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1. INTRODUCTION

These notes resulted from a set of lectures given at the school on Hamil-
tonian actions and invariant theory at Luminy in the Summer of 2009. The
topics center around the theorem of Kempf and Ness [29], which describes
the equivalence between the notion of quotient in geometric invariant theory
introduced by Mumford in the 1960’s [44], and the notion of symplectic quo-
tient introduced by Meyer [43] and Marsden-Weinstein [42] in the 1970’s. This
theorem has interesting applications to representation theory as well as many
generalizations, most interestingly to various infinite dimensional groups such
as the gauge group and the group of diffeomorphisms, so understanding the
finite-dimensional case is important for students in many areas of mathematics.

The proof of the Kempf-Ness theorem depends on the study of a certain
Kempf-Ness functional whose minima are zeros of the moment map. The con-
vexity of the Kempf-Ness functional plays an important role in the proof, as
well as in relations to geometric quantization discovered by Guillemin and
Sternberg [22]. Namely it corresponds to the “quantum” fact that “invari-
ant quantum states concentrate near zeros of the moment map”. Roughly
speaking these notes were written as an exercise in “just how far” one can
carry the convexity of the Kempf-Ness functional. For example, using convex-
ity I give alternative proofs of some of the results in Kirwan’s book [30] as
well as finite-dimensional versions of the properties of Harder-Narasimhan and
Jordan-Holder filtrations in geometric invariant theory; the latter appears in
the algebraic literature under the name of Hesselink one-parameter subgroups
[26] but the latter seems to have been undeveloped.

The text is interspersed with applications to existence of invariants in repre-
sentation theory, such as the problem of determining the existence of invariants
in tensor products of irreducible representations, and various techniques for
computing moment polytopes. For example, the last section describes Tele-
man’s improved version of quantization commutes with reduction [55] which
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also covers the behavior of the higher cohomology groups, and the non-abelian
localization formula which computes the difference between the sheaf coho-
mology of the quotient and the invariant cohomology of the action. Some
of the topics that I did not get around to treating are notably: Duistermaat-
Heckman theory, symplectic normal forms, localization theorems in equivariant
cohomology, and connections to classical invariant theory, to name a few.

2. ACTIONS OF LIE GROUPS

To establish notation we review the basics of Lie group actions.

2.1. Lie groups. A real resp. complex Lie group is a smooth real (resp. com-
plex) manifold K equipped with a group structure so that group multiplication
K x K - K is a smooth (resp. complex) map. The Lie algebra K is the space
of left-invariant vector fields on K, and may be identified with the tangent
space of K at the identity e [CH. The exponential map k - K is defined by
evaluating the time-one flow at the identity. Let T denote a maximal
torus. The Weyl group of T" is denoted W = N(T')/T. The Lie algebra k splits
under the action of 7" into the Lie algebra t plus a finite sum of root spaces
Ko, « CR(K) whereR(k) CE/{%1} is the set of roots and each kK, is identified
with a two real-dimensional representation of 7" corresponding to «. The ker-
nels of the roots divide t into a set of (open) Weyl chambers; given a generic
linear function on t there is a unique positive Weyl chamber t, on which the
function is positive.

2.2. Smooth actions and quotients. Let X be a smooth manifold. A (left)
action of K on X is a smooth map K x X - X, (k,x) B kx with the
properties that ko(kiz) = (kok1)x and ex = z for all ko, ky CH and = [CA.
A K-manifold is a smooth manifold equipped with a smooth K-action. Let
Xo, X1 be K-manifolds. A smooth map ¢ : Xg - X is K-equivariant if
o(kx) = ko(x) for all & CH, x [X,.

Both the Lie algebra and its dual are naturally K-manifolds: The adjoint
action of an element k& [H on the Lie algebra is denoted Ad(k) [End(kY).
The coadjoint action on its dual k¥ is denoted Ad” (k) := (Ad(k™!))V. The dual
tV of the Lie algebra t of the maximal torus admits a canonical embedding in
kY, whose image is the T-fixed point set for the coadjoint action of 7" on k.

The group K itself is a K-manifold in three different ways: the left action,
the (inverted) right action, and the adjoint action by conjugation Ad(ko)k; :=
kokiko!'. The exponential map exp : k - K is equivariant with respect to the
adjoint action on k and K.

Let X be K-manifold. Let Diff(X) denote the infinite-dimensional group of
diffeomorphisms of X and Vect(X) the Lie algebra of vector fields on X. The
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K-action induces a canonical group homomorphism
K - Diff(X), kB kx, kx(z) =kx

and a Lie algebra homomorphism

k - Vect(X), €5 &x, Ex(x) = %t:o exp(—t&)w.

The sign here arises because the Lie bracket is defined using left-invariant
vector fields which are the generating vector fields for the right action of the
group on itself, whereas our actions are by default from the left.

The orbit of a point x [X is the set Kx := {kx|k A} [XM. The
stabilizer of a point x XN is K, := {k [CH|kx = x}, its Lie algebra is the
set k, :={& KJEx(x) = 0} A (co)adjoint orbit is an orbit of the (co)adjoint
action of K on k resp. kV.

Let v : Ky - K; be a homomorphism of Lie groups and let X be a K-
manifold. The action of K; and the homomorphism % induce a Kjy-action on
X by kox := ¢(ko)x. The orbits of the K action are those of the Kj-action,
while the stabilizers (Ky), = ¥~ 1((K}),) are inverse images under ).

Let X be a K-manifold. A slice at x is a K, -invariant submanifold V' [X]
containing  and a smooth K-map K Xg, V — KV that is a diffeomorphism
onto its image. It follows from the existence of geodesic flows etc. that actions
of compact groups have slices. A quotient of a K-space is a pair (Y, 7) con-
sisting of a space Y and a K-invariant morphism 7 : X — Y such that any
other K-invariant morphism factors through 7. It follows from the existence of
slices that any free action of a compact group K on a manifold X has a man-
ifold quotient X/K; more generally if the action is not free then the quotient
exists in the category of Hausdorff topological spaces. (Strictly speaking one
should write the quotient on the left, since our actions are by convention left
actions. However, I find this rather cumbersome since in English X/K reads
“the quotient of X by K”).

2.3. Equivariant differential forms. Recall that a graded derivation of a
graded algebra A of is an operator D [CHnd(A)p such that D(apa;) =
D(ag)a; + (—1)Plleolgg D(a,) for homogeneous elements ag, a; AL The space
of graded derivations Der(A) forms a graded Lie algebra with bracket given by
the graded commutator: given graded derivations Dg, D; of degrees |Dyl, | D1],
define {Dy, D1} = DyD; — (—=1)IPollP Dy Dy,

Let X be a smooth manifold of dimension n. We denote by Vect(X) the
Lie algebra of smooth vector fields on X, with Lie bracket, and by Q(X) =
@), ¥ (X) the graded algebra of smooth forms on X. For any v [Vbet(X)
we have the derivations defined by contraction

L V(X)) > PLX)
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and Lie derivative
Ly : (X)) - QY(X).

Let d denote the de Rham operator, the graded derivation
d: Y (X) - @T(X)

such that df(v) = L,f,ddf = 0 for f CHF(X),v [Vect(X). The operators
Ly, Ly, d generate a finite dimensional graded Lie algebra of Der(Q2(X)) with
graded commutation relations for v, w [Vket(X),

{.} w L d
Ly 0 L[va} Lw
Lw Llw,w] L[w,v} 0 -
d L, 0 0

We denote by Z7(X) the space of closed forms Z7(X) = {a L (X)|da =
0} by B/(X) = {a C¥(X)|[BICH(X),d3 = a} the space of exact forms
and by H7(X) the de Rham cohomology

Hi(X) = Z/(X)/ B (X).

Suppose that X admits a smooth action of a Lie group K. Let Qg (X)
denote the space of K-equivariant forms

U(X) = @ Hom" (L (X)X, u(X) = PA(X)

2a+b=j

where Hom®(-)% denotes equivariant polynomial maps of homogeneous degree
a. The equivariant de Rham operator is defined by

die s Qe(X) » QN (X), (dr(@))(€) = (d + 1 ) (a(€)).
For any ¢ [Klwe have

(dka)(©) = d*(a(§)) + (texd + digy ) (a(€)) + (1) *((8))
)

Let Z}'((X ) resp. Bﬁ'{ denote the equivariant closed resp. exact forms. The
equivariant de Rham cohomology is

Hi(X) = Z3(X)/Bi(X),  Hg(X) = EBH?((X)-

In the case that that K action is free, Hx(X) is isomorphic to the cohomology
of the quotient, see for example Guillemin-Sternberg [20]:
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Theorem 2.3.1. Suppose that K acts freely on X. Then the pull-back map
QAX/K) - Qg(X) induces an isomorphism of cohomologies H(X/K) -
Hg(X).

If the action of K is not free, then Hg(X) plays the role of the de Rham
cohomology of the quotient, which in general does not exist as a smooth man-
ifold.

3. HAMILTONIAN GROUP ACTIONS

3.1. Symplectic manifolds. Let X be a smooth manifold. A symplectic form
on X is a closed non-degenerate two-form w [P (X). A symplectic manifold
is a manifold equipped with a symplectic two-form. A symplectomorphism
of smooth manifolds Xg, X; is a diffeomorphism ¢ : Xy, - X; with ¢p*w; =
wo. The simplest example of a symplectic manifold is R?*" equipped with the
standard two-form Z?Zl dg; Ldg;; Darboux’s theorem says that any symplectic
manifold is locally symplectomorphic to R?" equipped with the standard form.

There are simple cohomological restrictions on which manifolds admit sym-
plectic forms: Non-degeneracy of a two-form is equivalent to the non-vanishing
of the highest wedge power w" [COF"(X); if X is compact and w is symplectic
then the cohomology class [w"] = [w]™ must be non-zero, since its integral is
non-vanishing, which implies that the classes [w], [w]?, ..., [w]""! are also non-
vanishing. For example this argument rules out the existence of symplectic
structures on spheres except for the two-sphere, where any area form gives a
symplectic structure.

Symplectic manifolds provide a natural framework for Hamiltonian dynam-
ics. For any symplectic manifold (X,w) let Symp(X,w) [CDIff(X) denote the
group of symplectomorphisms and Vect®(X) [Vket(X) the Lie subalgebra
of symplectic vector fields v [Mect(X), Lyw = 0. To any smooth function
H [CCr°(X) is associated a symplectic vector field H# [Vbct®(X) defined by

Lgrw = dH.
In local Darboux coordinates, H# is given by Hamilton’s equations
g#_N~0H 0 _O0H 0
= 8}?] aq] aqj 8pj
hence the connection with physics. The image of C*°(X) in Vect®(X) is the
space Vect”"(X) of Hamiltonian vector fields. Thus a vector field v [Wect(X)
is symplectic resp. Hamiltonian iff the associated closed one-form ¢,w is closed

resp. exact. The Poisson bracket is the Lie bracket on C°°(X) defined by the
formula

(1) {Ho, H\} = w(H{ , HY ).
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The map H B —H7 extends to an exact sequence of Lie algebras
0 - HO(X,R) - COO<X) - VectS(X) - Hl(X,R) -0

where the Lie bracket on the de Rham cohomology groups H?, H'(X,R) is
taken to be trivial. In physics if the energy a classical mechanical system is
given by a function H [CA>(X) then its time evolution is given by the flow
of H#* [MMect(X). If K [CA®(X) is another quantity, such a component of
angular momentum, then {K, H} = Lg#H = —Ly+ K, so H is invariant under
the vector field generated by K iff K is conserved in time. This equivalence
is often called Noether’s theorem: for every symmetry of a system there is a
conserved quantity.

In particular in classical mechanics one often considers a particle moving
on a manifold (). The cotangent bundle X = TV possesses a canonical
symplectic structure: Let 7 : TVQ - @, (q,p) - ¢ the canonical projection.
The canonical one-form on TVQ is

o C(TYQ), gy (v) = p(D7gp(v)).

Local coordinates ¢, ..., g, on @ induce dual coordinates pq,...,p, in which
a = Z;‘:l p;dg;. It follows that that the canonical two-form on TV(Q given
by w = —da is symplectic. These forms are canonical in the sense that any
diffeomorphism @)y — @; induces an isomorphism TV(@Q, — TVQ; preserv-
ing the canonical one-forms, and so a symplectomorphism. Thus we get a
cotangent functor from (smooth manifolds, diffeomorphisms) to (symplectic
manifolds, symplectomorphisms). The Hamiltonian vector field H# defined
by H COP°(TVQ) is satisfies a( H#) = H.

The following are natural operations on symplectic manifolds:

(a) (Sums) Let (Xg,wp), (X1,wi) be symplectic manifolds. Then the dis-
joint union (Xo [CXl, wy [w]) is a symplectic manifold.

(b) (Products) Let (X;,w;) be symplectic manifolds, j = 0,1. Then the
product Xy % X; equipped with two-form mjwy + 7mjw; is a symplectic
manifold, where 7; : Xy < X; - X;,7 = 0,1 is the projection onto Xj.

(¢) (Duals) Let (X,w) be a symplectic manifold. Then the dual (X, —w) is
a symplectic manifold.

A Poisson bracket on a manifold X is a Lie bracket { , } : C®(X) %
C>®(X) - C*(X) which is a derivation with respect to multiplication of
functions, that is, {f, gh} = {f, g}h + ¢{f, h}. A Poisson manifold is a man-
ifold equipped with a Poisson bracket. A morphism of Poisson manifolds is
a smooth map ¢ : Xy — Xj such that {o*f,v*g} = ¥v*{f, g9} Given any
Poisson bracket on a manifold X, for each H [CA>®(X) the derivation {H, }
is equal to Ly# for some vector field H#. The span of the vector fields H#*
defines a foliation of X by symplectic leaves, each of which is equipped with a
symplectic structure so that (1) holds.
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Symplectomorphism is a very restrictive notion of morphism, since in par-
ticular the symplectic manifolds must be the same dimension. A more flexible
notion of morphism in the symplectic category is given by the notion of La-
grangian correspondence. (The discussion of correspondences is only used to
formulate the universal property for symplectic quotients; readers not inter-
ested in this can skip all discussion of correspondences and the symplectic
category.) Let (X,w) be a symplectic manifold. A Lagrangian submanifold of
X is a submanifold i : L — X with *w = 0 and dim(L) = dim(X)/2. Let
(Xj,w;),7 = 0,1 be symplectic manifolds. A Lagrangian correspondence from
Xp to X is a Lagrangian submanifold of X; >x X;. Let Ly; X} % X; and
Ly XTI x X, be Lagrangian correspondences. Let mp, denote the projection
from X, x X; x X; % X,. Then

Loy © Lyg == moa(Lo1 Xx, L12)

is, if smooth and embedded, a Lagrangian correspondence in X; > X, called
the composition of Ly, and Lqs.

Lemma 3.1.1. The graph graph(vo1) of any symplectomorphism 1o, from X
to Xy is automatically a Lagrangian correspondence, and if g1, 012 are two
such symplectomorphisms then graph(io © ¢12) = graph(t¢g;) © graph(ey2).

Proof. Let 1 : Xo -» X7 be a symplectomorphism, ¢ : graph(¢p;) - Xo > X3
the graph of 1; and 7, : graph(1p;) — X, the projections. Then (7 ')*t* (—wo+
wi) = —wp + Y§;wr = 0. The proof of the second claim is omitted. 0J

With this notion of composition, the pair (symplectic manifolds, Lagrangian
correspondences) becomes a partially defined category, with identity given by
the diagonal correspondence. The partially defined composition leads to an
honest category, obtained by allowing sequences of morphisms, as follows:

Definition 3.1.2. A generalized Lagrangian correspondence from X, to Xy is a
sequence of Lagrangian correspondences Loy, L1, . . ., Ln—1)m Where Xy = Xj
and X,, = X;. Composition of generalized Lagrangian correspondences is
defined by concatenation of sequences. Fquivalence of generalized Lagrangian
correspondences is generated by the relations

(2) (Lot, Lna, - -+, Li—vyis Liit1), - - - Lan—1)m)
mm, Ly, ... aL(ifl)i °© Li(i+1)a e L(mfl)m)

if the composition is smooth and embedded. The symplectic category is the cat-
egory of (symplectic manifolds, equivalence classes of generalized Lagrangian
correspondences) where composition is defined by concatenation of sequences
(or geometric composition, if defined) and the identity is the diagonal corre-
spondence.
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For example, a Lagrangian submanifold of a symplectic manifold X defines
a morphism from a point to X. The trick used above is fairly standard and
is similar to the definition of various derived categories in algebraic geometry
where morphisms are defined as equivalence classes of diagrams.

3.2. Hamiltonian group actions. Let K be a Lie group acting smoothly on
a manifold X. The action is symplectic if it preserves the symplectic form, that
is, kx CSImp(X,w) for all k& A, infinitesimally symplectic if £x [TVbet®(X)
for all ¢ Kl and weakly Hamiltonian if £&x [Mect"(X) for all ¢ K A
symplectic K-manifold is a symplectic manifold equipped with a symplectic
action of K.

Let (X, w) be a symplectic K-manifold. The action is Hamiltonian if the map
k - Vect(X), £ B & lifts to an equivariant map of Lie algebras k - C*(X).
Such a map is called a comoment map. A moment map is the corresponding
map ® : X - kY, satisfying

(3) e, w = —dld, 01 [EACK

Ezample 3.2.1. Let K =V be a vector space acting on X = TVV by trans-
lation. A moment map for the action is given by ®(q,p) = p, that is, by the
ordinary momentum, hence the terminology moment map.

The notion of moment map was introduced in independent work of Kirillov,
Kostant, and Souriau, in connection with geometric quantization and repre-
sentation theory. See [9] for a discussion of the history of the moment map
and the relationship of the work between these authors. Unfortunately there
is no standard sign convention for (3); our convention agrees with that of Kir-
wan [30]. More generally, if X is a smooth manifold equipped with a closed
two-form w and an action of K leaving w invariant, then we say that ® is a
moment map if (3) holds.

A Hamiltonian resp. degenerate Hamiltonian K -manifoldis a datum (X, w, @)
consisting of a symplectic K-manifold (X,w) resp. smooth K-manifold X
equipped with an invariant closed two-form w, and a moment map ® for the
action. Let (X, wp, ®g) and (X7, ws, P1) be Hamiltonian K-manifolds. An iso-
morphism of Hamiltonian K-manifolds is a symplectomorphism ¢ : (Xo,wp) —
(X1, w;) such that p*®; = ®.

A simple example of a Hamiltonian action is the rotation action on the two-
sphere; this example is closely related to Archimedes’ computation of the area
of the two-sphere, as we know explain. Let X = S? embedded as the unit
sphere in R®. Let v = 24 +y5- + 25 [Vbct(R?) be the gradient of 72/2 with
respect to the standard metric on R3. The two form

w = t,dr [dy Cd} = xdy [dt — ydx [CdE + zdx [dy

is a symplectic form on S2, invariant under rotation on R3.
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Proposition 3.2.2. A moment map for the action of S* on S? by rotation

clockwise around the z-axis is given by (x,y,z) B z, under the identification
of the Lie algebra of S* and its dual with R.

Proof. The generating vector field for £ =1 is {x = —xa% + ya%. A computa-
tion shows that ¢, w = —dz. O]

To relate this to Archimedes’ formula, note that if r, 0, z are cylindrical coor-
dinates on R3, then Low = dz and so w = dzdf. Thus

Corollary 3.2.3 (Archimedes). The area of the unit two-sphere between any
two values z1,z, L (F1,1) of z is the same as the area of the cylinder S* %
[—1,1] between those two values, 27(z9 — 2z1).

In particular (and this is the result reported by Cicero to be inscribed on
Archimedes tombstone) the area of the unit two-sphere S? is equal to the area
of the cylinder S* x [—1, 1], namely 4.

e

~
A\

N
AN

>
FIGURE 1. S! x [—1,1] has the same area as S*

We can deduce from the moment map for the circle action the moment map
for the full rotation group SO(3) as follows. We identify so(3) — R? so that
the infinitesimal rotation around the j-th basis vector e; maps to e;.

Corollary 3.2.4. The action of SO(3) on S* has moment map the inclusion
S? . R3.

Proof. By symmetry, moment maps for the rotation around the other two axes
are given by (x,y,z) B z resp. y. Hence the inclusion satisfies the equation
(3). In addition @ is equivariant and so defines a moment map. O

The following are natural operations on Hamiltonian K-manifolds:

Proposition 3.2.5.  (a) (Sums) Let (Xo,wo, Do), (X1, w1, P1) be Hamilton-
wan K -manifolds. Then the disjoint union Xo [LXly is a Hamiltonian
K-manifold, equipped with moment map &y LD} .

(b) (Ezterior Products) Let (X;,w;, ®;) be Hamiltonian K;-manifolds, j =
0,1. Then the product Xy > Xi is a Hamiltonian Ky % Ki-manifold,
equipped with moment map wi®y X w7 P, where m; : XoxX X1 - X, 7 =
0,1 is the projection onto X;.
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(¢) (Duals) Let (X,w,®) be a Hamiltonian K-manifold. Then the dual
(X, —w,—®) is a Hamiltonian K-manifold.

(d) (Pull-backs) Let p : Ko - Ki be a homomorphism of Lie groups, and
(X, w, ®) a Hamiltonian Ki-manifold. The Lie algebra homomorphism
Dy : kg — ki induces a dual map DY : ki - kyj. The action of K
induced by ¢ has moment map D" o ®.

(e) (Interior products) Let (X;,w;, ®;) be Hamiltonian K-manifolds, j =
0,1. Then the product Xq > X, is a Hamiltonian K-manifold, equipped
with moment map w3y @y + 77 P1. This is a combination of the previous
two items, using the diagonal embedding kK — K X K whose adjoint is

K <k - kY, (&,&) B &+ &

In the remainder of the section we explain two other ways in which moment
maps can be naturally interpreted. The first is closely related to the notion
of equivariantly closed differential form introduced in Section 2.3, see Atiyah
and Bott [5]:

Proposition 3.2.6. Let (X,w) be a symplectic K-manifold. There exists a
one-to-one correspondence between moment maps for the action of K, and
equivariantly closed extensions of w TP (X) to Q3%(X).

Proof. Since Q2.(X) L0} X)X [CHam(k, Q°(X))" any extension in Q2 (X) is
equal to w + @ for some ® [Map, (X, k") =Hdbm(k, Q°(X))X. The extension
if equivariantly closed iff 0 = dg(w + @) = (dw, te,w + [A, 0] Since w is by
assumption closed, dg(w + ®) = 0 iff ® is a moment map. O

More generally one can speak of Hamiltonian actions on Poisson manifolds.
The dual k¥ of the Lie algebra k has a canonical Lie-Poisson bracket, C*°(kY) <
C>*(kY) - C*°(kY) with the property that {&,n} = [{,n] for &,n CK A
Poisson moment map for a K-action on a Poisson manifold X is a Poisson map
® : X 5 kVY. A Hamiltonian-Poisson action is a Poisson K-action equipped
with a Poisson moment map. Any Poisson moment map induces an ordinary
moment map on its symplectic leaves. In particular the coadjoint action is
Poisson-Hamiltonian with moment map the identity, and the symplectic leaves
are the coadjoint orbits. Thus as observed by Kirillov, Kostant, and Souriau,

Proposition 3.2.7. Any coadjoint orbit KA\, K of K has the canoni-
cal structure of a Hamiltonian K-manifolds with moment map given by the
inclusion KA - kY.

The second interpretation of a moment map is closely related to the notion
of linearization of an action, as we now explain. Suppose that L - X is a
Hermitian line bundle with unit circle bundle Ly, the circle group U(1) acts
on L; by scalar multiplication. Let o [ (L;)Y™ be a connection one-form
with curvature w COF(X). The group Aut(L, ) of unitary automorphisms of
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L preserving a naturally maps to the symplectomorphism group Aut(X,w) of
X, defining an exact sequence
A linearization of the action of K on X is a section Aut(X,w) - Aut(L, a).

Proposition 3.2.8. Let X be a K-manifold, w TP (X) a closed invariant
two-form, and L - X a Hermitian line-bundle with connection whose curva-
ture is equal to w. The set of moment maps ® for the K -action is in one-to-one
correspondence with the set of linearizations of the action of K.

Proof. Let @ : L, » X denote the projection. Given a lift k — Vect(L)V(®),
define a moment map ® : X — kY by [@(z), £[3F= (a(€)) (1), for any | Cal!(x),
independent of the choice of [. Then

mrdld, 0= d(a(¢r)) = deg all) = (L, — g, d)a
= Leo— g, mTw=—T 1w,
By definition ® is equivariant, and so defines a moment map. Conversely, given
a moment map define &, [Mect(Ly)% by [@(z), 3= ((€L))(1). Then the

same computation shows that Le, « = 0. Now given £, n [Klthe vectors [£,7]L
and (£, m;] agree up to a vertical vector field. To see that they are equal, note

(€ me]) = [Ley, tnyJo = 7" L, W, L3 7" [0, €, ] L= ([, m]1).
So £ B &, defines a lift of k - Aut(X,w) to Aut(L, a). O

The following is immediate from the definitions:

Proposition 3.2.9. Suppose that v+ X is a K-fized point, and ® is the
moment map induced by a lift of the action to a Hermitian line bundle with

connection L. Then exp(§),& [Kacts on the fiber L, via exp(i[d(zx),£01.

In other words, the value of the moment map at a fixed point determines the
action of the group on the fiber over that point.

The notion of isomorphism requires the Hamiltonian K-manifolds to be the
same dimension. A more flexible notion of morphism uses invariant Lagrangian
correspondences (again, readers not interested in universal properties of quo-
tients may skip this discussion):

Definition 3.2.10. Let X be a Hamiltonian K-manifold with moment map ® :
X - kY. A K-Lagrangian submanifold is a K-invariant Lagrangian submani-
fold on which ® vanishes. If (X}, w;, ®;) are Hamiltonian K-manifolds, then a
K-Lagrangian correspondence is a K-Lagrangian submanifold of X < X;.

For example,

(a) the graph of any isomorphism of Hamiltonian K-manifolds is a K-
Lagrangian correspondence.
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(b) Suppose that (X, w, ®) is a Hamiltonian K-manifold and K acts freely
on ®1(0). We denote by L X~ x (X//K) the image of ®~1(0)
under ¢ X p. Then Lg is a Lagrangian correspondence.

Allowing sequences of K-Lagrangian correspondences gives a category of (Hamil-
tonian K-manifolds, equivalence classes of generalized K-Lagrangian corre-
spondences) as in Definition 3.1.2.

3.3. Symplectic quotients. Naturally one would like a notion of quotient
of a Hamiltonian K-manifold, which should be an object in the symplectic
category. It is easy to see that the most naive definition, of the actual quotient,
is unsatisfactory for several reasons. For example, even if the action is free,
then the quotient will not necessarily have even dimension, and so may not
admit a symplectic structure. Also the action will not in general be free, and
so the quotient will not even have the structure of a manifold.

The construction of Meyer and Marsden-Weinstein is free of these problems,
at least under suitable hypotheses: Let (X, w, ®) be a Hamiltonian K-manifold
with moment map ® : X — kY. The symplectic quotient is defined by

XK :=®10)/K.

Theorem 3.3.1 (Meyer [43], Marsden-Weinstein [42]). If K acts freely and
properly on ®~1(0), then XJ/K has the structure of a smooth manifold with a
unique symplectic form wy satisfying i*w = p*wy, where i : ®1(0) - X and
p:®10) - X//K are the inclusion and projection respectively.

The proof depends on the following:

Lemma 3.3.2. (a) Im D,® = ann(k,)
(b) Ker D, ® = {{x(x), & CKF-.

Proof. (a) We have [D,®(v),n= w,(v,nx(x)) which vanishes for all v iff
nx(z) = 0. (b) The same identity shows w,({x(z),v) = 0 for v Ckér D, P, so
the left-hand-side of (b) is contained in the right. Equality now follows by a
dimension count, using (a). O

Proof of Theorem. By part (a) of the Lemma, the pull-back i*w vanishes on
the orbits of K, and so descends to a form wy on X//K. Part (b) shows that
wp is non-degenerate. Since p*dwy = di*w = i*dw = 0, wy is closed, hence
symplectic. O

The symplectic quotient defined above satisfies the following universal prop-
erty for quotients in the category of Hamiltonian K-manifolds where a mor-
phism is an equivalence class of sequences of K-Lagrangian correspondences:

Theorem 3.3.3. Suppose that X is a Hamitonian K-manifold. IfY is a sym-
plectic manifold with trivial K-action, then any K -Lagrangian correspondence
from X toY factors through X/ K.
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Proof. Suppose for simplicity that the morphism consists of a single corre-
spondence L. [N~ x Y. By definition of K-Lagrangian correspondence,
L C@!'(0) xY. Since K acts freely on ®~1(0), L/K is a submanifold of
XK %Y and is easily checked to be Lagrangian. Then L = L/K o Ls. O

Unfortunately the generalization of this fact to arbitrary morphisms in the
symplectic category requires rather complicated freeness assumptions.

An interesting example of symplectic quotients, which will be related to the
invariant theory of SL(2,C) in the next section, is that of products of spheres.
Let Ay,..., A\, be positive real numbers and X = S} % ... x S} | where S3
denotes the unit two-sphere with invariant area form re-scaled by .

Lemma 3.3.4. The group K = SO(3) acts diagonally on X with moment
map ® : X - k* @, (1, ..y xn) B 21 4. .o+ 2.

Proof. By 3.2.4 and 3.2.5 (e). O

Its symplectic quotient is the moduli space of closed n-gons with lengths

My A
XSO = {(x1, ..., ) CIR)" | 2N, a1+ ... + 2 = 03/SO(3).

Its topology depends on the choice of \q,..., \,, see for example Hausmann-
Knutson [24]. In general there are a finite number of “chambers” in wihch

the topology of X//SO(3) is constant. The chambers in which X//SO(3) is
non-empty is described by the following:

Proposition 3.3.5. X//SO(3) is non-empty iff \; < >, ;N for all j =
1,...,n.

Proof. For n = 3, these are the triangle inequalities. For n > 3, we assume
without loss of generality that A\; = ... = \,. Then the inequalities above are
equivalent to the single inequality A\ < Ay + ...+ \,. One checks that there
exists j so that [Ao + ...+ X; = Xjy1 — ... — A;] < Ay, Then the general case
follows from that for n = 3. O

Note the relation to the Clebsch-Gordan rules for the tensor product of
simple SU(2)-modules, to which we will return later.

We end the section by mentioning the relationship of the notion of symplectic
quotient with that of a Hamiltonian-Poisson action. Suppose that X is a
Hamiltonian-Poisson K-manifold such that K acts freely. The restriction of
the Poisson bracket to C*(X )X defines a canonical Poisson structure on X/K.
Then X/ K is a symplectic leaf on the smooth locus in X/ K [3]; the other leaves
are symplectic quotients at other coadjoint orbits, discussed in Section 8.



MOMENT MAPS AND GEOMETRIC INVARIANT THEORY 15

3.4. Fubini-Study actions. Kahler manifolds are complex manifolds with
symplectic structures that are compatible, in a certain sense, with the sym-
plectic structure. An almost complex structure on a manifold X is an endo-
morphism J [HEnd(7TX) with J> = —I. An almost complex structure J is
compatible with a symplectic structure w if w(-,J-) CSym?*(T*X) is a Rie-
mannian metric. Any symplectic manifold admits a compatible almost com-
plex structure; a Kahler manifold is a symplectic manifold equipped with an
integrable compatible almost complex structure.

Affine and projective space have natural Fubini-Study Kéahler structures,
and so their complex submanifolds inherit symplectic structures and provide
many examples of symplectic manifolds as well as Hamiltonian actions, if the
varieties are stable under a group action. Let V' be a complex vector space.
Any Hermitian structure () : V%V - C defines a symplectic structure on
V' via its imaginary part,

Wy (v1,v2) = Im(vy, va).

while its real part gives a Riemannian metric on V. Let K be a Lie group acting
on V. If K preserves the Hermitian structure then the action is symplectic
and a canonical moment map is given by

[dy (v), £ Im(v, Ev) /2.

In particular taking K = Sp(V,w) is the group of linear symplectomrphisms
of V' then the map ¢ B [@y,{[Hefines an isomorphism of the Lie algebra
sp(V,w) with Sym?(VY), analogous to the isomorphism of the orthogonal Lie
algebras o(V, g) with A%(V). The Lie algebra structure induced on Sym?(V')
is the Poisson bracket.

More explicitly suppose that K = S!, and acts on V' = C" with weights
ai,...,a,. If the Hermitian structure on V is the standard one then the
moment map on V' is Hamiltonian with moment map

(21,0 m) = Y —ajz)*/2

Jj=1

In particular, if K acts by scalar multiplication then the moment map is
D(z1,...,2,) =— Z |2;]% /2.
j=1

The symplectic quotient V//S* is a point. If we shift the moment map by a
scalar, @, = ® + ¢, then the symplectic quotient is

Vst = {i |2;|%/2 = c} /St
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which naturally identifies with the projective space P(V') of lines in V.

As a special case of the Meyer-Marsden-Weinstein theorem, projective space
P(V') naturally has a symplectic structure, called the Fubini-Study symplectic
form wp(yy, given as follows: The tangent space to P(V) at v U naturally
identifies with the Hermitian orthogonal to span(v). Then

Im(vy, v9)
w]P(V),v(Ula Uz) = (v, v)

If z1,..., 2, are coordinates corresponding to a unitary basis then
—1 2?21 de Iﬂj
23 51 %%
If K acts on V preserving the Hermitian structure, then it commutes with

the action of S'. As a special case of Meyer-Marsden-Weinstein, the induced
action on P(V) is also symplectic, and has canonical moment map

[ (0), €3 Tm (v, £0)/ (0, v).

Suppose that K = S!, and acts on V with weights a4, ..., a,. The action of
K on P(V) is Hamiltonian with moment map

> —ajlzl?/2
> i lzlP2

WP(V),z =

(4) Ppvy (21,05 20) =

Returning to the general case, we note:

Proposition 3.4.1. Let K act on V preserving the Hermitian structure. Any
smooth invariant subvariety X [IPQV') inherits the structure of a Hamiltonian
K -manifold from P(V).

Proof. It suffices to check that the restriction of wp(y) to X is non-degenerate,
which holds since wp(v(v, Jv) > 0 for v [TLX, Jv [CTLX since T, X is J-

invariant. ]

3.5. Geometric quantization. In this section we give a brief explanation of
the philosophy of geometric quantization in which one tries to use a Hamil-
tonian K-manifold (the space of some classical system) to construct a K-
representation (the space of states of the corresponding quantum system).
More details may be found in, for example, Guillemin-Sternberg [19].
Suppose that @ is a manifold, and TV () its cotangent bundle. One thinks of
TV(Q as the space of classical states for a particle moving on @), with a vector
in TqV @ representing the momentum. In quantum mechanics, such a classical
state is replaced by a quantum wave-function ¢ [IF(Q), whose norm-square
|1 (q)]* represents the probability of finding the particle at position g, if its
position is measured. Classical observables, that is, functions on TV, are
promoted by various quantization procedures (for example, Weyl quantization)
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to operators on L?(Q). Notice that the construction of L?(Q) from TVQ can
be done in two steps: first cut down the number of directions by half, then
pass to functions.

One can try to extend this “quantization procedure” to arbitrary symplec-
tic manifolds (X, w) as follows. A Lagrangian distribution resp. complez La-
grangian distribution is a subbundle P [ TIX resp T'X [x @ such that each
fiber P, is a Lagrangian subspace of T, X resp. complex Lagrangian subspace
of T,X [ @. A polarization is a Hermitian line bundle L with connection
[Csukh that the curvature of [Hsleurv( O =2 (27/i)w. A quantization datum
resp. complex quantization datum consists of a Lagrangian distribution resp.
complex Lagrangian distribution together with a polarization. The original lit-
erature on geometric quantization uses polarization to refer to the Lagrangian
distribution. This conflicts with the use of polarization in the geometric invari-
ant theory literature, which we have adopted. The geometric quantization of
(X, w, P, L, O34 the vector space of smooth sections of L which are covariant
constant with respect to [albng P:

H(X,w) = {o CI1L), Gk 0 ICA).

We ignore the problem of defining a Hilbert space structure on H(X,w), see
[19] for more details.

A special case where quantization be carried out is the case that X is
a complex variety equipped a K-action leaving the complex structure in-
variant and a linearization Oy (1) equipped with an action of K. A La-
grangian distribution is provided by the antiholomorphic directions on X, that
is, P=T%"X [TK [@. One obtains a pre-quantum datum by choosing a
K-invariant Hermitian structure on Ox(1); since K is compact such a struc-
ture always exists. Then the space of quantum states is simply

H(X,w) = H(X,0x(1)).

Ezample 3.5.1. Let X = S? with the d times the standard symplectic form, so
that the moment map maps X onto [—d,d]. Then Ox(d) is a polarization of
X, so that H(X,w) = H°(X,Ox(d)) is the space of homogeneous polynomials
in two variables of degree d. Note that the C*-weights on H(X,w) are {d,d —
2,d —4,...,—d}, which are the intersections points of the image ®(X) with
the lattice d + 2Z

The geometric quantization procedure (X,w) B H(X,w) behave as follows
under the operations on symplectic manifolds (which we must assume to be
equipped with, for example, Kahler structures and linearizations, in order for
the quantization procedure to be defined)

(a) (Duals) If X~ denotes the dual of X, then if .J is a compatible complex
structure for X then —J is a compatible complex structure for X . If
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P = T%'X then P = T%'X~. Furthermore, L with connection —c
is naturally a polarization for X~. Thus H(X,—w) is the space of
complex-conjugates of sections of L, which is naturally identified with
the dual of H(X,w).

(b) (Sums) If Xy, X; are smooth projective G-varieties, then H(X, [CX}) =

H(Xo) [HLX,).
(C) (PI‘OdUCtS) H(X() X Xl) = H(Xo) I:E:(Xl)

Unfortunately there is no good geometric quantization scheme for arbitrary
symplectic manifolds. The problem of finding good schemes for say, coad-
joint orbits of real Lie groups or moduli spaces of flat connections have vast
literatures attached to them.

4. GEOMETRIC INVARIANT THEORY

4.1. Complex reductive groups. Let G be a complex linear algebraic group.
G is called reductive iff every G-module splits into simple G-modules, or equiva-
lently, if GG is the complexification of a compact Lie group K. A Borel subgroup
a reductive group GG is a maximal solvable subgroup B [_Gl The following
may be found in, for example, Borel [10]: Any Borel subgroup is necessarily
normal and all Borel subgroups are conjugate. Thus the set of Borel subgroups
is in bijection with set of right cosets G/B, called the generalized flag variety
for G. A subgroup P [CGlis parabolic if G/P is complete. A subgroup P is
parabolic if and only if it contains a Borel subgroup. Any parabolic subgroup
P is normal. The quotient G/ P is called a generalized partial flag variety.
We introduce some notation for the root decomposition of the Lie algebra g.
Let T' be a maximal torus of G. We denote by W = N(T')/T the Weyl group
of T'. The action of T on the Lie algebra g induces a root space decomposition

g:t@ Ja

a€R(g)

where T acts trivially on t and on g, by t£ = t*¢. Here R(g) [I1 is the
set of roots of g and for ¢ [Tlwe define exp(£)® := exp(2mia(§)). Given a
choice of positive Weyl chamber define Borel subgroups B* whose Lie algebras
contain the positive resp. negative root spaces of g. Each A\ [ determines
standard parabolic subgroups P/\i with Lie algebra pf =b* + @(ha, N=0 Yo and
any parabolic subgroup (in particular, any Borel) is conjugate to a standard
parabolic subgroup.

If G is connected then the generalized flag variety X = GG/B~ has a canonical
decomposition into Bruhat cells

(5) X= |J X.. X,:=BwB /B

wEW/W)\
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We denote by z,, = [wB~/B~] the unique T-fixed point in X,,. The codi-
mensions of the cells are given by codim(X,) = [(w), the minimal number of
simple reflections in a decomposition of w. There is a similar decomposition
of any generalized flag variety X = G /Py into cells X,, indexed by W/W,.

In the special case G = GL(r), the Weyl group W is the symmetric group
and a Borel subgroup is the group B of invertible upper triangular matrices. If
A =diagi(1,...,1,0,...,0) has rank s then P, is the set of matrices preserving
the subspace C°* CO1LCQ@. The quotient X = G/P, is isomorphic to the
Grassmannian G(s,r) of s-dimensional subspaces of C". The quotient W/W,
is natural identified with the set of subsets I [, ..., 7} of size s via the map
wB w{r—s+1,...,r}. Let F; [CF} 1 [CFE] = C" denote the standard
flag in C". Then the Bruhat cell has closure the Schubert variety

X;={F Cd(s,r),dim(En F)=j,j=1,...,5}

4.2. Algebraic group actions and quotients. Let G be a complex reduc-
tive group. An action of G on X is a morphism G % X such that g;(gex) =
(9192)x and ex = z, for all ¢1,9o A,z CN. A variety X equipped with a
G-action is called a G-variety.

An (étale) slice for the action of G on X is an affine subvariety V' and a
G-morphism G X5, V' - X that is an isomorphism (étale morphism) onto a
neighborhood of X. In contrast with the case of compact group actions, it is
easy to see that reductive group actions do not in general have slices. Luna’s
slice theorem [39] asserts that any closed orbit of an action on an affine variety
has an étale slice.

A categorical quotient of X by G is a pair (Y, 7) where Y is a variety and
m: X - Y is a G-invariant morphism that satisfies the universal property for
quotients: if f : X - Z is a G-invariant morphism then f factors uniquely
through Y. Y is a universal categorical quotient if for any morphism Y’ - Y,
the pair (Y, p: X Xy Y”) is a categorical quotient of X %, Y. A good quotient
is a pair (Y, 7) where

(a) m: X - Y is G-invariant, affine, surjective,

(b) if U [Y1is open then R(U) —» R(71(U))Y is an isomorphism

(c) If W4, Wy are disjoint closed G-invariant subsets of X then 7w(W;), m(Ws)
are disjoint closed subsets of z.

A good quotient is automatically a categorical quotient. A geometric quotient
is a good quotient that separates orbits.

4.3. Stability conditions. Let G be a complex reductive group and X a G-
variety. A polarization of X is an ample G-line bundle Ox(1). Its k-th tensor



20 CHRIS WOODWARD, RUTGERS UNIVERSITY, NEW BRUNSWICK

power is denoted Ox (k). The graded ring associated to X is
R(X) = D H(X, Ox (k)

k>0
The action of X induces an action on R(X) by pull-back. We denote by
R(X)Y [CH(X) the subring of invariants. Of course R(X)% contains the
constant functions R(X )o; we denote by R(X)%, the part of R(X)® of positive
degree.

Definition 4.3.1. A point z [X is

(a) semistable if s(z) B 0 for some s CR(X)S,.

(b) polystable if x is semistable and the orbit of x in the semistable locus is
closed.

(c) stable if x is polystable and has finite stabilizer.

(d) unstable if = is not semistable.

Example 4.3.2. Suppose that G = C* acts on P(V') by g[z0, 21, 22] = [¢7" 20, 21, 922)-
Then R(X)y is spanned by z3°2{1 24> with dy + dy + dy = d, which has weight

dy — dy under C*. Thus the invariant sections have dy = dy. One sees easily
that x is

(a) semistable iff x 8 [1,0,0],[0,0, 1]

(b) polystable iff x L0, 1, 0]} ko, 21, 22]]2022 & 0}
(c) stable iff & Tz, 21, 29]|2022 B 0}

Let X® resp. XP° resp X® resp. X" denote the semistable resp. polystable
resp. stable resp. unstable locus. We will need the following alternative char-
acterizations of poly resp. semistability, see Mumford [44] or Brion’s lectures
in this volume:

Lemma 4.3.3. Let X [PQV) be a G-variety.

(a) x is polystable iff the orbit of a lift v in V is closed.

(b) x is semistable iff the orbit Gv of a lift v [ does not contain 0.
Define an equivalence relation on orbits as follows:

Definition 4.3.4. Orbit-equivalence is the equivalence relation on X*° gener-

ated by zo Cz iff Gog n Gay n X 8 [

Proposition 4.3.5. The closure Gz of any semistable x contains a unique
polystable orbit. Hence two orbits Gxy, Gxy are orbit-equivalent iff their clo-
sures contain the same polystable orbit.

See Theorem 5.5.9 for an analytic proof. The following is the main result of
geometric invariant theory [44]:

Theorem 4.3.6 (Mumford). Let X [CIPQV) be an irreducible G-variety.
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(a) There exists a categorical quotient ™ : X% - X//G.

(b) There exists an open subset U [T_N//G such that 7=Y(U) - U is a
geometric quotient.

(c) The topological space underlying X /G is the space of orbits modulo the
orbit-closure relation X*/ 1

(d) X//G is isomorphic to the projective variety with coordinate ring R(X)%.

4.4. The Hilbert-Mumford criterion. The Hilbert-Mumford criterion gives
a method for explicitly identifying the semistable loci defined in the previous
section:

Theorem 4.4.1. Let X [P1V) be a G-variety. x [N is semistable iff x is
semastable for all one-parameter subgroups.

One direction of the Hilbert-Mumford criterion is trivial: Let X [PIV) be
a G-variety. Suppose that x is G-semistable, so that there exists s CR(X)Y,
with s(z) B 0. Then s is also invariant for any one-parameter subgroup,
hence x is semistable for any one-parameter subgroup. The other direction is
somewhat harder; the proof given in Mumford [44] uses a somewhat difficult
theorem of Iwahori. We will give an alternative analytic proof using the Kempf-
Ness functional in Section 7.2.

Ezample 4.4.2. Let X = (PY)" and Ox(1) = Op(1)®" the n-fold exterior
tensor product. Let G = SL(2,C) acting diagonally. We wish to show
(a) X ={(z1,...,2,) CPH™, at most n/2 points equal}.
(b) X* ={(z1,...,2,) C@P")", less than n/2 points equal}.
(c) XP*— X5 = {(x1,...,2,) CX® #{z1,...,2,} = 2}. In other words,
n/2 are equal and the other n/2 are also equal.

Indeed, if z;, w; are the coordinates on the j-factor then H°(Ox(d)) is spanned
by 2twd= M zdnapd=dn swhere d; []0,d),j = 1,...,n. If C* CGlis the stan-
dard maximal torus given by g B diag(g,g~') then H°(Ox(d))® is spanned
by the polynomials 2" wd™" ... zdnd=dn with > dj =5 d—dj, that is,
> (d;/d) = n/2. Since d;/d ], 1], this means that at least n/2 of the d;’s are
non-zero. Thus ([z1,w1], ..., [2n, wy]) is C*-semistable iff at most n/2 2} and at
most n/2 w;’s equal zero. Repeating the same for an arbitrary one-parameter

subgroup ( or equivalently, basis for C?) proves the claim.

Ezample 4.4.3. More generally, suppose that X = (P!)" is equipped with the
line bundle Ox (1) := X! ,Op:(A;). Then z = (x4,...,z,) is semistable iff for

all z [P1,
=) N

T;=x TiFT

For future use we mention the following corollary of the Hilbert-Mumford
criterion and Lemma 4.3.3:
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Corollary 4.4.4. Let G be a reductive group acting linearly on a vector space
V. For any v LW, Gv contains 0, if and only if the C*v contains O for some
one-parameter subgroup C* LGl

Remark 4.4.5. This proposition does not hold for arbitrary (that is, not linear)
actions resp. arbtrary points. An example I learned from Brion: Let X =
P(S3(C?) LC) with the action induced from the action of SL(2,C) on C* and
the trivial action on C. Identifying S3(C?) with homogeneous polynomials in
two variables u, v, one sees that the orbit of u?v contains the orbit of u3, but
the stabilizer of the latter is a maximal unipotent subgroup of SL(2,C) and so
does not contain a copy of C*. Thus u?v cannot be contained in the orbit of a
one-parameter subgroup. On the other hand, the lemma is true for arbitrary
actions of abelian groups, as follows from, for example, a convexity theorem
of Atiyah Theorem 8.2.1 below.

5. THE KEMPF-NESS THEOREM

5.1. Complexification of Lie group and their actions. We begin with
some basic remarks on the relation between complex and compact group ac-
tions. Any compact Lie group K admits a complezification GG, that is, a com-
plex Lie group G containing K as a real subgroup, and whose Lie algebra g
is equal to k [ZK] The complexification G satisfies the universal property that
any Lie group homomorphism from K to a complex Lie group H extends to a
complex Lie group homomorphism from G. The complexification G admits a
Cartan decomposition, a diffeomorphism

Kxk - G, (k& DB kexp(if).

If X is a compact complex manifold then the group Aut(X) of automor-
phisms is a complex Lie group, with Lie algebra given by the space H°(X, T X)
of holomorphic vector fields on X, see for example Akhiezer [2]. Any action
of a compact group K therefore extends to the complexification G by the
universal property of the complexification. By a compact Kahler Hamilton-
1an K-manifold we mean a compact Hamiltonian K-manifold equipped with
an integrable K-invariant complex structure; the K-action automatically ex-
tends to a G-action preserving the complex structure but not the symplectic
structure. By the Kodaira embedding theorem, a compact Kahler Hamilton-
ian K-manifold is isomorphic as a complex G-manifold to a smooth complex
algebraic G-variety if the symplectic form is rational. However, the symplectic
form may not be the pull-back of the Fubini-Study form under any holomorphic
embedding of X, see for example Tian [56].

The example of flag varieties will be particularly important later and we
briefly describe these actions from the algebraic and symplectic points of view.

Let V be a vector space. A partial flagin V is a filtration F' = (F; [F] 1 |
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F,, ). The type of F is the sequence of dimensions dim(F}) < dim(F3) <
... < dim(F,,). Given a sequence t = (t; < ... < t,,) we let F1(¢, V) denote the
set of partial flags of type t. The general linear group GL(V') acts transitively
on F1(t, V') with stabilizer the parabolic subgroup of transformations preserving
the filtration. A GL(V)-equivariant canonical projective embedding of F1(¢, V')

is given by choosing a basis vy,. .., v, so that vy,..., v is a basis for F} for
each 7 =1,...,m, and mapping
FI(t,V) - [[P(A“V), FB J]AL v
j=1 j=1

Once we fix a Hermitian metric on V, any partial flag induces a Hermitian
splitting

V=F, Iﬂ:tznﬂjl_) I:Et3ﬂFt§)"'nthnFtt,1

and such splittings are in one-to-one correspondence with flags. Equivalently,
once we choose real numbers Ay > ... > A, then we obtain a skew-Hermitian
operator H on V' acting by iA; on Fy, n Fti .» and conversely, any such Her-
mitian operator determines a splitting via its eigenspace decomposition. The
unitary group K = U(V) acts transitively on the space of such matrices, which
form an orbit of the action of K on the Lie algebra k. Now k may be identified
with its dual via any invariant inner product, so one sees that F1(¢, V) is nat-
urally identified with the coadjoint orbit KA of A, identified with an element

of k* via the inclusion t — k and identification k — k*.

Proposition 5.1.1. The equivariant symplectic form on KX is the pull-back
of the equivariant curvature of the line bundle [iZ, Op sy (c;) where A =
Z;”:l cjwy, 1s the expression of A as a combination of fundamental weights
wj:€1+...+€j.

Proof. by equivariance, it suffices to check that the moment maps agree at
the point H above. Let T" be a maximal torus preserving the corresponding
splitting. The fiber of the line bundle at this point has weight Zle c; for the
torus components in the k-th block; the claim now follows from Proposition
3.2.9. OJ

5.2. Statement and proof. The Kempf-Ness theorem states the equivalence
of the symplectic and geometric invariant theory quotients. Let V be a G-
module equipped with a K-invariant Hermitian structure. Let X [PQV) be a
smooth projective G-variety, and ® : X — k" the Fubini-Study moment map.

Theorem 5.2.1 (Kempf-Ness [29]). ®1(0) [XP* and the inclusion induces
a homeomorphism XK - XJ/G.
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The proof depends on the construction of a Kempf-Ness functional for each
point v [Vl

Uy k- R, &0 log Cekp(i€)v /2.

This functional can be viewed as the integral of the moment map in the fol-
lowing sense:

Lemma 5.2.2. 0,1,(¢) = 2[d(exp(i&)v), AL]

Proof. The proof uses the explicit formula for the Fubini-Study moment map

Ol€) = lolog [BR(E + 0072

(iA exp(i€)v, exp(i€)v)
exp(i&)v, exp(i€)v)
= 2[@(expi&)v, A

Ly
gt

O

Convexity of the Kempf-Ness functional follows from the relation with the
moment map:

Corollary 5.2.3. v, is a convex functional with critical points given by the
zeros of ®(exp(i&)v).
Proof. For A\, v [Klwe have

0,0\, (§) = 2y, Plexp(i&)v), A
= (w(Ax, Jvx))(exp(i€)[v])
= (9(Ax,vx))((expi&)[v])

which is positive semidefinite since g is a Riemannian metric. The second
claim follows from Lemma 5.2.2. OJ

If 4, is strictly convex and has a critical point, then it has a unique global
minimum. The following lemma characterizes for which v minima of ), exist:

Lemma 5.2.4. (a) ¥, attains a minimum iff Gv [CVis closed.
(b) ¥, is bounded from below iff [Gv] [PQV') is semistable.

Proof. (a) Suppose Gv is closed. Then any minimizing sequence for v, con-
verges, necessarily to a critical point. Conversely, suppose that 1, attains a
minimum. For any sequence &; — oo, we have Lekp(i&;)v By convexity of 1,.
Hence any sequence exp(i§;)v which converges, has [l Hounded and so con-
verges to a point in Gv. (b) If ¢, is bounded from below, then any minimizing
sequence converges to a zero of @, hence [Gv] contains a polystable orbit in its
closure and is therefore semistable. If ¢, is not bounded from below, then Gv
contains 0 and so [Gv] is unstable, see Lemma 4.3.3. O
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Corollary 5.2.5. XP = G®~1(0).

Proof. By Lemmas 5.2.4, 5.2.3, 4.3.3. U

Proof of the Kempf-Ness theorem 5.2.1. Consider the inclusion
i/K:d1(0)/K - X*/G LXG.

First note that i/K is injective: Suppose Gxy = Gxy. Since G = K exp(k),
we have exp(i€)x; = kxo for some ¢ Kk K. Choose a lift v of z.
Then both 0, & are critical points of v, and since 1, is convex this implies
¢ = 0. Next note that i/K is surjective by Corollary 5.2.5. Finally i/K is a
homeomorphism: Any bijection from a Hausdorff space to a compact space is
a homeomorphism. This completes the proof. O

Remark 5.2.6. Let X be a compact Kéhler Hamiltonian K-manifold. An ana-
log of the Kempf-Ness functional may be obtained by integrating the one-
form given by the moment map: Define o T (K), a1 (€) = [ (exp(iN)z), EL]
Then anti-symmetry of w implies that « is closed, hence exact by the Poincaré
lemma, hence a, = di, for some ¢, : k - R. Equivariance of ® implies that
Qpz = Q, o that Y, = 1,. Say that a point [ Xl is polystable iff 1), attains
a minimum, semistable iff 1, is bounded from below. With these definitions
the following Kéhler analog of the Kempf-Ness theorem holds: let X //G be the
quotient of the semistable locus by the orbit closure equivalence relation. Then
the same arguments show that ®~1(0) is contained in the semistable locus and
the inclusion induces a homeomorphism X /K - X//G.

5.3. Application to Clebsch-Gordan theory. We will return to a more
complete discussion of the Kempf-Ness functional later. It seems appropriate
to try to connect this theorem with a simple example in invariant theory right
away, namely the Clebsch-Gordan theory of existence of invariants in tensor
products of representations of SL(2,C).

Let G = SL(2,C). The set of dominant weights for SL(2,C) is naturally
identified with the set of non-negative half-integers and for any non-negative
half-integer A\ we denote by V) the corresponding simple G-module. (The iden-
tification with half integers is commonly used in physics but even in mathemat-
ics are more natural than the identification with integers since the canonical
inner product on the Lje algebra, defined by the trace in the standard represen-
tation, assigns length 2 to the highest root.) Given Ay, ..., A\, we ask whether
V\, 1 7] contains an invariant vector. Now H°(P! Op:(d)) J_@/Q and

R(P') = PV
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If we equip X = (P')"” with the ample line bundle Ox (1) := K}_, Op1(};) then

R(X) = @@HO (Opi(d\;)) = B TV,

d>0 j=1 d>0
So
G el
R(X/G) = R(X)® = (@D TV
d>0
This is non-zero if and only if X /G is empty. Thus the asymptotic question of
whether Vg, L1 LV} contains an invariant vector is somewhat easier than
our original question, and this is the question that is answerable by Kempf-
Ness Theorem 5.2.1, which gives

X)G LA K L8 < . xS )/SO(3)

where S% denotes the two-sphere equipped with re-scaled symplectic form .
By Proposition 3.3.5,

Corollary 5.3.1. ( IZ?;IVCD\J,)G is non-trivial for some d iff
(6) )\jSZ/\i,jzl,...,n

i#£]
These are the well-known Clebsch-Gordan rules.

5.4. Quantization commutes with reduction. The proof of the Kempf-
Ness Theorem 5.2.1, which seems otherwise somewhat miraculous, has a con-
ceptual interpretation given by Guillemin-Sternberg [18] in terms of geometric
quantization, as follows. Namely, rather than choosing a lift of x+ X to V,
which is the total space of Ox(—1), it is more natural from the viewpoint of
geometric quantization to choose a lift [ in the positive line bundle Ox(1).
Then define the Guillemin-Sternberg functional

Uy k - R, €08 In Cekp(i€)l 2.
The same computation as in the Kempf-Ness case, except for a change of sign,
implies that
Oxthy = —2[@(exp(i¢)x), \[J
and )
0,I(§) = —2wexp(ie)e (Ex, JVx).

In particular, suppose that s IﬂO(X Ox(1))% is an invariant section. Then

Yy (€) = In Cekp(i€) s(x) 242 = In Glexp(i€)z) (212,

Now convexity of %(x) implies that any critical point of [sI*bccurs at ®~1(0)
and is a local maximum, and s is approximately Gaussian. This type of be-
havior is quite standard for “typical quantum states”, which physical intuition



MOMENT MAPS AND GEOMETRIC INVARIANT THEORY 27

tells us often concentrate near some submanifold of the corresponding classical
state space in Gaussian fashion.

Theorem 5.4.1 (Quantization commutes with reduction). Let X be a Hamil-
tonian K-manifold equipped with a polarization and a compatible K -invariant
Kdhler structure, and let R(X)q denote the space of sections of Ox(d) as above.
For each d = 0 there is a canonical isomorphism

p: RIX)K ~ RIX//K)q

Proof. The reader may recognize this as a combination of Mumford’s theo-
rem 4.3.6 and the Kempf-Ness theorem 5.2.1, using Kodaira embedding which
implies that X is a projective K-variety. More directly, any section s [ 1
H°(X,0x(1))" naturally defines a section p(s) [M°(X/K,Ox/k(1)) by
restriction to ®71(0) and descent to the quotient. Then p is an injection,
since any invariant section has maximum norm on ®~!(0). Proving surjec-
tivity caused some problems in the approach of Guillemin-Sternberg, and the
following alternative algebraic argument is substantially easier. Given a sec-
tion s CH(X/K,Ox/k(1)), s naturally lifts to an invariant section on the
semistable locus X* with maximum on ®~!(0). Since the semistable locus is
Zariski open, any section on X* with bounded norm extends over X. [l

5.5. Polystable points. By Lemma 5.2.5, the polystable orbits are the orbits
of points x L@ (0). In this section we investigate these and the orbit-closure
equivalence relation in more detail. The following was observed by Kempf-Ness
[29] in the linear case and by Slodowy [54] in general, see also Sjamaar [52].

Proposition 5.5.1. Let X be a Kdhler Hamiltonian K-manifold, and x [1
®=1(0). Then G, is the complexification of K,; in particular, G, is reductive.

Proof. Suppose that x C@1(0) and gr = z. Write g = k™ exp(&) for some
¢ Rk CH. Let v, = ¢y, be Kempf-Ness functionals for x resp. kx, see
Remark 5.2.6. Then exp(§)x = kx so grad ¢, (§) = grad ¢,,(0) = grad ¢,(0) =
0. By convexity, 1, is constant along the line t&, so & [iH,. Hence x = kx
so k [CH,, which implies ¢ [(K,)c. The reverse inclusion (K,)c @, is
obvious. 0]

Remark 5.5.2. Stabilizer groups are not in general reductive: Let X = SL(2,C)xp
P!. Then every stabilizer is either solvable or unipotent, and so no projective
embedding of X has semistable points.

Second we show that polystable points are “seen by one-parameter sub-
groups.” For this we need to review some results on existence of holomorphic
slices. Let X be a complex manifold with a holomorphic action of a group G.
Let z [LX.
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Definition 5.5.3. A slice at = is a submanifold S of X with the following
properties:

(a) = LSk

(b) GS is open in X;

(c) S is invariant under G;
(d) the natural G-equivariant map from G X, S - X is an isomorphism

onto G'S.

Sjamaar [52] has proved the following analog of slice theorems of Luna and
Snow:

Theorem 5.5.4 (Sjamaar). Let X be a Kdihler Hamiltonian G-manifold. Sup-
pose that x L®(0). Then there exists a slice at x.

Combining Theorem 5.5.4 and Lemma 4.4.4 we obtain:

Corollary 5.5.5. An orbit Gz contains a polystable point y in its closure, iff
there exists a one-parameter subgroup C* LGl and a point z L Ax such that
C*z contains y in its closure.

Using this corollary we prove a finite-dimensional analog of the Jordan-Hdlder
theory for semistable vector bundles, see for example Seshadri [51].

Definition 5.5.6. For any A [K]llet z) = lim; .., exp(—ti\)z the associated
graded point of x with respect to A.

Remark 5.5.7. The fact that exp(—ti))z is the gradient flow of a Morse func-
tion implies that the gradient trajectory converges exponentially fast to xy,
that is, dist(exp(—ti)\)z, z)) < Coe~ ! for some constants Cy, C.

Definition 5.5.8. A [Kks Jordan-Hélder for x [XI* iff x, is polystable.

Theorem 5.5.9. Let X be a Kdhler Hamiltonian K-manifold.

(a) The set of Jordan-Hélder vectors for x is a non-empty K,-invariant
cone in K.
(b) The orbit Gxy of the associated graded xy of a Jordan-Hélder X is the

unique polystable orbit in Gz.

Proof. (a) The set of Jordan-Hélder vectors is non-empty: Since x is semistable,
Gx contains a polystable y in its closure. By Corollary 5.5.5, any polystable
y is in the closure C*z for some one-parameter subgroup C* [CGland z [Gl.
Suppose that z = gx for some ¢ Q. Then (Ad(g)C*)z = gC*z contains gy in
its closure, and gy is polystable as well. Convexity of the set of Jordan-Holder
vectors follows immediately from convexity of the Kempf-Ness functional that
the set of Jordan-Hélder vectors is convex, since if grad(y) — 0 along any two
directions then it also goes to zero in any intermediate direction by convexity.
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(b) Suppose that yo,y; are polystable points in the closure of Gz, and y; =
(exp(i€;)x),, for some vectors &;, \; [Kl j = 0,1. Then grady — 0 along
—t\; as t — oo. The distance between exp(i(&; + tA;))z is given as follows:
Let 6 = (& + tA1) — (&0 + tho), &t = (1 — 5)(& + tA1) + s(&o + tho) and
x5 = exp(i€sx). Then the square of the distance from zg; to 1, is given by

1 2 1
(/ I#xs,t@] = / I#xs,tlﬂs
0 S 0 S
L rd d
— /0 q (%xs,ta %xs,t) dS
1
= [ Fvtets = o6l
0

Now grad ) converges exponentially to zero along &, since exp(i€;;)x con-
verges exponentially fast to xy;, see Remark 5.5.7. On the other hand, [3J[ <
Co + Cit for some constants Cy, Cy, by definition of ;. Hence dist(z),,xy,) =
limy o dist(zo4, x1¢) = 0 and the claim follows. O

Remark 5.5.10. We have included (b) to emphasize a somewhat confusing
point: distant points in K may map to near points in X if the gradient of 1) on
the path between them is sufficiently small.

Remark 5.5.11. In fact, the full strength of Sjamaar’s (or Luna’s) slice theorem
is not needed here; it suffices to find a slice for the infinitesimal action of
G which is substantially easier. Some terminology: If a Lie group with Lie
algebra g acts on a manifold we say that a submanifold U is g-invariant if the
generating vector fields are tangent to U. A slice for the infinitesimal action
of g at x is a g, -invariant holomorphic submanifold S containing z, such that
the natural map g <y 7S — TX|S is an isomorphism. Using the implicit
function theorem, one sees that any sequence of points converging to x may be
translated by the action of G (which is now only defined in a neighborhood of
the identity) into a sequence of points in S. Thus if an orbit Gy in X contains
x in its closure, then Gy n S also contains z in its closure, and by Lemma 4.4.4
C*y n S contains z in its closure for some one-parameter subgroup C* LGl

6. SCHUR-HORN CONVEXITY AND ITS GENERALIZATIONS

In this section we discuss the generalization of Clebsch-Gordan theory to
arbitrary groups, in particular, the theory of existence of invariants in ten-
sor products of representations of GL(r) and the connections with eigenvalue
problems and a combinatorial answer by Knutson, Tao, and the author [35].
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6.1. The Borel-Weil theorem. Let G be a connected complex reductive
group. Let A be any dominant weight for G and V) a simple G-module with
highest weight . Let P, be the opposite standard parabolic corresponding
to A, and G/P, the generalized flag variety corresponding to A\. We denote
by C, the one-dimensional representation of P, corresponding to A, and by
Ox(\) =G Xp- Cy.

Theorem 6.1.1 (Borel-Weil). Let X = G/P;. Then H(X,0x(\)) L34 if

A 18 dominant and O otherwise.

Proof. First consider the case G = SL(2,C). We identify AY with Z/2. Then
H°(Ox(\)) is the set of homogeneous polynomials in two variables of degree
2\, which one checks easily is simple with highest weight .

Next let G arbitrary. Let X = G/B~ and X; = BB~ /B~ LBV LAthe
open Bruhat cell, (here U is a maximal unipotent) so that

HY(X,,0x(\)| X))V = H(U,C)Y L€l

Thus H°(X;,0x()\)|X1) contains a unique highest weight vector, which we de-
note by s,. The question is therefore whether s, extends over the complement
of Xj in X. It suffices to check the order of vanishing of s, on the divisors X§_,
as « ranges over simple roots. For each root «, we let h, [THenote the corre-
sponding coroot, so that sl(2,C), := Ch,, [gglis the three-parameter Lie alge-
bra corresponding to . Let SL(2,C), — G denote the morphism of Lie alge-
bras induced by the inclusion sl(2,C), - G. The orbit C,, = SL(2,C),B~ /B~
of SL(2,C), on X is isomorphic to SL(2,C),/SL(2,C),n B~ =P The curve
C, intersects the Bruhat cell X,  in the unique point =, = s,B~/B~. The
order of vanishing of s, along X, _ is necessarily the order of vanishing of s,|C,
at xo. Now Ox(A) restricts to the line bundle Op: ([N, h,Odon C,, and the
section s, restricts to the highest weight section on C,, — z,. It extends over
z, iff L h,[3= 0, by the discussion for the SL(2,C) case.
Now G/B~ fibers over G/ P, with projective fibers and so

H°(G/B~,0¢/p- (X)) = H(G/Py,Og,p-(N)).
Since the result is proved for G/B~, the theorem is complete. O

From the point of view of symplectic geometry, the Borel-Weil theorem says
that the geometric quantization of a coadjoint orbit equipped with an integral
symplectic form (that is, one that is the curvature of some line bundle) is a
simple K-module. Indeed, let ® denote the moment map induced by the action
of K on Ox(A). Since the weight of 7" on the fiber of Ox(\) over B~/B~ is
=X, ® maps X onto the coadjoint orbit K\ through A. Thus in the notation
introduced in Section 3.5, H(K\) = V).
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6.2. The Schur-Horn-Kostant problem. The Schur-Horn theorem [50],
[27] reads:

Theorem 6.2.1. The set of possible diagonal entries of a Hermitian operator
with eigenvalues X\ = (A1, ..., \,) is the hull of the set of permutations of \.

Kostant [36] generalized this result to arbitrary compact groups:

Theorem 6.2.2. Let K be a compact group. The projection of a coadjoint
orbit K\ of an element X [X1 is the convex hull of the orbit W\ of A under
the Weyl group W .

Using the Kempf-Ness and Borel-Weil theorems 5.2.1, 6.1.1, the Schur-Horn-
Kostant theorem is equivalent to the following well-known fact in representa-
tion theory, which we prove using the Hilbert-Mumford criterion 4.4.1:

Theorem 6.2.3. Let A be a dominant weight. The set of u/d such that the
weight space Vg () LV is non-trivial for some d LZL s the rational convex
hull of W .

Proof. We identify X = KA = G/P; and C, the trivial bundle over X with
T-weight p so that V) = H°(X,C;, [Qk(dA))" by Borel-Weil 6.1.1, which
is the space of sections over the quotient (X//T)c by Mumford. We may use
the Hilbert-Mumford criterion to determine whether there are any semistable
points: Given a one-parameter subgroup generated by dominant £ [Lla point
r X flows under exp(t§),t - 0 to z,, where x [N, := B-wB~ /B~ is the
Bruhat cell of (5). The weight of T" on the fiber over x,, is [wA — p, ELIThus
xr [X, is semistable for —¢ [flwith £ dominant iff [wd\ — pu, —£CE 0 iff
p Cd\ — (ty)Y. In particular X is contained in the semistable locus for the
one-parameter subgroup generated by —¢ with ¢ dominant iff p [CAl— (t,)Y.
The semistable locus for the torus action is non-empty iff a generic point is
semistable for all one-parameter subgroups iff

(7) p T wh = (t)Y).

weW
The dual cone to hull(wA,w [CI¥) at wA is generated by (s, — 1)wA where
a ranges over simple roots, which is equal to w(ty)Y. It follows that (7) is
equivalent to g Chhill(wA, w CUN) as claimed. O

Proof of Theorem 6.2.2. Let X = K\ be as above. The moment map corre-
sponding to the projective embeddding KA — P(V}') is the projection 7 of X
onto t* by Proposition 3.2.5 (d). Hence the moment map for the projective
embedding KA - P(VY [C)) is 7 — pu. By Kempf-Ness X /T¢ J_jéi;/T which
is non-trivial iff 0 is in the image of m — p iff 1 is contained in the image of
. 0



32 CHRIS WOODWARD, RUTGERS UNIVERSITY, NEW BRUNSWICK

6.3. The Horn-Klyachko problem. In the previous section we investigated
the existence of semistable points for an action of a torus. The Horn problem
deals with the following question, which we will rephrase in terms of existence
of semistable points for the action of a non-abelian group:

Question 6.3.1. Given the eigenvalues of Hermitian matrices Hy, ..., H,_1,
what are the possible eigenvalues of Hy + ...+ H, 7.

This question has a symplectic reformulation as follows. Taking H, = —H; —
..— H,_4, obtain a tuple (Hy, ..., H,) with H; + ...+ H,. Thus the problem
is a special case of the generalized Horn problem

Question 6.3.2. Let K be a compact Lie group. For which p, ..., p, CIJ is
the symplectic quotient (Kpy > ... % Ku,)//K non-empty?

By Kempf-Ness and Borel-Weil theorems, this problem is equivalent to the
following

Question 6.3.3. Let K be a compact Lie group. For which dominant weights
1, - pn XD is space of invariants (V,, -1 L) )X non-trivial?

First we give a partial answer for the case K = U(n) using min-max descrip-
tion of eigenvalues; this implies inequalities on the invariant theory problem.
Then we give a necessary and sufficient answer using the Hilbert-Mumford cri-
terion, following an argument of Klyachko [32]. Finally we give a brief descrip-
tion of works of Belkale [6], Knutson-Tao [34], and Knutson-Tao-Woodward
[35] giving a minimal set of inequalities.

We begin with the min-max approach. If H is a Hermitian matrix with
eigenvalues \y = \y = ... = A\, then

H
Aj = max min @, v).
din‘i(c\}c):j veV—{0} (v, U)

This has a generalization to partial sums of eigenvalues as follows: For every
subspace £ [LCI' and Hermitian operator H we denote by Hg the operator
on E given by composing H with restriction and projection. Then for any

I={i <...<ig} CL,...,r} we have

E A\ = max min  Tr(Hg).
- FiC...CFs EeG(s,n)
iel dim(Fj)=i; dim(ENF};)>j
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Suppose that I4,..., I, are such that for every set of flags Fi,..., F,,, there
exists a space ! [CGl(s,n) such that dim(E n F}) = j. Then

n

n
E E N = g max min Tr(H, g,)
F;1C...CF ¢ Ej€G(s,r)

=1 jel =1 gim(Fy )=i; dim(ENF,;)>j
n

E TI"(H%E)

i=1

= Tr()_ H|E)=0.
i=1

IA

For example, suppose that Iy = {n}, I, = {n}, I3 = {1}. Then we obtain
)\1771 + /\2771 + )\371 =<0.

The existence of such an E for generic flags is implied by the non-vanishing of
the Schubert coefficient #[ X, | n...n[Xy,] in the homology H(Gr(s,r)) of the
Grassmannian Gr(s, 7). (The singular homology has no torsion and with real
coefficients is isomorphic to the de Rham cohomology, so there is no conflict
with notation.) Thus

Theorem 6.3.4. If the Horn problem for \i,..., A\, has a solution, then

5, =0

=1 j=1
for all s < r and I,..., I, of size s such that #[Xp] n...n [X5] > 0 in
H(Gr(s,7)).

Unfortunately, from this point of view it is very difficult to see whether
the list of all such inequalities is sufficient. Klyachko [32] noticed that the
Hilbert-Mumford criterion provides the necessity of the conditions above. Let
Oy, = K\ Q/P); ; for simplicity we assume that A; are generic. The
quotient O, %...x0,, /K is non-empty iff the semistable locus in Oy, %... O,
is non-empty, iff a generic point F' = (Fi, ..., F,) in Oy, %X...X0,  is semistable
for all one-parameter subgroups. Let ¢ [kpenerate a one-parameter subgroup.
Under the action of exp(z§), the point F; [y, flows to a T-fixed point x,,
where X, containing F. Thus F' is {-semistable iff

(8) > ;) EEE0.

j=1
So F'is Ad(g)&-semistable iff the same inequalities hold for w; such that F; [
gXy,. Let g; @' be such that F; = g;B/B. Then F} lies in gX,, iff
g 'B/B Ijlew__L Hence the semistable locus for the diagonal action of G
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is non-empty iff the inequalities (8) hold whenever (wy, ..., w,) are such that
the intersection of the varieties gj_lefl is non-empty for generic (g1,...,gn).
J

This gives a necessary and sufficient set of inequalities.
The next step is to reduce to inequalities for which the intersection num-

ber #[Xu,] N ... n [X,,] is non-zero. First note #[X 1l non (X ,-1] =

#[X ] 0 ... N [X,,] so we may drop the inverses. If the intersection is pos-
itive dimensional for generic (g1, ..., g,) then it represents a non-zero homol-
ogy class of positive degree, and by Poincaré duality there exists an element
Wy41 CHF such that #[ X, ]n...n[Xy,,,] B 0. Then expanding the product of
the last two [X,,,] N [Xu,,,| and choosing w], so that [X,, ] has positive coeffi-
cient in [ X, ]N[Xy,,,] one obtains w], < w, such that #[X,, |n...n[X, |80,
and since w,y < w, we have wy A — w, A\ [ 3Ft, and so the inequality for
(w1, ..., w)) implies that for (wy,...,wy,).

The conclusion is that a generic point is semistable iff

#Xu] 00 [Xy,] >0 =C00 mhA, (0.
=1

Since this is linear in &, it suffices to check it for ¢ equal to a fundamental
weight. For example, suppose that K = U(r) (and Klyachko’s argument was
restricted to this case) so that the j-th fundamental weight is w; = e +. .. +e¢;.
In this case one obtains that (O, % ...0,,)//G is non-empty iff for each
j ,...,r} and subsets I,..., 1, L, ... r} of size k,

n

#(Xpn...nX;)>0 :I@ZAM-SQ

=1 jeI,

So the Hilbert-Mumford approach implies the sufficiency as well as the neces-
sity of the min-max inequalities. Generalizations are described in Berenstein-
Sjamaar [7] and Ressayre [49].

The cohomology of the Grassmannian has a number of combinatorial models.
A recent model introduced by Knutson and Tao, see [35], is simple enough that
we give a brief description. There is a “puzzles” game which determines which
inequalities hold. The puzzle board is the diagram shown in Figure 2. There
are r little triangles along each big edge in the board. The puzzle pieces are
shown in Figure 3. together with their rotations. A puzzle is a way of filling
in the puzzle board with puzzle pieces so that all of the edges match.

Example 6.3.5. An example of a puzzle is shown in Figure 4.

For each puzzle, let I denote the positions of the 1’s on the northwest bound-
ary, J the positions of the 1’s on the northeast boundary, and K the positions
of the edge along the southern boundary, reading left to right.
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/

FIGURE 2. Puzzle board

AN

FIGURE 3. Puzzle pieces

FIGURE 4. An example of a puzzle

Ezxample 6.3.6. For the puzzle in the previous example,
I = {274}7 J = {274}7 K = {27 3}

Theorem 6.3.7. [35] The coefficient of [Xk| in [X;] n [X,;] CTH(G(s, 1)) is
the number of puzzles n¥, with boundary data I, J, K.

Combining this combinatorial description with Klyachko’s argument gives
the following:

Corollary 6.3.8. If there is a puzzle whose 1°s on the boundary are in positions
1, J, K then the inequality

STNA) I NB) =Y A+ B)

el jed keK
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holds for any Hermitian matrices A, B, and these inequalities together with the
trace equality

D XA+ > N(B)=> M(A+ B)
i=1 j=1 k=1
give sufficient conditions for a triple (A(A), \(B), \(A + B)) to occur.

The following theorem of [35], based on previous work of Belkale [6], de-
scribes a minimal set of inequalities:

Theorem 6.3.9. The inequalities corresponding to I,J, K with n¥;, = 1 to-
gether with the trace equality form a complete and irredundant set of necessary
and sufficient conditions for the Horn problem for the sum of two Hermitian
matrices.

Ezrample 6.3.10. The puzzle above gives the inequalities
A2(A) + M(A) + Xo(B) + Ma(B) < XMa(A+ B) + \3(A+ B).

Many other problems of this type can be solved in the same way; for example
see Agnihotri-Woodward [1] for a discussion of the possible eigenvalues of a
product of unitary matrices, and relations with the invariant theory of quantum
groups. In this case the existence of a good combinatorial model computing
the eigenvalue inequalities is still open.

7. THE STRATIFICATIONS OF HESSELINK, KIRWAN, AND NESS

According to work of Kirwan [30] and Ness [45], the semistable locus of
a G-variety X [P[V) can be considered the open stratum in a Morse-type
stratification of X. A theorem of Ness describes the equivalence of this strat-
ification with one introduced by Hesselink [25], which measures the degree of
instability of a point by its maximal Hilbert-Mumford weight.

7.1. The Kirwan-Ness stratification. Let X be a Hamiltonian K-manifold
with proper moment map ® : X - k¥. Let (, ):k - k > R be an invariant
metric on k inducing an identification k — kY. Let

¢:%(¢,@);XQR

denote the norm-square of the moment map. The notation ®(z)x [Vect(X)
denotes the vector field determined by ®(z), and ®(x)x(x) [CI.X its evalua-
tion at .

Lemma 7.1.1. crit(¢) = {z XA, ®(z)x(x) = 0}.

Proof. We have d¢(z) = (®(x), dP(2)) = —ta@)y (x)w- Since w is non-degenerate,
do(x) vanishes iff ®(x)x(z) [CILX does. O
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Ezample 7.1.2. Let X = P? equipped with moment map ®([zo, 21,2]) B
(|211%/2, |22]?) /2 — (1/4,1/4), which has image the convex hull
A(X) = hull{(=1/4,-1/4),(=1/4,3/4), (3/4,—1/4)}.

Then the critical sets are the level sets of ® at (0,0), (—1/4,0), (0, —1/4), (1/4,1/4),
(—1/4,—1/4),(—1/4,3/4), (3/4,—1/4), see Figure 5.

FiGURE 5. Critical values for X = P2

Lemma 7.1.3. ®(crit(¢)) is a discrete union of K-orbits, called the set of
types for X.

Proof. Suppose first that K is abelian. Consider the orbit-type decomposition
X=|]J Xy, Xpy={z K, =H}

HCK

where the sum is over subgroups H [Kl It follows from standard slice theo-
rems that each Xy is a smooth manifold. Let h denote the Lie algebra of H.
By Lemma 3.3.2, &(Xp) is an open subset of an affine subspace parallel to
ann(h). Thus ®(Xpy n crit(¢)) = {\ CP(Xy)|A [} which is the set contain-
ing the unique point in ®(Xy) closest to 0, if it exists, and empty, otherwise.
Since ® is proper, the pre-image of any compact set under ® contains only
finitely many orbit-types, which proves the theorem in the abelian case.

Suppose that K is possibly non-abelian with maximal torus 7. The action of
the T on X is also Hamiltonian with moment map ®7 obtained by composing
® with the projection of k¥ onto t¥. Let ¢r = (P, Pr)/2. Since ¢ is K-
invariant, any critical point is conjugate to a point x Cclit(¢) with ®(x) [T
Then z Cclit(¢) iff x Calit(¢r) iff ®(x) is a type for the action of T. Hence
the types for K are locally finite. O

For each type A, let C\ = ®71(K)\) n crit(¢) denote the corresponding
component of the critical set of ¢. Choose a compatible K-invariant metric on
X, and let grad(¢) [Vket(X) denote the gradient of ¢.

Lemma 7.1.4. The gradient of ¢ is grad(¢)(z) = —J(x)®(x)x ().
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Proof. Using the proof of Lemma 7.1.1, for v [CT1 X

9o (grad(o)(z),v) = dyp(v) = wy(®(2)x (2), J(2)vz) = —g2(J () 2(2) x (), V).
The claim follows. 0

Let ¢, : X - X be the flow of —grad(¢); since ® is proper, so is ¢ and so
¢ exists for all times ¢ []0,00). Using a result of Lojasiewicz or using the
local model, one may show that

Proposition 7.1.5. [38], [60] Any trajectory of ¢, has a limit.

For the construction of the Kirwan stratification the actual convergence of
©; is not needed; since the set of types is discrete, one knows that any two
limit points are contained in the same component C) of crit(¢). For each type
A, let X\ denote the set of points [ Xl flowing to C,

Xy = {{QOt($),t E[D, 00)} N C’)\ = |:H

The Kirwan-Ness stratification is the decomposition [30]:
X=X\
A

Theorem 7.1.6. There exists an invariant metric on X so that each stratum
Xy 1s smooth. The spectral sequence for the equivariant stratification X =
LX) collapses at the second page, so that

Hp(X) J—@HK(XA)'

In particular the canonical map Hy (X) - Hg(®71(0)) (which is isomorphic
to H(X//K) if K acts freely on ®71(0)) is a surjection and the equivariant
Poincaré polynomial of X

pR(t) = th rank 17, (X)
is given by
P (t) = S (— 1) im0 (1)
A

In the case that X is a Kahler Hamiltonian K-manifold with proper moment
map, the Kirwan-Ness stratification has a more explicit description. For each
type A let ¢ denote the flow of —grad[di, A\[1Z, the component of the fixed
point set X* of the action of A\ containing C), Y\ the subset of X flowing to
Zy under ¢y, K the centralizer of A, and U(1), the one-parameter subgroup
containing A. Then K,/U(1), acts naturally on Z, in Hamiltonian fashion
with moment map ®, and we denote by Z3° the set of points flowing to @;1(0)
under the flow of minus the grading of the norm-square of ®,. Let Y* denote
the inverse image of Z3° in Y.
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Theorem 7.1.7 (Kirwan [30]). Let X be a Kdhler Hamiltonian K-manifold
with proper moment map ® : X — kY. For the Kdhler metric each X, is
G-invariant, each Yy is Py-invariant, and G Xp, Y - X\ is an isomorphism
of complex G-manifolds.

We give a proof, and explain the relation with a theorem of Ness [45], in the
following section.

The gradient flow of the norm-square of the moment map is essentially equiv-
alent to the gradient flow of the Kempf-Ness functional, as was pointed out in
for example Donaldson-Kronheimer [14, Section 6]. Let X be a Kahler Hamil-
tonian K-manifold with proper moment map. For any x [N, let x; denote
the trajectory of the gradient flow of —¢ starting at x. On the other hand,
let ¢ : k - R be a Kempf-Ness functional for z, grad ¢(§) = ®(exp(i&)x). We
may also consider the gradient flow of —, with respect to the given metric on

K.

Theorem 7.1.8. Let X, z,v¢ be as above. The map & B exp(i&)x maps the
gradient trajectories of 1 onto the gradient trajectories of ¢ = (P, P)/2.

Proof. Follows from grad () x(exp(i€)(z)) = ®(exp(i€)z)x(exp(i&)(x)). O

Corollary 7.1.9. ¥ is bounded from below iff the gradient flow for —¢ con-
verges to ®~1(0).

Proof. In the algebraic case, this is nothing but a reformulation of 4.4.4. For
the Kéhler case, note that if ¢ is bounded from below then grad(t) converges
to zero along any gradient trajectory, and the claim follows from equivalence of
gradient flows 7.1.8. The converse follows as in the proof of Theorem 5.5.9, us-
ing that grad(«) converges to zero exponentially fast along any one-parameter
subgroup whose limit correponds to a polystable point. O

7.2. The Hesselink stratification. Let X [CIPQV) be a projective G-variety,
or more generally a Kéhler Hamiltonian K-manifold. The Hesselink stratifica-
tion uses the weights appearing in the Hilbert-Mumford criterion to construct
a stratification on X: Define for any A [Klthe Hilbert-Mumford degree

deg, (z) = [(xy), ALT

Definition 7.2.1. A point x [ X is

(a) degree semistable iff deg,(x) < 0 for all A,

(b) degree stable iff deg,(x) < 0 for all A,

(c) degree unstable iff x is not semistable, and

(d) degree polystable iff = is semistable and the orbit Gz is closed in the
semistable locus.
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Degree semistability might also be called Hilbert-Mumford semistability,
but this seems a little unwieldy. The following is proved by Hesselink in the
algebraic case [26]: For any A we denote by G the centralizer of A and by C}
the one-parameter subgroup generated by A. Obviously C; LG].

Theorem 7.2.2. (a) Any unstable x has a unique optimal one-parameter
subgroup generated by A [Kwith the property that x is semistable with
respect to the action of G,/C5.

(b) The optimal one-parameter vector X has the property that [d(z,,), pCE
[di(xy), A\Chnd strict inequality holds iff n B A.

We prove Hesselink’s theorem in the next section. Let A denote the set of con-
jugacy classes of one-parameter subgroups appearing in Hesselink’s theorem;
we call the decomposition X = LX) the Hesselink stratification of X.

Remark 7.2.3. The Hesselink stratification is the finite-dimensional analog of
the Shatz stratification of the moduli stack of vector bundles on a curve by
the type of the Harder-Narasimhan filtration.

The following is proved in the algebraic case by Ness [45]:
Theorem 7.2.4. The Hesselink and Kirwan-Ness stratifications agree.

This is a generalization of her earlier theorem with Kempf [29], which
describes the same result for the open strata only; it includes the Hilbert-
Mumford criterion, by definition of degree semistability. We will prove the
Hesselink and Ness theorems at the same time, using elementary results on con-
vex functions: Let V' be a Euclidean vector space. For any function f : V' - R,
we denote by grad(f) [CMect(V') the gradient vector field of f, and for any
v W 1et v; denote the trajectory of —grad(f). A smooth function f:V - R
is strictly convex iff the Hessian of f is positive definite at every point in v.
The following is an easy consequence of strict convexity:

Lemma 7.2.5. Let V be a Fuclidean vector space, f : V - R a conver
function. If f has a critical point x then it is a global minimum. Furthemore,
if s strictly convex then x is the unique critical point.

If f has no global minimum, then convexity still implies that f has a unique
direction of maximum descent, under modest technical assumptions: We say
that f has a well-behaved gradient if the gradient of f is bounded and the limit
of grad(f) exists along any gradient trajectory v;.

Proposition 7.2.6. Suppose that f : V - R has a well-behaved gradient.
Then there exists a unique A\ so that

(a) any gradient trajectory vy has grad(f)(vy) — A.



MOMENT MAPS AND GEOMETRIC INVARIANT THEORY 41

(b) Suppose that p U and (grad(f)(—ut), ) approaches a limit ¢, as

t — oo. Then ¢,/ pl % DX Jwith equality if and only if pu is a positive
scalar multiple of X.

Proof. (a) Suppose that v, j = 0, 1 are two gradient trajectories and grad(f)(v,:) —
Aj as t - oo for some \; W, j = 0,1. Consider the path 7,4 (s) =
svot, + (1 = $)v1y,. Let fiy,(s) = f(10.4.(8)). Suppose first that \g, \; are
both non-zero, so that v;; [CAJt as t — oo, that is, [}, + \;t LAt 0

as t — oo. Choose tg,?; so that f(vos,) = f(v1y,). By convexity %fto,tl(s)

is non-positive at s = 0 and non-negative at s = 1. On the other hand
%fto,tl(j) = (grad(f) (])7 Ui — UO,to) mjv —Ait+ Aot)a S0 (/\07 —A+ /\0> =<0

and ()\1, _)\1+)\0) = 0. But ()\1 _>\0, )\1 _)\0) >0 implies that ()\1, _)\1+/\0) <

(Ao, —A1 + Ao), which is a contradiction.

If one of the Aj, say Ay vanishes, then A; is necessarily non-zero. Then
th07t1 (0) - 0 as to,tl — ©0, but ft(),tl(l) m_ t1(>\,)\) as t; - oo, which
contradicts convexity.

(b) First suppose 1 = A. The function (grad(f),\) has gradient trajec-
tory tA. Therefore, (grad(f), A) is non-increasing along —t\. Since grad(f) is
bounded, ¢, = lim;_(grad(f)(—tA), A) exists. Then f(—tA) [=e\t. Sup-
pose by way of contradiction that ¢y B (A, A). Then |f(—t\) — f(v)| = Ct
for some constant C' > 0. Since v; C=A, |f(—tA) — f(vy)|/ lwd+ tACD oo as
t — oo. Together with the mean value inequality this contradicts the assump-
tion that the derivative of f is bounded.

More generally, let © [RLA. Then f(—ut) Cclt for some constant ¢, and
f(=At) =\ Nt If ¢,/ [l & AL hen f(—puqt) goes faster to —oo than
f(=A1t), where py, Ay are the unit vectors correpsonding to u, A. Consider the
path v(s) = stpy + (1 — s)tA;. On the one hand, (u; — A, A1) < 0) implies
that <L f(v(s))ls=1) < 0. On the other hand, f((s))ls=0 LFM(s))|s=1, which
is a contradiction. Hence c¢,/[ul"F [AL1If equality holds, then the same
argument shows we must have (u; — Ay, A;) = 0, and since both pu4, A; are unit
vectors this implies pp = A;. O

Proof of Kirwan’s theorem 7.1.7. In the case that V = k and f = 9 is the
Kempf-Ness functional, we know that the gradient grad () = ® is well-behaved
since X is compact and the gradient low converges by 7.1.5. Proposition 7.2.6
then implies that for each  [X there is a unique direction A of maximal
descent for the Kirwan-Ness functional. Let X denote the set of points whose
directions are conjugate to A and U) the set of points whose directions are equal
to A. The Theorem implies that X, is the same as Kirwan’s, that is, equals
the set of points whose gradient flow converges to ®~'(K\). Uniqueness of A
implies that if x [0}, and g LA is such that gx [0, then g [_H,. Indeed,
since G = K P, it suffices to consider the case ¢ [_H, and then g\ is also
a direction of maximal descent. Hence g\ = A which implies that ¢ [_H,,
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hence g [CA\. This implies X\ = G Xp, U, which is the first part of Kirwan’s
theorem.

To prove the second part, let x, denote the associated graded point for
some v [[l. Since Gw intersects ®~'(K\), G zy intersects @1 (K \), so x
is semistable for the action of G\ on Z,. Conversely, the pre-image of Z3° is
contained in Uy, since both are Gy-invariant and contain ®~1(\). It follows
that Uy = Y;® of Section 7.1. This proves Kirwan’s theorem. O]

Proof of Hesselink’s theorem 7.2.2. Let x [LX and let A be the direction of
maximal descent of the Kempf-Ness functional. We must show that A generates
the unique one-parameter subgroup such that x, is G)-semistable. Suppose
that p is another one-parameter subgroup. Then the inequality ¢, > [AL where
¢, = ®(x,) implies that (po,p2) < (A, A), where pp [CR,p is normalized
so that (p2,p2) = (cu,pt). Suppose that the G, orbit of z, is semistable;
then its closure intersects ®(x). But then the closure of Gz also intersects
®~!(). By Theorem 7.1.8, ATk the infimum of [@IC]l Gz. Indeed, [PI]
is decreasing on gradient trajectories of ¢, which all converge to A. This
contradicts (u, 1) < (A, A). O

Remark 7.2.7. Suppose w [COF(X) is a closed two form that is not symplectic,
but satisfies w(€x, JEx) > 0 for any ¢ K] The proof above works equally well
for moment maps associated to such two-forms. That is, only non-degeneracy
of the two-form on the directions generated by the action is used in the proof.

Remark 7.2.8. The equality of stratifications also gives a version of the Kempf-
Ness theorem in the Kahler case: Suppose that X is a Kahler Hamiltonian
K-manifold, X, its degree semistable locus, and X//G = X,/ [fHe quotient
by the orbit-closure equivalence relation. Then the inclusion of the zero level
set into X induces a homeomorphism of the symplectic quotient X//K with
X//G. C.1. Heinzner-Loose [25]. The same proof as for Theorem 5.5.9 proves
that two semistable orbits Gzy, Gy have intersecting closures if and only if
the orbits of the associated graded points of zq, x1 are equal.

8. MOMENT POLYTOPES

8.1. Convexity theorems for Hamiltonian actions. Let X be a Hamil-
tonian K-manifold with moment map ®. The moment image of X is &(X) k]
The quotient

A(X) :=d(X)/K [KIVK
can be identified with a subset of the convex cone tY LK.

Example 8.1.1. If X = P" ! and G = U(1)" acts with weights —1, then the
moment image is the standard n-simplex

O(X) ={(p1s - ) CRE g + - + pn = 1},
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see (4). Each coordinate hyperplane z; = 0 maps to the j-th facet p; = 0.

The polyhedral natural of A(X) is a general fact, proved by Atiyah and
Guillemin-Sternberg in the abelian case and by Kirwan in general:

Theorem 8.1.2 (Atiyah [4], Guillemin-Sternberg [17], Kirwan [31]). Let K be
a compact, connected Lie group and X a connected Hamiltonian K-manifold.
Then A(X) is a convez polytope. If K is abelian, then A(X) is the convez hull
of the image ®(XX) of the fived point set XX of K.

A(X) is the moment polytope of X. The arguments of Atiyah and Guillemin-
Sternberg in [4], [17] are Morse-theoretic. The main point is that any compo-
nent [d, £Codf the moment map has only critical sets of even index, and this
implies that the level sets [@, {[I'(c) are connected. Using an inductive pro-
cedure one shows that for any subtorus 77 [T] the level sets of the moment
map for ®; are connected as well. Taking T} of codimension one, this shows
that the intersection of ®(X) with any line is connected, hence ®(X) is con-
nected. The reader is referred to the original papers for full details. Kirwan’s
non-abelian version uses the Morse theory of the norm-square of the moment
map. See Lerman-Meinrenken-Tolman-Woodward [37] for a derivation of non-
abelian convexity from the abelian case, using cutting.

Another description of the moment polytope A(X) involves the shifted sym-
plectic quotients: for A K1, the quotient

X)\K = & (K)\)/K =05 x X)/K

is the symplectic quotient of X at \. It is the classical analog of the multiplicity
space of a representation in the sense that

Proposition 8.1.3. Let X be a polarized projective G-variety. Then R(X /) \G)q =
Homg (Vy, R(X)q4) for any d = 0.

Proof. Combining the Borel-Weil and Kempf-Ness theorems gives R(X /4 K) =
R(KA~ = X)K = Homg (Vy, R(X)). O

The following is immediate from the definitions:

Lemma 8.1.4. A(X) ={\ | X//AK B [His the set of X for which the shifted
symplectic quotient X //\K is non-empty.

In particular, the inequalities of the previous section (for example, the Horn-
Klyachko problem) can now be seen as the inequalities describing the moment
polytopes of products of coadjoint orbits. The following theorem expresses the
idea that A(X) is the “classical analog” of the set of simple modules appearing
in a G-module. Let Ag(X) := Ag n A(X) denote the set of rational points in
A(X); it is not hard to see that Ag(X) is dense in A(X), see for example [37].
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Theorem 8.1.5. Ag(X) = A(X) n (AY QY is equal to the set of points \/d
such that Vy CRIX),.

Brion [11], following earlier work of Mumford [45, Appendix], pointed out the
following proof of convexity, which in language of geometric quantization would
be called a “quantum” proof: Suppose \;/d; [CAg(X),j = 0,1. Let v; [
R(X)a, be the corresponding highest weight vectors. Then for any ng,n; [N,

v v CR(X ) ngdg+nia, 18 @ highest weight vector, so
dml
ngdo +ny dl

n())\Q -+ nl)\l dOnO
= Xo/do) +
ngdo + n1d1 dono + d1n1 ( 0/ O)

This implies that Ag(X) is convex.

(A1/dr) Chg(X).

8.2. Convexity theorems for orbit-closures. In the case that X is Kahler,
Atiyah [4] also described the images of orbit-closures under the moment map,
in the case that K is abelian. Of course if the orbit-closure is smooth, then this
falls into the previous convexity theorem, but Atiyah’s theorem also includes
the case of singular orbit-closures:

Theorem 8.2.1. [5, Theorem 2| Let K be a torus, G its complexification, and
X a Kahler Hamiltonian K-manifold. Let Y LX1be a G-orbit. Then
(a) ®(Y) is a convex polytope with vertices ®(Y n X%);
(b) For each open face F [Pl the inverse image ®~Y(F) nY is a single
G-orbit.
(c) @ induces a homeomorphism of Y /G onto P.

We will describe Atiyah’s arguments since they are brief and are closely
related to the one-parameter subgroups of Hesselink as well as the Jordan-
Holder subgroups of Section 5.5.9. The proof depends on the following

Lemma 8.2.2. Let Y Xl be a G-orbit and y [Yl. Then
(a) yy lies in the fived point set X*;

(b) limy_, o [(exp(it\)y), ACkxists and is a constant dy independent of y.
(C) d)\ = infyey @(y), AL

Now suppose that \ is generic so that X¢ = X*. Then the Lemma implies
sup[@(y), \[(3= sup [@(y), AL]

yey yeXeény
Hence ®(Y) is contained in the convex hull of (X% nY’). To see that ®(Y) =
P, Atiyah notes that for any y [CYl and direction £ [k, there exists a time
t(&) such that [@(it(£)E)y, {5 5(P(y) +d(€)). The set of points exp(i€)y with
[ET= ¢(¢/ (€L Hefines a neighborhood U of y in Y with ®(U) = ®(y) + (P —
®(y)); this immediately implies that ®(Y") is both open and closed in P and
hence equal to P.
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To prove the third part of the Theorem, Atiyah considers for any A [Khnd
fixed point component Z [X*, the unstable manifold Z* consisting of all
points that flow to Z under exp(itA). By the stable manifold theorem Z“ is
a smooth manifold and the limit of the flow defines a smooth G-equivariant
projection Z* — Z. In particular, if Z is any component of X* containing a
limit point of Y then Y [ZF and Y n Z is a single G-orbit. From this it is not
hard to see that ®(Z nY) is a face of P with fibers the orbits of the compact
torus K, see [5, p. 10], and this completes the proof.

Remark 8.2.3. Atiyah’s theorem makes the theory of polystable points and
Jordan-Holder vector described in Section 5.5 substantially easier in the abelian
case. One sees that the “Jordan-Holder” cone of Theorem 5.5.9 is the dual
cone to the face of the polytope containing 0, in the case that Y is a semistable
orbit.

Atiyah’s convexity theorem for orbit-closures has been generalized to Borel
subgroups by Guillemin and Sjamaar [21].

9. MULTIPLICITY-FREE ACTIONS AND SPHERICAL VARIETIES

In certain cases Hamiltonian or algebraic actions may be classified by combi-
natorial data. In this section we discuss an example of this, the multiplicity-free
case, from both the algebraic and symplectic points of view.

9.1. Toric varieties and Delzant’s theorem. A toric variety is a normal
G-variety X such that GG is an algebraic torus and X contains a dense G-orbit.
Affine toric varieties are naturally classified by monoids M in the set AV of
weights of G, with the corresponding toric variety given simply by Spec(C[M]).
Each such monoid determines a rational cone in Ag, and a dual cone in Ag.
Toric varieties themselves are classified by fans in Ag, that is, collections of

cones such that any intersection of a cone is again a cone in the fan, see Oda
[46] or Fulton [15].

Example 9.1.1. Suppose that X = P? with action given by (wy, ws)[z0, 21, 22] =

[20, w1 21, wa2s]. There are seven orbits, given by non-vanishing of various co-
ordinates, and in particular, three closed orbits [1,0,0], [0, 1,0], [0, 0, 1], whose

cones are generated by pairs of vectors (1, 1), (—1,0), (1, 1), (0, —1), and (0, —1), (0, —1).
The fan contains these three cones, and their intersections.

A Hamiltonian torus action is multiplicity free or completely integrable if all
the symplectic quotients are points.

Example 9.1.2. The action of G = T? on P? is Hamiltonian with moment map
the convex hull of (0,0), (—1,0),and(0,—1).

Multiplicity-free Hamiltonian torus actions are classified by a theorem of Delzant.
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Definition 9.1.3. A polytope P is called Delzant if it is simple and its normal
cone at any vertex is generated by a basis of A¥ n span(P).

Theorem 9.1.4 (Delzant). There ezists a one-to-one correspondence between
Delzant polytopes and symplectic toric manifolds with trivial stabilizer, given
by X B ®(X). Any symplectic toric manifold has the structure of a smooth
projective toric variety.

Note that any compatible complex structure is unique up to isomorphism,
but not up to Kahler isomorphism. That is, any toric variety has many non-
equivalent Kahler structures. There are “local” and “local-to-global” parts of
the proof; the local part follows from the equivariant Darboux theorem, while
the “local-to-global” part uses the vanishing of a certain sheaf cohomology
group over the polytope.

Existence of a smooth projective toric variety with a given polytope follows
from, for example, Lerman’s method of symplectic cutting, which is interesting
in its own right, and which we now describe. We begin with the simplest case,
when X is a Hamiltonian S'-manifold with moment map ® : X - R. The
diagonal S'-action on X x C is Hamiltonian with moment map

Pxxct(r,2) B ®(z) = |2]*/2.
Its symplectic quotient at any value A
Xop = (X xC)/»8"
is called the symplectic cut of X at A admits a decomposition
(X <€) 18" EXY18" T <€) )18" L)1 Tar (3, 00)).

It follows from the definitions that the inclusion of ®~1((\,00)) in X5, is
symplectic and so Xs, is obtained by removing ®~!((—oo, \)) and “closing
off” the boundary by quotienting it by S*.

More generally, suppose that G is a torus, ¢ [glany rational vector, and
A [CR. Let U(1), denote the one-parameter subgroup generated by A, with
moment map [@, A[J Then the symplectic cut X, = (X x C)/,U(1), £
X/AU(1), A, v[3> A} admits the structure of a Hamiltonian G-manifold
with moment polytope ®(Xs,) = ®(X) n {4, v[(E= A}

Example 9.1.5. Let X = P? equipped with U(1)2-action given by (wy, ws)[z0, 21, 22] =
[20, W) 221, w5 225]. The moment polytope is then the convex hull of (0,0), (2, 0), (0, 2).
Let A = (0,—1) so that the one-parameter subgroup generated by A acts with
moment map [z, 21, 22] B 2|z1*/(|20|* + |21]* + |22|?). The symplectic cut at 1

is then a toric variety with polytope the convex hull of (0, 0), (0, 2), (1,0), (1,1),

see Figure 6.
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o

FiGUurE 6. Effect of cutting on a moment polytope

Suppose that P is a Delzant polytope defined by a finite set of linear in-

equalities
P:{,u K1 ”lﬂavjl})‘j’j = 17"'am}

Let X = TVK, with moment image k¥ and the standard Kahler structure.
Performing a symplectic cut for each inequality gives a Kahler manifold with
Hamiltonian K action and moment polytope P.

Alternatively any smooth projective toric variety is a symplectic or geomet-
ric invariant theory quotient of affine space X = C™. There is an explicit
description of the semistable locus given by Cox [13].

9.2. Multiplicity-free actions and spherical varieties. Let K be a com-
pact connected Lie group. Recall that a K-module V' is multiplicity-free
iff Homg(V)y,V) is dimension at most one, for any simple K-module V) iff
Endg (V) is abelian, using Schur’s lemma.

Theorem 9.2.1. (see [58, Appendix|) The following conditions are equivalent,
and if they hold the action is multiplicity-free:

(a) C>(X)X is an abelian Poisson algebra.
(b) The symplectic quotient X /3K := ® 1 (K\)/K is a point for all \.

Proof. We denote by ry : C®(X)% - C>*(X//»K) the map of Poisson algebras
induced by the symplectic quotient construction, if A is free. In general, we
define C®(X /LK) := C>(X)/{f, fI®~*(\) = 0}. A lemma of Arms, Cush-
man, and Gotay [3], see Sjamaar-Lerman [53], says that this quotient is a
non-degenerate Poisson algebra, that is, the bracket vanishes only on constant
functions. Suppose (a). Since r) is surjective, C*(X//,K) is abelian as well,
and so X //, K must be discrete, hence a point by Kirwan’s connectedness the-
orem. Conversely, if all the reduced spaces are points and f,g CCOP°(X)X then
ra({f,9}) = 0 for all X implies that {f,g} = 0. O

Let G be a connected complex reductive group.

Theorem 9.2.2. The following conditions for a normal G-variety X are equiv-
alent; if they hold X is called spherical:

(a) some (hence any) Borel subgroup B has a dense orbit
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(b) the ring of rational functions C(X) is multiplicity-free.
(c) some (hence any) Borel subgroup B has finitely many orbits.

That a dense orbit implies finitely many orbits is a special to the action of
a Borel; it does not hold for the full group as can be seen from the example of
SL(n,C) on the space of nxn matrices on the left: any two invertible matrices
are related by an element of SL(n,C), but there are infinitely many orbits of
degenerate matrices distinguished by their kernels.

The classification of toric varieties is generalized to spherical varieties by a
theorem of Luna-Vust [40], see also Knop [33], who classify spherical varieties
by their generic isotropy group and a colored fan. Each colored fan is a col-
lection of colored cones, convex cones in the space AY of characters appearing
in C(X)?, together with a finite set of B-stable divisors, satisfying certain
conditions. The classification of isotropy groups that appear, which are called
spherical subgroups, is the subject of some recent activity in the field, see for
example Ressayre [28].

Proposition 9.2.3. A smooth G-variety X [PUV) is spherical if and only if
it is a multiplicity-free K-manifold.

Proof. Since X J/\K = pt if and only if Homg(Vy, H°(X,0x(d))) is dimension
one or zero for all A and d = 0 iff C(X) is multiplicity-free. O

In contrast to the toric case, not every multiplicity-free Hamiltonian action
admits the structure of a spherical variety [59]. One way of understanding
this is to note that symplectic K-orbits are not necessarily closed G-orbits;
by symplectically blowing up such one obtains examples admitting no Kahler
structures.

9.3. Moment polytopes of spherical varieties. The moment polytope of
a spherical variety X is described by a finite set of linear inequalities corre-
sponding to the B-stable divisors of X, according to a method of Brion. Let
X be a spherical G-variety and L. —» X a G-equivariant line bundle. The
space of weights A(X, L) for the action of G on H°(L) is described by Brion
[12]. Let C(X) denote the space of rational functions on X, and C(X)? the
space of singular vectors. Let AY, [CAY denote the set of B-weights appearing
in C(X)?; since C(X) is a group AY is a subgroup of A. Let D(X) denote
the set of prime B-stable divisors of X. Each D [CO(X) defines a valuation
C(X)? - Z and so a vector vp in the dual Ax of AY%. Let s be a rational
section of L which is a singular vector for the action of B and has weight
u(s). Let np(s) denote the order of vanishing of s at D. Given f [CA(X)?
corresponding to weight p AL, the corresponding section fs is global iff fs
vanishes to at least zeroth order on each D [CD(X), iff f vanishes at least to
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FIGURE 7. Decomposition of V3 [Sym(C?) via Brion’s method

order —np. Thus
A(X, L) = {n Clllop(p) = —np(s)} + pls).

Ezample 9.3.1. Here is a typical application which appears in Brion [12] and
seems to be due to Macdonald [41]:

Theorem 9.3.2. Let V) be a simple GL(r) module with highest weight A =
(M =...=\). Then V), CSIm(C") admits a multiplicity-free decomposition
into simple modules V,, with highest weights v = (pt1, . .., 1) satisfying

/leAlZMQZ...MTZ)\T.

Proof. We prove only the case r = 2; the general case is similar. We realize
V,, [S¥m(C?) by Borel-Weil as the space of holomorphic sections of the line
bundle 75 L, over X = P! x C* = {([wo, w1], (20,21)}. We take B to be the
subgroup of lower-triangular matrices. The B-invariant divisors are given by
a single G-invariant divisor Dy = {(L,v)|lv [0} and two B-stable divisors
Dy = {L = [1,0]} and D3 = {v QA [OJ. The space of singular vectors is
C(X)B = C(21 — wy20/wy) [Ty with highest weights (0, 1) resp. (1,0). The
B-stable divisors are defined by Dy = {z1/20 = wy/wo}, Do = {w; = 0}, D3 =
{z1 = 0} respectively. Hence z; — wy2zg/wy vanishes to order 1 resp. —1,0 on
Dy resp. Dy, D3; z; vanishes to order 0 resp. 0,1 on D resp. Dy, D3. Hence
the vectors defined by the divisors are vp, = (0,1), vp, = (0,—1), vp, = (1,0).
Taking s to be the section of P! with weight (u1, it2), which vanishes to order 0
on Dy, Ay — Ay in Dy, and 0 on D3 one obtains np, = 0,np, = A\; — A2, np, = 0.
This yields the inequalities

Po = Xg, 2 ==X — (A1 — X)) ==Xy, =N\
as claimed. See Figure 7. U

Remark 9.3.3. Not every B-stable divisor defines a facet of the moment poly-
tope. This is already apparent in the case of the Borel-Weil theorem, where
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for a group of rank r there are r B-stable divisors (the Schubert varieties of
codimension one) but the moment polytope is simply a point.

Remark 9.3.4. Based on his work on the toric case, Delzant asked the question
of whether compact multiplicity-free actions are classified by their moment
polytopes and generic stabilizers. A so-far unpublished result of Knop reduces
this to the question of whether affine spherical varieties are classified by their
moment polytopes and generic stabilizers of the compact group actions; this
conjecture has recently been proved by Losev, see his review in this volume.

10. LOCALIZATION VIA SHEAF COHOMOLOGY

10.1. Local cohomology. A powerful technique for computing cohomology
groups, and therefore for computing moment polytopes, is Grothendieck’s local
cohomology theory, exposed in [16] and Hartshorne [23]. Let X be a G-variety
and Y [Xl a G-subvariety. Let F — X be a G-equivariant coherent sheaf.
Denote by I'y (X, E) the group of sections whose support is contained in Y.
Of course, this is trivial if F is a vector bundle. We denote by Hj the i-th
derived functor of I'y, so that H{.(X, E) is a G-module. The needed properties
of Hy (X, E) are as follows:

Theorem 10.1.1.  (a) (Long Ezact Sequence) There is an exact triangle
...Hy(X,FE) - HX,E) -~ HX—-Y,E|X—-Y) - ...
(b) (Gysin isomorphism) Suppose Y X1 is smooth. Then
H{(X, E) Lab—ecim0)(y, By CERI(N)™)

where N is the normal bundle of Y in X and Eul(N)™! := det(N) [
Sym(N) is the inverted K-theory Euler class.

(c) (Spectral sequence associated to a stratification) Let X; X, 1 [
X, = X be a filtration of X by open subvarieties. There is a spectral
sequence

@D . x (X, F) —CHIX, E)

=1

We denote by x(X, F) = @(—1)"H'(X, E) the Euler characteristic, consid-
ered as a virtual G-representation, and xy (X, E) the Euler characteristic of
the local cohomology along Y. These will generally not be finite-dimensional,
but rather in our cases of interest the multiplicity of each simple module is
finite. Thus the formula below holds in the completion of the representation
ring, as an immediate consequence of the spectral sequence:
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Corollary 10.1.2. Suppose that X; [L_1 [X), = X is a filtration of X such
that the differences X; — X;,_1 are smooth with normal bundle N;. Then

(9) X(Xa E) = Z(_1>C0dim(X17Xiil)X(Xi - Xz'flv ElXi*Xifl EEEM(Nl)71>
if both sides are well-defined in the sense that the multiplicity of any simple
module is finite.

This formula applies to various filtrations associated to group actions to give
“localization” formulas.

Ezample 10.1.3. (Weyl character formula) Let X = G/B~ and E = Ox())
so H°(X, E) = V) by Borel-Weil 6.1.1. Now the Bruhat decomposition X =
L.dw X, gives a filtration X; = Ludww)>iXw. Each cell X, has normal
bundle N, = (b/b n Ad(w)b)" and fibers over x,, = wB/B with fiber X, =
b n Ad(w)b. The localization formula gives

X(X,0x(\) = @ 1)"™x(Xy, EIX,, [Sdm(N,|) Cddt(N,)

weW

= P )mH" ) (2, Bz, CSim(N,|) Cdd(N,) CSim(M,)
weW

= P (1™, CSPm(b™) LT,
weW

Thus its character is

—1)lw)
(10) > (1) i

weW a>0

wi+p)—p
=)

which is the famous Weyl character formula.

Corollary 10.1.4. (Borel-Weil-Bott) Let X = G/B. H’(X,0x()\)) = Virip)—p
if WA+ p) — p is dominant for some (unique) w CW and j = l(w), and is
zero otherwise.

Proof. By the Example, x,(¢) is an irreducible character of weight w(\ + p) —

p, if this is dominant. Otherwise, since its Fourier expansion vanishes on
dominant weights and it is W-invariant, x,(¢) vanishes. O

10.2. One-parameter localization. Let X be a compact G'><C*-variety, and
X© its C*-fixed point set. Let F be the set of components of X = {z [
X|zx = [ZICOF}. For each F' [CH, define

Xr={zx Ijﬂlin(l)zx £}

Let Np denote the normal bundle of F' in X. It admits a decomposition
Ng = N{ [N} into positive and negative weight spaces for the C*-action.
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Proposition 10.2.1. (Bialynicki-Birula decomposition [8]) Suppose that X is
smooth. Then each X is a smooth G %< C*-stable subvariety, equipped with a
morphism np : Xp - F, x B lim, .o zx whose fibers are isomorphic to the
normal bundle Nf of F in X .

By filtering by the dimension of Xz and applying the localization formula
(9) one obtains

Theorem 10.2.2 (Localization for one-parameter subgroups). Let E —» X be
any G x C*-equivariant coherent sheaf. Then

X(X,E)= Y x(F,E|F CSym(N}) CSING"Y) Cdd(NgY)).

This reproduces for example the Weyl character formula (10) for the action
of T"on G/B. The spectral sequence contains much more information than
the formula for Euler characteristic:

Example 10.2.3. Let X = P? equipped with the G = (C*)? action by

(91, 92)[20, 21, 22] = [20, 97 21, G5 " 22).

Then H°(X, Ox/(d)) is spanned by homogeneous polynomials of degree d. Thus
its Euler characteristic has character

(XX, Ox(@)(g) = > gige.
di1+d2<d,dy,d2>0

One can also see this easily from the localization formula, which gives (for
the C*-action induced by the map z B (z,2?)) three fixed points with normal
weights (1,0), (0,1), resp. (—1,0),(—1,1) resp. (1,—1),(0,—1) and so

(11) (x(X,0x(@))(g) = (L =g1) (1 =g2) " =g (L —g)) (1= g7 "'g2)""
+95 g (L= g1 ge) (L —g2) "

Now suppose that X’ is the blow-up of X at [1,0,0]. Let 7 : X’ - X denote the

projection, Ox/(d,e) = m*Ox(d) CEY. The action of C* on X' has four fixed

points (the point at [1,0,0] is replaced by two fixed points in the exceptional
divisor) and one obtains

(12)

(X(X",0x(d,e)))(9) = gi(1=g1) " (1=g; 'g2) ' —g5 g1 " (1—g195 ") (1—g2) "=

gil—g) " (1 =g ") +95(1— g7 g2) (1 —g2) "
Its Fourier transform is shown below in Figure 8. The spectral sequence allows
one to identify which cohomology group each dot in the picture corresponds
to. Namely, the contributions with weights g¢ contributes only to H°, while

the contribution with weight ¢g5™ g, ' contributes only to H'. The former
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FIGURE 8. Euler characteristic of a line bundle on blow-up of P?

is the only term whose Fourier transform has support in the larger triangle,
while the latter is the only term whose Fourier transform has support in the
smaller. Hence the dots in the smaller triangle correspond to vectors in H*
while those in the larger correspond to H?. Very similar results are obtained
by a deformation method introduced by Witten [57], and studied by a number
of other mathematician since then, see for example [61].

10.3. Localization via orbit stratification. Other stratifications lead to
interesting localization formulas. For example, suppose that G acts on X with
only finitely many orbits Y. We then obtain a formula

XX, E) =Y (=)@ (Y, BlY CER(Y)™)

assuming that each simple module appears with finite multiplicity as before.
In particular, suppose that X is a toric variety and E = Ox (1) a polarization.
Indexing the orbits Yz by faces F' of the moment polytope P we see that

XY, ElY CER(Y) )= ) g"det(Np)
HEAVNHE

where the sum is over pu is the outward normal cone Cr to P at F, shifted by
the determinant Ny of the normal bundle to Yz in X. This is a special case
of the Brianchon-Gram formula which states for any convex polytope P,

Yp = Z(_]‘)COdim(F)XCF

where ¢, is the characteristic function of Cp.

10.4. Non-abelian localization. Let X be a polarized smooth G-variety and
E - X a G-equivariant coherent sheaf. Combining the Kirwan-Hesselink
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stratification with the Euler characteristic formula (9) gives

X<X7 E) - ZX(XMElX)\ I:EEM(NX)\)_l)'
A

Now since X = G Xp, Y®,
X(X», Elx, CERI(Nx,)™") =Indg x(¥5", Elys CER(Ny, [Y3)™).

(Here Ind denotes holomorphic induction, that is, if V' is a G\-module then
IndgA(V) = X(G xp, V). ) Since Y;* fibers over Z5* with affine fibers,

(13) x(Y3®, Elyss CER(Nx,|Y3)™)
= X(Z%, Elyss CSym(Nx, X|Yy®) Cddt(Nx, X|ze CSim(NZ Y3®)Y).

This can be put into a more understandable form if we recognize that Nx, X|zs
resp. Sym(Ny Y3?)) is the positive resp. negative part of the tangent bundle.
One obtains a formula due to Teleman [55] in the algebraic case and Paradan
[48] in the general symplectic setting, using techniques of transversally eliptic
operators:

Theorem 10.4.1.
X(X, E) = ZIndgA(X(Zis, Elzs CEM(NzYY) ()
A

where the + indicates the particular choice of (formal) inverse to the K-theory
Fuler class given in the previous formula.

FExample 10.4.2. Go-modules that are multiples of a fundamental weight admit
multiplicity-free decompositions into simple SL(3, C)-modules; this is another
example of a branching law similar to that in Example 9.3.1. This example
shows how the non-abelian localization theorem expresses the characteristic
function of the corresponding polytope (which is a triangle) into two terms.

Let G = SL(3,C), and wy,w, the fundamental weights. Let G5 denote the
connected simple complex group of type Gs. The dual positive Weyl chamber
for G5 is the span of w; and wy +wy. Let B, 4., denote the maximal parabolic
of G corresponding to wy +ws, and X = G5/ P, 1.,, that is, the coadjoint orbit
through w; 4+ws. (It would be more correct here to take the opposite parabolic
here, but we ignore this point.) The action is spherical and moment polytope
the convex hull of wy,ws, w; + wy. We leave the computation of the moment
polytope to the reader; it can be computed using one-parameter localization.
By Borel-Weil and the computation of the moment polytope,

x(Ox(k)) = Z X\ = Resgi(g,,@ (Xk(w1+w2)>
ACEANQ
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the character of the irreducible Ga-representation with highest weight k(w; +
wy), restricted to SL(3,C); here @ is the lattice generated by the long roots
shifted by k(w; + ws).

We compute the Kirwan-Ness stratification as follows. Let F; be the open
face connecting wsy,w; + we, Fy the open face connecting wq,w; + wy, and
Fy the open face connecting wq,ws. Let Fj; = F; n Fj. The inverse image
®~!(Fy3) contains a unique point, x(1) A, which is T-fixed. None of the
other T-fixed points map to tY. Therefore, the remaining points in ®~*(tY)
have one-dimensional stabilizers. Since ®~'(t¥) has dimension 2 dim(7), it is
a toric manifold, so the inverse image of any face F' [COnbtY has infinitesimal
stabilizer the annihilator of the tangent space of F'. The stabilizers of the faces
Fl, FQ, F3 are

t1 = span(hl), tQ = span(hg), t3 = span(hg)

where hy, ha, hy are the coroots of SL(3,C). The level set ®~*((w; + wq)/2) is
a critical set of ¢ with type A = ((w1 + wsq)/2.

-

FIGURE 9. Critical values of the norm-square of the moment
map for X = Ga/P,, 4w,

The fixed point component Z; has moment image
O(Ze) = hull(2ws — wy, 2wy — wy).
The unstable manifold Y, has image under the moment map for 7 (that is, for
the maximal torus of the compact group SU(3))
quq)(?g) = hull(2wy — w1, 2wy — wy, w1 + ws).

None of the other faces F; contain points § with & [f}. Therefore, there
are no other critical points of ¢ in ®~*(int(tY)). Finally consider the inverse
image of the vertices Fi3, Fo3. Any z @ '(Fj;) has G, 8 T, hence G,



56 CHRIS WOODWARD, RUTGERS UNIVERSITY, NEW BRUNSWICK

cannot interesect the semisimple part [Go(y), Gowm]. Therefore, G, is one-
dimensional. let Z, denote the fixed point component of G, containing x.
Since G, is one-dimensional, the image ®(Z) is codimension one, and so meets
@~ '(int(¢Y)). But this implies that the g, is conjugate to either t; or t;, and
so g, cannot equal the span of Fj;. Therefore, set of types for the action is
{w1 +ws, %(wl +wo)}. In fact the Kirwan-Ness stratification coincides with the
orbit stratification for G¢. That is, X is a two-orbit variety, with one open
orbit and one of complex codimension two.

We now compute the contributions from the Kirwan-Ness strata. For £ =
w1 + wa, Z¢ is equal to a point, and the bundle v is the representation with
weights 35, 3. Hence

X6 (Z&, B CEh (1)) = > u.
()\,al)>k,()\,a2)>k
Its induction to G is
Ind, ve, (2, B CER(ve)7') = > X
(Na1)>k, (A a2)>k

For £ = (w1 + wy)/2, we have Z¢° Lt and ve trivial. Therefore,

Xee(Z8 B CERl(ve) ) = Y
(M) >k(E,6)

where the sum is over vectors A such that A — k(w; +ws) is in some lattice A},
and satisfying the written inequality. Applying induction we get

IndG (X (Zg°, B LEh (ve), Z X\ — Z X
AEEKA (Nar)>k, (N az)>k

Since the contributions from & = (w; + ws), 2 (w1 + wp) must have finite sum,
the lattice A} must be the long root lattice. The contribution (for k = 6) is
shown in Figure 10.

The positive contribution of the open stratum is finite (6 representations, for
k = 6) and the negative contribution infinite, that is dim(H*%(M¢, L¥)) = oo,
for any k. One can show that the higher cohomology lies in H', using the
spectral sequence. The sum of the contributions is x(Ox(k)) = D> cpa X 88

claimed. This completes the example.

Taking invariants in Theorem 10.4.1 gives a formula expressing the difference
between y (X, E)¢ and x(X//G, E/|G):

Theorem 10.4.3.
XX, E)Y = x(X))G, EJJG) = X(Z3, Elze TER(NzeY:®) " Cgfp,) ™

A0
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FIGURE 10. Ind% y s
GURE 10 T X2, g2

7(E)

In other words, the natural diagram
Ke(X) —HH(X)G)

PN

fails to commute by an explicit sum of fixed point contributions for one-
parameter subgroups.

However, the spectral sequence contains more information. For example, let
C; LGk denote the one-parameter subgroup generated by A. The weight of
C; on det(NXAX|Z§s) is positive, if A is non-trivial. Indeed, NXAX|Z§s is the
negative part of the tangent bundle. Furthermore, g/p, has positive weights
under C3. Thus

Corollary 10.4.4 (Teleman). Suppose that the weights of C} on E|Z\ are
positive for all type \. Then HI(X,E)Y = H/(X//G, E//G) for all j.

In particular, if the higher cohomology of E vanishes then so does that of E//G.
There are similar results in the equivariant cohomology of X due to Paradan
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[47] and Woodward [60]: a natural diagram of equivariant cohomology groups
He(X) ——LHX)G)

PN

fails to commute by an explicit sum of fixed point contributions from one-
parameter subgroups. In this case the left hand arrow is somewhat harder to
define: morally speaking it is defined by o B [ Xxg @ but this is not well-
defined for polynomial equivariant classes. Rather, the left-hand side must
be defined by a suitable limit procedure, either by taking the leading term in
Riemann-Roch, or (in the context of equivariant de Rham cohomology with
smooth coefficients) shifting by equivariant Liouville form and taking the zero
limit of the shift, see [60]. From this point of view, the K-theory approach is
more natural.
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