous paragraph, one can
find a comeager subset of PpUΓq containing regular elements JΓ. Using induction, we
intersect this comeager subset with all sets on the right hand sides of (7.7) and (7.8),
and define PregpUΓq to be the intersection. By Lemma 5.8, the right hand sides of
(7.7) and (7.8) are comeager subsets. Hence PregpUΓq is a countable intersection of
comeager subsets, which is still comeager. �

7.4. Transversality for bordered domains. Now we start to construct strongly
regular perturbation data that restricts to the chosen perturbation JF for closed
domains.

7.4.1. An induction lemma. Let Γ P Tst be a stable unbroken type such that VpΓq “
VpΓq. Denote S “ S˚pΓq. Let P ˚

Γ :“
 
PΠ | Π P S

(
be a coherent system of

perturbation data for all Π Ÿ Γ. Let

PpUΓ, P
˚
Γq Ă PpUΓq
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be the subset of perturbations on UΓ which coincides with P ˚
Γ over all boundary

strata. Then as a closed subspace, PpUΓ, P
˚
Γq is also a Banach manifold.

Lemma 7.6. Then there exists a comeager subset

PregpUΓ, P
˚
Γq Ă PpUΓ, P

˚
Γq

containing only strongly regular perturbations.

Proof. The proof is an application of the Sard–Smale theorem to a universal moduli
space. We first prove that tor any reduced, uncrowded, and controlled vortex type
Γ̃ that refines Γ, the universal problem

FΓ̃ : PpUΓ, P
˚
Γq ˆ BΓ̃ Ñ EΓ (7.10)

is transverse to zero. To prove the claim consider pJΓ, FΓ, p, C̃q P F´1

Γ̃
p0q where

pJΓ, FΓq P PpUΓ, P
˚
Γq, p P WΓ and C̃ is a stable perturbed treed vortex with domain

Zp (the fibre over p). It suffices to prove the surjectivity of the linearization of
F
Γ̃
onto the subspace where we do not deform the underlying stable treed disk Z.

A general element of the tangent space of PpUΓ, P
˚
Γq, denoted by pfΓ, hΓq, induce

on each component Σα Ă Zp a deformation hα of the almost complex structure
and on each edge of positive length Ie Ă Zp a deformation of the function fe. An

infinitesimal deformation ξ of C̃ contains on each component Σα an infinitesimal
deformation ξα of the gauged map vα and on each edge of positive length Ie an
infinitesimal deformation ξe of the curve xe : Ie Ñ L̄. Then the linearization of
(7.10) reads

DF Γ̃ppfΓ, hΓq, ξq “
`
DFαpξαq ` hαpvαq,DF epξeq ` ∇fepxeq, BΓpξq

˘
.

Here BΓpξq takes value in the normal bundle NΓ to the diagonal, defined by the
difference of the evaluations of components of ξ at nodal points. Notice that one
can have nontrivial fe on all edges e with positive length. The Morse operator

pfe, ξeq ÞÑ
`
DF epξeq ` ∇fepxeq, ξe|BIe

˘
P W k´1,ppIe, x˚

e T L̄q ‘ TxepBIeqpL̄qBIe (7.11)

has cokernel consisting of sections satisfying a first-order equation that are perpen-
dicular to all variations of fe over a nonempty interval, which therefore vanishes.

For any subgraph Π Ă Γ, denote N0
Π :“ pNL̄qE0pΠq “ pNL̄qE0pΠq which is a subspace

of NΓ. Denote by B0
Πpξq the N0

Π-component of BΓpξq. Introduce

DF0
Πpp, ξq “

´`
DFαpξαq ` hαpvαq

˘
vαPVpΠq

, B0pξq
¯

P
à

vαPVpΠq

Evα ‘N0
Π. (7.12)

By the surjectivity of (7.11), it remains to prove the surjectivity of the above operator
for any maximal subtree Π Ă Γ that contains no edge of positive length.

We use an induction argument to prove the surjectivity of the linearized operator.
Recall that there is a partial order among vertices of Π. Consider a vertex vα P VpΠq
that is farthest to the root of Π among all vertices of Π, then vα is connected to only
one vertex in V pΠq. Since the type is reduced, vα cannot be a holomorphic sphere
in X. We then discuss the following possibilities.

(a) If vα has zero energy, then DFα plus the evaluation at 8 is surjective, even
without using deformations of the complex structure.

(b) Suppose vα “ pvα, φα, ψαq has nonzero energy. Then the 1-form

pBsvα ` Xφαqds` pBtvα ` Xψα
qdt
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is nonvanishing over an open dense subset Vα Ă Σα. If vα P V△pΓq \ V♦pΓq,
then either vα is a quasidisk, or an affine vortex over H , so that Vα has
nonempty intersection with the preimage of U . Then using deformations
of JΓ (which lies in J pU,Dq) one can kill all possible obstructions. The
case when vα is a quasidisk, the linearized operator is a Cauchy–Riemann
operator (modulo constant K-actions), so the situation is similar to that
of pseudoholomorphic curves discussed in [MS04, Chapter 3]; when vα is
an affine vortex over H , the way to deal with the augmented linearization
is similar to that in [Xu16, Section 6]. In summary, the map pξα, hαq ÞÑ
pDFαpξαq ` hαpvαq, ev8pξαqq is surjective.

Therefore, we reduce the problem of proving surjectivity for Π to the surjectivity of
the smaller subtree which removes vα from Π. Then using induction one knows that
the operator (7.12) is surjective. Hence the section (7.10) is transverse.

It follows that the zero set, denoted by UMΓ̃, is a smooth Banach submanifold

of PpUΓ, P
˚
Γq ˆ BΓ̃. Consider the projection UMΓ̃ Ñ PpUΓ, P

˚
Γq. By Sard–Smale

theorem, the set of regular values of this projection is a comeager subset, while
being a regular value implies being regular for the vortex type Γ̃. There are at most
countably many uncrowded, reduced, and controlled refinements of Γ, which give
at most countably many comeager subsets of PpUΓ, P

˚
Γq. Denote the intersection

of the countably many comeager subsets by PregpUΓ, P
˚
Γq, which is still a comeager

subset, containing only regular perturbations. Notice that in this case VpΓq “ VpΓq,
hence by definition, regular coincides with strongly regular (see Definition 7.3). �

Now we construct perturbation data for type △. The construction is based on an
induction process. To start, we consider the base cases for type △ which corresponds
to types Γ P Tst

△ that has no continuous moduli, namely, a Y-shape, denoted by
Y. The following transversality result for perturbed Morse trajectories is similar to
that in Abouzaid [Abo11] and Mescher [Mes18].

Lemma 7.7. There exists a comeager subset PregpUYq Ă PpUYq whose elements
are all regular (at the same time strongly regular).

Then using the Lemma 7.6 we can inductively construct a (strongly) regular
coherent system of perturbation data P△ “

 
PΓ | Γ P Tst

△

(
. Notice that we only

need to construct for unbroken types Γ P Tst
△ because the perturbations for broken

ones are determined by the perturbations for unbroken ones via the (Cutting edge)
axiom of Definition 5.5. Given an unbroken Γ P Tst

△ , assume that one has chosen a
coherent system of perturbation data P ˚

Γ over S “ S˚pΓq. Then Lemma 7.6 implies
that one can choose from a comeager subset of certain Banach manifold a regular
perturbation data PΓ for Γ whose boundary values are given by P ˚

Γ. Via induction
this gives a regular coherent system P△.

Now we construct perturbations form type ▽ and type ♦ domains. Such domains
may contain superstructures corresponding to affine vortices over C or holomorphic
spheres in X̄ . To achieve transversality, we use the perturbations for closed domains
chosen in Subsection 7.3 and vary the perturbation data only on the bases.

Consider an arbitrary stable type Γ P Tst
▽ . We consider an induction that is

indexed by the number of superstructure components on Γ. Given k ě 0, let Tk
▽ Ă

Tst
▽ be the subset of stable types Γ such that to each vα P VpΓq there are at most

k superstructures attached. Here an interior leaf of type ▽ attached to a vertex
vα P VpΓq is also regarded as a superstructure attached to vα. Then obviously
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Tk
▽ Ă Tk`1

▽ . Moreover, each Tk
▽ is a basic set in the sense of Definition 5.5. We

want to construct inductively a regular coherent family of perturbation data P k▽ “ 
PΓ | Γ P Tk

▽

(
.

Firstly, when k “ 0, the regularity for P k▽ only requires considering moduli spaces
of objects with zero energy. This corresponds to the classical situation and has no
difference from the case for type △. Indeed one can also copy from perturbations for
type △ (cf. Subsection 7.5). Therefore the base case of the induction is established.

Proposition 7.8. Let JF be the strongly regular coherent system of perturbation
data we chose for closed domains in Subsection 7.3. Let k ě 0. Suppose we have
chosen a strongly regular coherent system of perturbation data P k▽ “

 
PΓ | Γ P Tk

▽

(

which restricts to JF on superstructures. Then the system P k▽ can be extended to a

strongly regular coherent system P k`1
▽ which restricts to JF on superstructures.

Proof. The strategy of our proof is similar to that for the cases considered in the
previous three subsections. Take Γ P Tk`1

▽ rTk
▽. Suppose we have chosen a strongly

regular coherent system of perturbation data

P ˚
Γ :“

 
PΠ | Π P S˚pΓq Y Tk

▽

(

that restricts to JF on superstructures. Then it induces a regular coherent family
of perturbation data PΓ :“

 
PΠ | Π P S˚pΓq

(
.

Then consider the Banach manifold PpUΓq of perturbation data on UΓ whose
values at the boundary strata are given by PΓ. Consider a universal problem

FΓ : PpUΓq ˆ BΓ Ñ EΓ (7.13)

that is defined in a similar way as (7.10). Now we prove that the linearization of FΓ

at any point in its zero locus F´1
Γ p0q is surjective. First, by considering the operator

(7.11) for all edges in the base that have positive lengths, the problem reduces
to proving the surjectivity of the operator DF0

Π defined by (7.12) for all maximal
subtrees of Π that contains no edge in the base having positive length. For such a
subtree Π, divide Π into components such that each component is either a single
vertex vα supporting a nonconstant holomorphic disk, or a maximal subtree of Π
supporting objects with zero energy. For the former case, the deformation of almost
complex structures on Σα can give enough resource to make things transverse. For
the latter case, the deformation of almost complex structures on all the vertices does
not contribute to the linearized operator. However, since JF satisfies Item (e) of
Proposition 7.4, it is not hard to see the transversality already holds. Hence the
universal problem (7.13) is transverse to zero. Then by Sard–Smale theorem one
can construct a strongly regular perturbation data PΓ as required. By carrying out
the induction the statement of the proposition is proved. �

Now we construct perturbation data PΓ for all Γ P T♦, under the assumption
that certain coherent systems of perturbation data P△ and P▽ have been chosen for
types of type △ and ▽.

Proposition 7.9. Given a coherent system of perturbation data P△ “
 
PΓ | Γ P

Tst
△

(
and a coherent system of perturbation data P▽ “

 
PΓ | Γ P Tst

▽

(
, both of which

are strongly regular and restrict to JF on superstructures, there exists a strongly
regular coherent system of perturbation data P “

 
PΓ | Γ P Tst

(
that restricts to

JF on superstructures and that extends both P△ and P▽,
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Proof. The proof is based on the same induction process as been used in the previous
subsections. Notice that we only need to consider unbroken types because pertur-
bations for broken types are determined by those on unbroken ones via the (Cutting
edge) axiom of Definition 5.5. First we need to consider unbroken types Γ P Tst

♦

that has no continuous moduli. There is only one such type that is the Φ-shape
(see Subsection 4.1), and it is easy to see that the trivial perturbation is (strongly)
regular. Then using Lemma 7.6 one can construct perturbations inductively over all
unbroken Γ P Tst

♦ . �

We confirm that we have finished the construction of a regular coherent system
of perturbation data for the set consisting of all stable

7.5. The classical level theories. In the next section we prove a result stating
that FukKpLq and FukcpL̄q are isomorphic on the classical level, and the quantum
Kirwan map is the identity on the classical level. This condition requires an addi-
tional restriction on the perturbation data. In this subsection we explain that this
restriction can always be satisfied during the construction.

The condition involves the following forgetful map. Let T0 be the set of stable
types that have no interior leaves. Let T0

△, T
0
▽, and T0

♦ be the subsets of T0 of types

△, ▽ and ♦ respectively. There is a one-to-one correspondence T0
△ » T0

▽, denoted by
Γ△ ÞÑ Γ▽, inducing commutative diagrams

UΓ△

//

��

UΓ▽

��

WΓ△

// WΓ▽

. (7.14)

There is a forgetful map T0
♦ Ñ T0

△{▽, denoted by Γ♦ ÞÑ Γ△{▽, that changes the

coloring to s ” △ or s ” ▽, and then possibly contracts unstable vertices.3. For
Γ♦ P T0

♦, let the corresponding type be Γ△{▽ P T0
△{▽. Then there is a projection

UΓ♦

µ△{▽
//

��

UΓ△{▽

��

WΓ♦

// WΓ△{▽

. (7.15)

This map µ△{▽ is defined by identifying each two-dimensional component H » Σα
corresponding to vα P V♦pΓ♦q with boundary markings the corresponding marked
disk, and possibly stabilizing. Since the translation group is contained in the group
of real Möbius transformations, this is a well-defined map. We remark that µ△{▽ has
one-dimensional fibres.

Lemma 7.10. One can choose the strongly regular coherent family of perturbations
P in such a way that the following conditions are satisfied.

(a) For any Γ△ P T0
△, PΓ△

“ PΓ▽
with respect to the homeomorphism (7.14).

(b) For any Γ♦ P T0
♦, PΓ♦

“ PΓ△{▽
˝ µ△{▽.

3For example, there could be a vertex vα P V♦pΓ♦q connecting to only one vertex in V△pΓ▽q. This
operation will contract the two-dimensional component corresponding to vα. See Figure 12.
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Proof. In the previous construction, it is easy to choose the strongly regular coherent
family for types in T0

△ \T0
▽ first, such that they satisfy the first condition. Then by

pulling back via µ△{▽, one obtains PΓ♦
for all Γ♦ P T0

♦. One easily checks that this

family defined for all types in T0 is coherent. The last thing to check is the strong
regularity for types in T0

♦. First, since the types considered here have no leaves
and no superstructures, strong regularity is equivalent to regularity. Second, for all
controlled refinement Γ̃ of Γ P T0

♦ and any representative C of a point inM˚
Γ̃

pPΓq, C is

trivial over two-dimensional components. So C is a perturbed gradient tree of pF,Hq
in L̄. It then descends to an element C△{▽ representing a point in M˚

Γ̃△{▽
pPΓ△{▽

q,
where Γ̃△{▽ has the obvious meaning. Moreover, C△{▽ is regular. Since µ△{▽ is a
submersion, it implies that C is also regular. This finishes the proof. �

7.6. Vortex compactness. We prove a vortex version of the compactness theorem
(Theorem 6.8) for components of the moduli space of expected dimension at most
one satisfying the following conditions:

Definition 7.11. A vortex type Γ̃ P T̃ Y F̃ is called admissible if the following
conditions are satisfied.

(a) Γ̃ is uncrowded.
(b) For each li P LpΓq, Vi “ D0

a for some a P t0, 1, . . . , n̄u, opliq “ õpliq “ 1.
(c) For any vertex vα P VpΓq with Bα ‰ 0, the number of leaves is given by

#Lpvαq “ NDEpBαq. Here ND is the degree of the stabilizing divisor.
(d) VpΓq r

“
VpΓq Y V♦pΓq

‰
“ H, i.e., there is no component corresponding to

holomorphic spheres.

We remark that if Γ̃ is admissible, then Γ̃ is reduced and controlled, and the under-
lying Γ is stable. Γ̃ is called essential if it is admissible, unbroken and has no edges
of length zero.

The vortex compactness result is the following proposition.

Proposition 7.12. Let Γ̃ be an essential vortex combinatorial type and suppose C
is a stable treed scaled vortex of vortex type Π̃ that represents an element in the
closure M˚

Γ̃
pPΓq. If indΓ̃ “ 0, then Π̃ “ Γ̃. If indΠ̃ “ 1, then Π̃ is still admissible

is obtained from Γ̃ by applying exactly one of the following operations.

(bu) Breaking a finite edge in E△pΓq.
(bd) Breaking a collection of finite edges downstairs in E▽pΓq.
(f1) Shrinking a finite edge in E△pΓq to zero.
(f2) Bubbling off a holomorphic disk in X.
(f3) Shrinking a finite edges in E▽pΓq to zero.
(f4) Bubbling off a holomorphic disk in X̄.
(f5) Shrinking a collection of finite edges in E♦pΓq to zero or a vertex vα P V´

B▽
pΓq

is changed to V0
B▽

pΓq.
(f6) Degeneration of an affine vortex over H.

7.7. Proof of Proposition 7.12. We first fix a few notations. Suppose C represents
a point in the closure M˚

Γ̃
pPΓq that is the limit of a sequence Ck representing a

sequence of points in the uncompactified part M˚
Γ̃

pPΓq. Then by the definition of

convergence, there is a tree morphism

ρ : Π Ñ Γ
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that is surjective on the level of vertices. Then for each vα P VpΠq, let the image of
vα be vα̌ P VpΓq.

We first give a simple but useful result.

Lemma 7.13. Suppose vα P VpΠq and the corresponding vortex or holomorphic
map is vα. Suppose vα has positive energy and zα P Σα is an isolated intersection
of vα with D, then zα is either a node or an interior marking.

Proof. Suppose zα is not a node. Take a small disk Uα Ă Σα containing zα that
is disjoint from other special points of Σα and other isolated intersections with
D. Because the map vα|Uα is pseudoholomorphic, the local intersection number of
vα|Uα with D is positive. For k sufficiently large, there is a small disk Uα̌,k Ă Σα̌
such that vk|Uα̌,k

converges (after reparametrization and gauge transformation) to
vα|Uα . By the conservation of local intersections, for k sufficiently large, the local

intersection number of vk|Uα̌,k
is also positive. Since Π̃ is admissible, this local

intersection number is equal to the number of interior markings of Zk contained in
Uα̌,k, which is positive. Hence in the limit these markings converge to markings on
the limit. Since inside Uα there are no other markings or nodes, the only possibility
is that the local intersection number is one and zα is an interior marking of the limit
domain. �

An important condition for achieving transversality is the controlledness condition
for a vortex type in the sense of Definition 7.1. We first prove that the vortex type
Π̃ of the limiting object is controlled.

Lemma 7.14. In the situation of Proposition 7.12, the vortex type Π̃ is controlled.

Proof. By Definition 7.1, the controlledness condition holds for every vertex vα in
the base and every superstructure. Since opliq “ 1 for all interior leaves li, we see
that the controlledness condition reads

NDEpΞ̃q ď #LpΞq (7.16)

for Ξ being a superstructure or a subtree of the type Πα.
We first check the condition for Ξ “ Πα. In fact the vertex vα̌ “splits” into a

subtree Ξα̌ of Π in the limit. Since Γ̃ is admissible, we know that

NDEpΓα̌q “ #LpΓα̌q.

Therefore we obtain a sequence of generalized vortices vk,α̌ defined on the domain
Σα̌. By the property of the convergence, choosing a subsequence if necessary, we
can find a collection of sequences of arcs C1,k, . . . , Cm,k contained in Σα̌ satisfying
the following conditions.

(a) Cs,k is disjoint from interior markings or nodes.
(b) For all k, C1,k, . . . , Cm,k are mutually disjoint.
(c) For all k, the complement of the arcs in Σα̌ has connected components

Uα
1
,k, . . . , Uαm`1

,k corresponding to vertices vα1
, . . . , vαm`1

of Ξα̌. Moreover,

lim
kÑ8

Epvk|Uαs,k
q “ EpΠ̃αs

q.

(d) The lengths of the images of the arcs Cs,k converge to zero and disjoint from
D.
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Then for k sufficiently large, the restriction of vk to each connected component
Uαs,k

defines a relative class Bs,k in H2pX,Lq or H2pX̄, L̄q, and Bs,k is the same class

as that of Π̃αs
. Since for all k, the intersections with the stabilizing divisor are in

the smooth part of D (or D̄) and are transverse, by the relation between topological
pairing and intersection number, we see that the number of interior markings that
are attached to a connected component Uαs,k

(including all superstructures attached

to this connected component) is the topological pairing between PDpDq (or PDpD̄q)
and the relative class, hence is the same as NDEpΠ̃αs

q. This proves (7.16) (indeed
an equality) for subtrees of type Πα.

Now we check (7.16) for a superstructure Ξ of Π. There can only be at most
one vertex vα̌ P VpΓq contained in ρVpVpΞqq. If there is no such vertex vα̌, then
conservation of homology class implies that

NDEpΞ̃q “ #LpΞq.
If there is such a vertex vα̌, then assume ρ´1

V pvα̌q “ tv1, . . . , vmu, which is a subtree
Ξ1 of Ξ that contains the root of Ξ. This subtree appears because of interior bubbling.
Suppose the bubble tree in C corresponding to Ξ is attached to the node z P Σα,
then ρVpvαq “ vα̌. Choose a small disk Uα Ă Σα around z that does not contain
any other special point. Then for k sufficiently large, Uα corresponds to a small disk
Uk,α̌ in Σα̌, and the local intersection of vk|Uk,α̌

with D is equal to the sum of the

local intersection number nα of vα|Uα plus the intersection number of the bubble
tree corresponding to Ξ. This sum is also equal to the number of interior markings
contained in Uk,α̌,

#LpΞq “ nα `NDEpΞ̃q ě NDEpΞ̃q.
So (7.16) holds for the superstructure Ξ. �

We aim to show that there cannot be codimension two or higher bubblings in the
limit, by using transversality. However the limiting triple pΠ, Π̃, Cq may not belong
to the class of objects for which transversality holds. We first would like to a related
triple for which we can use the transversality. Consider subtrees Ξ of Π that satisfies
the following conditions.

‚ All vertices of Ξ are contained in VpΠq rVpΠq.
‚ The complement of Ξ in Π is connected.
‚ The total energy of Ξ̃ is positive.
‚ Ξ satisfies one of the five conditions below.

(a) The total Chern number of Ξ̃ is greater than or equal to two and
LpΞq ‰ H;

(b) The total Chern number of Ξ̃ is one, the evaluation of C at the infinity
of Ξ is in D or D̄, and LpΞq ‰ H;

(c) The total Chern number of Ξ̃ is zero, the evaluation of C at the infinity
of Ξ is in D X S or D̄ X S̄, and LpΞq ‰ H.

(d) The total energy of Ξ̃ is positive and LpΞq “ H.
‚ Ξ is maximal with respect to the above conditions.

Let a maximal subtree Ξ satisfying condition (a), (b), (c), or (d) above be called
a type (a), (b), (c), or (d) subtree. All such subtrees, denoted by Ξ1, . . . ,Ξm, are
mutually disjoint. Moreover, all components corresponding to either nonconstant
holomorphic spheres in X or nonconstant affine vortices over C whose images are
contained in D are contained in the union of these subtrees. Denote the edge that
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connects Ξs to the rest of the tree by es, where the other end is a vertex vαs , and
the node corresponding to this edge is zs P Σαs .

Lemma 7.15. There is no type (d) maximal subtrees.

Proof. Let Ξ be a type (d) maximal subtree. By definition Ξ has no interior leaves.

For any vertex vα in Ξ̃ that has positive energy, its image must be contained in D,
otherwise vα will have an isolated intersection with D. Therefore the image of Ξ is
contained in D. Moreover, if Ξ̃ has total Chern number zero, then the image of Ξ is
contained in D X S.

Now consider the vertex vα below Ξ. We claim that vα has zero energy. Suppose
on the contrary that vα has positive energy, then it has an isolated intersection
with D at the node connecting vα and Ξ. Choose a small loop around this node.
Then for large k, the local intersection number of the disk surrounded by the loop
is positive. Hence inside the loop there must be at least one interior marking, which
is a contradiction. Hence vα must have zero energy.

Then consider all subtrees of Π that are attached to vα. The evaluations of any
such subtree Π1 is in D and vα has positive energy. Then Π1 is a larger subtree of
type (a), (b), (c) or (d). This contradicts the maximality of Ξ. Hence there cannot
be any type (d) maximal subtrees. �

We construct a new colored tree pΠr1s, sr1sq by removing all subtrees Ξs of type

(a), (b) and (c) together with the edge es, and then attaching an interior leaves l
r1s
s

to vαs . Moreover, the leaf l
r1s
s is labelled by the largest labelling of all leaves in

LpΞsq. The set of leaves LpΠ1q decomposes as

LpΠr1sq “ LoldpΠr1sq\LnewpΠr1sq “ LoldpΠr1sq\LanewpΠr1sq\LbnewpΠr1sq\LcnewpΠr1sq.
Here LoldpΠr1sq is the set of original leaves of Π that survive this operation; LnewpΠr1sq
is the union LanewpΠr1sq\LbnewpΠr1sq\LcnewpΠr1sq, while each of the three components
is the set of new leaves obtained by removing type (a), (b) or (c) subtrees. We relabel

all leaves of Πr1s by consecutive integers 1, 2, . . . without changing the original order
of the labelling.

Moreover, the original metric type m can all be inherited by pΠr1s, sr1sq. We can

also define or1s in the following way. If l
r1s
i is an old leaf, then or1splr1s

i q “ opliq. If

l
r1s
s is a new leaf, then

or1splr1s
s q “

ÿ

liPLpΞsq

opliq.

All type (d) and type (e) subtrees of Π are unchanged and are still called type

(d) or type (e) subtrees of Πr1s.

Lemma 7.16. Every vertex of pΠr1s, sr1sq is stable.

Proof. We first consider a vertex vα in the base. By Proposition 3.4, vα intersect D
at at least one point in the interior and the intersection is isolated. Then by Lemma
7.13, this isolated intersection must be a special point on Σα. Hence vα is stable.

Now consider a vertex vα that is not in the base of Πr1s. The vertex vα cannot
be a holomorphic sphere in X since the vertex vα is then contained in a type (a)

maximal subtree of Π and has been removed by the operation pΠ, sq ÞÑ pΠr1s, sr1sq. If
vα is an affine vortex over C, then its evaluation at 8 cannot lie in every irreducible
component D̄a of D̄, hence there is at least one irreducible component Da Ă D such
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that vα is not entirely contained in D and the evaluation at 8 is not in D̄a. However
vα has to have positive topological intersection number with Da. Hence vα has at
least one finite isolated intersection with Da. Therefore by Lemma 7.13 there is at
least one finite special point on Σα. So vα is stable.

Lastly, suppose vα is a holomorphic sphere in X̄. Suppose vα is unstable. Then vα
is holomorphic with respect to a constant almost complex structure J̄ . By Definition
5.6 and Lemma 3.5, vα must intersect D at at least three isolated intersection
points. By Lemma 7.13 these points must be special points, which contradicts the
assumption that vα is unstable. �

Then we define a refinement Π̃r1s “ pΠr1s, x̃r1s,Br1s,V r1s, õr1sq. x̃r1s and Br1s

are naturally inherited from Π̃; define õr1splr1s
i q “ 1 for all leave l

r1s
i P LpΠr1sq;

the labelling submanifolds on the surviving leaves LoldpΠr1sq are inherited from Π̃.

Lastly, if l
r1s
s P LanewpΠr1sq, then define V

r1s
s “ X; if l

r1s
s P LbnewpΠr1sq, then define

V
r1s
s “ D0; if l

r1s
s P LcnewpΠr1sq, then define V

r1s
s “ D0 X S (indeed we should take an

irreducible component of S, however we may pretend that S is smooth).

Lemma 7.17. Π̃r1s is controlled.

Proof. Follows from the construction of Π̃r1s and Lemma 7.14. �

Let Cr1s P M˚
Π̃r1spPΠst,Πr1sq be the point in the moduli space corresponding to Π̃r1s.

This configuration might be crowded, which obstructs the transversality. We need
to do another operation to obtain a transverse configuration. Let

Ξr1s
s , s “ 1, . . . , n

be the collection of maximal ghost subtrees of Π̃r1s. Denote

Sr1s “
nď

s“1

VpΞr1s
s q.

Let Πr2s be the Sr1s-stabilization of Πr1s. Its set of leaves decomposes as

LpΠr2sq “ LnewpΠr2sq \ LintpΠr2sq \ LoldpΠr2sq.
Here LnewpΠr2sq is the set of new leaves obtained from a maximal ghost subtree of

Π̃r1s, LintpΠr1sq, called the set of intermediate leaves, consists of new leaves on Πr1s

that survive the Sr1s-stabilization, and LoldpΠr2sq consists of leaves on the original
Π that remains unchanged. We can also further decompose

LnewpΠr2sq “ LsnewpΠr2sq \ LnnewpΠr2sq,
the set of new leaves obtained from a separating (resp. nonseparating) maximal
ghost subtree.

We can also define a refinement Π̃r2s “ pΠr2s, x̃r2s,Br2s,V r2s, õr2sq as follows. First
x̃r2s and Br2s are naturally inherited from x̃r1s and Br1s. The labelling submanifolds
and the values of õr2s on the old and intermediate leaves are also inherited. On the
other hand, for each maximal ghost subtree Ξ

r1s
s , take V

r2s
s to be the intersection of

all labelling submanifolds on that maximal ghost subtree. Also, define õr2s to be 1

on all new leaves except for one case: if l
r2s
s P LnnewpΠr2sq and V

r2s
s “ D0

a for some

a P t0, 1, . . . , n̄u, then set õr2splr2s
s q to be the number of interior leaves attached to

Ξ
r1s
s , which is at least two.
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Then we obtain an element Cr2s P M˚
Π̃r2s pPΠst,Πr2sq corresponding to Πr2s. Since

Πr2s is controlled, uncrowded, and the perturbation is strongly regular, M˚
Π̃r2spPΠst,Πr2sq

is transversely cut out. Hence indΠ̃r2s ě 0. We compare this with the explicit index
formula (7.3) and (4.1). Abbreviate pΠr2s, Π̃r2s, Cr2sq “ pΠ1, Π̃1, C1q. We have

0 ď indΠ̃1 “ dimWΠ1 ` ipx̃q ` MaspΠ̃1q ´
ÿ

liPLpΠ1q

δipΠ̃1q

“ dimWΓ ´ #
`
E0

△pΠ1q \ E0
▽pΠ1q

˘
´ 2#

`
E△pΠ1q \ E▽pΠ1q r EpΠ1q

˘

´ #V0
B▽pΠ1q ´ 2#

`
VB▽pΠ1q rVB▽pΠ1q

˘
´ #bpΠ1q ` ipx̃q

` MaspΠ̃q ´
`
MaspΠ̃q ´ MaspΠ̃1q

˘
´ 2

`
#LpΓq ´ #LpΠ1q

˘
´

ÿ

liPLpΠ1q

δipΠ̃1q

“ indΓ̃ ´ #
`
E0

△pΠ1q \ E0
▽pΠ1q

˘
´ 2#

`
E△pΠ1q \ E▽pΠ1q r EpΠ1q

˘

´ #V0
B▽pΠ1q ´ 2#

`
VB▽pΠ1q rVB▽pΠ1q

˘
´ #bpΠ1q ´

`
MaspΠ̃q ´ MaspΠ̃1q

˘

´
ÿ

l1iPLoldpΠ1q

`
δipΠ̃1q ´ 2

˘
´

ÿ

l1iPLintpΠ1q\LnewpΠ1q

`
δipΠ̃1q ´ 2

˘
. (7.17)

The missing Maslov indices pMaspΠ̃q´MaspΠ̃1qq decompose according to the formula

MaspΠ̃q´MaspΠ̃1q “
ÿ

l1iPL
a
int

pΠ1q

ai`
ÿ

l1iPL
b
int

pΠ1q

bi`
ÿ

l1iPLc
newpΠ1q

ci`
ÿ

l1iPL
n
newpΠ1q

fi`
ÿ

l2i PLs
newpΠ2q

gi,

where we know that ai ě 4, bi “ 2, ci “ 0, and fi, gi ě 0. Moreover, from the
construction we know the following facts.

(a) For l1i P LaintpΠ1q, δipΠ̃1q “ 0;

(b) For l1i P LbintpΠ1q, δipΠ̃1q “ 2;

(c) For li P LcnewpΠ1q, δipΠ̃1q “ 4;

(d) For l1i P LnnewpΠ1q, δipΠ̃1q ě 4;

(e) For l1i P LsnewpΠ1q, δipΠ̃1q ě 2.

Inserting these conditions into (7.17), one obtains

0 ď indΠ̃1 ď indΓ̃ ´ 2#
´
E△pΠ1q \ E▽pΠ1q r EpΠ1q

¯
´ 2#

´
VB▽pΠ1q rVB▽pΠ1q

¯

´
ÿ

l1iPLoldpΠ1q

´
δipΠ̃1q ´ 2

¯
´ 2#LintpΠ1q ´ 2LnnewpΠ1q.

We remark that the argument so far has not used the condition that indΓ̃ ď 1.
Using this condition, then the above inequality implies the following conclusions.

(a) For each l1i P LoldpΠ1q, δipΠ1q “ 2. This equality implies that V 1
i “ D0 and

õ1pl1iq “ 1.
(b) E△pΠ1q \ E▽pΠ1q r EpΠ1q “ VB▽pΠ1q r VB▽pΠ1q “ H, namely there is no

bubbling of holomorphic spheres and no bubbling of affine vortices over C.
In other words, in Π1 there are no components corresponding to holomorphic
spheres.

(c) LintpΠ1q “ LnnewpΠ1q “ H. Moreover, LsnewpΠ1q is also empty. Indeed, if
this is not the case, then there is a holomorphic sphere components, which
contradicts item (b) above.
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The last two items imply in particular

Π “ Πr1s “ Πr2s “ Πr3s.

Hence Π̃ is admissible, and rCs P M˚
Π̃

pPΠq. So using (7.17) again, we see

0 ď indΠ̃ “ indΓ̃ ´ #
´
E0

△pΠq \ E0
▽pΠq

¯
´ #V0

B▽pΠq ´ #bpΠq.

All the last four terms in the equation are nonnegative. Notice that we have Π Ĳ Γ.
Then if indΓ̃ “ 0, all the last four terms vanish, which implies Π̃ “ Γ̃. If indΓ̃ “ 1,
then all but one of the last four numbers vanish, and the nonzero number must be
one. Then we have the following possibilities.

‚ #E0
△pΠq “ 1, corresponding to bubbling of one holomorphic disk in X.

‚ #E0
▽pΠq “ 1, corresponding to bubbling of one holomorphic disk in X̄ .

‚ #V 0
B▽

pΠq “ 1, corresponding to two different subcases: 1) the degeneration
of an affine vortex over H ; 2) the lengths of all special edges connecting to
the same vα P V´

B▽
pΓq shrinks to zero.

‚ #bpΠq “ 1. This corresponds to the case of breaking edges.

This finishes the proof of Proposition 7.12.

8. Fukaya algebras

In this section we wrap up all the previous analytical constructions and discuss
their algebraic implications. In particular we complete the definitions of the A8

algebras FukKpLq, Fuk cpL̄q and the A8 morphism, and prove their unitality and
other properties. A more detailed outline is as follows. In Subsection 8.1 we recall
basic knowledge about A8 algebras. In Subsection 8.2 we define the quantum co-
homology class c. In Subsection 8.3 we use various gluing results and the vortex
compactness theorem (Proposition 7.12) to give a description of one-dimensional
moduli spaces. In Subsection 8.4 we define the A8 algebra FukKpLq. In Subsection
8.5 we define the A8 algebra Fuk cpL̄q. In Subsection 8.6 we define the A8 morphism
ϕ. In Subsection 8.7 we briefly describe how to equip the A8 algebras FukKpLq
and Fuk cpL̄q with strict units such that the A8 morphism ϕ is strictly unital (the
detailed construction is given in Appendix 11). At the end we also prove Corollary
1.3, Corollary 1.4, Theorem 1.6 and Theorem 1.8.

The counts that define the algebraic structures rely on orientations of the moduli
spaces. Recall from Subsection 2.6 that we have obtained canonical orientations on
moduli spaces of holomorphic disks in X and in X̄ , as well as the moduli space
of affine vortices over H . These moduli space orientations are induced from the
orientation and the spin structure on L̄. On the other hand, the moduli spaces of
affine vortices over C is canonically oriented. The appearance of interior markings
and the contact order condition does not alter the orientation since they are defined
in a complex linear way. Hence in the same way as orienting moduli spaces of stable
treed disks in the ordinary Lagrangian Floer theory (such as in [BC07] [CW17]).

More precisely, for an admissible vortex type Γ̃ P T̃ of dimension zero, whose moduli
space MΓ̃ consists of isolated points, we can assign a sign to each point C P MΓ̃,
denoted as

SignpCq P t1,´1u.



AN OPEN QUANTUM KIRWAN MAP 65

8.1. A8 algebras. In the rational case the energy filtration is discrete. Let Λ be
the Novikov field of formal Laurent series, i.e.,

Λ “
#

ÿ

iěi0

aiq
i

ˇ̌
ˇ̌
ˇ ai P C

+
.

Let Λě0 (resp. Λą0) be the subring of series with only nonnegative (resp. positive)
powers. Let Λˆ Ă Λě0 be the group of invertible elements.

We recall the basic notions about A8 algebras over the Novikov field Λ. Let A be
a finite dimensional Z-graded Q-vector space, and denote A “ A b Λ. The grading
of a homogeneous element of a P A is denoted by |a| P Z. For k P Z, Arks is the
shifted graded module whose degree l factor is Arksl “ Ak`l.

Definition 8.1. (a) A (curved) A8 algebra structure over A consists of a se-
quence of graded, Λ-linear maps

mk :

khkkkkkkikkkkkkj
A b

Λ
¨ ¨ ¨ b

Λ
A Ñ Ar2 ´ ks, k ě 0

satisfying the A8 relation: for any k ě 1 and a k-tuple pa1, . . . ,akq of
homogeneous elements of A, denoting Nj “ |a1| ` ¨ ¨ ¨ ` |aj | ` j, then

0 “
kÿ

r“0

k´rÿ

j“0

p´1qNjmk´r`1

`
a1, . . . ,aj,mr

`
aj`1, . . . ,aj`r

˘
,aj`r`1, . . . ,ak

˘
.

(b) A strict unit of an A8 algebra is an element e P A of degree zero satisfying

m2pe,aq “ p´1q|a|m2pa,eq “ a, @a P A;

mkpa1, . . . ,aj´1,e,aj`1, . . . ,akq “ 0, @k ‰ 2, a1, . . . ,aj´1,aj`1, . . . ,ak P A.
An A8 algebra with a strict unit is called a strict unital A8 algebra.

8.1.1. Maurer–Cartan equation and potential function. Denote Aą0 “ A bQ Λą0.
The weak Maurer–Cartan equation for an A8 algebra A reads

mb
0p1q :“

ÿ

kě0

mkpb, . . . , bloomoon
k

q ” 0 mod Λe, where b P Aą0 XAodd.

A solution b is called a weakly bounding cochain. LetMCpAq be the set of all weakly
bounding cochains. Define the potential function W :MCpAq Ñ Λ by

W pbqe “ mb
0p1q.

8.1.2. A8 morphisms.

Definition 8.2. Let Ai “ pA,mi,0,mi,1, . . .q, i “ 1, 2 be two A8 algebras over A.

(a) A morphism from A1 to A2 is a collection of Λ-linear maps

ϕ “
´
ϕk :

khkkkkkkikkkkkkj
A b

Λ
¨ ¨ ¨ b

Λ
A Ñ Ar1 ´ ks | k “ 0, 1, . . .

¯
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satisfying the A8 relation

0 “
ÿ

i`jďk

p´1qNjϕk´i`1

`
a1, . . . ,aj ,m1,i

`
aj`1, . . . ,aj`i

˘
,aj`i`1, . . . ,ak

˘

`
ÿ

rě1

i1`¨¨¨`ir“kÿ

i1,...,irě0

m2,r

`
ϕi1

`
a1, . . . ,ai1

˘
, . . . , ϕir

`
ak´ir`1, . . . ,ak

˘˘
. (8.1)

(b) If A1 and A2 are strictly unital with strict units e1,e2, then a morphism
ϕ : A1 Ñ A2 is called unital if

ϕ1pe1q “ e2, ϕk
`
a1, . . . ,ai,e1,ai`2, . . . ,ak

˘
“ 0, @k ‰ 1, 0 ď i ď k ´ 1.

From now on we make the following assumption in the abstract discussion of
A8 algebras. We assume that A1,A2 be two A8 algebras over the same finite
dimensional Λ-module A “ A bQ Λ with a common strict unit e P A Ă A and
ϕ : A1 Ñ A2 be a unital A8 morphism. An A8 morphism ϕ : A1 Ñ A2 is called a
higher order deformation of the identity, if

ϕ1paq ´ a P Aą0, @a P A; ϕk
` khkkkkkkikkkkkkj
A b

Q
¨ ¨ ¨ b

Q
A
˘

Ă Aą0, @k ‰ 1.

Lemma 8.3. There is a well-defined map

ϕ : Aą0 Ñ Aą0, ϕpaq “
ÿ

kě0

ϕkpa, . . . ,alooomooon
k

q. (8.2)

Moreover, ϕ1 : A Ñ A is a linear isomorphism and ϕ : Aą0 Ñ Aą0 is a bijection.

Proof. The convergence of ϕ follows from the definition. ϕ1 is invertible because it
differs from the identity by higher order terms. ϕ is bijective because we can always
solve ϕpaq “ b order by order. �

Now we consider how A8 morphisms interact with potential functions.

Proposition 8.4. Let A1,A2 be A8 algebras over the same Λ-module A with a
common strict unit e. Let ϕ : A1 Ñ A2 be a unital A8 morphism which is a higher
order deformation of the identity. Then the map ϕ : Aą0 Ñ Aą0 defined by (8.2)
maps MCpA1q into MCpA2q. Moreover one has

W1pb1q “ W2pϕpb1qq, @b1 P MCpA1q

where W1 :MCpA1q Ñ Λ and W2 :MCpA2q Ñ Λ are potential functions.
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Proof. It is easy to see that ϕ maps odd degree elements to odd degree elements.
Moreover, by the A8 axiom of the morphism ϕ and its unitality, one has

ÿ

kě0

m2,k

`
ϕpb1q, . . . , ϕpb1qlooooooooomooooooooon

k

˘

“
ÿ

kě0

ÿ

i1,...,ikě0

m2,k

`
ϕi1pb1, . . . , b1loooomoooon

i1

q, . . . , ϕik pb1, . . . , b1loooomoooon
ik

q
˘

“
ÿ

rě0

ÿ

kě0

i1`¨¨¨`ik“rÿ

i1,...,ikě0

m2,k

`
ϕi1pb1, . . . , b1loooomoooon

i1

q, . . . , ϕikpb1, . . . , b1loooomoooon
ik

q
˘

“
ÿ

rě0

rÿ

l“0

r´lÿ

j“0

p´1qNjϕr´l`1

`
b1, . . . , b1loooomoooon

j

,m1,lpb1, . . . , b1q, b1, . . . , b1loooomoooon
r´l´j

˘

“
ÿ

jě0

p´1qNj

ÿ

kěj

ϕk`1

`
b1, . . . , b1loooomoooon

j

,
ÿ

lě0

m1,lpb1, . . . , b1q, b1, . . . , b1loooomoooon
k´j

˘

“
ÿ

jě0

p´1qNjϕk`1

`
b1, . . . , b1loooomoooon

j

,W1pb1qe, b1, . . . , b1loooomoooon
k´j

˘

“ ϕ1

`
W1pb1qe

˘

“ W1pb1qe.

This finishes the proof. �

8.1.3. Deformations and cohomology. Let A be a strictly unital A8 algebra and
b P MCpAq. Define

mb
kpa1, . . . ,akq “

ÿ

i0,...,ik

mk`i0`¨¨¨`ikpb, . . . , bloomoon
i0

,a1, b, . . . , bloomoon
i1

, ¨ ¨ ¨ ,ak, b, . . . , bloomoon
ik

q.

Similarly, suppose ϕ : A1 Ñ A2 is a unital A8 morphism which is a higher order
deformation of the identity, and b1 P MCpA1q. Define

ϕb
kpa1, . . . ,akq “

ÿ

i0,...,ik

ϕk`i0`¨¨¨`ikpb, . . . , bloomoon
i0

,a1, b, . . . , bloomoon
i1

, ¨ ¨ ¨ ,ak, b, . . . , bloomoon
ik

q.

Lemma 8.5. Let A1 and A2 be A8 algebras over A. Let ϕ : A1 Ñ A2 be an A8

morphism that is a higher order deformation of the identity. Let b1 P MCpA1q be a
weakly bounding cochain and denote b2 “ ϕpb1q P MCpA2q.

(a) For i “ 1, 2, the maps mbi
i,0,m

bi
i,1, . . . define a unital A8 algebra Abi

i over A.

(b) The maps ϕb1
0 , ϕ

b1
1 , . . . define a unital A8 morphism ϕb1 : Ab1

1 Ñ Ab2
2 .

(c) For i “ 1, 2, one has mbi
i,1 ˝ mbi

i,1 “ 0; moreover, ϕb1
1 is an isomorphism of

cochain complexes ϕb1
1 : pA,mb1

1,1q » pA,mb2
2,1q and hence induces an isomor-

phism in cohomology

Hpϕ, b1q : HpA1, b1q » HpA2, b2q.
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Proof. It is routine to check the first two items. For the third item, by the A8 axiom
and the fact that bi P MCpAiq, one sees that

mbi
i,1

`
mbi

i,1paq
˘

“ mi,2

`
mbi

i,0p1q,a
˘

´ p´1q|a|mi,2

`
a,mbi

i,0p1q
˘

“ 0.

Hence pA,mbi
i,1q is a cochain complex. Further, by the A8 relations, we have (since

the degree of b1 is odd, the signs in the (8.1) are all positive)

ϕb1
1

`
mb1

1,1paq
˘

“
ÿ

i0,i1ě0

ϕi0`i1`1

`
b1, . . . , b1loooomoooon

i0

,
ÿ

j0,j1ě0

m1,j0`j1`1

`
b1, . . . , b1loooomoooon

j0

,a, b1, . . . , b1loooomoooon
j1

˘
, b1, . . . , b1loooomoooon

i1

˘

“ ´
ÿ

r
0
,r

1
,r

2
ě0

ÿ

j0ě0

ϕr
0

`r
1

`r
2

`1

`
b1, . . . , b1loooomoooon

r
0

,m1,j0

`
b1, . . . , b1loooomoooon

j0

˘
, b1, . . . , b1loooomoooon

r
1

,a, b1, . . . , b1loooomoooon
r
2

˘˘

´
ÿ

s
0
,s

1
,s

2
ě0

ÿ

j1ě0

ϕs
0

`s
1

`s
2

`1

`
b1, . . . , b1loooomoooon

s
0

,a, b1, . . . , b1loooomoooon
s
1

,m1,j1

`
b1, . . . , b1loooomoooon

j1

˘
, b1, . . . , b1loooomoooon

s
2

˘

`
ÿ

r,sě0

ÿ

i1,...,irě0

ÿ

j1,...,jsě0

m2,r`s`1

`
ϕi1pb1, . . . , b1loooomoooon

i1

q, . . . , ϕirpb1, . . . , b1loooomoooon
ir

q

,
ÿ

k
0
,k

1
ě0

ϕk0`k1`1

`
b1, . . . , b1loooomoooon

k
0

,a, b1, . . . , b1loooomoooon
k
1

˘
, ϕj0pb1, . . . , b1loooomoooon

j0

, . . . , ϕjspb1, . . . , b1loooomoooon
js

q
˘

“ ´
ÿ

r
0
,r

1
,r

2
ě0

ϕr0`r1`r2`1

`
b1, . . . , b1loooomoooon

r
0

,W1pb1qe1, b1, . . . , b1loooomoooon
r
1

,a, b1, . . . , b1loooomoooon
r
2

˘˘

´
ÿ

s
0
,s

1
,s

2
ě0

ϕs
0

`s
1

`s
2

`1

`
b1, . . . , b1loooomoooon

s
0

,a, b1, . . . , b1loooomoooon
s
1

,W1pb1qe1, b1, . . . , b1loooomoooon
s
2

˘

`
ÿ

r,sě0

m2,r`s`1

`
b2, . . . , b2loooomoooon

r

, ϕb1
1 paq, b2, . . . , b2loooomoooon

s

˘

“ mb2
2,1

`
ϕb1
1 paq

˘
.

Here to obtain the last equality we used the unitality of ϕ. Hence ϕb1
1 is a chain map.

It is an isomorphism because it is an invertible linear map (see Lemma 8.3). �

8.2. Closed quantum Kirwan map. In this subsection we define a cohomology
class c P H˚pX̄ ; Λą0q which will be used to deform the Fukaya algebra downstairs.
We remark that c can be viewed as the image of 0 P H˚

KpX; Λą0q under the closed
quantum Kirwan map, although we do not need a complete definition of it. The
definition of the closed quantum Kirwan map in the algebraic case is due to the first
named author [Woo15].

Recall the construction of coherent perturbations. From now on we fix a coherent
system of perturbation data P for all stable types Γ P Tst Y Fst. Let JF be the
restriction of P to the superstructures. For every positive integer k let Fk be the
set of stable colored forests of type ♦ that has k interior leaves of type △ and no
leaves of type ▽. Let F1

k Ă Fk be the subset of maximal elements with respect to
the partial order relation Ĳ. It is easy to see that F1

k consists of all forests Γ for
which each connected component only has one vertex and k interior leaves. For
all k and each Γ P Fk, the chosen perturbation JF gives a strongly regular family
of almost complex structures JΓ P MappUΓ,J q. Let Γk P F1

k be the stable tree
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having a single vertex and k interior leaves with all contact orders being 1. Then an
admissible refinement of Γk is just a homology class B P HK

2 pX;Zq such that the
energy satisfies

p1 ` n̄qNDEpBq “ k.

Recall here 1 ` n̄ is the number of stabilizing divisors we have.

Proposition 8.6. For every admissible refinement Γ̃ of Γk, the evaluation map
MΓ̃pJΓk

q Ñ X̄ is an oriented pseudocycle of dimension 2dimX̄ ` 2degpBq ´ 2.

Proof. Consider a sequence of elements Ck P MΓ̃pJΓk
q with representatives vk “

puk, φk, ψkq. Then by Ziltener’s compactness theorem, there is a subsequence (still
indexed by i) that converges to a perturbed stable affine vortices representing a
point C P MΓ̃pJΓk

q. Let Π be the combinatorial type of the limit configuration

and Π̃ the refinement. As in the proof of Proposition 7.12, we construct another
triple pΠ1, Π̃1, C1q out of pΠ, Π̃, Cq such that C1 lies in a transverse moduli space. This
construction proceeds as follows.

First we may define type (a), (b), (c), (d) maximal subtrees of Π as in the proof of
Proposition 7.12 (see Subsection 7.7). For the same reason as Lemma 7.15, there is
actually no type (d) maximal subtrees. Then by removing type (a), (b), (c) maximal

subtrees from pΠ, Π̃, Cq, and contracting crowded ghost subtrees, we obtain a new

triple pΠ1, Π̃1, C1q such that C1 lies in a transversal moduli space MΠ̃1pJΠ,Π1 q. Here
JΠ,Π1 is the perturbation induced from JΠ via the S-stabilization operation (see
Subsection 5.5). From the index formula, we see that either Π1 “ Π “ Γk, or we
have

dimMΠ̃1 pPΠ,Π1q “ indΠ̃1 ď indΓk ´ 2.

Since the evaluation map at infinity is continuous with respect to our notion of
convergence, by definition, this means the evaluation map ev8 : MΓ̃pJΓk

q Ñ X̄ is a

pseudocycle of dimension equal to indΓ̃k. �

Recall that in a closed manifold, a pseudocycle has a well-defined Poincaré dual
as a cohomology class in rational coefficients, and the Poincaré dual only depends
on the bordism class of the pseudocycle (see [MS04, Section 6.5]). Define the vortex
invariant as the homology class of the pseudocycle given by evaluation at infinity on
the moduli space of vortices:

c :“
ÿ

kě1

ÿ

Γ̃PrF1
k

qk

k!
PD

´
ev8pMΓ̃pJΓk

qq
¯

P H˚pX̄ ; Λą0q.

By the same argument as in the proof of Proposition 8.6, one sees that the coho-
mology class of c is independent of JΓ.

There is a similar invariant for disconnected types with different perturbations for
the connected components, as follows. For any s ě 1 and integers k1, . . . , ks ě 1, let
Γk1,...,ks be the colored forest which has s components whose number of leaves are
k1, . . . , ks respectively, and each component of which has only one vertex of type ♦.
Let F̃k1,...,ks be the set of admissible refinements Γ̃ of Γk1,...,ks , i.e., essentially the

set of sequences of homology classes B1, . . . , Bs P HK
2 pX;Zq such that the energy

satisfies

p1 ` n̄qNDEpBiq “ ki.
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Then for each Γ̃ P F̃k1,...,ks we obtain a pseudocycle in ev8 : MΓ̃pJΓq Ñ X̄ˆ¨ ¨ ¨ˆX̄.
Then define

cpsq :“
ÿ

k1,...,ksě1

ÿ

Γ̃PF̃k1,...,ks

qk1`¨¨¨`ks

k1! ¨ ¨ ¨ ks!
PD

´
ev8pMΓ̃pJΓqq

¯
P H˚pX̄; Λą0qbs.

Using the same argument as in the proof of Proposition 8.6, one can prove the
following result.

Lemma 8.7. As cohomology classes, one has

cpsq “
shkkkkikkkkj

c b ¨ ¨ ¨ b c, @s ě 1.

8.3. Fake and real boundaries of one-dimensional moduli spaces. In this
section we study the boundary of the moduli spaces. Consider moduli spaces
MΓ̃pPΓq for Γ P Tst and Γ̃ an admissible refinement of Γ. We remember our choice
of perturbation data P and omit it in all notations. Let t be an element of t△,♦,▽u.
Given a sequence of elements x̃ “ px1, . . . ,xk;x8q of crit (here k could be zero),
let

T̃i
tpx̃q, i “ 0, 1

be the set of essential (see Definition 7.11) vortex combinatorial types Γ̃ of type

t with indΓ̃ “ 0, 1, k boundary inputs and one output, where the labelling of its
boundary inputs and output are given by x̃. For each Γ̃ P T̃1

tpx̃q, Proposition 7.12
gives a description of the compactification of the moduli space MΓ̃.

Lemma 8.8. For each Γ̃ P T̃1
tpx̃q, MΓ̃ is a compact one-dimensional manifold with

boundary. Moreover, the following are true.

(a) If t “ △, then

BMΓ̃ “ BbuMΓ̃ \ Bf1MΓ̃ \ Bf2MΓ̃.

(b) If t “ ▽, then

BMΓ̃ “ BbdMΓ̃ \ Bf3MΓ̃ \ Bf4MΓ̃.

(c) If t “ ♦, then

BMΓ̃ “ BbuMΓ̃ \ BbdMΓ̃ \ Bf1MΓ̃ \ Bf2MΓ̃ \ Bf3MΓ̃ \ Bf4MΓ̃ \ Bf5MΓ̃ \ Bf6MΓ̃.

Here BbuMΓ̃ etc. are the boundary components corresponding to the vortex
types listed in Proposition 7.12.

Proof. Transversality implies that the interior of MΓ̃ is a one-dimensional manifold.

Proposition 7.12 implies that the boundary of MΓ̃ has the above description. It

remains to put boundary charts onMΓ̃. The existence of these charts is the corollary
of various gluing results. Here gluing of holomorphic disks and gluing of gradient
flow lines are standard, which give boundary charts near type (f2), type (f4), type
(bu) and type (bd) boundary components. For type (f1), type (f3) and type (f5)
boundary components, using the transversality, one can also put boundary charts
parametrized by the lengths of the edges that are shrunk to zero. Lastly, for type
(f6) boundary components, one can put boundary charts using the gluing result of
[Xu]. �
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For two different Γ̃1, Γ̃2 P T̃1
tpx̃q, the compactified moduli spaces MΓ̃1

and MΓ̃2

may share common boundary components. Indeed, the boundary components BbuMΓ̃

and BbdMΓ̃ are components that cannot be glued in two different ways and are called
real boundaries; other boundary components in the list of Proposition 7.12 can be
glued in two different ways and are called fake boundaries (as indicated by their
labellings). More precisely, by using two different types of gluings, the fake bound-
ary points are the ends of one-dimensional components of the moduli space in two
different ways. The various one-dimensional strata glue together to a topological
one-manifold whose boundary is the union of true boundary points:

Lemma 8.9. For each Γ̃ P T̃1
tpx̃q and l “ 1, . . . , 6, if BflMΓ̃ ‰ H, then there exists

exactly one essential vortex type Γ̃l P T̃1
tpx̃q (which has the same number of interior

leaves) such that

BflMΓ̃ “
#

Bfl+1MΓ̃l
, if l “ 1, 3, 5;

Bfl-1MΓ̃l
, if l “ 2, 4, 6.

Moreover, if we take the union MΓ̃ Y MΓ̃l
by identifying their common boundaries,

then the union is an oriented one-dimensional manifold (with or without boundary)
whose orientation agrees with the orientations on MΓ̃ and MΓ̃l

.

Now for each k ě 0, let T̃i
tpx̃qk Ă T̃i

tpx̃q be the subset of vortex types that has
exactly k interior leaves. Then we define

Mi
tpx̃qk “

” ğ

Γ̃PT̃i
t
px̃qk

MΓ̃

ı
{ „ .

Here the equivalence relation is defined as follows: when i “ 1, we identify different
fake boundaries as in Lemma 8.9. Since k dictates the total energy, it implies that
Mtpx̃qk is a compact i-dimensional manifold with boundary. We can write

BMi
tpx̃qk “ BbuMi

tpx̃qk \ BbdMi
tpx̃qk. (8.3)

8.4. Fukaya algebra upstairs. Consider t “ △. For each k ě 0, consider the
compact zero-dimensional moduli space M0

△px̃qk. Using the orientation induced
from the spin structure, we have a well-defined count of vortices

xx1, . . . ,xk;x8yk “ #̃M0
△px̃qk :“

ÿ

CPM0
△px̃qk

SignpCq ¨ HolL̄pCq P C.

Here if the local system is given by b P H1pL̄; Λě0q, then the holonomy HolL̄pCq is
defined as

HolL̄pCq “
ź

vαPVpΓq

expxb, BBαy P Λˆ Ă Λ.

Then define

xx1, . . . ,xk;x8y “ p´1q♥px̃q
ÿ

kě0

qk

k!
xx1, . . . ,xk;x8yk P Λ, (8.4)

where x̃ denotes the sequence px1, . . . ,xk,x8q and the symbol ♥px̃q is defined by

♥px̃q “
kÿ

i“1

i ¨ ipxiq P Z;
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Now we define the composition maps mk. For k “ 1, define

m1pxq “ δMorsepxq `
ÿ

x8Pcrit

xx;x8y ¨ x8.

For k ‰ 1, define

mk

`
x1, . . . ,xk

˘
“

ÿ

x8Pcrit

xx1, . . . ,xk;x8y ¨ x8. (8.5)

The k “ 1 case has additional terms coming from Morse trajectories because by
definition an infinite edge is not a stable combinatorial type.

Theorem 8.10. (cf. [Woo11, Theorem 3.6]) FukKpLq :“ pCF ˚pL̄qbΛ,m0,m1, . . .q
is an A8 algebra.

Proof. Recall that the A8 relation for mk reads

kÿ

r“0

k´rÿ

j“0

p´1qNjmk´r`1

`
a1, . . . ,aj´1,mr

`
aj`1, . . . ,aj`r

˘
,aj`r`1, ¨ ¨ ¨ ,ak

˘
“ 0.

It suffices to verify for all ai being generators xi P crit. Then it is equivalent to
verify that all k ě 0 and x8 P crit, one has

kÿ

r“0

k´rÿ

j“0

p´1qNj xx1, . . . ,xj´1,mrpxj`1, . . . ,xj`rq,xj`r`1, ¨ ¨ ¨ ,xk;x8yk “ 0.

We will only verify these relations modulo signs. The verification with signs is the
same as the case of [Woo11] and [CW17] as the almost complex constraints at interior
markings do not affect the signs.

Denote x̃ “ px1, . . . ,xk;x8q. Specializing (8.3) to the case i “ 1 and t “ △, we
obtain

BM1
△px̃q

k
“ BbuM1

△px̃q
k
.

Let BU be the set of pairs pỹ, z̃q where for some j, r and z P crit,

ỹ “ pxj`1, . . . ,xj`r;zq, z̃ “ px1, . . . ,xj,z,xj`r`1, . . . ,xk;x8q.
(in the notation BU we omit the dependence on x̃). Then we have

BbuM1
△px̃q

k
»

ğ

pỹ,z̃qPBU

ğ

l`m“k

k!

l!m!

´
M0

△pỹql ˆ M0
△pz̃qm

¯
.

Then we have (modulo signs)

kÿ

r“0

k´rÿ

j“1

xx1, . . . ,xj,mrpxj`1, . . . ,xj`rq,xj`r`1, . . . ,xkq;x8yk

“
ÿ

pỹ,z̃qPBU

ÿ

l`m“k

xxj`1, . . . ,xj`r;zyl ¨ xx1, . . . ,xj,z,xj`r`1, . . . ,xk;x8ym

“
ÿ

pỹ,z̃qPBU

ÿ

l`m“k

˜
#̃M0

△pỹql
l!

¨ #̃M0
△pzqm
m!

¸
“ 1

k!

´
#̃
`
BM1

△px̃q
k

˘¯
“ 0.

This finishes the proof of the A8 relation for FukKpLq. �

An important situation is when quasidisks have minimal Maslov index two.
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Proposition 8.11. When Hypothesis 1.5 is satisfied, there is a function WK
L :

H1pL̄; Λě0q Ñ Λą0 such that for any local system b P H1pL̄; Λě0q,
m0,bp1q “ WK

L pbqxM .

8.5. Fukaya algebra corrected by c. Similar to the above case, let T̃0
▽px̃q be the

set of essential vortex types Γ̃ with boundary tails labelled by x̃ and indΓ̃ “ 0.
Notice that for any such Γ̃, V▽pΓq “ VpΓq but V▽pΓq ‰ VpΓq, as there must be
components corresponding to affine vortices over C. Define

M0
▽px̃q “

ğ

Γ̃PT̃0
▽px̃q

M˚
Γ̃

pPΓq

and M0
▽px̃qk be the subset corresponding to configurations having exactly k interior

markings (all markings are of type △). Then Proposition 7.12 and the regularity
implies that M0

▽px̃qk is a compact zero-dimensional manifold, hence consists of

finitely many points. Using the orientation induced from the spin structure of L̄, we
have a well-defined counting

xx1, . . . ,xk;x8yk :“
ÿ

CPM0
▽px̃qk

SignpCq ¨ HolL̄pCq P C.

Then define

xx1, . . . ,xk;x8y :“ p´1q♥px̃q
ÿ

k

qk

k!
xx1, . . . ,xk;x8yk P Λ. (8.6)

Now we define the composition maps nc
k. For k “ 1, define

nc
1pxq “ δMorsepxq `

ÿ

x8Pcrit

xx;x8y ¨ x8.

For k ‰ 1, define

nc
k

`
x1, . . . ,xk

˘
“

ÿ

x8Pcrit

xx1, . . . ,xk;x8y. (8.7)

Theorem 8.12. FukcpL̄q :“
`
CF pL̄q b Λ,nc

˚

˘
is an A8 algebra over Λ.

Proof. The proof of the A8 relation for FukcpL̄q is similar to the case of FukKpLq,
once one identifies of boundary components of all relevant one-dimensional moduli
spaces. �

Remark 8.13. We have not defined the bulk-deformed Fukaya algebra of L̄ in general.
The general theory of bulk-deformations of Lagrangian Floer theory is given in the
book [FOOO09] using Kuranishi structures, while a T n-equivariant version for the
toric case is given in [FOOO11]. In this remark we explain in what sense the A8

algebra Fuk cpL̄q is a bulk deformation, and how to construct a general bulk-deformed
Fukaya algebra using similar perturbation schemes.

First we introduce a suitable class for the bulk deformation. Let a P H˚pX̄ ; Λą0q
be a cohomology class having positive energy level and for simplicity assume that
q´ma P H˚pX̄ ;Qq and has a pure degree. One can choose a pseudocycle repre-
sentative4 e0 : V0 Ñ X̄ of the Poincaré dual of q´ma, and choose “boundaries”
ei : Vi Ñ X̄ , i “ 1, . . . , s such that

4Indeed by the theorem of Thom [Tho54] one can choose a smooth representative of an integer
multiple of the same class.
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(a) The boundary e0pV0q r e0pV0q is contained in the union of eipViq for all
i “ 1, . . . , s and the dimensions of Vi for all i ě 1 are at most dimV0 ´ 2.

(b) For any l ě 1 and any sequence i :“ pi1, . . . , ilq where i1, . . . , il P t0, 1, . . . , su,
the map

ei :“ pei1 , . . . , eilq : Vi1 ˆ ¨ ¨ ¨ ˆ Vil Ñ X̄ l

is transverse to the product ∆lL̄ Ă X̄ l.

We allow perturbation data over for treed disks of types Γ for which 1) VpΓq “
V▽pΓq; 2) the treed disks contains two types of interior markings, called auxiliary
markings and real markings. Similar arguments to the ones for the regular Fukaya
algebra show the existence of coherent perturbation data such that the moduli spaces
of perturbed stable treed disks for which the auxiliary markings are mapped into the
prescribed loci of the stabilizing divisor, and the real markings are mapped into the
prescribed images of ei are all regular. Then the counts of zero dimensional moduli
spaces define the composition maps for an A8 algebra structure over the module
CF pL̄; Λq. One can further show that the A8 algebra has a well-defined homotopy
type that is independent of the choices of perturbation data, and only depends on
the bordism class of the maps e0, e1, . . . , es. On the other hand, as shown in [Zin08],
bordism classes of pseudocycle representatives are the same as homology classes.
Hence the homotopy type of the A8 algebra only depends on the homology class
a. Then this A8 algebra (or vaguely its homotopy type) is called the a-deformed
Fukaya algebra.

Note that for every k ě 1, we choose a collection of not-necessarily identical-
pseudocycle representatives

peγ,k0 , e
γ,k
1 , . . . , eγ,ks q, γ “ 1, . . . , k

all of which represent the same class q´ma (see Lemma 8.7). For different real
markings we use different constraints given by the above pseudocycles. One can
still prove that the homotopy types of the resulting A8 algebras are independent
of such choices. By arguments similar to those of Proposition 7.4, Proposition 8.6,
Lemma 8.7 and the above construction, the A8 algebra we constructed is a concrete
representative of the c-deformed Fukaya algebra. This ends the Remark.

Next we show that Hypothesis 1.7 implies the unobstructedness of Fuk cpL̄q.
Proposition 8.14. When Hypothesis 1.7 is satisfied, there is a function

W c
L̄
: H1pL̄; Λě0q Ñ Λą0

such that for any local system labelled by b P H1pL̄; Λě0q,
n0,bp1q “ W c

L̄
pbqxM .

Proof. The proof is a dimension count. By the positivity of disks in X̄ given by
Hypothesis 1.7 and the positivity of affine vortices over C contained in the semi-
Fano condition (see Definition 2.4), only Maslov zero or Maslov two stable treed
disks contribute to n0,bp1q. We claim that there is no zero-dimensional moduli
space of Maslov zero stable treed disks that contribute to n0,bp1q. Indeed, such
configurations can only be trivial holomorphic disks combined with affine vortices
with zero equivariant Chern number. However the trivial disks are contained in L̄
and the evaluations of such affine vortices are away from L̄, by Item (c) of Definition
2.4 and our choice of perturbation data (cf. Lemma 3.6). Hence only the counting
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of Maslov two stable treed holomorphic disks contribute to n0,bp1q, which gives a
multiple of xM . �

8.6. The open quantum Kirwan map. Given x̃ “ px1, . . . ,xk;x8q. For each
k ě 0, consider the compact zero-dimensional moduli space M0

♦px̃qk. Define

xxx1, . . . ,xk;x8yyk :“
ÿ

CPM0
♦px̃qk

SignpCq ¨ HolL̄pCq P C,

and

ϕk
`
x1, . . . ,xk

˘
“

ÿ

x8Pcrit

p´1q♥px̃q
ÿ

kě0

qk

k!
xxx1, . . . ,xk;x8yyk ¨ x8. (8.8)

Theorem 8.15. The collection of multilinear maps ϕk is an A8 morphism from

FukKpLq to FukcpL̄q. Moreover, it is a higher order deformation of the identity.

Proof. Recall that the A8 axiom for ϕ holds if for all positive integers k and homo-
geneous elements a1, . . . ,ak of CF pL̄q,

ÿ
p´1qNjϕk´r`1

`
a1, . . . ,aj,mr

`
aj`1, . . . ,aj`r

˘
,aj`r`1, . . . ,ak

˘

“
ÿ

nc
l

`
ϕr

1

`
a1, . . . ,ar

1

˘
, . . . , ϕrl

`
ak´rl´1, . . . ,ak

˘˘
. (8.9)

Here the first summation is over all r P t0, 1, . . . , ku and all j P t0, 1, . . . , k ´ ru;
the second summation is over all l P N and all r1, . . . , rl P N Y t0u such that k “
r1 ` ¨ ¨ ¨ ` rl.

To prove (8.9), it suffices consider the case that all ai “ xi are arbitrary elements
of crit. Choose x8 P crit and denote x̃ “ px1, . . . ,xk;x8q. For k ě 0, specialize
(8.3) to the case t “ ♦, i “ 1. We have

BM1
♦px̃q

k
“ BbuM1

♦px̃q
k

\ BbdM1
♦px̃q

k
.

To better describe these boundary components, introduce the following notations.

(a) Let BU be the set of pairs pỹ, z̃q, where ỹ (resp. z̃) is a sequence of elements
of crit of the form

ỹ “ pxj`1, . . . ,xj`r;zq
`
resp. z̃ “ px1, . . . ,xj ,z,xj`r`1, . . . ,xk;x8q

˘

for all z P crit, r P t0, 1, . . . , ku, and j P t0, 1, . . . , k ´ ru. Then modulo
orientations, we have

BbuM1
♦px̃q

k
»

ğ

pỹ,z̃qPb△px̃q

ğ

l`m“k

k!

l!m!

´
M0

△pỹql ˆ M0
♦pz̃ql

¯
.

Here we have the factor k!{l!m! because there are such a number of ways to
distribute k leaves into the two basic parts, and, the perturbation data is
independent of the distribution.

(b) Let BD be the set of pl ` 1q-tuples pỹ1, . . . , ỹl; z̃q where

ỹi “ pxji , . . . ,xji`ri ;ziq, i “ 1, . . . , l, ji`1 “ ji ` ri ` 1; z̃ “ pz, . . . ,zl;x8q
for all l P N, all partitions k “ r1 ` ¨ ¨ ¨ ` rl into l nonnegative integers, and

all choices of pz1, . . . ,zlq P pcritql. Then similar to the above case, modulo
orientation one has

BbdM1
♦px̃q

k
»

ğ

pỹ1,...,ỹl;z̃qPBD

ğ

r`s1`¨¨¨`sl“k

k!

r!s1! ¨ ¨ ¨ sl!
´
M0

♦px̃1qs1ˆ¨ ¨ ¨ˆM0
♦pỹlqslˆM0

▽px̃▽qr
¯
.
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Now we prove the A8 relation. We leave to the reader the check of orientations.
For all k ě 0, one has

kÿ

r“0

k´rÿ

j“1

xxx1, . . . ,xj ,mrpxj`1, . . . ,xj`rq,xj`r`1, . . . ,xkq;x8yyk

“
ÿ

pỹ,z̃qPBU

ÿ

l`m“k

xxj`1, . . . ,xj`r;zyl ¨ xxx1, . . . ,xj ,z,xj`r`1, . . . ,xk;x8yym

“
ÿ

pỹ,z̃qPBU

ÿ

l`m“k

˜
#̃M0

△pỹql
l!

¨ #̃M0
♦pzqm
m!

¸

“ 1

k!

´
#̃
`
BbuM1

♦px̃q
k

˘¯

“ 1

k!

´
#̃
`
BbdM1

♦px̃q
k

˘¯

“
ÿ

pỹ1,...,ỹl;zqPBD

ÿ

r`s1`¨¨¨`sl“k

˜
#̃M0

▽pz̃qr
r!

ˆ #̃M0
♦pỹ1qs1
s1!

ˆ ¨ ¨ ¨ ˆ
#̃M0

♦pỹlqsl
sl!

¸

“
ÿ

pỹ1,...,ỹl;zqPBD

ÿ

r`s1`¨¨¨`sl“k

xz1, . . . ,zl;x8y
r

¨
lź

i“1

xxxji , . . . ,xji`ri ;ziyysi

“
ÿ

r
1

`¨¨¨`rl“k

xϕr
1
px1, . . . ,xr

1
q, ¨ ¨ ¨ , ϕrlpxr1`¨¨¨`rl´1

`1, . . . ,xkqy
k

This finishes the proof of the A8 axioms for ϕ. �

Remark 8.16. We comment on orientations. The cases for the two A8 algebras have
been discussed in previous literature ([Woo11] for the quasimap Fukaya algebra and
[CW15] for the Fukaya algebra of L̄). The bulk-deformation does not affect the
orientation problem since the equations on closed domains are canonically oriented.

Consider the signs in the axioms of the A8 morphism (see also [CW15, Theorem
3.6]). Consider a one-dimensional moduli space and its boundary components. Let
us call the boundary components corresponding to degeneration of gradient lines
real boundaries and call other boundary components fake boundaries. Indeed, fake
boundaries can be continued to another moduli space of dimension one. The reason
that gluing common fake boundaries still gives an oriented one-dimensional mani-
fold is because of the coherence of orientations of the corresponding linearizations.
Therefore, the glued one-dimensional manifold (which is compact below any given
energy level) is oriented.

The consideration of the signs related to the real boundaries is the same as the case
of [CW15]. Indeed, for a given type of real boundaries of a one-dimensional moduli
space, which is a finite set, it is identified with a product of moduli spaces of zero
dimension. As argued in the proof of [CW15, Theorem 3.6], the comparison between
the orientation of the interior of the one-dimensional moduli space and the product
orientation of the different factors of a real boundary only involves elementary sign
checking, but not involve the form of the differential equations (holomorphic curves
or vortices). Therefore, the verification of the signs can be reproduced by exactly
the same way.
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It is also important to consider the situation when the positivity condition of
Hypothesis 1.5 and Hypothesis 1.7 are satisfied.

Proposition 8.17. When Hypothesis 1.5 and Hypothesis 1.7 are satisfied, we have
ϕ0p1q “ 0.

Proof. We know that ϕ0p1q “ Opqq. Furthermore, by Hypothesis 1.5, Hypothesis
1.7 and the property of our perturbation data (see Lemma 3.6 and (3.1)), any treed
scaled vortices that may contribute to ϕ0p1q has a nonnegative Maslov index. Indeed
only objects of Maslov index zero can contribute since the lowest degree of generators
of CF pL̄q is 0. For any such configuration, the energy of components with boundary
must be zero, so their images are contained in L; the energy of components without
boundary are either from spheres in X̄ with zero Chern number or affine vortices
over C with zero equivariant Chern number. However, these objects are contained in
S and does not intersect L. Hence there is no such configurations. So ϕ0p1q “ 0. �

8.7. Strict unitality. Strict unitality is an important property for A8 algebras. It
plays a similar role as the Fundamental Class axiom of Gromov–Witten invariants.
However, due to the complexity of the chain level theory in Lagrangian Floer theory
the naive construction usually does not grant strict units. A usual method is to
construct a weaker alternative, called a homotopy unit (see [FOOO09, Section 3]).

We state our theorem of such extension as follows. The detailed construction and
proof are given in the appendix.

Theorem 8.18. Let FukKpLq and FukcpL̄q be the A8 algebras and ϕ : FukKpLq Ñ
FukcpL̄q be the A8 morphism, all of which have been constructed by choosing a
coherent system of perturbation data P . Let

ĄCF ˚pL̄; Λq “ CF ˚pL̄q ‘ Λe ‘ Λp

be the graded Λ-vector space where the degree of e is 0 and the degree of p is ´1. Then

there exist A8 algebra structures ĄFukKpLq and ĄFukcpL̄q over ĄCF pL̄; Λq satisfying the
following properties.

(a) The composition maps m̃k of ĄFukKpLq extend mk, namely

m̃kpa1, . . . ,akq “ mkpa1, . . . ,akq, @k ě 0, a1, . . . ,ak P CF pL̄q Ă ĄCF pL̄q.

(b) The composition maps ñk of ĄFukcpL̄q extend nk, namely

ñkpa1, . . . ,akq “ nkpa1, . . . ,akq, @k ě 0, a1, . . . ,ak P CF pL̄q Ă ĄCF pL̄q.

(c) e is a strict unit for both ĄFukKpLq and ĄFukcpL̄q.
(d) There is a unital A8 morphism ϕ̃ : ĄFukKpLq Ñ ĄFukcpL̄q which extends ϕ,

namely,

ϕ̃kpa1, . . . ,akq “ ϕkpa1, . . . ,akq, @k ě 0, a1, . . . ,ak P CF ˚pL̄q Ă ĄCF ˚pL̄q.
Moreover, ϕ̃ is a higher order deformation of the identity.

(e) When Hypothesis 1.5 is satisfied, i.e., all nonconstant JX -holomorphic disks
upstairs have positive Maslov indices, we have

m̃1ppq “ e ´ xM , m̃kpp, . . . ,plooomooon
k

q “ 0, @k ą 1. (8.10)
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(f) When Hypothesis 1.5 and Hypothesis 1.7 are satisfied, we have

ñ1ppq “ e ´ xM , ñkpp, . . . ,plooomooon
k

q “ 0, @k ą 1, (8.11)

and

ϕ̃1ppq “ p, ϕ̃kpp, . . . ,plooomooon
k

q “ 0, @k ą 1. (8.12)

The detailed proof is based on the construction of a coherent system of perturba-
tion data P̂ on the universal curve of moduli spaces of weighted treed disks, which
is provided in Appendix 11.

8.7.1. Potential functions. By Proposition 8.4 a corollary is that ϕ intertwines with

the potential functions of ĄFukKpLq and ĄFukcpL̄q.
Corollary 8.19. Let MCKpLq and MCcpL̄q be the Maurer–Cartan solution spaces

of the A8 algebras ĄFukKpLq and ĄFukcpL̄q respectively. Then ϕpMCKpLqq Ă MCcpL̄q
and for each weakly bounding cochain b P MCKpLq,

WK
L pbq “ W c

L̄
pϕpbqq P Λ.

On the other hand, given a weakly bounding cochain b P MCKpLq, denote b̄ :“
ϕpbq P MCcpL̄q. Then by Lemma 8.5, one has Floer cochain complexes pĄCF pL̄q b
Λ,mb

1q and pĄCF pL̄q b Λ,nb̄
1q, and an isomorphism

ϕ :
`ĄCF ˚pL̄; Λq,mb

1

˘
»
`ĄCF˚pL̄; Λq,nb̄

1

˘
.

Their cohomologies

ČQHF ˚pL, b; Λq “ H˚pĄCF ˚pL̄; Λq, m̃b
1q, ĄHF ˚pL̄, b̄; Λq “ H˚pĄCF ˚pL̄; Λq, ñb̄

1q.
are called the quasimap Floer cohomology and Lagrangian Floer cohomology, re-
spectively. The identification of Floer cohomology follows from Theorem 8.18 and
Lemma 8.5:

Theorem 8.20. For any weakly bounding cochain b P MCKpLq, the open quantum
Kirwan map gives a weakly bounding cochain b̄ P MCcpL̄q and an isomorphism of
cohomology groups

ČQHF ˚pL, b; Λq » ĄHF ˚pL̄, b̄; Λq.
8.7.2. Proof of Theorem 1.6. Firstly, by Hypothesis 1.5 and Lemma 3.6, only qua-
sidisks with Maslov index two contribute to m0,bp1q. Hence by dimension counting
m0,bp1q is a multiple of xM and the coefficient is in Λą0. Then by Item (a) of
Theorem 8.18, we can write

m̃0,bp1q “ m0,bp1q “ WK
L pbqxM .

Then by Item (e) of Theorem 8.18, one has (see also [CW15, Lemma 2.40])

ÿ

kě0

m̃k,b

`
khkkkkkkkkkkkkkikkkkkkkkkkkkkj

WK
L pbqp, . . . ,WK

L pbqp
˘

“ m̃0,bp1q ` m̃1,bpWK
L pbqpq

“ WK
L pbqxM `WK

L pbqe ´WK
L pbqxM “ WK

L pbqe. (8.13)

By definition, WK
L pbqp is a weakly bounding cochain for ĄFukKb pLq.
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Definition 8.21. We call WK
L pbqp P ĄCF´1pL̄; Λą0q the canonical weakly bounding

cochain associated to b.

Theorem 1.6 then follows from the above lemma and Corollary 8.19.

8.7.3. Proof of Theorem 1.8. By Item (f) of Theorem 8.18,

ϕ̃bpWK
L pbqpq “

ÿ

kě0

ϕ̃k,b

´ khkkkkkkkkkkkkikkkkkkkkkkkkj
WK
L pbqp, . . . ,WK

L pbq
¯

“ ϕ̃1,b

´
WK
L pbqp

¯
“ WK

L pbqp.

Proposition 8.4 tells us that WK
L pbqp is a weakly bounding cochain of ĄFukcbpL̄q and

ϕ̃b intertwines with the potential functions. Hence

WK
L pbqe “

ÿ

kě0

ñk,b

´ khkkkkkkkkkkkkkikkkkkkkkkkkkkj
WK
L pbqp, . . . ,WK

L pbqp
¯

“ ñ0,bp1q`ñ1,b

´
W pbqp

¯
“ n0,bp1q`ñ1,b

´
W pbqp

¯
“ W c

L̄
pbqxM´W pbqxM`W pbqe.

The last three equalities follow from Theorem 8.18 and Proposition 8.14. Hence

W c
L̄

pbq “ WK
L pbq.

This finishes the proof of Theorem 1.8.

9. Toric Manifolds

In the last two sections of this paper we apply the open quantum Kirwan map
to concrete situations. In this section we consider toric manifolds satisfying certain
a nonnegativity condition. More precisely, let X̄ be a compact toric manifold with
moment polytope P Ă Rn. The polytope gives a canonical presentation of X̄ as GIT
quotient. In particular, if P has N faces, then there is a subtorus G “ pC˚qN´n

such that

X̄ “ CN{{G.

This nonnegativity condition stated in Definition 2.4 implies that the quotient X̄ is
semi-Fano, namely, its anti-canonical line bundle KX̄ is nef. On the other hand, the
Lagrangian L̄ is the preimage of an interior point of P under the residual moment
map X̄ Ñ P , whose lift L is the product of N circles in X “ CN .

There have been many mathematical works about Lagrangian Floer theory in the
toric case preceding our result, see for example [CO06], [CP14], [FOOO10, FOOO11,
FOOO16], [Woo11], [CL14], [GI17], [CLLT17]. Our result gives a conceptual expla-
nation of the work of Chan–Lau–Leung–Tseng [CLLT17].

This section is organized as follows. In Subsection 9.1 we recall the basics of
toric manifolds as symplectic reductions of the Euclidean space, and the Lagrangian
submanifolds we are interested in. In Subsection 9.2 we prove the first two items of
Theorem 1.9. In Subsection 9.3–Subsection 9.6 we calculate the potential function
of the quasimap A8 algebra.
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9.1. Compact toric manifolds as GIT quotients. Let us first recall the basics
about compact toric manifolds. We introduce toric manifolds using Batyrev’s ap-
proach [Bat93] but change a few notations. Let M be the lattice Zn and M_ “
HomZpM,Zq its dual lattice. Denote MR “ M bZ R, M_

R “ M_ bZ R. Let k ě 1.
A convex subset σ Ă MR is a regular k-dimensional cone if there are k linearly
independent vectors v1, . . . , vk P M such that

σ “
 
a1v1 ` ¨ ¨ ¨ ` akvk | a1, . . . , ak ě 0

(

and v1, . . . , vk can be extended to a Z-basis of M . A regular cone σ1 is a face of
another regular cone σ, denoted by σ1 ă σ, if the set of generators of σ1 is a subset
of that of σ. A complete n-dimensional fan is a finite collection Σ “ tσ1, . . . , σsu of
regular cones in MR satisfying the following conditions.

(a) If σ P Σ and σ1 ă σ, then σ1 P Σ.
(b) If σ, σ1 P Σ, then σ X σ1 ă σ, σ X σ1 ă σ1.
(c) MR “ σ1 Y ¨ ¨ ¨ Y σs.

Given a complete n-dimensional fan Σ, let GpΣq “ tv1, . . . , vNu Ă M be the
set of generators of 1-dimensional fans in Σ. γ “ tvi1 , . . . , vipu Ă GpΣq is called a
primitive collection if tvi1 , . . . , vipu does not generate a p-dimensional cone in Σ but
any proper subset of γ generate a cone in Σ. Then consider the exact sequence

0 // KΣ
// ZN

ei ÞÑvi
// Zn // 0 ,

Let K` “ pS1qN be the N -dimensional torus and G` “ pC˚qN be its complexifica-
tion. Then KΣ » ZN´n generates a subgroup G :“ GΣ Ă G`, which acts on CN via
weights w1, . . . ,wN P pZN´nq_. The unstable locus of this action is

Xus “
ď

γ

Xγ “
ď

γ

 
px1, . . . , xN q P CN | xi “ 0 @ vi P γ

(
. (9.1)

Let X “ CN . Then the G-action on Xst “ X r Xus is free and the quotient
X̄ :“ Xst{G is a compact toric manifold, with a residual pC˚qn-action. On the other
hand, a moment map for the K`-action is

µ`
0 px1, . . . , xN q “

´
µ`
0,1, . . . , µ

`
0,N

¯
“
´

´ i˚|x1|2
2

, . . . ,´ i˚|xN |2
2

¯
.

Here we view i˚ as the generator of the dual of the Lie algebra iR » LieS1 with
xi˚, iy “ 1. Then via the map k ãÑ k`, µ`

0 restricts to a moment map of the G-action,
which is

µ0px1, . . . , xN q “
Nÿ

i“1

|xi|2wi P k_.

The Lagrangians we are interested in are Lagrangian tori L Ă X of the form

L “
!

px1, . . . , xN q P X
ˇ̌
ˇ |xi|2 “ ci

π

)
» pS1qN , c1, . . . , cN ą 0. (9.2)

Indeed the Lagrangian is the level set of the moment map µ`
0 at

c` :“
ˆ

´ i˚c1

2π
, . . . ,´ i˚cN

2π

˙
.

Via the inclusion k Ă k`, c` reduces to c P k_. Denote

µ` “ µ`
0 ´ c`, µ “ µ0 ´ c.
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Any smooth projective toric variety has a presentation as a GIT quotient. We
first construct a linearization of the G-action, such that the induced moment map
coincides with µ and such that L is equivariantly rational in the sense of Definition
3.1. Assume ci{2π P Q for all i. We define a linearization with respect to the G`-
action as follows. Let Xi » C be the i-th factor of X » CN with coordinate xi. Let
Ri Ñ Xi be the trivial line bundle with a constant Hermitian metric, equipped with
the C˚-action of weight 1. Consider the connection Ai on Ri given by

Ai “ d ´ πir2i dθi.

This is an S1-invariant connection whose curvature form is ´2πiωi where ωi is the
standard symplectic form on C. The equivariant extension of Ai has equivariant
first Chern form

ωi ` µ`
0,i.

In our convention the constant equivariantly closed form i˚{2π is an integer class.
Suppose k ą 0 is an integer such that kci{2π P Z for all i. Take the k-th tensor

power of Ri and twist the C˚-action by additional weight kci{2π. Notice that Abk
i

is still an invariant connection, and the corresponding equivariant connection has
Chern form

kωi ` kµ`
0,i ´ i˚kci

2π
.

Then define the equivariant line bundle

R “ R1 b ¨ ¨ ¨ bRN Ñ X.

It is a linearization of the G`-action whose equivariant first Chern form reads

ωX `
`
µ`
0 ´ c`

˘
“ ωX ` µ`.

Restricting from G` to G, we obtain a linearization of the G-action on X. It is easy
to verify that the unstable locus of the G-action with respect to this linearization is
still Xus given by (9.1).

Lemma 9.1. L is K-equivariantly rational with respect to the above linearization
in the sense of Definition 3.1.

Proof. Because kci{2π P Z, the connection Abk
i restricted to Li Ă Xi has trivial

holonomy. Hence pRbk
i , Abk

i q|Li
is isomorphic to the trivial bundle with the trivial

connection. The isomorphisms for all i induces an isomorphism of pRbk, Abkq|L with
the trivial line bundle (as both G`-equivariant bundles and G-equivariant bundles)
with the trivial connection over L. Hence Item (a) is satisfied. Moreover, an equi-

variant holomorphic section si of R
bk
i which can be written as a monomial in xi

vanishes at the origin of Xi and hence is nowhere vanishing over Li, and certainly
the trivialization of Ri|Li

induced by si|Li
agrees with the above trivialization of

Ri|Li
up to homotopy. Then s1 b ¨ ¨ ¨ b sN is a G`-equivariant, hence G-equivariant

holomorphic section of R which is nowhere vanishing over L, and the trivialization
induced from s|L agrees with the trivialization of R|L up to homotopy. Hence Item
(b) of Definition 3.1 is satisfied. �

9.2. The nonnegativity condition. We assume that all nontrivial JX -affine vor-
tices inX “ CN have nonnegative equivariant Chern numbers. Indeed this condition
implies that all nontrivial J̄X -holomorphic sphere in the toric manifold X̄ has non-
negative Chern numbers, i.e. X̄ is semi-Fano. There is an obvious normal crossing
divisor S “ S1 Y ¨ ¨ ¨ Y SN which is the union of the coordinate hyperplanes, and
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it descends to an anti-canonical divisor of X̄. Since any nontrivial JX -affine vortex
that is not contained in S has a positive intersection number with S and any noncon-
stant J̄X -holomorphic spheres that is not contained in S̄ has a positive intersection
number with S̄, we see that the divisor S satisfies the requirement of Definition 2.4.

Remark 9.2. We do not know if the equivariant semi-Fano condition of X is equiv-
alent to the semi-Fano condition of X̄. Namely, if X̄ is a compact toric manifold
with nef anti-canonical divisor, then for the GIT presentation X̄ “ CN{{pC˚qN´n,
X “ CN is also equivariantly semi-Fano. This is a purely combinatorial problem
and one can verify this equivalence for semi-Fano toric surfaces directly.

Since the condition in Definition 2.4 is verified, we can define the homology class
c P H˚pX̄ ; Λą0q as well as the A8 algebras FukKb pLq and FukcbpL̄q for any local
system b P H1pL̄; Λě0q. Further, there is a unital A8 morphism

ϕ “ pϕ0, ϕ1, . . .q : FukKb pLq Ñ Fuk c
bpL̄q.

On the other hand, by Proposition 9.6 below, pX,Lq satisfies Hypothesis 1.5.
Moreover, Theorem 1.6 implies:

Theorem 9.3. For any local system b P H1pL̄; Λě0q, both FukKb pLq and Fuk c
bpL̄q

are weakly unobstructed.

This proves the first assertion of Theorem 1.9. To prove Item (b) of Theorem 1.9,
we need to verify Hypothesis 1.7. Indeed, except for Item (a) and Item (e), other
items follows either from the semi-Fano condition or Proposition 9.6 below.

Lemma 9.4. Every nonconstant JX -affine vortex over H has positive Maslov index.

Proof. Let v “ pu, φ, ψq be such an affine vortex, written in coordinates as

u “ pu1, . . . , uN q, φ “ pφ1, . . . , φN q, ψ “ pψ1, . . . , ψN q.
Moreover, the Lagrangian L is the product L1 ˆ ¨ ¨ ¨ ˆ LN . Then since the action is
linear, we see that vi “ pui, ψi, ψiq is actually an affine vortex over H with target
pXi, Liq. Since pXi, Liq is monotone, the assertion follows immediately. �

Therefore Hypothesis 1.7 is verified. By Theorem 1.8, we derive Item (b) of
Theorem 1.9. We restate the conclusion.

Theorem 9.5. For any local system b P H1pL̄; Λě0q, WK
L pbq “ W c

L̄
pbq.

The remaining of this section is to explicitly calculate the potential function
WK
L pbq. Indeed by [CO06] and [Woo11], we see that the potential function should be

equal to the Givental–Hori–Vafa potential. Their calculations are based on the fact
that the standard complex structure JX is enough to make relevant moduli spaces
regular. However, if we want to keep using the standard JX and repeat their calcu-
lations, we still need to show that for a generic choice of stabilizing divisor D, all
relevant moduli spaces are still regular (including those with tangency conditions).
In Subsection 9.3–9.6 we will show that such a stabilizing divisor exists.

9.3. Quasidisks in the toric case. Now we start to calculate the potential func-
tion in the toric case. The key point is that one can achieve transversality upstairs
by using only the standard complex structure JX on X. This requires us to choose
a generic stabilizing divisor.

Firstly, one has the Blaschke formula, which classified all quasidisks in the toric
case with respect to the standard complex structure.
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Proposition 9.6. Every JX -holomorphic quasidisk u : pD2, BD2q Ñ pX,Lq is of
the form

D2 Q z ÞÑ
“
ujpzq

‰N
j“1

:“
”cjeiθj

π

djź

k“1

´ z ´ αj,k

1 ´ αj,kz

¯ıN
j“1

. (9.3)

Here αj,k is in the interior of the unit disk. Its Maslov index is 2pd1 ` . . . ` dN q.
One sees that a disk class B P H2pX,L;Zq is equivalent to a N -tuple of inte-

gers pd1, . . . , dN q. Let ĂMD2pBq be the set of quasidisks u : pD2, BD2q Ñ pX,Lq
representing B. Then it is easy to see that ĂMD2pBq is cut out transversely and

has dimension N ` MaspBq. Let ĂM1pBq be the set of pairs pu, z0q where u is a

quasidisks of class B and z0 P IntpD2q. Then ĂM1pBq is regular and has dimension

N ` MaspBq ` 2. Consider the following singular loci of ĂM1pBq.
(a) Let ĂMm

1 pBq Ă ĂM1pBq be the subset of pairs pu, z0q such that for some j, uj
vanishes at z0 with multiplicity two or more.

(b) Let ĂMus
1 pBq Ă ĂM1pBq be the subset of pairs pu, z0q such that upz0q is in the

unstable locus Xus, i.e., upz0q is contained in Xγ for some primitive collection
γ Ă GpΣq.

The following lemma is an easy consequence of Proposition 9.6.

Lemma 9.7. ĂMm
1 pBq and ĂMus

1 pBq are both unions of smooth manifolds of dimen-
sions at most N ` MaspBq ´ 2.

On the other hand, for i “ 1, . . . , N and di ě 0, let ĂMD2pLi, diq the space of

maps from pD2, BD2q to pXi, Liq of degree di. Elements of ĂMD2pLi, diq can be
parametrized by θi and αi,1, . . . , αi,di .

9.4. The stabilizing divisor. We choose a generic stabilizing divisor of sufficiently
high degree such that the higher codimension strata of our moduli spaces are of ex-
pected dimensions so do not affect the definition of our invariants. Our stabilizing
divisor will be defined as the zero set of an invariant section of the linearizing bun-
dle. Let R Ñ X be the line bundle linearizing the G-action, which descends to a
holomorphic line bundle R̄ Ñ X̄. For any k ě 1, denote Γk “ H0

GpX,Rbkq the

space of G-equivariant holomorphic sections of Rbk, which are certain subspace of
polynomials on CN . For sufficiently large k, Γk is isomorphic to Γ̄k :“ H0pX̄, R̄bkq.
By standard knowledge of complex geometry, there exists k ě 1 such that for all
k ě k, for all x̄ P X̄ , one has the surjectivity of two linear maps

Γ̄k ÞÑ R̄bk
x , s̄ ÞÑ s̄px̄q; (9.4)

Γ̄k,x̄ ÞÑ T ˚
x̄ X̄ b R̄bk

x , s̄ ÞÑ ds̄px̄q. (9.5)

Here Γ̄k,x̄ Ă Γ̄k is the subset of sections that vanish at x̄. We assume k ě k.
Given f P Γk, denote by Df “ f´1p0q the equivariant stabilizing divisor and Dst

f :“
Df X Xst the semi-stable part. Let ΓkpLq Ă Γk be the open subset of f such that
Df X L “ H.

The following lemma is used to show that the strata of maps meeting both the
stabilizing divisor and the boundary divisor at the same time are expected dimen-
sions. Let B “ pd1, . . . , dN q P H2pX,L;Zq be a nonzero tuple. Let IB Ă t1, . . . , Nu
be the subset of indices i such di ‰ 0. Define

SB “
!

px1, . . . , xN q
ˇ̌
ˇ }xi}2 “ ci

π
@i P IB

)
, S˚

B “
 

px1, . . . , xN q P SB | xj ‰ 0 @j R IB
(
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where ci are the constants from (9.2). Since L Ă S˚
B , for any f P ΓkpLq, S˚

B is not
contained in Df .

Lemma 9.8. There exists i P IB such that B
Bxi

|S˚
B

R GX |S˚
B
.

Proof. At any p P S˚
B , the infinitesimal G-action gives a linear map

Lp : g Ñ TpX » CIB ‘ CI
c
B , where IcB “ t1, . . . , Nu r IB.

If the statement is not true, then the image of Lp contains CIB ‘ t0u. Hence there
is a subgroup of G of complex dimension at least IB which fixes coordinates xj for

j P IcB , whose Lie algebra is mapped onto CIB under Lp. Then for any i P IB, there
is a one-dimensional torus in G which fixes all other coordinates but not xi. Then
the G-action on Si Ă X, which is defined by xi “ 0, has at least a one-dimensional
stabilizer. Hence Si is contained in the unstable locus. This contradicts the fact
that the unstable locus of X has complex codimension at least two. �

For each B ‰ 0, let iB P IB be the smallest index such that the condition of the
above lemma holds. Now for all f P ΓkpLq, consider the space

ĂMa
1pf ;Bq “

"
pu, z0q P ĂM1pBq

ˇ̌
ˇ̌ upz0q P Dst

f ,
Bf

BxiB
pupz0qq “ 0

*
. (9.6)

ĂMb
1pf ;Bq “

!
pu, z0q P ĂM1pBq r ĂMm

1 pBq
ˇ̌
ˇ upz0q P Dst

f , uiB pz0q “ 0
)
. (9.7)

Lemma 9.9. There is a comeager subset Γ reg
k Ă ΓkpLq such that for all f P Γ reg

k

and all B P π2pX,Lq, ĂMa
1pf ;Bq and ĂMb

1pf ;Bq are smooth manifolds of dimension
N ` MaspBq ´ 2.

Proof. Consider the smooth map

Fa : ΓkpLq ˆ ĂM1pBq Ñ C ˆ C,

pf, u, z0q ÞÑ
ˆ
fpupz0qq, Bf

BxiB
pupz0qq

˙
.

Let the infinitesimal deformations of pf, u, z0q be denoted by ps, ξ, wq. Suppose
pf, u, z0q P F´1

a p0q and p0 :“ upz0q P Dst
f . The partial derivative of the above map

at pf, u, z0q in the f direction is

s ÞÑ
ˆ
spp0q, Bs

BxiB
pp0q

˙
(9.8)

Since B
BxiB

pp0q R GX |p0 , by the surjectivity of (9.4) and (9.5), one sees that the

linear map (9.8) is surjective if p0 P Dst
f . So F´1

a p0q is a smooth manifold in the

locus where p0 P Dst
f . Then consider the projection F´1

a p0q Ñ ΓkpLq. By Sard’s

theorem, the set of regular values in ΓkpLq is a comeager subset Γ reg
k pBq. Hence all

f P Γ reg
k pBq, the condition for ĂMa

1pf ;Bq holds.
Now consider

Fb : ΓkpLq ˆ
“ ĂM1pBq r ĂMm

1 pBq
‰

ÑC ˆ C

pf, u, z0q ÞÑ
`
fpupz0qq, uiB pz0q

˘
.

Suppose pf, u, z0q P F´1
b p0q and p0 :“ upz0q P Dst

f . The derivative in the pf, uq
direction reads

ps, ξq ÞÑ
`
spp0q ` dfpp0q ¨ ξpz0q, ξiBpz0q

˘
. (9.9)
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We want to show that this linear map is surjective. By the surjectivity of (9.4), it

suffices to show that the linear map ξiB ÞÑ ξiBpz0q, from TuiB
ĂMD2pLiB , diB q to C is

surjective. Indeed, suppose

uiB pzq “ ?
τiBe

iθiB

diBź

k“1

ˆ
z ´ αiB ,k

1 ´ αiB ,kz

˙
.

By reparametrizing the domain, we can assume z0 “ 0. Then since pu, z0q R ĂMm
1 pBq,

there is at most one αiB ,k equal to zero. Then by (9.14) below, one sees that
for the infinitesimal deformation ξiB corresponding to the deformation of αiB ,k, its
evaluation at z0 “ 0 is surjective onto C. Therefore (9.9) is surjective and hence
F´1
b p0q is a smooth manifold in the locus where upz0q P Dst

f . By considering the

projection onto ΓkpLq and using Sard’s theorem, one obtain another comeager subset

of ΓkpLq consisting of elements f for which ĂMb
1pf ;Bq satisfies the condition in the

statement of this lemma. Since there are only countably many different classes B
and the intersection of countably many comeager subsets is still a comeager subset,
the lemma holds true. �

Now consider another moduli space for each f P ΓkpLq. Define

ĂMc
1pf ;Bq “

$
&
%pu, z0q P ĂM1pBq

ˇ̌
ˇ̌
ˇ̌

upz0q P Dst
f , uiB pz0q ‰ 0,

Bf
BxiB

pupz0qq ‰ 0, dfpupz0qq ¨ dupz0q “ 0

,
.
- .

(9.10)

Lemma 9.10. For all k ě k, there exists a comeager subset Γ reg
k Ă ΓkpLq such that

for all f P Γ reg
k , ĂMc

1pf ;Bq is a smooth manifold of dimension N ` MaspBq ´ 2.

Proof. Consider the differentiable map

Fc : ΓkpLq ˆ ĂM1pBq ÑC ˆ C

pf, u, z0q ÞÑ
ˆ
fpupz0qq, dfpupz0qq ¨ Bu

Bz pz0q
˙
.

(9.11)

Suppose pf, u, z0q P F´1
c p0q and p0 :“ upz0q P Dst

f . We discuss in two separate cases.

(a) Suppose Bu
Bz pz0q R GX . The derivative of Fb at pf, u, z0q in the f direction is

s ÞÑ
ˆ
spp0q, dspp0q ¨ Bu

Bz pz0q
˙

Since p0 P Xst, one can decompose Bu
Bz p0q “ Xapp0q ` η where a P g and

η P GK
X |p0 . Then η ‰ 0 and

ˆ
spp0q, dspp0q ¨ Bu

Bz pz0q
˙

“
´
spp0q, ρkRpaqspp0q ` dspp0q ¨ η

¯
. (9.12)

The surjectivity of this map follows from the surjectivity of (9.4) and (9.5).
(b) Suppose Bu

Bz pz0q “ Xapp0q. Then by (9.12) the partial derivative in the f
direction has image equal to

H “
 

pw1, w2q P C ˆ C | w2 “ ρkRpaqw1

(

We will use the partial derivative of Fc in the u direction to cover a comple-
ment of H.
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Now we calculate the derivative of Fc in the u direction. Firstly, we write
the action of eta on CN as

etapx1, . . . , xN q “ peta1x1, . . . , etaN xN q, a1, . . . , aN P C.

Since f is homogeneous, one has petaq˚df “ etρ
k
R

paqdf . Equivalently,

Bf
Bxi

peta1x1, . . . , etaNxN qdpetaixiq “ etρ
k
R

paq Bf
Bxi

dxi.

Differentiating in t gives

B2f
BxiBxj

aj ` Bf
Bxi

ai “ ρkRpaq Bf
Bxi

.

Then the linearization in ξ direction is

ξ ÞÑ
ˆ Bf

Bxi
pp0q ¨ ξipz0q, d

dt

ˇ̌
ˇ̌
t“0

ˆ Bf
Bxi

pp0 ` tξpz0qq ¨ Bpui ` tξiq
Bz pz0q

˙˙

“
ˆ Bf

Bxi
pp0q ¨ ξipz0q, B2f

BxiBxj
pp0qaiξjpz0q ` Bf

Bxi
pp0q ¨ Bξi

Bz pz0q
˙

“
ˆ Bf

Bxi
pp0q ¨ ξipz0q, Bf

Bxi
pp0q ¨

ˆ
ρkRpaqξipz0q ´ aiξipz0q ` Bξi

Bz pz0q
˙˙

.

Since Bf
BxiB

pp0q ‰ 0, compare to the description of H Ă C ˆ C, it suffices to

show that the linear map from ĂMD2pLiB , diB q to C, defined by

ξiB ÞÑ BξiB
Bz pz0q ´ aiBξiBpz0q (9.13)

is surjective. By reparametrizing the domain, we may assume that z0 “ 0. By
Lemma 9.11 below, one sees that restricting to the subspace of deformations
that parametrizes the deformation of αiB,k, the linear map (9.13) can be
expressed asˆ B

BαiB ,k
,

B
BαiB ,k

˙
ÞÑ p´1qdiB ?

τiBe
iθiB

ź

l‰k

αiB ,l

ˆ
1

αiB ,k
, αiB,k

˙
.

Since all αiB ,l are nonzero and }αiB ,k} ă 1, it corresponds to a nondegenerate
real 2ˆ 2 matrix. Therefore (9.13) is surjective. Hence the partial derivative
of (9.11) in the f and u directions is surjective.

We have proved that F´1
c p0q is a smooth manifold in the locus where upz0q P

Dst
f , uiB pz0q ‰ 0 and Bf

BxiB
pupz0qq ‰ 0. Using Sard’s theorem and the implicit

function theorem, one finds the comeager subset Γ reg
k Ă ΓkpLq that satisfies our

requirement. �

The following technical result was used in the above proof.

Lemma 9.11. Suppose u : D2 Ñ C is given by

upzq “
?
τeiθ

dź

k“1

ˆ
z ´ αk

1 ´ αkz

˙
.

Then one has
Bu

Bαk
p0q “ p´1qd

?
τeiθ

ź

l‰k

αl,
Bu

Bαk
p0q “ 0. (9.14)
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Moreover, if α1, . . . , αd are all nonzero, then

B
Bαk

`
u1p0q

˘
“ p´1qd

?
τeiθ

«
ź

l‰k

αl

ff„
u1p0q
up0q ` 1

αk


, (9.15)

B
Bαk

`
u1p0q

˘
“ p´1qd

?
τeiθ

dź

l“1

αl. (9.16)

Proof. The two identities in (9.14) and (9.16) are obvious. For (9.15), denote a “
u1p0q{up0q. Then

u1p0q “
?
τeiθ

dÿ

k“1

«
p´1qdp|αk| ´ 12q

ź

l‰k

αl

ff
“ aup0q “ p´1qda

?
τeiθ

dź

k“1

αk.

Therefore,

a “
dÿ

k“1

|αk|2 ´ 1

αk
“

dÿ

k“1

αk ´ 1

αk
.

Therefore
B

Bαk
`
u1p0q

˘
“ p´1qd

?
τeiθαk

ź

l‰k

αl `
ÿ

l‰k

p|αk|2 ´ 1q
ź

l1‰k,l

αl1

“ p´1qd
?
τeiθ

«
ź

l‰k

αl

ff«
αk `

ÿ

l‰k

ˆ
αl ´ 1

αl

˙ff

“ p´1qd
?
τeiθ

«
ź

l‰k

αl

ff„
a` 1

αk


.

So (9.15) holds. �

Let us summarize the transversality results for a generic choice of f P ΓkpLq.
Proposition 9.12. There exists k ě 1 such that for all k ě k, there exists a
comeager subset Γ reg

k Ă ΓkpLq such that for all f P Γ reg
k and for all B P H2pX,L;Zq,

the following conditions hold.

(a) Dst
f :“ Df XXst is a smooth submanifold disjoint from L.

(b) ĂMa
1pf ;Bq defined by (9.6), ĂMb

1pf ;Bq defined by (9.7), and ĂMc
1pf ;Bq defined

by (9.10) are smooth manifolds of dimension N ` MaspBq ´ 2.

Now define

ĂM˚
1pf ;Bq “ ĂM1pf ;Bqr

´
ĂMm

1 pBqY ĂMus
1 pBqY ĂMa

1pf ;BqY ĂMb
1pf ;BqY ĂMc

1pf ;Bq
¯
.

This is the moduli space of disks in class B with one marked point such that the
disk intersects transversely with Dst

f at the marked point.

Now consider a pair f1, f2 P Γ reg
k , defining a pair of divisors Df1 ,Df2 . For any

B P H2pX,L;Zq, consider
ĂM1pf1, f2;Bq “

!
pu, z0q P ĂM˚

1pf1;Bq X ĂM˚
1pf2;Bq | upz0q P Df1 XDf2

)
.

Lemma 9.13. There exists a comeager subset Γ reg
k,n`1 Ă ΓkpLqn`1 such that any

pf0, f1, . . . , fnq Ă Γ reg
k,n`1 satisfies the following conditions.

(a) Each fj is in Γ reg
k .
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(b) Df0 , . . . ,Dfn intersect transversely in Xst.

(c) For any fi, fj, ĂM1pfi, fj ;Bq is a smooth manifold of dimension N`MaspBq´
2.

Proof. Notice that the finite product of comeager subsets of ΓkpLq is still a comeager
subset, we can take pf0, f1, . . . , fnq from pΓ reg

k qn`1. The second condition is also
satisfied by a generic collection. Lastly, the third condition can be achieved by
a generic collection because the intersections of the disks with Df1 and Df2 are
transversal and the map (9.4) is surjective. �

9.5. Transversality for stable quasidisks. Now consider the regularity of stable
quasidisks which may have a singular domain. From now on we fix k ě k and a
choice of pf0, f1, . . . , fnq P Γ reg

k,n`1 given by Lemma 9.13. Abbreviate Dfj by Dj .
First recall the following regularity result.

Theorem 9.14. [Woo11, Corollary 6.2] (cf. [CO06, Section 6]) In the toric case
every stable quasidisk is regular.

Next, consider the moduli space of quasidisks with transversal intersections with
all Dst

j . Consider a stable tree Γ P Tst satisfying: 1) TpΓq “ H; 2) Γ “ Γ; 3)

EpΓq “ E0pΓq. Let Γ̃ be an admissible refinement, i.e., to each vertex vα P VpΓq we
assign a class Bα P H2pX,Lq, and to each leaf li we assign the submanifold

Vi “ D˚ :“ D0
0 YD0

1 ¨ ¨ ¨ YD0
n

and õpliq “ 1 such that
#Lpvαq “ nDxωX , Bαy.

Let MΓ̃ be the space of marked stable quasidisks with underlying type Γ̃. By the
positivity of local intersection numbers, for any C P MΓ̃, the intersections at all
interior markings with D˚ are transverse and has no other intersections with D.
Combining with Theorem 9.14, we have the following result.

Corollary 9.15. Given a vortex type Γ̃ as above, the moduli space MΓ̃ is cut out
transversely and is a smooth oriented manifold of dimension

dimRMΓ̃ “ n`
ÿ

vα

MaspBαq ´ #EpΓq ´ 3.

Now we consider the dimensions of various singular loci. Consider a tree Γ P T

of type △ (not necessarily stable) satisfying: 1) TpΓq “ H; 2) Γ “ Γ; EpΓq “ E0pΓq;
4) #LpΓq “ 1. Consider a collection Bα P H2pX,L;Zq for all vα P VpΓq such that
xωX , Bαy ą 0 if vα is unstable. Let v0 be the vertex that contain the only leaf l0.

Let Msing
Γ pBαq be the moduli space of stable quasidisks with one marked point

puα, z8q such that uα P ĂMD2pBαq and

pu0, z0q P ĂMm
1 pB0q Y ĂMus

1 pB0q Y
” ď

0ďiăjďn

ĂM1pfi, fj;B0q
ı

Y
” nď

j“0

` ĂMa
1pfj;B0q Y ĂMb

1pfj ;B0q Y ĂMc
1pfj ;B0q

˘ı
.

By combining the previous result (Proposition 9.12 and Lemma 9.13), one obtains

Corollary 9.16. Msing
Γ pBαq is the union of finitely many smooth manifolds whose

dimensions are at most n` ř
αmpBαq ´ #EpΓq ´ 5.
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9.6. Transversality for treed quasidisks. Now we show that to define FukKpLq,
we only need to perturb the gradient flow equation. This is similar to the situation
of [Woo11]. We first define a new class of vortex combinatorial types.

Definition 9.17. Let Γ̃ be a stable vortex combinatorial type of type △. We say
that it is weakly admissible (compare to Definition 7.11) if the following conditions
are satisfied.

(a) Γ̃ is reduced (which means Γ “ Γ). In particular, Γ̃ is uncrowded.
(b) For each vertex vα P VpΓq one of the following holds.

(i) All leaves on vα are labelled by the regular labelling triple V0 and the
number of leaves satisfies #Lpvαq “ NDEpBαq, including the situation
that vα has no interior leaves.

(ii) There is only one leaf attached to vα labelled by one of the singular
labelling triples.

Let Γ P Tst
△ be a stable type. Recall that one can write

WΓ “ W2
Γ ˆ W1

Γ.

Here W2
Γ is the product of certain moduli spaces of marked disks parametrizing

conformal structures of the two-dimensional components (with markings), and W1
Γ

is the product of certain copies of R` parametrizing lengths of edges. Then it is
easy to see that U1

Γ Ñ WΓ is pulled back from a fibration O1
Γ Ñ W1

Γ. We say that a
perturbation data PΓ “ pFΓ, JΓq is of restricted type if the following conditions hold.

(a) JΓ ” JX ;

(b) FΓ : U
1
Γ Ñ C8pL̄q is pulled back from certain FΓ : O1

Γ Ñ C8pL̄q.
In this subsection we only consider perturbation data of restricted type. To save
notations we just call them perturbation data and denote one by FΓ. A system
of perturbation data F△ “ tFΓ | Γ P Tst

△ u is called coherent if the corresponding

system tpJΓ, FΓq | Γ P Tst
△ u is coherent in the sense of Definition 5.5.

Recall that in the general case, we only have transversality for reduced, uncrowded
and controlled combinatorial types. In the definition of the composition maps and
the A8 morphisms, we only need more special vortex types called admissible ones
(see Definition 7.11). Indeed when considering only vortex combinatorial types of
type △, we do not need the controlledness.

Definition 9.18. A coherent system of perturbation F△ “
 
FΓ | Γ P Tst

△

(
of

restricted type is called weakly regular if the following condition holds.

(a) For all weakly admissible vortex types Γ̃ with underlying type Γ, the moduli
space MΓ̃pFΓq is cut out transversely.

(b) For all admissible vortex types Γ̃, there exist finitely many vortex combina-

torial types Γ̃aŸ̃Γ̃ and finitely many other weakly admissible vortex types Π̃b
such that

‚ indΓ̃a “ indΓ̃ ´ 1 and indΠ̃b ď indΓ̃ ´ 2.
‚ There is a map

fΓ̃ : MΓ̃pFΓq r
“
MΓ̃pFΓq Y

ğ

a

MΓ̃a
pFΓaq

‰
Ñ

ğ

b

MΠ̃b
pFΠb

q.

In particular, if indΓ̃ ď 1, which implies the target set of the above
map is empty, then the domain set is also empty.
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Using the same induction process as in Section 7, and the transversality for single
disks with various singular labelling triples at one interior marking (Corollary 9.15
and Corollary 9.16). One can prove the following transversality result. The details
are left to the reader.

Lemma 9.19. There exists a weakly regular coherent system of perturbation data
F△ of restricted type.

On the other hand one can construct a strongly regular coherent system of per-
turbation data P▽ “

 
PΓ | Γ P Tst

▽

(
, which is independent of the choice of the one

F△ in Lemma 9.19, in the same way as in Subsection 7.4. They can be extended to
a strongly regular coherent system of perturbation data P over Tst. They allow us
to define the A8 algebras FukKpLq, FukcpL̄q and the A8 morphism ϕ.

It then implies the following explicit calculation of the potential function. Notice
that every local system b P H1pL̄; Λě0q can be expressed in coordinates as b “
pb1, . . . , bN q. However b1, . . . , bN are not independent in order to descend to L̄.

Theorem 9.20. For any local system b P H1pL̄; Λě0q, we have

WK
L pbq “

Nÿ

i“1

exppbiqqτi . (9.17)

Here the right hand side coincides with the Givental–Hori–Vafa potential.

Proof. The argument is almost the same as in [CO06] and [Woo11]. By the un-
obstructedness result of Theorem 9.3 we have m0,bp1q “ WK

L pbqxM . Further,
by Proposition 9.6 there are exactly N quasidisks of Maslov index two (modulo
reparametrization andK-action) that pass through theK-orbit of xM , whose bound-
aries corresponding to the generating loops ofH1pLq. Then the holonomies of b along
these loops are exp b1, . . . , exp bN P Λˆ, and their areas are τ1, . . . , τN . One can also
check the orientations as did in [Woo11] and each disk contributes positively to the
counting. Hence by the definition of the composition maps, (9.17) follows. �

Theorem 9.3, Theorem 9.5 and Theorem 9.20 constitute Theorem 1.9 in the in-
troduction.

10. Polygon spaces

In this section we consider the case of a non-abelian symplectic quotient, that of
the diagonal action of rotations on a product of two-spheres. The quotient X̄ is a
moduli space of p2l` 3q-gons in R3, and where L̄ is diffeomorphic to the product of
l spheres.

10.1. Basic facts about the polygon spaces. Let pS2, ωS2q be the unit sphere in
R3 equipped with the Fubini–Study form ωS2 . Here we distinguish from the notation
S2 which is used for domains. Viewing each point of S2 as a unit vector in R3, then
K “ SOp3q acts diagonally on the product

X :“ X2l`3 :“ pS2q2l`3

Thus X is monotone but not aspherical. Since X is Kähler and the SOp3q action
preserves the complex structure, the action extends to an action by PSLp2q “ KC.
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A moment map of the SOp3q action is

µpx1, . . . , x2l, x2l`1, x2l`2, x2l`3q “
2l`3ÿ

i“1

xi P R3 » sop3q.

Then the GIT quotient X̄ “ µ´1p0q{K can be viewed as the moduli space of equi-
lateral p2l ` 3q-gons in R3 modulo rigid body motion.

Let Ll Ă X2l`3 be the Lagrangian

Ll :“ p∆̄S2ql ˆ ∆3

where each ∆̄S2 is the anti-diagonal of the product of the 2j ´ 1 and 2j-th factors
of X, and ∆3 Ă S2 ˆ S2 ˆ S2 is the set of vectors px2l`1, x2l`2, x2l`3q such that
x2l`1 ` x2l`2 ` x2l`3 “ 0. It is easy to see that L is a compact embedded SOp3q-
Lagrangian, i.e., it is contained in µ´1p0q and is SOp3q-invariant. Then L descends
to L̄ “ L{SOp3q Ă X̄. It is easy to see that the SOp3q action on the ∆3 factor is
free and transitive. Hence L̄ is diffeomorphic to the product of l two-spheres in the
polygon space X̄.

It is a simple exercise to verify the equivariant rationality of Ll.

Lemma 10.1. The PSLp2q-action on X2l`3 has a linearization with respect to which
Ll is equivariantly rational.

10.2. Monotonicity. It is standard knowledge that pS2 ˆ S2, ∆̄S2q is monotone,
having minimal Maslov index four. If we take the standard Fubini–Study symplectic
form with volume 1 on each S2-factor, then the monotonicity constant of pS2 ˆ
S2, ∆̄S2q is the same as that of S2.

Now consider H2pS2 ˆ S2 ˆ S2,∆3q. Since ∆3 » SOp3q » RP3, the homology
exact sequence

H2p∆3q Ñ H2pS2ˆS2ˆS2q Ñ H2pS2ˆS2ˆS2,∆3q Ñ H1p∆3q Ñ H1pS2ˆS2ˆS2q
in integer coefficients is isomorphic to

0 Ñ Z ‘ Z ‘ Z Ñ H2pS2 ˆ S2 ˆ S2,∆3q Ñ Z2 Ñ 0.

So for any B P H2pS2 ˆ S2 ˆ S2,∆3q, 2B can be lifted to a spherical class in
S2 ˆ S2 ˆ S2. Therefore, pS2 ˆ S2 ˆ S2,∆3q is also monotone, having minimal
Maslov index two, and its monotonicity constant is the same as that of S2, and
hence the same as that of pS2 ˆ S2, ∆̄S2q. Then we have

Lemma 10.2. The pair pX2l`3, Llq is monotone with minimal Chern number two.

Moreover, we know that the unstable locus Xus consists of points px1, . . . , x2l`3q
in which at least l ` 2 coordinates are equal. Since l ě 1, the real codimension of
Xus is at least four. So all conditions of Definition 1.1 are satisfied. Further, one
has

Lemma 10.3. If B P H
SOp3q
2 pX2l`3;Zq is a spherical class with xωSOp3q

X2l`3
, By ą 0,

then the equivariant Chern number of B is at least 1.

Proof. Since π1pSOp3qq » Z2, there are two isomorphism classes of SOp3q-bundles
over S2, the trivial and the nontrivial ones. Suppose B is represented by a pair
pP, uq where P Ñ S2 is an SOp3q-bundle and u is a section of P ˆSOp3q X2l`3, then
2B is contained in the image of

H2pX;Zq Ñ H
SOp3q
2 pX;Zq.
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Then 2xωSOp3q
X2l`3

, By “ xωX2l`3
, Ay for some A P H2pX2l`3;Zq. �

This lemma implies Definition 2.4 for S “ H. Then one can define Fuk SOp3qpLkq
and Fuk cpL̄lq. Notice that because h1pL̄lq “ 0, there is only one local system hence
we do not have the dependence on b. By Theorem 1.2, there is an A8 morphism
between these two A8 algebras. Moreover, by Theorem 1.6, one obtains the following
unobstructedness result.

Theorem 10.4. Both Fuk SOp3qpLlq and Fuk cpL̄lq are weakly unobstructed.

It is possible to use the standard complex structure JX on X2l`3 to define the
quasimap Fukaya algebra Fuk SOp3qpLlq. Nevertheless, the current situation is enough
to determine the Floer cohomology, if we perturb JX .

Theorem 10.5. For any weakly bounding cochain b P MCpLlq, the quasimap Floer

cohomology ČHQF pLl, bq is isomorphic to the homology of the product of l spheres.

Proof. Indeed, L̄l is diffeomorphic to the product of l spheres. One can choose a
perfect Morse function on L̄l, i.e., a Morse function F̄ : L̄l Ñ R whose number of
critical points are equal to the sum of Betti numbers of L̄l. Moreover, since the
Maslov indices are all even, the Floer differential must be odd. Hence by Item (e) of

Theorem 8.18, the only nonzero result of m̃b
1 acting on generators of ĄCF pL̄l; Λq is

m̃b
1ppq P e ` CF pL̄l; Λq.

Hence e is cohomologous to another cocycle. Therefore, as Λ-modules, one has

ČHQF pLl, bq » H˚pL̄l; δMorseq » CF pL̄lq b Λ » H˚p
lhkkkkkkkikkkkkkkj

S2 ˆ ¨ ¨ ¨ ˆ S2q b Λ.

�

Remark 10.6. There are many similar ways to obtain new Lagrangians that have non-
trivial Floer cohomology. Firstly, we can generalize SOp3q “ PSUp2q to PSUpkq.
Notice that PSUpkq acts on Pk´1. By considering dimensions, the diagonal PSUpkq
action on the product of k ` 1 copies of Pk´1 has zero dimensional GIT quotient.
Therefore, one can cook up a Lagrangian in the GIT quotient of the diagonal PSUpkq
actions on the product of 2l ` k ` 1 copies of Pk´1, where the Lagrangian is diffeo-
morphic to the product of l copies of Pk´1. (cf. [Smi17, Section 5].)

11. Strict units

In this section we describe the combinatorics necessary to equip our Fukaya alge-
bras with strict units. The construction follows from the idea of Charest–Woodward
[CW17] using weighted trees. Using this construction we prove Theorem 8.18.

11.1. Weighted treed disks. The construction depends on the existence of per-
turbation data that respect forgetful maps. If a colored tree pΓ, sq is possibly un-
stable, then there is a stabilization of pΓ, sq, denoted by pΓst, sstq, and a morphism
ρ : Γ Ñ Γst which respects the colorings. It is possible that the stabilization is
empty, for example, when VpΓq “ tv8u and TinpΓq “ LpΓq “ H. Using the notion
of stabilization we define the notion of forgetful operation. Let pΓ, sq be a stable
colored tree and let t P TpΓq. It suffices to discuss the case that Γ is unbroken,
and extend to the case that Γ is broken. Forgetting t gives another colored tree
Γt, which is obtained from Γ by removing the boundary tail t and stabilizing the



AN OPEN QUANTUM KIRWAN MAP 93

resulting tree. This process may contract some boundary tail, some edge and some
vertex. It may happen that after removing t and stabilizing, we obtain an empty
tree, for example, when Γ is a Y -shape or Φ-shape (see more discussions in Remark
11.7). In this case we denote Γt “ H. When Γ is broken and after forgetting t one
of its basic part is contracted, we do not write Γt “ H.

Consider a commutative monoid with three elements ˝, ‚, ‚. The multiplication
is defined in such a way that ˝ is the unit, ‚ is zero, and ‚ is idempotent.

Definition 11.1. Let pΓ, sq be an unbroken colored based tree. A weighting type is
a map w : TpΓq Ñ t˝, ‚, ‚u such that m ” ‚ on LpΓq and

wptoutq “
ź

tPTpΓqrttoutu

wptq P t˝, ‚, ‚u. (11.1)

The weighting type induces a partition TpΓq “ T˝pΓq\T‚pΓq\T‚pΓq. This require-
ment implies that there are nine weighted Y-shapes and three weighted Φ-shapes,
as shown in Figure 8 and Figure 9.

YA YB YC YD YE

YF YG YH YI

Figure 8. The allowed weighted Y-shapes. The grayscales indicate
the weighting types on the boundary tails.

ΦA ΦB ΦC

Figure 9. The allowed weighting types on a Φ-shape.

Equation 11.1 implies that the values of w on boundary inputs determines its
value on the output. Hence the notion of weighting types naturally generalizes to
the case of possibly broken trees.

Definition 11.2.
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(a) A weighted combinatorial type (weighted type for short) is a tuple

Γ̂ “ pΓ, s,m,w, oq,
where Γ “ pΓ, s,m, oq is an unweighted type and w is a weighting type
on pΓ, sq. A basic part of a broken weighted type is a basic part of its
underlying tree with the inherited set of contact data, coloring, metric type
and weighting type. Γ̂ is stable if pΓ, sq is stable.

(b) Two weighted types Γ̂ and Γ̂1 are isomorphic if there is a tree isomorphism

ρ : Γ » Γ1 that preserves all the extra structures. Let T̂ be the set of
isomorphism classes of weighted types (with nonempty bases) and let T̂st Ă
T̂ be the subset of stable ones.

Definition 11.3.

(a) A weighting on an unbroken weighted type Γ̂ is a function ω : TpΓq\LpΓq Ñ
r0, 1s that satisfies

ω|T˝pΓq “ 1, ω|T‚pΓq\LpΓq “ 0, ω|T‚pΓq P p0, 1q, ωptoutq “
ź

tPTinpΓq\LpΓq

ωptq.

A weighting on a broken weighted type Γ̂ is a collection of weightings on all
its basic parts which coincide at breakings.

(b) Let Γ̂ and Γ̂1 be two weighted types and ω, ω1 be weightings on them. pΓ̂,ωq
is said to be equivalent to pΓ̂1,ω1q if there is an isomorphism ρ : Γ̂1 » Γ̂, and
one of the following is true.

(i) Both Γ̂ and Γ̂1 have weighted output (which implies that all their inputs
are weighted or forgettable), and there is a positive number a such that
for all t P TpΓq, t1 “ ρTptq,

ωptqa “ ω1pt1q.

(ii) The outputs of Γ̂ and Γ̂1 are not weighted and ω “ ω1 ˝ ρT.
(c) Given Γ̂ P T̂. A weighted treed disk of type Γ̂ is a treed disk of type Γ together

with a weighting ω on Γ̂. Two weighted treed disks of type Γ̂ are isomorphic
if the treed disks are isomorphic and the weightings are equivalent.

Now we define a partial order among weighted types.

Definition 11.4. Let Γ̂1, Γ̂ be weighted types. We denote Γ̂1 Ĳ Γ̂ if Γ1 Ĳ Γ, and for
each boundary tail t1 P TpΓ̂1q with corresponding boundary tail t P TpΓ̂q, one has

t P T˝pΓ̂q ùñ t1 P T˝pΓ̂1q; t P T‚pΓ̂q ùñ t1 P T‚pΓ̂1q.

Using Lemma 4.6 it is not hard to see that Ĳ is still a partial order.

11.1.1. Moduli spaces. For a stable weighted type Γ̂, let W
Γ̂
be the set of all isomor-

phism classes of stable weighted treed disks modelled on Γ̂. Define

W
Γ̂
:“

ğ

Π̂ĲΓ̂
Π̂ stable

W
Π̂
.

The topology on W
Γ̂
is defined via the following notion of sequential convergence.
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Definition 11.5. Let Zν be a sequence of stable weighted treed disks of a stable
weighted type Γ̂ and Z8 is another stable weighted treed disks of a stable weighted
type Γ̂8 Ĳ Γ̂. We say that Zν converges to Z8 if the convergence hold for the
underlying unweighted treed disks, and, the following conditions are satisfied.

(a) If the outputs tout, t
1
out of Γ̂, Γ̂8 are not weighted, then the weights on

boundary inputs converge.
(b) If the outputs tout, t

1
out of Γ̂, Γ̂8 are weighted, then there exist real numbers

aν , a8 such that
“
ωνptoutq

‰aν “
“
ω8pt1outq

‰a8 “ 1

2
.

We require that for all boundary inputs ti,

lim
νÑ8

“
ωνptiq

‰aν “
“
ω8pt1iq

‰a8 P p0, 1q.

To better understand the topology of W
Γ̂
, we look at a few special cases.

(a) When Γ̂ is a Y-shape (see Figure 8), by Definition 11.3, for the first six con-
figurations of Figure 8, W

Γ̂
is an isolated point. WYG

,WYH
and WYI

are
all homeomorphic to an open interval parametrized by the weightings on the
weighted inputs. One can compactify them by adding boundary configura-
tions as described by Figure 10 and Figure 11.

ω Ñ 0 ω Ñ 1

Figure 10. Moduli space WYG
and its compactification. The case

of WYH
is similar.

ω1 ω2

ω3
logω1

logω2
Ñ 0 logω2

logω1
Ñ 0

Figure 11. Moduli space WYI
and its compactification.
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(b) When Γ̂ is a Φ-shape, by Definition 11.1 and Definition 11.3, W
Γ̂
is a single

point.

Now we prove that moduli spaces of stable weighted treed disks are compact and
Hausdorff.

Lemma 11.6. For each Γ̂ P T̂st, the moduli space W
Γ̂
is compact and Hausdorff

with respect to the topology defined in Definition 11.5.

Proof. We first prove the sequential compactness of W
Γ̂
. Let Zν be a sequence

of stable weighted tree disks representing a sequence of points in W
Γ̂
. By Lemma

4.9, the underlying sequence Zν of stable unweighted treed disks has a convergent
subsequence (still indexed by ν), converging to certain Z8. Let the underlying
unweighted type of Z8 be Γ8 Ĳ Γ.

It remains to assign weighting types and weights onto boundary tails and break-
ings of Z8, which should give a sequential limit Z8 of Zν . There are three possi-
bilities regarding the weighting types of the output tout of Γ̂.

(a) tout is forgettable. It implies that all inputs of Γ̂ are forgettable. Then define
Z8 to have all boundary tails and breakings forgettable. It follows easily
that Zν converges to Z8.

(b) tout is unforgettable. Let the boundary inputs of Γ̂ be t1, . . . , tk. Then one
can find a subsequence (still indexed by ν) such that for all i “ 1, . . . , k,
ωνptiq converges to some number ω8pt1iq P r0, 1s. These numbers determine
the weighting types of all inputs of Γ8. It also determines the weighting
types and weightings of all breakings of Γ8 successively, and hence a stable
combinatorial type Γ̂8 and a stable weighted treed disk Z8 representing a
point in W

Γ̂8
. One can check easily that Zi converges to Z8.

(c) tout is weighted. Then the weights in all Zν are positive. Choosing a sequence
of positive numbers aν such that

“
ωνptoutq

‰aν “ 1
2
. Then one can choose a

subsequence (still indexed by ν) such that for all i “ 1, . . . , k,
“
ωνptiq

‰aν con-

verges some numberω8pt1iq P r1
2
, 1s. These numbers determine the weighting

types of all inputs of Γ8. It also determines the weighting types and weight-
ings of all breakings of Γ8 successively. On the other hand, set t1out to be
weighted and ω8pt1outq “ 1

2
. Then we have found a stable combinatorial type

Γ̂8 and a stable weighted treed disk Z8 representing a point in W
Γ̂8

. One
can check easily that Zi converges to Z8.

On the other hand, the Hausdorffness of W
Γ̂
follows from the Hausdorffness of the

moduli space of stable unweighted treed disks, and the uniqueness of the way of
assigning weighting types and weights in a sequential limit. �

Lastly we give the dimension formula for a stable weighted type Γ̂. Let Γ be the
underlying unweighted type. Then (4.1) gives the dimension of WΓ. Therefore,

dimW
Γ̂

“ dimWΓ ` #WpΓ̂q

where #WpΓ̂q is the number of weighted inputs minus the number of weighted
outputs (see Item (b) of Definition 11.3).

11.1.2. Forgetting boundary tails. Let t be a forgettable incoming boundary tail of Γ̂
and Γ̂t be the combinatorial type obtained by forgetting t and stabilization. For any
Z representing a point in W

Γ̂
, this operation gives another stable weighted treed



AN OPEN QUANTUM KIRWAN MAP 97

disk Zt, and induces a continuous map ft : W Γ̂
Ñ W

Γ̂t
. It also induces a contraction

map Z Ñ Zt, which gives a commutative diagram

U
Γ̂

π
Γ̂

//

f̃t
��

W
Γ̂

ft

��

U
Γ̂t π

Γ̂t

// W
Γ̂t

. (11.2)

Remark 11.7. Given a treed disk Z with combinatorial type Γ̂ and an incoming
forgettable boundary tail t of Γ̂. Suppose the basic part containing t is not an
infinite edge, a Y-shape, or a Φ-shape. There are several possibilities of the change
of shapes regarding the forgetful operation ft.

(a) When vt, the vertex to which t is attached, is still stable after forgetting t,
only the interval It is contracted by the stabilization.

(b) If vt becomes unstable after forgetting t, then vt has valence three if vt P
V△pΓ̂q \ V▽pΓ̂q, and has valence two if vt P V♦pΓ̂q. The two-dimensional
component Σt corresponding to vt is also contracted by the forgetful map.
See Figure 12.

f̃t

f̃t f̃t

Figure 12. When forgetting a boundary tail, we regard the thick
part of the treed disk is contracted.

(c) An extremal situation of the above case is described by the Figure 13, where
we contract a whole basic part of a broken treed disk.
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f̃t

Figure 13. If we forgetting the upper-left boundary tail, then we
regard the thick part of the treed disk is contracted.

11.1.3. Coherent perturbations. For a weighted combinatorial type Γ̂, let Γ be its
underlying unweighted combinatorial type. Then there is a natural forgetful map
U
Γ̂

Ñ UΓ which covers another forgetful map W
Γ̂

Ñ WΓ. Indeed, W
Γ̂
is homeo-

morphic to the product of WΓ and a cube, while U
Γ̂
is the pull-back of UΓ Ñ WΓ.

Then the coherent collection of nodal neighborhoods Uthin
Γ Ă U2

Γ Ă UΓ we have used
(see Definition 5.1 and Lemma 5.2) are pulled back to

U thin

Γ̂
Ă U2

Γ̂
Ă U

Γ̂
.

The notion of coherent maps

Definition 11.8. (cf. Definition 5.5) Let Z1, Z2 be topological vector spaces. For

i “ 1, 2, a system of continuous maps tgi
Γ̂
: U i

Γ̂
Ñ Zi | Γ̂ P T̂st Y Fstu is called

coherent, if the following conditions are satisfied.

(a) (Neck region) g1
Γ̂
vanishes in U long

Γ̂
X U1

Γ̂
and g2

Γ̂
vanishes on U thin

Γ̂
X U2

Γ̂
.

(b) (Degeneration) For all pairs Γ̂, Π̂ P T̂st Y Fst with Π̂ Ĳ Γ̂, with respect to
the commutative diagram (5.1), one has gi

Γ̂
˝ ρ̃i

Γ̂,Π̂
“ gi

Π̂
.

(c) (Cutting edge) For any broken Γ̂ P T̂st Y Fst with all basic parts Γ̂1, . . . , Γ̂s,
with respect to the commutative diagram (5.3), one has gi

Γ̂
˝ ρ̃i

Γ̂
“ \gi

Γ̂α
.

(d) (Components) For Γ̂ P T̂stYFst and a subset S Ă VpΓ̂q which either contains
VpΓ̂q or is disjoint from VpΓ̂q, there exist continuous maps hi

Γ̂S

: U
Γ̂i
S

Ñ Zi

such that

gi
Γ̂

|U
Γ̂,Γ̂S

“ hi
Γ̂S

˝ π̃
Γ̂,Γ̂S

.

(e) (Forgetful map) Let Γ̂ P T̂st be unbroken and t be the first forgettable

boundary input and assume that Γ̂t is nonempty. Then with respect to the
forgetful map f̃t : U

Γ̂
Ñ U

Γ̂t
in (11.2), on the components that are not

contracted by f̃t, one has gi
Γ̂

“ gi
Γ̂t

˝ f̃it.

Lemma 11.9. Let Γ̂ one of the first five Y-shapes in Figure 8 and P
Γ̂

“ pf
Γ̂
, h

Γ̂
q

belongs to a coherent system of perturbation data (for all stable weighted types).

(a) If Γ̂ P tYA,YB,YD,YEu, then f
Γ̂
vanishes on the edges that are not forget-

table.
(b) If Γ̂ “ YC, then fΓ̂ vanishes on the outgoing and the second incoming edges.
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Proof. Consider an unbroken stable weighted type Ξ̂ with more than three boundary
inputs. Assume that there is a sequence of stable weighted treed disks Zν degener-
ate to a once broken weighted treed disk Z, where one of the basic part is a stable
weighted treed disk modelled on one of the Y-shape we are considering. Also as-
sume that the first forgettable boundary input of Ξ̂ becomes the (first) forgettable

boundary input of the Y-shape Γ̂. Then the sequence obtained by forgetting the first
forgettable boundary input t, denoted by Zν,t, also converges to Zt. Let v P VpΞ̂q
be the vertex to which t is attached and let e P EpΞ̂q be the edge the connects v

with the other part of the tree. Then for ν sufficiently large, the lengths λνpeq are
very large. Then after forgetting t, the contraction image of the disk corresponding
to v is a point tν P r0,`8q on the edge close to infinity (see Figure 12). By Item
(a) of Definition 11.8, fZν,t has to vanish from rtν ´ M,`8q for any finite M and
large enough ν. Then the coherence and continuity imply that f

Γ̂
has to vanish on

the edges except the (first) forgettable one. �

11.2. Moduli spaces and transversality. In this subsection we construct a strongly
regular coherent system of perturbation data P̂ for all stable weighted types that
extends the system P we have used for the unweighted case.

11.2.1. Weighted vortex types. Define the extended critical point set

crit :“ crit \ tx˝
M ,x

‚
Mu.

Here x˝
M is called the forgettable xM (which will be the strict units), and x‚

M is
called the weighted xM . To distinguish from these two elements, we re-denote the
original xM P crit by x‚

M , called the unforgettable xM . Other elements of crit are
also regarded as unforgettable. For the two new elements, define their degrees to be
ipx˝

M q “ 0 and ipx‚
M q “ ´1.

Now we extend the notion of vortex types, given by Definition 6.1, to weighted
vortex types. A weighted vortex type is a tuple Γ̃ “ pΓ̂, x̃,B,V , õq where Γ̂ “
T̂ Y F is a weighted combinatorial type (of k boundary inputs and one output),
x̃ “ px1, . . . ,xk;x8q is a sequence of elements in crit such that xi has the same
weighting type as ti P TpΓ̂q for i “ 1, . . . , k,8. The other elements B,V , õ are the
same as those in Definition 6.1, namely B labels the homology classes of vertices, V
labels the asymptotic constrains at interior leaves, and õ labels the contact orders.

Again the correspondence from each weighted vortex type Γ̃ to its underlying
weighted combinatorial type Γ̂ will be indicated from notations. Using the collection
of perturbation data P̂ , we can define the moduli spaces MΓ̃ in the same way as
Section 6. In order to achieve transversality for MΓ̃, we also look at special weighted
vortex types such as reduced, uncrowded, S-special, and controlled weighted vortex
types, which are defined in the same way as Definition 7.1.

11.2.2. Perturbed gradient flows. In order to achieve transversality for weighted vor-
tex types while maintaining the coherence condition, especially the one about for-
getting forgettable boundary tails (see Definition 11.8), we need to carefully choose
certain perturbations to the gradient flow equation.

Let f˝ P C8
c pp´8, 0s ˆ L̄q be a time-dependent perturbation of the function

F : L̄ Ñ R and denote F ˝ “ F ` f˝. Consider the perturbed gradient flow equation

9xpsq ` ∇F ˝pxpsqq “ 0, ´8 ă s ď 0, lim
sÑ´8

xpsq “ xM . (11.3)

Let the moduli space of solutions be M˝pxM q whose dimension is dimL̄.
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Lemma 11.10. There exists a function f˝ P C8
c pp´8, 0s ˆ L̄q satisfying the follow-

ing condition.

(a) f˝ vanishes in a neighborhood of xM ;
(b) For any x P crit, there is a unique solution (11.3) with xp0q “ x.
(c) The evaluation at time zero M˝pxM q Ñ L̄ is a submersion.

The proof is left to the reader. Choosing a function F ˝ “ F ` f˝ where f˝

satisfies the conditions of Lemma 11.10, the perturbation data for certain simple
weighted types are also determined by the coherence condition. The following two
lemmata gives these perturbation data explicitly and prove that they are regular.
Their proofs are also very straightforward and are left to the reader.

Lemma 11.11. Choose f˝ satisfying the conditions of Lemma 11.10. Let Γ̂ be one
of the first five Y-shapes listed in Figure 8. Then the perturbation P

Γ̂
that is equal

to f˝ on the (first, if any) forgettable incoming edge and is trivial on other edges
and trivial on the two-dimensional component is regular.

Moreover, if Γ̃ is an uncrowded and controlled refinement of Γ̂, then Γ̃ is classified
by the labellings of the boundary tails. Then we have

(a) For Γ̂ “ YA,YB,YC, there is only one such refinement Γ̃, where the bound-
ary tails are labelled by x˝

M or x‚
M according to the weighting types of the

boundary tails. In all cases indΓ̃ “ 0 and MΓ̃ contains a single element
represented by the trivial solutions.

(b) For Γ̂ “ YD,YE, a refinement Γ̃ is essentially a pair of labelling px‚
in,x

‚
outq on

the two unforgettable boundary tails. If indΓ̃ “ 0, then ipx‚
inq “ ipx‚

outq. In
this case, the moduli space MΓ̃ is empty if x‚

in ‰ x‚
out and contains a single

element if x‚
in “ x‚

out. In the latter case, the only element is represented
by the solution which is constant on the unforgettable edges and constant
on the disk component, and is equal to the unique solution to (11.3) with
xp0q “ x‚

in “ x‚
out (uniqueness follows from Lemma 11.10).

11.2.3. Canonical extension of perturbation data to weighted types. Suppose we are
given a coherent family of perturbation data for all unweighted combinatorial types.
We would like to extend this family to include weighted types.

Given an unbroken Γ̂ P T̂st and let t P TinpΓ̂q be its first forgettable input.
Consider the case that Γt ‰ H. Suppose we have chosen a perturbation P

Γ̂t
. Then

upon choosing F ˝, there is a uniquely determined P
Γ̂

“ pF
Γ̂
, J

Γ̂
q, called the F ˝-

extension of P
Γ̂t
, which, together with P

Γ̂t
, respects the forgetful operation forgetting

the boundary tail t. We explain the construction as follows.
Let vt P VpΓ̂q be the vertex to which t is attached. For each treed disk Z with

underlying type Γ̂, let Zt be the treed disk obtained by forgetting the boundary tail t
and stabilizing. Then certain one-dimensional or two-dimensional components of Z
are contracted. The preserved components corresponds to components of Zt. Then
P
Γ̂t

determines the value of P
Γ̂

|Z on all the preserved components. To determine the

value of P
Γ̂

|Z on the contracted components, we consider the following three cases.

(a) If the forgetful operation only contracts a boundary tail It » p´8, 0s, then
we define F

Γ̂
|It to be F ˝.

(b) If the forgetful operation contracts a boundary tail It and a vertex v P
V△pΓ̂q \ V▽pΓ̂q (see Figure 12), then we define F

Γ̂
|It in the same way as

above and define J
Γ̂

|Σv
to be JX .
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(c) Suppose the forgetful operation contracts a vertex v P V♦pΓ̂q. Then v has
valence two and has no superstructure or leaf. Let e be the edge starting from
v towards the root. Then e has finite length. Then It Y Ie can be identified
with p´8, 0s Y r0,´λpeqs » p´8, 0s. Then define F

Γ̂
|IeYIe to be F ˝ via this

identification. Moreover, the forgetful map may or may not contract another
vertex v1 P V▽pΓ̂q i.e., the other end of e. In either case, define the restriction
of J

Γ̂
on the contracted two-dimensional component(s) to be JX .

The following lemma shows that P
Γ̂
is (strongly) regular as long as F ˝ satisfies

conditions in Lemma 11.10 and P
Γ̂t

is (strongly) regular.

Lemma 11.12. Suppose F ˝ satisfies conditions of Lemma 11.10 and P
Γ̂t

is a

strongly regular perturbation on U
Γ̂
, then the F ˝-extension P

Γ̂
of P

Γ̂t
is also strongly

regular.

Proof. The strong regularity of P
Γ̂
follows from Item (c) of Lemma 11.10. �

Now let T̂‚ Y Fst » Tst Y Fst be the set of all stable unweighted combinato-
rial types, or equivalently, viewed as the set of all stable weighted combinatorial
types whose inputs are all unforgettable. We have used a previously chosen strongly
regular coherent system of perturbation data P for all types in T̂st Y Fst, whose
restriction to superstructures coincides with a system JF of almost complex struc-

tures. Now let T̂‚˝ Ă T̂st consisting of all stable weighted types whose boundary
inputs are unforgettable or forgettable, but not weighted. By forgetting forgettable
inputs successively, any unbroken Γ̂ P T̂‚˝ can be reduced to some Γ̂1 P T̂‚ or one
of YA,YB,YC,YD,YE. Then upon choosing F ˝, we can extend P to a system of
strongly regular perturbation data P ‚˝ to all Γ̂ P T̂‚˝ Y Fst. It is routine to check
that this new system is coherent in the sense of Definition 11.8.

Lastly, we can use (a variant of) Lemma 7.6 to inductively construct a strongly

regular coherent system of perturbation data P̂ for all stable weighted types Γ̂ P
T̂st YFst that extends the strongly regular P ‚˝. The base cases of the induction in-
clude choosing regular perturbations (independently) for the types YG,YH,YI (see
Figure 8) and the type ΦC (see Figure 9). Notice that the cases for YA and YB

have been taken care of by Lemma 11.9 and Lemma 11.11. The induction can
be performed because the partial order among unweighted types can be extended
canonically to a partial order for all weighted types that are compatible with the
stratification of various moduli spaces. For example, for a stable weighted type Γ̂, a
weighted input turning to forgettable or unforgettable corresponds to two codimen-
sion one boundary strata of W

Γ̂
. The induction procedure provides us a strongly

regular coherent system of perturbation data P̂ , which grants each stable weighted
combinatorial type Γ̂ P T̂st Y Fst a strongly regular perturbation P

Γ̂
“ pJ

Γ̂
, F

Γ̂
q.

Then for each weighted vortex type Γ̃ whose underlying weighted combinatorial
type has stabilization equal to Γ̂, we can define the moduli space MΓ̃pP

Γ̂
q. The

strongly regularity condition of P
Γ̂
implies that when Γ̃ is reduced, uncrowded, and

controlled (see Definition 7.1, which can be extended to the weighted case without
changing a word), the subset M˚

Γ̃
pP

Γ̂
q Ă MΓ̃pP

Γ̂
q of stable weighted treed scaled

vortices in which no nontrivial component is mapped entirely into D is a smooth
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manifold of dimension (compare to (7.3))

indΓ̃ “ dimW
Γ̂

` ipx̃q ` MaspΓ̃q ´
kÿ

i“1

δipΓ̃q.

11.2.4. Refined compactness. Many results about moduli spaces of unweighted con-
figurations can be extended to include weighted configurations. Here we only men-
tion one of the most important one, namely the refined compactness result for moduli
spaces of expected dimensions at most one (Proposition 7.12).

Firstly, the notions of admissible and essential refined vortex types (see Definition
7.11) can be extended to include weighted vortex types without changing a word.
Then we have the following extension about refined compactness (Proposition 7.12).
Its proof is completely the same as before.

Proposition 11.13. Let Γ̃ be an essential weighted vortex type and suppose there
is a stable weighted treed scaled vortex of a weighted vortex type Π̃ which represents
an element of the closure M˚

Γ̃
pP

Γ̂
q. If indΓ̃ “ 0, then Π̃ “ Γ̃. If indΓ̃ “ 1, then

either Π̃ “ Γ̃, or Π̃ belongs to the types listed in Proposition 7.12, plus the following
one more possibility:

( cw) One weighted input of Γ̃ changes to a forgettable or unforgettable input (the

weighting type of the output of Π̃ is determined by weighting rule (11.1)).

11.3. Strict unitality. Now we start to equip the A8 algebras with strict units

and prove Theorem 8.18. Let ĄCF ˚pL̄; Λq be the free Λ-module

ĄCF˚pL̄; Λq “ CF ˚pL̄; Λq ‘ Λe ‘ Λp “ CF ˚pL̄; Λq ‘ Λx˝
M ‘ Λx‚

M .

Then we extend the A8 compositions mk, nk and the A8 morphism defined in

Section 8 as multilinear operators on CF ˚pL̄; Λq to ĄCF ˚pL̄; Λq. Indeed, by counting
elements in zero-dimensional moduli spaces of types △,▽,♦ one can define in the same
way these extensions, except for m̃1px‚

M q and ñ1px‚
M q. Indeed they are defined as

follows.

m̃1px‚
M q “ x˝

M ´ x‚
M `

ÿ

x8Pcrit

xx‚
M ;x8y ¨ x8

where xx‚
M ;x8y is defined in the same way as (8.4). Similarly,

ñ1px‚
M q “ x˝

M ´ x‚
M `

ÿ

x8Pcrit

xx‚
M ;x8y ¨ x8

where xx‚
M ;x8y is defined in the same way as (8.6).

The following proposition proves Theorem 8.18 Item (a)–Item (d).

Proposition 11.14.

(a) ĄFukKpLq “ pĄCF ˚pL̄; Λq, m̃0, m̃1, . . .q and ĄFukcpL̄q “ pĄCF ˚pL̄; Λq, ñ0, ñ1, . . .q
are strictly unital A8 algebras with x˝

M being their strict units.
(b) ϕ̃ “ pϕ̃0, ϕ̃1, . . .q is a strictly unital A8 morphism.

Proof. The fact that m̃0, m̃1, . . . (resp. ñ0, ñ1, . . .) give an A8 algebra structure

over ĄCF˚pL̄q b Λ, and the fact that ϕ̃0, ϕ̃1, . . . define an A8 morphism follow from
the same argument as before, in which the refined compactness theorem (Proposition
11.13) plays a crucial role. In the following we explain the unitality about e “ x˝

M .
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We first prove the unitality of x˝
M for ĄFukKpLq. To show that m̃1px˝

M q “ 0,

consider essential combinatorial types Γ̃ of index zero with only one boundary input
t labelled by x˝

M . For the underlying weighted type Γ̂, recall that Γ̂t is the weighted

type obtained by forgetting the boundary tail t and stabilizing. If Γ̂t is nonempty,
we want to prove that the moduli space MΓ̃ is empty. Indeed, if C P M

Γ̂
, then

since the perturbation data respects forgetting a forgettable tail (see Item (e) of
Definition 11.8), by forgetting the tail t, we obtain an element Ct P MΓ̃t

. However,
the expected dimension of the latter moduli space is one less than that of MΓ̃,
which, by Item (e) of Definition 11.8 and the transversality, is impossible. Hence

MΓ̃ “ H. On the other hand, if Γ̂t “ H, then the only possibility is that Γ̂ is
an infinite edge. Therefore, by the requirement of the perturbation data, over an
infinite edge, MΓ̃ is just the moduli space of gradient lines of pF,Hq that start at

x˝
M . Then the output of Γ̃ is labelled by an (unforgettable) element of index n̄´ 1.

Since in the Morse complex of F , xM is closed, m̃1px˝
M q “ δMorsepx˝

M q “ 0. Now

we show that m̃2px˝
M ,aq “ a “ p´1q|a|m̃2pa,x˝

M q for any generator a of ĄCF˚pL̄q.
If a “ x˝

M , then the second identity is the same as the first one. If a ‰ x˝
M , then

the proof of the second identity is also similar to the proof of the first one. Hence
we only show m̃2px˝

M ,aq “ a. Indeed, suppose a configuration with vortex type

Γ̃ and weighted type Γ̂ contributes to m̃2px˝
M ,aq. Let t be the first input of Γ̂.

Then for the same reason as above, Γ̂t “ H, which implies that Γ̂ is a Y-shape.
The condition that the index of Γ̃ is zero implies that the other two boundary tails
are labelled by critical points of the same Morse index, say x1 and x2. By our
construction of the perturbation data on Y-shapes (see Lemma 11.10), MΓ̃ “ H if
x1 ‰ x2, and contains a single element if x1 “ x2. The sign of this single element is
positive. Hence it shows that ñ2px˝

M ,aq “ a for a generator a. Similarly one has
m̃kp¨ ¨ ¨ ,x˝

M , ¨ ¨ ¨ q “ 0 for k ě 3 because for any unbroken weighted type with more
than three inputs, forgetting one input results in a nonempty weighted type.

The unitality of x˝
M for ĄFukcpL̄q is exactly the same. We now prove the unitality

of the morphism, which means

ϕ̃1

`
x˝
M

˘
“ x˝

M ; ϕ̃k
`

¨ ¨ ¨ ,x˝
M , ¨ ¨ ¨

˘
“ 0, @k ě 2.

To prove the first identity, consider any Γ̃ P T̃0
♦px̃q such that the moduli space

MΓ̃ ‰ H may contribute to ϕ̃1px˝
M q. Suppose t is the boundary input labelled by

x˝
M . If ωpΓ̃q ą 0, then LpΓ̂q ‰ H. Therefore, Γ̂t is nonempty, which results in a

nonempty moduli space MΓ̃t
with expected dimension ´1. Hence ωpΓ̃q “ 0. Then

since indΓ̃ “ 0, the output of Γ̃ must be labelled by x˝
M or x‚

M . However the latter
was excluded by our requirement on weighting types (see Figure 9). Therefore, it
follows ϕ̃1px˝

M q “ x˝
M .

On the other hand, for all admissible vortex type Γ̃ with k ě 2 boundary inputs,
one of whose boundary tails is labelled by x˝

M , forgetting the first one results in a

nonempty type Γ̃t with indΓ̃t “ ´1. Hence MΓ̃ “ H by transversality and the
coherence of the perturbation data.

Lastly, by our choice of perturbation data discussed in Subsection 7.5, the A8

algebras ĄFukKpLq and ĄFukcpL̄q are identical on the classical level and ϕ̃ is the identify
on the classical level. Hence ϕ̃ is a higher order deformation of the identity (recall
its definition in Subsection 8.1). This finishes the proof. �
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It remains to prove Item (e) and Item (f) of Theorem 8.18. Indeed, when JX
satisfies the conditions assumed in Hypothesis 1.5 and/or Hypothesis 1.7, in our
perturbation data, the perturbed almost complex structure can be made sufficiently
close to JX and satisfy the same conditions. The argument uses various compactness
theorems and depends on an energy bound. Such energy bound is dictated by the
underlying combinatorial types of the moduli spaces. Then Item (e) and Item (f)
of Theorem 8.18 follow from dimension counting, whose proofs are very similar to
those of Proposition 8.11, 8.14 and 8.17. The details are left to the reader. This
finishes the proof of Theorem 8.18.
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