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1. Introduction

These are expanded notes from a set of lectures given at the swho
\Actions Hamiltoniennes: leurs invariants et classi cation" at Luminy
in April 2009. The topics center around the theorem of Kempf and éés
[52], which describes the equivalence between the notion of quotiémt
geometric invariant theory introduced by Mumford in the 1960's [74],
and the notion of symplectic quotient introduced by Meyer( 73] and
Marsden-Weinstein [[71] in the 1970's. In nite-dimensional generaéz
tions of this equivalence have played an increasingly important role in
geometry, starting with the theorem of Narasimhan and Seshad75]
connecting unitary structures on a bundle with holomorphic stability
which by historical accident preceded the nite-dimensional the@m.

The proof of the Kempf-Ness theorem depends on the convexity o
certain Kempf-Ness functionswhose minima are zeros of the moment
map. The convexity also plays an important role in the relation to
geometric quantization discovered by Guillemin and Sternberg [35]: it
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corresponds to the fact that \invariant quantum states concenate
near zeros of the moment map”. Roughly speaking these notes &er
written as an exercise in \just how far" one can carry the convexjt of
the Kempf-Ness function. For example, using convexity | give alter
native proofs of some of the results in Kirwan's book [53] as well as
nite-dimensional versions of Harder-Narasimhan and Jordan-tider
Itrations; the former appears in the algebraic literature under tre
name of Hesselink one-parameter subgroups|[46] but the latteeses
to have been undeveloped.

The text is interspersed with applications to existence of invariants
in representation theory, such as the problem of determining thexe
istence of invariants in tensor products of irreducible represertans,
and various techniques for computing moment polytopes. For exate,
the last section describes Teleman's improved version of quantizatio
commutes with reduction [[95] which also covers the behavior of the
higher cohomology groups, and the non-abelian localization formula
which computes the di erence between the sheaf cohomology ofeth
guotient and the invariant cohomology of the action. Some of the o
ics not treated are notably: Duistermaat-Heckman theory, symectic
normal forms, localization theorems in equivariant cohomology, and
connections to classical invariant theory, to name a few.

The author is grateful for comments and corrections by Michel Byn
and Reyer Sjamaar, and apologizes for any omissions of work in what
has become a vast literature.

2. Actions of Lie groups

To establish notation we review the basics of Lie group actions.

2.1. Lie groups. A Lie groupis a smooth manifoldK equipped with
a group structure so that group multiplicationK xK - K is a smooth
map. The Lie algebrak is the space of left-invariant vector elds on
K, and may be identi ed with the tangent space oK at the identity

e K. The exponential mapexp :k - K is de ned by evaluating the
time-one ow at the identity.

Suppose thatK is compact and connected. LeT [KI be a max-
imal torus. We denote by := exp~!(e) n t the integral lattice and
by 1 ftts dual, the weight lattice. Any elementy [C1-de nes a
characterT - U(1),t B t* given for¢ [CTby exp@§)* := exp(2mip(f)).
The Weyl groupof T is denotedW = N(T)/T. The Lie algebrak splits
under the action of T into the direct sum of the Lie algebrat and a
nite sum of root spacesky, a [CR(k) where R(k) [ 1-A=+1} is the
set of roots and eactk, is identi ed with a one complex-dimensional
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representation on whichT acts by exp)® := exp(2mia(g)). The ker-
nels ker@) of the roots a [CR(k) divide t into a set of (open)Weyl
chambers given a generic linear function ort there is a unique open
positive Weyl chambeon which the function is positive; we denote by
t. its closure.

2.2. Smooth actions and quotients.  Let X be a smooth manifold.
A (left) action of K on X is a smooth mapK x X - X, (k,x) B
kx with the properties that ko(kix) = (koki)x and ex = x for all
ko, ki K and x [X. A K-manifold is a smooth manifold equipped
with a smooth K-action. Let X, X; be K-manifolds. A smooth map
¢ : Xy - X is K-equivariantif ¢p(kx) = kd(x) for all k K, x [Xp.

Both the Lie algebra and its dual are naturallyK-manifolds: The
adjoint action of an elementk ["H on the Lie algebrak is denoted
Ad(k) CEhd(k). The coadjoint action ofk on the dualk™i§ Ad (k) :=
(Ad(k™1)) 5-The groupK itself is a K-manifold in three di erent ways:
the left action, the (inverted) right action, and the adjoint action by
conjugation Ad(ko)k; := kokiky . The exponential map exp k - K
is equivariant with respect to the adjoint action onk and K. If K is
compact, then the dualt™df the Lie algebrat of the maximal torusT
admits a canonical embedding ifk",-Whose image is thd - xed point
set for the coadjoint action of T on k5-and sok™~admits a canonical
projection onto t~~

Let X be K-manifold. Let Di ( X) denote the in nite-dimensional
group of di eomorphisms ofX and Vect(X) the Lie algebra of vector
elds on X. The K-action induces a canonical group homomorphism

K - Di ( X), kDB kyx, kx(x) = kx

and a Lie algebra homomorphism

(- Veat(X), €0 B, &)= o exp(te)x

The sign here arises because the Lie bracket is de ned using left-
invariant vector elds which are the generating vector elds for treright
action of the group on itself, whereas our actions are by defaultofn
the left. The orbit of a point x [X is the setKx := {kx|k (K} Xl
The stabilizer of a point x [ X is Ky := {k [CK|kx = x}, its Lie
algebra is the setk, := {& [k]&x(x) =0}. A (co)adjoint orbit is an
orbit of the (co)adjoint action of K on k resp. k-~

Let ¢ : Ko - K; be a homomorphism of Lie groups and leX be
a K;-manifold. The action of K; and the homomorphismy induce a
Ko-action on X by kox := Y(ko)x. The orbits of the K, action are
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those of the K;-action, while the stabilizers Ko)x = P 7((K1)x) are
inverse images undey.

Let X be aK-manifold. A slice at x is a Ky-invariant submanifold
Vv containing x such that KV is open in X and the natural
smooth K-equivariant map K %,V - KV is a di eomorphism onto
its image. It follows from the existence of geodesic ows etc. that
actions ofcompactgroups have slices. Ajuotientof a K-space is a pair
(Y, m) consisting of a spac& and a K-invariant morphismm: X - Y
such that any other K-invariant morphism factors through m. The
existence of slices implies that any free action of a compact grotp
on a manifold X has a manifold quotientX/K; more generally if the
action is not free then the quotient exists in the category of Hausd
topological spaces. (Strictly speaking one should write the quotieon
the left, since our actions are by convention left actions. However
nd this rather cumbersome since in EnglishX/K reads \the quotient
of X by K").

2.3. Equivariant di erential forms. Recall that agraded derivation
of a graded algebraA of degreed is an operatorD [CHnd(A)4 such
that D(apa;) = D(ag)a; + (—1)%layD(a;) for homogeneous elements
ap,a; [CA. The space of graded derivations De#) (direct sum over
degrees) forms ayraded Lie algebrawith bracket given by the graded
commutator. given graded derivationdD, D; of degreedDy|, |D,|, de-
ne {Dg, D1} = DyD; — (—1)IPeliP1ID, D,

Let X be a smooth manifold of dimensiom. We denote py Vect(X)
the Lie algebra of smooth vector elds orX, and by ( X) = ;‘=O 1(X)
the graded algebra of smooth forms oiX. For any v [Mect(X) we
have the derivations de ned bycontraction 1, : J(X) — J17}(X) and
Lie derivative L, : J(X) - J*}(X). Let d denote the de Rham
operator, the graded derivation d : J(X) - J*}(X) such that
df(v) = L,f,ddf = 0 for f [1°9(X),v [Mect(X). The operators
\,, Ly, d generate a nite dimensional graded Lie algebra of Der(X))
with graded commutation relations forv,w [\Mect(XX) given by

{,} v L d
Ly 0 Uv,w] LW
LW l[w,v] I—[w,v] 0
d L, 0 0

It suces to check the commutation relations by verifying them on
generatorsf I:P(X),dg [F(X) of ( X). We denote byz!(X) the
space ofclosed formszZJ(X) = {a [ ¥(X)|da =0} by B}(X) = {a [1
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J(X)|BICF~Y(X), dB = a} the space okexact formsand by HI(X)
the de Rham cohomologid! (X) = Z1(X)/BI(X).

Suppose thatX admits a smooth action of a Lie grougk. Cartan
(see[37]) introduced a spacek (X) of K-equivariant forms

. M M
K(X) = Hom?(k, °(X)*,  «(X)= K (X)

2a+b=j j=0

where Honf(-)X denotes equivariant polynomial maps of homogeneous
degreea. The equivariant de Rham operatois de ned by

de © LX) = HX), ([de(@))(E) = ([d+ tg)(a(E)).

Let ZJ (X) resp. B). denote the equivariant closed resp. exact forms.
The equivariant de Rham cohomologig

) ) ) 1V
Hi (X) = Z{L(X)/Bi(X), Hk(X)= H (X).
j=0

If K action is free,Hk (X) is isomorphic to the cohomologyH (X/K)
of the quotient, see for example [37].

3. Hamiltonian group actions

This section contains a quick review of equivariant symplectic geom-
etry. More detailed treatments can be found in Cannas]21], Guillemin
Sternberg [36], Abraham-Marsden [1], or Delzant's lectures in this ivo
ume.

3.1. Symplectic manifolds. Let X be a smooth manifold. Asym-
plectic form on X is a closed non-degenerate two-form [1%(X).
A symplectic manifoldis a manifold equipped with a symplectic two-
form. A symplectomorphisnof symplectic manifolds ¥Kg, wo), (X1, 01)
is a di eomorphism ¢ : X, — X; with ¢'d; = wy. The term symplectic
is the Greek translation of the Latin wordcomplex and was used by
Weyl to distinguish the classical groups of linear symplectomorphism
resp. complex linear transformations.

The simplest examplg of a symplectic manifold iR?" equipped with
the standard two-form = ', dg; [db;; Darboux's theorem says that
any symplectic manifold is locally symplectomorphic td&R?" equipped
with the standard form. There are simple cohomological restrictiaon
which manifolds admit symplectic forms: Suppose thaX has dimen-
sion 1. Non-degeneracy of a two-fornm [_F(X) is equivalent to the
non-vanishing of the highest wedge power® [_F"(X); if X is compact
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and w is symplectic then the cohomology clas&T] = [w]" must be non-
zero, since its integral is non-vanishing, which implies that the classe
[0], [0]?, ..., [w]""! are also non-vanishing. For example this argument
rules out the existence of symplectic structures on spheres epicéor
the two-sphere, where any area form gives a symplectic strucéur
Symplectic manifolds provide a natural framework for Hamiltonian
dynamics as follows. For any symplectic manifoldX, o) let Symp(X, w) 1
Di ( X) denote the group of symplectomorphisms and Veg¢iX) [1
Vect(X) the Lie subalgebra okymplectic vector eldsv [Vect(X), L,w =
0. Any smooth functionH [CQO*(X) de nes a symplectic vector eld
H# [\ect’(X) by 14+ @ = dH. In local Darboux coordinates,H* is
given by
_ X 9H 8 oH 9
j=1 0P 00 0¢; Op;
The image ofC=(X) in Vect®(X) is the space Vect(X) of Hamilton-
ian vector elds. Thus a vector eld v [Mect(X) is symplectic resp.
Hamiltonian i the associated closed one-formyw is closed resp. ex-

act. The Poisson brackets the Lie bracket onC*(X) de ned by the
formula

(1) {Ho, H1} = o(Hg", HY).
The mapH B3 —H* extends to an exact sequence of Lie algebras
0 - H%(X,R) - C®(X) - Vect’;(X) - HY{(X,R) - 0

where the Lie bracket on the de Rham cohomology groupt, H(X, R)
is taken to be trivial. A Hamiltonian dynamical systemis a pair
(X, H) consisting of a symplectic manifoldX and anenergy function
H [Q*=(X). Time evolution is given by the ow of H# [Mect(X).
If K [Ca*(X) is another function, such as a component of angular
momentum, then{K,H} = —Lx+ H = L+ K, soH is invariant under
the ow generated by K# i K is conserved in time. This equivalence
is often calledNoether's theorem for every symmetry of a Hamiltonian
system there is a conserved quantity.

The cotangent bundleT "Q of a smooth manifoldQ possesses a
canonical symplectic structure: Letn : TQ - Q,(q,p) — q be the
canonical projection. Thecanonical one-formon T "qQ is

o CHTH), agp(v) = p(Dmgp(v)).
Local coordf';natesql, ...,0n ON Q induce dual coordinate$,,...,pn iN
which a = F=l p;jdg;. It follows that the canonical two-formw on
T 59 given by w = —da is symplectic. These forms are canonical in
the sense that any di eomorphismQ, - Q; induces an isomorphism

H#
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T'9, — T, preserving the canonical one-forms, which is therefore a
symplectomorphism. PhysicallyT “Q represents the space of states of a
classical particle moving on a manifol®@. However, many Hamiltonian
dynamical systems have symplectic manifolds that are not cotange
bundles. For example, the two-sphere is the natural symplectic mia
fold for the study of the evolution of the angular momentum vectoof

a rigid body.

Proposition 3.1.1. The following are natural operations on symplectic
manifolds:

(@) (Sums) Let(Xq, wo), (X1, w;) be symplectic manifolds. Then the
disjoint union (X, X, 0wy [@]) is a symplectic manifold.

(b) (Products) Let (Xj, wj) be symplectic manifoldsj = 0, 1. Then
the product X, x X; equipped with two-formmid, + mid; is a
symplectic manifold, wherer; : Xo x X; - Xj,j = 0,1 is the
projection onto Xj.

(c) (Duals) Let (X,w) be a symplectic manifold. Then the dual
(X,—w) (or more generally, (X, Aw) for any non-zeroA [R)
is a symplectic manifold.

Symplectomorphism is a very restrictive notion of morphism, since
in particular the symplectic manifolds must be the same dimension. A
more exible notion of morphism in the symplectic category is given
by the notion of Lagrangian correspondencg99]. (The discussion of
correspondences is only used to formulate the universal propefbr
symplectic quotients; readers not interested in this can skip all digs-
sion of correspondences and the symplectic category.) L&, () be a
symplectic manifold. ALagrangian submanifoldbf X is a submanifold
i:L - X with i'd = 0and dim(L) = dim( X)/2. Let (X, w;),j =0,1
be symplectic manifolds. ALagrangian correspondencé&rom X, to X;
is a Lagrangian submanifold ofX; > X;. Let Loy [X; x X; and
L, X, x X, be Lagrangian correspondences. L&k, denote the
projection from X, x X; x X; x X,. Then

Loi © Lo := Toa(Lo1 %x, Li2)

is, if smooth and embedded, a Lagrangian correspondenceXpj x X,
called the compositionof Lo; and L;,. The graph graph{yo:) of any
symplectomorphismyg; from X, to X; is automatically a Lagrangian
correspondence, and ifio;, Y1, are two such symplectomorphisms then
graph(Woy Y1) = graph(Wo;) e graph(y2). With this notion of compo-
sition, the pair (symplectic manifolds, Lagrangian correspondensebe-
comes a partially de ned category, with identity given by the diagonka
correspondence. The partially de ned composition leads to an hate
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category, obtained by allowing sequences of morphisms and idertfy
sequences if they are related by geometric composition/[98].

Symplectic geometry can be considered a special case of Poissen ge
ometry: A Poisson bracketon a manifold X is a Lie bracket{ , } :
C*(X) x C*=(X) - C=(X) that is a derivation with respect to mul-
tiplication of functions, that is, {f,gh} = {f,g}h + g{f,h}. A Pois-
son manifoldis a manifold equipped with a Poisson bracket. Anor-
phism of Poisson manifolds is a smooth mag : Xy — X; such that
{YF, P} = YHF,g}. Given any Poisson bracket on a manifolK,
for eachH [CA*(X) the derivation {H, } is equal toLy+ for some
vector eld H*. The span of the vector eldsH* de nes a decom-
position of X into symplectic leaveseach of which is equipped with
a symplectic structure so that [1) holds. On the other hand, the o
tion of symplectic geometry as a special case of Poisson geometnmyois
particularly compatible with the idea that Lagrangian correspondeces
should serve as morphisms.

3.2. Hamiltonian group actions. Let K be a Lie group acting smoothly
on a manifold X. The action is symplecticif it preserves the sym-
plectic form, that is, kx [Symp(X, ) for all k [CK, in nitesimally
symplecticif & [Mect®(X) for all & k] and weakly Hamiltonianif
Ex [Vect"(X) for all & k1 A symplectic K-manifold is a symplectic
manifold equipped with a symplectic action oK.

Let (X, w) be a symplecticK-manifold. The action is Hamiltonian
if the map k — Vect(X), ¢ B &x lifts to an equivariant map of Lie
algebrask — C=(X). Such a map is called acomoment map A
moment mapis an equivariant map : X - kb5 satisfying

@) e, 0= —d, &0 [EICK]

Any comoment mapg : k - C*(X) de nes a moment map by[({ x), &
(@(€)(x).

Example3.2.1 Let K = V be a vector space acting oixX = T ™ by
translation. After identifying k - V and sok™% V 5-a moment map
for the action is given by the projectionX £\ Ix Vv &2, v E4q,p) = p,
that is, by the ordinary momentum, hence the terminologymoment
map.

The notion of moment map was introduced in independent work of
Kirillov, Kostant, and Souriau, in connection with geometric quantiza
tion and representation theory. See [14] for a discussion of thistory
of the moment map and the relationship of the work between these
authors. Unfortunately there is no standard sign convention fo@);
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our convention agrees with that of Kirwan[|53]. More generally, X is
a smooth manifold equipped with a closed two-forrm and an action
of K leaving w invariant, then we say that is a moment map if (2)
holds.

A Hamiltonian resp. degenerate Hamiltoniadkk-manifold is a datum
(X, w, ) consisting of a symplectic K-manifold (X, w) resp. smooth
K-manifold X equipped with an invariant closed two-fornmw, and a mo-
ment map for the action. Let ( Xp, 0o, o) and (X, w;, 1) be Hamil-
tonian K-manifolds. Anisomorphismof Hamiltonian K-manifolds is
a K-equivariant symplectomorphismé : (X, wg) — (X3, w;) such that
¢D1 = o

Archimedes' computation of the area of the two-sphere is essiatiy
a moment map calculation. LetS? = {x?>+ y?+ z? = 1} be the unit
sphere inR®. Let v = xZ + ya"—y + z2 [Mect(R®). The two-form
W = t,(dx [Cdy [di) = xdy [dt —ydx [dz + zdx [dy restricts to a
symplectic form onS?, invariant under rotation on R®.

Proposition 3.2.2. A moment map for the action ofS! on S? by
rotation clockwise around thez-axis is given by(x,y,z) B z, under
the identi cation of the Lie algebra ofS* and its dual withR.

Proof. The generating vector eld for§ = 1 is &x = —x% + ya"—x. A
computation shows thatts, w = —dz.

To relate this to Archimedes' formula, note that ifr, 8, z are cylindrical
coordinates onR3, then o= dz and sow =dz [CdB. Thus

Corollary 3.2.3 (Archimedes) The area of the unit two-sphere be-
tween any two valueg;,z, [ (+1,1) of z is the same as the area of
the cylinder S? x [—1, 1] between those two valuegn(z, — z1).

In particular (and this is the result reported by Cicero to be inscribeé
on Archimedes' tombstone) the area of the unit two-spherg? is equal
to the area of the cylinderS! x [—1, 1], namely 41. We can deduce

)
7‘1
St
Figure 1. S! x[—1,1] has the same area &8

from the moment map for the circle action the moment map for the
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full rotation group SO(3) as follows. We identifyso(3) — R3 so that
the in nitesimal rotation around the j-th basis vectore; maps toe;.

Corollary 3.2.4. After identifying so(3) =% R3, the action of SO(3)
on S? has moment map the inclusiors? — R®.

Proof. By symmetry, moment maps for the rotation around the other
two axes are given byX,y, z) B xresp.y. Hence the inclusion satis es
the equation (2). In addition is equivariant and so de nes a moment
map.

The following are natural operations on HamiltonianK -manifolds:

Proposition 3.2.5. (@) (Sums) Let(Xg, wo, o), (X1, w1, 1) be Hamil-
tonian K-manifolds. Then the disjoint union X, [A; is a
Hamiltonian K-manifold, equipped with moment map o [}.

(b) (Exterior Products) Let (Xj, w;j, ;) be HamiltonianK;-manifolds,
J =0, 1 Then the productX, x X; is a Hamiltonian K x< K;-
manifold, equipped with moment mamj—o % 1, wherem; :
Xo x X1 - Xj,J =0,1is the projection ontoX;.

(c) (Duals) Let (X,w, ) be a Hamiltonian K-manifold. Then the
dual (X,—w,—) (or more generally, any rescaling by a non-
zero constant) is a HamiltonianK-manifold.

(d) (Pull-backs) Let¢ : Ko —» K; be a homomorphism of Lie groups,
and (X,w, ) a Hamiltonian K;-manifold. The Lie algebra ho-
momorphismD¢ : ko — k; induces a dual mafD¢ =k ki
The action of K, induced byg has moment magD ¢~

(e) (Interior products) Let (Xj,w;, ;) be HamiltonianK-manifolds,
j = 0,1. Then the product X, x X; is a Hamiltonian K-
manifold, equipped with moment mam,—o + m{~;. This is a
combination of the previous two items, using the diagonal em
beddingk — kxk whose adjoint isk™<k=L k5{&;, &) O &+ &;.

More generally one can speak of Hamiltonian actions on Poisson
manifolds. The dualk~df the Lie algebrak has a canonicaLie-Poisson
bracket, C=(kH* C=(kH'- C=(kD-with the property that {&,n} =
[, n] for §,n [kl A Poisson moment magdor a K-action on a Poisson
manifold X is a Poisson map : X - k%'A Hamiltonian-Poisson
K-manifold is a PoissonK-manifold equipped with a Poisson moment
map.

Proposition 3.2.6. Any Hamiltonian K-manifold (X, w, ) is a Hamiltonian-
Poisson K-manifold.

Proof. For A, & [Ckive have A, &} = HA &=L, = { N\, T}
The case of non-linear functions is similar.
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Conversely, any Poisson moment map induces an ordinary moment
map on its symplectic leaves. In particular the coadjoint action is
Poisson-Hamiltonian with moment map the identity, and the sym-
plectic leaves are the coadjoint orbits. Thus as observed by Kirillov,
Kostant, and Souriau,

Proposition 3.2.7. Any coadjoint orbit KA,A [K-~bf K has the
canonical structure of a Hamiltonian K-manifolds with moment map
given by the inclusionkK A - k&~

Example 3.2.8 Identify R® 4—sd(3) 4sd(3)~ The Proposition gives
Hamiltonian SO(3)-structures on the orbits of SO(3) on R3, which
are either spheres (for non-zero radid\) or a point (if A = 0.) This

reproduces the Corollary_3.214.

For any transitive Hamiltonian action, the moment map is a local dif-
feomorphism and so gives a covering of the coadjoint orbit that is its
image, see Kostant[62].

The Darboux theorem has various equivariant generalizations that
we will not discuss here; we only mention that as a consequence:

Proposition 3.2.9. (see[53) Let X be a HamiltonianK-manifold, K
compact. For any¢ [k] the function [, {[is a Morse function with
even index.

In the remainder of the section we explain two other ways in which
moment maps can be naturally interpreted. The rst is closely rela
to the notion of equivariantly closed di erential form introduced in
Section 2.3, see Atiyah and Bott]7]:

Proposition 3.2.10. Let (X,w) be a symplecticK-manifold. There
exists a one-to-one correspondence between moment mapsHeraction
of K, and equivariantly closed extensions of [ F(X) to £ (X).

Proof. Since Z(X) +—B(X)X CHbm(k, °(X))¥ any extension in

2 (X)isequal tow+ forsome  [Map (X, kDEHbmk, °(X))X.
The extension if equivariantly closed i 0 =dc(w+ )=(d w, g0+
d1,&0J Sincew is by assumption closed, d(w+ ) =01 s a
moment map.

The second interpretation of a moment map depends on the notion
of linearization of an action, as we now explain. Suppose that — X
is a Hermitian line bundle with unit circle bundle L; with generat-
ing vector elds ¢ [Mect(L,),& [CR. The circle groupU(1) acts
on L, by scalar multiplication. Let a C1*(L)V®,a(8) = & be a
connection one-form with curvature (2/i)o [1%(X). (That is, to
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X conventions, da = n'« wheremn : L; — X is the projection.) The
group Aut(L4, a) of unitary automorphisms ofL preservinga naturally
maps to the symplectomorphism group Sympq, w) of X, de ning an
exact sequence L. U(1) - Aut(L;,a) - Symp(X,w). A lineariza-
tion of the action of K on X is a lift K - Aut( L, a). An in nitesimal
linearization is a lift k — Vect(L,)Y®.

Proposition 3.2.11. Let X be aK-manifold, w (X)X a closed

invariant two-form, and m : L - X a Hermitian line-bundle with

connection one-forma [1%(L,)¥*Y® whose curvature is equal to
(2n/i)w. The set of moment maps for the K-action is in one-to-one

correspondence with the set of in nitesimal linearizatios of the action

of K.

Proof. Let m; : L; —» X denote the projection. Given a liftk -
Vect(L1)Y®, de neamomentmap : X - k™By [ x), EF (a(é))(]),
for any | It (x), independent of the choice of. Then

md],E0= d(a(€)) =d g a(l) = (Lg, — 15 d)a
= LELG_ g, W= _nlL_r]Exw'

Sincea is invariant, is equivariant, and so de nes a moment map.
Conversely, given a moment map de né_ [Vect(L,)S" by [{ x),{[F

(a(éL))(l). Then the same computation shows that;, a = 0. To see
that &€ O &_ denes a lift of k -~ Vect’(X,w) to Vect(L,)Y®, note
that given &,n LK]lthe vectors E,n]. and [§,, n.] agree up to a vertical
vector eld. To see that they are equal, notex([¢.,n.]) =[Le, , 1y Jo =

e OI,nCF 8, [E,n]F a((E,nly).-

The following is immediate from the de nitions:

Proposition 3.2.12. Suppose that is the moment map induced by a
lift of the action to a Hermitian line bundle with connectionL. Then
exp(§), ¢ k] acts on the berlLy vial B exp(iC{ x), {01.

In other words, the value of the moment map at a xed point deter-
mines the action of the identity component of the group on the ber
over that point.

The notion of Lagrangian correspondence generalizes to Hamiltamia
actions as follows. (again, readers not interested in universal prerties
of quotients may skip this discussion):

De nition 3.2.13. Let X be a Hamiltonian K-manifold with moment
map : X - kEJA K-Lagrangian submanifoldis a K-invariant La-
grangian submanifold on which vanishes. Let K;,w;, ;) be Hamil-
tonian K-manifolds forj = 0,1. A K-Lagrangian correspondencés a
K-Lagrangian submanifold ofX;, > X;.
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Allowing sequences oK-Lagrangian correspondences and identify-
ing sequences related by a geometric composition gives an honest ca
egory as in non-equivariant case.

3.3. Symplectic quotients.  Naturally one would like a notion of quo-
tient of a Hamiltonian K-manifold, which should be an object in the
symplectic category and satisfy a universal property for morphiss in
the equivariant symplectic category. It is easy to see that the mbs
naive de nition, of the actual quotient, is unsatisfactory for seeral
reasons. For example, even if the action is free, then the quotiemntll
not necessarily have even dimension, and so may not admit a symplec-
tic structure. Also the action will not in general be free, and so the
guotient will not even have the structure of a manifold.

The construction of Meyer [73] and Marsden-Weinstein [71] is free
of these problems, at least under suitable hypotheses: LéX(w, ) be
a Hamiltonian K-manifold with moment map : X - k~'De ne the
symplectic quotient

XIK = ~H0)/K.

Theorem 3.3.1 (Meyer [73], Marsden-Weinstein[[/1])Let X be a
Hamiltonian K-manifold. If K acts freely and properly on ~1(0), then

XAK has the structure of a smooth manifold of dimensiotim(X) —

2 dim(K) with a unique symplectic formw, satisfyingi‘@ = p‘dy, where
i: 7}0) - Xandp: “}0) - X/K are the inclusion and projec-
tion respectively.

The double slash in the notationX/#/K is meant to re ect that the
dimension drops by 2dimK), in contrast to the ordinary quotient
X/K for which dimension drops by dimK), if the action is free. The
proof depends on the following. Let anf() [Ck1Be the annihilator of
Ky -

Lemma 3.3.2. Let X be a Hamiltonian K-manifold. For any x [X,

(@) Im Dy = ann( ky).

(b) Ker Dy = {&x(x), & LIF*.
Proof. (a) We have [Dy ( v),n[FE wx(v,Nx (X)) for v [T, X which
vanishes for allv CTLX i nx(x) = 0. (b) The same identity shows
Wx(&x(X),Vv) = 0 for v [Ker Dy, so the left-hand-side of (b) is con-
tained in the right. Equality now follows by a dimension count, using

(a).
Proof of Theorem. By part (a) of the Lemma, the pull-back i van-
ishes on the orbits ofK and is K-invariant, and so descends to a
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form wy on X#/K. Part (b) shows that wy is non-degenerate. Since
ptdwg =di'd = i'dw = 0, wy is closed, hence symplectic.

The following is a fundamental example:

Example 3.3.3 (Products of spheres) LetAy,...,A, be positive real
numbers andX = SZ x...x SZ , where S denotes the unit two-
sphere with invariant area form re-scaled by.

Lemma 3.3.4 The group K = SO(3) acts diagonally onX = (S?)"
with moment map : X - kM4R¥,  (x1,...,%X3) B X¢ + ...+ X,

Proof. By and3.Z.6(e).

The symplectic quotient is the moduli space of closedh-gons with
lengthsAq, ..., An

X#SO@3) = {(X1,...,%n) CR)"| BJL2 A, X+ ...+ X, = 0}/SO(3).

Its topology depends on the choice afy, .. ., A,, see for example Hausmann-
Knutson [42]. In general there are a nite number of \chambers" in
which the topology of X#/SO(3) is constant. The chambers in which
XA#SO(3) is non-empty are described by the following:

P
Proposition 3.3.5 X#/SO(3) 8 Ll Aj= g Aiforallj=1,...,n

Proof. For n = 3, these are the triangle inequalities. Fom > 3, we
assume without loss of generality thah; = ... = A,. Then the inequal-
ities above are equivalent to the single inequalit; < A,+...+ A,. One
checks that there existg so that |A;+ ...+ Aj —Aje1— ... —An| < A1
The general case follows from that fon = 3, which implies that there
exists a triangle with side lengthshy, Ao + ...+ Aj, Ajer + ...+ An.

This ends the example.

We end this section with two remarks on the de nition of symplec-
tic quotient. First, the symplectic quotient of a Hamiltonian action
can be viewed as a symplectic leaf of the quotient of the correspend
ing Hamiltonian-Poisson action in the following sense. Suppose that
X is a Hamiltonian-PoissonK -manifold such that K acts freely. The
restriction of the Poisson bracket toC (X)X de nes a canonical Pois-
son structure onX/K. Then X/ZK is a symplectic leaf on the smooth
locus in X/K [4]; the other leaves are symplectic quotients at other
coadjoint orbits, discussed in Sectionl 8.

Second, the symplectic quotient satis es the following universal pp-
erty for quotients. Suppose that K, w, ) is a Hamiltonian K-manifold
and K acts freely on ~1(0). We denote byL, X~ x (XZK) the
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image of ~1(0) under i x p. Then Lo, is a K-Lagrangian correspon-
dence.

Theorem 3.3.6. Suppose thatX is a Hamiltonian K-manifold. If Y
is a symplectic manifold with trivial K-action, then any K-Lagrangian
correspondence fromX to Y factors throughL.

Proof. Suppose for simplicity that the morphism consists of a single
correspondencd. [ XI™ x Y. By de nition of K-Lagrangian corre-
spondencelL. [T%(0) xY. SinceK acts freely on ~1(0), L/K is
a submanifold of X"/K x Y and is easily checked to be Lagrangian.
Then L = L/K ° L.

Unfortunately the generalization of this universal property to abitrary
morphisms in the symplectic category requires rather complicateree-
ness assumptions.

3.4. Fubini-Study actions.  Kahler manifolds are complex manifolds
with symplectic structures that are compatible, in a certain sensayith
the complex structure. Analmost complex structureon a manifold X is
an endomorphismJ [CEhd(T X) with J2 = —I, wherel [CEhd(TX) s
the identity. An almost complex structure J is compatiblewith a sym-
plectic structure w if w(-,J-) is a Riemannian metric. Any symplectic
manifold admits a compatible almost complex structure; a Kahler man
ifold is a symplectic manifold equipped with an integrable compatible
almost complex structure.

A ne and projective space have natural Fubini-Study Kahler struc-
tures as follows. Any Hermitian structure ( ) :V xV - C denes a
symplectic structure onV via its imaginary part,

Wy v(V1, V2) = Im( vy, vy).

while its real part gives a Riemannian metric orV. Let K be a Lie
group acting onV. If K preserves the Hermitian structure then the
action is symplectic and a canonical moment map is given by

Clv (v), EF Im( v, &v)/2.

Example3.4.1 Let K = Sp(V, w) be the group of linear symplectomor-
phisms ofV then the map& B [y, &[dle nes an isomorphism of the
Lie algebrasp(V, ) with Sym?(V 5 analogous to the isomorphism of
the orthogonalLie algebraso(V, g) with  2(V). The Lie algebra struc-

ture induced on Sym(V s that induced from the Poisson bracket by
the inclusion Synf(V BT (V).
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Example 3.4.2 Let K = St act onV = C" with weights ay, ..., an.
If the Hermitian structure on V is the standard one then the moment
map onV is Hamiltonian with moment map

(21,...,2n) = —a;|z;|*/2
j=1
In particular, if K acts by scalar multiplication then the moment map
is

X 2
(z1,...,2n)= — |zj]°/2.
i=1
The canonical symplectic quotientV#S?! is a point. If we shift the
moment map by a scalar, . = + ¢, then the symplectic quotient is

VA#St = |zj|?/2=c /St
i=1
which identi es with the projective spaceP(V) of complex lines inV
via V/St - P(V),[v] B span().

It follows that projective space P(V) naturally has a symplectic
structure, called the Fubini-Study symplectic form wp). EXplicitly
this is given as follows: The tangent space t©(V) at [v],v [V1— {0}
naturally identi es with the Hermitian orthogonal to [v]. Then

Im(va, V2)
(v,v)
If z1,...,z, are coordinates corresponding to a unitary basis then

P
| jﬁldzj Iji_j
= h — .

2 j=leZj

Wpv),[v] (v1,v2) =

Wp(v),[z] =

If K acts onV preserving the Hermitian structure, then it commutes
with the action of S. The induced action onP(V) is also symplectic,
and has canonical moment map

Deevy (VD) €5 Im( v, §v)/(v, V).

Suppose thatk = S?, and acts onV with weights ai,...,a, [Zl The
action of K on P(V) is Hamiltonian with moment map
P
i-1—ay12j[*/2

_ 4=l
3) pey([Z1,. .. 2Zn]) = — ;]=1 |2 12/2
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Proposition 3.4.3. Let K act onV preserving the Hermitian struc-
ture. Any smooth invariant subvarietyX [P{V) inherits the structure
of a Hamiltonian K-manifold from the Fubini-Study Hamiltonian K-
manifold structure onP(V).

Proof. It su ces to check that the restriction of wpyy to X is non-
degenerate, which holds sincepq (v, Jv) > 0 forv [T} X,Jv [Tk X
since Ty X is J-invariant.

3.5. Geometric quantization. The philosophy of geometric quan-
tization played an important role in the development of equivariant
symplectic geometry. Unfortunately good quantization schemexist
only for certain classes of Hamiltonian actions.

Suppose thatQ is a manifold and T "qQ its cotangent bundle. One
thinks of T "9 as the space of classical states for a particle moving on
Q, with a vector in Tq'@ representing the momentum. In quantum
mechanics the state of the system is given bycguantum wave-function
P [CO?(Q), whose norm-squarg(q)|? represents the probability of
nding the particle at position g, if its position is measured. The
construction of L?(Q) from T *Q can be done in two steps: rst cut
down the number of directions by half, then pass to functions.

One can try to extend this procedure to arbitrary symplectic mani-
folds (X, w) by axiomatizing this two-step process. ALagrangian dis-
tribution resp. complex Lagrangian distributioris a subbundleP [CTK
respT X [grQ such that each berPy is a Lagrangian subspace df, X
resp. complex Lagrangian subspace X [gC. A polarization is
a Hermitian line bundle L with connection [Siich that the curva-
ture of [islcurv(D = (2n/i)w. A quantization datumresp. complex
guantization datumconsists of a Lagrangian distribution resp. com-
plex Lagrangian distribution together with a polarization. The origina
literature on geometric quantization uses polarization to refer tohte
Lagrangian distribution. This con icts with the use of polarization in
the geometric invariant theory literature, which we have adoptedThe
geometric quantizationof (X, w) (depending on the choice off, L, [))1
is the vector space of smooth sections bfwhich are covariant constant
with respect to [CalbngP:

H(X,w) := {o [{L), ,GE 0 ACPI.

We ignore the problem of de ning a Hilbert space structure ol (X, w),
see([35] for more detalils.

A case for which a good quantization procedure exists is the case
that X is a compact Kahler Hamiltonian K-manifold equipped with
polarization Ox(1) — X. A Lagrangian distribution is provided by
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the antiholomorphic directions onX, that is, P = T%1X [IIX [
C. Then H(X,w) = H°(X,0x(1)). In other words, in the language
of geometric quantizationholomorphic sections of the polarizing line
bundle are quantum states.

One can now compare the various operations on symplectic manifolds
with those on vector spaces:

Proposition 3.5.1. (@) (Duals) If J is the complex structure for

X then —J is a compatible complex structure foX™. If P =
To1X then P = T%®1X~. Furthermore, L with connection —a
is naturally a polarization for X~. Thus H(X™) is the space of
complex-conjugates of sections &f, which is naturally identi ed
with the dualH(X) =éf H(X).

(b) (Sums) If Xg, X; are Kahler Hamiltonian K-manifolds with po-
larizations, then H(Xy [XL) = H(Xo) CH[X,).

(c) (Products) With the same assumptions as in (b} (X, > X;) =
H(Xo) [LHIX,).

Example3.5.2 Let X = S2 L P and w the standard symplectic form.
The moment map for the action ofS* on (X, dw) is has image fd, d].
The d-th tensor product Ox(d) of the hyperplane bundleOx(1) is a
polarization of (X, dw), so that H(X, ») = H°(X, Ox(d)) is the space
of homogeneous polynomials in two variables of degréde Note that
the weights of H(X,w) are {d,d — 2,d — 4,...,—d}, which are the
intersections points of the image (X) with the lattice d+2Z [Z1
The SU(2)-action on X induces onH(X) the structure of an SU(2)-
module with highest weightd. The product of spheresS% x...x S%
has quantization the tensor product of simpleéSU(2)-modulesV,, [

VY.

Unfortunately (i) quantizing arbitrary morphisms (i.e. Lagrangian ©r-
respondences) is quite di cult, even in this case (ii) there is no good
geometric quantization scheme for arbitrary symplectic manifoldsChe
problem of nding good schemes for say, coadjoint orbits of realid
groups or moduli spaces of at connections have vast literaturest-
tached to them.

The reader may notice that we have not said anything yet about the
behavior of the quantum state spaces under the symplectic quaite
construction. We take this up in Sectiornb.
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4. Geometric invariant theory

In this section we review Mumford's geometric invariant theory [74],
see also Brion's review in this volume or the reviews by Newstead![78]
or Schmitt [85]. For connections to moduli problems see Newstead[[.7

4.1. Algebraic group actions and quotients. Let G be a complex
linear algebraic group.G is calledreductivei every G-module splits
into simple G-modules, or equivalently, ifG is the complexi cation of
a compact Lie groupK. A Borel subgroupof a reductive groupG is
a maximal closed connected solvable subgrodp [Q. The set of
Borel subgroups is in bijection with set of right coset&/B, called the
generalized ag varietyfor G, via the mapgB B gBg~!. A subgroup
P [Glis parabolici G/P is complete i P contains a Borel subgroup.
The quotient G/P is called ageneralized partial ag variety Let T be
a maximal torus of G (for example, the complexi cation of a maximal
torus of the maximal compact subgroup, which was also somewhaine
fusingly calledT.) We denote byW = N(T)/T the Weyl group of T.
The action of T on the Lie algebrag induces aroot space decomposition
M
g=tL 1 gq
a [R{9)

where T acts trivially on t and ongq by t€ = t°¢, and R(g) 15
the set of roots ofg. Given a choice of positive Weyl chamber leB*
be the Borel subgroups whose Lie algebras contain the positivepges
negative root spaces of. Each A I:E‘Qje@rminesstandard parabolic
subgroupsP;" with Lie algebrapy = b* + [ ) 5009q, Wherehg [T
is the coroot corresponding toa [t Any parabolic subgroup (in
particular, any Borel) is conjugate to a standard parabolic subgup.

An action of G on a variety X is a morphismG % X - X such that
01(02X) = (9102)X and ex = X, for all g;,9, [G,x [XA. A variety
X equipped with a G-action is called aG-variety. An gtale) slice
for the action of G at x [X is an ane subvariety V [X and a
G-morphism G %,V - X that is an isomorphism getale morphism)
onto a neighborhood ofX. In contrast with the case of compact group
actions, reductive group actions do not in general have slices. lais
slice theorem(|68] asserts that anglosedorbit of an action of a reductive
group on an a ne variety has anetale slice. Acategorical quotientof X
by G is a pair (Y, ) whereY is avariety andmn : X - Y isaG-invariant
morphism that satis es the universal property for quotients: iff : X -
Z is aG-invariant morphism then f factors uniquely throughY . A good
quotient of X is a pair (Y, ) where
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(@) m: X - Y is G-invariant, a ne, surjective,

(b) if U [Ylis open thenOy (U) - Ox(m~*(U))€ is an isomor-
phism

(c) If Wy, W, are disjoint closed G-invariant subsets of X then
nm(W,), m(W;) are disjoint closed subsets aof.

A good quotient is automatically a categorical quotient. Ageometric
guotientis a good quotient that separates orbits.

If G is connected reductive then the generalized ag varietX =
G/B~ has a canonical decomposition int@ruhat cells

[
(4) X = Xw, Xy := BWB /B~

w W1

and opposite Bruhat cells

[
(5) X= " Yu Yu:=B wB /B

w WA

The codimension resp. dimensions are given by
codim(Xy) = I(w), dim(Yy) = I(w)

wherel(w) is the minimal number of simple re ections in a decomposi-
tion of w. We denote byx,, = wB~/B~ = X, nY, the uniqueT - xed
point in Xy, resp. Y,,. There is a similar decomposition of any gener-
alized ag variety X = G/P,  into cells X[,; indexed by v] [CW/W,.

In the special caseG = GL(r), the Weyl group W is naturally
identi ed with the symmetric group and B* are the groups of invert-
ible upper resp. lower triangular matrices. We identifyk — k5-if
A=diagi(1,...,1,0,...,0) has ranks then P, is the group of matri-
ces preserving the subspade® [CO1LCCr. The quotient X = G/P,
is isomorphic to the Grassmanniaris(s, r) of s-dimensional subspaces
of C". The quotient W/W,, is natural identi ed with the set of sub-
sets| [{l,...,r} of sizes via the mapw B w{l,...,s}. Let
F. CH [1. [H = C' be the standard ag in C". Then the
opposite Bruhat cellY, has closure theSchubert variety

(6) Y, = {E [Q(s,1),dmEnF;) =j,j=1,...,s}
4.2. Stability conditions. Let G be a complex reductive group and

X a G-variety. A polarization of X is an ampleG-line bundle Ox (1) -
X. lts d-th tensor power is denotedOx (d). Let

M
R(X) = H%(X, Ox(d)).

d=0



MOMENT MAPS AND GEOMETRIC INVARIANT THEORY 21

The action of X induces an action onR(X) by pull-back. We denote
by R(X)® [CRIX) the subring of invariants, and by R(X)&, the part
of R(X)® of positive degree.

De nition 4.2.1. A point x [ X is

(@) semistablef s(x) E10 for somes [RI(X)S,;

(b) polystableif x is semistable andGx [XF is closed;
(c) stableif x is polystable and has nite stabilizer;

(d) unstableif x is not semistable.

Example 4.2.2 Suppose thatG = CMacts on P? by g[zo,21,22] =
[97220, 21, 922]. Then R(X)q is spanned byz30z81 252 with do+ dy+ d; =
d, which has weightd, —d, under C%? Thus the invariant sections have
do = d,. One sees easily thak is

(a) semistable i x €[1,0,0],[0,0, 1]

(b) polystable i x {10, 1, 0T} [({lko, 21, 22]|202, E10}
(c) stable i x [{llzg, 21, 22]|20z, EI0}

Let X% resp. XPs resp X® resp. X" denote the semistable resp.
polystable resp. stable resp. unstable locus. We will need the follogin
alternative characterizations of poly resp. semistability, see Muimifd
[74] or Brion's lectures in this volume:

Lemma 4.2.3. Let X [CH(V) be aG-variety. A point x [X is
polystable (resp. semistable) i the orbit of any liftv in V is closed
(resp. does not contain0).

De ne an equivalence relation on orbits as follows:

De nition 4.2.4.  Orbit-equivalenceis the equivalence relation orX®
dened by Xo [CXii Gxg n Gx; n X% g [

Transitivity of this relation follows from:

Proposition 4.2.5. (see [74) The closure Gx of any semistablex
contains a unique polystable orbit. Hence two orbi@&x,, Gx; are orbit-
equivalent i their closures contain the same polystable loit.

See Theoreni 5.4]19 for an analytic proof. The following can be consid-
ered the main result of geometric invariant theory [74]:

Theorem 4.2.6 (Mumford). Let X be a projectiveG-variety equipped
with polarization Ox (1).
(a) There exists a categorical quotieni : X35 - X/G.
(b) m(X®) CXWG is open andm|X® : X® - m(X?®) is a geometric
guotient.
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(c) The topological space underlyinX/#G is the space of orbits mod-
ulo the orbit-closure relationX%/ [ 1

(d) X#G is isomorphic to the projective variety with coordinate rig
R(X)C.

Some authors prefer to writeX*#/G for the geometric invariant theory
guotient, while we drop the superscript from the notation.

4.3. The Hilbert-Mumford criterion. Mumford [74], based on pre-
vious work of Hilbert for the case of the special linear group actingho
projective space, gave a method for explicitly identifying the semesble
loci:

Theorem 4.3.1. (Hilbert-Mumford criterion) Let X be a polarized
projective G-variety. x [X is semistable i x is semistable for all
one-parameter subgroup€~- G.

One direction of the Hilbert-Mumford criterion is trivial: Let X be
a polarized G-variety. Suppose thatx is G-semistable, so that there
exists s [CR(X)E, with s(x) 8 0. Then s is also invariant for any
one-parameter subgroup, hence is semistable for any one-parameter
subgroup. The other direction is somewhat harder; the proof give
in Mumford [74] uses an algebraic theorem of lwahori. We will give
an alternative analytic proof using the Kempf-Ness function in Seicn
[7.2.

The following is a fundamental example:

Example 4.3.2 Let X = (PH)" and Ox(1) = Op:(1) " the n-fold ex-
terior tensor product. The groupG = SL(2, C) acts diagonally onX.
We wish to show
(@) X% = {(Xq,...,%n) C(®H)", at most n/2 points equa}.
(b) X = {(X4,...,%,) C(PH", less thann/2 points equa}.
(c) XPs = X5 = {(Xg,...,%Xpn) XA #{Xq,...,Xn} =2}. In other
words, n/2 are equal and the othen/2 are also equal.

Indeed, if z;,w; are the coordinates on thej-factor then H%(Ox (d))

is spanned byz{*w{~® .. zdwd=d where d; [CID,d],j = 1,...,n.
If CH'[Q is the standard maximal torus given byg B diag(g,g™%)
then B°(Ox (d)) S is spanned by the pglynomialgs*w{ ™ . .. zdnwg=tn

with -~ J_,dj = [_,d—dj, thatis, (dj/d) = n/2. Sinced;/d []
[0, 1], this means that at leastn/2 of the dj's are non-zero. Thus
([z1, W], - - ., [zn, Wp]) is C'-5emistable i at most n/2 z;'s and at most
n/2w;'s equal zero. Repeating the same for an arbitrary one-paramete
subgroup (or equivalently, basis folC?) proves the claim.
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Example 4.3.3 More generally, suppose thatX = (P!)" is equipped

with the polarization Ox (1) := L;Op:(A;j) for some positive integers
AL, ..., An. Then X = (X, ..X.,xn) is iemistable i for all x CPt,
)\j s }\j.
Xj=Xx XjBX

For future use we mention the following equivalent form of the Hilbert
Mumford criterion and Lemmal4.2.B:

Corollary 4.3.4. Let G be a reductive group acting linearly on a nite
dimensional vector spac# . For any v [V], Gv containsO0, if and only
if Ch¥ contains O for some one-parameter subgrou Gl

Remark 4.3.5 The statement of the corollary does not hold for arbi-
trary (that is, not linear) actions resp. arbitrary points. An exanple |
learned from Brion: LetX = P(S3(C?) [C) with the action induced
from the action of SL(2, C) on C? and the trivial action on C. Identi-
fying S3(C?) with homogeneous polynomials in two variables, v, one
sees that the orbit of {1v, 1] contains the orbit of i3, 1] in its closure.
The stabilizer of u3, 1] is a maximal unipotent subgroup ofSL(2, C)
and so does not contain a copy &~ Thus [u?, 1] cannot be contained
in the closure of an orbit of a one-parameter subgroup. On the ah
hand, the lemma is true for arbitrary actions of abelian groups, as
follows from, for example, Atiyah Theorem[8.2]1 below.

5. The Kempf-Ness theorem

The material in this section is contained in the original paper of
Kempf-Ness[[52], the book of Mumford-Fogarty-Kirwan[74], andhe
paper of Guillemin-Sternberg([33]. The notes of Thomas|96] also de-
scribe the Kempf-Ness theorem with many examples.

5.1. Complexi cation of Lie groups and their actions. We begin
with some basic remarks on the relation between complex and compac
group actions. Any compact Lie grougK admits a complexi cation G,

a complex reductive Lie groupG containing K as a maximal com-
pact real subgroup, and whose Lie algebmis equal tok [kl The
complexi cation G satis es the universal property that any Lie group
homomorphism fromK to a complex Lie groupH extends to a com-
plex Lie group homomorphism fronG. The complexi cation G admits

a Cartan decomposition a di eomorphism (see Helgason |45, VI.1.1])

(7) Kxk - G, (k¢ B kexp(ig).

If X is a compact complex manifold then the group AuiX) of au-
tomorphisms is a complex Lie group, with Lie algebra given by the
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spaceH(X, T X) of holomorphic vector elds onX, see for example
Akhiezer [3]. Any action of a compact grouK therefore extends to
the complexi cation G.

By a Kahler Hamiltonian K-manifold we mean a compact Hamil-
tonian K-manifold equipped with an integrableK-invariant complex
structure. If X is compact then theK-action automatically extends
to a G-action preserving the complex structure but not the symplectic
structure. By the Kodaira embedding theorem, if the symplectic fon
is rational then a compact Kahler Hamiltonian K-manifold is isomor-
phic as a complexG-manifold to a smooth complex algebraiG-variety.
However, the symplectic form may not be the pull-back of the Fubini-
Study form under any holomorphic embedding oK, see for example
Tian [97]. The generating vector elds for§ [klare the Hamilton-
ian ows corresponding to the moment map componentsl, ([ while
the generating vectors elds fori§, { [klare the gradient ows corre-
sponding to [, {[JIn particular, for any x [X, ¢ [k]the trajectory
exp(it§)x converges to a poiniK., [ X with {x(X) = 0. Furthermore,
since [1, ¢ [Cis a Morse function by Lemmd_3.2]9, this convergence is
exponentially fastin t; the exponential nature of convergence will be
used later.

The example of ag varieties will be particularly important later
and we brie y describe these actions from the algebraic and sympiiec
points of view. LetV be a nite dimensional vector space. Avartial ag
inVisa ltration F = (F; [CF] 1 CE} [Y). The typeofF isthe
sequence of dimensions diR() < dim(F;) < ... < dim(F,,). Given
a sequencd = (t; < ... <t,) [CZ" we let FI(t,V) denote the set of
partial ags of type t. The general linear grougGL(V ) acts transitively
on FI(t,V) with stabilizer the parabolic subgroup of transformations
preserving the lItration. A GL(V)-equivariant canonical projective
embedding of FI¢, V) is given by choosing a basisy,...,Vv, so that
Vi,...,Vy is @ basis forF; for eachj =1,...,m, and mapping

yn yn .
FI(t,V) - P( th), FB k=1 Vic-
Jj=1 j=1

Given a Hermitian metric onV, any partial ag induces a Hermitian
splitting
V=F BnFY CE RS n(FanFod

and such splittings are in one-to-one correspondence with ags.ivén
real numbersA; > ... > A, the ag de nes a skew-Hermitian operator
acting by iA; on Fj n Fj‘_:l.' Conversely, any such Hermitian operator



MOMENT MAPS AND GEOMETRIC INVARIANT THEORY 25

determines a splitting via its eigenspace decomposition. The unitary
group K = U(V) acts transitively on the space of such matrices, which
form an orbit of the action of K on the Lie algebrak. Now k may be
identi ed with its dual via any invariant inner product, so one sees tht
FI(t,V) is naturally identi ed with the coadjoint orbit KA of A, identi-
ed with an element of k™Via the inclusiont - k and an identi cation

k - km-Given a genericf [T}, the stable resp. unstable manifolds of
the Morse function 1, {Care the Bruhat resp. opposite Bruhat cells

of (4) resp. [B).

5.2. Statement and proof. = The Kempf-Ness theorem states the equiv-
alence of the symplectic and geometric invariant theory quotientshe

a ne case is treated in [52] and the projective case is similar (Theome
8.3 in [74]).

Theorem 5.2.1. Let K be a compact group an its complexi cation.
Let V be aG-module equipped with & -invariant Hermitian structure.
Let X [P(V) be a smooth projectiveG-variety, and : X - k™!
the Fubini-Study moment map. Then ~1(0) [XP® and the inclusion
induces a homeomorphisnK/K - X/G.

The proof uses the properties of &empf-Ness functionfor eachv [
VvV — {0}:

Py ik - R, &0 logCexp(i&)v242.
The Kempf-Ness function determines the norm of all vectors in the
orbit of v, by the Cartan decomposition [¥) andK-invariance of the
metric. The Kempf-Ness function can be viewed as the integral die
moment map in the following sense:

Lemma5.2.2. Forallv [NMlandA, ¢ Ckive haved,, (&) = 2 Clexp( i&)[v]), ALd
Proof. The proof uses the explicit formula for the Fubini-Study moment
map
d .
APy (§) = &h:o log CeXp(i(E + tA)) 242

(iA exp(ig)v, exp(i&)v)
(exp(ig)v, exp(ig)v)
2 Cexp i&)[v], A

Corollary 5.2.3. For any v [V, {, is a convex function with critical
points given by the zeros of the map 3 (exp( i§)[v]). The second
derivativesaglpv are strictly positive onk —ky. For & k] the function
Yy is the linear function given byy, (&) = $,(0) + 2 [0 x), L]
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Proof. For A,v [klwe have

0V (§) = 2y, (exp( i&)[V]), AL]
(0(Ax, Jvx))(exp(ig)[V])
(9(Ax, vx))((exp i§)[V])

which is positive semide nite sinceg is a Riemannian metric. By
Lemmal5.2.2, the critical points correspond to zeroes of . The fonula
for ¢ [kl is immediate from the previous lemma.

If Y, is strictly convex (that is, has trivial in nitesimal stabilizer)
and has a critical point, then it has a unique global minimum. The
following lemma characterizes for whichr minima of {, exist:

Lemma 5.2.4. Letv [V1—{0} and x =[v] CP[V).

() Yy attains a minimum i X is polystable.
(b) gy is bounded from below i X is semistable.

Proof. (a) Recall from[4.2.8 thatx is polystable i Gv is closed. Sup-
poseGv is closed. Let¢; be a minimizing sequence for,. Then
exp(i&;)v converges tok exp(i§)v for somek [K,& [K] sinceGv is
closed, and§ must be a global minimum ofy,. Conversely, suppose
that g, attains a minimum. Necessarily(( x),&[F 0 for all & [k}
since otherwise there exist§; Lk} with (,(§j) — —oo, using Corol-
lary 5.2.3; this would contradict the existence of a minimum. Let
¢; LKklk; K be a sequence with the property thak; exp(ié;)v con-
verges inV . Using compactness oK, we may assume after passing to
a subsequence thak; converges, so that ex€;)v converges as well.

Write & = & + & for some sequencey [kJ], &' [k}—Then

exp(ig)v = exp(i(§ + &)V = (Ad(exp(iE))) exp(i&;)) exp(i&)v
exp(Ad(exp(i&}))ig;) exp(ill x), & OV
exp(Ad(exp(i&))igh)v.

Since Y, is strictly convex on k,;—we must have md(exp(izjo))éjllj
bounded and so Ad(expi€;)) &} converges to somé., LK) with exp(i§;)v -
exp(i&.)v. This proves that Gv is closed. (b) Ify, is bounded from
below, then any minimizing sequencg has exp{&;)x converging to a
critical point of ), which is necessarily a zero of . Henc&x contains

a polystable orbit in its closure and is therefore semistable. U, is
not bounded from below, thenGv contains 0 and s is unstable, see
Lemmal4.2.3.

Corollary 5.2.5. XP =G ~10).
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Proof. By Lemmas[5.Z.4[5.2]13,4.2.3.

Proof of the Kempf-Ness theorer 5.2.1Consider the inclusion
i/K : Y{0)/K - XP/G 4G,

First note that i/K is injective: Suppose thatxy, x; [T *(0) are such
that Gxp = Gx;. SinceG = K exp(k) by ([7), we have expi&)x; = kX
for someé¢ [Cklk [CK. Choose a liftv of Xx;. Then both 0,¢ are
critical points of Y, and sincey, is convex this impliesé [k}, and
so Kxo = Kx;. Next note that i/K is surjective by Corollary[5.2.5.
Finally i/K is a homeomorphism: Any bijection from a Hausdor space
to a compact space is a homeomorphism. (Alternative, the gradient
ow of the norm-square of the moment map discussed in Sectioh 7
de nes a continuous inverse ta/K.)

Remark 5.2.6 Let X be a compact Kahler Hamiltonian K-manifold.
An analog of the Kempf-Ness function may be obtained by integratin
the one-form given by the moment map: De nex [_1'(K), ax () =
[dexp( iA)X), &1 Then anti-symmetry of w implies that a is closed,
hence exact by the Poincae lemma, henae, = d ), for someyy : k —
R. Equivariance of implies that axx = 0y, SO that Yx = Yx. Say
that a point x [X is polystablei ) attains a minimum, semistable
i Yy is bounded from below. With these de nitions the following
Kahler analog of the Kempf-Ness theorem holds, c.f. Mundet [50],
Heinzner-Loose [43], Heinzner-Huckleberry [44], Bruasse-Telen{ag],
Teleman [94]: LetX/#ZG be the quotient of the semistable locus by the
orbit closure equivalence relation. Then the same arguments shduvat
~1(0) is contained in the semistable locus and the inclusion induces
a homeomorphismX/K - X/G.

We will return to a more complete discussion of the Kempf-Ness
function later. We illustrate the theorem with the Clebsch-Gordan
theory of existence of invariants in tensor products of repredations of
G = SL(2,C). The weight lattice “fbr G is naturally identi ed with
the setZ/2 of non-negative half-integers and for anx [_15A =0 we
denote byV, the corresponding simpleG-module. (The identi cation
with half integers is more natural than the identi cation with integers
since the canonical inner product on the Lie algepra, de ned by the
trace in the standard representation, assigns length 2 to the highest
root.) Given Aq,..., Ay we ask whetherV,, [_1 [V, contains an
invariant vector. Now HO(P!, Op:(d)) £, and soR(PY) = LY. If
we equipX = ( PH)" with the ample line bundleOx (1) := ;210p:(Ay)
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then
M O o M O
R(X) = H"(Op:(dA;j)) = Va; -
d=0 j=1 d=0 j=1
So
M O
R(X/ZG) = R(X)® = ( Var,)©.
d=0 j=1

This is non-zero if and only itX#ZG is empty. The Kempf-Ness Theorem
givesX/G £ XK @i x...xS% )/SU(2) whereS$ denotes
the two-sphere equipped with re-scaled symplectic fori and SU(2)
acts via the double coveiSU(2) - SO(3). By Proposition [3.3.5,

Corollary 5.2.7. (E?;lVdAj)G Is non-trivial for somed i
X

(8) Aj =< Ai,j=1,...,n.

igj
This gives a geometric proof of the well-known Clebsch-Gordan rules
A basis for the space of invariants is induced from a choice of parkat
sization of the tensor product above, see for example [22]. Thdateon
between the di erent invariants is also connected to symplectic geo
etry [84].

5.3. Quantization commutes with reduction. The proof of the
Kempf-Ness Theoreni 5.211, which seems otherwise somewhat miracu
lous, has a conceptual interpretation given by Guillemin-Sternbef@3]

in terms of geometric quantization (Sectio_315) as follows. Namely,
rather than choosing a lift ofx X to V — {0}, which is the total
space ofOx(—1), it is more natural from the viewpoint of geometric
guantization to choose a liftl in the positive line bundleOx (1) - X.

De ne the Guillemin-Sternbergfunction

Uk - R, &3 log Cexp(i&)l 242,

The same computation as in the Kempf-Ness case, except for ampa
of sign, implies that forA,v, { Ckiwe have

oA (8) = —20exp( i€)X), ALT 0,0A€2) = —2Wexpiyx (Ax (X), JVx (X))

In particular, suppose thats [CH%(X, Ox(1))€ is an invariant section.
Then

Wisa(8) = log Cekp(i€)s(x) 242 = log [S{exp(it)x) (242.

Now convexity of Y5 implies that any critical point of [sT?Joccurs

at ~1(0) and is a local maximum, ands is approximately Gaussian.
This type of behavior is quite standard for \typical quantum states",
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which introductory physics lectures often show as concentratingear
some submanifold of the corresponding classical state space in &aan
fashion.

Suppose thatK acts freely on the zero level set ~1(0). The com-
plex structure J on X induces an almost complex structure /K on
XAK by identifying ™ (X#K) with the subbundle of TX| ~1(0)
perpendicular to the generating vector eldséx,& [kl This com-
plex structure is integrable since the Nijenhuis tensor vanishes. Sim
larly the polarization Ox (1) —» X naturally descends to a polarization
Ox/k (1) - X#K, de ned by restricting to  ~1(0) and quotienting by
the action of K.

Theorem 5.3.1 (Quantization commutes with reduction) Let X be a
compact HamiltonianK-manifold equipped with moment map: X -
k5 'polarization Ox(1) — X and a compatibleK-invariant Kahler
structure J, such thatK acts freely on the zero level set~*(0), and
let R(X)y4 denote the space of sections @x(d) as above. For each
d = 0 there is a canonical isomorphisnp : R(X){ - R(X/K)yg4

Proof. For smooth projective varietiesX [P[V) this is a combina-
tion of Mumford's Theorem[4.2.6 and the Kempf-Ness Theorem 5.2.1.
More generally letX be a compact polarized Kahler HamiltonianK -
manifold. Any sections [H°(X, Ox(1))X naturally de nes a sec-
tion p(s) CHO(XZK, Oxsk (1)) by restriction to ~%(0) and descent
to the quotient. Then p is an injection, since any invariant section
has maximum norm on ~%(0). Proving surjectivity required a some-
what complicated argument in the approach of Guillemin-Sternberg,
and the following alternative algebraic argument is substantially eas-
ier: By Kodaira embeddingX is biholomorphic to smooth subvariety of
P(V), and the polarization Ox (1) is isomorphic as a holomorphic line
bundle to the pull-back of the hyperplane bundle orP(V), although
the symplectic structure and moment map may not be pull-backs. By
the extension of Kempf-Ness to Kahler varieties discussed[in 5.2the
semistable locus corresponding to the polarizatioDx (1) has quotient
by G di eomorphic to X#K. Given a sections CHY(X/Z/K, Ox/k (1)),

s naturally lifts to an invariant section on the semistable locusX®
with maximum on ~1(0). Since the norm of this section is bounded,
it extends over all of X.

Guillemin-Sternberg also proved \quantization commutes with re-
duction” for another of class of Hamiltonian actions for which there
exists a good quantization scheme, namely cotangent bundlés][34].
Quantization commutes with reduction was generalized to arbitrary
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compact Hamiltonian manifolds using \Spin-c" quantization by Mein-
renken [72], and further generalized to \non-abelian localization" by
Teleman and Paradan, see the last section of these notes.

5.4. Polystable points. By Lemmal5.2.5, the polystable orbits are
the orbits of points x [_17%(0). In this section we investigate these
and the orbit-closure equivalence relation in more detail. The following
was observed by Kempf-Ness [52] in the linear case and by Slodawy [93
in general, see also Sjamaair [91].

Proposition 5.4.1. Let X be a Kahler Hamiltonian K-manifold, and
x [171(0). Then G, is the complexi cation of K; in particular, Gy
is reductive.

Proof. Suppose thatx [171(0) and gx = x. Write g = k™ texp(§)
for some¢ [k k [CH. Let Yy = Yrx be Kempf-Ness functions for
x resp. kx, see RemarkK 5.2]6. Then exfjx = kx so grady«(§) =
gradyx(0) = grad «(0) = 0 = grad Y«(0). By convexity, Uy is con-
stant along the linet§, so& [iHl,. Hencex = kx sok [K, which
implies g [C(KKy)c. The reverse inclusion Ky)c [CG) is obvious.

Remark 5.4.2 Stabilizer groups are not in general reductive. For exam-
ple let X = SL(2,C) xg PL. Then every stabilizer is either solvable or
unipotent, and so no projective embedding oK has semistable points.

Second we show that polystable points are \seen by one-paramete
subgroups.” For this we need to review some results on existence of
holomorphic slices. LetX be a complex manifold with a holomorphic
action of a groupG. Let x [X. Recall that asliceat x is aGx-invariant
submanifold S of X containing x such that GS is open inX and the
natural G-equivariant map fromG xg S - X is an isomorphism onto
GS. Sjamaar [91] has proved the following analog of slice theorems of
Luna and Snow:

Theorem 5.4.3 (Sjamaar). Let G be a connected complex reductive
group with maximal compactK. Let X be a Kahler Hamiltonian K-
manifold such that the action oK extends to a holomorphic action of
G. Suppose thatx [—1%(0). Then there exists a slice ak.

Corollary 5.4.4. An orbit Gx contains a polystable poiny in its clo-
sure, i there exists a one-parameter subgroue~'[A and a point
z G such thatC"Z contains a polystable point in its closure.

Proof. Let y be a polystable point. We may assume that ) = 0. By
Theorem[5.4.8, there exists a slice at y. Now S is biholomorphic to
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its tangent spaceT, S, equivariantly for the action of Ky, in a neigh-
borhoodU of y. Furthermore, since this map is holomorphic, the map
is equivariant for the in nitesimal G-action. By Lemmal4.3.4, there
exists a one-parameter subgroug™—- G and a pointv [TS such
that the closure of C'v contains 0 [CT,S. By choosingv su ciently
small, we ensure that{zv, |z| < 1} is in the image ofU. Let s [
be the pre-image ofv. Then {zs, |z| < 1} containsy in its closure, as
required.

Using this corollary we prove a nite-dimensional analog of th@ordan-
Helder theory for semistable vector bundles, see for example Seshadri
[88].

De nition 5.4.5. For any A Kl let x) = lim {_ o exp(—tiA)x the
associated graded poindf x with respect to A.

Remark 5.4.6 The fact that exp(—tiA)x is the gradient ow of a Morse
function (see3.2.0) implies that the gradient trajectory convergeex-
ponentially fastto x,, that is, dist(exp(—tiA)x, X)) < Coe 1t for some
constantsCy, C;.

De nition 5.4.7. A [kisJordan-Helder for x [CXI%%i X, is polystable.

Example5.4.8 Let X = C? and G = (CH? acting by (91, 92)(21, 25) =
(9121,09222). Then any (A, Ap) with Ay, A, > 0 is Jordan-Helder.

Theorem 5.4.9. Let X be a compact Kahler HamiltonianK-manifold
and x [X a semistable point.

(@) The set of Jordan-Helder vectors forx is a non-empty K-
invariant cone in k.

(b) The orbit Gx, of the associated grades, of a Jordan-Helder A
is the unique polystable orbit irGx.

Proof. (a) The set of Jordan-Helder vectors is non-empty: Sincg is
semistable, Gx contains a polystabley in its closure. By Corollary
(.44, any polystabley is in the closureC'Z for some one-parameter
subgroup C~'[CQ and z [Gx. Suppose thatz = g~'x for some
g Q. Then (Ad(g)CHk = gC'Z contains gy in its closure, andgy
is polystable as well. Convexity of the set of Jordan-Helder vectsr
follows immediately from convexity of the Kempf-Ness function, siec
if grad(y) — 0 along any two directions then it also goes to zero in any
intermediate direction.

(b) Suppose thaty,,y; are polystable points in the closure oGx,
and yj = (exp(ig;)x)y; for some vectorsg;, A\; [kl j = 0,1. Then
gradg(—tA; + &) = (exp( —tAj + &))x) - (yj))=0ast - oo. The
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distance between exg(¢; + tA;))X is given as follows: Le®; = (& +
tA1) —(&ot tho), &s.t = (1 —S) (&t tAr)+ S(&o+ tho) and Xs ¢ = exp(i&s X).
Then the square of the distance fronxg ¢ to X3¢ IS given by

Z, 2 Z,

%xs,t M < %xs,t (2ds
0 0
i

1

= Ex Ex ds
ZO g ds sty ds st

1
= 2P(E)ds = ds (&)=L
0

Now grady converges exponentially to zero along§j ; ast — oo for j =
0,1, since expig;)x converges exponentially fast toc,,, see Remark
5.4.6. On the other hand,[3JC<k Cy + C;t for some constanty, Cq,
by de nition of &. Hence distiky,, Xa,) = lIM ¢_ o dist(Xot, X1t) = O
and the claim follows.

Remark 5.4.10 We have included (b) to emphasize a somewhat con-
fusing point: distant points in k may map to near points inX if the
gradient of ¢ on the path between them is su ciently small.

Remark 5.4.11 In fact, the full strength of Sjamaar's (or Luna'’s) slice
theorem is not needed here; it su ces to nd a slice for then nitesimal
action of G which is substantially easier. Some terminology: If a Lie
group with Lie algebrag acts on a manifold we say that a submanifold
U is g-invariant if the generating vector elds are tangent toU. A
slice for the in nitesimal action of g at x is a gx-invariant holomorphic
submanifold S containing X, such that the natural mapg <y TS -
TX]|S is an isomorphism. Using the implicit function theorem, one
sees that any sequence of points converging xomay be translated
by the action of G (which is now only de ned in a neighborhood of
the identity) into a sequence of points inS. Thus if an orbit Gy in
X contains x [C3 in its closure, thenGy n S also containsx in its
closure, and by LemmaZ.3l€% n S containsx in its closure for some
one-parameter subgroufc Gl

6. Schur-Horn convexity and its generalizations

In this section we discuss the generalization of Clebsch-Gordan the
ory to arbitrary groups, in particular, the theory of existence oinvari-
ants in tensor products of representations o&L(r), the connections
(via the Kempf-Ness theorem) with eigenvalue problems, and a comb
natorial answer by Knutson, Tao, and the author[[60].
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6.1. The Borel-Weil theorem. Let G be a connected complex re-
ductive group. Let A be any dominant weight forG and V, a simple

G-module with highest weightA. Let P, be the opposite standard
parabolic corresponding toA, and G/P, the generalized ag variety

corresponding toA. We denote byC)-the one-dimensional representa-
tion of Py~ corresponding to—A, and by Ox (A) = G > C

Theorem 6.1.1 (Borel-Weil [87] ). Let X = G/P, with A a weight.
Then H(X, Ox(A)) 44! if A is dominant and vanishes otherwise.

Proof. First consider the caseG = SL(2,C). We identify —ith
Z/2. Then H°(Ox(A)) is the set of homogeneous polynomials in two
variables of degree & if A is non-negative, and zero otherwise. In
the rst case one checks easily thaH?(Ox (A)) is simple with highest
weight A.

Next let G be an arbitrary connected complex reductive group. Let
X = G/B™ and X; = BB /B~ 1 d/1 4J the open Bruhat
cell, (hereU is a maximal unipotent) so that H°(Xy, Ox (A)[X)Y =
HO(U, C)Y 4-d. Thus HO(Xy, Ox(A)|X;) contains a unique highest
weight vector, which we denote bys,. We wish to determine whether
s, extends over the complement aK; in X. It su ces to check the or-
der of vanishing ofs, on the divisorsXs,, asa ranges over simple roots.
For each roota, we leth, [THenote the corresponding coroot, so that
sl(2, C)q := Chy [gdlis the three-parameter Lie algebra corresponding
to a. Let SL(2,C)y —» G denote the homomorphism induced by the in-
clusionsl(2,C)q —» g. The orbit C4 = SL(2,C)B~/B~ of SL(2,C)q
on X is isomorphic toSL(2, C)o/SL(2, C)o n B~ 4P1. The curve Cq4
intersects the Bruhat cellXs, in the unique pointxs, = s4B~/B~. The
order of vanishing ofsy along X, is necessarily the order of vanishing
of S¢|Cq at Xs,. Now Ox (A) restricts to the line bundle Op: ([A, hg D
on Cq, and the sections, restricts to the highest weight section on
Ca — Xs,- It extends overxq i [N, hg[E 0, by the discussion for the
SL(2,C) case.

Now G/B~ bers over G/P, with projective bers and so

H%(G/B~,0a/8 (N) = H(G/P,, OG,pA (A).
Since the result is proved folG/B ™, this completes the proof.

From the point of view of symplectic geometry, the Borel-Weil theo-
rem says that the geometric quantization of a coadjoint orbit equmed
with an integral symplectic form (that is, one that is the curvatureof
some line bundle) is a simplé&k-module. Indeed, let denote the mo-
ment map induced by the action ofkK on Ox(A). Since the weight of
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T on the ber of Ox(A) overB™/B™ is —A, maps X onto the coad-
joint orbit KA through A, see Propositiori 3.2.12. Thus in the notation
introduced in Sectionf3.bH(KA) = V,.

6.2. The Schur-Horn-Kostant problem. The Schur-Horn theorem
[86], 48] reads:

Theorem 6.2.1. The set of possible diagonal entries of a Hermitian
operator with eigenvalues\ = (Aq,...,As) is the hull of the set of
permutations of A.

Example6.2.2 If K = SO(3) then by Proposition[3.2.4 the coadjoint
orbit through diag(A, —A) may be identi ed with the sphere of radius
A via the isomorphismk=2 so(3) =2 R3, and the moment map for the
maximal torus action is projection onto thez-axis, and so has moment
image A, A]. The action of the Weyl groupW = Z, ont is identi ed
with the sign representation, and sofA, A] = hull {—A, A} = hull( WA)
as claimed.

Kostant [63] generalized this result to arbitrary compact conneet
groups:

Theorem 6.2.3. Let K be a compact connected group. The projection
of a coadjoint orbit KA of an elementA [Tis the convex hull of the
orbit WA of A under the Weyl groupw .

Using the Kempf-Ness and Borel-Weil theorems5.2.[, 611.1, the
Schur-Horn-Kostant theorem is equivalent to the following well-knan
fact in representation theory:

Theorem 6.2.4. With K as above, le\ be a dominant weight. The
set of u/d such that the weight spac¥g ) [V is non-trivial for
somed [Zl is the rational convex hull ofW A.

Proof. We identify X = KA = G/P, and C, the trivial bundle over
X with T-weight p so that Vg ¢y = H(X, C['CQOk(dA))" by Borel-
Weil 6.1.1, which is the space of sections over the quotierlX§T)c by
Mumford's Theorem[4.2.6. We may use the Hilbert-Mumford criterion
to determine whether there are any semistable points: Given a one-
parameter subgroup generated by somie 1], a point x X ows
under exp¢) to y,, ast - —oo wherex [Y], := B wB~ /B~ is the
opposite Bruhat cell, see[{4). The weight o on the ber over vy,
iS L —WA. Thus x [V, is semistable for i DA — ¢ 01

i WA — (t) 5In particular Y, is contained in the semistable locus
for the one-parameter subgroup generated by& with { dominant i
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u [CAl- (t,.) 'The semistable locus for the torus action is non-empty
i a generic point is semistable for all one-parameter subgroups i

\
©) BT wd— ()5

w WA
The dual cone to hullivA,w [\W) at wA is generated by §, — 1)WA
where a ranges over simple roots, which is equal t(t.)~It follows
that (B) is equivalent to pu Chull(wA,w [W) as claimed.

Proof of Theorem[6.2.8.Let X = KA be as above. The moment map
corresponding to the projective embeddinéKA - P(V,5is the projec-
tion  of X onto t*By Proposition[3:Z5 [d). Hence the moment map
for the projective embeddingKA - P(V,mHC}) is m — p. By Kempf-
NessX#Tc £ X4#T, where Tc is the complexi cation of T. Finally
XAT non-trivial i 0 is in the image of m—pi pis contained in the
image ofr.

6.3. The Horn-Klyachko problem. In the previous section we in-
vestigated the existence of semistable points for an action of a ts
The Horn problem [49] deals with the following question, which we will
rephrase in terms of existence of semistable points for the actioha
non-abelian group:

Question 6.3.1. Given the eigenvalues of Hermitian matricelsly, ..., Ha—1,
what are the possible eigenvaluesldf + ...+ H,_1?.

Since the eigenvalues are real, we may order them in non-increasing
order

A1(Hj) = Az(H;j) ... = A(H;y).
Then the most famous inequality is the well-known
A(Hi+ Hz) = A(Hyp) + A(H2).

We will give a complete list of such inequalities. Before we give the
answer, we note that this question has a symplectic reformulatiorsa
follows. TakingH, = —H; —...— H,_;, obtain a tuple (Hy,...,Hp)
with Hy + ...+ H, = 0. Thus the problem is a special case of the
generalized Horn problem

Question 6.3.2. Let K be a compact Lie group. For whichy, ..., A, [
tIs the symplectic quotien{KA; x ... x KA,)#K non-empty?

By the Kempf-Ness and Borel-Weil theorems, this problem is equivalke
to the following
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Question 6.3.3. Let K be a compact Lie group. For which dominant
weightsAy, ..., A\, [T space of invariants(Vgy, 1 [gh,,)¥ non-
trivial for some d = 0?

In the caseK = SU(2) this question was answered in Sectidn %.2. We
give a partial answer for the cas&k = SU(n) using max-min descrip-
tion of eigenvalues; this implies inequalities on the invariant theory
problem. Then we give a necessary and su cient answer using the
Hilbert-Mumford criterion, following an argument of Klyachko |55]. Fi-
nally we give a brief description of works of Belkalé [10], Knutson-Tao
[58], and Knutson-Tao-Woodward([60] giving aninimal set of inequal-
ities.

We begin with the elementary max-min approach foK = U(n). If
H is a Hermitian matrix with eigenvaluesA\; = A, = ... = A, then

. (v,Hv) .
Ai = max min , a,...,r}
T Ve vy (v, V) ] ¥
dim(V)=j

This has a generalization to partial sums of eigenvalues as follows:r Fo
every subspac& [CY and Hermitian operatorH we denote byHg the
operator onE given by composingH with restriction and projection.
Then for any J :X{j1 <...<]jsy LA,...,r} we have

Aj = max min  Tr(Hg).
. F1 ... Fs E2 G(s,n)
jox dim(F))=j; dim(EnF)=I
Suppose thatJ,, ..., J, are such that for every set of ags,...,Fn,

there exists a space&e [ G(s,r) such that dim(E n F;;) = j;, for
i=1,...,nandl=1,...,s. Then

X X xXo
Aij = max min Tr(Hig,)
) R ) Fi1 ... Fis Ej2 G(s,r)
i=1j L%l =1 dim(F; 1)=j; , dim(EinFi )=I
xXn xXn
< TI’(Hi’E):TI’( HilE):O.

Example 6.3.4 Suppose thatd; = {1},J, = {r},J; = {r}. Since
every subspace of dimension 1 intersed® in a subspace of dimension
1, namely itself, we obtain the inequalityA; 1 + A2+ Az < 0. In terms
of sums of matrices, this translates to the fact thak,(H;) + A(H,) <
Ar(H1 + Hy) for any Hermitian matrices Hq, H,.

The existence of such are for generic ags is implied by the non-
vanishing of theSchubert coe cient #[ Y j5,]n...n[Y 3,] in the homology
H(Gr(s, r)) of the GrassmannianGr (s, r), whereY ;, are the Schubert



MOMENT MAPS AND GEOMETRIC INVARIANT THEORY 37

varieties of (@). (The singular homology has no torsion and with real
coe cients is isomorphic to the de Rham cohomology, so there is no
con ict with notation.) Thus

Theo,g,em §,3.5. If the Horn problem for A4,..., A, has a solution,
then le jm)\i,j <Oforall s<randJq,...,J, of sizes such that

# Y ln...n[Y3,]>0in H(Gr(s,1)).

Unfortunately, from this point of view it is very dicult to see
whether the list of all such inequalities is su cient. Klyachko [55] no-
ticed that this follows from the Hilbert-Mumford criterion. (See Fulton
[30] for a more detailed discussion.) LeD,; = KA; @P;j for some
dominantAy, ..., As; for simplicity we assume thatA; are generic. The
quotient (Oy, x* ... x 0,,)#G is non-empty i the semistable locus
in O), X ...0,, is non-empty, i a generic pointF = (Fq,...,Fy)in
O,, %...x0,, is semistable for all one-parameter subgroups. L&t k]
generate a one-parameter subgroup. Under the action of exf),z -
0, the point F; [CQ,, ows to a T-xed point x,,; whereY,, contains
Fj. Thus F is &-semistable i

X
(10) [N, wj "€ 0.

j=1

SoF is Ad(g)&-semistable i the same inequalities hold fow; such that
F;j [gYy,. Let g; @ be such thatF; = g;B/B. Then F; lies in gYy,
i g7'B/B ijlYWj 1. Hence the semistable locus for the diagonal

action of G is non-empty i the inequalities (1d) hold for dominant ¢

whenever (vq,...,wW,) are such that the intersection of the varieties

gj_lYW_ 1 IS non-empty for generic ¢, ...,9s). This gives a necessary
J

and su cient set of inequalities. From now on we drop the inverses on
the Weyl group elementsw;, since they appear in both the inequalities
and the intersection condition.

The next step is to reduce to inequalities for which the intersection
number #[Y y,] n ... n [Yy,] is non-zero. If the intersection is posi-
tive dimensional for generic 4, ..., gn) then it represents a non-zero
homology class of positive degree, and by Poincae duality thereists
an elementw,,; W such that #[Y ,]n...n[Yw,,] 80. Then
expanding the product of the last two Y w,] n [Y w,., ] and choosing
wy so that [Y o] has positive coe cient in [Y ] 0 [Y w,... ] One obtains
wy' such that #[Y w,] n ... n[Yy ] 80. Then w,A —w:A CEl and
so the inequality for (wy,...,wy) implies that for (wy,...,w,). The
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conclusion is that a generic point is semistable i

X
HYw]n...0[Yw]>0 =1 A,wEX0 EICH.

1=1

It su ces to check the inequalities for ¢ in a set of generators fot... In
particular, for K semisimple it su ces to check them for§ equal to a
fundamental coweightu)j',:that is, for a generator oft,.. An argument
similar to the one above shows that these inequalities correspond to
non-zero intersection numbers in the corresponding generalizearmal

ag varieties:

Theorem 6.3.6. Let K be a compact connected semisimple group with
complexi cation G. A necessary and su cient set of inequalities for
the Horn-Klyachko problem is given by

X
#HYw,1n...n[Yw,]>0 =1 N,we,Fx0 EICL.
=1

asw,~ranges over fundamental coweightfy;], . .., [wn] range over ele-
ments of W/W,, Yw,,...,Yw, CGFP,, are the corresponding opposite
Bruhat cells in the partial ag variety G/P,,, with the condition that

#H Vw10 ... 0 V] 80 in H(G/P,,).

For example, suppose thatk = U(r) (and Klyachko's argument
was restricted to this case) so that is naturally identied with R"
and the j-th fundamental weight is identi ed with w; = e; + ... + g,
where g; is the j-th standard basis vector. In this case one obtains
that (O), % ...x 0,,)#G is non-empty i for eachj C{1,...,r} and
subsetsdy, ..., J, [{4,...,r} of sizek,

_ _ X0 X
#(Y3]n...n[Y3)>0=C_1 A ;=<0

I=1j L]

c.f. Theorem[6.3.b. So the Hilbert-Mumford approach implies the suf-
ciency as well as the necessity of these inequalities. Generalizatsoio
groups of arbitrary type and other actions are described in Berstein-
Sjamaar [12] and Ressayreé [B3].

The cohomology of the Grassmannia(s, r) has a number of com-
binatorial models, for example, the famous Littlewood-Richardsamile.
A recent \puzzles" model introduced by Knutson and Tao, seé [60k
simple enough that we give a brief description. Thpuzzle boards the
diagram shown in Figurd 2. There are little triangles along each big
edge in the board. Thepuzzle piecesre shown in Figure B. together
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AVAN

Figure 2. Puzzle board

SR A

Figure 3. Puzzle pieces

with their rotations. A puzzleis a way of lling in the puzzle board
with puzzle pieces so that all of the edges match.

Example 6.3.7. An example of a puzzle is shown in Figurég 4.

Figure 4. An example of a puzzle

For each puzzle, letl denote the positions of the 1's on the northwest
boundary, J the positions of the 1's on the northeast boundary, ank&
the positions of the edge along the southern boundary, readingtlé&d
right.

Example6.3.8 For Figure(4,1 = {2,4}, J = {2,4}, K= {2,3}.
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Theorem 6.3.9. [60] The coe cient of [Y ]in [Y]n[Y ;] CH(G(s,r))
is the number of puzzles!§ with boundary datal, J, K.

There are several possible proofs: one given by Knutson and Taecks
the equivalence with the Littlewood-Richardson rule. A second prbo
[61], joint with the author, proves associativity of the product dened
by the puzzle numbers by a simple combinatorial trick, and then chks
equality with the Schubert coe cients on generators. The formula
generalizes to intersection numbers of arbitrary numbers of Sdiert
varieties, by considering puzzle boards with arbitrary numbers ofarge
boundaries". For example, fom = 4 one can take a diamond-shaped
puzzle board.

Combining this combinatorial description with Klyachko's argument
gives the following:

Corollary 6.3.10. |If there is a puzzle whosé's on the boundary are
in positions 1, J, K then thf inequality X

X
Ai(H)+  Aj(H2)) = M(Hi+ Hp)
fam i k K1
holds for any Hermitian matricesA, B, and these inequalities together
with the trace equality
X xXn xXn
Ai(Hy) + Ai(H2) = A(Hy + Hy)
i=1 =1 k=1
give su cient conditions for a triple (A(H1),A(H2),A(H; + Hy)) to
occur.

Example6.3.11 The puzzle in Examplé 6.3]7 gives the inequality,(H1)+
As(Hi) + Ao(Hz) + Ag(H2) = Aa(Hy + Hp) + Ag(Hy + Hy).

The following theorem of Knutson, Tao, and the author [60] (sedso
the review [59]), extending previous work of Belkalé [10], describes a
minimal set of inequalities:

Theorem 6.3.12. The inequalities corresponding td, J, K with n{S§ =
1 together with the trace equality form a complete and irreddant set
of necessary and su cient conditions for the Horn problem fothe sum
of two Hermitian matrices.

Many other problems of this type can be solved in the same way; for
example see Agnihotri-Woodward[]2] for a discussion of the possible
eigenvalues of a product of unitary matrices, and relations with the
invariant theory of quantum groups. In this case the existence of a
good combinatorial model computing the eigenvalue inequalities is still
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open. Work of Belkale-Kumar[[11] and Ressayre |83] gives a minimal s
of inequalities for the Klyachko-Horn problem for general type gups.

7. The stratifications of Hesselink, Kinvan, and Ness

According to work of Kirwan [53] and Ness [76], the semistable lo-
cus of aG-variety X [CP{V) can be considered the open stratum in a
Morse-type strati cation of X. A theorem of Ness describes the equiva-
lence of this strati cation with one introduced by Hesselink[46], which
measures thedegree of instabilityof a point by its maximal Hilbert-
Mumford weight.

7.1. The Kirwan-Ness strati cation. Let X be a Hamiltonian K-
manifold with proper moment map : X - kFllet(, ):k - k - R
be an invariant metric onk inducing an identi cation k - k~"Let
1

0= é( ). X >R
denote the norm-square of the moment map. The notation X)x [
Vect(X) denotes the vector eld determined by (x), and ( X)x(x) [
T, X its evaluation at x.

Lemma 7.1.1. crit(@) = {xX XA, ( X)x(x) =0}.

Proof. We have dp(X) = (( X),d ( X)) = —lox)x)Wx. Sincew is non-
degenerate, @¢(x) vanishes i ( X)x(x) [CITIX does.

Example7.1.2 Let X = P>2andK = U(1)? acting by (91, 92)[20, 21, 22] =
[20, 97 221,95 22]. Consider the moment map ([zo, 21,22]) B (|21]?/2, |22?/2)—
(1/4, 1/4), which has image the convex hull

( X) = hull {(—1/4, —1/4), (—1/4, 3/4), (3/4, —1/4)}.

The critical sets are the level sets of at (Q0), (—1/4,0), (0, —1/4), (1/4, 1/4),
(—1/4,—-1/4),(—1/4,3/4),(3/4,—1/4), see Figurdb.

Figure 5. Critical values for X = P?
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Lemma 7.1.3. (crit( @)) is a discrete union ofK-orbits in k- talled
the set oftypes for X.

Proof. Suppose rst that K is abelian. Consider theorbit-type decom-
position [

X = Xu, Xp={X [HAIKs=H}

H K1

where the union is over subgroupsi [KI. It follows from standard
slice theorems that eachXy is a smooth manifold. Leth denote the Lie
algebra ofH. By Lemmal[3.3.2, (Xy) is an open subset of an a ne
subspace parallel to anri(). Thus ( Xy ncrit(@)) = {A {0 Xy)|A [
h} which is the set containing the unique point in (Xy) closest to
0, if it exists, and empty, otherwise. Since is proper, the pre-imag
of any compact set under contains only nitely many orbit-types,
which proves the theorem in the abelian case.

Suppose thatK is possibly non-abelian with maximal torusT. The
action of T on X is also Hamiltonian with moment map 1 obtained by
composing with the projection of k=dénto t*Let o+ = ( 1, 71)/2.
Since @ is K-invariant, any critical point is conjugate to a point x [
crit(@) with ( x) It Then x Cctit(@) i x Cclit(er)i ( X)is a
type for the action of T. Hence the types forlK are locally nite.

Choose a compatibleK-invariant metric on X, and let grad(@) [
Vect(X) denote the gradient ofq.

Lemma 7.1.4. The gradient of@ is grad(@)(x) = J(X) ( X)x(X).
Proof. Using the proof of Lemmd7.1]1, fov [T} X

gx(grad(@)(x), v) = Dx@(v) = —wx( ( X)x(X),V) = gx(I(X) ( X)x(X), V).
The claim follows.

Let ¢ : X - X be the ow of —grad(p); since is proper, so is@
and so¢; exists for all timest []Q, o).

Proposition 7.1.5 (Duistermaat, seel[66]/]1104])Any trajectory of ¢
has a limit.

For the construction of the Kirwan strati cation the actual conver-
gence of, is not needed. For each typ@, let C, = ~Y(KA) n crit( @)
denote the corresponding component of the critical set @f Since the
set of types is discrete, any two limit points are contained in some
C, Lcht(g), and in fact in the same connected component of crij.
Let X, denote the set of pointsx [XI owing to C,,

Xx = {¢e(x), t L0, 00)} n C\ & L.
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Note that since ¢ is not Morse-Bott in general, there is ho guarantee
that X, is smooth. TheKirwan-Ness strati cation is the decomposition
53], [76]:

Theorem 7.1.6 (Kirwan). There exists an invariant metric onX so
that each stratumX, is smooth. The spectral sequence for the equivari-
ant strati cation X = L X, collapses at the second page, so that

Hi (X) e Hic (Xa).-

A

In particular the canonical mapHk(X) - Hk( ~*(0)) (which is iso-
morphic to H(X/ZK) if K acts freely on ~1(0)) is a surjection and
the equivariant Poincae polynomial of X

X )
p(t) = t! rank Hj (X)

is given by

X
ph(t) = (—1)oimONpK (1),
A
If X acts freely on ~1(0) this means that the di erencep (t) —pxsk (t)
is a nite sum of contributions from xed point sets of one-paramegr
subgroups. We will see a version of this formula for sheaf cohomaglog
in the last chapter.

In the case thatX is a Kahler Hamiltonian K-manifold with proper
moment map, the Kirwan-Ness strati cation has a more explicit de-
scription. For each typeA let ¢, denote the timet ow of —gradl], AL
Z, the component of the xed point setX? of the action of A contain-
ing C,, Y, the subset ofX owing to Z, under ¢, ¢, K, the centralizer
of A, and U(1), the one-parameter subgroup generated by. Then
Kx/U (1), acts naturally on Z, in Hamiltonian fashion with moment
map denoted ,, obtained by restricting to Z, and projecting out
the direction generated byA. We denote byZ3® the set of points ow-
ing to  5*(0) under the ow of minus the gradient of the norm-square
of ,. Let Y,® denote the inverse image af5* in Y,.

Theorem 7.1.7 (Kirwan [53]). Let X be a Kahler Hamiltonian K-
manifold with proper moment map : X - k& For the Kahler
metric each X, is a G-invariant complex submanifold, eacly, is a
Pa-invariant complex submanifold, ands xp, Y,* - X, [0,y] B gy is
an isomorphism of complexc-manifolds.
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We give a proof, and explain the relation with a theorem of Ness
[786], in the following section. In the point of view we will present, a
key fact is that the gradient ow of the norm-square of the momen
map is essentially equivalent to the gradient ow of the Kempf-Ness
function, as was pointed out in Donaldson-Kronheimer |26, Sectidj.
Let X be a Kahler Hamiltonian K-manifold with proper moment map.
For any x [X, let x; denote the trajectory of the gradient ow of
—( starting at x. On the other hand, lety : k -~ R be a Kempf-Ness
function for x, grady(§) = (exp( i&)x). We may also consider the
gradient ow of , with respect to the given metric onk.

Proposition 7.1.8. Let X,x,y be as above. The map - X, ¢ B
exp(i&)x maps the gradient trajectories ofp) onto the gradient trajec-
tories of —@.

Proof. Follows from grady (&) x (exp(i&)(x)) = (exp( i&)x)(exp(i&)(X))
and Lemmal7.T.4.

In particular, since the trajectories ofy exist for all time by the bound
on , any trajectory of —grad(g) is contained in a singleG-orbit:
X [QX, X1CA, t (Rl

Corollary 7.1.9. ¢ is bounded from below i the gradient ow for—¢
converges to ~1(0).

Proof. In the algebraic case, this is nothing but a reformulation ¢f4.3.4.
For the Kahler case, note that if is bounded from below then grady)
converges to zero along any gradient trajectory, and by equivalee
of gradient ows [7.1.8 it follows that must converge to zero. The
converse follows as in the proof of Theorem 5.4.9, using that grgqg(
converges to zero exponentially fast along any one-parametebgtoup
whose limit corresponds to a polystable point.

7.2. The Hesselink strati cation. Let X [CPQV) be a projectiveG-

variety, or more generally a compact Kahler HamiltonianK -manifold.

The Hesselink strati cation uses the weights appearing in the Hilbert
Mumford criterion to construct a strati cation on X: De ne for any

A [Kkdthe Hilbert-Mumford degree

deg\(x) = 0 x)), ALd

De nition 7.2.1. A point x [ X is

(a) degree semistable deg ,(x) < O for all A,
(b) degree stable deg,(x) < O for all A,
(c) degree unstablé x is not semistable, and
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(d) degree polystable it is degree semistable and deg(x) = O
implies deg_,(x) = 0 for all A.

Degree semistability might also be called Hilbert-Mumford semista-
bility, but this seems a little unwieldy. We have already seen in the
proof of the Kempf-Ness theorem that degree semistability is eqalent
to semistability. The equivalence of degree polystability with polysta-
bility is proved in Mundet [50]. It follows from Section 5.4 that a point
x [X is polystable but not stable i its Jordan-Helder cone contains
a line.

The set of destabilizing one-parameter subgroups is studied by Hes
selink in the algebraic case [46], [47], see also Ramanan-Ramanathan
[82]. For anyA we denote byG, the centralizer ofA and by Cxthe one-
parameter subgroup generated bjk. Obviously C;'CGh. Let x [ X
and Z, denote the component ofX* containing x,. Then the action
of G, on Z, descends to an action 06,/C}-' Furthermore, the inner
product on k determines a splittingg, = CA [gy/CA which de nes a
lift of G,/Ci+o the polarizing line bundle, at least up to nite cover.
So we may consideZ, as a polarizedG,/C-Vvariety, with the caveat
that the polarization depends on the choice of inner product ok

Theorem 7.2.2. (&) Any unstable x has a unique (up to scalar
multiple) optimal one-parameter subgroupmenerated byA [kl
with the property thatx, is a semistable point for the action of
G)\/C)‘\:bn .

(b) The optimal one-parameter vectorA has the property that it
maximally destabilizing deg,(x)/Ul_% deg,(x)/ [ALfor all
pu [k {0} and equality holds i R+ = R4A.

We prove this theorem in the next section. Let denote the set
of equivalence classes of one-parameter subgroups appearing @s-H
selink's theorem (with equivalence given by the adjoint action) we call
the decompositionX = L X, the Hesselink strati cation of X.

Remark 7.2.3 The Hesselink strati cation is the nite-dimensional
analog of the Shatz strati cation [89] of the moduli stack of vecto
bundles on a curve by the type of the Harder-Narasimhan lItration

The following is proved in the algebraic case by Ness|[76]:
Theorem 7.2.4. The Hesselink and Kirwan-Ness strati cations agree.

This is a generalization of her earlier theorem with Kempf[52], which
describes the same result for the open strata only; it includes the
Hilbert-Mumford criterion, by de nition of degree semistability. We
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will prove the Hesselink and Ness theorems as well as the Hilbert-
Mumford criterion using results on convex functions: LeV be a Eu-
clidean vector space. For any functiorf : V - R, we denote by
grad(f) [Vect(V) the gradient vector eld of f, and for anyv [V let

V¢ denote the trajectory of —grad(f). A smooth functionf :V - R

is strictly convexi the Hessian of f is positive de nite at every point

in v. The following is an easy consequence of strict convexity:

Lemma 7.2.5. Let V be a Euclidean vector spacef : V - R a
convex function. Iff has a critical point x then it is a global minimum.
Furthemore, if T is strictly convex thenx is the unique critical point.

If £ has no global minimum, then convexity still implies thatf has a
unique direction of maximum descent, under modest technical assp-
tions: We say that f has awell-behaved gradierif the gradient of f is
bounded and the limit of gradf) exists along any gradient trajectory
V.

Proposition 7.2.6. Suppose thatf : V - R is convex and has a
well-behaved gradient. Then there exists a unigiel" V1 so that
(a) any gradient trajectory v; of —f hasgrad(f)(vy) - A ast -
—co.
(b) Suppose thatu [V and (grad(f)(—put), 1) approaches a limit
Cy ast - oo. Then ¢,/ I X [AT_Jwith equality if and only if
M is a positive scalar multiple ofA.

Proof. (a) The idea is that gradient trajectories \automatically discover
the direction of maximal descent". Suppose that;:,j = 0,1 are two
gradient trajectories and

tIim grad(f)(vjo) — A
for someA; V] =0,1. Consider the path

Yio,t:(S) = SVoo + (1 —S)Viy,-

Let fi,,(S) = F(V,.t,(S)). Case (i): Ag, A, are both non-zero, so that
Vit LAt ast — oo, thatis, [vj; + A;jt[ZIAJtL L O ast — oo. Choose
to, t; so that f(vp¢,) = F(viy). By convexity %fto,tl(s) iS non-positive
at s = 0 and non-negative ats = 1. On the other hand %fto,tl(j) =
(grad(f)(j)!vl,tl - VO,to) mj!_)\lt + )\Ot)1 SO ()\01_)\1 + )\0) =0
and (A;,—A1 + Ag) = 0. But (A; — Ag, A1 — Ag) > 0 implies that
(A1, =A1 + Ag) < (Mg, —A1 + Ag), Which is a contradiction. Case (ii):
one of theA;, say Ao vanishes, thenA; is necessarily non-zero. Then
tho,tl(o) - 0 asty,t; - oo and fto,tl(O)/to [Olasty, t; —» oo, but
T, (1) CCol—ti1 (A1, A1) @asty — oo, which contradicts convexity.
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(b) First supposepu = A. The function (grad(f), A) has gradient tra-
jectory tA, so (grad(f), A) is non-increasing along—tA. Since gradf)
is bounded and (gradf)(—tA), A) is decreasing, the limit

& = lim (grad(f)(—t\), \)

exists. Hencef(—tA) [=L,t. Suppose by way of contradiction that
cx El (A, A). Then |f(—tA) — f(vy)| = Ct for some constantC > 0.
Sincevy [=tA, |F(—tA) — F(vy)|/Dd+ tALS oo ast — oo, Together
with the mean value inequality this contradicts the assumption that
the gradient of f is bounded.

More generally, letp 'R, A. Then f(—ut) [=k,t for some con-
stant ¢, and f(—At) [=[A,A)t. Let py, A; be the unit vectors in the
direction of p, A. If ¢,/ & —[AL then f(—ut) goes faster to—oo
than f(—A;t). Consider the pathy(s) = (1 — s)ty; + stA;. On the
one hand, (1; — Ay, A1) < 0 implies that %f(y(s))|s=l <Ofort O]
On the other hand, f(y(S))|s=0 LX/(S))|s=1 for t [Qdwhich is a
contradiction. Hencec,/[uI = [AL_If equality holds, then the same
argument shows we must havelg — A1, A1) = 0, and since both iy, A;
are unit vectors this impliesp; = A;.

Proof of Kirwan's theorem[7.1.7.Let V = kand f = ¢ be a Kempf-
Ness function. The gradient gradp) is well-behaved sinceX is compact
and the gradient ow converges by 7.1]5. Propositiodn 7.2.6 then implies
that for each x [X there is a unique direction—A of maximal descent
for the Kirwan-Ness function. LetX, denote the set of points whose
directions areconjugateto A and U, the set of points whose directions
are equal toA. Equality of the gradient ows Theorem[Z.1.8 implies
that X, is the same as Kirwan's, that is, equals the set of points whose
gradient ow converges to ~(KA). Uniqueness ofA implies that if

x [, and g [Q is such thatgx [,, then g [A,. Indeed, note
G = KP, and U, is P,-stable. Hence it su ces to consider the casg [
K, and then gA is also a direction of maximal descent. Henagg\ = A
which implies that g [Kl,, henceg [P). This implies X, = G xp, U,
which proves the rst part of Kirwan's theorem.

To prove the second part, letx, denote the associated graded point
for somex [U). SinceGx intersects ~1(KA), GaX, intersects ~1(KA),
S0 X, Is semistable for the action ofG, on Z,. Conversely, the pre-
image ofZ5® is contained inU,, since both areG,-invariant and contain

~I(N). It follows that Uy = Y, of Section[7.1. This proves Kirwan's
theorem.

Proof of Hesselink's theoremi 7.2]2Let x [X and let —A be the di-
rection of maximal descent of the Kempf-Ness function. We mushew
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that A generates the unique one-parameter subgroup such thatis G-
semistable. Suppose thgl generates another one-parameter subgroup.
Part (b) of Proposition [7.2.6 gives the inequalityc,/ (Ul < [Al Where
Cu = (( Xu), M). Suppose that theG,, orbit of x, is semistable; then its
closure intersects ~*(y;) wherep; Rl is such thatc,/ U3 [ [
But then the closure ofGx also intersects ~(u;). By Theorem[7.1.8,
[ALi$ the in mum of [1Cdn the orbit Gx. Indeed, [CICi$ decreasing
on gradient trajectories ofy, which all converge toA. This contradicts
[ [& AL

Remark 7.2.7. Supposew [1?(X) is a closed two form that is not
symplectic, but satis es w(&x,J&x) > 0 for any { [kl The proof
above works equally well for moment maps associated to such two-
forms. That is, only non-degeneracy of the two-form on the dirgons
generated by the action is used in the proof.

8. Moment polytopes

According to work of Atiyah, Guillemin-Sternberg, and Kirwan, the
qguotient of the image of the moment map is convex. (This section
could have been placed before that on Schur-Horn convexity.)

8.1. Convexity theorems for Hamiltonian actions. Let X be a
Hamiltonian K-manifold with moment map . The moment imageof
X is ( X) [kdThe quotient

( X):= ( X)/K KK
can be identi ed with a subset of the convex cone-2+kI7K .

Example 8.1.1 If X = P"™! and G = U(1)" acts by the standard
representation, then the moment image is thetandard n-simplex

( X)={(Ma,. .. Mn) CREG | p1+ ...+ pn =1},

see [(B). The coordinate hyperplandz; = 0} [X maps to the j-th
facet{y; = 0} C(X).

Another description of the moment polytope (X) involves theshifted
symplectic quotients: forA [kt -the quotient

XK = “HKN/K = (O x X)/K

is the symplectic quotient ofX at A. The shifted symplectic quotient
is the classical analog of the multiplicity space Hog(V,, V) of a rep-
resentationV in the following sense:
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Proposition 8.1.2. Let X be a polarized projectiveG-variety and A
a dominant weight. ThenR(X/#,G)y = Homg(Vgxn, R(X)q) for any
d=0.

Proof. Combining the Borel-Weil and Kempf-Ness theorems give( X/, K)q4 =
R(KA™ x X)§ = (Vgn LRIX)a)" = Hom (Var, R(X)a)-
The following is immediate from the de nitions:

Lemma 8.1.3. ( X)= {A | X/#,K & [}lis the set ofA for which the
shifted symplectic quotieniX/#,K is non-empty.

The set ( X) is the \classical analog" of the set of simple modules
appearing in aG-module. Let o(X) = Q‘ff\ ( X) denote the set of
rational points in ( X); furthermore o(X) is dense in ( X), see for
example [65].

Theorem 8.1.4.  o(X)= ( X)n §i5 equal to the set of pointa/d
such thatV, [CRI[X)y.

Proof. By Lemmal8.1.8 and Propositior_8.112.

Recall that a convex polyhedroms the intersection of a nite number
of half spaces, while aconvex polytopes the convex hull of a nite
number of points. The fundamental theorem of convex geometsays
that any compact convex polyhedron is a convex polytope and vice-
versa.

Theorem 8.1.5 (Atiyah [5], Guillemin-Sternberg [32] for the abelian
case, Kirwan [54] for the non-abelian case)et K be a compact, con-
nected Lie group andX a compact connected Hamiltoniarn -manifold.

Then ( X) is a convex polytope. IK is abelian, then ( X) is the con-
vex hull of the image( XX) of the xed point set XX of K.

( X) is the moment polytopeof X. The arguments of Atiyah and
Guillemin-Sternberg in [5], [32] are Morse-theoretic. The equivariant
version of Darboux’'s theorem implies that the functiond—1, {[Chave
only critical sets of even index, and this implies that the level sets
[1,&[F(c) are connected. Using an inductive procedure one shows
that for any subtorus K; [KI, the level sets of the moment map for

1 are connected as well. Takind<; of codimension one, this shows
that the intersection of ( X) with any rational line is connected and
it follows that ( X) is convex. The reader is referred to the original
papers for details. Kirwan's non-abelian version uses the Morse the
ory of the norm-square of the moment map. See Lerman-Meinreamk
Tolman-Woodward [65] for a derivation of hon-abelian convexity ém
the abelian case.
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Brion [16], following earlier work of Mumford[[76, Appendix], pointed
out the following proof of convexity, which in language of geometric
quantization would be called a \quantum" proof: Suppose\;/d; [

o(X),j =0,1. Letv; [R(X)y be the corresponding highest weight
vectors. Then for anyng,n; [N, vg°vi* CR(X)nedo+nyd, IS @ highest
weight vector, so

NoAo + N1A; _ dono din;
Nodo + Nyt dong + dlnl(7\o/do)+ m()\lldl) o (X).

This implies that  o(X) is convex.

The inequalities of the previous section (for example, the Horn-
Klyachko problem) can now be seen as the inequalities describing the
moment polytopes of products of coadjoint orbits.

8.2. Convexity theorems for orbit-closures. In the case that X
is Kahler, Atiyah [5] also described the images of orbit-closures der
the moment map, in the case thaK is abelian. Of course if the orbit-
closure is smooth, then this falls into the previous convexity theomg
but Atiyah's theorem also includes the case of singular orbit-closige

Theorem 8.2.1. [7, Theorem 2]Let K be a torus, G its complexi -
cation, and X a Kahler Hamiltonian K-manifold. Let Y [X be a
G-orbit. Then

(@) := ( YY) is a convex polytope with vertice Y n X©);

(b) For each open facd= 1 ~Y(F)nY is a singleG-orbit.

(c) induces a homeomorphism of /G onto

We will describe Atiyah's arguments since they are brief and are
closely related to the one-parameter subgroups of Hesselink adl\ae
the Jordan-Helder subgroups of Section’5.4.9. The proof dependn
the following

Lemma 8.2.2. LetY [Xlbe aG-orbit andy [YIl. Then

(@) yx = lim ¢ (exp(itA)y) exists and lies in the xed point seiX?;

(b) lim¢_ o Clexp( itA)y), ALéxists and is a constantl) independent
of y.

(c) dx =supy {0 y),AL]

Suppose thatA is generic so thatX® = X*. The Lemma implies

sup{ y),ALF sup [{vy),ALl
y ¥l y[XBnY

Hence (Y) is contained in the convex hull of (X©¢ nY). To see that
( Y) =, Atiyah notes that for any y [Yl and direction & [Cklof unit
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length, there exists a timet(¢) such that

Clexp( it(©)y), EF S(( y)+ d(E)).

The set of points exp{§)y with [T = t(§/[£1) tle nes a neighborhood
UofyinY with ( U)= ( y)+ 3( — (y)); thisimmediately implies
that ( Y) is both open and closed in and hence equal to .

To prove the third part of the Theorem, Atiyah considers for any
A [Kland xed point component Z [XP, the unstable manifoldZY
consisting of all points that ow to Z under exp(tA). By the stable
manifold theoremZ" is a smooth manifold and the limit of the ow
de nes a smoothG-equivariant projection Z"Y — Z. In particular, if
Z is any component ofX* containing a limit point of Y thenY [Z¥
andY n Z is a singleG-orbit. From this it follows that ( Z nY)is a
face of with bers the orbits of the compact torus K, seel[7, p. 10],
and this completes the proof.

Remark 8.2.3 Atiyah's theorem makes the theory of polystable points
and Jordan-Helder vector described in Section 5.4 substantially siar
in the abelian case. One sees that the \Jordan-Helder" cone of €brem

is the dual cone to the face of the polytope containing O, in the
case thatY is a semistable orbit.

Atiyah's convexity theorem for orbit-closures has been generalde
to Borel subgroups by Guillemin and Sjamaar [39].

9. Multtiplicity-free actions

In certain cases Hamiltonian or algebraic actions may be classi ed
by combinatorial data related to the moment map. In this section we
discuss an example of this, thenultiplicity-free case from both the
algebraic and symplectic points of view.

9.1. Toric varieties and Delzant's theorem. A toric variety is a
normal G-variety X such thatG is an algebraic torus andX contains an
openG-orbit. A ne toric varieties are naturally classi ed by monoids

M in the group “df weights ofG, with the corresponding toric variety
given by SpecC[M]). Each such monoid spans a rational cone inQ‘?'
and de nes a dual cone in . Toric varieties with trivial generic
stabilizer are classi ed byfansin g, that is, collections of cones such
that any intersection of a cone is again a cone in the fan, see Oda][79
or Fulton [29].

Example9.1.1 Suppose thatX = P? with action given by (W, W,)[zo, Z1, Z,] =
[zo, Wy 21, W, z,]. There are seven orbits, given by non-vanishing of
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various coordinates, and in particular, three closed orbits [Q, 0], [0, 1, 0], [0, O, 1],
whose cones are generated by pairs of vectorsX}, (—1, 0), (1,1), (0, —1),

and (0, —1), (0, —1). The fan contains these three cones, and their inter-
sections; this is thedual fanto the moment polytope hull((0, 0), (1, 0), (O, 1)).

A Hamiltonian torus action is multiplicity free or completely inte-
grableif all the symplectic quotients are points, or equivalently, each
ber of the moment map is an orbit of the torus.

Example 9.1.2 The U(1)" action on P" is multiplicity-free, since the
bers of the moment map are given by 4o, ...,z,] with |z4],...|z4|
xed, which are orbits of U(1)".

Multiplicity-free Hamiltonian torus actions are classi ed by a theorem
of Delzant.

De nition 9.1.3. A polytope  [kH5 called Delzantif the normal
cone at any vertex is generated by a basis of the weight lattice=1_k1

Theorem 9.1.4 (Delzant [24]). There exists a one-to-one correspon-
dence between Delzant polytopes and multiplicity-free tisr actions on
compact connected manifolds with trivial stabilizer, giveby X B

( X). Any compact connected multiplicity-free Hamiltonian tous ac-
tion has the structure of a smooth projective toric variety.

Note that any compatible complex structure is unique up to isomor-
phism, but not up to Kahler isomorphism. That is, any toric variety
has many non-equivalent Kahler structures, see Guillemin[38].

There are \local" and \local-to-global” parts of the proof; the loca
part follows from the equivariant Darboux theorem, while the \local-
to-global” part uses the vanishing of a certain sheaf cohomologyogip
over the polytope.

Existence of a smooth projective toric variety with a given polytope
follows from, for example, Lerman's method ofymplectic cutting[64]
which we now describe. We begin with the simplest case, whnis a
Hamiltonian St-manifold with moment map : X - R. The diagonal
St-action on X x C is Hamiltonian with moment map

xxc . (X,2) B ( x)—|z|*/2.
Its symplectic quotient at any valueA
Xan = (X x C)#,St
is called thesymplectic cutof X at A admits a decomposition
(X x C)I\S* £ 7,8t (X x CHI\S* £ XU, St CT((A, 0)).
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It follows from the de nitions that the inclusion of ~%((A, ©0)) in Xxx
is symplectic and soX=, is obtained by removing ~!((—oo,A)) and
\closing o " the boundary by quotienting it by S?.

More generally, suppose thaK is a torus,& [klany rational vector,
and A [R. Let U(1), denote the one-parameter subgroup generated
by A, with moment map 1, AL.JThen the symplectic cutXs) = ( X x
C)/\U (1), £ R7,U (1), LI, v[> A} admits the structure of a
Hamiltonian K-manifold with moment polytope ( X=)) = ( X) n
{4, v(3= A}.

Example9.1.5 Let X = P? equipped with U (1)?-action given by with
weights (Q 0), (=2, 0), (0, —2). The moment polytope is then the convex
hull of (0, 0),(2,0),(0,2). Let A = (0,—1) so that the one-parameter
subgroup generated by\ acts with moment map

[20,21,22) B —2|za|*/(|20]* + |22 + |22/?).

The symplectic cut at —1 is then a toric variety with polytope the
convex hull of (Q0), (0, 2), (1,0),(1, 1), see Figuré 6.

A

Figure 6. E ect of cutting on a moment polytope

Suppose that is a Delzant polytope de ned by inequalities

= {u CKH M, vj[(E= A, j=1,...,m}
for some vectorsy; Ckland some constants\; [R,j =1,...,m. Let
X = TH, with moment imagek™and the standard Kahler structure.
Performing a symplectic cut for each inequality gives a Kahler manifd
with Hamiltonian K action and moment polytope .

Alternatively any smooth projective toric variety is a symplectic or
geometric invariant theory quotient of a ne space X = C™. There is
an explicit description of the semistable locus given by Audinl[8] and
Cox [23].

9.2. Multiplicity-free actions and spherical varieties. Let K bea
compact connected Lie group. Recall that K-moduleV is multiplicity-
freei Hom (V,, V) is dimension at most one, for any simpl&-module
Vi End (V) is abelian, using Schur's lemma. The de nition in part
(a) of the following was introduced in Guillemin-Sternberg [40]:
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Theorem 9.2.1. (see[102, Appendix) The following conditions are
equivalent, and if they hold the action isnultiplicity-free:

(a) C=(X)K is an abelian Poisson algebra.
(b) The symplectic quotientX/,\K = ~1(KA)/K is a point for
all A

Proof. We denote byr, : C=(X)K - C*=(X/,K) the map of Poisson
algebras induced by the symplectic quotient construction, ik is free.

In general, we de neC*(X/,K) := C*(X)X/{f,f| 7'(\)=0}. A
lemma of Arms, Cushman, and Gotayl [4], see Sjamaar-Lerman![92],
says that this quotient is a non-degenerate Poisson algebra, thes,
the bracket vanishes only on constant functions. Suppose (a)in&e

r) is surjective, C=(X/#,K) is abelian as well, and soX/,K must
be discrete, hence a point by Kirwan's results. Conversely, if all the
reduced spaces are points anfl g O (X)X then ri({f,g}) = 0 for

all A implies that {f,g} =0.

The complex analogs of multiplicity-free Hamiltonian actions are
called spherical varieties Let G be a connected complex reductive
group. For the following, see Brion-Luna-Vust[18], the review [57¢r
the second part of Brion's review in this volume.

Theorem 9.2.2. The following conditions for a normalG-variety X
are equivalent; if they holdX is called spherical

(a) some (hence any) Borel subgrouB has an open orbit;

(b) the space of rational functionsC(X) is a multiplicity-free G-
module;

(c) some (hence any) Borel subgrouB has nitely many orbits.

Remark 9.2.3 For an arbitrary group action, existence of a dense orbit
does notimply nitely many orbits. For example, consider the actiond
SL(n, C) on the space oh x n matrices on the left: any two invertible
matrices are related by an element &L (n, C), but there are in nitely
many orbits of degenerate matrices distinguished by their kernels.

The classi cation of toric varieties is generalized to spherical variiets
as a special case of a theorem of Luna-Vust [69] which gives a classi
tion of spherical varieties by their generic isotropy group and eolored
fan, see the contribution of Pezzini in this volume or Knop [57]. Each
colored fan is a collection ofolored conesconvex cones in the spacex
dual to the space L-bf characters corresponding td-semiinvariant
functions C(X)®), together with a nite set of B-stable divisors, sat-
isfying certain conditions. The classi cation of generic isotropy gups
that appear, which are calledspherical subgroupsis the subject of an
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open conjecture of Luna, see the contribution of Bravi in this volue.
The relation between multiplicity-free Hamiltonian actions and spher-
ical varieties is given by the following, which is a consequence of the
Kempf-Ness theorem:

Proposition 9.2.4. A smooth G-variety X [P{V) is spherical if and
only if it is a multiplicity-free Hamiltonian K-manifold.

Proof. By Proposition B.I2X/,K = pti Hom g(Vi, H(X, Ox(d)))
is dimension one or zero for al = 0. This holds for allAandd =0 i
C(X)q is a multiplicity-free G-module for alld = 0 i X is spherical.

In contrast to the toric case, not every multiplicity-free Hamiltonian
action admits the structure of a spherical variety[[103].

9.3. Moment polytopes of spherical varieties. We have already
seen several examples of the following:

Theorem 9.3.1. Let X be a smooth polarized spheric# -variety with
moment polytope and trivial generic stabilizer. ThenH?(X, Ox(1))

is the multiplicity-free K-module whose weights are the integral points
n k-of

Proof. By Proposition[8.1.2 and the fact that the symplectic quotients
are points.

The moment polytope of a spherical variety is described by a nite
set of linear inequalities corresponding to th@&-stable divisors ofX
which was described by Brion[[17] in the non-abelian case. L¥t be
a sphericalG-variety and L — X a G-equivariant line bundle. First
some notation: Let C(X) denote the space of rational functions on
X, and C(X)® the space ofB-semiinvariant vectors. Let L'
denote the group of weights appearing i€(X)®). Let D(X) denote
the set of prime B-stable divisors of X. Each D [CD(X) denes a
valuation C(X)® _, Z and so a vectorv in the dual x of L'Let
C(X, L) denote the space of rational sections &f, and s CC(X, L)®
with weight p(s). Let np(s) denote the order of vanishing ofs at
D. Consider the identi cation C(X)® _ C(X,L)® f 3 fs. The
section fs is global i fs vanishes to at least zeroth order on each
D [D(X),i f vanishes at least to order—np. Thus

Proposition 9.3.2. Let X be a sphericalG-variety, and L -~ X a
G-line-bundle. The space of weights for elements ©(X, L)®) is

( X,L)= {p CXWp(1) = —np(s)} + u(s).
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Figure 7. Decomposition ofV, [CSym(C?) via Brion's method

Example 9.3.3 Here is a typical application which appears in Brion
[17] and seems to be due to Macdonald [70]:

Theorem 9.3.4 Let V) be a simpleGL(r) module with highest weight
A=(A = ... = A). Then V, CSYmM(C") admits a multiplicity-
free decomposition into simple module¥,, with highest weightgu =
(MU, ..., M) satisfying

M= A == Y A

Proof. We prove only the casa = 2; the general case is similarV, [
Sym(C?) is isomorphic to the space of holomorphic sections of the
line bundle m{t, over X = P! x C2 = {([wg, W1], (20,21)}, Wherem; :
P! x C? _ P! is projection on the rst factor. We take B to be
the subgroup of upper-triangular invertible matrices. TheB-invariant
divisors are given by a singl&-invariant divisor D; = {(w, z)|z [wi}
and two B-stable divisorsD, = {w = [1,0]} and D; = {z [Q [O}.
The space of singular vector€(X)®) is generated byz; — w;zo/wo
and zo with highest weights (Q 1) resp. (1 0). The B-stable divisors
are de ned by D, = {Z]_/Zo = W]_/WO}, D, = {Wl = O}, D; = {Zl = O}
respectively. Hence; —w;zq/Wq vanishes to order 1 resp—1,0 onD;
resp. D,, D3; z; vanishes to order O resp. ,d on D; resp. D,, D3. So
vp, = (0,1), vp, = (0,—1), vp, = (1,0). Taking s to be the section of
P! with weight (A1, A,), which vanishes to order 0 oD, A; — A, in Do,
and 0 onDj3 one obtainsnp, = 0,np, = A; — Az, Np, = 0. This yields
the inequalitiesp, = Ay, —Ho = —A, — (A1 — A2) = —Ag, Mg = A; as
claimed. See Figurél7.

Remark 9.3.5 Not every B-stable divisor de nes a facet of the mo-
ment polytope. This is already apparent in the case of the Borel-Weil
theorem, where for a group of rank there arer B-stable divisors (the
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Schubert varieties of codimension one) but the moment polytope is
simply a point.

Based on his work on the toric case, Delzant asked the question of
whether compact multiplicity-free actions are classi ed by their mo-
ment polytopes and generic stabilizers, and answered the questaia
rmatively in the rank two case [25]. A result of Knop [56] reduces this
to the question of whether a ne spherical varieties are classi ed
their moment polytopes and generic stabilizers of the compact gnou
actions; this conjecture has recently been proved by Losév|[65¢e also
his review in this volume.

In the torus case we have

Corollary 9.3.6. With X, K, Ox(1) as above, ifK is a torus then the
dimension of HO(X, Ox(1)) is the number of integral points n k=&f

The dimension ofH?(X, Ox(k)) can be computed by Riemann-Roch
for su ciently large Kk, sinceOx (1) is by assumption positive. This led

to an interesting series of papers on formulas for the number of Jat
tice points in a convex polytope which generalize the Euler-Maclaurin
formula and were later proved combinatorially, seé [19] for referass.

10. Localization via sheaf cohomology

In this section we review various \ xed point methods" for com-
puting moment polytopes, in the context of sheaf conomology. The
include not only the \localization" methods which take as input xed
point data for a one-parameter subgroup, but also the \non-alian
localization" principle which uses the Kirwan-Ness strati cation.

10.1. Grothendieck's local cohomology. A powerful technique for
computing cohomology groups, and therefore for computing monie
polytopes, is Grothendieck's local cohomology theory, exposed BI]
and Hartshorne[[41]. LetX be aG-variety and Y [Xla G-subvariety.
Let E -~ X be aG-equivariant coherent sheaf. Denote byy (X, E)
the group of sections whose support is contained ¥. We denote by
HJ the i-th derived functor of y, so that the local cohomology group
HJ (X, E) is aG-module. These modules have the following properties:

Theorem 10.1.1. (a) (Long Exact Sequence) There is an exact tri-
angle

...Hy(X,E) = H(X,E) = H(X =Y,E[X =Y) - ...
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(b) (Gysin isomorphism) Suppose¢ [Xlis smooth. Then
HJ (X, E) HI—eedmMy ElY CEBI(N)™?)

where N is the normal bundle ofY in X and Eul(N)™! :=
det(N) CSYmM(N) (this is an inverse of theK-theory Euler class
Eul(N) = ( N Hlalthough we do not discusk-theory here)

(c) (Spectral sequence associated to a strati cation) LeX; X} [1
... XJ, = X be a ltration of X. There is a spectral sequence

(YL
HXi—Xi 1(Xi1 Elxl) = IIEIX1 E)

i=1

Let X(X,E) = - (—1)'H'(X, E) be the Euler characteristic, con-
sidered as a virtualG-representation, andyy (X, E) the Euler charac-
teristic of the local cohomology alongf . These will generally not be
nite-dimensional, but rather in our cases of interest the multiplicity
of each simple module is nite. Thus the formula below holds in the
completion of the representation ring, as an immediate consequenaf
the spectral sequence:

Corollary 10.1.2. Suppose thatX; 1 [X}, = X is a ltration of
X such that the di erencesX; — X;_; are smooth with normal bundles
N; - X; — Xj—1. Then

(11)

XOX,E) = (=1)°dmOG™X Dy (X — Xiog, Elx—x, , CEBI(N;)™)

if both sides are well-de ned in the sense that the multiplig of any
simple module is nite.

This formula applies to various Itrations associated to group actios
to give \localization" formulae.

Example10.1.3 (Weyl character formula and Borel-Weil-Bott, c.f. Atiyah-
Bott [6]) Let X = G/B~ and E = Ox(A) so that if A is dominant
then H°(X, E) = V, by Borel-Weil 6.1.1. The Bruhat decomposition
X = LudmXy gives a ltration X; = Lydmiw)=iXw. Each cell X,
bers over x, = WB/B with ber X,, £M,, := b n Ad(w)b. The nor-
mal bundle X,, has restriction to x,, given by N, = (b/b n Ad(w)b) =~
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The formula (11) gf\i/lves
X(X,0x(N) = (—1)'"X(Xw, E[Xw CSYM(N,,) Cdat(Ny))

(—1)'Mx(x,, E CSYM(N,,) Cdat(N,) CSymM,Hxa)

(_1)I(W)CW)\ ES}m(b_) I:C:sl/p—p

w O
wherep is the half-sum of positive roots. Thus its character is
X tw+p)—p
(12) (—)'™Q —

Thus if A is dominant then

Proposition 10.1.4 (Weyl character formula) The character of the ac-
tion of T onV, is given by([12).

In general, suppose thatv is such thatw(A+ p)—p is dominant. From
the spectral sequence we see that the only contribution (X, Ox (A))
comes fromH'™ (X, Ox (X)), since I(w) = codim(X,,). This is a sim-
ple G-module of highest weightw(A + p) — p, since it has the same
character as that ofVyyo+p—p by the Weyl character formula. If no
suchw exists, then the Fourier expansion of the character vanishes on
dominant weights and isW -invariant and so H(X, Ox(A)) is trivial.
Thus:

Proposition 10.1.5 (Borel-Weil-Bott [15]) Let X = G/B~. Hi(X, Ox()\)) +—
Vworp)—p If W(A+ p) — p is dominant for some (unique)w W and
Jj = I(w), and is zero otherwise.

10.2. One-parameter localization.  The derivation of the Weyl char-
acter formula given in the previous section generalizes to varieties
with circle actions as follows. LetX be a compactG x C™Variety,
and X° its C'xed point set. Let F be the set of components of
XC¢ = {x [A|zx = x [ZICAY}. For eachF [H, de ne

Xg = {x EXI|IZi£n()zx =)

Let Ng denote the normal bundle of in X. It admits a decompaosition
Ne = NF [CNF into positive and negative weight spaces for the€™
action.

Proposition 10.2.1. (Bialynicki-Birula decomposition [13)) Suppose
that X is smooth. Then eachXr is a smoothG x C§table subvari-
ety, equipped with a morphismme : Xg - F, x B lim,_qzx which
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induces onXg the structure of a vector bundle whose bers are iso-
morphic to the bers of the normal bundleNZ - F of F in X.

By Itering by the dimension of N, applying the localization formula
(I1), and pushing forward withme one obtains

Theorem 10.2.2 (Localization for one-parameter subgroups)Let E -
X be anyG x %E-équivariant coherent sheaf. Then

X(X,E) = X(F,EIF CSym(NZY'CSym(NZ) Cdet(Ng))
F [X¢
in the completion of the representation ring o6.

One could equally well choose the strati cation for the invertedC™
action, which would lead to the same formula witiNZ, N inverted.
In the equivariant cohomology literature such a choice of direction is
called a choice ofction chamber see Duistermaat[[27].

The spectral sequence contains more information than the localiza
tion formula, namely, information about the individual cohomology
groups. For example,

Example 10.2.3 Let X = P? equipped with the G = (CH? action by
(91, 92)[20, 21, Z5] = [20,07 ‘21,95 '22]. Then HO(X, Ox(d)) is spanned
by homogeneous polynomials of degree Its Euler characteristic has
character X

(X(X, Ox(d))(9) = 05052

dy+dy=d,d;,d>=0

One can also see this easily from the localization formula, which gives
(for the C'-hction induced by the mapz B (z,z?)) three xed points
with normal weights (1, 0), (0, 1), resp. 1,0),(—1, 1) resp. (1 —1),(0,—1)
and so
(13)

(XCK Ox(Ad))(9) = (X —91) H(1—g2) " —0f ™ (1—01) H(1—g:'g)

+ 0570 (1 —9rtg) T — )

Now suppose thatXis the blow-up of X at [1,0,0]. Letm : X" X
denote the projection,Oxo(d, e) = m'Ox(d) [CEJ. The action of C-bn

XPhas four xed points (the point at [1,0, 0] is replaced by two xed
points in the exceptional divisor with ber weights , 0), (0, €)). Hence

(14) (X(XTOxo(d, e))(9) = 95(1 —g1) "1 — 97 'g2) ™"
— 050 (1 =010 ) T A —02) T = 0{(1 —g) ML — g tg)
+99(1—097'92) (1 — )
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Its Fourier transform is shown below in Figuré 8. The contributions

Figure 8. Euler characteristic of a line bundle on blow-
up of P?

with weights g¢ contributes only to H°, while the contribution with
weight g5*'g;* contributes only to H:. The former is the only term
whose Fourier transform has support in the larger triangle, while th
latter is the only term whose Fourier transform has support in the
smaller. Hence the dots in the smaller triangle correspond to vecsor
in H! while those in the larger correspond td4°. Very similar results
are obtained by a deformation method introduced by Witten [101],rad
studied by a number of other authors since then, see for exampl®¥].

10.3. Localization via orbit strati cation. Other strati cations
lead to interesting but less well-known localization formulae. For ex-
ample, suppose thaG acts onX with only nitely many orbits Y. We
then obtain a formulaX

XOGE) = (=1)®MOx(Y,ElY CEBI(Y)™)
Y X1
assuming that each simple module appears with nite multiplicity as
before. In particular, suppose thatX is a toric variety and E = Ox(1)

a polarization. Indexing the orbitsYg by facesF of the moment poly-
tope we see that X

X(Y,E|lY CEm(Y)™) = t* det(Ng)
ULAI NCE
where the sum is oveq is the outward normal coneCg to at F, and
det(Ng) is the determinant Ng of the normal bundle toYg. This is
closely related to theBrianchon-Gram formula: for any convex poly-
tope ,

X .
XA = (_1)cod|m(F)XCF
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where Xc. is the characteristic function ofCg [90].

10.4. Non-abelian localization. Let X be a polarized smoothG-
variety and E - X a G-equivariant coherent sheaf. Combining the
Kirwan-Hesselink-Ness strati cation with the Euler characteristicfor-

mula (I1) gives X

X E) = X(Xn Elx, CEBI(Nx,)™)
A

where the sum is over typed or equivalently critical sets for the norm-
square of the moment map. This is a sheaf cohomology version of a
\non-abelian localization principle" suggested by Witten in the setting
of equivariant de Rham cohomologyl [100]. In fact, this terminology
in the sheaf cohomology setting is somewhat confusing: the formusa
already quite interesting in the abelian case (non-abelian should read
\not necessarily abelian") and the formula is not really a localization
formula, since there is a contribution from the (dense) open stram.
SinceX, = G xp, Y, we have

X(Xx, Elx, CEWI(Nx,)™") =Ind & X(Yx*, Elvgs CEB(Nx,[Y35) ™).
(Here Ind denotes holomorphic induction, that is, iV is a Gy-module
then IndgA(V) = X(G Xp. V). ) SinceYy® bers over Z3* with a ne
bers,

(15) X(Yx®, Elvgs CEBI(Nx, [YX*)™)

= X(Z5, Elvgs CSYM(Nx, X[Y3*) Cdek(Nx, X |zg) CSYM(NZ Yx®) -
This can be put into a more understandable form if we recognize that
N, X|zss resp. NzgY® is the positive resp. negative part of the normal
bundle of Z3* in Y,. One obtains a formula due to Telemari [95] in the

algebraic case and Paradan [B81] in the general symplectic settinget
latter proof uses techniques of transversally elliptic operators:

Theorem 10.4.1. X
XX E) = Indg, (X(ZR, Elzg CEBI(NZz:YR)Y)
A
where the+ indicates the particular choice of (formal) inverse to the
K-theory Euler class given in the previous formula.

Example 10.4.2 Let X = P! and E = O(d) so X(X, E) has character
z79+ z79*2 4+ + zd9. The strati cation P! = {0} CCIF{{#o} leads
to the formula
279+ o+ z29=( 2%y -z -2 — 27/ - 272).
n[Z]
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Example 10.4.3 We describe the non-abelian localization formula for
the action of SL(3, C) on a partial ag variety for the exceptional group
of type G,, corresponding to the decomposition of a simplé,-module
into SL(3, C)-modules. Letw;,w, denote the fundamental weights for
SL(3,C). The dual positive Weyl chamber forG, is the span ofw; and
w; + wy. Let Py, +,, denote the maximal parabolic of5, corresponding
to w; + Wy, and X = G,/P, ., that is, the coadjoint orbit through
W1 + wp. The action is spherical and moment polytope the convex hull
of wy, Wy, W, + wp. We leave the computation of the moment polytope
to the reader; it can be computed using one-parameter localizatioBy
Borel-Weil and the compu)t(ation of the moment polytope,

X(Ox(k)) = XA = Resgi(3,c)(Xk(ml+m2))
ALKANQ
the character of the irreducibleG,-representation with highest weight
k(w; + wy), restricted to SL(3,C); here Q is the lattice generated by
the long roots shifted byk(w; + ®,).

We compute the Kirwan-Ness strati cation as follows. LeF; be the
open face connecting,, w;+ w,, F, the open face connecting;, w;+ w,,
and F3 the open face connecting,, w,. Let F;; = F; n Fj. The inverse
image ~!(Fy,) contains a unique point,X;, which is T - xed. None of
the other T- xed points map to t-7 Therefore, the remaining points
in - ~X(int( tH)) (the interior of the positive Weyl chamber) have one-
dimensional stabilizers. Since ~!(int(t5)) has dimension 2 dim(), it
is a multiplicity free action, so the inverse image of any fade [Cint t-
has in nitesimal stabilizer the annihilator of the tangent space of.
The stabilizers of the face$1, F,, F; are

t; = span(hy), t; = span(h,), t; = span(hs)

where hy, hy, h; are the coroots ofSL(3,C). The level set ~((w; +
w,)/2) is a critical set ofg with type A = ((w;+ w,)/2. The xed point
componentZ; has moment image (Zg) = hull(2 w,— w1, 20; —w;). The
unstable manifoldY; has image under the moment map fof (that is,
for the maximal torus of the compact groupSU (3))

T2 ( Ye) = hull(2 0z — 01, 201 — W2, W1 + 0p).

None of the other facetsF; contain points ¢ with § ). Therefore,
there are no other critical points ofg in  ~1(int(t})). Finally con-
sider the inverse image of the verticeBi3, Fp3. Any x [T (Fjx) has
Gx 81 T, henceGy cannot intersect the semisimple partGaoxy, Gowx)l-
Therefore, Gy is one-dimensional. leZ, denote the xed point compo-
nent of G4 containing X. SinceGy is one-dimensional, the image &)
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-

Figure 9. Critical values of the norm-square of the mo-
ment map for X = G,/Py,+w,

is codimension one, and so meets (int(tL)). But this implies that
the gy is conjugate to eithert; or t, and sogx cannot equal the span
of Fjx. Therefore, set of types for the action ifw; + w,, %(wl + wy)}.
(In fact the Kirwan-Ness strati cation coincides with the orbit strati-
cation for G¢. That is, X is a two-orbit variety, with one open orbit
and one of complex codimension two [28].)

We now compute the contributions from the Kirwan-Ness strata.
For & = w; + wy, Z§° is equal to a point, and the bundleN; is the
representation with weightsps, Bs. Hence

X
Xce(Z8°, E CEMI(Ng)H) = z*.
(A 01)=k,(A02)=k
Its induction to G is «
Indg, Xe (28, E CEBI(Ng);Y) = XA
(A a1)=k, (A 02)>k

For & = (w1 + w)/2, we haveZg® +-€land N trivial. Therefore,

X
Xce(Z8, E CEBI(Ng)IH) = VAN
AO=K(E.E)

where the sum is over vector@ such that A — k(w; + wy) is in some
lattice [;-and satisfying the inequality above. Hence
X X
INdg, (Xe:(Z&* E CEM(Ng: D))= xa— X
A LKA (A 01)=k,(A02)=k
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Since the contributions from¢ = (w; + w,), %(wl + w,) must have nite
sum, the lattice [—fnust be the long root lattice. The contribution
(for k = 6) is shown in Figure[10.

A

7

Figure 10.  Ind$ Xzss

(w1+ wp)/2?

(E)

The positive contribution of the open stratum is nite (6 repre-
sentations, fork = 6) and the negative contribution in nite, that is
dim(H%¥4(Mg, L)) = oo, for any k. One can show that the higher
cohomology lies inH?, using the spectral sequence. The sum of the
contributions is X(Ox(K)) =, xa X» as claimed. This completes the
example.

Taking invariants in Theorem[10.4.1 gives a formula expressing the
di erence betweenx(X, E)¢ and X(X/#G, E/G):

Theorem 10.4.4. X
X(X, E)®=X(X#G,E/G) = X(Z3, Elzg CEOI(NZsY )3 CEDI(9/p3 ) &
AEO

The spectral sequence also contains information about the individ-
ual cohomology groups. For example, le€" 3, denote the one-
parameter subgroup generated by. The weight of C}-6n det(Nx, X|zs)
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is positive, if A is non-trivial. Indeed, Nx, X|zs is the negative part of
the tangent bundle. Furthermore,g/p; has positive weights undeC;
Thus

Corollary 10.4.5 (Teleman [95]) Suppose that the weights &;-on

E|Z, are positive for all typesA. (This is automatically the case if
E = Ox(d) is the d-th tensor product of a polarizationOx (1) of X).

Then HI(X,E)® = HI(X/G,E/G) for all j.

In particular, if the higher cohomology ofE vanishes then so does that
of E/G.
The index maps naturally induce a diagram irk-theory

Ko(X) —————LKI(X/G)

N

which fails to commute by the above explicit sum of xed point contri-
butions for one-parameter subgroups. There are similar results the
equivariant cohomology oX due to Paradan([80] and the author [104],
based on earlier work of Witten[[100]: a natural diagram of equivaria
cohomology groups

Ho(X) ———LH(X/G)

P

fails to commute by an explicit sum of xed point contributions from
one-parameter subgroups. The rst explicit version of non-abelmalo-
calization is due to Je rey-Kirwan |51], and expresses the di erencas

a sum over certain xed point sets of the maximal torus. The versits
of Paradan, myself[[104], and Beasley-Witteri ][9] express the dier-
ence as a sum over critical points of the norm-square of the morhen
map. The left hand arrow in the diagram abgyve takes some work to
de ne: morally speaking it is de ned bya B g O but this is not
well-de ned for polynomial equivariant classes. Rather, the leftdnd
side must be de ned by a suitable limit procedure, either by taking
the leading term in Riemann-Roch, or (in the context of equivariant
de Rham cohomology with smooth coe cients) shifting by equivariant
Liouville form and taking the zero limit of the shift, see[[104]. From
this point of view, the K-theory approach is more natural.
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