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Abstract. We introduce a tropical version of the Fukaya algebra of a Lagrangian
submanifold and use it to show that tropical Lagrangian tori are weakly unob-
structed. A multiple cut operation on a symplectic manifold produces a collection
of cut spaces each containing relative normal crossing divisors. As in works of
Ionel [50] and Brett Parker [68, 69], tropical graphs arise as large-scale behavior
of pseudoholomorphic disks under a multiple cut operation. Given a Lagrangian
submanifold in the complement of the relative divisors in one of the cut spaces,
the structure maps of the broken Fukaya algebra count broken disks associated
to rigid tropical graphs. We introduce a further degeneration of the matching
conditions (similar in spirit to Bourgeois’ version of symplectic field theory [11])
which results in a tropical Fukaya algebra whose structure maps are, in good cases,
sums of products over vertices of tropical graphs. We show the tropical Fukaya
algebra is homotopy equivalent to the original Fukaya algebra. In the case of toric
Lagrangians contained in a toric component of the degeneration, an invariance ar-
gument implies the existence of projective Maurer-Cartan solutions. We also give
various computations of potentials, such as those of Lagrangians in cubic surfaces
and flag varieties.
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CHAPTER 1

Statement of results

In this paper we study the behavior of holomorphic curves under a multiple
symplectic cut. In particular, we study the behavior of the Fukaya algebra, which
is an invariant associated to a Lagrangian submanifold of a symplectic manifold,
under the multiple cut operation. In the first part of the paper, we prove a ho-
motopy equivalence (in the A∞ sense) between two versions of the Fukaya algebra:
the standard version defined on the symplectic manifold and the ‘broken’ version
obtained by cutting the manifold. To simplify matters, we assume that the cuts
are disjoint from the Lagrangian. In the second part of the paper we degenerate
the matching conditions at nodes of broken maps to a split form, so that the curve
counts in the total space can be expressed as sums of products of curve counts in the
pieces of the cut manifold. As applications of our results we give a new proof of the
unobstructedness of toric Lagrangians and a computation of the potential of toric
Lagrangians in the cubic surface. In this introductory chapter we give a low-tech
tour of the paper, interwoven with motivations, context, and also, limitations of our
results.

1.1. Multiple cuts

The cut operation introduced by Lerman [54] cuts a symplectic manifold along a
regular level set of a moment map for a circle action and quotients the boundary by
the circle action to produce a smooth symplectic manifold. The inverse operation is
called a symplectic sum. The multiple cut is a generalization where the symplectic
manifold is cut along intersecting hypersurfaces. The set-up for a multiple cut is on
the lines of a tropical manifold with a polyhedral decomposition.

Definition 1.1. (Polyhedral decomposition) Let n > 0 be an integer and T '
(S1)n a torus with Lie algebra t ∼= Rn. A simplicial polyhedral decomposition of t∨

is a collection

P = {P ⊂ t∨}
of simple polytopes1 such that

(a) (Covering property) the interiors P ◦ of the polytopes P ∈ P cover t∨; that
is, t∨ = ∪P∈PP ◦;

(b) (Face property) for any σ1, . . . , σk ∈ P, σ1 ∩ · · · ∩ σk is a polytope in P and
it is a face of each of the polytopes σ1, . . . , σk.

1Polytopes are intersections of half-planes, see Definition 3.2. They are closed but not neces-
sarily compact.
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8 1. STATEMENT OF RESULTS

Any polytope P in a simplicial polyhedral decomposition P corresponds to a
sub-torus

(1.1) TP ⊆ T, defined by tP := ann(TP ).

Thus P and TP have complementary dimensions, and TP = {Id} for top-dimensional
polytopes P ∈ P.

Definition 1.2. (Tropical manifold) A tropical manifold (X,P,Φ) consists of a

(a) a simplicial polyhedral decomposition P of a polytope t∨,
(b) a compact symplectic manifold (X,ω) with a tropical moment map

Φ : X → t∨,

such for any P ∈ P there is a neighborhood UP ⊂ X of Φ−1(P ) on which
the projection

UP → t∨ → t∨P

is a TP -moment map.

Given a tropical manifold X the output of a multiple cut is a collection of cut
spaces

(1.2) XP := Φ−1(P )/ ∼

where Φ−1(P ) is a manifold with corners and the equivalence relation quotients any
codimension one boundary Φ−1(Q) ⊂ Φ−1(P ), codimP (Q) = 1 by the action of
S1 ' TQ/TP . The spaces XP , P ∈ P are orbifolds, whose local structure is given
by an iterative application of Lerman’s construction [54]. For any pair of facets Q1,
Q2 of a polytope P , XQ1 and XQ2 are embedded as divisors in XP , called relative
divisors, that intersect each other normally along XQ1∩Q2 . See Figure 1.4. In the
special case of a single cut shown in Figure 1.1, n = 1, P partitions t∨ ' R into two
semi-infinite lines intersecting at a point.

P+ P−P0

Figure 1.1. A single cut

Our definition of tropical manifolds is similar to Gross-Siebert [44]. A limitation
of our set-up is that we require integral affine singularities to lie away from the cut
locus. We expect that this requirement can be weakened by replacing a single cut
passing through a singularity by two parallel cuts straddling the singularity, see
below in Section 2.4. On the other hand, our definitions include manifolds that are
not integral affine, because we require a toric structure only in the neighborhood of
the cut locus, rather than globally.
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1.2. Neck-stretching

To build a correspondence between curves in the manifold and curves in the
cut spaces, we construct a sequence of ‘large almost complex structures’, which
degenerate to almost complex structures in the cut spaces. We call this limiting
process neck stretching, because it amounts to enlarging the complex structure in
the neighborhoods of the cut loci, which we call necks.

As an example of neck-stretching, consider a single cut. Let Φ : X → R be a
moment map for a Hamiltonian circle action, so that the zero level set

Z := Φ−1(0)

is a separating hypersurface with a tubular neighborhood

UZ ⊂ X, UZ ∼= Z × I
where I ⊂ R is an interval. By a sequence of neck-stretched almost complex struc-
tures Jν ∈ J (X) we mean a sequence so that the fibers of the projection UZ → Z/S1

are holomorphic cylinders [−ν2 ,
ν
2 ]×S1 of increasing length, see Figure 1.2. To define

(X,ω) Z × [−ε, ε]
Jν Z × [− ν

2 ,
ν
2 ]

N
e
ck

re
g
io
n

Figure 1.2. Neck-stretching for a single cut

neck-stretching for a multiple cut, we need an additional datum of a dual complex,
which encodes the proportion in which the neck is stretched in different directions.
The dual complex consists of a complementary dimensional polytope denoted P∨

for every P ∈ P.

Example 1.3. We give some examples. For the single cut in Figure 1.1, the dual
complex shown in Figure 1.3 is a line segment. The simplest example of a multiple

P∨+ P∨0 P∨−

Figure 1.3. A dual complex

cut consists of two single cuts along hypersurfaces

Z1 := Φ−1(P12 ∪ P30), Z2 := Φ−1(P01 ∪ P23),
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P1
P0

P2 P3

XP1

XP2
XP3

XP0

XP12 XP∩

Figure 1.4. A multiple cut of R2

intersecting along Φ−1(P∩) which is a (S1)2 bundle over XP∩ . See Figure 1.4. The
dual complex in this case is a rectangle with side lengths, say l1, l2. In the neck-
stretched almost complex manifold (X, Jν), a neighborhood UP∩ of Φ−1(P∩) fibers
over XP∩ . The fibers of UP∩ → XP∩ are holomorphic to the product of cylinders

((−νl12 , νl12 )× S1)× ((−νl22 , νl22 )× S1), see Figure 1.6. The ratio l1
l2

is not required to
be rational.

Curve counts will depend on the choice of dual complex, but as with other
choices (such as tamed almost complex structures), the curve counts corresponding
to any two dual complexes will produce Fukaya algebras that are A∞ -homotopy
equivalent.

P∨1 P∨0

P∨3P∨2

P∨01

P∨30

P∨23

P∨12 P∨∩

Figure 1.5. Dual complex B∨ for the cut in Figure 1.4

A broken manifold corresponding to a multiple cut (X,P) is a disjoint union of
cut spaces and their thickenings

X =
⊔
P∈P

XP .

For top-dimensional polytopes P ∈ P, XP := XP is the cut space from (1.2), and
for lower dimensional polytopes P , XP is a thickening of the cut space XP and is
called a neck piece. Broken maps lie in the complements of relative divisors, which
are denoted by

XP := XP − relative divisors, X
P

:= XP − relative divisors,

and these spaces are equipped with almost complex structures that are cylindrical
on the ends.
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νB∨

XP1

XP0

XP3
XP2

B∨

L

Figure 1.6. Neck-stretched manifold (X, Jν) for the double cut in
Figure 1.4 using the dual complex B∨.

For example, in the case of a single cut as in (1.1), the neck piece denoted by
X
P 0

arises as the limit of the neighborhoods of the separating hypersurface and it

corresponds to a zero-dimensional polytope P0 ∈ P. The space X
P 0

is a (R × S1)-

bundle over the relative divisor XP0 , and its compactification XP 0
is a P1-bundle

over XP0 . We view X
P 0

and XP 0
as thickenings of the divisor XP0 .

Analogously for multiple cuts, for a polytope P ∈ P, the neck piece X
P

is a
torus bundle

TP,C → X
P
→ XP

over the cut space XP , whose fiber TP,C is the complexification of the compact torus
TP , which is part of the data of the tropical manifold X, see (1.1). See Figure
1.7. The compactification of X

P
is a fibration XP → XP with toric orbifold fibers.

However, we do not encounter the technical issues associated with moduli spaces of
holomorphic curves in orbifolds, since the pieces of the broken map have target the
non-compact space X

P
and the compactification is just a useful technical tool in

some places.
We will study the behavior of holomorphic disks bounding a Lagrangian subman-

ifold under a family of neck-stretching almost complex submanifolds. To simplify the
situation, which is already quite involved, we assume that the Lagrangian subman-
ifold L ⊂ (X,ω) is disjoint from the cuts. The Lagrangian therefore descends to a
Lagrangian submanifold, also denoted by L, in a cut space XP for a top-dimensional
polytope P .

1.3. Broken maps

A broken map is modelled on a graph and consists of a ‘map part’ and a ‘tropical
part’. For the map part, the domain is the normalization of a nodal curve C whose
irreducible components Cv, v ∈ Vert(Γ) correspond to vertices of a graph Γ, and
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XP1

XP0

XP3
XP2

XP01

XP12

XP23

XP34

XP∩

L

Figure 1.7. Broken manifold arising from the neck-stretching in
Figure 1.6.

nodes w(e) ∈ C correspond to edges e ∈ Edge(Γ) of Γ. The broken map is a
collection of holomorphic maps on punctured curves

uv : C◦v → X
P (v)

, v ∈ Vert(Γ),

satisfying certain matching conditions (explained later in the paragraph) on the
lifts of nodal points. Each of the domain components C◦v is an irreducible curve
component Cv ⊂ C (possibly with boundary) punctured at interior nodal points,
that is,

C◦v := Cv\{interior nodes},
the target space X

P (v)
is a piece of the broken manifold corresponding to the poly-

tope

P (v) ∈ P,
and the punctures in the domain are removable singularities when uv is viewed as a

map to the compactification XP (v).
2 Thus the map u can be evaluated at the nodal

lift w+ ∈ Cv+ , and the point u(w+) lies on the intersection

Y+ = ∩iD+
i

of a collection of relative divisors D+
i in XP (v+). Assume D+

i is the fixed point set of
a one-dimensional torus generated by µi ∈ t, and ni is the intersection multiplicity
of the map uv+ at w+. Then the sum

T (w+) :=
∑

niµi ∈ tZ

2Here for the sake of exposition we assume that XP (v) does not have orbifold singularities,

the general case is treated in Chapter 4, where the quantity T (e) is defined using the asymptotic
behavior of the map near the nodal point.
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lies in the integer lattice tZ ⊂ t. Similarly we define T (w−) ∈ tZ for the lift w−. For
any holomorphic coordinate z± on a neighborhood of w± in Cv± , the limit

lim
z±→0

z
−T (w±)
± u

exists. (See Section 4.3 for more details.) The matching condition at the node w
says that

• T (w+) = T (w−),
• and there exist holomorphic coordinates z+, z− such that

(1.3) lim
z+→0

z
−T (w+)
+ u = lim

z−→0
z
−T (w−)
− u.

The quantity T (w+) = T (w−) is called the slope of the node w or the slope of the
edge e in Γ corresponding to the node w; and is denoted by

(1.4) T (e).

The quantities in the left-hand side and rhs of (1.3) are called the tropical evaluations
at w+ and w− respectively. An equivalent formulation of the matching condition
says that for any node the evaluations of the lifts are equal modulo the action of
the torus generated by the slope of the node: For a node w ∈ C corresponding to
an edge e, the evaluations of the lifts w± lie in X

P (e)
which has the structure of a

TP (e),C-bundle, where

P (e) := P (v+) ∩ P (v−) ∈ P,
is the polytope assigned to the edge e = (v+, v−). The slope of the node T (w) lies
in the lattice tP (e),Z and generates a one-dimensional torus TT (e),C. The matching
condition is then that the images of the evaluations match in the base of the TT (e),C-
fibration:

(1.5) (π⊥T (e) ◦ u)(z+) = (π⊥T (e) ◦ u)(z−) ∈ X
P (e)

/TT (e),C,

where π⊥T (e) : X
P (e)
→ X

P (e)
/TT (e),C is the projection to the quotient. The quantities

in the left-hand side and rhs of (1.5) are called projected tropical evaluations. Thus
the space XP (e),C/TT (e),C in which the matching condition of an edge e is defined is

dependent on e. The matching condition is simpler in the special case of a single
cut, because the space XP (e),C/TT (e),C is the relative divisor XP0 (using notation

from (1.1)). The matching condition at a node w is

uv+(w+) = uv−(w−) ∈ XP0 .

A broken map is a collection of maps uv : Cv → XP (v) described above together

with a tropical structure on the graph Γ underlying the domain nodal curve. A
tropical structure is a map of Γ to the dual complex B∨ ⊂ t∨ of the neck-stretching
in a manner that respects slopes of nodes. More precisely, a tropical structure on a
graph Γ is a collection of edge slopes

T (e) ∈ tP (e),Z ⊂ t ' t∨,
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and polytope assignments P (v) ∈ P for vertices v ∈ Vert(Γ) so that there exist
tropical positions of the vertices in the dual complex

T : Vert(Γ)→ B∨ ⊂ t∨,

that satisfy a slope condition, namely that for any edge e = (v+, v−) the slope of
the line segment joining T (v+) to T (v−) is equal to the slope T (e) of the node w
corresponding to e, which is given by the intersection multiplicities of the map with
relative divisors at the node, see (1.4). That is,

(1.6) T (e) ∈ R>0(T (v+)− T (v−)).

The image of T (Γ) under the map to B∨ induced by v 7→ T (v) is called an embedded
tropical graph, and the underlying graph keeping only the edge slopes {T (e)}e and
vertex polytopes {P (v)}v is called a tropical graph. Thus changing the tropical vertex
positions {T (v)}v of a tropical graph is a change of embeddings, see Figure 4.2 for
an example. Broken maps may also contain nodes corresponding to the standard
nodal degeneration encountered in Gromov-Witten theory. The edges corresponding
to such nodes do not appear in the tropical graph.

Broken maps arise naturally as limits of sequences of holomorphic maps in neck-
stretched manifolds. A converging sequence of maps consists of pockets of high
symplectic area area separated by long cylinders in neck regions. Each such sequence
uν of long cylinders maps to a neck piece

uν : [−ν2 ,
ν
2 ]× S1 → X

P

for some P ∈ P in the polytopal decomposition, and is asymptotically close to a
‘trivial cylinder’. A trivial cylinder is a holomorphic cylinder which lies in a fiber of
the projection

TP,C → X
P
→ XP ,

and is thus a sub-torus Tµ,C ⊂ TP,C generated by a rational element µ ∈ tP,Z. The
pockets of high area converge to spheres or disks, and (roughly speaking) the long
cylinders connecting these pockets converge to trivial cylinders. We drop the rational
cylinders from our description of the ‘map part’ of a broken map, and instead encode
it as part of the tropical graph, see Figure 1.8. The generator

T (e) ∈ tP (e),Z

of the trivial cylinder corresponding to an edge e is the slope of the edge in the
tropical graph. This explains why the edge slope is integral. Every component Cv,
v ∈ Vert(Γ) of the limit map has a natural position T (v) ∈ B∨ in the dual complex
as follows: For a limit curve component mapping to a neck piece X

P
, P ∈ P with

fibers TP,C ' (C×)n, the convergence is modulo Rn-translation in target space X
P

.
More specifically, for a limit curve component u : C → X

P
there is a sequence

tν ∈ νP∨ ⊂ Rn ⊂ tP,C such that u is the limit of the translated maps e−tνuν . Thus,
the component u inherits a tropical coordinate limν→∞

tν
ν . For an edge e = (v+, v−),

the line segment connecting T (v+) and T (v−) has slope T (e).
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Figure 1.8. A holomorphic curve and a tropical graph

Viewing the broken map as a limit of maps in neck-stretched manifolds also
explains the matching condition at nodes. A node w corresponding to an edge e in
a limit broken map arises from the convergence of a sequence of long cylinders

uν : S1 × [−lν , lν ]→ X, lν →∞

with small area, which are asymptotically close to a trivial cylinder

utriv : S1 × [−Tν , Tν ], (s, t) 7→ eT (e)(s+it)x0, x0 ∈ X

generated by an integral element T (e) ∈ tP (e),Z. As a result, the evaluation of both

lifts of the node w±e are equal modulo the action of the one-dimensional complex
torus TT (e),C, which is a re-statement of the matching condition, see (1.5).

The set of broken maps of a fixed type Γ has a free action of a tropical symmetry
group Ttrop(Γ) arising out of the torus action on neck pieces. The tropical symmetry
group of a broken map u : C → X of type Γ is generated by the degrees of freedom
of the tropical graph T : these are ways of moving the vertex positions {T (v)}v
without changing edge slopes {T (e)}e, see Figure 4.4. In particular, the symmetry
group Ttrop(Γ) is finite if in the tropical graph vertex positions T (v) are uniquely
determined by the edge slope T (e) and such tropical graphs called rigid. In the
second graph in Figure 4.4, there is one degree of freedom in moving the edges of
the tropical graph, and this generates a one-dimensional complex torus Ttrop(Γ2).

A feature of broken maps is that ‘nodes do not lower the index of a map’, which
is in contrast to stable maps in smooth manifolds. Here the index of a broken map u3

refers to the expected dimension of the moduli space component containing u, that
is, the index of the linearization of the Fredholm operator cutting out the moduli
space, and is denoted by ibrok(u). The index is equal to the actual dimension

ibrok(u) = dimTuM(X, L)

if the moduli space M(X, L) is regular. Nodes do not lower the index of a map
because for a broken map u = (uv)v∈Vert(Γ) the matching condition at an edge
e ∈ Edge(Γ) has codimension (dimX − 2), since it is a condition on the quotient

3We use the notation i for the index of a map, which is equal to the expected dimension of the
moduli space containing the map; and the notation I for Maslov index of a disk.
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of X
P (e)

by a complex one-dimensional torus TT (e),C, see (1.5). In contrast the

codimension of the matching condition for stable maps is dim(X). Therefore nodes
occur only in strata whose codimension is at least two. A consequence is that broken
maps u with components in neck pieces may have index zero, ibrok(u) = 0, though
that can happen only if the tropical graph is rigid. Indeed if for a type Γ the
tropical graph is not rigid, then the tropical symmetry group Ttrop(Γ) is at least
two-dimensional, and since Ttrop(Γ) has a free action on the moduli space MΓ(X)
of maps of type Γ, the dimension of the moduli space MΓ(X) must be at least 2.

The case of a single cut was studied by Ionel-Parker [51] and J. Li [55]. They
obtained a symplectic sum formula for Gromov-Witten invariants on X in terms of
relative Gromov-Witten invariants of the cut spaces, relative to the relative divisor.
Their work is a special case of symplectic field theory of Bourgeois-Eliashberg-Hofer-
Wysocki-Zehnder [11], in which the analogs of broken maps are known as ‘holomor-
phic buildings’. Eleny Ionel [50] first studied compactifications of moduli spaces of
maps relative to a normal crossing divisor. She used a generalization of holomorphic
buildings with levels and chambers to describe the maps appearing in the moduli
space. Brett Parker [68, 69, 70, 71, 72, 73, 74, 75, 76] used the tropical approach
to study this problem. Parker defined a category of exploded manifolds, which com-
bined the map part and tropical part into a single space, in a way that convergence
of broken maps is continuous. The corresponding Gromov-Witten invariants in al-
gebraic geometry are studied in, for example, Abramovich-Chen-Gross-Siebert [2].
Tehrani gives an alternate compactification of holomorphic curves relative to a nor-
mal crossing symplectic divisor [29, 31] and uses it to give a degeneration formula
[30] for Gromov-Witten invariants in the almost Kähler category.

1.4. Broken Fukaya algebras

Counts of disks in the broken symplectic manifold lead to a definition of a bro-
ken Fukaya algebra. We use Cieliebak-Mohnke perturbations [22] to regularize the
various moduli spaces occurring in the paper. In order to use these perturbations
we assume the Lagrangian L ⊂ X and the symplectic manifold (X,ω) are compact,
connected, and rational in the sense that X admits a line bundle whose curvature is
the symplectic form and some tensor power is flat over L. The perturbation datum
is a collection

p = {pΓ = (JΓ, FΓ)}

of domain-dependent perturbations pΓ for each type Γ of disk, each consisting of a
domain-dependent almost complex structure JΓ and Morse function FΓ on the La-
grangian L. Using these perturbations one may construct the Fukaya algebra CF (L)
of the Lagrangian L in the Morse model constructed in, for example, Seidel [82] in
the exact case and Charest-Woodward [18] in the rational case. The underlying
vector space generated by critical points of the Morse function f : L→ R so that

CF (L) =
⊕

x∈crit(f)

Λx.
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The structure maps

md : CF (L)⊗d → CF (L)

are defined by counting rigid elements in the moduli space M(L) of holomorphic
treed disks

M(L) = {u : C → X, u(∂C) ⊂ L, (4.5)}/ ∼ .
Here C is a union of disks, spheres, and line segments. The conditions in Definition
4.5 require the map to be pseudoholomorphic on the disk and sphere components
and satisfy a gradient flow equation on the segments, see Figure 1.9. Analogously

x1
x2

xd x0

L

X

xm+1

xm+n

L

X

x1
xm

xd x0

L

X

Figure 1.9. Holomorphic treed disks counted by the composition
map md. Here segments with arrows are gradient flow lines of f , and
x0, . . . , xd ∈ crit(f).

counts of rigid elements of the moduli space of broken disks with boundary in L
leads to a broken Fukaya algebra denoted CFbrok(L) with A∞ structure maps

mbrok
d : CFbrok(L)⊗d → CFbrok(L), d ≥ 0,

see Chapter 10. The single cut version of this A∞ algebra has been constructed by
Charest-Woodward [18]. The composition maps mbrok

d and proof of the A∞ relations
for them only depend on zero or one-dimensional moduli spaces of treed disks. On
these components the tropical symmetry group is finite, and thus the composition
maps mbrok

d only count broken maps with a rigid tropical graph. Our main result is
the following, proved in Chapter 10:

Theorem 1.4. For a rational Lagrangian submanifold L ⊂ X as above, the
unbroken Fukaya algebra CF (X,L) admits a curved A∞ homotopy equivalence to
the broken Fukaya algebra CFbrok(X, L).

The ingredients of this result for broken maps, proved in Proposition 10.22 below,
are a convergence result and its converse, which is a gluing result. The convergence
result is a generalization of sft compactness ([11], [23]) for a single cut and is proved
in Chapter 8. The statement is that given a sequence of maps uν : C → X holomor-
phic with respect to almost structures Jν that are stretched along multiple necks,
there is a subsequence of uν that converges to a broken map. The limit is unique
up to the action of the tropical symmetry group. The gluing result in Chapter 9 is
proved only for broken maps of index zero: an index zero regular broken map can
be glued to produce a family of Jν-holomorphic maps uν : C → X.

We emphasize that the bijection involves broken maps, and not tropical sym-
metry orbits of broken maps. The distinction is significant even for rigid maps
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because rigid broken maps may have a finite non-trivial tropical symmetry group,
see Example 4.38. This phenomenon has also been observed by Abramovich-Chen-
Gross-Siebert [2] and Tehrani [30].

We point out that the A∞ homotopy equivalence in Theorem 1.4 is given by
curved A∞ functors

F : CF (X,L)→ CFbrok(X, L), G : CFbrok(X, L)→ CF (X,L).

Here ‘curved’ means that the zero-th terms F0, G0 are non-vanishing, which implies
that the homotopy equivalence does not preserve disk counts. Therefore, the poten-
tial, which is a count of disks with no input and a single output, may not be the
same for (X,L) and (X, L). We prove a limited result (Proposition 12.9) describ-
ing conditions under which neck-stretching does not alter the disk count for certain
homology classes.

L

Y1

Y2

Y3

Y4

L

δY1 + [Y1]

Cut P1

Cut P2

Figure 1.10. Moving a cut in the second Hirzebruch surface changes
the disk count.

Example 1.5. We give an example where a multiple cut changes the potential
of a Lagrangian brane. Consider the second Hirzebruch surface X := H2 with two
single cuts as in Figure 1.10 and a toric Lagrangian L. In the first case P1, the
broken manifold has the same potential

W1(y1, y2) = y2y
−1
1 + y2y1 + 2y2 + y−1

2

as the unbroken manifold, whose terms correspond to

• for each torus invariant divisor X1, . . . , X4, a Blaschke product with a single
term, which is a disk δXi intersecting the divisor Xi;
• and a disk in the homology class δX1 + [X1].

In the second cut P2, the potential

W2(y1, y2) = y2y
−1
1 + y2 + y−1

2

does not have disks in two out of the five classes, namely δY4 and δY1 + [Y1]. For
example, if XP2 were to contain a regular broken disk u in the class δY1 + [Y1],
the homology classes of its pieces would be as shown in Figure 1.10, and u would
satisfy a matching condition along the relative divisor Y2 between two curves of
self-intersection −1. But for a generic perturbation the two (−1)-curves will not be
incident at the same point on Y2. By the same argument, broken disks of class δX4
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are also ruled out in the broken manifold XP2 . See Remark 12.10 for more discussion
on why the multiple cut P2 alters the potential.

1.5. Split matching conditions

Our main interest is a further degeneration of the matching condition in broken
maps to a split form. By ‘splitting the matching condition’, we mean producing a
homotopy from the moduli space of broken maps to a moduli space of a different
kind of map that does not have matching conditions at certain nodes called split
nodes. In the latter kind of map, the matching condition on a node is ‘split’ into
independent constraints on each of the lifts of the node.

To split the matching condition at nodes we use a deformation of the moduli
space of broken maps that has similarities to the Bourgeois version of symplectic
field theory [11]; as well as the Fulton-Sturmfels degeneration of the diagonal in a
toric variety [33]. Bourgeois’ degeneration, where the degeneration is via the flow
of a Morse function, is used by Charest-Woodward [18] to give a split form in case
of a single cut. We remark that after the first version of this paper appeared, an
analogous result in the context of logarithmic Gromov-Witten invariants appeared
by Wu [88].

P+ P−Q

Figure 1.11. The polyhedral decomposition for a single cut.

To motivate our construction, we first describe the Morse deformation for broken
maps in case of a single cut following Charest-Woodward [18]. We recall that for a
single cut shown in Figure 1.11 the matching condition at a node w is given by

u+(w+) = u−(w−) ∈ XQ

where XQ is the relative divisor. Let

H : XQ → R, φHt : XQ → XQ

be a Morse function with time t flow φHt . Given a deformation parameter t ∈ (0,∞),
a t-deformed map is defined by replacing the matching condition at a node by a
condition that the lifts of the node are the end-points of a length t Morse trajectory:

u+(w+) = φHt u−(w−).

As t→∞ the Morse trajectory at any node degenerates to a broken Morse trajec-
tory. The matching condition degenerates to the following condition: The lifts of
the node lie on two transversely intersecting Morse cycles, namely the stable and
unstable submanifold of some critical point of the Morse function.

The Morse deformation is thus based on a deformation of the diagonal ∆XQ ⊂
XQ ×XQ to a ‘split’ form, which means a union of products

(1.7)
⋃

p∈crit(H)

W u(p)×W s(p) ⊂ XQ ×XQ.
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u0

w+

u1

w−

XQ

p

p

u0

w+

u1

w−

XQ

XQ
t

u0

w+

u1

w−

XQ

XQ

XP+

XP−

Figure 1.12. Morse deformation: From a broken map to a t-
deformed map to an ∞-deformed map.

In the special case that XQ is a T -toric variety, with T ' (S1)n, and the Morse-
Smale pair is T -invariant, the critical points are T -fixed points and the stable and
unstable manifolds are TC-invariant submanifolds. For many toric varieties, a generic
component of the moment map is a T -invariant Morse function. For a generic vector
ξ ∈ t, the gradient flow of the function 〈Φ, ξ〉 : M → R is

(t,m) 7→ eitξm.

In [18], Morse deformation by a torus-invariant Morse-Smale pair is used to prove
unobstructedness of certain Lagrangian tori.

In this paper we study the behavior of holomorphic curves under degeneration of
the matching condition of nodes that lie in toric regions of the broken manifold. The
set of edges, called split edges, that are degenerated satisfy the following conditions:

(Relative divisor assumption) If e ∈ Edge(Γ) is a split edge then every facet
bounding the polytope P (e) is shared with another polytope P ′ ∈ P.

The subset of split edges is denoted by Edges(Γ) ⊂ Edge(Γ).
Similar to the case of Morse deformation with a torus-invariant function in [18],

we define deformed maps using the action of the complex torus. We choose a generic
vector η0 ∈ t∨ called the cone direction and deform the matching condition at the
node we in the direction

ηe := π⊥T (e)(η0) ∈ t/tT (e)

We say that for any τ ∈ R the τ -deformed matching condition at a node we is the
condition that the projections of the evaluations match up to translation by the
group element eiτηe :

(1.8) (π⊥T (e) ◦ u)(z+) = eiτηe(π⊥T (e) ◦ u)(z−) ∈ XP (e),C/TT (e),C,

where the notation is carried forward from (1.5).
The limit objects in the degeneration of the matching conditions are called split

maps. A split map is a version of a broken map with no matching condition on split
nodes, and whose tropical graph satisfies a ‘cone condition’, which is explained in
the following paragraph. Since there are no matching conditions at split nodes, the
moduli space of split maps is a product. For a split tropical graph Γ̃ and a set of
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split edges Edges(Γ̃) ⊂ Edge(Γ̃), the moduli space of split maps is a product

Msplit

Γ̃
(L, η0) =

m∏
i=1

MΓ̃i
,

where Γ̃1, . . . , Γ̃m are the connected components of Γ̃\Edges(Γ̃) and MΓ̃i
is the

moduli space of broken maps modelled on the graph Γ̃i.
The cone condition on split tropical graphs is a genericity condition that en-

sures that the tropical symmetry group of a split map has the maximum possible
dimension. We describe this condition: The tropical graph Γ̃ of a split map does
not satisfy the slope condition on split edges. As a consequence the space W(Γ̃)

of tropical vertex positions of the graph Γ̃ is positive-dimensional. The amount by
which a tropical vertex position map T ∈ W(Γ̃) fails to satisfy the slope condition
at split edges is given by its discrepancy defined as

Diff(T ) := (Diffe(T ))e is a split edge, Diffe(T ) = (T (v+)− T (v−)) mod 〈T (e)〉,
where T (e) ∈ tZ is the slope of the edge e = (v+, v−). Note that Diffe(T ) = 0 for
the tropical graph of a broken map. The discrepancy cone is the positive linear span
of the set of discrepancies

Disc(Γ̃) := R+〈Diff(W(Γ̃))〉,

where Diff(W(Γ̃)) = {Diff(T ) : T is a vertex position map of the tropical graph Γ̃},

and Disc(Γ̃) is a cone in the vector space

⊕e is a split edget/〈T (e)〉.
In the case of a single split edge e the cone condition for a split map says that the
discrepancy cone contains the deformation direction η0:

Disc(Γ̃) 3 π⊥T (e)(η0).

If the direction of deformation η0 is generic, the cone condition implies that the
discrepancy cone Disc(Γ̃) is top-dimensional. In case of multiple split edges, an
ordering of the split edges e1 ≺ · · · ≺ ek is part of the datum of the graph. The
cone condition says that if for a tuple (c1, . . . , cn) ∈ (R+)n the ratios ci

ci−1
are large

enough then

(1.9) Disc(Γ̃) 3 (ciπ
⊥
T (ei)

(η0))1≤i≤n.

The condition in (1.9) is equivalent to saying that if the splitting of the matching
condition were to be carried out one edge at a time in the order e1, . . . , en, then
the cone direction η0 is contained in the discrepancy cone at each of the steps. We
explain this statement more precisely in Example 11.55. The cone condition (1.9)

implies that the discrepancy cone Disc(Γ̃) is a top-dimensional cone in the vector
space ⊕e is a split edget/〈T (e)〉, ensuring that the dimension of the tropical symmetry
group is

dim(Ttrop(Γ̃)) = 2(dim(T )− 1) ∗Number of split edges,

which is exactly the codimension of the matching condition on split edges.
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The cone condition on split maps is similar to the condition in Fulton-Sturmfels
[33]. The discrepancy cone Disc(Γ̃) is generated by a set of cones

(1.10) Wi, i = 1, . . . , k,

each corresponding to a connected component Γ̃i ⊂ Γ̃\Edges(Γ̃). We recall that
the Fulton-Sturmfels formula expresses the homology class of the diagonal in a toric
variety as a sum of products of classes, where each product has an underlying de-
composition of a cone in t. The degeneration to split maps has a similar flavor since
the moduli space of each ‘type’ of split map is a product of moduli spaces of maps,
accompanied by a decomposition of the discrepancy cone Diff(W(Γ̃)) into the cones
in (1.10).

For the purpose of producing A∞-homotopy equivalences, we apply the defor-
mation process on broken maps with index 0 or 1, i.e. maps with finite tropical
symmetry groups. The limit of deformed maps then produces split maps, whose
tropical symmetry group is isomorphic to

Ttrop(Γ̃) ∼= (C×)(dim(T )−1)∗Number of split edges × a finite group.

We define the composition maps of the tropical Fukaya algebra

CFtrop(X, L, η0)

via counts of tropical symmetry orbits of split maps, whose split tropical graph
contains the deformation direction η0. Counts of orbits of split maps satisfy an
A∞-relation and the resulting A∞-algebra CFtrop(X, L) is called the tropical Fukaya
algebra. Our second main result is as follows :

Theorem 1.6. Let η0 ∈ t∨ be a generic direction of deformation. The bro-
ken Fukaya algebra CFbrok(X, L) is A∞-homotopy equivalent to the tropical Fukaya
algebra CFtrop(X, L, η0).

The proof of the Theorem for split maps is completed in Proposition 11.65 below.
We conjecture that the matching condition can be degenerated at all nodes, including
the nodes which map to divisors that are not toric. In that case the composition
maps in the tropical Fukaya algebra can be expressed as a sum of products, where
the sum is over all rigid tropical graphs, and the product is over all vertices in the
graph. A limited version of such a factorization formula is given in Remark 11.49.

1.6. Unobstructedness of toric Lagrangians

Using the tropical Fukaya algebra, we prove unobstructedness of certain La-
grangian tori, generalizing a result of Fukaya-Oh-Ohta-Ono result [35] on Lagrangian
torus orbits in toric varieties. We call a Lagrangian L ⊂ X a tropical torus if there
exists a polytope P ∈ P of maximal dimension such that XP is a toric manifold
(that is, is a compact symplectic manifold with a completely integrable Hamiltonian
torus action) and L ⊂ XP is a Lagrangian torus orbit. A tropical torus appears
to be a somewhat stronger requirement than the notion of moment fiber in a toric
degeneration used in mirror symmetry, where “discriminant” singularities are al-
lowed as in Gross [42]. However, since singular cuts can be transformed to smooth
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straddling cuts (see Section 2.4) our result in fact holds for any Lagrangian torus in
a toric degeneration that does not intersect relative divisors.

Homotopy equivalence with the tropical Fukaya algebra is used to prove that
tropical tori are weakly unobstructed in the following sense. First, we point out that
the geometric part of the Fukaya algebra CF geom(L) generated by the critical points
of a Morse function on the Lagrangian may not have a strict unit. The geometric
Fukaya algebra CF geom(L) can be enlarged to CF (L) in order to include a strict
unit 1L ∈ CF (L) by the homotopy unit construction as in Fukaya-Oh-Ohta-Ono [34,
(3.3.5.2)] (see Section 10.3 for an exposition on the lines of [18]). The cohomology
H(A) of an A∞ -algebra A is well-defined if the first order composition map m1

satisfies m2
1 = 0. The condition m2

1 = 0 may fail to hold if the curvature m0(1) ∈ A
is not a Λ-multiple of the unit 1L, which is an ‘obstruction’ to the definition of Floer
cohomology. Weak unobstructedness is a more general condition under which the
Floer cohomology of a Lagrangian brane can be defined. A Lagrangian brane L is
weakly unobstructed if the projective Maurer-Cartan equation

(1.11) m0(1) +m1(b) +m2(b, b) + . . . = W (b)1L for some W (b) ∈ Λ.

has an odd solution b ∈ CF (L). Any odd solution to the Maurer-Cartan equation
is called a weakly bounding cochain and the set of all the odd solutions is denoted
MC(L). Given a weakly bounding cochain, the Fukaya algebra CF (L) may be
‘deformed’ by b (see (10.6)) to yield an A∞ -algebra CF (L, b) with composition
maps (mb

n)n≥0 satisfying

mb
0 = W (b)1L, for some W (b) ∈ Λ.

Consequently, (mb
1)2 = 0, and the Floer cohomology

HF (L, b) := ker(mb
1)/ im(mb

1)

is well-defined. The function

W : MC(L)→ Λ, b 7→W (b)

is called the potential of the curved A∞ algebra CF (L, b). The following result shows
that a tropical Lagrangian is unobstructed, and it has a distinguished solution of
the Maurer-Cartan equation.

Corollary 1.7. (Unobstructedness of a tropical torus) Suppose that L ⊂ XP0

is a tropical torus equipped with a brane structure and that all the facets of P0 are
elements of P. For any generic cone direction η0 ∈ t∨, we have

m0
CFtrop(X,L,η0) = wx

where x is the unique maximum point of the Morse function on L and w ∈ Λ>0 is
an element of the positive part of the Novikov ring. In the tropical Fukaya algebra
CFtrop(X, L, η0),

b := wx ∈MC(L)

is a solution of the Maurer-Cartan equation, and the potential of the b-deformed A∞
algebra CFtrop(X, L, η0, b) is

W (b) := w1L.



24 1. STATEMENT OF RESULTS

Consequently CFtrop(X, L, η0), and hence CF (X,L), are weakly unobstructed.

Corollary 1.7 is re-stated and proved in Section 12.1. Corollary 1.7 gives a
solution Wx of the Maurer-Cartan equation for the tropical Fukaya algebra in this
case. The corresponding solution for the unbroken Fukaya algebra CF (L) is F(Wx )
where F : CFtrop(X, L)→ CF (X,L) is a A∞-homotopy equivalence.

For a tropical Lagrangian L, the weakly bounding cochain produced by Corollary
1.7 is a good choice. Indeed, for a toric variety X we describe a multiple cut below
for which Corollary 1.7 is applicable to yield a weakly bounding cochain b, and
the leading order terms in the potential CFtrop(X, L, b) coincide with the leading
order terms in the Batyrev-Givental potential (12.1); thus re-proving the following
result (Corollary 1.8) of Fukaya-Oh-Ohta-Ono [35]. We now describe the multiple
cut P of a toric variety X used in our proof. The multiple cut P consists of a
collection of orthogonally intersecting single cuts, with one cut parallel to each facet
of the moment polytope. In particular, if X is a T -toric variety with moment map
Φ : X → t∨ and moment polytope

∆ := Φ(X) = {x ∈ t∨ : 〈µi, x〉 ≤ ci, i = 1, . . . , N}

where µi ∈ t is the primitive outward pointing normal of the i-th facet of ∆, and
ci ∈ R; the cuts are along the hypersurfaces

〈x, µi〉 = ci − εi, i = 1, . . . , N

where εi > 0 is a small constant. See Figure 1.13. Thus one of the cut spaces

(1.12) XP0 := Φ−1({x : 〈µi, x〉 ≤ ci − εi, i = 1, . . . , N}

is diffeomorphic to X. We assume that the Lagrangian torus lies in XP0 . Our

P0 P∨0

P∨1

P1

P3

P2

P∨2

P∨3

Figure 1.13. The multiple cut and its dual complex on a symplectic
toric manifold

motivation in considering this multiple cut is that it has a regular perturbation
for which the almost complex structure on XP0 is standard. Indeed, the standard
almost complex structure on a toric manifold fails to be regular if the torus-invariant
divisors contain holomorphic spheres of non-positive Chern number. Such spheres
are absent in our setting because all the torus-invariant divisors are relative divisors,
and therefore intersect maps at isolated points. Of course there are other multiple
cuts for which the Lagrangian is contained in a toric piece, all whose torus-invariant
divisors are relative divisors. But we shall see that the multiple cut we have chosen
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makes the calculation of the potential easy, and also the count of least area disks is
unaffected by neck-stretching.

Corollary 1.8. (Disk potentials in a toric manifold) Let X be a symplectic
toric manifold, and let X be the broken manifold obtained by applying the multiple cut
described above. Suppose XP0 ⊂ X is the top-dimensional component diffeomorphic
to X (see (1.12)), and L ⊂ X is a toric Lagrangian. Then the conclusions of
Corollary 1.7 hold for L. For the distinguished solution b of the Maurer-Cartan
equation on CFtrop(X, L, η0), the leading order terms in the potential W (b) coincide
with the leading order terms of the Batyrev-Givental potential (12.1).

Corollary 1.8 is restated and proved in Section 12.2.

Example 1.9. We examine how a disk of Maslov index two in a toric variety
deforms to a split disk. See Figure 1.14 for a two-dimensional example. One possi-
bility is that the broken disk u = (u+, u−) consists of a disk u+ of Maslov index two
in XP0 and a sphere u− in XP1 . The space XP1 is a P1-fibration, and u− is a fiber.
For any deformation parameter τ ∈ t/〈Te〉, in the τ -deformed map, the disk u+ stays
the same and u− shifts to uτ−, which is a different P1-fiber in XP1 . If τ approaches
infinity in a generic direction, the limit of the maps uτ− lies in Φ−1(P ′) where P ′

is an edge of the polytope P1. As a result, in the limit split map, the limit u∞− of
(uτ−)τ lies in a neck piece which is a thickening of XP ′ . The component uτ− has a
2(dim(T )− 1)-dimensional tropical symmetry group, since the corresponding vertex
in the dual polytope is free to move in the interior of (P ′)∨. The details are part of
the proof of Proposition 12.3. In Figure 1.14, P ′ = P1 ∩ P2 and dim((P ′)∨) = 1.

P0

L P∨0

P∨1

u+

u−

P0

L

τ
u+

uτ−

P0 L

P1P8

P7

P∨0

P∨1

v+

v−
e

P∨8

(A)

(B)

(C)

Deform edge e

Split limit
as τ →∞

Figure 1.14. (A) A broken disk of Maslov index 2 and its tropical
graph, (B) a τ -deformed disk, (C) the split disk obtained in the limit
τ →∞ and its tropical graph.





CHAPTER 2

Applications to disk counting

Although our main goal is the existence of a tropical version of the Fukaya
algebra, rather than development of computational tools, the results of this paper
can in some cases be used to compute disk counts, and in particular, prove formulas
for disk potentials of various Lagrangians. In this chapter, we describe several such
examples that the reader might keep in mind during the reading of the theory.

2.1. Counting disks in cubic surfaces

Broken maps can be used to compute the number of lines in a cubic surface.
We also compute its “open” analog, namely the disk potential of a toric Lagrangian
in the cubic surface – this number is independent of perturbations because the
Lagrangian is monotone. We show that there are twenty one disks contributing
to the potential as conjectured by Sheridan [83, Appendix B]; this example also
appears in Pascaleff-Tonkonog [77] and can also be addressed using the method of
Chan-Lau-Cho-Tseng [15]. The paper Bardwell-Evans-Hong-Lin [6] describes the
disks in terms of scattering diagrams.

First we deform the cubic surface to a semi-Fano toric surface, and then we
describe a multiple cut on the deformation. Recall that a toric manifold X is semi-
Fano if for any torus invariant sphere S ⊂ X, the first Chern number c1(TX|S)
is non-negative. We have seen in Example 2.24 that a cubic surface has a toric
degeneration to an almost toric manifold X0 with 9 singular points. The toric
fibration on X0 may be altered via a nodal slide, so that we may assume there is a
continuous map Φ from X0 to a triangle

∆ = hull{(−1,−1), (2, 1), (1, 2)}.

The map Φ is a moment map for a Hamiltonian torus action on the complement

X0\
⋃

v is a vertex of ∆

Φ−1(v).

The inverse image of each vertex v ∈ ∆ is a union Φ−1(v) ∼= S2∪S2 of two Lagrangian
spheres, thus each of these is the resolution of an A2 singularity. In Examples 2.1,
2.4 we count the number of holomorphic spheres or disks of minimal Chern number
resp. Maslov index. To do the count, we first deform the symplectic form on X0 to
Xε, ε > 0, which is a toric manifold whose moment polytope has facets

(2.1) y = ±1, x = ±1, x− y = ±1,

27
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and

(2.2) x+ y = 1 + ε, y − 1− ε = 2x, x− 1− ε = 2y.

The divisors in Xε corresponding to the facets (2.1) are called short divisors , and
those corresponding to (2.2) are called long divisors. The short resp. long divisors
are denoted by Ei resp. Di in Figure 2.2. Note that as a symplectic manifold
X0 = limε→0X

ε, and the short facets are collapsed to a single point in the moment
polytope of X0. We fix a small ε > 0, and denote

(2.3) X := Xε.

As a second step to do the curve count, we apply a multiple cut on X that splits it
into Fano pieces as shown in Figure 2.1. The resulting broken manifold is called

(2.4) X.

We count disks and spheres in X, and prove that the count is the same in the cubic
surface.

Deform
symplectic Multiple

Dual complex(-1,-1)

(1,0)

(0,1)

form cut

P0

P1

P2 P3

P9

P∨
0

P∨
9

P∨
2

P∨
3

P∨
1

X0 X := Xε X

P8

P7

P6

P5

P4

P∨
8 P∨

7

P∨
6

P∨
5

P∨
4

Figure 2.1. Multiple cut on the cubic surface.

An alternate way of viewing the cubic surface as an almost toric manifold is as
follows: A cubic surface is isomorphic as a Kähler manifold to the projective plane P2

blown up at generic points z1, . . . , z6. Let M1 be the cubic surface given by blowing
up 3 generic points z4, z5, z6 in the toric del Pezzo Bl3(P2), and equipped with the
Fubini-Study form. By moving the three points to toric fixed points in Bl3(P2),
we obtain a path (Mt, Jt), t ∈ [0, 1] of Kähler manifolds such that M0 = X0. The
symplectic form on Mt is monotone for t ∈ (0, 1], and by taking the limit, it is also
monotone for X0 = M0. (Monotonicity means that ω = λc1 for some λ > 0 and
ω, c1 : π2(X)→ R are homomorphisms.)

Example 2.1. (Twenty-seven lines on a cubic surface) The number of lines in a
cubic surface was proved by Salmon and Cayley to equal twenty-seven, see Mumford
[62, Section 8D], and is easily seen to be the Gromov-Witten invariant. We re-prove
this result by counting broken maps in X. Indeed, the Gromov-Witten invariant is
not altered by deformation of the symplectic form or neck-stretching. The multiple
cut in Figure 2.1 splits X into Fano surfaces, so that the homology class of any
lowest area sphere degenerates to the homology class of a union of spheres with self-
intersection −1. In Proposition 2.2 we show that a broken sphere in X with Chern
number 1 consists of one long divisor and a non-self crossing path of short divisors.
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D1

E6

E5

E1

E2

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

E3

E4

D2

D3

Figure 2.2. Nine of the twenty-seven lines on a (deformation of) a
cubic surface, in the homology classes [D1] +

∑
i=1,2,5,6 ni[Ei].

There is one configuration corresponding to each of the pictures in Figure 2.2. By
symmetry there are twenty-seven such configurations in total.

The following result is proved later in the section.

Proposition 2.2. Any broken sphere of index zero in the broken manifold X is
of the form shown in Figure 2.2, and each such broken sphere has multiplicity one.
Therefore, a cubic has 27 lines.

Remark 2.3. (Disks versus spheres) We point out that the results in this paper
are about Fukaya algebras (defined using counts of disks), whereas Proposition 2.2
uses analogous results in Gromov-Witten theory (defined using counts of spheres).
Broken Gromov-Witten invariants are well-defined in cases when markings are con-
strained to lie on homology classes that are represented by cycles that are contained
in a single top-dimensional cut space. In the case of lines in the cubic surface there
are no markings. Whenever the broken (and split) Gromov-Witten invariants are
well-defined, they are equal to the ordinary GW invariants on the unbroken manifold.
The proofs are easier than the A∞ -counterpart because the coherence condition on
the perturbation datum is weaker. We point out this difference in Remarks 6.8 and
11.7.

Example 2.4. (Twenty-one disks in the cubic surface) The Fukaya category of
a cubic surface was computed by Sheridan [83, Appendix B], and it was shown to
have a summand corresponding to twenty-one as an eigenvalue of the first Chern
class. Recall that the cubic surface X is a toric fibration

(2.5) Φ : X → ∆ := hull{(−1,−1), (2, 1), (1, 2)}

in the complement of Φ−1(v) where v ranges over the three vertices of ∆. The
Lagrangian L is the monotone fiber

(2.6) L := Φ−1(0, 0).

The Lagrangian torus L is expected to generate the sub-category of the Fukaya
category corresponding to the “small eigenvalue” in Sheridan’s language in [83].
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In Proposition 2.5 below we show that a disks in the cubic surface X with
boundary in L and of Maslov index I(u) = 2 either

(a) intersects a long divisor Di (there are 3 such disks), or
(b) is a nodal disk consisting of a disk u0 : S → X intersecting a short divisor Ei

and a non-intersecting path of spheres u1, . . . , uk : P1 → X, each mapping
to a short divisor Ej , and thus having Maslov index zero. There are 18 such
nodal disks. See Figure 2.3.

To prove the Proposition we use a multiple cut on X and count broken disks,
and then show that neck-stretching preserves the disk count. These computations
can also be addressed using the method of Chan-Lau-Cho-Tseng [15]. The paper
Bardwell-Evans-Hong-Lin [6] describes the disks in terms of scattering diagrams.

(a) (b) (c) (d)

E1

E2

D

Figure 2.3. There are twenty-one Maslov-index-two-disks on a cu-
bic surface: 3 of type (a), and 6 each of type (b), (c) and (d).

Proposition 2.5. Let X be the cubic surface with the Fubini-Study form, and
let L be the monotone toric Lagrangian from (2.6). Any disk contributing to the
potential of CF (X,L) is of the form shown in Figure 2.3, and each disk has a
multiplicity of one.

Prelude to the proof of Propositions 2.2, 2.5. We describe the pertur-
bation used for counting broken spheres and broken disks on the multiply cut cubic
surface. We use a perturbation that depends both on the domain curve and the
tropical graph. Such perturbations, called split perturbations, are defined rigorously
in Section 10.7. In Section 10.7 we also show that split perturbations yield the
same Gromov-Witten invariants and A∞-homotopy equivalent Fukaya algebras as
coherent domain dependent almost complex structures. We recall that a domain-
dependent perturbation has an underlying background almost structure which is per-
turbed in a compact subset of the complement of the nodal points in the domain.
In a split perturbation, the background almost complex structure is allowed to vary
across components Cv, v ∈ Vert(Γ) of the domain. For a tropical graph Γ we denote
the background almost complex structures by

Jbv ∈ J cyl(XP (v)), v ∈ Vert(Γ),

which, for the broken cubic surface, is defined as

(2.7) Jbv := φ∗vJstd,
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where Jstd is the standard almost complex structure on the toric manifold XP (v); and
φv : XP (v) → XP (v) is a Hamiltonian diffeomorphism that is supported away from
the relative divisors. We observe that the tropical graph of a broken map allows us
to detect when the component of a map is homologous to a multiple of a (−1)-curve,
such as E′1, E′′1 , E′2, E′′2 etc. in Figure 2.5. For example, a map component uv with
P (v) = P1 (see Figure 2.5 for notation) is homologous to kE′1 exactly if all edges
e incident on v satisfy P (e) = P12 := P1 ∩ P2, and the sum of multiplicities of the
edges is k. We choose perturbations that

(Constant on simple components) vanish on components where the map is
not a multiple cover of a (−1)-sphere.

That is, on such a component Cv the perturbed almost complex structure is equal
to the background Jbv . On components where the map is a multiple cover of a (−1)-
sphere, the background Jbv is perturbed in a domain-dependent way. The proof of
the sphere count and disk count is carried out separately below. �

Notation 2.6. (Pseudoholomorphic (−1)-spheres) Suppose P ∈ P is a top-
dimensional polytope in the multiple cut of the cubic surface, and P 6= P0. Suppose
E ⊂ XP is a (−1)-sphere that is Jstd-holomorphic. For any tamed almost complex
structure J on XP , there is a J-holomorphic sphere homologous to E which we
denote by

(2.8) EJ ⊂ XP .

Observe that in this notation E is the same as EJstd .

Remark 2.7. (There are no broken (−2)-spheres) A split perturbation as above
ensures that, with respect to the background almost complex structure, there are no
pseudoholomorphic spheres homologous to short divisors (whose self-intersection is
−2) by the following reason: Suppose E is a short divisor whose broken version has
components E′ ⊂ XP0 , E′′ ⊂ XP1 . Let Q = P0 ∩ P1. For any tropical graph Γ, and
e = (v0, v1) ∈ Edge(Γ), with P (v0) = P0, P (v1) = P1, for generic background almost
complex structures Jbv0

, Jbv1
the spheres E′Jv0

and E′′Jv1
(using notation from (2.8))

intersect XQ at different points. Therefore there is no broken pseudoholomorphic
sphere homologous to E′ ∪ E′′ for the background almost complex structures. We
may assume the domain-dependent perturbations of Jbv0

, Jbv1
are small enough that

the evaluations evw−e (uv0), evw+
e

(uv1) ∈ XQ lie in disjoint neighborhoods of the

points E′Jv0
∩XQ and E′′Jv1

∩XQ, thereby ruling out perturbed (−2)-spheres also.

L L

Figure 2.4. Disks in the second Hirzebruch surface that intersect
the exceptional divisor.
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Remark 2.8. As an aside we remark that in a resolution of an A1-singularity,
a symplectic cut can be used to count disks. As in the case of the cubic surface, the
cut is useful because it splits up the surface into Fano surfaces. For example, the
resolution of the weighted projective plane P(1, 1, 2) is the second Hirzebruch surface,
and in this case we may use a single cut to count disks. Given a toric Lagrangian,
there are two disks of Maslov index two that intersect the exceptional locus (that
is, the inverse image of the A2-singularity in the resolution). The homology classes
of the disks and the cut are shown in Figure 2.4.

P0

P9

P2

v−1

v0

P1

P3

v1

v−1

v2

v0v1

v−1

v2

v3

v0v1

[u(1)] = D1

[u(2)] = D1 + E1 [u(3)] = D1 + E1 + E2

D′1

D′′′1

D′′1

E′′1
E′2

E′′2

E′1

E′′6

E′6 E′′5 E′5

Figure 2.5. Top left: Broken versions of some divisors in the cu-
bic surface. Other figures: Broken maps u1, u2, u3 whose gluing is
homologous to [D1] + k1[E1] + k2[E2] for some k1, k2 ≥ 0.

We now prove the result on spheres on the cubic surface.

Proof of Proposition 2.2. We recall from the discussion at the beginning of
the section that the homology class of a sphere of index zero in X is the sum of a
long divisor class [Di] and an arbitrary number of short divisor classes. Consider a
broken sphere u such that its gluing has homology class

[uglue] = [D1] + n1[E1] + n2[E2] + n5[E5] + n6[E6],
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where D1, Ei are defined in Figure 2.2. We aim to prove that u is of the form shown
in Figure 2.2. We first assume that that n5 = n6 = 0, and so,

(2.9) [uglue] = [D1] + n1[E1] + n2[E2].

We will show that a regular configuration is one of the types (a)-(c) in Figure 2.2.
The conclusion for the general case (n5, n6 6= 0) follows by symmetry.

Consider a broken map u with homology class as in (2.9) and a tropical graph
Γ, we will show that n1, n2 ≤ 1. The proof is carried out in steps, where in every
step, we uncover the possible maps uv corresponding to a vertex v of the tropical
graph. In the following analysis we refer to Figure 2.5 for notation.

Step 1 (v0): Since the long divisor is a summand in the homology class repre-
sented by the map u, there is a component of uv0 of the broken map that maps to
D′1 (see Figure 2.5 for notations). By the assumption that n5 = n6 = 0,

• v0 has an edge to v−1 with P (v−1) = P9, and the homology class of the map
uv−1 is [D′′′1 ];
• and an edge to v1 with P (v1) = P1,

and no other edges.

Step 2 (v1): So far we have shown that the broken map has vertices v0, v−1 and
further, v0 has an edge of multiplicity one to a vertex v1 with P (v1) = P1. Given
that the homology class of the gluing of u is given by (2.9), the homology class of
uv1 is

(2.10) [D′′1 ] + k[E′1] for some k ≥ 0.

We proceed to show that k = 0 or 1: We recall that E′1,Jv1
is a Jv1-holomorphic

sphere in XP1 that is homologous to the (−1)-sphere E′1 ⊂ XP1 , see notation in (2.8).
Since the map uv1 intersects the relative divisor XP01 , the homology class [uv1 ] can
not be a multiple of the class [E′1]. The property (Constant on simple components)
then implies that the domain-dependent almost complex structure for uv1 is equal
to the constant Jv1 . In (2.10) if k > 1, then [uv1 ].[E′1,Jv1

] < 0. This implies that

the image of uv1 is contained in E′1,Jv1
, contradicting the fact that uv1 intersects the

relative divisor XP01 . In case k = 0, the broken map u is u1 represented in Figure 2.2
(a) and Figure 2.5 (a), [u1

glue] = [D1] and there are no more vertices in the tropical

graph. If k = 1, v1 has an edge to a vertex v2 with P (v2) = P2.

Step 3 (v2): So far we have shown that for a broken map u whose gluing has
homology class (2.9), either [uglue] = [D1] or the tropical graph of u has vertices
v−1, v0, v1 and v1 has an edge of multiplicity 1 to a vertex v2 with P (v2) = P2. In
the latter case, the homology class (2.9) of the glued map [uglue] implies that the
homology of uv2 is

[uv2 ] = k1[E′′1 ] + k2[E′2],

and since v2 has an edge to v1, k1 ≥ 1.
First consider the case k2 = 0. If k1 = 1, then there are no more vertices, u = u2,

and the map is represented in Figure 2.2 (b) and Figure 2.5 (b). Now suppose k2 = 0
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and k1 > 1. Then uv2 is a multiple cover of the sphere E′′1,Jv2
(using notation from

(2.8)). Besides the edge e to v1, v2 has at least one more edge to a vertex, say v3,
with P (v3) = P1, see Figure 2.6. Indeed, at the node we′ corresponding to the edge
e′ := (v1, v2), the map uv2 has an intersection of order 1 with the relative divisor
XP12 , and more edges are required to account for the k intersections that uv2 has
with XP12 . The homology class of uglue in (2.9) implies that the homology class of
the map uv3 is a multiple of [E′1]. For generic background almost complex structures
Jbv2

, Jbv3
and small enough domain-dependent perturbations, the evaluations

evwe(uv2), evwe(uv3) ∈ XP12

will not agree, see Remark 2.7 which explains a similar result. Therefore matching
conditions can not be simultaneously satisfied at the node (v1, v2) and (v1, v3). Thus
the possibility that k1 > 1 is ruled out when k2 = 0.

v−1

v2

v0
v3

[uglue] = D + kE1 P (v1) = P (v3) = P1

e = (v2, v3)

e′ = (v1, v2)
e

e′

v2

v3

k > 1

v1
v1,

Figure 2.6. A hypothetical broken map (ruled out in proof of
Proposition 2.2).

Next, assuming k2 > 0, we show that k1 = k2. The argument is similar to the
one used in Step 2. For example, if k2 > k1, then [uv2 ].E′2 < 0. So the image of
uv2 lies in the Jv2-holomorphic sphere homologous to E′2, contradicting the fact that
k1 ≥ 1. The case k1 > k2 is ruled out by a symmetric argument.

Next, we rule out the case k1 = k2 > 1 using the genericity of J . Gluing the
(−1)-spheres E′′1,Jv2

and E′2,Jv2
produces a Jv2-holomorphic sphere with a trivial

normal bundle in XP2 . Then there is a fibration

π : XP2\(XP02 ∪ E′′1,Jv2 ∪ E
′
2,Jv2

)→ C×

where the fibers are Jv2-holomorphic spheres. When k1 = k2, the map uv2 is a cover
of one of the fibers of π. We define a diffeomorphism

f : XP12\XP012 → XP23\XP023

by the condition that x and f(x) lie on the same fiber of π. As we argued in the
previous paragraph, k1 > 1 implies that v2 has an edge to a vertex, say, v3 with
P (v3) = P1 and uv3 is a cover of the sphere E′1,Jv3

(see Figure 2.7). Since k2 > 0,

v2 also has an edge to a vertex, say, v4 with P (v4) = P3 and uv4 is a cover of the
sphere E′′2,Jv4

. For generic background almost complex structures Jv3 , Jv4 ,

f(E′1,Jv3
∩XP12

) 6= E′′2,Jv4
∩XP23

.
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The domain-dependent perturbations are small enough that the evaluations evwe′′ (uv2),
evwe′′ (uv4) ∈ XP23 lie in disjoint neighborhoods of f(E′1,Jv3

∩XP12), E′′2,Jv4
∩XP23 .

Consequently there is no broken map u for which [uglue] = D1 + k(E1 +E2), k > 1.

v−1

v2

v0v1, v3

[uglue] = D + kE1 + kE2

e
e′

v2

v3

v4

k > 1

v4

Figure 2.7. A hypothetical broken map (ruled out in proof of
Proposition 2.2).

Finally we are left with the case k1 = k2 = 1. In this case uv2 is a simple map
to a fiber of π, and v2 has an edge to a vertex v3 with P (v3) = 0.

Step 4 (v3) : So far we have shown that if a broken map u whose gluing has
homology class (2.9), then either [uglue] = [D1] or [uglue] = [D1]+[E1] or the tropical
graph of u has vertices v−1, v0, v1, v2, and v2 has an edge of multiplicity 1 to a vertex
v3 with P (v3) = P3. In this last case, the only possibility is that uv3 is a simple
map of class [E′′2 ]. The resulting broken map, of class [D1] + [E1] + [E2] is shown
in Figure 2.2 (c) and Figure 2.5 (c). Multiple covers of [E′′2 ] are ruled out using
arguments similar to those in Step 2: If uv3 is a multiple cover of E′′2 then there is
a path P in Γ emanating out of v3 (which does not contain v2) whose end-point is
a (−1)-curve. Let e 3 v3 be the first edge in the path P . Since the path ends in
a (−1)-curve, there is a point constraint on uv3 at the node we corresponding to e.
For a generic background J and a small enough perturbation, the point constraint
will be distinct from E′′2,Jv3

∩ XP23 , contradicting the existence of such a multiple

cover m[E′′2 ] in the broken map.
Finally we show that each tropical graph in Figure 2.2 contributes +1 to the

curve count. Since the sphere uv corresponding to each vertex v ∈ Vert(Γ) is pseu-
doholomorphic with respect to an integrable almost complex structure Jbv (see (2.7)),
and matching conditions are cut out by diagonals on the relative divisors, each of the
broken maps has positive orientation in the moduli space. In each of the cases, there
is no automorphism of the tropical graph. Therefore, a broken map with n interior
markings contributes 1

n! to the curve count. Assuming that the components of the
broken map have n1, . . . , nm markings (that add up to n), permuting the labellings
of marked points within each component gives (n1! . . . nm!) curves. Finally there are

n!
n1!...nm! ways of assigning interior markings to components – each of these would give
rise to a different almost complex structure. Our proof shows that in all the cases,
the number of broken maps corresponding to each tropical graph is unaffected. This
finishes the proof of the curve count in broken maps. Since Gromov-Witten invari-
ants are not altered by neck-stretching and deformation of the symplectic form, we
have shown that there are 27 lines on a cubic surface. �
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The following is the proof of the disk count on a cubic surface.

Proof of Proposition 2.5. As in the proof of the sphere count, we first count
the number of broken disks of Maslov index 2 in the broken manifold X, and then
argue that the disk count is the same for the cubic surface. We recall that the broken
manifold X is obtained by first deforming the symplectic form on the cubic surface
to produce a toric manifold X := Xε, and then by multiply-cutting X.

The homology classes of the disks of Maslov index two in X (equipped with a
torus-invariant almost complex structure) must consist of a single Blaschke product
(i.e. a disk having exactly one intersection with one of the toric divisors) and a
collection of short divisors, each of which have Chern number zero:

(2.11) H2(X,L) 3 [u] =

{
δlong or

δshort +
∑

i ai[Ei],

where δlong resp. δshort ∈ H2(X,L) is the class of a disk which is a single Blaschke
product intersecting a long resp. short divisor, ai ∈ Z+, and any Ei ∈ H2(X) is the
homology class of a short divisor.

A semi-Fano toric surface has a well-defined potential (see Proposition 12.7).
Further the potential is unchanged under neck-stretching if the broken manifold,
with the standard almost complex structure (componentwise torus-invariant) does
not have disks of Maslov index zero, see Proposition 12.9. This condition is indeed
satisfied in the multiple cut we consider on the cubic surface, see Proposition 12.11.
Therefore, if J0 resp. J0 is the standard almost complex structures on X resp. X,
for any regular domain-dependent almost complex structure J resp. J close enough
to J0 resp. J0, the potential on (X, J) and (X, J) is the same. In particular, the
contribution to the potential from any disk homology class β ∈ H2(X,L) is the same
for (X, J) and (X, J). Thus we may assume that the homology class of any broken
disk in X is as in (2.11).

Let u be a broken disk in X whose gluing has relative homology class

[uglue] = [δE1 ] +
∑
i

ni[Ei] ∈ H2(X,L),

where [δE1 ] is the class of a Maslov index two disk in (X,L) that intersects the short
divisor E1 (using notation in Figure 2.3). The other cases where δE1 is replaced by
δEi , i = 2, . . . , 6, can be analyzed similarly. Now we need to show that the gluing
of u is either (b), (c) or (d) in Figure 2.3. Since the class [∂u] ∈ H1(L) is preserved
by neck stretching, we conclude that the disk component of u is a Maslov index two
disk in XP0 that intersects the relative divisor XP01 . The rest of the proof that u
is of the expected form is exactly same as Steps 2, 3, 4 in the proof of the sphere
count (Proposition 2.2). Each of the tropical graphs contributes +1 to the curve
count: Using the standard spin structure, isolated Blaschke disks have a positive
orientation sign (see [20, p22]), the maps uv are pseudoholomorphic with respect to
an integrable almost complex structure Jbv (see (2.7)), and matching conditions are
cut out by diagonals on the relative divisors, each of the broken maps has positive
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orientation in the moduli space. The combinatorics involving marked points carries
over from the sphere case.

We have so far proved that for any regular perturbation p of the standard al-
most complex structure J0 on the toric manifold X, the potential of CF (X,L, p)
has twenty one terms. It remains to show that the potential is the same for the
cubic surface. There is a family of Kähler manifolds {(Mt, ωt, J

M
t )}t∈[0,1], each of

whose elements is the monotone blow-up of the toric del Pezzo Bl3 P2 at three points
z4,t, z5,t, z6,t ∈ Bl3 P2. For t > 0 the points z4,t, z5,t, z6,t are generic, and so, (Mt, J

M
t )

is a cubic surface. For t = 0 the points z4,0, z5,0, z6,0 are torus fixed-points, corre-
sponding to alternate vertices on the moment polytope of Bl3 P2. Since the elements
of the family are symplectomorphic to each other, we may view JMt as a family of
compatible complex structures on (M0, ω0). On the other hand, there is a family
of semi-Fano toric manifolds {Xε}ε>0 (with varying symplectic forms) in Figure 2.1
such that the limit X0 is almost toric and isomorphic to (M0, ω0, J

M
0 ) as a Kähler

manifold. Via this isomorphism, the monotone toric Lagrangian L ⊂ X0 is iden-
tified to a Lagrangian L ⊂ M0. The potential CF (M0, L, J

M
t ) is t-independent by

monotonicity of L, and is equal to the semi-Fano toric potential of CF (Xε, L, J0)
in the limit ε → 0. Finally we recall from (2.3) that X was defined to be Xε for a
small ε > 0. This finishes the proof of Proposition 2.5 on the count of disks on a
cubic surface. �

Remark 2.9. Proposition 2.5 implies that the potential of the monotone toric
Lagrangian on the cubic surface has twenty one terms coming from the disks shown
in Figure 2.3. We obtain the potential

W (y1, y2) = y1y2 + y1/y
2
2 + y2/y

2
1 + 3(y1 + y1/y2 + y2 + y2/y1 + 1/y1 + 1/y2)

originally obtained by Pascaleff-Tonkonog [77] using mutations. This formula is
equivalent to the one in [77, Table 1] by the change of variables

z1 = y−1
1 , z2 = y−1

2

after which the formula becomes

W (z1, z2) = (1 + z1 + z2)3/z1z2 − 6.

The formula is also obtained in Galkin-Usnich [36]; c.f. [7, Table 5.1].

2.2. Counting disks in flag varieties

In this section we use our results to compute the disk potential of partial flag vari-
eties, without using small resolutions which were the original approach of Nishinou-
Nohara-Ueda [63] and Nohara-Ueda [64]. Given a tuple n := (n1, . . . , nr) with∑

i ni = n, a flag variety Fl(n1, . . . , nr) is the set of flags

Fl(n) := Fl(n1, . . . , nr) := {{0} ⊂ Vn1 ⊂ Vn1+n2 ⊂ . . . Vn1+···+nr = Cn}.
A flag variety may be identified with a co-adjoint orbit of the action of U(n) on
u(n)∨. In particular, Fl(n) is the coadjoint orbit of an element

diag(ι(Λ1, . . . ,Λ1︸ ︷︷ ︸
n1 times

,Λ2, . . . ,Λ2︸ ︷︷ ︸
n2 times

, . . . ,Λr, . . . ,Λr︸ ︷︷ ︸
nr times

)) ∈ u(n)∨,
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where

Λi ∈ R, Λ1 > · · · > Λr,

and u(n) is identified to its dual via the AdU(n)-invariant inner product

(·, ·) : u(n)× u(n)→ R, (A,B) 7→ trace(A∗B).

We recall the construction of the Gelfand Cetlin system on a flag variety from
Guillemin-Sternberg [47]. The Gelfand-Cetlin system is a collection of functions that
form a completely integrable system on an open set of Fl(n). For any m = 1, . . . , n,
let

πm : Fl(n)→ u(m)∨

be the projection obtained by taking the upper left m ×m submatrix. The eigen-
values of πm, which are necessarily imaginary, are denoted by ιΦm,k, 1 ≤ k ≤ m,
where

Φm,1 ≥ Φm,2 ≥ . . . ≥ Φm,m.

Together, the collection of maps {ιΦi,k}1≤k≤i≤n define a map

(2.12) Φ : Fl(n)→ t∨ := (ιR)n(n−1)/2,

For any i, the eigenvalue functions Φi,j are smooth functions whenever they are
distinct and are continuous everywhere. The eigenvalues satisfy the interlacing in-
equalities

Φi,k ∈ [Φi+1,k,Φi,k+1], ∀i, k < n

by the min-max theorem for Hermitian matrices [89, Theorem 8.10], and they fit
into the following diagram.

(2.13)

Φ1 Φ2 Φ3 · · · Φn−1 Φn

≥ ≥ ≥ ≥ ≥ ≥
Φn−1,1 Φn−1,2 Φn−1,n−1

≥ ≥ ≥
Φn−2,1 Φn−2,n−2

≥ ≥
· · · · · ·
≥ ≥

Φ1,1

We give a proof of the min-max theorem for completeness.

Lemma 2.10. (Interlacing inequality) Let A be an n× n Hermitian matrix with
eigen values a1 ≥ · · · ≥ an. Suppose the upper left (n − 1) × (n − 1) submatrix
πn−1(A) has eigenvalues b1 ≥ · · · ≥ bn−1. Then,

a1 ≥ b1 ≥ a2 ≥ · · · ≥ an−1 ≥ bn ≥ an.
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Proof. It is enough to prove the result assuming that b1 > · · · > bn, since the
general result follows by continuity. The AdU(n)-orbit of A contains a matrix

A′ :=


b1 0 z̄1

. . .
...

0 bn z̄n
z1 . . . zn rn+1,

 .

(2.14) det(A−t Id) = det(A′−t Id) =
n∏
i=1

(bi−t)f(t), f(t) = (rn+1−t−
n∑
j=1

|zj |2

bj − t
),

and f(t) is decreasing in t and discontinuous at b1, . . . , bn. Since the bjs are distinct
f(t) has exactly one root each in the intervals (−∞, bn), (bi+1, bi), i = 1, . . . , n− 1,
(b1,∞). �

For a partial flag manifold, certain values in the Gelfand-Cetlin system are fixed
by the interlacing inequalities. In particular, for k ≤ i ≤ n− 1,

Φk = Φn+k−i = Λj =⇒ Φi,k = Λj .

The Gelfand Cetlin system thus consists of exactly

N :=
∑

1≤i<j≤r
ninj

variables, which is half the dimension of Fl(n). See Figure 2.8. We denote the set
of variables in the Gelfand-Cetlin system of the partial flag variety Fl(n) by

Free(n) := {(i, j) : Φi,j is not a constant on Fl(n)}.

The image Φ(Fl(n)) is contained in a polytope

∆Fl(n) ⊂ (ιR)N

cut out by the Gelfand-Cetlin inequalities involving free variables Φi,j , (i, j) ∈
Free(n), which we call the Gelfand-Cetlin polytope of Fl(n). We denote by

F reg ⊂ Fl(n)

the set of points x for which for every m < n the set of eigenvalues of πm(x) has the
maximum cardinality. In other words, x ∈ F reg exactly when the following holds:
For all positive integers i ≤ n− 1, k < i,

Φi,k(x) = Φi,k+1(x)⇔ (i, k), (i, k + 1) /∈ Free(n).

Remark 2.11. In the Gelfand-Cetlin system corresponding to the flag variety
Fl(n1, . . . , nr) the non-free variables can be partitioned into r disjoint sets

{(i, k) : 1 ≤ k ≤ i ≤ n− 1}\Free(Fl(n)) = N1 ∪ . . . Nr

where Nj consists of Φi,k which are fixed to be equal to Λj by the interlacing inequal-
ities. We call Nj a block of non-free variables. A block Nj is non-empty if nj > 1.
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n1

Λ2

n2 n3 n4

Λ1 Λ1 Λ2

Λ1

Λ3 Λ3 Λ4Λ4

Λ2 Λ3

Λ4
≥ ≥

≥

≥ ≥

≥

Figure 2.8. For a partial flag, the variables of the Gelfand-Cetlin
system lie in the shaded region.

Each non-empty block is triangular and has a lowest element whose location in the
Gelfand-Cetlin diagram is the lowest. The lowest element in the block Nj is

(2.15) Φij ,kj , where (ij , kj) =

(
n− nj + 1,

j∑
`=1

n` + 1

)
.

In Figure 2.8 the lowest position in each block is in red.

Proposition 2.12. ([47]) Let Φ : Fl(n)→ RN be the Gelfand-Cetlin system on
the flag variety.

(a) The restriction Φ|Freg is the moment map for the action of a torus TN .
(b) The map Φ surjects onto the polytope ∆Fl(n).

(c) For any point λ in the interior of ∆Fl(n), Φ−1(λ) is a Lagrangian torus.

Proof. Any pair of functions in the Gelfand-Cetlin system Poisson commute :

{Φi,j ,Φk,l} = 0

by [63, Lemma 3.3]. So, the system {Φi,k}i,k generates a Hamiltonian Rn-action on
Fl(n). Any non-constant Hamiltonian trajectory generated by Φi,k has a period of
2π by [47, Lemma 3.4]. Consequently the system {Φi,k}i,k generates an action of

the torus (R/2πZ)N on F reg.
An inductive application of Corollary 2.14 shows that Φ surjects onto ∆Fl(n).

Further, the rank of the differential dΦx is equal to N minus the number of Gelfand-
Cetlin inequalities involving variables in Free(n) that are equalities for x. In partic-
ular, if λ := Φ(x) is in the interior of ∆Fl(n) the rank of dΦ(x) is N , and therefore the

action of TN is free. Consequently the orbit TNx is a Lagrangian torus. Corollary
2.14, when inductively applied, shows that the inverse image Φ−1(λ) is a torus TN .
We may conclude that Φ−1(λ) coincides with TNx, and is therefore, Lagrangian. �

The fact that the fibers of a complete integrable system are Lagrangian tori is
the content of the Arnol’d-Liouville theorem and is proved in [27]. In the case of
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Gelfand-Cetlin systems, we explicitly show that the fibers of the moment map are
tori via Lemma 2.13 and Corollary 2.14 below. Lemma 2.13 is also stated without
proof in [63] (Lemma 3.5).

Lemma 2.13. Let

(2.16) b1 > b2 > · · · > bn

be a set of real numbers and let

∆b := [b1,∞)× [b2, b1]× · · · × [bn, bn−1]× (−∞, bn].

There is a continuous map

r : ∆b → (R≥0)n × R, (a1, . . . , an+1) 7→ (r1, . . . , rn, rn+1)

such that for any a = (a1, . . . , an+1) ∈ ∆b, a matrix

A :=


b1 0 z̄1

. . .
...

0 bk z̄k
z1 . . . zk rk+1


satisfying |zi| = ri for i = 1, . . . , n has eigenvalues a1, . . . , an+1. The map r is
smooth on each stratum of ∆b, and ri = 0 exactly when either bi = ai or bi = ai+1.

Proof. We first consider the open stratum of ∆b, that is, we assume that

a1 < b1 < a2 < · · · < an < bn < an+1.

We observe that

(2.17) det(A− t Id) =
k∏
i=1

(bi − t)

rk+1 − t−
k∑
j=1

|zj |2

bj − t

 .

We set

rk+1 :=
∑
i

ai −
∑
i

bi,

and solve the system of equations

(2.18) det(A− ai Id) = 0 for i = 1, . . . , k

for z1, . . . , zk. Substituting |zi|2 = ri, the system (2.17) is linear in r1, . . . , rn, and
the coefficient matrix for the variables ri, i = 1, . . . , n is ∏

1≤k≤n:k 6=j
(bk − ai)


i,j

whose determinant is ±
∏
i<j(ai−aj)

∏
i<j(bi− bj) 6= 0. Therefore, we can uniquely

solve (2.17) for (r1, . . . , rn).
It remains to show that r1, . . . , rn are non-negative. Firstly, we observe that

r−1(∂((R≥0)n × R)) ⊂ ∂∆b). Indeed, in the matrix A, if zi = 0 then bi is an
eigenvalue, and so bi is equal to either ai or ai+1. Secondly, by the interlacing
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property the image r(∆◦b) of the interior ∆◦b of ∆b intersects the interior of (R≥0)n×R.
We may then conclude that r(∆◦b) is in fact contained in (R+)n × R.

Finally we define the map r on lower dimensional strata of ∆b. if bi = ai
resp. bi = ai+1, then we set ri = 0. We apply the above construction of r
with bi deleted from the list of eigenvalues, and obtain a smooth map that takes
(a1, . . . , âi, . . . , an+1) resp. (a1, . . . , âi+1, . . . , an+1) to (r1, . . . , r̂i, . . . , rn+1). �

Corollary 2.14. Let B be an (n−1)×(n−1) Hermitian matrix with eigenvalues
b1 ≥ · · · ≥ bn−1. Consider the map

ΦB : {A is n× n Hermitian : πn−1(A) = B} → Rn

that maps A to its eigenvalues ΦB
1 (A), . . . ,ΦB

n (A) arranged in decreasing order. For
any A in the domain of ΦB, let

nB(A) := #{1 ≤ i ≤ n : bi is not an eigenvalue of A}.
Then,

(a) The map ΦB surjects onto ∆b := [b1 ×∞) × [b2, b1] × · · · × [bn−1, bn−2] ×
(−∞, bn−1] ⊂ Rn.

(b) For any A in the domain of Φ, rank(dΦB(A)) = nB(A),

(c) and (ΦB)−1(ΦB(A)) = TnB(A).

Proof. It is enough to prove the result assuming that B is a diagonal matrix.
If the eigenvalues of B are distinct then the result is a consequence of Lemma 2.13
Indeed, ΦB(A) lies on an nB(A)-dimensional stratum S of ∆b, and ΦB|(ΦB)−1(S)
has a smooth right inverse. Therefore rank(dΦB(A)) = nB(A). In the matrix A the
number of zis that are non-zero is exactly nB(A), and therefore the inverse image

(ΦB)−1(ΦB(A) is TnB(A). Next consider the case when B has repeated eigenvalues.
If bi = bi+1, then ΦB

i+1(A) = bi and in the matrix A, zi = 0. The result can therefore

be obtained by applying Lemma 2.13 to B′ = diag{b1, . . . , b̂i, . . . , bn−1}. �

We recall some features of ∆Fl(n) the Gelfand-Cetlin polytope of the flag variety
Fl(n) :

(a) (Interior) A point Φ ∈ ∆Fl(n) is an interior point exactly if any Gelfand-
Cetlin inequality involving at least one free variable Φi,j is strict.

(b) (Facet) Faces of the Gelfand-Cetlin polytope ∆Fl(n) can be characterized by
face graphs as in [3]. We explicitly list the set of facets (codimension one
faces): A subset

(2.19) {Φi,k = Φi+1,k} resp. {Φi,k = Φi+1,k+1}
is a facet of ∆Fl(n) if either both variables in the equality are free or the
non-free variable is the lowest variable in a block of non-free variables (as
defined in Remark 2.11). We remark that if the non-free variable in (2.19)
were not the lowest in the block, then the codimension of the subset would
be more than 1, because the interlacing inequalities would fix the values of
some free variables not occuring in (2.19). We index the facet in (2.19) by

(i, k, ) resp. (i, k, )
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and denote the set of indices of facets by

Facets(∆Fl(n)) ⊂ Z2
+ × { , }.

(c) (Singular points) The complement of the regular set F reg ⊂ Fl(n) is mapped
by Φ to non-simplicial points of the polytope ∆Fl(n) as we now explain.
Consider x ∈ Fl(n)\F reg and suppose Φ(x) lies in the interior of the face
F of ∆Fl(n). Then F is equal to the intersection of nF facets where
nF > codim(F) as follows: The set of Gelfand-Cetlin inequalities that
are equalities on F contains a loop

(2.20)

Φi+1,k+1

=
=

Φi,k Φi,k+1

=
=

Φi−1,k

corresponding to every pair of equal eigenvalues Φi,k = Φi,k+1. Any such
loop of equalities gives a subset S of codimension three. However, S is
the intersection of four facets corresponding to each of the equalities in the
loop. As an aside, we remark that S is the intersection of four faces of
codimension two, each given by a pair of equalities

Φi+1,k+1

≥ =

Φi,k Φi,k+1

= ≥
Φi−1,k

Φi+1,k+1

=
≥

Φi,k Φi,k+1

≥
=

Φi−1,k

Φi+1,k+1

≥ =

Φi,k Φi,k+1

≥
=

Φi−1,k

Φi+1,k+1

=
≥

Φi,k Φi,k+1

= ≥
Φi−1,k

Example 2.15. The full flag F (3) = Fl(1, 1, 1) resp. the Grassmannian G(2, 4) =
Fl(2, 2) has a singular point resp. a singular line given by a loop of inequalities

(2.21)

Λ2

=
=

Φ2,1 Φ2,2

=
=

Φ1,1

resp.

Φ3,2

=
=

Φ2,1 Φ2,2

=
=

Φ1,1

.

In the rest of the Section, we prove the following result, which was originally
proved by Nishinou-Nohara-Ueda [63].

Theorem 2.16. Let X := Fl(n) be a flag variety. There is a symplectic form
on X for which the Gelfand-Cetlin system of X has a unique monotone Lagrangian
fiber L0. The A∞ algebra CF (X,L0) is unobstructed and the potential of CF (X,L0)
consists of one term for every facet of the Gelfand-Cetlin polytope of X.
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As part of the proof of Theorem 2.16 we compute the potential of Fl(n) as

(2.22) W (yi,k)i,k =

 ∑
k≤i:(i+1,k)∈Free(Fl(n))

yi+1,k

yi,k
+

∑
k≤i:(i+1,k+1)∈Free(Fl(n))

yi,k
yi+1,k+1

+
∑

1≤j≤r−1

yij ,kj +
∑

2≤j≤r

1

yij ,kj

 q.

where the terms ij , kj are introduced later.

Remark 2.17. In the case of a full flag variety (r = n), the least order terms
of the potential in (2.22) coincide with the potential introduced by Givental in [39].
In the case of the Grassmannian (r = 2), the analysis of the potential (2.22) by
Castronovo in [14] implies that the Lagrangian L0 has non-trivial Floer homology.

n1

Λ2

n2 n3 n4

Λ1 Λ1 Λ2

Λ1

Λ3 Λ3 Λ4Λ4

Λ2 Λ3

Λ4

0

0
1

1
2

−1

−1
−2
−33

Figure 2.9. Center of the Gelfand-Cetlin polytope ∆Fl(n).

Proof of Theorem 2.16. First we describe the monotone symplectic form
and the monotone Lagrangian in the flag variety Fl(n). We define Fl(n) to be the
coadjoint U(n)-orbit of the element

diag(ι(Λ1, . . . ,Λ1︸ ︷︷ ︸
n1 times

,Λ2, . . . ,Λ2︸ ︷︷ ︸
n2 times

, . . . ,Λr, . . . ,Λr︸ ︷︷ ︸
nr times

)) ∈ u(n)∨,

where
Λj := ij − 1− 2(kj − 1),

and (ij , kj) is the index of the lowest element in the j-th block of non-free variables,
see (2.15). The Kostant-Kirillov form on Fl(n) is monotone (see [63, p653-654]).
The moment polytope ∆Fl(n) has a center λ (see Figure 2.9) given by

λi,k = (i− 1)− 2(k − 1)

with Gelfand-Cetlin coordinates satisfying

λi,k − λi,k−1 = 1, ∀i, k.
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By Cho-Kim [21, Theorem B], the center of the moment polytope corresponds to a
monotone Lagrangian

Lλ := Φ−1(λ).

We remark that the monotonicity constant is 1
2 , that is,

(2.23) ∀u : (D2, ∂D2)→ (X,L) ω(u) = 1
2I(u).

Indeed, for a disk of Maslov index two that has a single intersection with a divisor
corresponding to a facet of the Gelfand-Cetlin polytope, the symplectic area is 1.

We consider a multiple cut P of the flag variety given by a collection of trans-
versely intersecting single cuts along the hypersurfaces

(2.24) {Φi,k − Φi+1,k+1 = εi,k, } resp. {Φi,k − Φi+1,k = εi,k, }

for each (i, k, ) resp. (i, k, ) ∈ Facets(Fl(n)), where the parameters

(εi,k, )i,k, (εi,k, )i,k

are positive and small enough that the cuts in (2.24) bound a polytope P0

• that contains the Lagrangian Lλ,
• and the facets of P0 are bijective to facets of the Gelfand-Cetlin polytope

∆Fl(n), and that each cut is parallel to the corresponding facet of ∆Fl(n).

The cuts are indeed well-defined because the hypersurfaces in (2.24) lie in F reg,
where the torus action is well-defined. Further the constants (εi,k, )i,k, (εi,k, )i,k are
generic which ensures that P0 does not have non-simplicial faces. Therefore, P0

is a Delzant polytope and the cut space XP0 is a toric manifold. For any θ ∈
Facets(Fl(n)), let

(2.25) Pθ ∈ P

denote the top-dimensional polytope whose intersection with P0 is the facet parallel
to θ. We also denote P0θ := P0 ∩ Pθ ∈ P. For a generic tamed almost complex
structure, the component XPθ is a fibration

(2.26) P1 → XPθ
πθ−→ XP0θ

by J-holomorphic spheres, and πθ is such that for any x ∈ XP0θ
, π−1(x) is the unique

J-holomorphic sphere through x.
Unobstructedness is a consequence of the monotonicity of the Lagrangian: Let

Jν be a family of neck-stretching almost complex structures on the flag manifold
X = Fl(n). Let uν be a Jν-holomorphic disk with a single output x ∈ crit(F : L→
R). By monotonicity of (X,Lλ) the disk part of uν has Maslov index I(uν) ≥ 2.
The index of uν (including the treed trajectory) is

dim(Lλ) + 1− (dim(Lλ)− i(x)) + I(uν)−Aut(D2) = 0.

Here i(x) is the Morse index of the critical point x of a Morse function F : Lλ → R
on the Lagrangian. The only possibility then is I(uν) = 2 and i(x) = dim(L), that
is, x is the maximum point of F . Therefore

m0
CF (X,L,Jν) = Wx , for some W ∈ Λ>0.
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Unobstructedness now follows in a standard way with b = W1 as the solution of the
Maurer-Cartan equation (see for example the proof of Corollary 1.7 in Section 1.6).
Note that since (X,L) is monotone, the set of disks contributing to m0 is the same
for all Jν , and it also stays the same in the limit broken almost complex structure
J on XP .

We compute the potential by counting J-holomorphic broken disks in X. For
any θ ∈ Facets(Fl(n)), there is a broken holomorphic disk uθ of Maslov index 2, that
intersects the divisor Φ−1(θ). Indeed,

• by Cho-Oh [20], there is a disk uθ,0 in the toric manifold XP0 with I(uθ,0) =
2, ω(uθ,0) = 1− εθ, and that intersects the relative divisor XP0θ

at a single
point, say p;
• and there is a single holomorphic sphere uθ,1 : P1 → XPθ through p of area

1− εθ (see (2.26));

and therefore uθ = (uθ,0, uθ,1) is a broken disk.
Next we show that there are no other broken disks whose gluing has Maslov

index two by using the fact that the symplectic area of the broken disk is half the
Maslov index of its gluing. Let u be any broken disk whose gluing has Maslov index
2. The disk component u0 : D2 → XP0 has Maslov index two, otherwise the area of
the disk is at least 2−εθ1−εθ2 for some θ1, θ2 ∈ Facets(Fl(n)). Assuming εθ1 , εθ2 � 1,
we get ω(u) ≥ ω(uθ0) > 1, which contradicts monotonicity (2.23). If u0 intersects
the relative divisor XP0θ

, then the sphere in XPθ has to be uθ,1 as above. Indeed
if εθ is small enough, all other J-holomorphic spheres in XPθ have larger area, and
then ω(u) > 2 contradicting monotonicity.

The potential of CF (X, L) is

(2.27) W (yi,k)i,k =

 ∑
k≤i:(i+1,k)∈Free(Fl(n))

yi+1,k

yi,k
+

∑
k≤i:(i+1,k+1)∈Free(Fl(n))

yi,k
yi+1,k+1

+
∑

1≤j≤r−1

yij ,kj +
∑

2≤j≤r

1

yij ,kj

 q.

Here we recall that Free(Fl(n)) is the set of variables in the Gelfand-Cetlin system
of Fl(n) that are not fixed by the interlacing inequalities, and for any j, (ij , kj) is the
lowest element in the j-th block of non-free variables in the Gelfand-Cetlin system,
see (2.15). This finishes the proof of Theorem 2.16. �

2.3. Counting curves in the plane

We relate our curve counts to those of Mikhalkin’s tropical curves [61]. The
correspondence is very natural and explains why the objects in this paper are called
‘tropical’, see Remark 2.23 at the end of this section. We start by reviewing some
definitions from [61].

Definition 2.18. A tropical curve is a map

h : Γ→ R2
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from a graph Γ (some of whose edges e ∈ Edge(Γ), called ends, are incident on just
one vertex v ∈ Vert(Γ) instead of two) to R2 such that

• every non-leaf edge e ∈ Edge(Γ) maps to a line segment with a rational
slope Te ∈ Zn;
• every leaf edge e ∈ Edge(Γ) maps to a semi-infinite line of rational slope
T (e) ∈ Zn, and for both leaf and non-leaf edges e the quantity T (e) is called
the slope of the edge;
• and at any vertex v ∈ Vert(Γ) a balancing condition is satisfied, namely

that the sum of the slopes T (e) of the edges e 3 v emanating out of v is
equal to 0 :

(2.28)
∑
v∈e
Te = 0.

The multiplicity µe of an edge e is a positive integer such that T (e)
µe

is a primitive

vector we ∈ Zn, which is called the primitive slope.1

Let ∆ ⊂ R2 be a simple polytope. A tropical curve h : Γ → R2 is generically
adapted to ∆ if the slope Te of any leaf e ∈ Edge(Γ) is an outward normal of a
facet of ∆. The discussion in Mikhalkin focusses on P2 with moment polytope
∆P2 whose outward normals are ν = (−1, 0), (0,−1), (1, 1). For a tropical curve
generically adapted to ∆P2 the degree is defined as the number of ends (counted
with multiplicity) that are normal to a fixed facet. Note that by the balancing
condition the number is the same for any of the three facets. The genus of a tropical
curve is the first Betti number b1(Γ) of the domain graph Γ.

Definition 2.19. A tropical curve h : Γ→ R2 is simple if Γ is trivalent, h is an
immersion, and for any y ∈ R2, if |h−1(y)| > 1 then y as exactly two pre-images,
neither of which is a vertex of Γ.

Definition 2.20. A set of points x1, . . . , xk is tropically generic if any genus g
tropical curve h : Γ → R2 whose image h(Γ) contains x1, . . . , xk and |Ends(Γ)| ≤
k + 1− g satisfies the following:

(a) The curve h is simple,
(b) the images of vertices h(Vert(Γ)) are disjoint from x1, . . . , xk,
(c) and |Ends(Γ)| = k + 1− g.

Mikhalkin [61] shows that the number of curves in P2 of degree d and genus g
passing through 3d − 1 + g tropically generic points can be computed by counting
tropical curves with multiplicity.

Remark 2.21. Let x1, . . . , x3d−1+g be tropically generic points. A tropical curve
adapted to P2 of degree d passing through those points must have the most number
of ends, i.e. it must have 3d ends. Consequently each of the ends has primitive
slope.

1In Mikhalkin’s notation in [61], the primitive slope we is called ‘slope’.
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Figure 2.10. A multiple cut of P2

The following result says that in the genus zero case, there is a bijective corre-
spondence between Mikhalkin graphs adapted to ∆P2 and broken maps in P2 with
respect to the multiple cut shown in Figure 2.10. In the bijective correspondence
described below, the Mikhalkin graph corresponding to a broken map u is the trop-
ical graph of u with slight modifications. We view the Mikhalkin graph as lying in
∆P2 ⊂ R2 and the tropical graph as lying in P∨0 . We chose the multiple cut to be
the one in Figure 2.10 so that there is an isomorphism

(2.29) ∆P2 ' P∨0 .

We set up some notation needed to state the result. Let X be the broken manifold
obtained by applying the multiple cut in Figure 2.10 to P2. A ‘point’ in a broken
manifold X is given by a polytope P ∈ P, a tropical position Tx ∈ P∨ and the point
itself, which is x ∈ XP . We say that a broken map u : (C, z)→ X satisfies u(z) = x
if the component Cv ⊂ C containing the marking z satisfies

P (v) = Px, T (v) = Tx.

Note that the tropical position Tx of a point x in X corresponds to a point in ∆P2

by (2.29).

Proposition 2.22. (Tropical curves as broken maps) Consider a set of points
x1, . . . , x3d−1 ∈ X lying in the piece XP 0

. There is a bijective correspondence between

the set of genus zero broken maps passing through the points {xi}i and the set of
genus zero Mikhalkin graphs in R2 passing through the points {Txi}i.

Proof. Given a Mikhalkin graph h : Γ → R2 generically adpated to ∆P2 , we
first construct a tropical graph, which is an augmentation of Γ denoted by Γaug ⊃ Γ.
For all vertices v ∈ Vert(Γ), we assign P (v) := P0. For every leaf edge e ∈ Edge(Γ),
the augmented graph Γaug contains an extra vertex ve on which e is incident. If e in
Γ intersects the facet Fi ⊂ ∆P2 , then the polytope P (ve) is Pi. The set of vertices
thus added is denoted by

Vert1(Γaug).

Lastly, if an edge e ∈ Edge(Γ) of the Mikhalkin graph passes through a point
constraint x ∈ R2 then in Γaug we subdivide e into two edges e1 and e2 by inserting
a new vertex vx with P (vx) := P0. The new vertex has a marking, and thus has a
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valence of 3. The set of vertices v ∈ Vert(Γaug) with markings is denoted by

Vert→(Γaug).

Thus,

Vert(Γaug) = Vert(Γ) ∪Vert→(Γaug) ∪Vert1(Γaug).

The slopes of edges in Γaug are the same as their slopes in Γ. The tropical positions
for the vertices in Γaug are given by the map h : Γ → R2 on the Mikhalkin graph.
See Figure 2.11 for an example.

We describe a way of orienting the edges in Γaug which is useful in the rest
of the proof, called the marking orientation, that satisfies the following condition:
If v ∈ e and e points towards v then in the tropical graph Γaug\{e} the vertex v
is free to move without altering the slopes of the other edges. A one-sided edge
e (corresponding to a marking) that is incident on a vertex v is oriented to point
towards v. It is easy to verify that marking orientations can be assigned to all the
edges of Γaug, and that every vertex v ∈ Vert(Γ) has exactly two incoming edges,
see Figure 2.11 for an example.

Next we describe the map at each vertex. Choose an ordering of the vertices
v ∈ Vert(Γaug) that respects the marking orientation described above, and define
the maps (uv)v in that order. For a vertex v ∈ Vert(Γ) whose incident edges have
slopes µ1, µ2, µ3 the map is

uv : P1\{0, 1, 2} → X
P 0
' (C×)2, z 7→ czµ1(z − 1)µ2(z − 2)µ3 ,

where the domain is parametrized so that 0, 1, 2 ∈ P1 are lifts of nodal points. The
constant c ∈ (C×)2 is chosen so that the map satisfies the matching constraint at the
nodal points corresponding to the two incoming edges. For a vertex v ∈ Vert→(Γ)
with a marking, and whose incident edges have slope µ,−µ the map is a trivial
cylinder of slope µ

uv : P1\{0,∞} → X
P 0
' (C×)2, z 7→ czµ,

and the constant c is determined by the tropical point constraint at the marking. To
define the map uv for a vertex v ∈ Vert1(Γaug), we first observe that the manifold
X
P (v)

is a P1-fibration

(2.30) P1 → X
P (v)

πP (v)−−−→ Y

where the manifold Y is a subset of a torus-invariant divisor of X. The map uve
corresponding to the vertex ve is an injective map to the fiber of (2.30).

Conversely, consider a broken map passing through the tropical point con-
straints. To prove that the broken map arises from a Mikhalkin graph, it is enough
to show that

(a) there are no components mapping to XP with dim(P ) = 2,
(b) if a component uv maps to XP with dim(P ) = 1, then ΠP (v)◦uv is constant.

Both claims follow from dimension reasons and the fact that markings lie on com-
ponents mapping to XP 0

.
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Γ Γaug

Figure 2.11. A Mikhalkin graph Γ of degree 2 in R2 through 5
generic points (marked in red) and the corresponding tropical graph
Γaug of a broken map in the dual complex B∨ from Figure 2.10.
In Γaug the red vertices contain marked points mapping to the point
constraints, and the arrows on edges indicate the marking orientation.

Finally we show that the multiplicity in Mikhalkin [61] corresponds to the size
of the tropical symmetry group of the broken map. We recall from [61, p11-12] that
Mikhalkin’s multiplicity is the product of multiplicities mult(v) of all the vertices v
in the tropical curve, and the multiplicity mult(v) at any trivalent vertex v is the
area of the parallelogram spanned by the slopes T (e1), T (e2) of any of two edges
e1, e2 incident on v. A tropical symmetry of a broken map with tropical graph Γaug

is a tuple

(g, z) = ((gv)v∈Vert(Γaug), (ze)e∈Edge(Γaug)), gv ∈ TP (v),C, ze ∈ C×

satisfying

(2.31) gv+g
−1
v− = zT (e)

e ∀e = (v+, v−) ∈ Edge(Γaug),

see Definition 4.33. We count the number of solutions of (2.31). For v ∈ Vert→(Γaug),
gv = Id in order to ensure that the evaluation of the marking satisfies the point con-
straint. We solve for gv, one at a time, with vertex ordering respecting the edge
orientation. Consider a vertex v ∈ Vert(Γ). Recall that by the genericity of {xi}i,
v is trivalent with neighboring vertices v1, v2, v3. Two of the edges, say e1 = (v1, v)
and e2 = (v2, v), are directed towards v. Assuming the values of gv1 , gv2 to be given
we solve the equation

gvg
−1
v1

= z
Te1
e1 , gvg

−1
v2

= z
Te2
e2

for gv ∈ TP0,C ' (C×)2, ze1 , ze2 ∈ C×. Use an integral basis of tP0,Z so that
Te1 = (p1, 0), Te1 = (q, p2) for some integers p1, p2, q. In this notation the multiplicity
mult(v) is |p1p2|. We may write gv = (g0

v , g
1
v). We solve in the order g1

v , ze2 , g0
v , ze1 .

For a fixed value of gv1 , gv2 , there are p1p2 solutions: There are p1 solutions for ze2 ,
and for each of these solutions, there are p2 solutions of ze1 . Thus we have shown
that for a vertex v ∈ Vert(Γ) ⊂ Vert(Γaug), the number of solutions for (gv, ze1 , ze2)
is equal to the multiplicity of v. Finally, given a solution of (2.31) for vertices
v ∈ Vert(Γ) and connecting edges, there is a unique solution gv for any vertex
v ∈ Vert1(Γaug), since the edge incident on v has primitive slope. Consequently, we
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have shown that
|Ttrop(Γaug)| =

∏
v∈Vert(Γ)

mult(v).

�

Remark 2.23. (Origin of the word ‘tropical’) The connection between broken
maps and Mikhalkin graphs explains why the objects of study in this paper are called
‘tropical’, as we elaborate in this remark. The tropical semi-ring Rtrop is the set R
with the addition and multiplication operations defined as max and + respectively.
For example, a tropical quadratic polynomial in Rtrop in variables x and y has the
form

(2.32) f(x, y) = max{a00, a10 + x, a01 + y, a11 + x+ y, a20 + 2x, a02 + 2y}.
A tropical hypersurface is the zero set of a tropical polynomial in Rn, and is defined
to be the set of points where the function is not linear. Thus tropical hypersurfaces
are complexes of polytopes. Mikhalkin’s tropical curve in R2 is the parametrized

a00
a10 + x

a01 + y

a11 + x+ y

a20 + 2x

a02 + 2y

a00

a02 + 2y a11 + x+ y

a20 + 2xa10 + x

λe = 2

Figure 2.12. Tropical curves of degree 2 that arise as zero sets of
f in (2.32), and the maximum monomial in regions of R2.

version of a tropical hypersurface in R2.

2.4. Relation to toric degeneration

We relate our results to those for toric degenerations as in Gross and Siebert
([45], [46]), and in particular explain what kinds of toric degenerations are not
covered by our results. Recall that a toric degeneration is a flat family

π : X → C
whose fiber

Xt := π−1(t)

is regular and diffeomorphic to an irreducible projective variety X for t ∈ C\{0},
and whose central fiber X0 is a union of toric varieties glued pair-wise along torus-
invariant divisors. The central fiber X0 is a tropical manifold, which means the
following: The space X0 is naturally represented by a polyhedral complex P con-
sisting of Delzant polytopes glued along facets, and there is a tropical moment map
Φ : X0 → B to the underlying topological space B = ∪P∈PP ◦, given by the union
of interiors P ◦ of all the polytopes P . The space B is a singular integral affine man-
ifold: An integral affine structure on B (see for example Gross [43]) is a torsion-free
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flat connection on the tangent bundle TB with monodromy contained in SL(n,Z),
and it arises from the Lagrangian torus fibration Φ : X0 → B. The singular set
of B, known as the discriminant locus ∆ ⊂ B, is a cell complex of codimension 2
contained in B\(Pdim(T ) ∪ P0). Here Pn ⊂ P is the subset consisting of polytopes
P ⊂ t∨ of codimension n. The integral structure of B has a non-trivial monodromy
in SL(n,Z) around points in the discriminant locus. In the complement of the dis-
criminant locus, the tropical manifold X0 looks exactly like a union of cut spaces
obtained from a multiple cut. Because of the discriminant locus, the gluing of the
toric varieties in the tropical manifold along torus-invariant divisors is not toric.

In the four-dimensional case, almost toric manifolds are the symplectic geometric
analogues of tropical manifolds. Almost toric manifolds, introduced by Symington
[86] are generalizations of toric manifolds, where the completely integrable system
is allowed to have isolated focus-focus singularities. (See [28] for a nice exposition.)
An almost toric manifold is equipped with a base diagram which is the image of the
Hamiltonians, with the additional data of the locations of the singularities on the
base diagram, and the directions of the eigenvector of the monodromy. For example

the singular point in Figure 2.13, has a monodromy

(
1 0
d 1

)
, and the eigen-vector

of the monodromy is indicated by a dotted line. There is a toric fibration that
projects to the complement of the dotted line, and which is glued along the dotted

line by the descent of the map

(
1 0
d 1

)
: R2 → R2 to the torus R2/Z2 → R2/Z2.

The singular torus fibration is equivalently represented by the two base diagrams
in Figure 2.13. Transitioning from one to the other is called a mutation. The fiber
above the singular point is a pinched torus.

(0, 0)

(0, 1)

(−1, 0) (d− 1, 0)

(−1, 0) (0, 0)

(d− 1, d)

Figure 2.13. Two isomorphic almost toric manifolds with a focus-
focus singularity.

Gross-Siebert’s toric degenerations may be viewed as multiple cuts where the
cuts are allowed to pass through singular Lagrangian fibers in an almost toric man-
ifold, such as a cut along {x = 0} in the Figure 2.13. (This is the same as Figure
20 in [44, p26].) The resulting cut space is a singular manifold, since the cut oper-
ation requires us to quotient by S1, and the cut locus contains a fixed point of the
S1-action. Our techniques do not apply to such singular spaces.
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In some cases we may apply our results to these kinds of singular toric degen-
erations if we replace a single cut by two parallel non-singular cuts straddling the
singular point as shown in Figure 2.14 (a). In this example, the straddling cut
produces three cut spaces, where the middle piece is almost toric. The ‘non-toric
gluing’ in toric degenerations is thus replaced by an extra cut space that is non-toric.
Multiple singular cuts may also be replaced by straddling cuts, see Figure 2.16 for
an example. The middle piece in Figure 2.14 (a) contains the resolution of an Ad
singularity. Indeed, the singularity in the almost toric base diagram may be pushed
to the vertex by a ‘nodal slide’ (Figure 2.14 (b)). The nodal slide operation moves
the singular value in the base diagram in the direction of the eigenvector of the
monodromy. This operation does not affect the total space (as a symplectic mani-
fold), but changes the toric fibration, see [86, Theorem 6.5]. In the limit when the
singular value in the base diagram coincides with a vertex v, the resulting fibration
has a non-toric singularity at the vertex. The fiber over the vertex v is a path of
d−1 Lagrangian spheres.2 Via a deformation of the symplectic form, the Lagrangian
spheres may be deformed to symplectic spheres with self-intersection −2, see Figure
2.14 (c), which is a resolution of an Ad-singularity. A2-singularities occur in toric
degenerations of cubic surfaces, which we analyze in Section 2.1. Similar multiple
cuts to the one in Section 2.1 can presumably be used to analyze spheres and disks
in resolutions of Ad-singularities for d ≥ 2, which may give alternate proofs of results
in Chan-Lau [16]. The case d = 1 is particularly easy since a single cut suffices to
count disks, see Remark 2.8.

(−1, 0) (0, 0)

(d− 1, d) Nodal slide

Deform

symplectic form

-2

-2

(a)

(b)

(c)

Figure 2.14. Straddling cuts

Example 2.24. We describe a toric degeneration of a cubic surface in P2 to 3
hyperplanes from [46, Section 2.1]. Let

f ∈ C[x0, x1, x2, x3]

2For t ∈ (0, 1] the hypersurface Pt := {z1z2 + tP (z3) = 0} ⊂ C3 (where P is a polynomial of
degree d) has an almost toric structure with d focus-focus singularities ([28, Section 7.3]). There is
a path of d−1 Lagrangian spheres, each passing through a pair of the singular points ([28, Remark
7.7]). The path of spheres gets collapsed to an Ad−1-singularity in the limit t→ 0.
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be a generic homogeneous polynomial of degree 3 in the variables x0, . . . , x3. Con-
sider the toric generation given by the family

Y := {tf + x0x1x2 = 0 : t ∈ C} π7−→ t ∈ C,

The family Y is not smooth at the intersections of V (f) := {f = 0} with the lines

V (xi, xj) := {xi = xj = 0}, i, j ∈ {0, 1, 2}.
Thus each intersection V (xi, xj)∩Y has 3 singular points. The fibers of π are smooth
except for X0 := π−1(0), which is the union of 3 hyperplanes

X0 = V (x0) ∪ V (x1) ∪ V (x2), V (xi) = {xi = 0}.
The fiber π−1(0) is a tropical manifold where any pair V (xi), V (xj) is glued along a
line V (xi, xj) containing three points in the discriminant locus. The integral affine
manifold B underlying X0 is shown in Figure 2.15. The monodromy of the integral

Figure 2.15. The integral affine manifold underlying X0 in Exam-
ple 2.24.

affine structure at each of the singular points is

(
1 0
1 1

)
. Gluing the central fiber

X0 produces an almost toric manifold Xglue
0 with base diagram as in Figure 2.16,

and a focus-focus singularity corresponding to each point in the discriminant locus.
In our analysis of disks and spheres on the cubic surface in Chapter 2, we modify

the toric fibration on Xglue
0 by moving the singular values of the moment map to

the vertices of the moment polytope by a nodal slide. In the new fibration, denoted
by Φ : X0 → R2, Φ is an (S1)2-moment map in the complement of the fibers of the
3 vertices. The inverse image of each vertex µ ∈ P is a union Φ−1(µ) ∼= S2 ∪ S2

of two Lagrangian spheres, that is, a resolution of an A2 singularity. One may also
use straddling cuts in this example, see Figure 2.16. However, we do not use this
multiple cut in our analysis in Section 2.1.

Example 2.25. A quartic surface in P3 can be degenerated in a similar way
to the cubic surface, see Gross [46, Section 2.1]. The degenerated variety consists
of four copies of P2 glued pairwise along toric divisors, and there are 4 focus-focus
singularities along each of the glued divisors. See Figure 2.17. Via a straddling cut
we obtain a multiply cut manifold whose (symplectic) sum is symplectomorphic to
the quartic. Our set-up assumes that the polyhedral decomposition corresponding
to the tropical manifold is embedded in a vector space, while in the quartic example
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Nodal slide Straddling cut
v1

v2

v3

Φ−1(vi)
= S2 ∪ S2

Figure 2.16. Center : Base diagram for an almost toric fibration of
the cubic surface.

P

P

(A)
(B) (C)

Figure 2.17. (a) Integral affine manifold corresponding to the toric
degeneration X0 of a quartic surface. There are 24 singular points
on the cut locus. (b) Base diagram for the almost toric fibration on

the gluing Xglue
0 in a neighborhood of the vertex P . (c) A part of the

straddling cut near P .

the topological manifold B = ∪P∈PP ◦ underlying the polyhedral decomposition is
a two-sphere. We expect our result to hold in the more general set-up where B is
covered by affine charts, which would imply that the Lagrangian fibers in the pieces
of the multiply cut quartic are unobstructed. It will be interesting to compute the
potential of such a Lagrangian using broken disks. This ends the Example.





CHAPTER 3

Broken manifolds

In this chapter we review the multiple cut construction and the associated de-
generations of almost complex structures. Our approach is much less general than,
for example, Parker [68], but we wish to be completely explicit.

In the first half of the chapter we describe cut spaces and broken manifolds as
symplectic manifolds. The multiple cut is a generalization of the symplectic cut
operation of Lerman [54] and Gompf [40], which we refer to as the ‘single cut’. A
multiple cut is defined on a symplectic manifold equipped with a tropical moment
map and a polyhedral decomposition P, and it yields a symplectic cut space XP

corresponding to every polytope P in the decomposition P. The broken manifold
consists of top-dimensional cut spaces and thickenings of the lower-dimensional cut
spaces, denoted by XP (see Section 3.3). The definition of the thickenings XP
requires the additional datum of a dual complex.

In the second half of the chapter (starting from Section 3.4), we describe broken
manifolds and cut spaces as almost complex manifolds with cylindrical almost com-
plex structures. The manifold X is equipped with a family of neck-stretched almost
complex structures Jν . In the infinite neck length limit ν →∞, the almost complex
manifolds Xν := (X,Jν) degenerate into broken almost complex manifolds, denoted
by X

P
. The broken almost complex manifold X

P
is diffeomorphic to a complement

of relative divisors of the symplectic broken manifold XP , but there is no canonical
embedding where the symplectic form tames the almost complex structure.

The definition of the broken manifold X
P

as the degenerate limit gives a natural

family of identifications between subsets of the neck-stretched manifolds (X, Jν) and
the broken manifold tPXP

. These identifications, called translations, are defined in

Section 3.6, and are analogous to ‘target rescalings’ of Ionel [50].
Finally in Section 3.7, we prove the existence of a cylindrical structure on the

symplectic form in the neighborhood of cut loci. The cylindrical structure underlying
neck-stretched almost complex structure is chosen to be the same as the cylindrical
structure on the symplectic form. Choosing the cylindrical structures in this manner
will allow us (later in Chapter 7) to construct families of diffeomorphisms (X, Jν)→
(X,ω) for which ω tames Jν .

3.1. Symplectic cut

A multiple cut is the generalization of the symplectic cut construction of Lerman
[54] and Gompf [40], which we now review. We call this construction a single

57
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cut , to contrast it with a multiple cut. The construction of symplectic cuts uses
Hamiltonian circle actions on symplectic manifolds.

Definition 3.1. (Lerman’s symplectic cut construction)

(a) (Hamiltonian circle actions) Let (X,ω) be a compact symplectic manifold.
Let

S1 = {z ∈ C | |z| = 1}
denote the circle group; we identify its Lie algebra Lie(S1) with R by division
by i. A Hamiltonian action of the circle group S1 onX is an action S1×X →
X generated by the Hamiltonian flow of a moment map

Φ : X → R, ω(ξX , ·) = −dΦ

where the generating vector field of an element ξ ∈ R

(3.1) ξX ∈ Vect(X), ξX(x) =
d

dt
|t=0 exp(itξ)x.

In particular the affine line C has symplectic form

ωC =
−i
2

dz ∧ dz ∈ Ω2(C).

The Hamiltonian action of S1 is given by scalar multiplication and has
moment map

ΦC : C→ R, z 7→ −|z|
2

2
.

(b) (Global symplectic cuts) Let X be a symplectic manifold with symplec-
tic form ωX and a free Hamiltonian S1-action with moment map Φ. The
product X̂ = X × C has product symplectic form ω̂ = π∗1ωX + π∗2ωC. The
diagonal action of S1 has moment map

Φ̂ : X̂ → R, (x, z) 7→ Φ(x)− |z|
2

2
.

The zero level set is the union

Φ̂−1(0) = (Φ−1(0)× {0}) t
{

(x, z)

∣∣∣∣ Φ(x) =
|z|2

2
> 0

}
of two pieces where both Φ and z are zero and the piece where both Φ and
z are non-zero. The action on z 6= 0 has a natural slice given by z ∈ R>0

so that
{(x, z)|Φ(x) = |z|2/2 > 0} ∼= Φ−1(R>0).

The symplectic quotient Φ̂−1(0)/S1 is called the symplectic cut space, and
is alternately viewed as

(3.2) X+ := Φ̂−1(0)/S1 ' {Φ−1 ≥ 0}/ ∼ .
where ∼ mods out the boundary Φ−1(0) by the S1-action. Thus the cut
space is the union of {Φ > 0} and the symplectic quotient Φ−1(0)/S1. One
has a similar construction of a cut space

X− := {Φ ≤ 0}/ ∼,
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which is the union of Φ−1(R>0) and the symplectic quotient Φ−1(0)/S1.
The symplectic manifolds X−, X+ both contain a copy of Φ−1(0)/S1 via
the embeddings

i− : Φ−1(0)/S1 → X−, i+ : Φ−1(0)/S1 → X+

with opposite normal bundles N± → X±, so that N−1
−
∼= N+.

(c) (Local symplectic cuts) Given an open subset U ⊂ X with a free Hamilton-
ian S1-action with moment map Φ : U → R, such that X\U is disconnected,
gluing together the cut U+ ∪U− with X −Φ−1(0) produces cut spaces X+,
X−.

3.2. Multiple cuts in a symplectic manifold

We recall that the input datum for a single cut consists of a hypersurface and
a Hamiltonian S1-action in the neighborhood of the hypersurface. The input da-
tum for a multiple cut consists of a collection of intersecting hypersurfaces with
Hamiltonian S1-actions in their neighborhoods. Neighborhoods of intersections of
hypersurfaces have Hamiltonian torus actions, whose restrictions coincide with the
S1-actions corresponding to individual hypersurfaces. The various Hamiltonian ac-
tions are recorded by a tropical moment map with target space t∨, and a polyhedral
decomposition of t∨. These polyhedral decompositions appeared in, for example,
Meinrenken [57].

Definition 3.2. (Simple resp. Delzant polytopes) Let T be a torus with Lie
algebra t. Let tZ ⊂ t denote the coweight lattice of points that map to the identity
under the exponential map, so that T ∼= t/tZ. A convex polytope P in t∨ is described
by a collection of linear inequalities determined by constants cF ∈ R and normal
vectors νF ∈ t:

P = {λ ∈ t∨ | 〈λ, νF 〉 ≥ cF , ∀F ⊂ P facets}.
We allow polytopes to be unbounded. The polytope P is a simple if for each vertex
point λ ∈ P , the normal primitive vectors νF ∈ tZ to the facets F ⊂ P containing λ
form a basis of t. For a simple polytope P, a face λ ⊂ P which is the intersection of
facets F1, . . . , Fm is smooth if

(3.3) span(νFi , i = 1, . . . ,m) ∩ tZ = spanZ(νFi , i = 1, . . . ,m).

A simple polytope is Delzant if each of its vertices is a smooth face (or equivalently
all its faces are smooth).

By Delzant [25], there is a bijection between Delzant polytopes and compact
symplectic toric manifolds. A Delzant polytope P corresponds to a symplectic man-

ifold VP with an effective Hamiltonian action of a torus T ' (S1)
1
2 (dim(VP ) and

moment map and polytope

Ψ : VP → t∨, Ψ(VP ) = P.

We remark that if in a simple polytope P collection of facets F1, . . . , Fm are not
smooth then, tZ ⊂ spanQ(νFi)i. In this case VP is an orbifold, that is, it is covered
by charts that are finite quotients of Rn.
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Definition 3.3. (Tropical Hamiltonian action) A tropical Hamiltonian action
of a torus T with Lie algebra t is a triple (X,Φ,P) consisting of a

(a) compact symplectic manifold X;
(b) (Polyhedral decomposition) a decomposition

t∨ =
⋃
P∈P

int(P ), P = {P ⊂ t∨}

of t∨ into the disjoint union of the interiors of simple polytopes P ∈ P such
that
• if P0, P1 ∈ P have non-empty intersection, then P0 ∩ P1 ∈ P and
P0 ∩ P1 is a face of both P0 and P1,

and P0 ⊂ P is the subset of top-dimensional polytopes in t∨;
(c) a tropical moment map compatible with P

Φ : X → t∨

in the following sense. For any P ∈ P, we denote by

tP := ann(TP ) ⊂ t

the annihilator of the tangent space of P at any point p ∈ P , and by

TP = exp(tP )

the torus whose Lie algebra is tP . Let tP,Z be the coweight lattice in tP so
that

TP ∼= tP /tP,Z.

For any P ∈ P, there exists an open neighbourhood UP of Φ−1(P ) such
that the composition

πP ◦ Φ : UP → t∨P

is a moment map for a free action of TP on UP .

Remark 3.4. (Tropical manifold for a single cut) In the single breaking case,
the tropical manifold datum consists of a map Φ : X → R and a decomposition
R := (−∞, c] ∪ [c,∞), such that Φ generates a free S1-action in the neighborhood
of Φ−1(c). Thus the set of polytopes is

P = {(−∞, c], {c}, [c,∞)}.

In the case of a single cut, we denote the tropical manifold by the triple (X,Φ, c).

Definition 3.5. (Cut space for a multiple cut) Given a tropical symplectic
manifold (X,Φ,P) for every polytope P ∈ P the cut space is a symplectic manifold
(or orbifold, if P is not Delzant)

(3.4) XP := Φ−1(P )/ ∼,

where the equivalence ∼ mods out by the following torus actions:

(3.5) x ∼ tx, ∀x ∈ Φ−1(Q◦), t ∈ TQ
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for all polytopes Q ⊆ P contained in P. Thus the open set Φ−1(P ◦) ⊂ Φ−1(P ) is
modded out by the TP -action and the quotient

Φ−1(P ◦)/TP

is an open subset of XP . The space XP is a manifold (or orbifold if P is not Delzant)
by an iterative application of Lerman’s cut. Cut spaces have natural inclusions

XQ ⊂ XP , Q ⊂ P.
For a face Q ⊂ P with codimP (Q) = 1, the corresponding subset XQ is called a
relative divisor of XP . The relative divisors XQ intersect ω-orthogonally, and the
intersections correspond to a cut space XR for some polytope R ∈ P. This ends the
Definition.

Example 3.6. For a tropical manifold (X,Φ, c) with a single cut (using notation
as in Remark 3.4), the cut spaces are

{Φ ≥ c}/ ∼, Φ−1(c)/ ∼, {Φ ≤ c}/ ∼,
and in all three spaces, the relation ∼ quotients Φ−1(c) by the Hamiltonian S1-
action.

Example 3.7. The multiple cut in Figure 3.1 is made up of two simultaneous
single cuts along hypersurfaces that intersect ω-orthogonally. The set of polytopes
is

P = {Pi, 0 ≤ i ≤ 3, Pij , j = (i+ 1) mod 4, P∩}.
The manifolds XPi(i+1)

, XP(i−1)i
are relative divisors of XPi .

P1
P0

P2 P3

XP1

XP2
XP3

XP0

XP12 XP∩

Figure 3.1. A multiple cut of R2

3.3. Symplectic broken manifolds

In this section we describe the broken manifold as a symplectic space. The
symplectic broken manifold consists of top-dimensional cut spaces and thickenings of
the lower dimensional cut spaces into toric fibrations. The toric fibrations are defined
by considering neighborhoods of cut loci in X and modding out the boundaries as
in Lerman’s construction. This construction requires the additional datum of a
dual complex associated to the polyhedral decomposition P. The dual complex B∨
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(defined later in the section) is a union of dual polytopes ∪P∈PP∨, and P∨ is the
moment polytope of the fibers of the toric fibration XP over the cut space XP .

Definition 3.8. (A complex of polytopes) Let V be an affine space. A complex
of polytopes in V is a collection B of polytopes satisfying the following:

(a) (Faces) If P ∈ B then all the faces of P are also elements of P .
(b) (Intersection) If P,Q ∈ B, then P ∩Q is a face of both P and Q and hence

is an element of B.

We fix an inner product

(3.6) t× t→ R
that restricts to an integral product tZ × tZ → Z.

Definition 3.9. (Dual complex) The dual complex for a tropical action (X,Φ,P)
is a complex

B∨ := {P∨ : P ∈ P}
of polytopes in t (in the sense of Definition 3.8) consisting of a dual polytope P∨ for
each polytope P in P satisfying

(a) Q,P ∈ P, Q ⊂ P =⇒ P∨ ⊂ Q∨,
(b) for any P ∈ P, P∨ is a simple polytope of dimension dim(t)−dim(P ) lying

in c + tP ⊂ t for some constant c ∈ t. With respect to the identification
t∨ ' t from the inner product (3.6) on t, the polytopes P, P∨ ⊂ t∨ are
orthogonal.

Example 3.10. In the case of a single cut (X,Φ, c) (see Remark 3.4 for notation),
the set of polytopes is

P = {P− := (−∞, c], P0 := {c}, P+ := [c,∞)},
and the dual polytopes are

P∨− = {−ε}, P∨0 = [−ε, ε], P∨+ = {ε},
for any ε > 0, with identifications P∨± ↪→ P∨0 given by inclusion of the endpoints.
Thus the dual complex is an interval: B∨ ∼= [−ε, ε].

P2

P1

P3

P0

P∨0

P∨2
P∨3

P∨1

Figure 3.2. A polyhedral decomposition (left) and its dual complex
(right).

Example 3.11. Figure 3.2 shows the dual complex corresponding to a multiple
cut on a toric surface. We recall that we used three such multiple cuts to study
disks in a cubic surface in Section 2.1.
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The broken manifold is a collection of manifolds XP corresponding to polytopes
P ∈ P, each of which is a toric fibration over the cut space XP . The manifold XP
is modelled on a fibered polytope defined next.

Definition 3.12. (Fibered polytope) Let P , P∨ be complementary dimensional
polytopes in t∨ that intersect transversely. A polytope P ⊂ t is fibered over P with
fiber P∨ if it is equipped with a submersion

P
πP−−→ P

whose fibers are polytopes, and a map

P
πP∨−−−→ P∨

which is the restriction of the linear projection t∨ → t∨P such that

• on any fiber π−1
P (x), πP∨ is a bijection,

• and P = π−1
P∨(c) for some interior point c ∈ P∨.

The facets of the fibered polytope P are

(3.7) Facets(P ) = {π−1
P (Q) : Q ∈ Facets(P ), Q ∈ P}∪{π−1

P∨(Q) : Q ∈ Facets(P∨)}.

πP

πP∨P

P
P∨

Figure 3.3. A fibered polytope P . The fibers of πP are in red, and
those of πP∨ are in blue.

Definition 3.13. (Cutting datum) Given a tropical manifold (X,P,Φ) a cutting
datum consists of

• a dual complex B∨,
• and for each polytope P a fibered neighborhood P ⊂ t∨ given by the inclusion

(3.8) iP : P ↪→ t∨.

By a fibered neighborhood we mean that P → P is a fibered polytope (as in Defi-
nition 3.12) with fibers P∨ :

P
πP−−→ P

such that

• the projection t∨ → t∨P generates a free TP -action on Φ−1(P ),

• and for x ∈ P in a neighborhood of a face Q ⊂ P the fiber π−1
P (x) is

contained in π−1
Q (x) and is orthogonal to P ∩ π−1

Q (x) with respect to the

fixed metric (3.6) on t∨.

Indeed, such fibered neighborhoods exist possibly after scaling down the dual com-
plex.
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P0

P2

P1

P3

P 01

P 012

XP0

XP1

XP 01

Figure 3.4. Top left: Polyhedral decomposition from Figure 3.2.
Bottom left: Cutting datum. Right: The broken symplectic mani-
fold is isomorphic to the inverse image of these polytopes under the
tropical moment map.

Definition 3.14. (Symplectic broken manifold) Suppose (X,P,Φ) is a tropical
Hamiltonian manifold. Suppose each of the polytopes P ∈ P possesses a fibered
neighborhood

t ⊃ P πP−−→ P

with fibers P∨ such that for x ∈ P in a neighborhood of a face Q ⊂ P the fibers
π−1
P (x) are translates of P∨ ⊂ t∨P ⊂ t∨Q.

(a) The symplectic broken manifold corresponding to the tropical manifold (X,Φ,P)
is a disjoint union

XP or X := tP∈PXP ,

where we use the notation X when P is obvious from the context. Here

(3.9) XP := Φ−1(P )/ ∼,

∼ mods out any boundary component Φ−1(Q), Q ∈ Facets(P ) by the S1-
action generated by the vector νQ ∈ tZ normal to the hyperplane Q ∈ t∨.

The space XP is a smooth symplectic manifold if all faces F ⊂ P are smooth
(as in Definition 3.2). Otherwise XP is a symplectic orbifold (see Remark
3.15 below).

(b) (Relative divisors of a broken manifold) For any facet Q of P the quotient

YQ := Φ−1(Q)/ exp(RνQ) ⊂ XP

is a relative divisor of XP . Here the normal νQ ∈ tZ to the facet Q generates
a subgroup exp(RνQ) ' S1. The relative divisor YQ is horizontal resp.

vertical if the facet Q ⊂ P corresponds to a facet of P resp. P∨ (see (3.7)).
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Thus

X
P

= XP −
⋃
Q⊂P

YQ

is the complement of all the relative divisors YQ, Q ⊂ P of XP .

Remark 3.15. Orbifold singularities in the broken manifolds do not pose an
issue in the analysis of holomorphic curves. Indeed, we treat our holomorphic curves
as lying in manifolds with cylindrical ends X

P
and not in their possibly-orbifold

compactifications. Whenever compactifications are used, we provide work-arounds
to avoid dealing with holomorphic curves in orbifolds.

Example 3.16. In the case of a single cut (X,Φ, c) the broken manifold consists
of the components

{Φ > c}/ ∼, {Φ < c}/ ∼, Φ−1([c− ε, c+ ε])/ ∼,

where ∼ mods out the boundaries Φ−1(c− ε) and Φ−1(c+ ε) by S1-actions.

Remark 3.17. (Components of the broken manifold as thickenings) Compo-
nents of the broken manifold are fibrations over cut spaces whose fibers are complex
tori. Therefore they can be regarded as thickenings of the cut spaces. The compact-
ification XP of X

P
is a toric fibration

(3.10) VP∨ → XP

πP−−→ XP ,

whose fiber VP∨ is a TP -toric manifold with moment polytope P∨.

Definition 3.18. (Torus bundles on cut spaces) For any P ∈ P, the principal
TP -bundle

ZP → XP

is defined as ZP := Φ−1(P )/ ∼ where, for any facet Q ⊂ P , Q ∈ P, ∼ mods out
Φ−1(Q) by TQ/TP , viewed as a subgroup of TP via the pairing (3.6) on tP . Alter-
nately, ZP may be defined as the TP -bundle for which XP → XP is the associated
VP∨-bundle, that is

XP = ZP ×TP VP∨ ,

where VP∨ is a TP -toric manifold with moment polytope P∨.

Example 3.19. For the multiple cut in Figure 3.1 the dual complex is a rectangle
and the broken manifold X is as in Figure 3.5. Relative submanifolds XPij and XP∩

are thickened into toric fibrations XP ij
and XP∩

P1 → XP ij
→ XPij , (P1)2 → XP∩

→ XP∩

in the broken manifold.
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XP2
XP1

XP3
XP4XP 34

XP∩XP 23

XP 12

XP 41

P∨2 P∨1

P∨4P∨3

P∨12

P∨41

P∨34

P∨23 P∨∩

Figure 3.5. Dual complex and broken manifold for the multiple cut
in Figure 3.1

.

3.4. Neck-stretched almost complex structures

We define a family of almost complex structures on the manifold X, called
neck-stretched almost complex structures. These almost complex structures are
‘cylindrical’ in the sense of the following Definition:

Definition 3.20. (Cylindrical almost complex structure)

(a) (P -cylinder) For a polytope P ∈ P a TP,C-principal bundle

ZC →M

on a manifold M is called a P -cylinder. There is a TC-diffeomorphism

ZC ' Z × itP
where Z →M is a principal TP -bundle and the TC-action on Z × itP is

teis(z, s0) = (tz, s0 + s), t ∈ TP , s ∈ tP .

(b) Let ZC → M be a P -cylinder. An almost complex structure J is P -
cylindrical iff

(i) there exists an almost complex structure JM on the base manifold M
such that the projection

π : ZC →M

is almost complex, that is, dπ ◦ J = JM ◦ dπ;
(ii) there exists a connection one-form α ∈ Ω1(Z, tP ) on the TP -bundle

Z →M such that the horizontal sub-bundle

(3.11) H := ker(α) ⊂ TZ ⊂ TZC

is J-invariant;
(iii) on any fiber π−1(m) ⊂ ZC, J is standard in the following sense: For

any point z ∈ π−1(m) the map

TP,C → π−1(m), t 7→ tz
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is a biholomorphism.
As a result, J is invariant under the TP,C-action on ZC. Denote by

J cyl(ZC) = { J ∈ J (ZC) | (i)− (iii) }

the space of P -cylindrical almost complex structures on ZC. Note that a P -
cylindrical almost complex structure J is determined by its projection dπ(J)
to the base M called the base almost complex structure and its associated
connection one-form α(J).

Given a tropical manifold (X,P,Φ) we aim to define ‘neck-stretched manifolds’
where the neck region associated to P ∈ P has a P -cylindrical almost complex
structure. To achieve this end, a subset of the manifold X with the action of the
torus TP has to be identified with a subset of a P -cylinder. This identification is
made via a symplectic cylindrical structure defined below, where a neighborhood of
Φ−1(P ) in X possessing a TP -action is identified to a product Φ−1(P )×P∨. In what
follows the identification between tP and t∨P from (3.6) is crucial. For the symplectic
structure, we view P∨ as a subset of t∨P and the TP -moment map on Φ−1(P )× P∨
is given by the projection to P∨. For the P -cylindrical complex structure, we view
P∨ as a subset of tP so that the fibers of the projection

Φ−1(P )× P∨ → Φ−1(P )/TP

are subsets of TP,C via

TP × P∨ ⊂ TP × t∨P
'−→ TP × tP

(t,ξ)7→t exp(iξ)−−−−−−−−−→ TP,C,

where the identification t∨P ' tP in the middle arrow is via the product on t from
(3.6). Consequently Φ−1(P ) × P∨ has a partial TP,C-action, meaning that there is
an infinitesimal action

(3.12) tP,C → Vect(Φ−1(P )× P∨)

whose flows satisfy the axioms for an action of TP,C wherever they are defined.

Definition 3.21. (Symplectic cylindrical structure on tropical manifolds) Let
(X,P,Φ) be a symplectic manifold with a tropical Hamiltonian action. A symplectic
cylindrical structure φ = (φP )P∈P consists of a TP -equivariant symplectomorphism
φP

(3.13) Φ−1(P )
φP−−→ (Φ−1(P )× P∨, ω), ω := (ωX |Φ−1(P )) + d〈αP , πP∨ − cP∨〉

for each polytope P ∈ P. Here

(a) αP ∈ Ω1(Φ−1(P ), tP ) is a TP -connection one-form;
(b) πP∨ : Φ−1(P )×P∨ → P∨ ⊂ t∨P is the projection to the second factor, cP∨ ∈

t∨P is the constant given by projecting P ⊂ t∨ to t∨P , and 〈·, ·〉 is the pairing
between tP , t∨P , and so, 〈αP , πP∨ − cP∨〉 is a one-form on Φ−1(P )× P∨;

(c) the dual polytopes P∨ are assumed to be small enough that the forms in
the right hand side of (3.13) are symplectic;
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and for any P ∈ P the second component of φP is the TP -moment map, that is,

πP∨ ◦ φP = Φ,

and the maps φ satisfy the following (Patching) condition:

(Patching) For any pair Q ⊂ P , in the overlap region Q ∩ P the TP,C-
action induced by φP (see the explanation preceding this definition) is the
restriction of the TQ,C-action induced by φQ.

This ends the Definition.

In the above definition the (Patching) condition automatically places the follow-
ing consistency condition on connection one-forms (αP )P∈P . For a pair of polytopes
Q ⊂ P the connection αP on Φ−1(P ) is determined by αQ in a neighborhood of
Φ−1(Q) in Φ−1(P ) via the consistency condition in the following Lemma.

Lemma 3.22. (Consistency for connection one-forms) Consider polytopes Q ⊂ P
in P. Given a symplectic structure map φQ as in (3.13), there is a natural choice of

the map φP |Φ−1(P ∩Q) and the connection one-form αP |Φ−1(P ∩Q) for which the
(Patching) condition is satisfied. This choice of (φP , αP ) is unique up to the action
of TP -gauge transformations on the bundle Φ−1(P )→ XP .

Proof. We first describe the symplectic cylindrical structure map φP . The
inner product on t in (3.6) gives the following orthogonal projection

(3.14) Q∨ → P∨ × t∨Q/t
∨
P ,

and the image lies in P∨ × NConeQ P if we restrict the map to an appropriate
neighborhood in Q∨. Viewing NConeQ P as a subset of Q∨, via the cylindrical
structure map φQ, we obtain an embedding

(3.15) Φ−1(Q)×NConeQ P → Φ−1(P )

defined on a neighborhood of the origin in NConeQ P . The map φP is defined on

Φ−1(Q) by (3.14) and (3.15). The connection one-form is defined by the condition

(3.16) ker(αP (x)) = ker(αQ(x))⊕ (tQ/tP )x,

for any x ∈ Φ−1(Q ∩ P ) where we view the quotient tQ/tP as a subspace of tQ by
the pairing (3.6) on tP . �

For the moment, we assume the existence of symplectic cylindrical structures
and use them to define neck-stretching. The proof of the existence of symplectic
cylindrical structures on tropical manifolds is deferred to Lemma 3.43 at the end of
Chapter 3. The cylindrical structure maps {φP }P∈P in (3.13) are fixed throughout
the paper.

Remark 3.23. (A decomposition of polytopes) We describe a decomposition of
a tropical manifold that is used to define neck-stretched manifolds. Let (X,P,Φ)
be a tropical manifold and let B∨ be a dual complex B∨. For any P ∈ P let

(3.17) P := P\(∪Q⊂P iQ(Q)),
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be the complement of fibered neighborhoods of faces of P , where iQ : Q→ t∨ is the
inclusion from (3.8). Corresponding to any facet Q ⊂ P , P has a facet Q .

(3.18) P := π−1
P (P ) ⊂ P

be the thickening of P . For a pairQ ⊂ P with codimP (Q) = 1, the fibered polytopes

P ,Q ⊂ t∨ share a facet, which is isomorphic to Q ×P∨, see Figure 3.6. Then the
image of Φ has the following cover

(3.19) im(Φ) = ∪P∈P iP (P )/ ∼,
where ∼ identifies shared facets of polytopes. The partition of im(Φ) pulls back to
a partition of the manifold (X,ω)

(3.20) (X,ω) :=

( ⊔
P∈P

Φ−1(P )

)
/ ∼

into manifold with corners, where the identifications in ∼ are along the boundaries
and are induced by the inclusions Φ−1(P )→ X. Further, the symplectic cylindrical
structure map φ = (φP )P may be used to rewrite the decomposition in (3.20) as

(3.21) (X,ω) :=

( ⊔
P∈P

Φ−1(P )× P∨
)
/ ∼ .

In (3.21), the equivalence ∼ identifies the boundary components

(3.22) Φ−1(Q )×Q∨ ⊃ Φ−1(Q )× P∨ ∼−→ Φ−1(Q )× P∨ ⊂ Φ−1(P )× P∨

for all pairs Q ⊂ P , codimP (Q) = 1.

P0
P1 P2

P3
P4

P5

P6

P4 P6

P1

P5

P∨1 P∨2

P2

P∨3

P3

νP∨1 νP∨2

νP∨3

νP∨0

P∨0
P∨1

P∨3

P∨2

P∨5

P∨4 P∨6

Neck stretch

Dual complex B∨

P5

P4 P6

P 1 P 2

P 3

Figure 3.6. Stretching

Remark 3.24. (A warning about Figure 3.6) Figure 3.6 is a schematic repre-
sentation of neck-stretched manifolds. We recall symplectic broken manifolds are
represented by the images of their tropical moment map, for example in Figure 3.4.
In contrast, we do not have a moment map on neck-stretched manifolds. A larger
polytope is just used to indicate a larger cylinder.
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Figure 3.7. Some components of the broken manifold in the limit
ν →∞ of the neck-stretching in Figure 3.6.

Definition 3.25. (Neck-stretched manifolds) Let (X,P,Φ) be a tropical mani-
fold with a symplectic cylindrical structure. For any ν ∈ R≥1, define a neck-stretched
manifold Xν as

(3.23) Xν =

( ⊔
P∈P

Φ−1(P )× νP∨
)
/ ∼,

where the equivalence relation ∼ is exactly as in (3.22), that is, for all pairs Q ⊂ P ,
codimP (Q) = 1, the boundary component Φ−1(Q ) × νP∨ in Φ−1(P ) × νP∨ is
identified to the corresponding boundary component in Φ−1(Q )×Q∨ by the identity
map. Thus the neck-stretched manifold Xν is equipped with

(a) for each P , a P -cylindrical structure on the subset Φ−1(P ) × νP∨ ⊂ Xν ,
that is, there is a projection

(3.24) Φ−1(P )× νP∨ → Φ−1(P )/TP

whose fibers are TP × νP∨ ⊂ TP,C;
(b) and a symplectic form on the base manifold Φ−1(P )/TP , which is a TP -

reduction of the symplectic form ωX on X.

This ends the definition.

Remark 3.26. The neck-stretched manifold Xν is diffeomorphic to X, but the
diffeomorphism is not canonical. As a result there is no canonical symplectic form
on Xν .

Example 3.27. (Neck-stretched manifolds for a single cut) We describe neck-
stretched manifolds in case of a single sut. Let (X,Φ, c) be a tropical manifold
with a single cut along Φ−1(c), and whose polytopes are as in Example 3.10. The
symplectic cylindrical structure consists of an S1-equivariant symplectomorphism
defined on a neighborhood

(3.25) Φ−1([c− ε, c+ ε])
φP0−−→ (Φ−1(c)× [−ε, ε], ω// + d(tα)),

where ω// is the reduced symplectic form on the quotient Φ−1(c)/S1, t ∈ (−ε, ε) is

the coordinate function, and α ∈ Ω1(Φ−1(c)) is a connection one-form on the S1-
bundle Φ−1(c)→ Φ−1(c)/S1. The other symplectic cylindrical structure maps φP− ,
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φP+ are trivial since P+, P− are top-dimensional. The neck-stretched manifold is
then

Xν := {|Φ− c| ≥ ε} ∪φ (Φ−1(c)× [−εν, εν]),

where the attachment map φ is given by the restriction of φP0 to the boundary
Φ−1({c− ε, c+ ε}).

Definition 3.28. (Cylindrical almost complex structures on neck-stretched man-
ifolds) Let (X,P) be a tropical Hamiltonian action and let Xν be a sequence of
neck-stretched manifolds. Recall from (3.23) that a neck-stretched manifold has a
decomposition

Xν =

( ⊔
P∈P

Φ−1(P )× νP∨
)
/ ∼,

where ∼ identifies boundaries of the different components.

(a) An almost complex structure Jν on the neck-stretched manifold Xν is cylin-
drical if Jν is P -cylindrical in the sense of Definition 3.20 in the subset

Φ−1(P )× νP∨,◦ ⊂ Xν .

We say that (Xν , Jν) is a family of neck-stretched almost complex struc-
tures if there are ν-independent cylindrical almost complex structures JP on
Φ−1(P )×t∨P for all P , such that on the P -cylindrical subset Φ−1(P )×νP∨,◦
of Xν , Jν is the restriction of JP .

(b) (Local tamedness) Let (Xν , Jν) be a family of neck-stretched almost com-
plex structures. We say that each element Jν is locally tamed if J1 tames
ωX . (The definition is based on the observation that the neck-stretched
manifold X1 has a canonical diffeomorphism to (X,ω), and this is not so
for Xν , ν 6= 1.)

(c) (Local strong tameness) A cylindrical locally tamed almost complex struc-
ture J on Xν is locally strongly tamed if for all P ∈ P the connection
one-form αP,J underlying the P -cylindrical almost complex structure on
Φ−1(P )× νP∨,◦ in Definition 3.20 is the same as the connection one-form
underlying the symplectic cylindrical structure in Definition 3.21.

Remark 3.29. The following are some remarks on cylindrical almost complex
structures on neck-stretched manifolds.

(a) The definition of local (strong) tameness depends not just on the symplectic
form ωX but also on the symplectic cylindrical structure in Definition 3.21.

(b) In the space of cylindrical almost complex structures the cylindrical co-
ordinate maps, taking values in Φ−1(P ) × νP∨, are held fixed, but the
connection one-forms αP,J , P ∈ P underlying a cylindrical almost complex
structure J are allowed to vary.

(c) We give an alternate definition of local tamedness. A cylindrical almost
complex structure Jν is locally tamed on Xν if on the P -cylinder Φ−1(P )×
νP∨, the base almost complex structure dπP (Jν) is tamed by ωXP +〈dαP , c〉
for all c ∈ P∨− cP∨ ⊂ t∨P . Here cP∨ := πt∨P (P ) ∈ t∨P is a constant and αP is

the TP -connection one-form underlying the symplectic cylindrical structure
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in Definition 3.21. In other words, local tamedness means that dπP (Jν) is
tamed by all the symplectic forms that occur in the horizontal complement
of the P -cylinder in the symplectic cylindrical structure fixed in Definiton
3.21. Indeed this definition of local tamedness is equivalent to the one
in Definition 3.28 (b), since tamedness in the fibers of the P -cylinder is
automatic.

The following Lemma is a quantitative version of the statement that local tamed-
ness is a C0-open property in the space of cylindrical almost complex structures. We
use the alternate definition of local tamedness from Remark 3.29 (c).

Lemma 3.30. Let J0
P be an almost complex structure on Φ−1(P )/TP that is

tamed by the form ωXP + 〈dαP , τ〉 for all τ ∈ P∨ ⊂ t∨P . Then there exist constants
ε, c such that if JP ∈ J (Φ−1(P )/TP ) is such that ‖JP − J0

P ‖C0 < ε then
(3.26)
c−1ωXP (v, Jv) ≤ (ωXP + 〈dαP , c〉)(v, Jv) ≤ cωXP (v, Jv) ∀v ∈ T (Φ−1(P )/TP ).

Proof. By the compactness of the spaces P /TP and P∨, and the tamedness of
J0
P for ωXP + 〈dαP , τ〉 for all τ ∈ P∨, we conclude that there are constants c0, c1 > 0

such that

c0|v|2 ≤ (ωXp + 〈dαP , τ〉)(v, J0
P v) ≤ c1|v|2

for all v ∈ T (Φ−1(P )/TP , τ ∈ P∨. For any ε > 0 and JP ∈ Bε(J
0
P ), there are

constants c′0, c
′
1 > 0 such that

(c0 − c′0ε)|v|2 ≤ (ωXp + 〈dαP , τ〉)(v, J0
P v) ≤ (c1 + c′1ε)|v|2.

The Lemma follows by choosing ε > 0 such that c0 − c′0ε > 0 and c :=
c1+c′1ε
c0−c′0ε

. �

3.5. Broken manifold as a degenerate limit

3.5.1. Defining almost complex broken manifolds. The broken manifold
is the degenerate limit of neck-stretched almost complex manifolds as we now ex-
plain. For a polytope P and ν ≥ 1, let

(3.27) Xν
P

:=

( ⊔
Q∈P:Q⊆P

Φ−1(P )× νP∨
)
/ ∼

 ⊂ Xν

be the subset of Xν that has a P -cylindrical structure, and thus Xν
P

has a partial

TP,C-action (see (3.12)) that is free and proper. (Here the equivalence relation ∼ is
the same as the one in the definition 3.23 of Xν .) Let

(3.28) Xν
P := Xν

P
/TP,C

be the quotient of Xν
P

under the partial TP,C-action. Consequently there are projec-
tions

(3.29) Xν
P

π′P−−→ ZνP
π′′P−−→ Xν

P ,

where ZνP
π′′P−−→ Xν

P is a TP -bundle, and the fibers of π′P are subsets of t∨P .
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Lemma 3.31. Let (Xν , Jν) be a family of neck-stretched almost complex struc-
tures (as in Definition 3.28). For any P ∈ P and ν0 < ν1 there are natural inclusions

iP : (Xν0
P , J

ν0)→ (Xν1
P , J

ν1), iZP : Zν0
P → Zν1

P .

Proof. Let P ∈ P be a top-dimensional polytope. Then, Xν
P = Xν

P
has a

decomposition as in (3.27). we define inclusions

iP := (Id, τ) : Φ−1(Q )× ν0Q
∨ → Φ−1(Q )× ν1Q

∨

where τ is the restriction of a translation on t∨Q (recall that νQ∨ ⊂ t∨Q for all ν) that

maps the point ν0P
∨ ∈ ν0Q

∨ to the point ν1P
∨ ∈ ν1Q

∨; and the maps glue to yield
an inclusion iP : Xν0

P → Xν1
P .

Next, consider a face Q ∈ P of the top-dimensional polytope P . The inclusion
iP : Xν0

Q
→ Xν1

Q
descends to iZQ : Zν0

Q ⊂ Z
ν1
Q and iQ : Xν0

Q ⊂ X
ν1
Q . We leave it to the

reader to check that the inclusion preserves the almost complex structure. �

Next we define cut spaces and the broken manifold as manifolds with cylindrical
structures. For both these objects, this is a second definition, the first being Defi-
nitions 3.5 and 3.14, where they were defined as symplectic manifolds. See Remark
3.35 for a reconciliation of the two viewpoints.

Definition 3.32. (Cut spaces and broken manifold) Let (X,P,Φ) be a tropical
manifold and let {Xν}ν be the corresponding family of neck-stretched manifolds.

(a) (Cut space) For a polytope P ∈ P, the cut space XP is defined as the
exhaustion

XP := ∪νXν
P

where Xν
P is the TP -quotient of the P -cylindrical subset of Xν , see (3.28).

(b) (TP -bundle on the cut space XP ) Let

ZP := ∪νZνP
be the TP -bundle on XP which is the exhaustion of the TP -bundles ZνP →
Xν
P defined in (3.29).

(c) (Broken manifold) The broken manifold X is the disjoint union

(3.30) XP or X :=
⊔
P∈P

X
P
,

where we use the notation X when the polyhedral decomposition P is ob-
vious from the context. Here,

X
P

:= ZP × t∨P ,

and it is a TP,C-bundle over XP with projection

(3.31) TP,C → X
P

πXP−−−→ XP .

(d) (Cylindrical almost complex structures) An almost complex structure J =
(JP )P∈P on X consists of an almost complex structure JP on each compo-
nent X

P
⊂ X. Such a J is cylindrical if it is the limit of a family (Jν)ν

of neck-stretched cylindrical almost complex structures on Xν . The almost
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complex structure J is locally tame or locally strongly tamed if the corre-
sponding property holds for Jν .

(e) (Cylindrical ends) For a pair of polytopes Q ⊂ P , the Q-cylindrical end of
XP is a subset UQ(XP ) ⊂ XP defined as the exhaustion

UQ(XP ) := ∪νUQ(Xν
P

)

of Q-cylindrical subsets UQ(Xν
P

) ⊂ Xν
P

given by

UQ(Xν
P

) := ∪R⊆QΦ−1(R )× νR∨ ⊂ Xν
P
.

The Q-cylindrical end in X
P

resp. Z
P

is the lift of UQ(XP ) by the projection

map π′′P : ZP → XP resp. πXP : X
P
→ XP , and is denoted by

UQ(X
P

) ⊂ X
P

resp. UQ(ZP ) ⊂ ZP .

Given a broken manifold with a cylindrical almost structure, any piece X
P

of
the broken manifold has a compactification given by an almost complex manifold

• which is diffeomorphic to the broken symplectic manifold XP ,
• and the complement XP \XP

is the union of the relative divisors YQ, which
are almost complex submanifolds.

Remark 3.33. The glued manifolds Xν can be recovered from the broken almost
complex manifold equipped with cylindrical coordinates on its ends as

Xν =

 ⋃
P∈P,codim(P )=0

X
P

 / ∼ν

where the equivalence relation ∼ν is as follows. For top-dimensional polytopes P0,
P1, and Q := P0 ∩ P1,

(3.32) XP0
3 x0 ∼ν x1 ∈ XP1

⇐⇒

x0 ∈ UP0Q, x1 ∈ UP1Q, i
P0
Q (x0) = eπ(νP∨0 −νP∨1 )iP1

Q (x1).

Here P∨0 − P∨1 ∈ t∨Q and π is the identification t∨Q ' ιtQ from (3.6). This ends the
Remark.

Example 3.34. (Cylindrical ends in a single cut) We continue Example 3.27
where we described neck-stretched manifolds in case of a single cut. Let (X,Φ, c)
be a tropical manifold with a single cut. We describe the P0-cylindrical end in XP+ ,
the case of XP− being analogous. Firstly note that since codim(P+) = 0, the spaces
XP+

, ZP+
and X

P+
are all the same, and are given by

(3.33) XP+
= {Φ ≥ c+ ε} ∪φ ((−∞, 0]× Z) ,

where

• Z := ZP0
= Φ−1(c),

• the identification Φ−1(c+ ε) with Φ−1(c)×{0} is via the map given by the
symplectic cylindrical structure, see (3.25).
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Note that the normal cone NConeP∨+ P
∨
0 is (−∞, 0]. The subset (−∞, 0]×Z in XP+

is the P0-cylindrical end.

Remark 3.35. (Symplectic versus almost complex broken manifolds) We have
defined the broken manifold as a collection of non-compact almost complex manifolds
(XP , JP ), and as compact symplectic manifolds (XP , ωXP ). The manifold XP is
diffeomorphic to the complement of the relative divisors in XP , however there is no
canonical embedding φ that respects the cylindrical structure and for which φ∗ωXP
is taming for the cylindrical almost complex structures on XP . In general, one
may not have any embedding satisfying these properties. In the complement of the
cylindrical ends, there is a natural embedding

iP : XP \(∪Q⊂PUQ(XP ))→ (XP , ωXP ),

and i∗PωXP is a symplectic form on the complement of XP \ ∪Q⊂P UQ(XP ).
The problem of not having taming embeddings of broken almost complex man-

ifolds into compact symplectic manifolds can be remedied by introducing a slight
weakening in the definition of cylindrical almost complex structures on broken man-
ifolds. In particular, if we allow the connection one-forms (αP )P∈P and the t-inner
product to be different across the set of cut spaces {XP }P∈P0 , one can construct
taming diffeomorphisms of XP into XP , see Lemma 5.12. But the cost is that
the new kind of almost complex structures on pieces of X do not glue to give a
neck-stretched almost complex structure in X, that is, they are not gluable.

Gluability of almost complex structures on broken manifolds is necessary for
the proof of homotopy equivalence of the Fukaya algebras defined on the unbroken
manifold (X,L) and the broken manifold (X, L). Once this result is proved, one
has greater flexibility in choosing almost complex structures on broken manifolds
while keeping the compactness and regularity results. In particular, the require-
ment of gluability can be dropped and one can choose almost complex structures
so that there are taming embeddings into compact symplectic manifolds. Domain-
dependent almost complex structures that are not gluable are described in Section
10.7. This finishes the Remark.

3.5.2. Coordinates on cylindrical ends. Our next task is to produce iden-
tifications between Q-cylindrical ends of different components of a broken manifold.
These identifications are used in writing down the matching conditions at nodes of
a broken map, as the matching condition compares the evaluation of maps lying in
different manifolds (say XP , X

P
′), though neighborhoods of both lifts of the node

map to the Q-cylindrical end. The identifications between the cylindrical ends are
via certain natural cylindrical ‘coordinates’ that take values in cones of torus Lie
algebras such as t∨P . We first define the cones.

Definition 3.36. (Cones at faces of polytopes) Let P be a simple polytope in
a vector space t. For a face Q ⊂ P , the cone of P at Q is

(3.34) ConeQ(P ) := {λ(p− q) : p ∈ P, q ∈ Q,λ ∈ R≥0} ⊂ t.
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For any interior point q in Q, let tQ := TqQ be the tangent space. The normal cone
of P at Q is

(3.35) NConeQ(P ) := ConeQ(P )/tQ ⊂ t/tQ,

which is the image of ConeQ(P ) under the projection t→ t/tQ. See Figure 3.8.

P

Q

ConeP Q
NConeP Q

Figure 3.8. The cone and normal cone of Q at a face P .

Remark 3.37. The cones defined above arise naturally in the description of bro-
ken manifolds because they are exhaustions of polytopes underlying neck-stretched
manifolds. For a pair Q ⊂ P of polytopes with codim(P ) = 0, there are inclusions

iP,Q : ν0Q
∨ → ν1Q

∨, ∀ν0 < ν1

that are translations and which map the vertex P∨ ∈ ν0Q
∨ to P∨ ∈ ν1Q

∨. Then
ConeP∨ Q

∨ is the exhaustion

(3.36) ConeP∨ Q
∨ = ∪ννQ∨

with respect to the inclusion iP,Q. In general for any pair Q ⊂ P (with codim(P ) > 0
possibly) there are inclusions

iP,Q : ν0Q
∨/t∨P → ν1Q

∨/t∨P , ∀ν0 < ν1

which take the point ν0P
∨/t∨P in the domain to the point ν1P

∨/t∨P in the target
space. The resulting exhaustion is the normal cone

(3.37) NConeP∨ Q
∨ = ∪ννQ∨/t∨P .

The following lemma gives an identification between the Q-cylindrical end in
a component X

P
of the broken manifold X to the ‘standard’ Q-cylinder ZQ × t∨Q

(which is the same as X
Q

by definition).

Lemma 3.38. (Cylindrical ends on broken manifolds) For any pair of polytopes
Q ⊂ P in P, there are natural embeddings

iPQ : UQ(XP )→ (ZQ/TP )×NConeP∨ Q
∨,

iZ,PQ : UQ(ZP )→ ZQ ×NConeP∨ Q
∨,

iPQ : UQ(X
P

)→ ZQ × (NConeP∨ Q
∨ × t∨P ) ⊂ ZQ × t∨Q ' XQ

.

(3.38)
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Proof. We prove the Lemma for the case codim(P ) = 0. In this case, the torus
TP is trivial, XP = ZP = X

P
, and NConeP∨ Q

∨ = ConeP∨ Q
∨. The domain of iPQ

has a decomposition (into sets whose interiors are disjoint)

(3.39) UQ(XP ) = ∪R⊆Q(Φ−1(R )× ConeP∨ R
∨)

where we use the fact that ConeP∨ R
∨ is the limit of the polytopes νR∨, see (3.36).

The target space of iPQ has a decomposition (into sets whose interiors are disjoint)

(3.40) ZQ = Φ−1(Q ) ∪ (∪R⊂QΦ−1(R )×NConeQ∨ R
∨)

which is a limit of the decompositions

ZνQ = Φ−1(Q ) ∪ (∪R⊂QΦ−1(R )× νR∨/t∨Q),

since NConeQ∨ R
∨ is the limit of νR∨/t∨Q as ν →∞ (see (3.37)). The map iPQ maps a

subset in the domain decomposition (3.39) to the corresponding subset in the target
decomposition (3.40). Here ZνQ is a TQ-bundle defined in (3.29). For any R ⊆ Q,
the map

iPQ : Φ−1(R )× ConeP∨ R
∨ → (Φ−1(R )×NConeQ∨ R

∨)× ConeP∨ Q
∨

is defined in an obvious way: it is the identity on Φ−1(R ) and ConeP∨ R
∨ →

NConeQ∨ R
∨ × ConeP∨ Q

∨ is an orthogonal splitting. We leave to the reader the

construction of the maps iPQ, iZ,PQ when codim(P ) > 0. Finally we point out that

the domain resp. target space of the map iPQ is the product of t∨P and the domain

resp. target space of iZ,PQ . Therefore the map iPQ is defined in an obvious way once

iZ,PQ is known. �

Neck-stretched manifolds and components of a broken manifold are equipped
with a cylindrical metric. We recall that the inner product (3.6) on t defines a
metric | · |tP resp. | · |t∨P on t∨P resp. t∨P for all P ∈ P.

Definition 3.39. (Cylindrical metric) A metric gP on X
P
' ZP × t∨P is P -

cylindrical if gP is a product metric, that is, the product of the linear metric | · |t∨P
on t∨P and a TP -invariant metric gZP on ZP that satisfies

|ξZP |gZP = |ξ|tP ξ ∈ tP

where ξZP is the generating vector field as in (3.1). On the multiply-stretched
manifolds Xν , a metric gν is cylindrical if for any P ∈ P, gν is P -cylindrical in the
region Φ−1(P )× νP∨.

3.6. Translations: Relating neck-stretched and broken manifolds

To examine the convergence behavior of maps in neck-stretched manifolds to a
limit map in the broken manifold, we need to embed P -cylindrical regions of the
neck-stretched manifold into the P -cylindrical component of the broken manifold.
Before defining these embeddings we recall some facts about neck-stretched and
broken manifolds :
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(a) For any polytope P ∈ P and any ν, the P -cylindrical subset of Xν is Xν
P

which has a projection

Xν
P

π′P,ν−−−→ ZνP

where ZνP is a TP -bundle over Xν
P and the fibers of π′P,ν are subsets of νP∨.

In particular there is a map

πνP∨ : Xν
P
→ νP∨,

which, for any Q ⊆ P , is defined by orthogonal projection Q∨ → P∨ on the
cylindrical ends Φ−1(Q◦)× νQ∨ ⊂ Xν

P
.

(b) The P -cylindrical component X
P
⊂ X is a product

X
P

= ZP × t∨P

where Z
P
→ XP is a TP -bundle over XP .

(c) There are natural inclusions ZνP → ZP , Xν
P → XP .

Definition 3.40. (P -translation) For any P ∈ P, t ∈ νP∨, denote by

(3.41) e−tP : Xν
P
→ X

P
.

the lift of the inclusion ZνP → ZP that maps a level set {πνP∨ = c} ⊂ Xν
P

to

ZP × {c− t} ⊂ XP
.

For any t ∈ νP∨ the translation e−tQ is the ‘same’ for all Q ⊆ P because

e−tP |X
ν
Q

= e−tQ .

Indeed, the restriction of e−tP to Xν
Q
⊂ Xν

P
maps to the Q-cylindrical end UQ(X

P
) ⊂

X
P

, which may be viewed as a subset of X
Q

. This leads us to view the parameter t

in the translation e−t as an element in the dual complex B∨ and we get the following
notion:

Definition 3.41. (Generalized translation) For any t ∈ νB∨,

e−t := e−tP if t ∈ P∨,◦.

For an element t ∈ νP∨,◦ the inverse of the translation e−t is well-defined on a
subset X

P ,ν
⊂ X

P
:

(3.42) et := (e−t)−1 : X
P
⊃ X

P ,ν
→ Xν

P
.

The sequence of subsets X
P ,ν

exhaust X
P

as ν →∞.

Example 3.42. We illustrate translations in a multiple cut using an example
with two non-intersecting single cuts. Consider the tropical manifold (X,Φ,P) where
the torus is T = S1, and the polytopes in P are P0, P1, P2, P01, P12 ⊂ R shown in
Figure 3.9. The dual complex B∨ is a subset of R. Let the point P∨i be gi ∈ R for
i = 0, 1, 2. For ν > 0, the neck-stretched manifold is

Xν := XP0
∪ ([νg0, νg1]× Z0) ∪XP1

∪ ([νg1, νg2]× Z1) ∪XP2
/ ∼,
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P0 P1 P2P01 P12

c0 c1

Figure 3.9. A polyhedral decomposition P and its dual complex B∨.

where Zi := Φ−1(ci), XPi
is XPi minus a tubular neighbourhood of relative divisors,

and ∼ identifies the copies of Z0 and Z1 on the boundaries. Consider a translation
t ∈ νB∨.

• Suppose t ∈ νP∨1 . Then t = νg1 and e−t is the embedding

([νg0, νg1]× Z0) ∪Z0 XP1
∪Z1 ([νg1, νg2]× Z1)

→ XP1
' ((−∞, 0]× Z0) ∪Z0 XP1

∪Z1 ([0,∞)× Z1),

that is identity on XP1
, and on the cylindrical ends it is a translation by

νg1, namely

([νg0, νg1]×Z0)
((·−νg1),Id)−−−−−−−→ (−∞, 0]×Z0, ([νg1, νg2]×Z1)

((·−νg1),Id)−−−−−−−→ ([0,∞)×Z1).

The translation e−t is defined similarly when t ∈ νP∨0 or νP∨2 .
• Suppose t ∈ P∨i(i+1). Then t ∈ [νgi, νgi+1] and

e−t : [νgi, νgi+1]× Zi → R× Zi
maps {c} × Zi to {c− t} × Zi.

This ends the example.

3.7. Existence of symplectic cylindrical structures

We prove that tropical Hamiltonian manifolds possess symplectic cylindrical
structures, which were used in the definition of neck-stretched almost complex man-
ifolds.

Lemma 3.43. (Existence of symplectic cylindrical structures) There exists a sym-
plectic cylindrical structure (see Definition 3.21) for a tropical Hamiltonian manifold
(X,P,Φ).

The symplectic cylindrical structure is constructed via an analogous structure
on cut spaces, which we define next. We recall that for a pair of polytopes Q ⊂ P
a neighborhood UXQXP of XQ in XP is mapped by the tropical moment map Φ to
a neighborhood of Q in ConeQ P ⊂ t∨. Thus a model symplectic neighborhood of
XQ in XP is given by ZQ ×ConeQ P with boundaries modded out by circle actions
as in Lerman’s construction.

Definition 3.44. (Symplectic structure on cut spaces) A symplectic structure

on cut spaces consists of a collection of maps (φQP )Q⊂P where P ∈ P ranges over

top-dimensional polytopes. For any pair Q ⊂ P , the map φQP is a TQ-equivariant
symplectomorphic embedding defined on a neighborhood UXQXP ⊂ XP of XQ

(3.43) φQP : UXQXP → (ConeQ P × ZQ, ωQ)/ ∼, ωQ := ωXQ + d〈αQ, πt∨Q〉,
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where

(a) the equivalence ∼ mods out the boundary ConeQR ⊂ ConeQ P by the
action of TR ' S1, and R ⊂ P ranges over all facets of P for which Q ⊆ R;
and thus by Lerman’s construction (ConeQ P × ZQ, ωQ)/ ∼ is a manifold
resp. orbifold if ConeQ P is Delzant resp. simple;

(b) XQ is identically mapped by φQP to Q× ZQ/TQ;
(c) αQ ∈ Ω1(ZQ, tQ) is a connection one-form such that the collection (αP )P∈P

is consistent in the sense of (3.16), πt∨Q : t∨ → t∨Q is the projection on

ConeQ P ⊂ t∨, and so, 〈αQ, πt∨Q〉 is a one-form on (ZQ × ConeP Q).

Remark 3.45. Any symplectic cylindrical structure induces projection maps on
neighborhoods of boundary submanifolds

(3.44) πωQ : UXQXP → XQ

for all pairs of polytopes Q ⊂ P .

Proof of Lemma 3.43. We first construct a symplectic cylindrical structure
on cut spaces as in Definition 3.44. This data includes a consistent collection of

connection one-forms (αP )P∈P and symplectomorphisms (φQP )Q⊂P in (3.43). For a

fixed top-dimensional polytope P , the maps φQP are constructed by induction on the
dimension of Q. At every step of the induction the connection one-form αQ0 on
ZQ0 → XQ0 is pre-determined in a neighborhood UXQXQ0 of XQ for strict subsets
Q ( Q0. We may choose any extension of αQ0 |(∪QUXQXQ0) to all of XQ0 . The

symplectomorphism φQ0

P is also pre-determined in the neighbourhoods UXQXQ0 ,
and is extended to all of UXPXQ0 by the relative symplectic neighborhood theorem
(Lemma 3.46).

A symplectic cylindrical structure on X is obtained by gluing the structure
maps on cut spaces. Indeed, for a polytope Q ∈ P, codim(Q) > 0, we can invert the
multiple cut operation on the domain and target spaces of the maps

(3.45) φQP : UXQXP → (ConeP∨(Q∨)× ZQ, ωQ)/ ∼, P ⊃ Q, codim(P ) = 0,

to yield the symplectomorphism φQ of (3.13), because the connection one-form αQ
underlying the symplectic form is the same in each of the target spaces in (3.45). �

Lemma 3.46. (Relative symplectic neighbourhood theorem) Let Y ⊂ X be a
compact symplectic submanifold of a symplectic manifold (X,ω). Let N be a neigh-
borhood of the zero section in the normal bundle NXY that is equipped with a sym-
plectic form ωN . Let ψ : N → U be a diffeomorphism onto a neighborhood U ⊂ X
of Y that is identity on Y . Further, let Y ⊂ S ⊂ N be a subset satisfying

s ∈ S =⇒ ts ∈ S ∀t ∈ [0, 1], and (ωN − ψ∗ω)|TsN = 0.

Then, there is a smaller neighborhood N ′ ⊂ N of the zero section that contains S
and so that ψ can be homotoped to a symplectomorphism φ : N ′ → U satisfying
φ|S = ψ|S.

The proof of the ordinary symplectic neighborhood ([59, Lemma 3.14]) can be
used to prove the slightly stronger statement of Lemma 3.46.



CHAPTER 4

Broken disks

The goal of this chapter is to define broken treed holomorphic disks. These are
analogues of what Parker [68] calls exploded holomorphic maps. These structures
combine the features of treed holomorphic disks and tropical (or broken) maps.

• Treed holomorphic disks consist of surface components that are nodal holo-
morphic disks or spheres in a symplectic manifold whose boundary lies in
a Lagrangian submanifold, with the additional feature that disk nodes may
be replaced by tree segments mapping to the Lagrangian submanifold, anal-
ogous to pearly trajectories in Biran-Cornea [9].
• On the other hand, a broken map is defined on the normalization of a nodal

curve, and each of the domain components maps to a different component
of the target broken manifold, and the maps satisfy a matching condition
at the nodal lifts. The broken map is equipped with the additional data of
a tropical graph in the dual complex associated with the degeneration of
the symplectic manifold.

In a broken treed holomorphic disk, certain nodes in the domain are ‘tropical nodes’
which means that the curve components incident on the node map to different target
components; and the other nodes, called ‘internal nodes’, are sphere nodes as seen
in Gromov-Witten theory or disk nodes with treed segments as in treed holomorphic
disks. Since we assume that the Lagrangian submanifold is disjoint from the relative
divisors of the broken manifold, all disk nodes are internal nodes.

L

w1

w2
w3

XP0 XP1

XP2XP3

Figure 4.1. A broken treed holomorphic disk. The disk node w3

has been replaced by a treed segment in the Lagrangian L, and w1,
w2 are tropical nodes.

81
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4.1. Treed disks

The domains of our pseudoholomorphic maps are treed disks, which are ana-
logues of pearly trajectories of Biran-Cornea [9], Cornea-Lalonde [24] and Seidel
[80]. A treed disk is a combination of trees, nodal disks, and nodal spheres.

Definition 4.1. (a) (Nodal disks) A nodal disk S is a union

(4.1) S =

 ⋃
α=1,...,d( )

Sα,

 ∪
 ⋃
β=1,...,d( )

Sβ,

 / ∼

of a collection of disk components Sα, each biholomorphic to a unit disk
D2 ⊂ C, and sphere components Sβ, each biholomorphic to the projec-
tive line P1, glued together by an equivalence relation ∼. The equivalence
relation ∼ is generated by pairs of interior or boundary nodal points

(4.2) we = (w+(e), w−(e)) ∈ (∪α∂Sα, )2 ∪ (∪α(int(Sα, ) ∪ ∪βSβ, )2

of pairs of boundary points of disks, interior points of disks or spheres,
with the property that the boundary ∂S is connected and there are no
cycles of components Sα1 , . . . , Sαk = Sα1 connected by nodes (so that in
particular, each node connects two different disk or sphere components of
S). A marking of a nodal disk is a collection of boundary and interior points

(4.3) z = (z ,i ∈ ∂S, i = 0, . . . , d( )), z = (z ,i ∈ S\∂S, i = 1, . . . , d( ))

distinct from the nodes. A marked nodal disk is stable if it admits no
automorphisms, or equivalently, if for each disk component S ,i the sum
of the number of special (nodal or marked) boundary points and twice
the number of interior special points is at least three, and each sphere
component S ,i has at least three special points.

(b) (Combinatorial type of a nodal disk) The combinatorial type of a nodal disk
S is the tree Γ whose vertices Vert(Γ) correspond to disk or sphere com-
ponents of S, and whose edges Edge(Γ) correspond to markings or nodes,
together with

(i) (Sphere and disk vertices) a partition of the vertex set

Vert(Γ) = Vert (Γ) ∪Vert (Γ)

into disk vertices Vert (Γ) and sphere vertices Vert (Γ);
(ii) (Interior and boundary edges) a partition of the edge set

Edge(Γ) = Edge (Γ) ∪ Edge (Γ)

into edges Edge (Γ) of boundary type and edges Edge (Γ) of interior
type;

(iii) (Leaf and non-leaf edges) a partition of the edge set Edge(Γ)

Edge(Γ) = Edge−(Γ) ∪ Edge→(Γ)

into leaf edges Edge→(Γ) which correspond to markings, and non-leaf
edges Edge−(Γ) which correspond to nodes (and so, leaf edges are
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incident on a single vertex and non-leaf edges are each incident on
two vertices);

(iv) (Ordering of leaves) an ordering of the boundary leaf edges Edge ,→(Γ)
and the interior leaf edges Edge ,→(Γ) given by the corresponding or-
dering of markings (see (4.3));

(v) (Ribbon structure) a ribbon structure on Γ, which is a cyclic ordering
<v on the set of boundary edges (both leaf and non-leaf)

Edgev(Γ) := {e ∈ Edge (Γ) : v ∈ e}
incident on each boundary vertex v ∈ Vert (Γ) such that the induced
cyclic ordering on the set Edge ,→(Γ) of boundary leaves corresponds
to the cyclic ordering z ,0, . . . , z ,d( ), z ,0 of boundary markings.

(vi) (Root edge and edge orientations) The edge e0 ∈ Edge (Γ) corre-
sponding to the first boundary marking z0 is an outgoing edge and
is called the root edge, all the other boundary markings are incom-
ing edges, and all edges corresponding to nodes are oriented to point
towards the root.

(c) (Treed segments) A treed segment is obtained from a collection of closed
intervals I1, . . . , Ik, each isomorphic to some subset of R by

Ij ∼= [0, `(Ij)], (−∞, 0], orIj ∼= [aj ,∞) or (−∞,∞)

by gluing along infinite endpoints, e.g.

(4.4) [0,∞) ∪∞ (−∞,∞) ∪∞ (−∞, 0]

is a treed segment with three components and finite end-points. Each treed
segment T has a length `(T ) ∈ [0,∞] and a number of breakings b(T ) ∈ Z≥0,
with `(T ) = ∞ if b(T ) > 0. We also consider treed segments with one
infinite end such as

[0,∞) ∪∞ (−∞,∞)

or both infinite ends such as (−∞,∞) ∪∞ (−∞,∞).
(d) (Treed disk) A treed nodal disk C = S ∪ T is

(i) either obtained from a nodal disk S0

• by assigning a length `(e) ∈ [0,∞] to each boundary node
e ∈ Edge ,−(Γ), and replacing any boundary node we, e ∈
Edge ,−(Γ) with `(e) > 0 by a treed segment Te with finite end-
points, and the treed segment Te has length `(e) if `(e) <∞ or
it is a broken segment as in (4.4) if `(e) =∞;
• and each boundary marking we, e ∈ Edge ,→(Γ) is replaced by

a (possibly broken) treed segment one of whose end-points is
infinite, and thus `(e) =∞ for all boundary markings;

(ii) or is a treed segment both whose end-points are infinite. The −∞
resp. ∞ end of the segment is regarded as the input resp. output,
and therefore, there is one output and one input, d( ) = 1.

A treed segment Te, e ∈ Edge (Γ), containing a breaking is called a broken
edge. A non-leaf edge e ∈ Edge−(Γ) is broken if and only if `(e) =∞.
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(e) (Isomorphism of treed disks) An isomorphism of treed disks is a home-
omorphism φ : C → C ′ that is a biholomorphism on each sphere or disk
component, length-preserving on edges, and preserves the labelling of leaves.

(f) (Combinatorial type of a treed disk) The combinatorial type of a treed disk
consists of the combinatorial type Γ of the underlying nodal disk which in-
cludes the vertex and edge partitions, ordering of markings, ribbon structure
and edge orientations; and in addition a partition

Edge ,−(Γ) = Edge0
,−(Γ) ∪ Edge

(0,∞)
,− ∪Edge∞,−(Γ)

of boundary edges corresponding to boundary nodes with zero, finite, and
infinite length edges.Note that for a boundary edge e with edge length `(e) ∈
(0,∞), the length of the treed segment Te is not part of the combinatorial
type.

(g) (Stable treed disk) A treed nodal disk C is stable if the underlying disk S
is stable, the treed segment at any node Te, e ∈ Edge ,−(Γ) has at most one
breaking, and treed segments at markings Te, e ∈ Edge→, (Γ) are unbroken.
A treed disk with no surface component (that is, consisting of a single
possibly broken sequence of segments) is not stable.

(h) (Disconnected types) Let Γ be a disjoint union of treed disk types Γ1, . . . ,Γk.
A treed curve of type Γ is a collection u1, . . . , uk of treed disks of types
Γ1, . . . ,Γk.

For integers d( ), d( ) ≥ 0, denote byMd( ),d( ) the moduli space of isomorphism
classes of stable treed disks with d( ) incoming boundary markings, one outgoing
boundary marking and d( ) interior markings. For each combinatorial type Γ, denote
by MΓ ⊂ Md( ),d( ) the set of isomorphism classes of stable treed disks of type Γ.
The moduli space Md( ),d( ) then decomposes as

Md( ),d( ) =
⋃
Γ

MΓ.

The top-dimensional cells in Md( ),d( ) correspond to strata where all boundary
edges e have finite non-zero length, that is, `(e) ∈ (0,∞). The dimension of each
of the top-dimensional cells is d( ) + 2d( ) − 2. For the stratum with no finite
edges, so containing a single disk, this follows immediately from the fact that each
boundary leaf edge resp. interior leaf edge contributes 1 resp. 2 to the dimension,
and the automorphism group of the disk is PSL(2,R) which has dimension 3. The
dimensions of the other top-dimensional cells can be computed by first computing
the corresponding stratum of the moduli spaces of disks without trees, and then
adding one for each boundary edge with finite non-zero length. The compactified
moduli space Md( ),d( ) is a manifold with corners where the codimension k corner
stratum consists of curves containing k broken treed edge. We do not give a proof,
since for our purposes it is enough to view Md( ),d( ) as a cell-complex, with a
manifold structure on each of the strata MΓ.
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Definition 4.2. (Orientation of moduli of treed disks) We fix an orientation for
moduli spaces of treed disks of type Γ, where Γ does not contain boundary edges
e ∈ Edge ,−(Γ) of length 0 or ∞.

(a) (Single disk) Let Γ be a treed disk type with a single disk component with
≥ 2 incoming boundary leaves and no other surface component. The moduli
space MΓ is the quotient

Confd( ),d( ) /PSL(2,R),

where

Confd( ),d( ) ⊂ {z = (z , z ) ∈ (∂D)d( )+1 × (int(D))d( )}
is the subset of configurations where z consists of distinct points and the
boundary markings are ordered counter-clockwise. Fixing z0 = −1, z1 = 1,
z2 = i gives a global slice S of the PSL(2,R)-action, andMΓ is oriented via

its identification to the slice S which is an open subset of Rd( )−2×Cd( ). In
case Γ has < 2 incoming boundary leaves, we fix the global slice by setting
z0 = −1, z0 = 0.

(b) (Multiple disks) Let Γ be a treed disk type with no sphere components
and all whose boundary edges have finite non-zero length. The orien-
tation on MΓ is chosen by inducting on the number of boundary edges
e ∈ Edge ,−(Γ). Suppose the treed disk types Γ, Γ0, Γ′ are related by the
following morphisms

Γ
Make the edge length `(e) non-zero←−−−−−−−−−−−−−−−−−−−−− Γ0

Collapse e−−−−−−→ Γ′.

Here we point out that the edge length `(e) in Γ0 is zero. The moduli space
MΓ0 is a codimension one boundary stratum of both MΓ and MΓ′ via
inclusions

iΓ,Γ0 :MΓ0 →MΓ, iΓ′,Γ0 :MΓ0 →MΓ′ .

Assuming an orientation on M′Γ, MΓ is oriented so that the orientations
on MΓ0 induced by iΓ,Γ0 , iΓ′,Γ0 are the opposite of each other.

(c) (Disks and spheres) Let Γ be a treed disk type, and let Γ′ be the type
obtained by collapsing interior edges e ∈ Edge ,−(Γ). Then the orientation

onMΓ′ induces an orientation onMΓ ⊂MΓ′ which is equal to the product
orientationMΓ ×

∏
v∈Vert (Γ)MΓv

. Here Γ ⊂ Γ is the subgraph consisting

of all the disk vertices and Γv is a graph with a single vertex {v} and
markings corresponding to all edges e ∈ Edge (Γ) incident on v.

Remark 4.3. Let Γ be a treed disk type containing a single edge e ∈ Edge ,−(Γ)
of infinite length, and all whose other boundary edges e′ ∈ Edge ,−(Γ) have `(e′) ∈
(0,∞). Let Γ′ be a treed disk type obtained from Γ by making the edge length of e
finite. Then,

iΓ,Γ′ :MΓ ↪→MΓ′

is a boundary stratum of codimension one. Suppose Γ1, Γ2 are treed disk types
obtained by cutting the edge e in Γ (see Definition 6.3 of (Cutting edges) morphism),
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and suppose the root of Γ is contained in Γ1. Then the boundary orientation on
MΓ induced by iΓ,Γ′ differs from the product orientation MΓ1 ×MΓ2 by

(4.5) ε(Γ1,Γ2) := (−1)◦

where ◦ depends only on the combinatorial types Γ1, Γ2, see [82, (12.22)].

The moduli spaces admit universal curves, which admit partitions into one and
two-dimensional parts. For any combinatorial type Γ, let UΓ denote the universal
treed disk consisting of isomorphism classes of pairs (C, z) where C is a treed disk
of type Γ and z is a point in C, possibly on a disk component, sphere component,
or one of the edges of the tree. The map

(4.6) UΓ →MΓ, [C, z] 7→ [C]

is the universal projection, whose fiber over [C] is a copy of C. The union over types
Γ′ with MΓ′ ⊂MΓ is denoted UΓ. Denote by

SΓ, resp. TΓ

the locus of points [C, z] ∈ UΓ where z lies on a disk or sphere component resp. an
edge of C. Hence UΓ = SΓ ∪ TΓ, and SΓ ∩ TΓ is the set of points on the boundary of
the disks meeting the edges of the tree. Denote by

SΓ, resp. T Γ

be the compactification of SΓ resp. TΓ in UΓ.
On each stratum, the universal curve admits local trivializations. For a stratum

Γ, the spaces

SΓ →MΓ, resp. TΓ →MΓ

are smooth fibrations with 2 resp. 1-dimensional fibers and markings are sections

z = (zi, , zj, ) :MΓ → SΓ, 0 ≤ i ≤ d( ), 1 ≤ j ≤ d( ).

We also view breaking points on broken treed segments as sectionsMΓ → TΓ, since
on a type Γ, the treed segment Te corresponding to any edge e ∈ Edge (Γ) has a
fixed number of breakings. The union UΓ = SΓ ∪ TΓ has local trivializations: For a
curve [C] ∈ MΓ, C = S ∪ T , and a small enough neighborhood UC ⊂ MΓ of [C]
there is a homeomorphism

(4.7) UΓ|UC ' UC × C,

which, when restricted to SΓ|UC resp. TΓ|UC is a diffeomorphism onto its image
UC × S resp. UC × T , and the markings

zi, , zj, |UC : UC → S

are constant functions, whose values we denote by zUC = (zi, ,U(C), zj, ,U(C)), where

zi, ,U(C), zj, ,U(C) ∈ S. The fibers of SΓ → UC possess a conformal structure, and
the trivialization in (4.7) induces a map

(4.8) j : UC → J (S)

such that for [C1] ∈ UC , (C, j([C1], zUC ) is biholomorphic to (SΓ, z)|[C1].
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Remark 4.4. The structure of a ‘smooth fibration with sections’ on SΓ →MΓ,
TΓ →MΓ breaks down on the extension to the compactificationMΓ. For example,
a finite treed segment Te in the fibers of TΓ may be transformed to a segment of ‘zero
length’ in the compactification T Γ; or two disconnected components in the fibers of
SΓ may connect at a disk node in the compactification SΓ.

4.2. Treed pseudoholomorphic disks

Treed pseudoholomorphic disks are maps from treed disks to a symplectic mani-
fold equipped with a Lagrangian submanifold. The symplectic manifold has a tamed
almost complex structure and the Lagrangian submanifold has a Morse function on
it. On the two-dimensional part of the treed disk the map is pseudoholomorphic
and the boundaries of the disks map to the Lagrangian submanifold. On the one-
dimensional part of the domain, the map is a gradient flow line of the Morse function
on the Lagrangian submanifold, whose length is the same as the length of the tree
edge. Later in this chapter we will adapt the definition of treed holomorphic disks
in a symplectic manifold to define broken treed holomorphic disks in a broken man-
ifold. Later in the text the almost complex structure, the Morse function, and the
metric on the Lagrangian will be given domain-dependent perturbations in order to
regularize the moduli spaces of treed holomorphic (broken) disks.

We introduce the necessary notation for defining treed holomorphic disks. Let
(X,ω) be a symplectic manifold and L ⊂ X be a Lagrangian submanifold. Let J be
an ω-tame almost complex structure. Let GL be a Riemannian metric on L and let
F ∈ C∞(L,R) be a Morse function such that the pair (F,GL) is Morse-Smale. The
gradient vector field is defined by the condition

gradF ∈ Vect(L), df(·) = GL(gradF , ·).

Definition 4.5. A treed holomorphic disk with boundary in L ⊂ X consists of
a treed disk C = S ∪ T and a continuous map

u : C → X

satisfying the following conditions:

(a) The tree components T and the boundary ∂S of the surface components
are mapped to the Lagrangian submanifold L : u(T ∪ ∂S) ⊂ L;

(b) the map u|S is a pseudoholomorphic map on the surface part: Jd(u|S) =
d(u|S) ◦ j; and

(c) the map u|T is a union of gradient trajectories: d
dsu|T = − gradF (u|T )

where s is a unit velocity coordinate on T .

A holomorphic treed disk u : C = S ∪ T → X is stable if it has finitely many
automorphisms # Aut(u) <∞, or equivalently

(a) each surface component Sv ⊂ S on which the map u is constant is stable as
a component of a nodal disk S (see Definition 4.1);

(b) each treed segment Te on which the map u is constant has at most one
infinite end, that is, one of the ends of Te is an attaching point to a sphere
or disk Sv ⊂ S.
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Note that the case C ∼= R equipped with a non-constant Morse trajectory u : C → L
is allowed under this stability condition and corresponds to the case of a single
incoming edge, that is, d( ) = 1. . The area of a J-holomorphic or sphere disk
u : S → X is the symplectic area

Area(u) =

∫
S

(u|S)∗ω.

4.3. Multiply-broken disks

A broken map is a map from a nodal curve to a multiply cut manifold that is
discontinuous at nodes. Different components of the nodal curve map to different
pieces of the multiply cut manifold, and the lifts of the nodal points satisfy an
edge matching condition. The nodal points carry an additional data of intersection
multiplicity with relative divisors. This data is packaged into a tropical structure,
which is part of the combinatorial type of the broken map.

Definition 4.6. (Tropical graph) Let B∨ ⊂ t be the dual complex for a set of
polytopes P = {P ⊂ t∨} as in Definition 3.9. A tropical graph is a triple (Γ, P, T )
consisting of

(a) a graph Γ with vertex set Vert(Γ) and edge set Edge(Γ) ⊂ Vert(Γ)×Vert(Γ),
(b) polytope assignments

(4.9) P : Vert(Γ)→ P, P : Edge(Γ)→ P

such that for any edge e = (v+, v−), P (e) = P (v+) ∩ P (v−),
(c) edge slopes

T (e) ∈ tP (e),Z\{0}, ∀ e ∈ Edge(Γ)

which is embeddable in the following sense: A tropical graph (Γ, P, T ) is embeddable
if it has an embedding, which is a collection of tropical vertex positions

T (v) ∈ P (v)∨ ⊂ B∨, v ∈ Vert(Γ)

satisfying the following slope condition

(Slope condition) T (v+)− T (v−) ∈ R>0T (e).

Here we view T (e) as an element in t∨P (e) via the identification t ' t∨ in (3.6). The

set of tropical vertex position maps on a tropical graph Γ is denoted

(4.10) W(Γ) = {(T (v))v∈Vert(Γ) : T is a tropical vertex position map on Γ}.

Remark 4.7. A deformation of embeddings for a tropical graph Γ is shown in
Figure 4.2 in the dual polytope B∨ corresponding to two orthogonal cuts (see Figure
1.4 and Figure 1.5). By the definition of tropical graphs, moving the vertices v3 and
v4 to the dotted positions produces a one-parameter space of embeddings. Thus the
space of vertex positions is

W(Γ) ' (0, 1).

This remark is continued in Remark 4.19.



4.3. MULTIPLY-BROKEN DISKS 89

P∨0

P∨1

P∨∩

v3

v4

Γ

Figure 4.2. Moving the vertices v3 and v4 to the dotted positions
gives a different embedding of the same tropical graph Γ.

Remark 4.8. In a tropical graph Γ two vertices sharing an edge can not have
the same tropical position. Indeed, for any edge e = (v+, v−) the edge slope is non-
zero and by the slope condition for tropical graphs, the difference in the tropical
positions of v+ and v− is a positive multiple of the edge slope.

Remark 4.9. For a tropical graph Γ, the set of vertex positionsW(Γ) is a convex
set.

Definition 4.10. (Tropical structure on a treed disk type) Let Γ be the com-
binatorial type of a treed disk (see Definition 4.1(f)). Let X be a broken manifold
with an underlying polyhedral decomposition P, and a Lagrangian submanifold L
contained in the component XP0 ⊂ X, P0 ⊂ P.

A tropical structure on Γ consists of a tropical graph (Γtr, P, T ) and an edge
collapse morphism

tr : Γ→ Γtr

called the tropicalization. Here P : Vert(Γtr) ∪ Edge(Γtr) → P is the polytope
assignment on the tropical graph (see (4.9)), and T = (T (e) ∈ tP (e),Z)e∈Edge(Γtr)

is the set of edge slopes. The edges collapsed by tr are called internal edges and
uncollapsed edges are called tropical edges. The subset of internal resp. tropical
edges of Γ is denoted by

Edgeint(Γ) resp. Edgetrop(Γ) ⊂ Edge−(Γ).

All boundary edges are collapsed. Therefore,

Edge−, (Γ) ⊂ Edgeint(Γ), Edgetrop(Γ) ⊂ Edge−, (Γ).

The map tr is often suppressed in the notation. The polygon assignment P ◦ tr and
edge slope T ◦ tr maps on Γ are often denoted by P , T .

Remark 4.11. In a treed disk type Γ equipped with a tropical structure, since
the tropicalization map collapses all the boundary edges e ∈ Edge (Γ), all the bound-
ary vertices v ∈ Vert (Γ) are mapped to a single vertex in Γtr.

We recall some notation required to define broken maps. The domain of a broken
map is a treed disk C = T ∪ S (Definition 4.1) where S is the surface part and T is
the tree part. For a treed disk C of type Γ equipped with a tropical structure, for
every vertex v ∈ Vert(Γ) we denote by

(4.11) S◦v = Sv\{we : e ∈ Edgetrop(Γ)}
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the surface part with cylindrical ends obtained by deleting nodal points correspond-
ing to tropical edges. The target space of a broken map is a broken manifold X. We
recall from (3.30) that a broken manifold with an underlying polyhedral decompo-
sition P is a disjoint union

X =
⊔
P∈P

X
P
,

and there is a top-dimensional polytope P0 ∈ P such that XP0
contains a Lagrangian

submanifold L. Note that XP0
= X

P 0
since the torus TP0 is trivial.

Definition 4.12. (Broken map) Let XP be a broken manifold and L ⊂ XP0
be

a Lagrangian submanifold as above. A broken map u to X is a datum consisting of

(a) (Domain type and tropical structure) a domain type Γ, which is the combi-
natorial type of a treed disk equipped with a tropical structure (Definition
4.10) for which disk vertices map to P0 :

v ∈ Vert (Γ) =⇒ P (v) = P0;

(b) (Domain curve) a treed nodal disk C = S ∪ T of type Γ;
(c) (Map) a collection of holomorphic maps on punctured surface components

uv : S◦v → X
P (v)

, v ∈ Vert(Γ),

(where S◦v is defined in (4.11)) and continuous maps on the treed segments

ue : Te → L, e ∈ Edge (Γ)

collectively denoted u : C → X, and the restriction

u|(∪v∈Vert (Γ)S
◦
v ∪ ∪e∈Edge (Γ)Te)

to the boundary part of C is a treed holomorphic map (in the sense of
Definition 4.5) to the target space (XP0

, L);
(d) (Framing) and for all nodes we corresponding to tropical edges e = (v+, v−) ∈

Edgetrop(Γ) a framing, which is a linear isomorphism

(4.12) fre : Tw+(e)SP (v+) ⊗ Tw−(e)SP (v−) → C,

such that the collection (uv)v has the following behaviour at punctures, and satisfies
a node matching condition stated below.

• (Matching at internal nodes) For an interior internal edge

e = (v+, v−) ∈ Edge (Γ) ∩ Edgeint(Γ),

the corresponding nodal points w±(e) ∈ Cv± map to X
P (v±)

and the map

u is continuous at the node :

(4.13) u(w+(e)) = u(w−(e)) ∈ X
P (v±)

.

• (Asymptotic behavior at punctures) For any tropical edge e = (v+, v−)
with nodal lifts w±e ∈ Cv± and a small enough neighborhood U(w±e ) ⊂ Sv± ,
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the punctured neighborhood U(w±e )\{w±e } is mapped by uv± to the P (e)-
cylindrical end of XP (v±). Via the cylindrical coordinate map (3.38) which

identifies the P (e)-cylindrical end to X
P (e)

, we may assume that

uv±(U(w±e )\{w±e }) ⊂ XP (e)
.

Recall that X
P (e)

has a holomorphic TP (e),C-action. At the puncture w±e
the map uv± has the following asymptotic behavior: For any holomorphic
coordinate

(4.14) z± : (Uw±e , w
±
e )→ (C, 0)

the limit

(4.15) xe,± := lim
z±→0

z
±T (e)
± uv±(z±)

exists in X
P (e)

. The map

(4.16) C× 3 z± 7→ z
±T (e)
± xe,± ∈ XP (e)

is called the vertical cylinder corresponding to the nodal lift w±e , or that the
map uv± is asymptotic to the vertical cylinder in (4.16) at the puncture w±e .
• (Matching at tropical nodes) For a tropical edge e = (v+, v−) ∈ Edgetrop(Γ)

if the holomorphic coordinates in (4.14) respect the framing

(4.17) dz+(w+(e))⊗ dz−(w−(e)) = fre

then

(4.18) (Matching condition at nodes) lim
z−→0

z
−T (e)
− uv−(z−) = lim

z+→0
z
T (e)
+ uv+(z+).

The coordinates z+, z− are called matching coordinates at the node we.

A broken map does not have any extraneous components, that is,

(No extraneous components) A broken map cannot have a sphere compo-
nent uv : Cv → XP (v), v ∈ Vert (Γ) with no markings, two nodal points
e1, e2 3 v, and for which the projection

πP (v) ◦ uv : C◦v → XP (v)

is a constant map.

This ends the Definition.

Remark 4.13. (Why disallow extraneous components?) An extraneous com-
ponent in a broken map u can be deleted to yield a broken map with one less
component. Indeed, an extraneous component is isomorphic to a trivial cylinder

uv : C◦v ' P1\{0,∞} → X
P (v)

, z 7→ zµx,

where µ ∈ tP,Z is the slope of both the edges e1, e2 incident on v; the vertex v
and edges e1, e2 can be deleted and replaced by a single edge e of slope µ. Con-
versely, if extraneous components were allowed in broken maps, any tropical edge



92 4. BROKEN DISKS

e ∈ Edgetrop(Γ) can be subdivided to insert an extraneous vertex, and such insertions
can be done an arbitrary number of times.

Definition 4.14. (Primitive slope, multiplicity of a tropical edge) In a tropical
graph Γ, the slope T (e) ∈ tP (e),Z\{0} of an edge can be written as a product

T (e) = µtrop
e T (e)prim

of a primitive integer vector T (e)prim ∈ tP (e),Z, called the primitive slope, and a

positive integer µtrop
e ∈ Z≥1 which is called the multiplicity of the edge e.

Definition 4.15. (Isomorphisms) An isomorphism between two broken maps
u : C → X, u′ : C ′ → X is an isomorphism φ : C → C ′ of treed disks (see 4.1(e))
such that u = u′ ◦ φ. The group of automorphisms of a map u : C → X is denoted
Aut(C, u).

Definition 4.16. In a broken map u a surface component
u|Sv : S◦v → X

P (v)
is horizontally constant if its projection to XP (v) is constant.

Definition 4.17. A broken map u : C → X is stable if either of the following
equivalent conditions hold:

(a) Any surface component Sv ⊂ C on which the map uv : S◦v → XP (v) is

horizontally constant is stable as a marked curve, and any tree component
Te ⊂ C on which u|Te is constant does not contain an infinite segment
R ⊂ Te.

(b) The automorphism group Aut(C, u) (see Definition 4.15) is finite.

Remark 4.18. (Area of a broken map) The area of a surface component uv :
Sv → XP (v) of a broken map is the symplectic area of its horizontal projection
πP (v) ◦ uv : Sv → XP (v). That is,

Area(uv) = 〈(πP (v) ◦ uv)∗[Sv], ωXP (v)
〉.

Note that here we use an extension of the map uv to the compact curve Sv. The
extension exists (after passing to a finite quotient in the orbifold case) by the as-
ymptotic behavior of the map uv at the punctures of S◦v , see (4.15).

Remark 4.19. (Tropical graph as a combinatorial invariant) The tropical graph
of a broken map is a combinatorial invariant consisting of the data of edge slopes
T (e), e ∈ Edgetrop(Γ) and vertex polytopes P (v), v ∈ Vert(Γ), since varying the
tropical positions of vertices does not produce a new broken map, see Remark 4.7.

The following remarks are easy conclusions of the definition of broken maps, and
are intended to help the reader process the definition.

Remark 4.20. (Continuity away from tropical nodes) Suppose the tropical

structure on a broken map is given by Γ
tr−→ Γtr where tr is the tropicalization map

and Γtr is a tropical graph. The domain of a broken map breaks up into connected
components

C\{we : e ∈ Edgetrop(Γ)} = ∪v∈Vert(Γtr)C
◦
v .
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For a vertex v ∈ Vert(Γtr) in the tropical graph, if tr−1(v) does not have disk
vertices, then Cv is a nodal sphere with punctures, with nodes corresponding to
internal edges in tr−1(v), and punctures corresponding to tropical edges incident on
tr−1(v). If tr−1(v) has disk components then C◦v is a treed disk with punctures. For
any vertex v ∈ Vert(Γtr) in the tropical graph, the restriction

u|C◦v : C◦v → X
P (v)

is continuous.

Definition 4.21. (Tropical evaluation map) In the notation of Definition 4.12
of broken maps, for a node we and coordinates z± in the punctured neighborhoods
of the node, the tropical evaluation at the nodal lift w±e is

(4.19) ev
T (e)

w±e
uv± := lim

z±→0
z
±T (e)
± uv±(z±) ∈ X

P (e)
.

Thus the matching condition at a tropical node is that the tropical evaluation maps
are equal for both the lifts of the node. The projected tropical evaluation at the
nodal lift w±e is

(4.20) π⊥T (e)(ev
±T (e)

w±e
uv±) ∈ X

P (e)
/TT (e),C,

where TT (e),C ⊂ TP (e),C is the one-torus generated by the slope T (e) ∈ tP (e),Z and

π⊥T (e) : X
P (e)

→ X
P (e)

/TT (e),C is the projection to the quotient. The projected

evaluation is independent of the choice of coordinate z±.

Remark 4.22. (On the projected evaluation map)

(a) (Independence of domain coordinates) The projected tropical evaluation
map is independent of the choice of coordinates z± in the neighborhood of
the puncture. Indeed, altering the coordinate z± has the effect of multiply-

ing ev
T (e)

w±e
uv± by a factor aT (e) for some a ∈ C×, and this factor is killed

by the projection π⊥T (e).

(b) (Alternate definition) The projected tropical evaluation map can alternately
defined as projection followed by evaluation : the projection π⊥T (e)(uv±)

has a bounded image and therefore the projected map extends over the
singularity w+

e , and the evaluation π⊥T (e)(uv±)(w±e ) is equal to the projected

tropical evaluation map. This definition was stated in (1.5).

Definition 4.23. (Unframed broken maps) An unframed broken map u : C → X
of type Γ is an object consisting of all the data in a broken map except for the
framing at tropical nodes, and satisfying all the conditions in Definition 4.12 with
the exception that the (Matching at tropical nodes) is replaced by the following
condition:

(Unframed matching at tropical nodes) For a node we corresponding to
e = (v+, v−) ∈ Edgetrop(Γ) and lifts w±e ∈ Cv± , the projected tropical

evaluation maps (defined in (4.20)) are equal on w+
e , w−e , that is,

(4.21) π⊥T (e)(ev
T (e)

w+
e
uv+) = π⊥T (e)(ev

−T (e)

w−e
uv−) ∈ X

P (e)
/TT (e),C
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Remark 4.24. (Node matching for a single cut) In the case of a single cut, the
familiar form of the node matching condition from symplectic field theory corre-
sponds to the matching condition (4.21) for unframed maps. Indeed, for any edge
e in a tropical graph, codim(P (e)) = dimTP (e) = 1, and so, TT (e),C = TP (e),C; the
unframed matching condition (4.21) then translates to the matching of evaluations
on XP (e), namely, (πP (e) ◦ uv+)(w+

e ) = (πP (e) ◦ uv−)(w−e ).

Remark 4.25. (Number of framings) Any unframed broken map possesses fram-
ings, and the number of framings is given as follows: Let u be an unframed broken
map of type Γ. Consider a tropical edge e ∈ Edgetrop(Γ). Let ne ∈ Z>0 be the

largest integer such that 1
ne
Te ∈ tP (e),Z. Then, the trivial cylinder z 7→ zT (e) is an

ne-cover. Consequently, if fre is a framing for the node we, then e2πik/nefre is also a
framing for k = 0, 1, . . . , ne − 1. Thus, the total number of possible framings for u
is Πe∈Edge ,−(Γ)ne.

Remark 4.26. (Removing the singularity at punctures) In the special case that
the compactifications of the components of the broken manifold are manifolds (and
do not have orbifold singularities), a broken map extends over lifts of nodal points
to yield

(4.22) uv : Cv → XP (v), v ∈ Vert(Γ).

Suppose for a nodal lift w ∈ Cv corresponding to an edge e = (v, v′), uv(w) lies on the
intersection of relative divisors Y1, . . . , Yk ⊂ XP (v). Further, suppose ν1, . . . , νk ∈ t

are the primitive outward pointing normal vectors to the facets of P (v) correspond-
ing to the divisors Y1, . . . , Yk, and that the map uv intersects the divisor Yi with
multiplicity µi ∈ Z+. Then we have the following relation to the slope of the edge:

(4.23)
∑

µiνi = T (e).

If XP (v) has orbifold singularities, that is if the polytope P (v) is simple and not

Delzant, the extension (4.22) is defined on a domain curve with orbifold singularities.
The intersection multiplicities µi may be fractional, though the relation (4.23) still
holds. We do not use this point of view in developing the theory. This ends the
Remark.

Remark 4.27. (Exponential convergence to the vertical cylinder at tropical
nodes) On neighborhoods of tropical nodes, broken maps are asymptotically con-
verge to vertical cylinders. For a tropical node we corresponding to e ∈ Edgetrop(Γ)
choose any holomorphic coordinates

(4.24) (s, t) : U(w±e )\{w±e } → R≥0 × S1

in punctured neighborhoods of lifts of nodes. Recall from the definition of a broken
map that

uvert : R≥0 × S1 → X
P (v±)

, (s, t) 7→ e∓(s+it)T (e)x±e
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is the vertical cylinder corresponding to the node we and coordinates (4.24). Here

x±e := lims→∞ e
±(s+it)uv±(s, t). The map uv± exponentially converges to the verti-

cal cylinder uvert in the punctured neighborhood U(w±e )\{w±e }, that is, there is a
constant c > 0 such that

d(u(s, t), uvert(s, t)) ≤ ce−s, s ≥ s0,

using the cylindrical metric in X
P (e)

. The proof is left to the reader.

Remark 4.28. (A different view of node matching) In the special case when
the multiple cut is a collection of orthogonally intersecting single cuts, and each cut
space is a manifold, the matching condition splits into

• a horizontal matching condition on the intersection of relative divisors,
• and a vertical matching condition involving leading order Taylor coefficients

in the directions normal to each of the relative divisors.

We consider a multiple cut given by a tropical moment map Φ : X → Rk with cuts
along the hypersurfaces Φ−1

i (0), i = 1, . . . , k. We denote the relative divisors by

Yi := Φ−1
i (0)/S1 (though Yi is a broken manifold). We consider a broken map u

with components u+, u− in the cut spaces P+ := ∩i{Φi ≥ 0} and P− := ∩i{Φi ≤ 0}
respectively, sharing a node we. As discussed in Remark 4.26, the map u± extends
over the puncture at the nodal point w±e . The intersection multiplicities with the
divisors Y1, . . . , Yk are the same for u+, u−, and are denoted by µ1, . . . , µk. The
matching condition consists of

• (Horizontal matching) a horizontal condition which says that

u+(w+
e ) = u−(w−e ) ∈ XP (e),

where XP (e) = Φ−1(0)/(S1)k ' Y := ∩iYi;
• (Vertical matching) and a vertical condition which says that for holomorphic

coordinates

z± : (U(w±e ), w±e )→ (C, 0)

in a neighborhood of the nodal lifts that respect the framing (as in (4.17)),
for all i, the (µi + 1)-th derivative normal to Yi is equal for uv+ and uv− .
In the direction normal to Yi, since derivatives up to order µi vanish, the
(µi + 1)-th normal derivative, or the (µi + 1)-jet normal to Yi, denoted by

evµiYi u±(w±e ) ∈ N±Yi\Yi
is well-defined (see [22, Section 6]), where N±Yi is the normal bundle of Yi
in XP± . The vertical matching condition says that

evµiYi u+(w+
e ) = evµiYi u−(w−e ).

To see that the horizontal and vertical matching conditions together imply the node
matching condition in (4.18), we observe that

• a neighborhood of the zero section of the bundle ⊕i(NYi|Y ) → Y has an
identification to a neighbourhood of Y in X± that is holomorphic on the
fibers;
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• and near the node we the maps uv± is asymptotically close to the vertical
cylinder

z± 7→
(

ai
(µi + 1)!

zµi+1
±

)
.

The node matching in (4.18) follows because both uv+ and uv− are asymptotic to
the ‘same’ vertical cylinder.

This view of the matching condition is relevant only in case of a collection of
orthogonal single cuts. In general cases, given a node, both nodal lifts do not lie
on the same set of relative divisors. For example, in the broken map in Figure 2.11
corresponding to a Mikhalkin graph, there are edges of the form

• e = (v+, v−), T (e) = (1, 1)
• with P (v+) = P (v−) = P0 which is the zero-dimensional polytope;
• and one of the lifts lies on a divisor of XP 0

corresponding to a facet with

normal vector (1, 1) and another lift lies on the intersection of divisors cor-
responding to facets with normal vectors (0,−1) and (−1, 0).

This ends the Remark.

Example 4.29. We unpack the horizontal and vertical matching conditions from
Remark 4.28 in the first broken map in Figure 4.3. The multiple cut consists of two
orthogonal cuts shown ion Figure 1.4, and the node w lies between maps u0 : C0 →
XP2 , u1 : C1 → XP0 . The nodes u0(w), u1(w) lies in XP∩ . Suppose the leading

order Taylor term of u0 in the direction normal to XP12 resp. XP23 is a+z
µ+
h

+ resp.

b+z
µ+
v

+ , and suppose the leading order Taylor term of u1 in the direction normal to

XP30 resp. XP01 is a−z
µ−h
− resp. b−z

µ−v
− . Then the matching condition says that

• (Matching of intersection multiplicities) µ+
h = µ−h , µ+

v = µ−v ,
• (Horizontal matching) the projections of the nodal evaluation maps to XP∩

are equal : πP∩(u(w+)) = πP∩(u(w−)) ∈ XP∩ ,
• (Vertical matching) and the leading order Taylor coefficients are equal:
a+ = a−, b+ = b−.

Remark 4.30. (Comparison to Ionel’s refined matching) In [50, p14], Ionel
states the edge matching condition using a ‘refined evaluation map’, which is anal-
ogous to the tropical evaluation map defined in (4.19). Suppose a node we maps to
the intersection of relative divisors Y1, . . . , Yn and the intersection multiplicity with
each of the divisors is µ1, . . . , µn. (Here we work with the extension of the broken
map u over nodal lifts as in Remark 4.26.) The refined evaluation map evref(u, 0)
for the map u and the nodal lift 0 ∈ C is a point in the weighted projective space

evref(u, 0) = (x1, . . . , xn) ∈ P(µ1,...,µn)(⊕iNYi).

The point evref(u, 0) is well-defined since replacing the domain coordinate z by az
for some a ∈ C× has the effect of changing (x1, . . . , xn) to (aµ1x1, . . . , a

µnxn). The
projected tropical evaluation in (4.21)

π⊥T (e)(evµ(0)) ∈ (Z × Rn)/TT (e),C
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Figure 4.3. Broken maps and their dual graphs in the broken man-
ifold of Figure 3.5.

is Ionel’s evaluation map written using cylindrical coordinates on the target space,
and the slope T (e) of the edge e is the vector (µ1, . . . , µn). The cylindrical viewpoint
appears more natural because in the image of the refined evaluation map none of the
coordinates xi vanish. On the other hand all points in the cylinder (Z×Rn)/TT (e),C
can possibly be in the image of the evaluation map.

Remark 4.31. (Balancing property) The edge slopes T (e) for the edges e ∈
Edge(Γ) coming out of any vertex v ∈ Vert(Γ) satisfy a balancing property in tP (v)

(4.25)
∑
e3v
T (e)vert = c1((πP (v) ◦ uv)∗ZP (v) → XP (v)));

Here (πP (v) ◦ uv) : Cv → XP (v) is the projection of the component uv corresponding
to v ∈ Vert(T ), and T (e)vert ∈ tP (v) is the vector sum of intersection multiplicities
(see (4.23)) with vertical relative divisors of XP (v) → XP (v) at the node we. The

projection T (e)vert ∈ tP (v) can alternately be defined as the orthogonal projection of
T (e) to tP (v) with respect to the inner product (3.6) on t. Indeed, the map uv gives a
section of the TP (v)-principal bundle (πP (v) ◦uv)∗ZP (v) → XP (v) on the complement
of nodal points we, e 3 v, and the monodromy of the section around each such
intersection is determined by T (e)vert.

In particular, if the horizontal projection πP (v)(uv) is constant (for example, if
XP (v) is a point) then one obtains from (4.25) the standard balancing condition∑

e3v
T (e)vert = 0,

seen for example, in Mikhalkin’s tropical curves (see (2.28)).
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Remark 4.32. (A comparison with symplectic field theory) Holomorphic build-
ings in symplectic field theory [11] are comparable to broken maps on manifolds
with a single cut. The target space of a holomorphic building consists of X+, X−

and k − 1 copies of the neck piece Z(P1) for some k ≥ 1:

X[k] := X+ ∪Y Z(P1) ∪Y · · · ∪Y Z(P1) ∪Y X−,

and any pair of consecutive pieces are identified along a divisor Y . A holomorphic
building u : C → X[k] is a continuous map, where nodes map to the divisor Y , and
intersection multiplicities mw±(e)(uv± , Y ) are equal on both sides.

A holomorphic building differs from a broken map in two ways : A holomorphic
building is a continuous map, and the data for a holomorphic building includes an
ordering for the neck piece components. In the broken map view, this ordering
is not important: With suitable regularity assumptions a broken u map with m
components in neck pieces can be glued to give a 2m-dimensional family of unbroken
maps in Xν for any ν. Any sequence of maps uν : Cν → Xν lying in the glued family
converges to a broken map u′ : C ′ → X that is related to u : C → X by a tropical
symmetry (as in Definition 4.33). In contrast the holomorphic building limits of
different sequences in the glued family may not all be the same, since the choice of
the sequence (uν)ν determines the component of X[k] to which a curve component
Cv ⊂ C maps. For a broken map u = (uv), the ordering of the pieces uv is not part
of the data of the the map. One effect of the differing definitions is the following:
Unlike holomorphic buildings, broken maps do not have components uv that are
trivial cylinders in the sense that they map into a fiber of XP (v) with only two

marked points and so are unstable. In holomorphic buildings, trivial cylinders have
to be inserted whenever there is a node w(e) between components Cv+ , Cv− that are
not in adjacent levels in order to achieve continuity. This ends the Remark.

4.4. Symmetries of broken maps

The definition of equivalence for broken maps involves not only automorphisms
of the domains, but the torus actions on the “neck pieces” in the degeneration.
These equivalences are encoded in the action of a tropical symmetry group defined
as follows.

Definition 4.33. (Tropical symmetry) A tropical symmetry for a tropical graph
Γ is a tuple

(g, z) = ((gv)v∈Vert(Γ), (ze)e∈Edgetrop(Γ)), gv ∈ TP (v),C, ze ∈ C×

consisting of a translation gv for each vertex and a change of local coordinate ze for
each tropical edge that satisfies

(4.26) gv+g
−1
v− = zT (e)

e ∀e = (v+, v−) ∈ Edge (Γ),

where we assume ze = 1 for e ∈ Edge (Γ)\Edgetrop(Γ). A tropical symmetry (g, z)
acts on a broken map (u, fr) as

uv 7→ gvuv, fre 7→ zefre.
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The group of tropical symmetries is denoted

(4.27) Ttrop(Γ) := {((gv)v∈Vert(Γ), (ze)e∈Edge (Γ))|(4.26)}.

The condition (4.26) is a necessary and sufficient condition for the translations
(gv)v to preserve the matching condition at nodes.

Remark 4.34. (Framing symmetry) There are finitely many tropical symmetries
(g, z) ∈ Ttrop(Γ), called framing symmetries, for which the action on the unframed
map u of type Γ is trivial, that is gv = Id for all vertices v ∈ Vert(Γ). The group of
such framing symmetries (g, z) is the product

∏
e∈Edge (Γ) Zne , where ne is the order

of ramification of the broken map at the nodal point we, see Remark 4.25.

The next result shows that the identity component of the tropical symmetry
group is generated by tropical positions of vertices of the tropical graph.

Lemma 4.35. (Tropical vertex positions generate tropical symmetries)

(a) For a tropical graph Γ, the set of tropical vertex positions W(Γ) (defined in
(4.10)) is convex.

(b) (From tropical weights to tropical symmetries) If a tropical graph Γ has two
distinct tropical vertex position maps

(T0(v), v ∈ Vert(Γ)), (T1(v), v ∈ Vert(Γ))

then the difference T1−T0 generates a real-two-dimensional subgroup exp((T1−
T0)(·)) of the tropical symmetry group Ttrop(Γ) (defined in (4.27)).

(c) The subgroup

(4.28) Ttrop,W(Γ) := 〈exp((T1 − T0)z)|T0, T1 ∈ W(Γ), z ∈ C〉
generated by tropical vertex position maps is the identity component of
Ttrop(Γ).

Proof. For the first statement, if T0, T1 ∈ W(Γ) are vertex position maps for a
tropical graph Γ, then for any t ∈ [0, 1]

(1− t)T0 + tT1 ∈ W(Γ)

is also a vertex position map on Γ. Assume that T0, T1 are distinct, and that le,i ∈ R
describe the difference between the tropical vertex positions in the sense that

Ti(v+)− Ti(v−) = li,eTe, i = 0, 1, e ∈ Edge (Γ).

Then the set of elements

g : C→ Ttrop(Γ), z 7→

{
e(T1(v)−T0(v))z, v ∈ Vert(Γ)

e(l1,e−l0,e)z, e ∈ Edge (Γ)

is a non-trivial group of symmetries for broken maps modelled on Γ. In a similar
way, we see that the Lie algebra ttrop(Γ) is equal to the vector space generated by
differences of tropical vertex position maps T1 − T0, T0, T1 ∈ W(Γ), from where (c)
follows. �

Definition 4.36. A tropical graph Γ is rigid if its tropical symmetry group
Ttrop(Γ) is finite.
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P∨0

P∨1
P∨∩

P∨0

P∨1
P∨∩

Γ1 Γ2

Figure 4.4. The dual complex B∨ for the multiple cut in Figure
1.4 is a rectangle. The tropical graph Γ1 (left figure) is rigid, but Γ2

(right figure) is not rigid since the vertices inside the square can be
moved to the dotted positions.

Lemma 4.37. For any tropical graph Γ, the quotient Ttrop(Γ)/Ttrop,W(Γ) is finite.
Consequently the group Ttrop(Γ) has a finite number of connected components.

Proof. The quotient Ttrop(Γ)/Ttrop,W(Γ) is discrete because by Lemma 4.35
Ttrop,W(Γ) is the identity component of Ttrop(Γ). Furthermore, every connected
component of Ttrop(Γ) deformation retracts to a component of the maximal compact
subtorus

Ttrop(Γ)im := {(g, z) ∈ Ttrop(Γ) : gv ∈ TP (v), |ze| = 1}.
Indeed, an element (g, z) ∈ Ttrop(Γ) can be written as

gv = kve
isv , kv ∈ TP (v), sv ∈ tP (v), ze = θee

αe , θe ∈ S1, αe ∈ R

The tuple (k, θ) := ((kv)v, (θe)e) is a tropical symmetry element in Ttrop(Γ)im which
is connected to (g, z) via the path

[0, 1] 3 τ 7→ ((kve
iτsv)v, (θee

ταe)e) ∈ Ttrop(Γ).

The quotient Ttrop(Γ)/Ttrop,W(Γ) is finite because it is in bijection with the connected
components of the compact subgroup Ttrop(Γ)im. �

e1
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e2
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e1

v0

v1

v2

v0

v2

v1 v3

Γ1 Γ2

Figure 4.5. Rigid tropical graphs in Example 4.38

Example 4.38. The tropical graphs in Figure 4.5 are rigid, but have non-trivial
tropical symmetry groups. Suppose the tropical graph Γ1 has edge slopes

Te1 = (−1,−1), Te2 = (−1, 2), Te3 = (2,−1).

A tropical symmetry (g, z) on Γ1 satisfies the equations

g1 = g2 = g3 = Id, g1g
−1
0 = z(−1,−1)

e1 , g2g
−1
0 = z(−1,2)

e2 , g3g
−1
0 = z(2,−1)

e3 ,
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and is therefore given by

g0 = (ω, ω), ze1 = ze2 = ze3 = ω,

where ω ∈ e2πik/3 is a cube root of unity. Thus

(4.29) |Ttrop(Γ1)| = 3.

This tropical graph is similar to the example studied by Abramovich-Chen-Gross-
Siebert [2, p51] and Tehrani [30, Section 6]. The tropical graph Γ2 has edge slopes

Te1 = (−1, 1), Te2 = (−1,−1).

By a similar calculation |Ttrop(Γ2)| = 2.





CHAPTER 5

Stabilizing divisors

We use domain-dependent perturbations of the almost complex structure to
regularize the moduli space of pseudoholomorphic disks/spheres. As in Cieliebak-
Mohnke [22], we use Donaldson divisors to stabilize the domains so that domain-
dependent perturbations are possible. We will require the interior markings on the
domains of disks/spheres to coincide with the intersections points of the pseudoholo-
morphic map with the Donaldson divisor. If the divisor has high enough degree, all
domain components are stable as curves. Consequently the almost complex struc-
ture can be perturbed to attain regularity on all domain components. Of course,
one could envision using any of the current perturbation schemes to achieve virtual
fundamental chains; the stabilizing divisor approach is merely a convenience.

5.1. Stabilizing divisors in smooth symplectic manifolds

We recall results about stabilizing divisors for unbroken manifolds. We consider
divisors of Donaldson-type, any such divisor is Poincaré dual to k[ω] where k � 0 is
a large integer. To define and construct Donaldson divisors we assume that all the
symplectic forms are rational.

Definition 5.1. The symplectic manifold (X,ω) is rational if [ω] ∈ H2(X,Q).

A prequantum line bundle is a line-bundle-with-connection X̃ → X whose curvature
is

curv(X̃ → X) = (2π/i)ω ∈ Ω2(X, iR).

A Lagrangian L ⊂ X is rational if there exists a prequantum bundle X̃ an integer k
and a flat section s : L→ X̃⊗k of the restriction X̃⊗k|L.

Definition 5.2. (a) A divisor in X is a symplectic submanifold D ⊂ X of
real codimension codim(D) = 2. A Donaldson divisor is a divisor D that
is Poincaré dual to k[ω] for some large integer k > 0, and k is called the
degree of the divisor D.

(b) An almost complex structure J ∈ J (X) is adapted to D if J(TD) = TD.
The space of D-adapted almost complex structures is denoted by

J (X,D) := {J ∈ J (X)|J(TD) = TD}.
(c) Let D ⊂ X − L be a divisor disjoint from the Lagrangian L. For E > 0,

a D-adapted almost complex structure JD is E- stabilized by the divisor D
iff

(i) (No non-constant spheres) D does not contain any JD-holomorphic
sphere u : P1 → X with symplectic area < E,

103
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(ii) (Sufficient intersections) any JD-holomorphic sphere in X with sym-
plectic area < E has at least 3 distinct points of intersection with D,
and any JD-holomorphic disk with symplectic area less than E has at
least one intersection with D.

A pair (J,D) consisting of a divisor D and an ω-tamed J ∈ J (X,D) is
stabilizing if J is E-stabilizing for all E > 0.

Proposition 5.3. (Existence of a stabilizing pair, [17, Section 4], [22, Section
8]) Suppose ω ∈ Ω2(X) is a rational symplectic form and L ⊂ X is a compact
rational Lagrangian submanifold. Then, there exists

(a) a divisor D ⊂ X − L such that L is exact in X −D;
(b) and a tamed almost complex structure J ∈ J (X,D) such that (J,D) is a

stabilizing pair and for every E > 0 there is an open neighbourhood

J (X,D; J0, E) ⊂ {J ∈ J (X,D) : J |TD = J0|TD}

of J0 consisting of E-stabilizing almost complex structures adapted to D.

The proof of the Proposition is outlined below. The construction of a stabilizing
pair uses the following notion of a degree bound.

Definition 5.4. A constant k∗ > 0 is a degree bound for a tamed almost complex
structure J on (X,ω) if for any J-holomorphic sphere u : P1 → X,

c1(u) :=

∫
P1

u∗c1(TX) ≤ k∗ω(u).

Lemma 5.5. (Existence of uniform degree bounds) ([22, Lemma 8.11]) Let J0 be
a compatible almost complex structure on the compact symplectic manifold (X,ω).
For any 0 < ε < 1 there exists a constant k∗ which is a degree bound for all tamed
almost complex structures J satisfying ‖J − J0‖C0(X) < ε.

We reproduce the proof from [22] since an adaptation of the technique is used
in the case of broken manifolds.

Proof of Lemma 5.5. Let γ ∈ Ω2(X) be a closed two-form in the class of the
first Chern class c1(TX) ∈ H2(X). Using the norm |v|2 := ω(v, J0v) on TX, and a
C0 norm on forms, for any J ∈ Bε(J0) and v ∈ TX, we have the bounds

γ(v, Jv) ≤ ‖γ‖(1 + ‖J − J0‖)|v|2 ≤ ‖γ‖(1 + ε)|v|2,
ω(v, Jv) ≥ ‖(‖1− ‖J − J0‖)|v|2 ≥ (1− ε)|v|2.

Defining k∗ := 1+ε
1−ε , we have

γ(v, Jv) ≤ k∗ω(v, Jv).

For a K-holomorphic sphere u : P1 → X this implies c1(u) ≤ k∗ω(u). �

Remark 5.6. (Using the degree bound for stabilizing) The degree bound on
almost complex structures is related to the stabilizing property in Definition 5.2
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as follows. By [22, Lemma 8.13], if a divisor D is Poincaré dual to k[ω] and J is
adapted to D and has a degree bound k∗ satisfying

(5.1) k > 2 max{k∗, k∗ + 1
2(dim(X))− 2}

then the expected dimension of moduli space of J-holomorphic spheres that are not
stabilized by D is negative. Therefore if J were chosen generically, (J,D) would be
a stabilizing pair.

Outline of proof of Proposition 5.3. By the adaptation of Donaldson’s
construction in Auroux-Gayet-Mohsen [5], one can find an approximately holomor-
phic divisors in X − L. By [17, Theorem 3.6], if the Lagrangian L is rational, then
for any divisor D in X − L produced by Auroux-Gayet-Mohsen [5], L is exact in
X −D. (We refer the reader to [17, Example 3.2] for the definition of ‘exactness’.)
Exactness allows the following relation of area to intersection numbers: If L is exact
in X − D, then, the intersection number of a disk u : (C, ∂C) → (X,L) with the
divisor D is proportional to the area of the disk: If [D]∨ = k[ω] for some k ∈ Z,
then,

(5.2) #u−1(D) = k

∫
C
u∗ω.

See [17, Lemma 3.4]. Consequently for any J that is adapted to D, any non-constant
J-holomorphic disk is automatically stabilized since it has at least one marked point.

To construct a stabilizing pair one starts with a preliminary almost complex
structure Jpre that is ω-compatible. For any ε > 0 there exists a constant k∗(ε, J

pre)
that is a degree bound for any ω-tamed J ∈ J (X) satisfying ‖J − Jpre‖C0 ≤ ε.
This fact gives enough wiggle room to find a stabilizing pair as follows: For any
ε′ > 0 there is a constant kd(ε

′) such that if the degree of the Donaldson divisor
D is ≥ ke(ε

′), then there is a tamed almost complex structure J1 ∈ Bε′(Jpre) that
is D-adapted. We choose the degree k of the Donaldson divisor to be high enough
that it satisfies the bound (5.1) and k ≥ kd(ε/2). Then, there is an open subset of
J (X,D) contained in Bε(J

pre), and for any J ∈ J (X,D) ∩Bε(Jpre), k∗ is a degree
bound in the sense of Definition 5.4. Therefore by Remark 5.6, for a generic J0 in
J (X,D) ∩ Bε(Jpre), the pair (J0, D) is stabilizing for all spheres. See [22, Section
8] for details. �

Remark 5.7. The construction of a stabilizing pair extends to the case when X
is a symplectic orbifold with the Lagrangian contained in the smooth locus. Locally
if X is the quotient of a symplectic manifold X by a finite group Γ, then the divisor
D is the quotient of a Γ-invariant divisor in X. Donaldson’s divisor construction is
extended to the orbifold case by Gironella-Muñoz-Zhou [37]. Since the Lagrangian
is smooth the modifications of Auroux-Gayet-Mohsen [5] do not interfere with the
arguments in Gironella-Muñoz-Zhou [37]. The relation between symplectic area and
the number of divisor intersections extends to the orbifold case if the Lagrangian
does not contain orbifold singularities, the proof from [17] carries over verbatim.
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5.2. Stabilizing divisors in broken manifolds

In this section, we construct stabilizing divisors in a broken manifold by a mod-
ification of Donaldson’s construction. A broken divisor D in a broken manifold X is
a Donaldson divisor DP in each component XP of X that is cylindrical in the ends of
XP . Such submanifolds are constructed as approximately holomorphic submanifolds
with respect to a compatible almost complex structure.

Broken manifolds with cylindrical almost complex structures do not have natu-
ral embeddings into compact symplectic broken manifolds. We now define a modi-
fied version of cylindricity, called ‘ωX-cylindricity’ for almost complex structures so
that broken symplectic manifolds possess compatible ωX-cylindrical almost complex
structures, which can be used for the construction of Donaldson divisors. The flip-
side is that an ωX-cylindrical almost complex structure is not gluable, that is, it can
not be glued on the ends to yield neck-stretched almost complex structures on Xν .
Indeed the t-inner product underlying an ωX-cylindrical almost complex structure
is not the same for all the components XP of the broken manifold X, and has the
following form.

Definition 5.8. (X-inner product) Let gPQ : tQ× tQ → R be a collection of inner

products for all Q ⊂ P and P ∈ P0 ranges over top-dimensional polytopes that
satisfy

(a) (Restriction) R ⊂ Q =⇒ gPR |tQ = gPQ,

(b) (Orthogonality) For Q ⊂ P , dim(Q) = 0, which is the intersection of facets
Q = ∩ni=1Qi of P , the inner product gPQ satisfies the condition that the
outward normals to Qi form are orthogonal.

We re-define symplectic cylindrical structure maps on cut spaces using X-inner
products for the consistency condition.

Definition 5.9. (X-symplectic cylindrical structure maps) For any top-dimensional
polytope P let (φPQ)Q⊂P be a collection of symplectic cylindrical structure maps

(5.3) UXP (XQ)
φP−−→ ((ConeQ P × ZQ), ωQ), ωQ = ωXQ + d〈αPQ, πt∨Q〉

on neighborhoods UXQ(XP ) ⊂ XP of XQ, where

• αPQ ∈ Ω1(ZQ, tQ) is a connection one-form on the TQ bundle ZQ → XQ,

where the collection (αPQ)Q⊂P satisfies the consistency condition (3.16) with
respect to the X-inner product;
• and πt∨Q : t∨ → t∨Q is the projection on ConeQ P ⊂ t∨, and so, 〈αQ, πt∨Q〉 is a

one-form on (ZQ × ConeP Q).

The map φPQ induces a projection map

πPQ : UXQ(XP )→ XQ.

Finally we define ωX-compatible almost complex structures. In addition to being
ω-compatible on each piece, in neighborhoods UXQ(XP ) of boundary submanifolds
these almost complex structures are integrable on the fibers of the map πP,Q.
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Definition 5.10. (ωX-cylindrical almost complex structures) Let X be a broken
symplectic manifold equipped with X-symplectic cylindrical structure maps as in
(5.3) and resultant projection maps

πQP : UXP (XQ)→ XQ

on neighborhoods UXQ(XP ) ⊂ XP of XQ for Q ⊂ P .

(a) (ωX-cylindrical) An ωX-cylindrical almost complex structure J = (JP )P∈P
on X consists of an almost complex structure JP on each (compactified) cut
space XP , P ∈ P satisfying

(i) (Restriction) for any pairQ ⊂ P of polytopes, XQ is a JP -holomorphic
submanifold of XP , and JP |XQ = JQ;

(ii) (Cylindrical structure) for any pair Q ⊂ P of polytopes, the fibers of

πQP are J-holomorphic and J is integrable on each of the fibers.
(b) (ωX-compatibility) An ωX-cylindrical almost complex structure J = (JP )P∈P

is ωX-compatible if for any P ∈ P, JP is ωXP -compatible.
(c) (ωX-strong tamedness) An ωX-cylindrical almost complex structure J =

(JP )P∈P is ωX-strongly tamed if for any P ∈ P, JP is ωXP -tame, and ad-
ditionally for any pair of polytopes Q ⊂ P and a point x ∈ UXQ(XP ), the

ω-complement of ker(dπPQ)x ⊂ TxXP is JP -holomorphic. (Equivalently the

connection one-form underlying JP in the Q-cylindrical end UXQ(XP ) is

equal to αPQ occuring in the X-symplectic cylindrical structure.)

Remark 5.11. ωX-cylindrical almost complex structures can not be glued along
the necks because the underlying t-inner products and connection one-forms vary
across cut spaces.

Lemma 5.12. An ωX-compatible almost complex structure exists.

Proof. We construct an ωX-compatible almost structure by induction on the
face structure of the polytopes in the polyhedral decomposition. Consider a polytope
Q ∈ P\P0 that is not top-dimensional, and assume that an ωX-compatible

(5.4) J| ∪R⊂Q,P∈P0:Q⊂P UXR(XP )

is already defined. First we extend J| ∪R⊂Q UXR(XQ) to an ωXQ-compatible almost
complex structure over XQ. Next we extend the definition of J to neighborhoods
UXQ(XP ) for any P ⊃ Q, P ∈ P0 as follows. Suppose Q1, . . . , Qq ∈ P are facets

of P such that ∩iQi = Q. Identify TQ '
∏q
i=1 TQi ' (S1)q. There is a family of

TQ-equivariant symplectic embeddings

(πPQ)−1(x)
φx−→ (Cq, ωstd)

where Cq has the standard action of (S1)q, the embeddings φx varies smoothly with
x ∈ Q, and (πPQ)−1(x) ∩XQi is mapped to the subspace {zi = 0} ⊂ Cq. The fibers

of the projection πPQ : UXQ(XP ) → XQ are equipped with the complex structure

pulled back by φx. For any y ∈ UXQ(XP ), on the ω-complement of ker(dπPQ)y in the

tangent space TyXP , we define J to be equal to JXQ(πPQ(y)). The definition of J
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in neighborhoods of XQ agrees with the existing definition in neighborhoods of XR

for any R ⊂ Q. Indeed, for any R ⊂ Q, and top-dimensional polytope P ⊃ Q, the
definition of the X-inner product implies that J|UXQ(XP ) agrees with J|UXR(XP )
from (5.4) in the overlaps. In the concluding step of the induction, for each top-
dimensional polytope P ∈ P0, we extend J| ∪Q⊂P UXQ(XP ) to an ωXP -compatible
almost complex structure on XP . �

Definition 5.13. (Divisor in a broken manifold) Suppose (X, ω) is a broken
manifold associated to a collection of polytopes P. Suppose X is equipped with a X-
symplectic cylindrical structure (see Definition 5.9) in the neighborhoods of relative
divisors. For any pair Q ⊂ P of polytopes let

πPQ : UXQ(XP )→ XQ.

be the projection map on the neighborhood UXQ(XP ) ⊂ XP of XQ induced by
the symplectic cylindrical structure. A broken divisor D in X is a collection of
codimension two symplectic submanifolds

D = {DP ⊂ XP , P ∈ P}

such that

(a) DP is a lift of a symplectic divisor DP ⊂ XP by the projection map πP :
XP → XP , and

(b) for any pair of polytopes Q ⊂ P , DQ is the intersection DP ∩XQ.

The broken divisor D is cylindrical, if for any pair of polytopesQ ⊂ P , codim(P ) = 0,
the divisor DP ⊂ XP is Q-cylindrical in the neighbourhood of XQ. That is, in the

neighbourhood UXQ(XP ) ⊂ XP , DP ∩ UXQ(XP ) is equal to (πPQ)−1(DQ).

As in the unbroken case we consider broken divisors D of Donaldson-type, which
means that there is a large integer k such that for any P , DP ⊂ XP is Poincaré
dual to k[ωXP ]. The divisor is constructed so that for any pseudoholomorphic disk
or sphere in any component XP ⊂ X the number of intersections with D is equal to
k times the ωXP -area.

The following is the main result of the section.

Proposition 5.14. Let X be a broken manifold with a ωX-compatible almost
complex structure J. For any θ > 0, there is a cylindrical Donaldson-type divisor
D ⊂ X that is θ-approximately holomorphic.

We refer the reader to [26] for the definition of θ-approximate holomorphicity.
Before constructing the divisor, we show that a broken divisor D can be isotoped to
a cylindrical divisor if D intersects relative divisors in X ω-orthogonally.

Lemma 5.15. (Making a broken divisor cylindrical) Suppose X is a broken man-
ifold with a ωX-strongly compatible cylindrical almost complex structure J . For any
0 < θ0 < 1, there exists θ1 such that the following is satisfied. Let D ⊂ X be a bro-
ken divisor that is θ1-approximately J-holomorphic and intersects relative divisors
ω-orthogonally. Then there is a cylindrical broken divisor D1 that is homotopic to
D and which is θ0-approximately holomorphic.
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Proof of Lemma 5.15. The proof is an induction on the face structure of the
polyhedral decomposition P. For any pair Q ⊂ P , codim(P ) = 0 let

ψPQ : UXQXP → (ConeP∨(Q∨)× ZQ, ωQ)/ ∼

be the symplectic cylindrical structure on a neighborhood UXQXP ⊂ XP of bound-
ary submanifold XQ. Here the symplectic form ωQ is as in (3.43) and the equivalence

relation ∼ mods out boundaries by circle actions as described in (3.43). Since the
divisor D intersects boundary submanifolds ω-orthogonally, the relative symplectic
neighbourhood theorem 3.46 implies that there is a different symplectic cylindrical
structure

φPQ : UXQXP → (ConeP∨(Q∨)× ZQ, ωQ), Q ⊂ P
that is adapted to D. That is, in the neighborhood UXQXP , DP projects to DQ ⊂
XQ. The map (ψPQ)−1 ◦ φPQ is homotopic to the identity, and is equal to identity

on XQ\ ∪R⊂Q UXRXP . Therefore, there exist truncations of the cylindrical ends
U ′XQXP ⊂ UXQXP for all Q ⊂ P and diffeomorphisms φP : XP → XP for all

top-dimensional P ,

• that are equal to (ψPQ)−1 ◦ φPQ on U ′XQXP ⊂ UXQXP ;

• that are equal to the identity in the complement of all the cylindrical neigh-
borhoods UXQXP ; and
• for any face Q ⊂ P , φP (XQ) = XQ and for any pair of top-dimensional

polytopes P0, P1 containing Q, φP0 |XQ = φP1 |XQ.

The map φP is constructed inductively. It is first defined on XQ where Q ∈ P is
the least dimensional face of P and then extended to higher dimensional faces. The
broken divisor

D1 := (D1,P ⊂ XP )P∈P,codim(P )=0, D1,P := φP (DP )

is cylindrical. If the truncated neighborhoods UXQXP are small enough, φP is small

in the C1-norm, and D1 is θ0-approximately holomorphic. Therefore the broken
divisor D1 satisfies the properties required by the Proposition. �

Remark 5.16. The proof of Lemma 5.15 can be adapted to the case when the
components XP , P ∈ P are orbifolds. The maps ψPQ, ψPQ are defined on finite covers

Cn → Cn/Γ and are equivariant with respect to the action of the finite group Γ.

In the rest of this section, we construct a stabilizing divisor in the cut spaces of
a broken manifold that intersects relative divisors ω-orthogonally. The construction
of the divisors is via a slight modification of Donaldson’s technique [26]. We give an
outline of Donaldson’s construction following Auroux [4]. Let (X,ω) be a symplectic

manifold with a compatible almost complex structure J . Let X̂ → X be a Hermitian
line-bundle with connection α over X whose curvature two-form curv(α) satisfies
curv(α) = (2π/i)ω; since our symplectic manifolds are rational we may always
assume this to be the case after taking a suitable integer multiple of the symplectic
form. We will construct approximately holomorphic sections sk of the line bundles

X̃k for large k that are transverse in the sense that |∂sk| � |∂sk| on the zero set
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s−1
k (0). Then for large enough k the zero set s−1

k (0) is transversely cut out, and is a

divisor of X with degree k. To study sections on the bundle X̃k, we use the metric

gk := kω(·, J ·)

on X. Under this metric, the effects of the non-integrability of J become negli-
gible as k increases. We define the notions of ‘approximate holomorphicity’ and
‘transversality’:

Definition 5.17. (Asymptotically holomorphic sequences of sections) Let (X,ω)
be a symplectic manifold with ω-compatible almost complex structure J and a pre-

quantum line bundle X̂ → X. Let (sk)k≥0 be a sequence of sections of X̂k → X.

(a) The sequence (sk)k≥0 is asymptotically holomorphic if there exists a constant
C and integer k0 such that for k ≥ k0,

(5.5) |sk|+ |∇sk|+ |∇2sk| ≤ C, |∂sk|+ |∇∂sk| ≤ Ck−1/2.

(b) The sequence (sk)k≥0 is uniformly transverse to 0 if there exists a constant
η independent of k, and k0 ∈ Z such that for any x ∈ X and k ≥ k0 with
|sk(x)| < η, the derivative ∇sk of sk is surjective at any point and satisfies
|∇sk(x)| ≥ η.

In both definitions the norms of the derivatives ∇sk are evaluated using the metric
gk = kω(·, J ·).

Donaldson’s construction uses a family of asymptotically holomorphic sections

on X̃k, that are concentrated at a given point in X :

Lemma 5.18. (Gaussian sections, [4, Lemma 2]) Given any point x ∈ X, for

all large enough k, there exist asymptotically holomorphic sections s σk,x : X → X̃k

such that |σk,x| ≥ c0 at every point of the ball of gk-radius 1 centered at x, for some
universal constant c0 > 0, and such that the sections σk,x have uniform Gauss-
ian decay away from x in the C2-norm. Here, ‘uniform Gaussian decay’ means
that for any x, y ∈ X, |σk,x(y)|, |∇σk,x(y)|gk , |∇2σk,x(y)|gk are all bounded by
P (dgk(x, y)) exp(−λdgk(x, y)2), where P is a polynomial, and P , λ are independent
of k, x.

The Gaussian section centered at x ∈ X is constructed by choosing Darboux
coordinates (z1, . . . , zn) : (Ux, x) → (Cn, 0) that are approximately holomorphic in
the following sense: If ψ : Cn → X is the inverse map then the complex structures
ψ∗J and i differ by c|z|, where c is a uniform constant independent of x, and the
derivative |∇(ψ∗J − i)| is uniformly bounded. We choose a trivialization of the

bundle X̃ so that the Hermitian connection is
∑

i(zidzi−zidzi) plus terms of higher
order in z, z. The Gaussian section is then defined as

σk,x := ρk,x · e−k|z|
2

on Ux, where ρk,x is a cut-off function vanishing at a gk-distance of k1/6 from x, and
extended by zero outside Ux.

The globalization process in Donaldson’s construction uses the following result:
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Lemma 5.19. (Quantitative Sard’s theorem, [26, Theorem 20]) Suppose 0 < δ <
1
4 , and f : B+ → C is a function defined on a ball B+ ⊂ Cn of radius 11

10 that satisfies

‖f‖C1 ≤ η, where η := δ log(δ−1)−p. Then, there exists w ∈ C, |w| ≤ δ such that
f − w is η-transverse to 0 over the interior ball B of radius 1.

Lemma 5.19 is used to modify an approximately holomorphic section in order
to achieve uniform transversality in the neighborhood of a given point: Given an

asymptotically holomorphic section sk : X → X̃k and a point x ∈ X, by applying
Lemma 5.19 to the section fk := sk/σk,x : Bgk(x, 11

10) → C, we obtain a constant
wk ∈ C such that fk −wk is uniformly transverse to the zero section. Consequently
sk − wkσk,x is also uniformly transverse to the zero section in a neighborhood of x.

Uniform transversality on the entire manifold is obtained by iteratively adding
successively smaller contributions, so that the transversality over previous neigh-
borhoods is not disturbed. In particular, Donaldson’s construction chooses a lattice
of points Λk ⊂ X such that X is covered by the unit balls Bgk(x, 1), x ∈ Λk; and
partitions the lattice into N sets (where N is k-independent)

Λk = Ik1 ∪ · · · ∪ IkN
such that any two points in a set Ikj are separated by a uniform gk-distance guaran-

teeing the following: For any Ikj , the constants wk,x for the balls centered at points
x ∈ Ij can be chosen simultaneously and independently of each other. If j1 < j2, the

constants wk,x for x ∈ Ikj2 are chosen to be small enough to not break the transversal-

ity in the balls belonging to Ij1k . We start with the zero section, and run the iteration
described above. The iteration terminates in N steps, which is k-independent, and
the resulting section is a sum

σk :=
∑
x∈Λk

wk,xσk,x.

that is uniformly transverse on X for large k.

Remark 5.20. In case of a symplectic orbifold (X,ω), we consider the pre-

quantum orbibundle X̃, and a sequence of sections sk : X → X̃k for k such that

X̃k is a line bundle on X. Notions of asymptotic holomorphicity and transversality
extend naturally to the orbifold case and are defined in Gironella-Muñoz-Zhou [37].

Proposition 5.21. (Construction of a broken divisor) Suppose X is a broken
manifold, for which the symplectic form ωXP on each of the cut spaces XP , P ∈ P
is rational. Given a ωX-strongly compatible cylindrical almost complex structure J
on X, there is a sequence of asymptotically holomorphic and uniformly transverse

sections {sk,P : XP → X̂P } for all P ∈ P such that

(a) (Restriction) for any pair of polytopes Q ⊂ P , sk,P |XQ = sk,Q,

(b) (Orthogonality to relative divisors) and the zero set s−1
k,P (0) intersects XQ

ω-orthogonally.

Proof. The sections are constructed by running Donaldson’s procedure simul-
taneously for all the manifolds in the set {XP }P∈P . Our modification of Donaldson’s
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algorithm is limited to choosing appropriate Gaussian sections in order to ensure
the conditions (Restriction) and (Orthogonality to relative divisors). The step of
achieving global transversality by applying Lemma 5.19 is the same as the original
algorithm, and therefore not discussed.

We first describe a set of center points for the Gaussian section for each tensor
power of the given line bundle. Given k � 0, a set of center points Λk,P ⊂ XP is

defined so that it contains Ckdim(XP ) number of points, and XP is covered by the
following neighbourhoods:

XP = (∪x∈Λk,PBgk(x, rP )) ∪ (∪Q⊂PBgk(XQ, rQ)),

where (rP < 1)P∈P is a set of fixed constants satisfying rQ > rP if Q ⊂ P . The set
of center points also satisfies the condition that for any pair of polytopes Q ⊂ P :

Λk,Q ⊂ Λk,P , and x ∈ Λk,P \Λk,Q =⇒ dgk(x,XQ) > rP .

Let Λk be the union ∪PΛk,P . The set Λk is partitioned into subsets I1, . . . , IN where
N is independent of k while satisfying the following: For any pair

x ∈ Λk,P \ ∪Q⊂P Λk,Q, y ∈ ∪Q⊂PΛk,Q

we have

x ∈ Iα, y ∈ Iβ =⇒ β < α.

We define Gaussian sections concentrated at the lattice points so that they re-
spect the (Restriction) condition. In particular we require that for any pair of

polytopes Q ⊂ P , and p ∈ Λk,Q the sections σk,p,P : XP → X̃k
P , σk,p,Q : XQ → X̃k

Q

satisfy

σk,p,P |XQ = σk,p,Q.

To achieve this, for any top-dimensional polytope P , a point p ∈ Λk,P and for all

Q ⊆ P such that p ∈ Λk,Q, Darboux coordinates zQ1 , . . . , z
Q
n(Q) (where n(Q) :=

1
2(dim(XQ)) are chosen such that for any Q ⊂ P ,

• a subset of the coordinates (zP1 , . . . , z
P
n(P )), say (zPn(Q)+1, . . . , z

P
n(P )) vanishes

on XQ;

• and the remaining coordinates (zP1 , . . . , z
P
n(Q))|XQ are a permutation of

(zQ1 , . . . , z
Q
n(Q)).

Gaussian sections whose centers are close to relative divisors are multiplied by a
factor that vanishes up to order two at the relative divisor. Consider a lattice point
p and let P0 be the smallest polytope that contains p. We know that dgk(p,Q) ≥ 1
for all facets Q ⊂ P0. Let Q1, . . . , Qα ⊂ P0 be facets for which

1 ≤ dgk(p,Qi) ≤ k−1/6, ∀k > 0.

Since the ωX-compatible almost complex structure J0 is integrable on the fibers of
the map

πP0
Qi

: UXQi (XP0)→ XQi ,

we may choose an approximately holomorphic function zi in a neighborhood of p
that vanishes on XQi and ∂zi(p) = 0. Indeed, we may view UXQi (XP0) → XQi
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as the neighborhood of the zero section of a unitary line bundle LP0
Qi
→ XQi ; we

may trivialize the bundle in a neighborhood of πP0
Qi

(p) and choose zi to be the

fiber coordinate. Further the function zi satisfies uniform bounds as in (5.5) if the

trivialization of LP0
Qi

is chosen so that the Chern connection satisfies uniform bounds.
The modified Gaussian section defined as

σ′k,p,P = σk,p,P ·
∏α
i=1z

2
i /zi(p)

2

is asymptotically holomorphic and has a uniform lower bound on Bgk(p, rp). (The
second power ensures that not only does the factor z2

i /zi(p)
2 vanish along the relative

divisor, but the derivative of z2
i /zi(p)

2 also vanishes, so that the resulting stabilizing
divisor will be ω-orthogonal to the relative divisor. ) If p is not close to any relative
divisors then α = 0, and the Gaussian section σk,p,P at p is left unchanged. Such a
section σk,p,P vanishes in neighborhoods of relative divisors XQ1 , . . . , XQα because
of the cutoff function ρk,p,P .

The globalization process consists of finding coefficients {wp ∈ C}p∈Λk such that

sw,P :=
∑

p∈Λk,P

wpσ
′
k,p,P

is a uniformly transverse sequence of sections for each P . The proof of globalization
carries over from [26]. The only new feature is to determine each coefficient wp in
a P -independent way. This can be done by Lemma 5.22 which is a modification of
Lemma 5.19.

Finally we show that the zero set of the transverse section satisfies the (Restric-
tion) and (Orthogonality with relative divisors) required by the Proposition. For a

pair Q ⊂ P of polytopes, the section σ′w,p,P vanishes near XQ if dk(p,XQ) > k−1/6.

If for a lattice point 1 < dk(p,XQ) < k−1/6, then both the section σ′k,p,P and its
derivative normal to XQ vanishes along XQ. Therefore, on XQ, the section sw,P is
equal to sw,Q, and ω-orthogonality follows from that of the section∑

p∈Λk,Q

wpσ
′
k,p,P = sw,Qe

|z|2 .

�

Lemma 5.22. (Quantitative Sard’s theorem) Given a tuple of positive integers
(n1, . . . , nk) ∈ Zk there is an integer p for which the following is satisfied. Suppose
0 < δ < 1

4 , and fi : Bni
+ → C is a set of k functions on balls Bni

+ ⊂ Cni of radius 11
10

that satisfy ‖fi‖C1 ≤ η, where η := δ log(δ−1)−p. Then, there exists w ∈ C, |w| ≤ δ
such that fi − w is η-transverse to 0 over the interior ball Bni of radius 1.

The case k = 1 is Theorem 20 of [26], and is stated as Lemma 5.19. The proof in
the case k = 1 is by bounding the size of the image f(B+) in the range. For a finite
k, the volume is multiplied by a constant, and the proof in [26] can be replicated
by altering the constants.

Proof of Proposition 5.14. The proof is a consequence of Lemma 5.15 and
Proposition 5.21. �
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Remark 5.23. The construction of a broken divisor in Proposition 5.21 extends
to the orbifold case. Indeed, in the orbifold adaptation of the Donaldson construction
in Gironella-Muñoz-Zhou [37], the new features are the choice of an appropriate
lattice compatible with the stratification of the orbifold; and adjusting the uniform
transversality constants. Both these features are compatible with the modifications
we have introduced in the proof of Proposition 5.21.

P+ P−P0

Figure 5.1. The polyhedral decomposition of a single cut.

P1

P2

P0

P3

Figure 5.2. Multiple cut case

Remark 5.24. (On the construction of broken stabilizing divisors) This is a
technical remark justifying the proof technique of Proposition 5.21 wherein we con-
struct asymptotically holomorphic sequences of sections σk,P simultaneously for all
polytopes P ∈ P rather than construct one sequence (σk,P )k at a time. We point
out that the latter approach, which appears cleaner, is taken in [18] for the case
of single breaking. Consider a single cut with polyhedral decomposition shown in
Figure 5.1. Given a sequence of sections

(σk,P0 : XP0 → X̃P0)k,

[18, Lemma 7.15] constructs an extension of the sequence of sections to

(σk,P± : XP± → X̃P±)k.

The first step in the construction is to consider the extension σk,P0e
−k|x|2 and then

turn on the contributions from Gaussians centered away from the divisor XP0 ⊂
XP± so that the sections become transverse. If we apply this approach to spaces
corresponding to the polytopes shown in Figure 5.2, we would construct a sequence
in the order σk,P0 , then σk,P1 , σk,P2 and then finally σk,P3 . We would like the sequence
σk,P3 on XP3 to be an extension of σk,P0 , σk,P1 and σk,P2 . Therefore, we would like
to start Donaldson’s globalization iteration with a sequence of Gaussian sections

that are equal to σk,P0e
−k(|z1|2+|z2|2) in a neighborhood of XP0 , equal to σk,P1e

−k|z1|2

in a neighborhood of XP1 , and equal to σk,P2e
−k|z2|2 in a neighborhood of XP2 . The

approach fails because the three sections do not agree on overlaps. Indeed, to define

the sequence σk,P1 , we would have used σk,P0e
−k|z2|2 as a starting sequence, but

then these sections would have been modified when contributions from Gaussians in
nearby balls are turned on to achieve transversality.
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5.3. Stabilizing pairs in neck-stretched manifolds

In this section we prove the existence of a stabilizing pair (J0,D) on a broken
manifold such that the family (Jν , Dν) obtained by gluing the pair (J0,D) consists
of stabilizing pairs on neck-stretched manifolds.

Definition 5.25. (Adapted broken almost complex structure) Given a broken
divisor D ⊂ X, we denote by

J cyl(X,D) = {J|J(TDP ) = TDP on XP ∀P ∈ P}

the space of cylindrical almost complex structures that are adapted to D.

Definition 5.26. (Stabilizing pair in a broken manifold) Let D ⊂ X be a bro-
ken cylindrical divisor which is disjoint from the Lagrangian L ⊂ X. For E > 0, an
adapted almost complex structure J ∈ J cyl(X,D), is E-stabilized if for every poly-
tope P ∈ P, the almost complex structure J|XP is E-stabilized in (XP , ωXP , DP ).
A pair (J,D) is stabilizing if J is locally strongly tamed and it is E-stabilizing for
all E > 0.

The existence theorem for stabilizing pairs extends to the broken case.

Proposition 5.27. (Stabilizing pair in a broken manifold) Suppose XP is a
broken manifold, such that on each cut space XP , P ∈ P the symplectic form ωXP is
rational. Suppose Jpre ∈ J (X) is a ωX-strongly compatible almost complex structure.
Then, there exists a stabilizing pair (J0,D) in X such that

(a) the family (Jν , Dν) obtained by gluing consists of stabilizing pairs for all
ν ∈ [1,∞),

(b) and for every E > 0 there is a neighbourhood

J cyl(X,D; J0, E) ⊂ {J ∈ J cyl(X,D) : J |TD = J0|TD}

of J0 consisting of E-stabilizing locally tamed cylindrical almost complex
structures adapted to D.

We recall that to construct a stabilizing pair in the unbroken case, we produced
a degree bound for stabilization that was applicable in an ε-neighborhood of a fixed
almost complex structure J0. However, in the broken case the preliminary fixed al-
most complex structure Jpre is an ωX-compatible almost complex structure, whereas
we need to prove a degree bound in stabilization for cylindrical almost complex
structures. One cannot expect to find cylindrical almost complex structures arbi-
trarily close to ωX-compatible ones because the underlying connection one-forms and
t-inner product are different for the two types of almost complex structures. Our
strategy is to

(a) construct a cylindrical broken divisor D using an ωX-compatible Jpre,
(b) find a ωX-strongly tamed D-adapted J0 close to Jpre,
(c) construct a cylindrical D-adapted J1 ∈ Jcyl(X,D) that has the same base

projections as J0 on each of the cylindrical ends,
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(d) and choose a degree bound for a neighborhood of Jpre that is also a degree
bound for the neck-stretched almost complex structures Jν1 obtained by
gluing J1 along the necks.

Step (c) in the above construction is carried out in the following Lemma:

Lemma 5.28. Given a ωX-strongly tame almost complex structure J0 that is
cylindrical on the neighborhoods

U = (UXQ(XP ))Q⊂P , UXQ(XP ) ⊂ XP ,

there exists a cylindrical locally strongly tame almost complex structure J1 on X

(a) whose cylindrical neighborhoods are

U ′ ⊂ U ;

(b) for any pair of polytopes Q ⊂ P , there exist projection maps

(5.6) π
′P
Q : UXQ(XP )→ XQ

with J1-holomorphic fibers;
(c) for any Q ∈ P\P0, x ∈ XQ\U and y ∈ π′PQ (x), the projection (dπ

′P
Q )y is

(J1, J0)-holomorphic, and for any P ∈ P0, J0 = J1 on XP \U .

Proof of Lemma 5.28. We alter the cylindrical structure maps in the neigh-
borhoods of boundary submanifolds so that the almost complex structures on the
pieces of X can be glued along the necks. Recall that for any pair of polytopes
Q ⊂ P there is a symplectic embedding of the neighborhood UXQ(XP ) of XQ to a
model neighborhood, namely

(5.7) φPQ : UXQ(XP )→ (ConeQ(P )× ZQ, ωXQ + d〈αPQ, πt∨Q〉)/ ∼

where the terms are as in (3.43). The image of φPQ is

U(ConeQ P )× ZQ,
which is a neighborhood of {0} × ZQ. In order to be able to glue the cylindrical

ends, we need the Q-connection one-forms αPQ to be P -independent for all P ⊃ Q,
and also the t-inner product underlying the cylindrical almost complex structure
to be the one fixed in (3.6). Let (αP )P∈P be a collection of connection one-forms
αP ∈ Ω1(ZP , tP ) that are consistent in the sense of (3.16) with respect to the
standard t-inner product. We define a family of connection one-forms interpolating
between (αPQ)Q⊂P and (αP )P , namely let

βPQ : U(ConeQ P )→ {ταPQ + (1− τ)αQ : τ ∈ [0, 1]} ⊂ Ω1(ZQ, tQ)

be a family of connection one-forms that is equal to αQ in a neighborhood of the
origin

0 ∈ U ′(ConeQ(P )) ⊂ U(ConeQ P ),

and equal to αPQ in a neighborhood of the boundary ∂U(ConeQ P )\(∂ ConeQ P ),
such that the two-forms

ωXQ + d〈βPQ(πt∨Q), πt∨Q〉
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are non-degenerate on U(ConeQ P ) × ZQ. The non-degeneracy can be ensured if

βPQ 6= αPQ in a small enough neighborhood of {0}×ZQ. There is a symplectomorphism

(5.8) φ
′P
Q : UXQ(XP )→ (ConeQ(P )× ZQ, ωXQ + d〈βPQ(πt∨Q), πt∨Q〉)/ ∼

such that

(5.9) φPQ = φ
′P
Q near ∂UXQ(XP ).

Symplectomorphisms φ
′P
Q satisfying (5.9) indeed exist by a Moser-type argument on

ConeQ P × ZQ equipped with the symplectic forms in (5.7) and (5.8). Let

π
′P
Q : UXQ(XP )→ XQ

be the projection obtained by composing φ
′P
Q with the projection ZQ → XQ. We

note that

(5.10) π
′P
Q = πPQ in a neighborhood of ∂UXQ(XP ).

The cylindrical almost complex structure J1 required by the lemma can now be
defined. On

(5.11) U ′XQ(XP ) := (φ
′P
Q )−1(U ′(ConeQ P )× ZQ)

the symplectic form is ωXQ + d〈αQ, πt∨Q〉, and so U ′XQ(XP ) will serve as the ‘Q-

cylindrical end’ for J1. We define J1 ∈ J cyl(X) so that on UXQ(XP ), the fibers

of π
′P
Q are J1-holomorphic and on the ω-complement, which is equal to ker(βPQ),

J1 is equal to the lift of J0|(XQ\U). The definitions of J1 on cylindrical ends and
their complement patch smoothly on the boundary. Indeed, in a neighborhood of
∂UXQ(XP ), the projection maps and connection one-forms satisfy

βPQ = αPQ, πPQ = π
′P
Q ,

and thus in this neighborhood J1|UXQ(XP ) is equal to J0. �

Proof of Proposition 5.27. Let Jpre be an ωX-compatible almost complex
structure on X.

Step 1: We first find a uniform degree bound on a neighborhood of Jpre that
will also be a degree bound for glued almost complex structures on neck-stretched
manifolds. To derive the bound we choose a representative of the first Chern class
[c1(TX)] that is basic on the cylindrical ends. That is, we choose forms

γ = (γP )P∈P , γP ∈ Ω2(XP ), [γP ] = c1(TXP ),

which are ‘basic’ in the sense that for any pair Q ⊂ P of polytopes, on the Q-

cylindrical end UXQ(XP )
πPQ−−→ XQ, we have

γP = (πPQ)∗γQ.

These forms have the property that they glue along the necks to yield

γν ∈ Ω2(Xν), γν ∈ [c1(TX)],
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and therefore, can be used to obtain uniform degree bounds for glued almost complex
structures on Xν for all ν. We choose ε > 0. For any P ∈ P, the supremum of the
ratio of the first Chern class form and the basic symplectic form

k∗(ε, P ) := sup
J:‖J−Jpre‖<ε

06=v∈TXP

γP (v,Jv)
ωXP (v,Jv)

is finite by Lemma 5.5. Here the norm on (J − Jpre) is the C0-bound with respect
to the metric ωXP (·, Jpre·) on XP . We choose k∗ satisfying

(5.12) k∗ ≥ k∗(ε, P ) ∀P ∈ P0,

and one other condition stated below in (5.14).
Step 2 : We find a stabilizing divisor in the broken manifold. We will find a

stabilizing divisor of degree

(5.13) k > 2 max{k∗, k∗ + 1
2(dim(X))− 2}.

for reasons explained in Remark 5.6. Let θ0 > 0 be such that for any θ0-approximately
Jpre-holomorphic divisor, there is an adapted tamed almost complex structure that
is ε/2-close to Jpre. In addition to satisfying (5.13), we may choose k to be large
enough that a Donaldson divisor of degree k is θ0-approximately holomorphic. Thus
there is a divisor D cylindrical in U such that there is a D-adapted ωX-strongly
tamed

J0 : such that k∗ is a degree bound for J0|XP for all P ∈ P.
In particular, we have the pointwise bound

γP (v, J0v) ≤ k∗ωXP (v, J0v) ∀v ∈ TXP ,∀P ∈ P.
Step 3: We deform J0 to make it gluable along the neck and show that the

resulting neck-stretched almost complex manifolds continue to satisfy the degree
bound. The difficulty in this step is that the deformation required to make an
almost complex structure gluable is not C0-small, and the new almost complex
structure may no longer satisfy the degree bound. To overcome the difficulty we
use the fact that the representative of the first Chern class is basic, and the almost
complex structure is deformed only in the fiber direction. The details are as follows:
By Lemma 5.28 there exists J1 ∈ J cyl(X) that is cylindrical on truncated cylindrical
ends

U ′ = (U ′XQ(XP ))Q⊂P,P∈P0 , U ′XQ(XP ) ⊂ UXQ(XP ),

and the base almost complex structure of J1 on U is equal to that of J0. For any
ν > 1 let Jν1 be the neck-stretched almost complex structure on Xν obtained by
gluing J1. We claim that k∗ is a degree bound for Jν1 . Firstly we observe that
changing the cylindrical structure has the effect of changing the projection maps πPQ
to

π
′P
Q : UXQ(XP )→ XQ

for any pair Q ⊂ P , see Lemma 5.28. The πPQ-basic forms (γP ∈ Ω2(XP ))P∈P
representing the first Chern classes c1(TXP ) may be replaced by cohomologous

forms (γ′P )P that are basic with respect to π
′P
Q , without altering γP |(XP \U) for any



5.3. STABILIZING PAIRS IN NECK-STRETCHED MANIFOLDS 119

P ∈ P (this replacement is possible because of (5.10)). The resulting glued forms
are denoted by

γ′ν ∈ Ω2(Xν), [γ′ν ] ∈ c1(TX).

A taming symplectic form on the neck-stretched manifold (Xν , Jν) is given by choos-
ing an increasing map ℵ : νB∨ → B∨ between dual complexes (defined in Section
7.1), and the resulting form is called ωℵ. Let πνQ : Xν

Q
→ XQ denote the projec-

tion map on the Q-cylindrical subset Xν
Q

of Xν . For any point x ∈ Xν
Q

, on the

ωℵ-complement of ker(dπνQ)x the form ωℵ is

ωXQ + cdαQ

for some constant c ∈ Q∨. To ensure that k∗ is a degree bound for Jν1 , we require
that

(5.14) k∗ ≥ sup
06=v∈T (XQ\U),c∈Q∨⊂t∨Q

γQ(v,J1v)
(ωXQ+cdαQ)(v,J1v)

for all Q ∈ P\P0. In Step 1, we can indeed choose k∗ satisfying (5.14) because
(5.14) does not depend on subsequent calculations. For a non-zero vector v ∈ TXν

with projection vQ := dπνQ(v), we have

(5.15) γ′ν(v, Jν1 v) = γ′Q(vQ, J1vQ) ≤ k∗((ωXP + cdαPQ)(v, J1v)) ≤ k∗ωℵ(v, Jν1 v)

using (5.14). Therefore, for a Jν1 -holomorphic map u : P1 → Xν ,
∫
P1 u

∗γ′ν ≤
k∗
∫
P1 u

∗ωℵ, and consequently k∗ is a degree bound for Jν1 .
One can also obtain a uniform degree bound in a neighborhood of the neck-

stretched almost complex structures Jν1 . Let k′∗ > 0 be slightly smaller than k∗ so
that that (5.13) is satisfied when k∗ is replaced by k′∗, and there is a constant δ > 0
such that k′∗ is a degree bound for any Jν ∈ J cyl(Xν), ν ∈ [1,∞), obtained by
gluing J ∈ UJ1 . Here

UJ1 := {J ∈ J cyl(X,D) : J is locally strongly tamed,

|dπ′PQ (J)− dπ′PQ (J1)|C0(XQ\U ′) < δ ∀Q ⊂ P, P ∈ P0,

|J− J1|C0(XP \U ′) < ε.}

Indeed it is enough to consider the distance between π
′P
Q projections of the almost

complex structures to estimate the degree bound, because the representatives γ′P ,
P ∈ P of the first Chern classes c1(TXP ) are basic on the cylindrical ends.

Step 4: We finish the proof closely following the method in the unbroken case in
Cieliebak-Mohnke [22], which is outlined in Proposition 5.3. So far we have shown
that there is a neighborhood UJ1 in the space of locally strongly tamed D-adapted
cylindrical almost complex structures on X such that for any J ∈ UJ1 , k∗ is a degree
bound for the glued family Jν . By Remark 5.6 generic almost complex structures
in the set UJ1 are stabilizing.

Next, we claim that for any E > 0, an open and dense subset of UJ1 is E-
stabilizing for all neck lengths. The subset

J reg,E,∞ = {J ∈ UJ1 : J is E-stabilizing on X}
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is open and dense: Openness is a consequence of Gromov convergence applied to each
of the cut spaces XP , P ∈ P (see the proof of [22, Corollary 8.16]), and denseness
follows because the E-stabilizing condition is generic. The subset

J reg,E = {J ∈ J reg,E,∞ : Jν is E-stabilizing on Xν for ν ∈ [1,∞)}.
is also open in J reg,E,∞ by Gromov compactness. Openness at the infinite neck
length parameter is proved by Lemma 5.29. The subset J reg,E ⊂ J reg,E,∞ is comea-
ger by an application of Sard’s theorem : The universal moduli space

MJ := {uν : P1 → Xν : uν is Jν-holomorphic, J ∈ J reg,E,∞, ν ∈ [1,∞)}
is a Banach manifold and the projection πJ :MJ → J reg,E,∞ is a Fredholm map.
Therefore the subset J reg,E of regular values of πJ is comeager.

Finally, let Ek → ∞ be any sequence of real numbers with limit infinity. The
set of almost complex structures

J reg =

∞⋂
k=1

J reg,Ek

that is stabilizing for all ν ∈ [1,∞] is the intersection of the set of Ek-stabilizing
almost complex structures for all k. The intersection J reg is non-empty because of
each of the sets in the intersection is open and dense. �

The following Lemma, used above in the proof of Proposition 5.21, is an openness
statement for stabilizing almost complex structures at ν =∞.

Lemma 5.29. Suppose D ⊂ X is a cylindrical broken divisor, and J ∈ J cyl(X,D)
is a tamed adapted almost complex structure that is E-stabilizing. Suppose the divi-
sors Dν ⊂ Xν are obtained by gluing, and the sequence Jν ∈ J (Xν , Dν) converges
to J. Then, there exists ν0 such that Jν is E-stabilizing for ν ≥ ν0.

The proof is given at the end of Section 8.4 because it uses terminology intro-
duced in Chapter 8. The proof of the Lemma however does not use any result proved
in Chapter 8.



CHAPTER 6

Coherent perturbations and regularity

In order to obtain the necessary transversality for moduli spaces of treed holo-
morphic maps, we use the Cieliebak-Mohnke perturbation scheme [22] which has
been adapted to define Fukaya algebras of Lagrangians by Charest-Woodward [17].
The Morse function on the Lagrangian submanifold and the almost complex struc-
ture on the broken manifold are allowed to be domain-dependent. Stabilizing divisors
from the previous chapter are essential in defining domain-dependent perturbations.

A domain-dependent perturbation is defined as a map from a universal curve
to the space of tamed almost complex structures. We recall from Chapter 4 that
domain curves are treed disks. For any type Γ of treed disks the moduli space MΓ

of treed disks has a universal curve

UΓ →MΓ

whose fiber over a point [C] ∈ MΓ is isomorphic to C. The perturbation datum is
then a map from UΓ to the space of cylindrical almost complex structures on the
broken manifold and Morse functions on the Lagrangian submanifold. Under this
perturbation scheme, marked points on the domain curve are the inverse images
of the intersection of the holomorphic map with the stabilizing divisor. The sta-
bilizing divisor is Poincaré dual to a large multiple of the symplectic form. This
ensures that generically there are no holomorphic spheres in the divisor, and that
any non-constant holomorphic sphere has enough divisor intersections to ensure that
its domain is stable.

Domain-dependent perturbations are necessary for solving the ‘multiple cover
problem’. Indeed, for a fixed almost complex structure the compactification of the
moduli space of pseudoholomorphic maps may contain nodal maps with components
that are multiple covers of maps with negative Chern class. It is not possible to
achieve transversality for the moduli space of such maps. Multiple covers can be
perturbed away by domain-dependent perturbations. As a toy example, suppose for
a domain-independent almost complex structure J0, there is a simple J0-holomorphic
sphere S ⊂ X with negative Chern number and one intersection point with the
stabilizing divisor. Via a domain-dependent perturbation of J0, we can ensure that
an n-covered sphere (n > 1) homologous to n[S] does not occur in the moduli
space of perturbed holomorphic maps. Indeed for such a cover the domain would
have n marked points labelled z1, . . . , zn, and the perturbation is not required to
be invariant under automorphisms of the domain curve that permute the marked
points. Breaking the permutation symmetry adds a multiplicative factor of 1

n! to
the curve count (see Remark 6.16).

121
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6.1. Domain-dependent perturbations

We first fix subsets of the universal treed disk outside of which perturbations
vanish. Let Γ be a combinatorial type of treed disk and UΓ = SΓ ∪ T Γ its universal
curve from (4.6). Fix a compact subset

T cp
Γ ⊂ T Γ

in the complement of breaking points and disk nodes (that is, disk nodes we where
the length `(e) of the treed segment is zero), and containing in its interior, for every
edge e ∈ Edge (Γ) and every curve C ⊂ UΓ, at least one point z ∈ Te ⊂ C on any
infinite segment. Also fix a compact subset

Scp
Γ ⊂ SΓ − {we ∈ SΓ, e ∈ Edge−(Γ)}

disjoint from the boundary and spherical nodes w(e) ∈ C, e ∈ Edge(Γ), containing in
its interior at least one point z ∈ Sv on each sphere and disk component Sv ⊂ C for
each fiber C ⊂ UΓ. Furthermore, the complement SΓ−S

cp
Γ ⊂ SΓ is a neighbourhood

of the boundary and nodes; these neighborhoods must be chosen compatibly with
those already chosen on the boundary for the inductive construction later.

Following Floer [32], we use a Cε-topology on the space of almost complex
structures. For a section ξ of a vector bundle E → X, the Cε-norm is

‖ξ‖Cε :=
∑∞

k=0εk‖ξ‖Ck(X,E).

Here ε = (εi)i∈N is a fixed sequence of positive numbers that converges fast enough
to 0 as i→∞. If the convergence is sufficiently rapid, then the space of sections with
a bounded norm is a Banach space [32, Lemma 5.1] and contains sections supported
in arbitrarily small neighbourhoods of X.

Definition 6.1. (a) (Domain-dependent Morse functions) Suppose that Γ
is a type of stable treed disk, and T Γ ⊂ UΓ is the tree part of the universal
treed disk. Let

(F : L→ R, G : T⊗2L→ R)

be a Morse-Smale pair. For an integer l ≥ 0 a domain-dependent perturba-
tion of F of class C l is a C l map

(6.1) FΓ : T Γ × L→ R

equal to the given function F away from the compact part:

FΓ|(T Γ − T
cp
Γ ) = π∗2F

where π2 is the projection on the second factor in (6.1). Here F is called
the background Morse function for the domain-dependent perturbation FΓ.
The set of critical points of the background Morse function is denoted by

(6.2) I(L) := crit(F ).

(b) (Domain-dependent almost complex structure) Let J0 ∈ J cyl(X) be a locally
strongly tamed cylindrical almost complex structure. A domain-dependent
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almost complex structure of class Cε for treed disks of type Γ with back-
ground almost complex structure J0 is a map from the two-dimensional part
SΓ of the universal curve UΓ to J cyl(X) given by

(6.3) JΓ : SΓ → J cyl(X)

equal to the given J0 away from the compact part:

(6.4) JΓ|(SΓ − S
cp
Γ ) = J0,

and for any fiber SΓ ⊂ SΓ JΓ−J0 has finite norm in Cε(SΓ×X,End(TX)).

Definition 6.2. (Perturbation data) A perturbation datum for a type Γ of
stable treed disks is a pair pΓ = (FΓ, JΓ) consisting of a domain-dependent Morse
function FΓ and a domain-dependent almost complex structure JΓ.

The following morphisms on the set of combinatorial types of stable treed disks
are used to define coherence of perturbations.

Definition 6.3. (Morphisms on treed disk types)

(a) (Cutting edges) There is a (Cutting edges) morphism Γ → Γ′ between
combinatorial types Γ, Γ′ of stable treed disks iff Γ is obtained by cutting
a boundary edge e ∈ Edge ,− of Γ′ that contains a breaking, see Figure 6.1.

(b) (Collapsing edges) A morphism Γ → Γ′ is a (Collapsing edges) morphism
if Γ′ is obtained from Γ by collapsing an interior edge e ∈ Edge ,−(Γ) or a
boundary edge e ∈ Edge ,−(Γ) with length zero, `(e) = 0.

(c) (Making an edge length finite or non-zero) A morphism Γ→ Γ′ is a (Making
an edge length finite or non-zero) morphism if Γ′ is obtained from Γ by
changing the edge length of a boundary edge e ∈ Edge ,−(Γ) from infinite
or zero to finite non-zero.

01

2 3

1

2

0 1

2

0e

`(e) =∞
Cut e

Γ Γ′0 Γ′1

Figure 6.1. Cutting an edge e relabels the boundary and interior
markings while preserving their ordering on the pieces Γ′0, Γ′1.

Perturbation datum pΓ for various treed disk types Γ can not be just chosen
independently of each other. Rather for any two treed types Γ, Γ′ related by a
morphism, there is a coherence condition relating pΓ, pΓ′ .

Definition 6.4. (Morphisms of perturbation data)

(a) (Collapsing edges/Making an edge length finite/non-zero) Let Γ′ 6= Γ be
(Collapsing edges/making an edge length finite/non-zero) morphism Γ′ →
Γ. For perturbation data pΓ′ , pΓ there is a morphism pΓ′ → pΓ if pΓ′ is
induced by pullback of pΓ under the natural inclusion of the universal curve

ιΓ
′

Γ : UΓ′ → UΓ.
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(b) Suppose Γ→ Γ′ is a (Cutting edges) morphism, where an edge e ∈ Edge ,−(Γ)
is cut to yield leaf edges e+, e− ∈ Edge(Γ′). There is a morphism of per-
turbation data pΓ → pΓ′ if pΓ′ is obtained by pushing forward pΓ under the
map

πΓ′
Γ : UΓ → UΓ′

defined by gluing at the leaf edges e± to form a single non-leaf edge e with
`(e) =∞. That is, define

JΓ′(z
′, x) = JΓ(z, x), ∀z ∈ (πΓ′

Γ )−1(z).

The definition for the perturbed Morse datum FΓ′ is similar.

We are now ready to define coherent collections of perturbation data. These are
data that behave well with each type of operation in Definition 6.3.

Definition 6.5. (Coherent families of perturbation data) A collection of pertur-
bation data p = (pΓ)Γ is coherent if it is compatible with the morphisms of moduli
spaces of different types in the sense that

(a) (Collapsing edges/making an edge length finite/non-zero) if Γ is obtained
from Γ′ by collapsing an edge or making an edge finite/non-zero, then pΓ′

is the pullback of pΓ;
(b) (Cutting edges) if Γ is obtained from Γ′ by cutting a boundary edge e ∈

Edge∞,−(Γ′) of infinite length, then pΓ′ is the push-forward of pΓ. Assuming
Γ is the union of types Γ1,Γ2, pΓ is obtained from pΓ1 and pΓ2 as follows:
For k = 1, 2, let

πk :MΓ
∼=MΓ1 ×MΓ2 →MΓk

denote the projection on the k-th factor, and therefore, UΓ is the union of
π∗1UΓ1 and π∗2UΓ2 . We require that pΓ is equal to the pullback of pΓk on

π∗kUΓk :

(6.5) pΓ|UΓk = π∗kpΓk .

We also require the perturbation data to satisfy the following locality axiom which
ensures that the perturbations on any component only depend on special points on
that component, and the length of the treed segments on the boundary of the disk.
We first set up some notation: For a type Γ underlying treed disks, and a vertex
v ∈ Vert(Γ), let Γ(v) be a graph with a single vertex v and markings

{e ∈ Edge(Γ) : v ∈ e}.

corresponding to each edge incident on v. Let UΓ,v ⊂ UΓ be a fibration over MΓ

whose fiber over m ∈MΓ consists of the curve component represented by v. Define
a map

(6.6) πv : UΓ,v → UΓ(v) × ([0,∞])|Edge ,−(Γ)|,

whose first component UΓ,v → UΓ(v) is the natural projection map, and the second
component is the length function on boundary edges e ∈ Edge ,−(Γ).
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(Locality Axiom) The restriction of the perturbation datum pΓ to UΓ,v is

the pullback via πv of some datum on UΓ(v) × ([0,∞])|Edge ,−(Γ)|.

This ends the Definition.

Let C be a possibly unstable treed disk of type Γ. The stabilization of C is the
stable treed disk st(C) of some type st(Γ) obtained by collapsing unstable surface
and tree components. Thus the stabilization st(C) of any treed disk C is the fiber
of a universal treed disk Ust(Γ). Given perturbation datum for the type st(Γ), we
obtain a domain-dependent almost complex structure and Morse function for C,
still denoted JΓ, FΓ, by pull-back under the map C → Ust(Γ). If Γ does not contain
vertices, i.e. if C is a single infinite segment Te, e ∈ Edge(Γ), then the perturbation
pΓ vanishes on C.

Remark 6.6. Coherence conditions for perturbation data are motivated as fol-
lows.

(a) If a sequence Cν of (domain) curves of type Γ converges to a limit curve
C of type Γ′, we would like the perturbation data on Cν to converge to
the perturbation datum on C. If Γ′ 6= Γ then there is a (Collapsing
edges/making an edge length finite/non-zero) morphism Γ′ → Γ, and the
convergence of the perturbation datum is ensured by coherence under (Col-
lapsing edges/making an edge length finite/non-zero).

(b) Suppose Γ→ Γ′ is a cutting edges morphism, and suppose the disconnected
type Γ′ has components Γ′0, Γ′1. Once moduli spaces of perturbed holomor-
phic maps in a symplectic manifold X are defined, we would like to be able
to say that the moduli space MΓ(X) of maps with domain type Γ is a
product

MΓ(X) =MΓ′0
(X)×MΓ′1

(X),

The product relation would hold only if the perturbation data is coherent
under (Cutting edges).

Remark 6.7. (On the locality axiom) The locality axiom ensures that forgetting
a marking ze′ on a treed curve C affects the perturbation datum only on the com-
ponent containing ze′ . This feature is used in Proposition 8.43. The dependence on
the boundary edge lengths is useful for the following reason. Suppose Γ is a combi-
natorial type of treed disk depicted in Figure 6.1. By cutting an edge e ∈ Edge(Γ),
we obtain two identical types. The cutting edge axiom requires that a coherent
perturbation datum pΓ for Γ is equal after restriction to the universal curve for the
type Γ′ on both sides of the edge e. If in the locality axiom, the perturbation is pΓ

defined by pulling back by the map πv : UΓ,v → UΓ(v), then the perturbation datum
on both surface components will be required to be equal even when the edge length
of e is finite. This creates a problem, because in order to obtain transversality in
the case `(e) = 0, we need the perturbation datum on both surface components to
be independent of each other.

Remark 6.8. (Perturbations for moduli spaces of spheres) The coherence con-
ditions required to define moduli spaces of spheres are much simpler than those
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required for treed disks: The only coherence condition is (Collapsing of edges),
which translates to the statement that the perturbation datum is continuous on the
compactified moduli space Mn of n-marked spheres. An important difference from
the disk case is that the perturbation datum on Mn can be defined independently
of Mk for any k < n.

6.2. Perturbed maps

Given domain-dependent perturbations as in the previous section, the equations
defining the moduli space of pseudoholomorphic maps are perturbed as follows.

Definition 6.9. (Perturbed pseudoholomorphic treed disks) Given a coherent
perturbation datum p = {pΓ}Γ, and pΓ = (JΓ, FΓ), a pseudoholomorphic treed disk
in X with boundary in L consists of

(a) a treed disk C = S ∪ T with stabilized type Γ := st(C),
(b) and continuous maps

u : C → X,

such that the following hold:

(a) (Boundary condition) The tree components and the boundary of the surface
components are mapped to the Lagrangian submanifold :

u(∂S ∪ T ) ⊂ L.

(b) (Surface equation) On the surface part S of C the map u is J-pseudoholomorphic
for the given domain-dependent almost complex structure: if j denotes the
complex structure on S then

JΓ(z, u(z)) duS = duS j.

(c) (Boundary tree equation) On the boundary tree part T ⊂ C the map u is
a collection of gradient trajectories:

d

ds
uT = − gradFΓ(s,u(s)) uT

where s is a coordinate on the segment so that the segment has the given
length. Thus for each treed edge e ∈ Edge ,−(Γ) the length of the trajectory
u|Te is equal to `(e).

Definition 6.10. (Perturbed pseudoholomorphic broken treed disks) Given a
coherent perturbation datum p = {pΓ}Γ and a stable type Γ, a holomorphic broken
treed disk in a broken manifold XP with boundary in L ⊂ XP0 , P0 ∈ P, consists of

(a) a treed disk C = S ∪ T of type Γ;
(b) a tropical structure T on Γ;
(c) a collection of maps on surface components

uv : Sv → XP (v), v ∈ Vert (Γ)

that are JΓ-holomorphic, satisfy the edge matching condition (4.18) at
all interior edges e ∈ Edge (T ) and the Lagrangian boundary condition
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uv((∂C)v) ⊂ L, and FΓ-gradient flow lines

ue : Te → L ⊂ XP0 , e ∈ Edge (Γ)

on the treed parts.

In case Γ is an unstable type, a broken disk is defined similarly except that uv, ue
are Pst Γ-holomorphic, where st Γ is the stabilization of Γ.

Remark 6.11. Our domains below are stable on the surface parts because of
the additional markings arising from the Donaldson hypersurface. So the content of
the last sentence is that on broken Morse trajectories, for segments that are infinite
in both directions the gradient flow equation is unperturbed.

We will not introduce notation for the moduli space of broken maps, but instead
work directly with the regularized moduli spaces using Donaldson hypersurfaces and
domain-dependent almost complex structures.

Definition 6.12. (Perturbations adapted to a stabilizing divisor) Let k � 0,
and (J0,D) be a stabilizing pair on the broken manifold X (as in Definition 5.26),
such that DP ⊂ XP is dual to k[ωXP ] for all polytopes P ∈ P. Further let D be
disjoint from the Lagrangian submanifold L. Suppose Γ is a type of treed disk. A
perturbation datum pΓ = (JΓ, FΓ) on (X, L) is adapted to the pair (J0,D) if

• J0 is the background almost complex structure for JΓ, meaning that each
JΓ is a domain-dependent perturbation of J0

• and for any treed curve C = S ∪ T , and a connected component S′ ⊂ S
with d (S′) interior markings,

(6.7) JΓ(S′) ⊂ J cyl(X,D; J0,
1
kd (S′)) ∩ UJ0 .

Here

J cyl(X,D; J0,
1
kd (S′)) ⊂ {J ∈ J cyl(X,D) : J|TD = J0|TD}

is the neighbourhood of J0 consisting of 1
kd (S′)-stabilizing almost complex

structures (see Proposition 5.27), and UJ0 ⊂ J cyl(X) is a neighborhood of
J0 on which the results on Hofer energy hold (see Lemma 7.23).

The set of perturbation data adapted to (J0,D) is denoted by PΓ(X, J0,D).

Remark 6.13. We explain why we use 1
kd (S′)-stabilizing almost complex struc-

tures in (6.7). Let J = (JΓ)Γ be a collection of coherent domain-dependent almost
complex structures satisfying (6.7). Let Sν be a sequence of nodal curves of type Γ
with d( ) markings. Then the limit u of any sequence uν : Sν → X of JΓ-holomorphic
broken maps can not have an unstable domain component. Indeed, the area of the
maps uν is d

k , and so an unstable component uv of the u has area ≤ d
k . Therefore u

is holomorphic with respect to a domain-independent almost complex structure Jv
which, by (6.7), is d

k -stabilizing. This contradicts the existence of a non-constant
map uv.
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6.3. Adapted maps

We consider adapted holomorphic maps whose domains are equipped with mark-
ings that are required to map to a Donaldson divisor.

Definition 6.14. (Adapted stable treed disks) A stable broken treed holomor-
phic disk u : (C, ∂C) → (X, L) is adapted to a divisor D iff each interior mark-
ing ze, e ∈ Edge ,→(Γ) maps to D under u and each connected component C ′ of

u−1(D) ⊂ C contains an interior marking.

The moduli space of treed holomorphic disks is stratified by combinatorial type.

Definition 6.15. The combinatorial type of an adapted holomorphic broken
treed disk u : C → X adapted to a divisor D ⊂ X − L consists of

(a) the combinatorial type Γ of its domain C,
(b) the tropical structure on Γ, which consists of an assignment of polytopes

for vertices, and slopes for tropical edges :

Vert(Γ) 3 v 7→ P (v) ∈ P, Edgetrop(Γ) 3 e 7→ T (e) ∈ tP (e),Z;

(c) a labelling

d : Vert(Γ)→ (∪P∈PH2(XP )) ∪H2(XP0 , L)

that maps each vertex v of Γ to the homology class d(v) := u∗[(Cv, ∂Cv)] of
the disk/sphere obtained by extending u over the punctures corresponding
to nodal lifts;

(d) a labelling
µD : Edge ,→(Γ)→ Z>0

that records the order of tangency of the map u to the divisor D at markings
that do not lie on horizontally constant components (with the convention
that a transverse intersection has order 1).

The type is denoted simply as Γ, suppressing T , d, µD in the notation, or by ΓX if
we wish to distinguish a type of map ΓX from a type of treed disk Γ.

We introduce the following notations for moduli spaces. LetMbrok(L,D) be the
moduli space of isomorphism classes of stable treed broken holomorphic disks in X
with boundary in L adapted to D, where isomorphism is modulo reparametrizations
of domains and is defined in Definition 4.15. Let

Mbrok
Γ (L,D) ⊂M(L,D)

be the moduli space of broken maps of combinatorial type Γ modulo the action of
domain reparametrizations. We recall that domain reparametrizations are isomor-
phisms of broken maps as in Definition 4.15. The group of tropical symmetries
Ttrop(Γ) acts naturally on Mbrok

Γ (L,D). The quotient

Mbrok
Γ,red(L,D) :=Mbrok

Γ (L,D)/Ttrop(Γ)

is the reduced moduli space of broken maps of combinatorial type Γ. For x ∈
I(L)d( )+1, let

Mbrok
Γ (L,D, x) ⊂Mbrok

Γ (L,D)
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denote the adapted subset made of holomorphic treed disks of type Γ adapted to D
with limits x = (x0, . . . , xd( )) ∈ I(L) along the root and leaves. The union over all
types with d( ) incoming leaves is denoted

Mbrok
d( ) (L,D) =

⋃
Γ,x

Mbrok
Γ (L,D, x).

The space Mbrok
d( ) (L,D) has a natural topology for which convergence is a ver-

sion of Gromov convergence defined in Chapter 8. In this paper we show that
the compactifications of zero and one-dimensional components of the moduli space
Mbrok

d( ) (L,D)<E are manifolds. For one-dimensional components, the boundary con-

sists of configurations with disk bubbling. For zero and one-dimensional components
of Mbrok

d( ) (L,D) the symmetry tropical group is finite.

Remark 6.16. (Perturbed maps and curve counts) A perturbed holomorphic
map u in a zero-dimensional moduli space makes a contribution of 1

d( )! to curve

counts. Here d( ) is the number of interior leaves of u, and hence is the number of
intersections of the map u with the stabilizing divisor. To justify this multiplicative
factor, let us consider the special case where for a certain type of map, the moduli
space can be regularized using a domain-independent perturbation. Then there
are d( )! ways of labelling the divisor intersections as z1, . . . , zd( ). Each of these
labellings is a ‘different’ map in the moduli space, and therefore a corrective factor
of 1

d( )! needs to be inserted.

6.4. Fredholm theory for broken maps

We introduce a weighted Sobolev space needed for the transversality result. The
norm is defined by viewing the domain as having punctures that map to cylindrical
ends in the target. With this Sobolev completion, we can enforce higher order
tangencies with relative divisors. The Sobolev norm is defined component-wise for
a broken map. In this section, we focus on surface components of a broken map.
The transversality result uses a standard norm on tree components.

Definition 6.17. (Relative map) A relative type is a graph Γ with a single
vertex v, a collection Edgetrop(Γ) of edges each with a single end-point, a polytope
P (v) ∈ P, slopes for the edges

T (e) ∈ tP (e),Z, e ∈ Edgetrop(Γ),

and homology data d(v) ∈ H2(XP (v)). A relative map is a map u : C◦ → X
P (v)

from

a punctured domain C◦ := C\{ze : e ∈ Edgetrop(Γ)} where C is a disk or sphere, to
the manifold X

P (v)
with cylindrical ends, such that at a puncture ze u is asymptotic

to a T (e)-cylinder, and the extension u of u over the punctures has homology class
d(v) ∈ H2(XP (v)).

A relative map must be viewed as a single component of a broken map, so that
tropical nodes in the broken map appear as markings on a relative map. We call
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them tropical markings, and they correspond to the one-sided edges Edgetrop(Γ) on
the combinatorial type Γ of the relative map.

We introduce the space of smooth relative maps whose Sobolev completion will
be given later. Let (C, j) be a connected Riemann surface with a set {ze : e ∈
Edgetrop(Γ)} of tropical markings. Let

(6.8) C◦ := C\{ze : e ∈ Edgetrop(Γ)}
be the curve with the tropical marked points removed. For the purpose of defining
weighted Sobolev norms, we introduce cylindrical coordinates

(6.9) (se, te) : Uze\{ze} → [0,∞)× S1

on the neighborhood Uze ⊂ C of every puncture ze. Let

MapΓ(C◦, X
P

)

be the set of relative maps, which at a puncture ze ∈ C\C◦ corresponding to an
edge e ∈ Edgetrop(Γ) is asymptotically close to a T (e)-cylinder

uvert,e : [0,∞)× S1 → X
P (e)

, (se, te) 7→ eT (e)(se+ite)xe

for some point xe ∈ XP (e)
. Here we recall that the punctured neighborhood at ze in

C◦ maps to a P (e)-cylindrical end of X
P

and the P (e)-cylindrical end is identified

to X
P (e)

, see (3.38). An infinitesimal deformation of a T (e)-cylinder is given by a

vector ξe ∈ TxeXP (e)
and it corresponds to a section

(6.10) ξe,T (e) := d
dτ (eT (e)(s+it) expxe(τξe))|τ=0 ∈ Γ(R+ × S1, u∗vert,eTXP (e)

).

The tangent space of MapΓ(C◦, X
P

) at u consists of sections

ξ ∈ Γ(C◦, u∗TX
P

)

which, for any edge e ∈ Edgetrop(Γ), has a limit

(6.11) ξe := lim
z→ze

ξ ∈ TxeXP (e)

in the sense that ξ is asymptotically close to the section ξe,T (e) (6.10) as z → ze.

Remark 6.18. The quantity ξe defined in (6.11) is the infinitesimal change in

the tropical evaluation map ev
T (e)
ze (u) ∈ X

P (e)
(see (4.19)) when the broken map u

is infinitesimally deformed by ξ. Since the tropical evaluation map depends on
the choice of cylindrical coordinates (6.9) in the punctured neighborhood of ze
in the domain curve, the quantity ξe depends on infinitesimal changes in the do-
main cylindrical coordinates. On the other hand, the projected evaluation map
π⊥T (e)(evze(u)) ∈ X

P (e)
/TT (e),C is independent of the domain cylindrical coordinates,

and the same is true of its infinitesimal version π⊥T (e)(ξe) ∈ T (X
P (e)

/TT (e),C).

We now define the Sobolev norm. Define a cutoff function

(6.12) β ∈ C∞(R, [0, 1]),

{
β(s) = 0 s ≤ 0

β(s) = 1 s ≥ 1
.
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Let

(6.13) κ : C◦ → R
be equal to β(se)se near the puncture corresponding to ze, for any edge e, and 0
outside all the edge neighbourhoods. For a section ξ : C◦ → E of a vector bundle
E with connection ∇, integers k ≥ 0, p > 1 and constant λ ∈ (0, 1) define the
W k,p,λ-norm of ξ as

‖ξ‖p
Wk,p,λ :=

∑
0≤i≤k

∫
C◦
|∇iξ|p exp(λκp) dvolC◦ .

The norm on a section ξ is

(6.14) ‖ξ‖◦Γ :=
∑

e|ξe|+ ‖ξ −
∑

eβT
e
uξe,T (e)‖W 1,p,λ ,

where

(6.15) ξe := lim
z→ze

ξ ∈ TxeXP (e)

near the puncture ze as in (6.15), u is asymptotic to a vertical cylinder uvert,e,

Teu : u∗vert,eTXP
→ u∗TX

P

is the parallel transport map along geodesics, and ξe,T (e) is a section of u∗vert,eTXP
as in (6.10).

There are similar Sobolev spaces of maps and one-forms. Let Map1,p,λ
Γ (C◦, X

P
)

be the Banach completion of the space of maps MapΓ(C◦, X
P

) under the norm

(6.14). That is, for a smooth map u ∈ MapΓ(C◦, X
P

) and a section ξ ∈ Γ(C, u∗TXP )

satisfying ‖ξ‖◦Γ < ∞, the map expu ξ belongs to the completion Map1,p,λ
Γ (C◦, X

P
).

Let
Ep,λ → Map1,p,λ

Γ (C◦, X
P

)

be the vector bundle whose fiber

Ep,λu = Ω0,1(C◦, u∗TX
P

)Lp,λ

is the space of (0, 1)-forms with respect to (j, J), where J is a fixed cylindrical
almost complex structure. The vertical projection of the linearization of the Cauchy-
Riemann operator ∂j,J at u

D◦u : Tu Map1,p,λ
Γ → Ep,λu

is a Fredholm operator by results of Lockhart-McOwen [56].
There is a related Fredholm operator on sections with compactified domain,

called the Cauchy-Riemann operator on compactifications, and denoted by Du. This
operator will be useful for index computations. It is not used for transversality and
gluing proofs where we stick to D◦u. We give two descriptions of the operator Du:

Approach 1 to define Du: Choose integers

k ∈ Z>0, p > 1, k > µ+ 2/p

where µ is the highest order of tangency mze(u,DQ) to any relative divisor DQ ⊂ XP

over all the edges e ∈ Edgetrop(Γ). Let Mapk,pΓ (C,XP ) be the set of W k,p maps from
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C to XP that intersect the relative divisors at marked points with the prescribed
order of tangency. Assume the type Γ is such that the image of maps does not
intersect orbifold singularities (if any) in XP . Consider the Banach bundle

Ek−1,p → Mapk,pΓ (C,XP )

whose fiber over any map u is

Ek−1,p
u = W k−1,p

Γ−1 (Ω0,1
j,J(C, u∗TXP )),

where the space W k−1,p
Γ−1 consists of sections, which have zeros of order one less than

that prescribed by Γ at marked points. More rigorously, a u∗TXP -valued (0, 1)-form

η is in W k−1,p
Γ−1 if for any marked point ze and a relative divisor Y with prescribed

intersection multiplicity mze(u, Y ) ≥ 2, the projection of η to the normal bundle
NY has a zero of order mze(u, Y ) − 1. The linearization of the Cauchy-Riemann
operator at u

Du : Tu Mapk,pΓ (C,XP )→ Ek−1,p
u .

is a Fredholm operator.
Approach 2 to define Du : The second approach is more general and is

applicable even when the image of the map u contains orbifold singularities in XP .

We extend the bundle u∗TX
P

on C◦ to a bundle u∗TX
P

on C. To extend the bundle

over a tropical marking ze ∈ C\C◦, we choose a toric compactification X
P
′
e

of X
P

in which u(ze) maps to a single relative divisor, as opposed to an intersection of a
collection of relative divisors. The extension of the bundle u∗TX

P
over ze is defined

to be the pullback bundle u∗TX
P
′
e
. The details are as follows:

Recall from Definition 4.14 that for any tropical marking ze ∈ C\C◦, the slope
T (e) ∈ tP (e),Z is the product

(6.16) T (e) = µtrop
e T (e)prim,

of the primitive slope T (e)prim ∈ tP (e),Z and a multiplicity µtrop
e ∈ Z≥1. Let P

′
e be

the polytope obtained by cutting off the face P (e) in the polytope P along a hyper-

surface whose normal vector is T (e)prim. In other words, the fan of P
′
e is obtained

from the fan of P by adding a 1-dimensional cone R≥0T (e)prim. Let X
P
′
e

be the

compactification of X
P

for which X
P
′
e
\X

P
is a collection of normally intersecting

relative divisors, the tropical moment map Φ on X
P

extends to a tropical moment

map Φ on X
P
′
e

with image Φ(X
P
′
e
) = P ′e. The cylindrical almost complex structure

on X
P

extends to X
P
′
e

in a way that the relative divisors are pseudoholomorphic.

Let Ye ⊂ X
P
′
e

be the relative divisor corresponding to the cone R≥0T (e)prim. The

map u : C◦ → X
P

extends over the point ze and u(ze) maps to Ye, and the in-

tersection multiplicity with Ye is µtrop
e . Extend the bundle u∗TX

P
over the point

ze by considering a neighborhood Uze ⊂ C, and gluing the bundle u∗TX
P
′
e
|Uze to

u∗TX
P

. On the intersection, Uze\{ze} there is a canonical identification between
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the bundles being glued. The vector bundle u∗TX
P

on C is obtained by performing

such a gluing at each of the points ze ∈ C\C◦.
The operator Du is defined as the Cauchy-Riemann operator

Du : Ω0
µ(C, u∗TX

P
)→ Ω0,1

µ−1(C, u∗TX
P

),

where µ := (µtrop
e )e∈Edgetrop(Γ), and the subscript in the domain and codomain indi-

cate the order of vanishing of the sections at the tropical markings ze, e ∈ Edgetrop(Γ)
in the direction normal to Tu(ze)Ye ⊂ Tu(ze)XP

′
e
. We leave it to the reader to check

that both approaches give the same operator Du whenever Approach 1 is applicable,
that is, when the map u does not contain orbifold singularities of XP .

Proposition 6.19. Let u ∈ MapΓ(C,XP ) be a relative holomorphic map. There
are isomorphisms

ker(Du) ' ker(D◦u), coker(Du) ' coker(D◦u).

Proof. Since the proof is by a local computation near each of the special points,
it is enough to prove the result for a map whose domain is a single curve component
with a single marked point. We may also assume that the marked point is mapped
to a single relative divisor Y ⊂ XP with intersection multiplicity µ ∈ Z>0, since
Approach 2 (in page 132) for the definition of Du reduces all intersections to the
case of a single divisor intersection. We assume that the marked point is 0 ∈ C. In
this proof, we denote X := XP and X := X

P
.

The proof is based on the fact that in a neighbourhood of the divisor the tan-
gent space splits into a vertical and a horizontal subspace. Indeed, because of the
cylindrical almost complex structure, there is a neighbourhood UY ⊂ X of Y for
which there is a projection πY : UY → Y with holomorphic fibers. The tangent
space splits into a J-holomorphic horizontal and vertical part:

(6.17) TX|UY ' V ⊕H, H := π∗Y TY, V := ker(dπY ).

The operator Du is defined by the Levi-Civita connection of the cylindrical metric
(Definition 3.39). Therefore under the splitting (6.17),

(6.18) Du =
(
∂ A
0 DYu

)
in a neighbourhood U0 ⊂ C of the marked point. Here ∂ : Γ(U0, u

∗V )→ Ω0,1(U0, u
∗V )

is the standard Cauchy-Riemann operator, A : Γ(U0, u
∗H)→ Ω0,1(U0, u

∗V ) is mul-
tiplication with a tensor and

DY
u : Γ(U0, u

∗H)→ Ω0,1(U0, u
∗H)

is the lift of the linearized operator DuY , where uY := πY ◦ u.
The correspondence for the kernels follows by decay estimates. For an element

ξ ∈W k,p(C, u∗TX), we denote the horizontal part and vertical part by

ξh ∈W k,p(U0, u
∗H), ξv ∈W k,p(U0, u

∗V ).
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in the neighbourhood U0 ⊂ C of 0. Denote by | · | resp. | · |◦ the ordinary metric on
TX resp. the cylindrical metric on X\Y . Then, we have

(6.19) |ξh(z)|◦ ∼ |ξh(z)|, |ξv(z)|◦ ∼ |ξv(z)|/|u(z)|, z 6= 0,

where the norm on u(z) is a norm on the fiber of the projection UY → Y . Since

|ξh| ≤ c, |ξv(z)| ≤ c|z|µ, |u(z)| ∼ c|z|µ,

we conclude that |ξh|◦ and |ξv(z)|◦ are uniformly bounded and have a limit as z → 0.
Since ξ is smooth, the convergence is exponential :

|ξ(z)− ξ(0)|◦, |∇ξh(z)|◦, |∇ξv(z)|◦ ∼ c|z| ∼ ce−s

where (s, t) are cylindrical coordinates on P1\{0} near the puncture. We conclude

ξ ∈W k,p
Γ (C,X) =⇒ ξ − ξ(0) ∈W 1,p,λ(C◦, u∗TX )

for any 0 < λ < 1, which implies kerDu ⊂ kerD◦u. The converse kerD◦u ⊂ kerDu is
proved using removal of singularity, elliptic regularity, and the estimate (6.19).

A similar argument holds for the cokernels. We first prove the inclusion coker(Du) ⊂
coker(D◦u). Consider η ∈ coker(Du). We view coker(Du) as a subspace in the
(W k−1,p)∨-completion of Ω1,0(C, u∗(T ∗X)), which is a space of distributions. (We
use Ω1,0(u∗(T ∗X)) instead of Ω0,1(u∗TX) to avoid making choices of metrics on C
and X.) By elliptic regularity, the distribution η is represented by a smooth section
in the complement of marked points. So we focus attention in a neighbourhood
U0 ⊂ C of 0. For any W k,p-section ξ : C → u∗TX that is supported in U0, and is

vertical, we have zµξ ∈W k,p
Γ (C, u∗TX). So for any such ξ,

0 =

∫
C

(∂(zµξ), ηv).

Therefore, ∂(zµηv) = 0 weakly in U0 and so, zµηv can be represented by a smooth
function. Next, using the split form (6.18), we observe that any section ξ that is
supported in U0 and is horizontal satisfies

(Aξ, ηv) + (DY
u ξ, ηh) = 0,

and so, A∗ηv+(DY
u )∗ξh = 0 weakly in U0. The tensor A vanishes to order µ at 0 ∈ C

in the | · |-norm, as a consequence of the transformation relation (6.19) and the fact
that A is bounded in the | · |◦ norm. So, A∗ηv is smooth in U0. By elliptic regularity
ξh is smooth in U0. Finally, η is in cokerD◦u because of the following transformations
valid in U0 :

(6.20) |ηh(z)|◦ ∼ |ηh(z)|, |ηv(z)|◦ ∼ |ηv(z)| · |u(z)|, z 6= 0.

Indeed, |η(z)|◦ is bounded, and therefore is in Lp
∗,−λ the dual space of Lp,λ. The

reverse inclusion coker(D◦u) ⊂ coker(Du) follows formally from the inclusion relation

W k−1,p
µ−1 (Ω0,1(C, u∗TX))→ Lp,λ(Ω0,1(C◦, u∗TX ))

between the target spaces of Du and D◦u.
�
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Next we relate the Fredholm index of the linearized operator D◦u to the Maslov
index of disks.

Definition 6.20. (Adjusted Maslov index) Given a relative map u of type Γ
the adjusted Maslov index of u is

Iadj(Γ) := Iadj(u) := ind(D◦u) + 2|Edgetrop(Γ)|.

In the definition of the adjusted Maslov index we add 2|Edgetrop(Γ)| because in
the definition of D◦u the tropical markings are fixed on the domain curve.

Remark 6.21. (Relation to Maslov index) We give a relation between the ad-
justed Maslov index and the ordinary Maslov index. We recall that the boundary
Maslov index I(E,F ) is an integer assigned to a pair (E,F ) consisting of a complex
vector bundle E on a Riemann surface C with boundary, and a totally real subbun-
dle F ⊂ E|∂C on the boundary (see [60, Appendix C]). In case ∂C = ∅, the Maslov
index I(E, ∅) is twice the first Chern number c1(E).

The adjusted Maslov index is then

(6.21) Iadj(u) = I(u∗TX
P
, u∗TL)−

∑
e∈Edgetrop(Γ)

2(µtrop
e − 1).

Here u∗TX
P (v)

is the extended vector bundle on C defined in Approach 2 in page

132. The second term in the rhs of (6.21) arises because we consider sections that

vanish to order µtrop
e at the point ze, e ∈ Edgetrop(Γ) in the direction normal to Ye.

Example 6.22. The Maslov index of a disk or sphere is equal to the adjusted
Maslov index if all relative markings are incident on relative divisors (and not relative
submanifolds of higher codimension) and have a multiplicity of one. This is an
example of a map where the two quantities differ although the edge multiplicity
µtrop
e is 1 for all edges e ∈ Edgetrop(Γ). Suppose XP (v) = P2 with a Hamiltonian

(S1)2-action, XP (v) is the complement of the 3 torus-invariant divisors, L ⊂ XP (v)

is a toric Lagrangian, and u : (D, ∂D) → (XP (v), L) is a disk through the point
[1 : 0 : 0] whose boundary Maslov index is 4. In contrast the adjusted Maslov index
Iadj(u) is 2, because the adjusted Maslov index accounts for the constraint that the
disk passes through the point [1 : 0 : 0] which cuts down the index by 2. The reason
for the discrepancy is that the pullback bundle u∗TXP (v) is different from u∗TX

P (v)

since a tropical marking maps to the intersection of two divisors.

6.5. The index of a broken map

The index of a broken map is the expected dimension of the moduli space con-
taining the broken map. In this section, we give an expression for the index in terms
of the Fredholm index of the linearized Cauchy-Riemann operator defined in the last
section. We also prove that collapsing tropical edges in the tropical graph of the
broken map does not change the expected dimension of the moduli space.

For a type of broken maps the expected dimension of the moduli space is the
same as that of the glued type of unbroken maps. We define ‘glued type’:
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Definition 6.23. (Glued type) Let Γ be the combinatorial type of a broken map.
Then the glued type Γglue is the type of the unbroken map obtained by collapsing
the tropical edges e ∈ Edgetrop(Γ) in Γ.

Notation 6.24. We introduce the following notation for stating the result on
expected dimension:

(a) (Maslov index for an unbroken type) The Maslov index I(Γ) of an unbro-
ken map type Γ is the sum of Maslov indices of the maps on the surface
components, that is,

I(Γ) :=
∑

v∈Vert(Γ)

I(Γv).

(b) (Adjusted Maslov index for a broken type) The adjusted Maslov index I(Γ)
of a broken map type Γ is the sum of adjusted Maslov indices (Definition
6.20) of the relative maps on the surface components, that is,

Iadj(Γ) :=
∑

v∈Vert(Γ)

Iadj(Γv).

(c) (Morse index of a critical point) For a critical point x ∈ I(L) of the Morse
function of the Lagrangian, the Morse index iMorse(x) is the dimension of
its stable manifold in L.

(d) (Morse index of an input/output tuple) Let x ∈ I(L)d+1 be a tuple con-
sisting of an output label x0 and inputs x1, . . . , xd of a treed holomorphic
map. The Morse index of the tuple is the difference

iMorse(x) := iMorse(x0)−
∑d( )

i=1 iMorse(xi)

(e) (Index for unbroken and broken maps) Given an unbroken resp. broken

map type Γ and an input/output tuple x ∈ I(L)d( )+1, the index of the
type Γ with labels x, denoted by

i(Γ, x) resp. ibrok(Γ, x),

is the expected dimension of the moduli spaceMΓ(L, x) resp. Mbrok
Γ (L, x).

Proposition 6.25. (Expected dimension) Suppose Γ is the combinatorial type

of a broken map with limits x ∈ I(L)d( )+1 along the root and leaves.

(a) (Maslov index sum formula) The Maslov index of the glued disk type Γglue

is

(6.22) I(Γglue) = Iadj(Γ)− 4|Edgetrop(Γ)|.

(b) The expected dimension of Mbrok
Γ (L,D, x) is given by

(6.23) ibrok(Γ, x) := d( )− 2 + iMorse(x) + I(Γglue)− c(Γ),

where

c(Γ) := 2|Edgeint, (Γ)|+ |Edge0
,− |+ |Edge∞,− |+ 2

∑
e∈Edge ,→(Γ)(µD(e)− 1)
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is a factor accounting for internal disk and sphere nodes in Γ and higher
order intersections with the stabilizing divisor, and the other terms are de-
fined in Notation 6.24. Thus, collapsing tropical edges does not affect the
index, that is,

ibrok(Γ, x) = i(Γglue, x).

Proof of Proposition 6.25. We first prove the Maslov index sum formula
(6.22). Consider a tropical edge e = (v+, v−) in Γ whose corresponding node we lifts

to the points w+
e ∈ Cv+ , w−e ∈ Cv− in the normalized domain curve C̃. Recall from

definition 4.14 that the slope T (e) ∈ tP (e),Z is the product

T (e) = µtrop
e T (e)prim

of a primitive integer vector T (e)prim ∈ tP (e),Z and a positive integer µtrop
e . We

assume that uv±(ze) maps to a single relative divisor Y ⊂ XP (v±). Otherwise, we

may use a different compactification of X
P (v±)

(as in Approach 2 in page 132) to

enforce this condition. Because of the cylindrical complex structure on the ends, a
neighbourhood of Y in XP (v±) can be viewed as a neighbourhood of the zero section

of a direct sum of complex line bundles

π± : L± ⊕H → Y.

In this region, the tangent space splits as the sum of horizontal and vertical sub-
bundles

TXP (v±) = H ⊕ L±, H = π∗±TY.

Topologically, the maps uv+ , uv− are obtained by cutting uglue to yield u◦v+
, u◦v−

and adding a capping disk to either side. The horizontal bundle (u◦v±)∗H extends

trivially over the capping disk, but for (u◦±)∗L, the bundle over the capping disk is

glued in with a µtrop
e twist. Thus gluing at the node we has the effect of adding the

Maslov indices on both sides and subtracting 4µtrop
e . Summing over contributions

from all tropical edges e ∈ Edgetrop(Γ), we get

(6.24)
∑

v∈Vert(Γ

I(u∗TX
P (v)

)−
∑

e∈Edgetrop(Γ)

4µtrop
e = I(uglue).

We recall from (6.21) that

(6.25) Iadj(Γv) = I(u∗TX
P (v)

)−
∑

e∈Edgetrop(Γ):v∈e

2(µtrop
e − 1).

Combining (6.24), (6.25), we obtain the relation (6.22) on Maslov indices claimed
by the Proposition.

The expected dimension ofMbrok
Γ (L,D, x) can be calculated in a straightforward

way. To lighten notation, let us assume that all nodes are tropical, since internal
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nodes can be accounted for in an obvious way. For the map component uv, v ∈
Vert(Γ) the expected dimension of the moduli space of relative maps uv is

i(Γv) =

{
(d( ) + 1) + i(x) + Iadj(Γv)−Aut(D2), v ∈ Vert (Γ),

dim(X) + Iadj(Γv)−Aut(P1), v ∈ Vert (Γ).

We obtain the dimension formula (6.23) in the Proposition by adding the contribu-
tions from all vertices v ∈ Vert(Γ), subtracting (dim(X)− 2) for each tropical edge
to account for the codimension of the matching condition, and applying the Maslov
index sum formula (6.22). �
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Figure 6.2. Broken maps corresponding to the Maslov index four
disk class [uglue] = 2[δE2 ] + [E2] = [δE1 ] + [δD].

Example 6.26. (Adjusted Maslov index computation) In this example we con-
sider the multiple cut of the cubic surface from Section 2.1. We list all broken maps
whose gluing has homology class 2[δE2 ] + [E2], and write down the adjusted Maslov
indices of all the components. Here δE2 ∈ H2(X,L) is the class of the disk of Maslov
index two with a single intersection with the short divisor E2. There are five types
Γ of broken disks whose gluing has homology class 2[δE2 ]+ [E2] shown in Figure 6.2.

(a) In Γ1 the edge e = (v1, v2) has multiplicity 2. The adjusted Maslov indices
are

Iadj(v1) = 2, Iadj(v2) = 8, Iadj(v3) = 2.

Note that the ordinary Maslov indices are different : I(v1) = 4, I(v2) = 10.
The value of Iadj is lower for v1, v2 because it accounts for the intersection
multiplicity of 2 at the node we corresponding to the edge e = (v1, v2). We
point out that the map uv3 is homologous to the (−1)-divisor E′2 which is
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obtained by cutting the (−2)-divisor E2, see Figure 2.5 for notation. Since
the almost complex structure is a perturbation of the toric almost complex
structure, the image of uv3 does not lie on the toric divisor E′2.

(b) The edge slopes in Γ2 are

T (v1, v2) = (0,−2), T (v2, v3) = (−1, 0).

The adjusted Maslov indices of the vertices in Γ3 are

Iadj(v1) = 2, Iadj(v2) = 6, Iadj(v3) = 4.

Indeed uv2 is a curve with self-intersection number 2 in XP (v2) which is

the second Hirzebruch surface H2, and therefore, c1(u∗v2
TXP (v2)) = 4. The

ordinary Maslov indices are I(v1) = 4, I(v2) = 8. The adjusted Maslov
indices Iadj(v1), Iadj(v2) are each 2 lower because the node between v1, v2

has an intersection multiplicity of 2 with the relative divisor. To calculate
Iadj(v3), we need to choose an alternate almost complex compactification of
XP (v3) since uv3 has a nodal point we corresponding to the edge e = (v2, v3)

mapping to an orbifold singularity. We choose the compactification to be a
resolution of the A2-singularity as in Figure 6.3 so that the nodal point we
lies in a single divisor, from where, we conclude Iadj(v3) = 4.

v3

Resolve A2
singularity

v3

Figure 6.3. Orbifold singularities can be eliminated by changing
the compactification.

(c) The edge slopes in Γ3 are

T (v1, v2) = (0,−2), T (v2, v3) = (−1, 0), T (v3, v4) = (−1, 0),

and the adjusted Maslov indices are

Iadj(v1) = 2, Iadj(v2) = 6, Iadj(v3) = 4, Iadj(v4) = 4.

The adjusted Maslov indices of v3 and v4 are computed by passing to a toric
resolution as in as in Figure 6.3.

(d) In Γ4 the adjusted Maslov indices are

Iadj(v1) = 4, Iadj(v2) = 4.

(e) In a broken map of type Γ0, the component uv1 has two distinct intersections
with the relative divisor, each of multiplicity 1. For each of the vertices vi in
Γ0 the Maslov index I(uvi) is equal to the adjusted Maslov index Iadj(uvi),
and

Iadj(v1) = 4, Iadj(v2) = 6, Iadj(v3) = 2, Iadj(v4) = 4.

For the broken map types Γ0, . . . ,Γ4, the Maslov index sum formula (6.22) implies
that the Maslov index I(Γiglue) of the glued disk is 4.
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6.6. Transversality

In this section, we show that for a set of comeager domain-dependent perturba-
tions, moduli spaces of broken maps with index at most one are transversely cut out.
The perturbation scheme we use here only achieves transversality for certain com-
binatorial types, as in Cieliebak-Mohnke [22]. In particular, the Cieliebak-Mohnke
[22] perturbation scheme can not achieve transversality on ‘crowded components’,
which are components where the map is constant and which contain more than one
marking. The moduli space of such maps cannot be transversally cut out, since
the constraint that the first marking in such a component S maps to the stabiliz-
ing divisor D together with the fact that u|S is a constant map guarantees that
the second marking does as well. In the context of broken maps, the ‘constant’
condition needs to be replaced by ‘horizontally constant’. Recall that a component
u|Sv : Sv → XP (v) is horizontally constant if its projection to XP (v) is constant. We

define crowdedness for broken maps.

Definition 6.27. The combinatorial type Γ of a broken map u : C → X is
crowded if there exists a connected subgraph Γ′ ⊂ Γ such that u|Sv is horizontally
constant (see Definition 4.16) on all vertices v ∈ Vert(Γ′) and Γ′ contains more than
one interior leaf.

Definition 6.28. For a type Γ of treed disks, a perturbation datum pΓ is regular
if any pΓ-adapted map is regular, and so the moduli spaceMΓ(X, L,D) is a manifold
of expected dimension.

The following theorem on the existence of regular perturbation data for broken
maps is the main result of this section. Perturbation data is defined stratawise, and
at each step we assume that the data on the ‘smaller’ strata is fixed, where the
ordering on the strata is as follows: For types Γ′, Γ of broken maps,

(6.26) Γ′ < Γ

if Γ is obtained from Γ′ by collapsing an edge or making the length of a boundary
edge finite or non-zero. The ordering relation helps in describing the boundary of
the moduli spaces of treed curves as

MΓ\MΓ = ∪Γ′<ΓMΓ′ .

Theorem 6.29. (Transversality) Let X be a broken manifold with a symplectic
cylindrical structure as in Definition 3.21. Let D ⊂ X be a cylindrical broken divisor
and J0 ∈ J cyl(X,D) be a locally strongly tamed cylindrical almost complex structure
adapted to D such that (D, J0) is a stabilizing pair, and let F0 : L→ R be a Morse
function. Suppose Γ is a type of stable treed disks, and regular perturbation data for
types Γ′ of stable treed disks with Γ′ < Γ are given. Then there exists a comeager
subset

P
reg
Γ (D) ⊂ PΓ(D)

of regular perturbation data for type Γ with background data (J0, F0) coherent with
the previously chosen perturbation data. For any regular perturbation p ∈ PΓ, and an
uncrowded type ΓX of broken maps whose domain type is Γ (see Definition 6.15) the
moduli space MΓX (X, L,D) is a smooth oriented manifold of expected dimension.
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Proof of Theorem 6.29. Transversality, as in the unbroken case, is an appli-
cation of Sard-Smale as in Cieliebak-Mohnke [22] and Charest-Woodward [18] on
the universal space of maps. The new feature is that in neck pieces of the broken
manifold the almost complex structure is fixed in the fiber direction. This does not
pose any issues for maps whose horizontal projection is non-constant. Components
of the map whose horizontal projection is constant will shown to be automatically
transversal.

The moduli space is cut out as a zero set of a section of a Banach bundle which we
now describe. We restrict our attention to types of maps for which all intersections
with the stabilizing divisor have multiplicity one. Other types are discussed later.
We construct the moduli space of broken maps without framing, since the framed
version is a finite cover of the unframed one. (See Definition 4.12 (d) of framing and
Remark 4.25.) We cover the moduli space of treed disks MΓ by charts ∪iMi

Γ, so
that on a trivialization of the universal curve U iΓ, each of the fibers is a fixed treed
curve C = S ∪ T with fixed special points (see (4.7)). The complex structure on S
varies smoothly in the sense that it is given by a map

Mi
Γ → J (SΓ), m 7→ j(m).

In order to apply Sard-Smale, we pass to maps from the normalized curve of a
fixed Sobolev class. The domain of the map is the punctured curve C◦ ⊂ C with
punctures at tropical nodal points we (corresponding to e ∈ Edgetrop(Γ)). Let

C̃◦ :=
⊔

v∈Vert(Γ)

S◦v t
⊔

e∈Vert(Γ)

Te

denote the normalized curve in the sense that nodes in C◦ (corresponding to internal

edges e ∈ Edgeint(Γ)) are lifted to double points in C̃◦ and the tree components in
C◦ are detached from the surface components. Choose p > 2 and λ ∈ (0, 1). Let

Map1,p,λ
Γ (C̃◦,X, L,D)

denote the completion of maps under the weighted Sobolev norm ‖·‖◦Γ in (6.14) for
surface components, and the ordinary W 1,p-norm for the tree components. That is,
an element of this space consists of

(a) a collection of W 1,p,λ-maps

uv : S◦v → XP (v), u(∂Sv) ⊂ L, v ∈ Vert(Γ)

for each vertex v (where S◦v is defined in (4.11)), with the puncture at the
node corresponding to any tropical edge e ∈ Edgetrop(Γ) asymptotic to a
T (e)-cylinder;

(b) and W 1,p maps

ue : Te → L, e ∈ Edge(Γ)

from tree components to L asymptotic to the critical points x on the leaves

Te, e ∈ Edge (Γ). If `(e) is finite and non-zero, that is e ∈ Edge
(0,∞)

(Γ),
then Te ' [0, 1] and if `(Te) = ∞, each segment in Te is either [0,∞),
(−∞, 0] or R.
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The metric on X
P (v)

is chosen to be cylindrical on the ends, and so that L is totally

geodesic.
The perturbation data on the strata lower than Γ glue to give regular perturba-

tion datum in a small neighborhood in the boundary of the moduli spaceMΓ: Any
perturbation data for Γ′ with Γ′ < Γ induces perturbations for Γ in a neighborhood
of UΓ′ in UΓ by the gluing construction in (8.3) and a similar gluing construction for
the tree parts. Let

PΓ = {pΓ = (JΓ, FΓ)}

be the space of perturbation data defined on UΓ whose distance from the background
data (J0, F0) is bounded in the Cε-norm, and that agree with the glued perturbation
datum on a fixed open neighbourhood NΓ′ of UΓ′ for the strata Γ′ < Γ. For a
sufficiently small neighborhood NΓ′ , any such perturbation pΓ is already regular
for maps u with domain in NΓ′ . Indeed, otherwise one could take a sequence uν of
irregular maps of fixed area with domain converging to UΓ′ . By Gromov compactness
in Chapter 8, after passing to a subsequence we may assume that uν converges to
a limit u∞ of type Γ′. By surjectivity of gluing in Section 9.7 and Lemma 9.6, the
linearized operator Duν is surjective for ν sufficiently large, which is a contradiction.
Since the gluing and compactness arguments do not use regularity, circularity of
argument is avoided.

We use the Cε-norm for JΓ and a C l-norm for FΓ where l > 1 is a fixed number.
For any broken curve C of type Γ we obtain perturbation data on C by identifying
it conformally with a fiber of the universal tree disk UΓ. Let

Bip,λ,l,Γ :=Mi
Γ ×Map1,p,λ

Γ (C̃,X, L,D)× PΓ(X,D).

Let E i = E ip,λ,Γ be the Banach bundle over Bip,λ,l,Γ given by

(E ip,λ,Γ)j,u,J ⊂ Lp,λ(Ω0,1
j,J(S, (u|S)∗TX))⊕ Lp(Ω1(T, (u|T )∗TL)).

Here the first summand is the space of 0, 1-forms with respect to (j(m), J). The
Cauchy-Riemann and shifted gradient operators applied to the restrictions u|S resp.
u|T of u to the two resp. one dimensional parts of C = S ∪ T define a C l−1 section
(6.27)

∂Γ : Bip,λ,l,Γ → E ip,λ,Γ, (C, u, (JΓ, FΓ)) 7→
(
∂j(m),JΓ

u|S,
(

1

λe

d

ds
+ gradFΓ

)
u|T
)

where s is a local coordinate on the tree components with unit speed, and

λe =

{
`(e), e ∈ Edge

(0,∞)
,− (Γ),

1, e ∈ Edge∞(Γ).

is a factor accounting for the length of treed segments in case the edge length is
finite and non-zero. The evaluation maps at lifts of nodal points, markings, and lifts
of S ∩ T give a smooth map

(6.28) evΓ : Bip,λ,l,Γ → X(Γ)



6.6. TRANSVERSALITY 143

where

(6.29) X(Γ) =

 ∏
e∈Edgetrop(Γ)

(X
P (e)

/TT (e),C)2

×
 ∏
e=(v+,v−)∈Edgeint, (Γ)

(XP (v±))
2


×

( ∏
x∈S∩T

L2

)
×

 ∏
e∈Edge0(Γ)

L2

×
 ∏
e∈Edge ,→(Γ)

X
P (v(e))

 .

The first two factors in (6.29) correspond to lifts of interior nodes, the third term is
a lift of boundary nodes we with no treed segments (that is, `(e) = 0), the fourth
term is a lift of S ∩ T , and the last term corresponds to evaluation at an interior
marking. All the factors of evΓ are standard evaluation maps, except for the first
factor which is the projected tropical evaluation map as in (4.20). Let

∆(Γ) ⊂ X(Γ)

be the submanifold that is the product of diagonals in the first four factors of X(Γ)
in (6.29), and the stabilizing divisor DP (v(e)) ⊂ XP (v(e))

in the last factor. The local

universal moduli space is

(6.30) Muniv,i
Γ (L,D) = (∂, evΓ)−1(Bip,λ,l,Γ,∆(Γ)),

where Bik,p,l,Γ is embedded as the zero section in E ip,λ,Γ.
We will next show that this subspace is cut out transversely. We first consider

two-dimensional components of C̃ on which the map is not horizontally constant,
and show that the linearization of (∂, evΓ) is surjective. For components whose
target space is not a neck piece, the surjectivity of the differential D(∂, evΓ) follows
from [60, Proposition 3.4.2]. Recall from (3.10) that a neck piece X

P
is a fibration

VP∨ → X
P
→ XP

whose fiber is a TP -toric manifold VP∨ , and the almost complex structure on X
P

is P -cylindrical. For non-neck pieces TP is trivial. Consider a component S◦v '
P1\{special points} that maps to a neck piece XP , and the horizontal projection
πP ◦ u : S◦v → XP is non-constant. The linearized operator

D◦u,J(ξ,K) = D◦uξ + 1
2KDuj.

is surjective as follows. Let

η ∈ coker(D◦u,J) ⊂ Ω0,1(u∗TX
P

)

be a one-form in the cokernel of D◦u,J . Variations of tamed almost complex structure
of cylindrical type are J-antilinear maps

K : TX
P
→ TX

P

that vanish on the vertical sub-bundle and are TP,C-invariant.1 Since the horizontal
part of Dzu is non-zero at some z ∈ S◦v , we may find an infinitesimal variation K of

1Perturbing K is equivalent to perturbing the connection one-form αP of the P -cylindrical
almost complex structure, see (3.11).
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almost complex structure of cylindrical type by choosing K(z) so that K(z)Dzuj(z)
is an arbitrary (j(z), J(z))-antilinear map from TzC to Tu(z)XP

. Choose K(z) so

that K(z)Dzuj(z) pairs non-trivially with η(u(z)) and extend K(z) to an infinites-
imal almost complex structure K by a cutoff function on the domain curve. For
two-dimensional components that are horizontally constant, by Corollary 6.35 the
linearization d∂ is surjective, and additionally the evaluation map at a single marked
point is surjective. Note that d evΓ may not be surjective on these components. Fi-
nally, for tree components, the linearization of the shifted gradient operator and
the evaluation map at the finite end is surjective, since we can perturb the Morse
function on the Lagrangian.

From the discussion so far, we conclude that the local moduli space (6.30) is cut
out transversely except if there is a connected component in the domain on which
the map is horizontally constant, and which contains more than one irreducible
surface component. In this exceptional case, it remains to prove that the match-
ing conditions at nodes between two horizontally constant components are cut out
transversely. Such nodes are necessarily internal interior nodes, corresponding to
edges e ∈ Edge ,int(Γ). We consider a maximal connected subgraph Γ′ ⊂ Γ so that
the map is horizontally constant on the vertices of Γ′, and Γ′ does not have tree
components. By uncrowdedness, there is at most one marked point in Γ′. So, it is
possible to choose at most one special point (marked point or a lift of a nodal point)

on each component of C̃Γ′ , so that for every nodal point one of its ends is chosen. By
Corollary 6.35, for a horizontally constant component with a single marked point
z, the linearized map D(∂, evz) is surjective. Since the evaluation map is surjec-
tive at each of the chosen lifts, an inverse of the linearized map D(∂, evΓ) can be
constructed inductively, see [18, p63].

For types where the map has higher order intersections with the stabilizing
divisor, the universal moduli space is cut out inductively as in [22, Lemma 6.5].
Each step of the induction cuts out a moduli space where the tangencies at one
of the markings is increased by one. We start out with a moduli space cut out of
W k,p,λ where k − 2

p > µ and µ is the largest order of tangency with the stabilizing

divisor D that occur in the type Γ.

By the implicit function theorem, Muniv,i
Γ (L,D) is a smooth Banach manifold,

and the forgetful morphism

ϕi :Muniv,i
Γ (L,D)k,p,l → PΓ(L,D)l

is a smooth Fredholm map. By the Sard-Smale theorem, the set of regular values

P
i,reg
Γ (L,D) of ϕi on Muniv,i

Γ (L,D)d in PΓ(L,D) is comeager. Let

P
reg
Γ (L,D) =

⋂
i

P
i,reg
Γ (L,D).

A standard argument shows that the set of smooth domain-dependent P
reg
Γ (L,D)

is also comeager. Fix (JΓ, FΓ) ∈ P
reg
Γ (L,D). By elliptic regularity, every element

of Mi
Γ(L,D) is smooth. The transition maps for the local trivializations of the
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universal bundle define smooth maps

Mi
Γ(L,D)|Mi

Γ∩M
j
Γ
→Mj

Γ(L,D)Mi
Γ∩M

j
Γ
.

This construction equips the space

MΓ(L,D) = ∪iMi
Γ(L,D)

with a smooth atlas. Since MΓ is Hausdorff and second-countable, so is MΓ(L,D)
and it follows that MΓ(L,D) has the structure of a smooth manifold. Orientation
of the moduli space is discussed in Remark 6.30 below. �

For regular perturbations, the tangent space to the moduli space can be identified
with the kernel of an operator called the linearized operator. Using notations from
the proof of transversality, we write down the linearized operator for future reference.
For a regular perturbation pΓ, consider the map

(∂, evΓ) : Bik,p,Γ → E ik,p,Γ × X(Γ)

where evΓ is defined in (6.28). Its linearization is denoted

(6.31) Du : T[C],uBik,p,Γ → (E ik,p,Γ)[C],u ⊕ ev∗Γ TX(Γ)/T∆(Γ).

For a regular broken map u the operator Du is surjective.

Remark 6.30. (Orientation of moduli spaces of maps) Moduli spaces of broken
maps are oriented using a relative spin structure on the Lagrangian as in Fukaya-Oh-
Ohta-Ono [34] as follows. An orientation for the moduli space of maps consists of a
choice of a section of the determinant line bundle of the Fredholm operator D cutting
out the moduli space, which is defined as det(D) := Λtop(ker(D)) ∧ Λtop(coker(D)).
Let L be an oriented Lagrangian equipped with a relative spin structure (see [34,
Chapter 44] for the definition). Given a holomorphic disk u : (D2, ∂D2) → (X,L)
and a complex linear Cauchy-Riemann operator

∂ : Γ(D2, ∂D2;u∗TX, (∂u)∗TL)→ Ω0,1(D2, u∗TX),

the determinant line bundle can be identified with det(TlL) for any point l ∈ L
det(∂) ' det(TlL),

and the identification is canonical upto multiplication by positive scalars λ ∈ R+,
see [34, Proposition 44.4] or an explanation in [19, Proposition 5.2]. The argument
in [34, Proposition 44.4] also gives such an identification in case of a nodal disk with
interior nodes, since that involves degenerating the bundle u∗TX into a bundle on
the disk and a complex vector bundle on the sphere. Since the Fredholm operator
for a broken map differs only in the matching condition being defined on a quotient
of X by a complex torus, the determinant bundle can be identified to det(TlL) in
a similar way. Finally the line bundle det(∂) extends to other strata of treed nodal
disks as follows. Let Γ be a type of a treed nodal curve with an edge e of finite non-
zero length, Γ0 be the type obtained by making `(e) = 0 and let Γc be obtained from
Γ0 by collapsing e. Then the moduli space of mapsMΓ(X) can be glued toMΓc(X)
along the codimension one boundaryMΓ0(X). Therefore, if the determinant bundle
has an orientation on MΓc(X), it extends to MΓ(X).
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It remains to consider contributions to the orientation from the infinite treed
segments attached at boundary markings. We choose orientations on Morse unstable
and stable manifolds

o(x) : W±(x)→ TW±(x), ∀x ∈ crit(F )

for the Morse function F on the Lagrangian, such that for any x ∈ crit(F ) the map

det(TxW
−(x)⊕ TxW+(x))→ det(TxL)

is orientation preserving. We view a broken treed holomorphic disk as defined by a
condition u(zi ) ∈W−(xi) on each of the boundary markings ei ∈ Edge ,→. We thus
obtain an isomorphism of line bundles

det(Du) ' det(TMΓ) ∧ det(TL) ∧ det(W+(x0)) ∧ (∧d( )
i=1 det(W−(xi))),

up to multiplication by positive scalars. The choices made in the previous paragraphs
fixes a positive section on the right-hand side, which induces an orientation on the
moduli space MΓ(X, x) for any type Γ of broken maps and a collection of inputs
and output x. The orientation of det(TMΓ) is described in Definition 4.2.

Finally, for a broken map type Γ with a broken edge, the boundary orientation
induced by (Making an edge length finite) morphism and the product orientation
induced by (Cutting an edge) morphism differ by a quantity that depends on the
type Γ and the Morse indices of the labels on the end-points of the treed segments,
see [82, (12.25)]. This ends the Remark.

6.7. The toric case

In this section, we consider the question of regularity for maps in a toric variety
with the standard complex structure. The results are also useful for maps in toric
fibrations that project to a constant in the base space.

Definition 6.31. A component XP ⊂ XP of a broken manifold is a tropical
toric piece if

(a) P ∈ P is a top-dimensional polytope,
(b) the tropical moment map Φ generates a Hamiltonian T -action which makes

XP a non-singular toric variety with moment polytope P ,
(c) all torus-invariant divisors of XP are relative divisors of the broken manifold

X (see Definition 3.14 (b)), or in other words, if Q is a facet of the polytope
P then Q ∈ P.

In a tropical toric piece XP , any Lagrangian torus orbit L ⊂ XP is called a tropical
fiber.

Recall from Definition 6.17 that the domain of a relative map has a single surface
component and no tree components. Thus the type of the map prescribes the order
of intersection of the map with relative divisors at each of the marked points.

Proposition 6.32. Let X := XP ⊂ X be a tropical toric manifold as in Defini-
tion 6.31, and let L ⊂ XP be a Lagrangian tropical fiber. Let Γ be a type of relative
map (see definition 6.17). Any map u of type Γ is regular, and therefore, the moduli
space of maps MΓ(X) is a manifold of expected dimension.
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Furthermore, let Γ be a type corresponding to maps only containing sphere com-
ponents. Let ze be a marked point corresponding to an edge e ∈ Edge (Γ) that maps
to a torus-invariant submanifold Y ⊂ X. Then, the projected tropical evaluation
map at ze

π⊥T (e)(evT (e)
ze ) :MΓ(X)→ TC/TT (e),C

is submersive.

Remark 6.33. The maps considered in Proposition 6.32 can not map to a torus-
invariant divisor of X. Indeed since all such divisors are relative divisors of the
broken manifold, a relative map can intersect those divisors only at relative marked
points.

Remark 6.34. (The orbifold case) It is enough to prove Proposition 6.32 assum-
ing that the target spaceXP is a manifold. In caseXP has toric orbifold singularities,
we may replace XP by a toric resolution X̃P and the manifold proof carries over.
Indeed, the Fredholm properties of the linearized operator are the same in both
cases, because either of them is equivalent to the Fredholm operator D◦u defined

using a target space XP with cylindrical ends. In fact both XP and X̃P are complex
compactifications of XP .

Proof of Proposition 6.32. As explained in Remark 6.34 above, we may
assume that X is a toric manifold corresponding to a Delzant moment polytope
∆ ⊂ t∨. Each facet Q1, . . . , QN defines a prime TC-invariant divisor XQ1 , . . . , XQN
in X, whose union is a representative of the first Chern class.

Holomorphic disks to X with boundary on L are regular by Cho-Oh [20]. We
view the toric variety as a quotient of a vector space CN and the Lagrangian torus
as a quotient of the standard torus in CN . Then the disks bounding the torus are
Blaschke products, they are defined on the unit disk D ⊂ C and are of the form

(6.32) u : D→ CN , z 7→

ζi di∏
j=1

z − ai,j
1− zai,j


i=1,...,N

.

for some constants ai,j , ζi ∈ C, |ai,j | ≤ 1, |ζi| = 1. A Maslov index two Blaschke disk
has a single non-vanishing degree di equal to 1. Since the intersection points with
the divisor are given by roots of the components and can be chosen arbitrarily, the
evaluation maps are transverse to any constraints.

Holomorphic spheres meeting the interior of X are also regular by the following
argument. As in Delzant [25], X can be viewed as a geometric invariant theory
quotient CN//G where N is the number of prime torus-invariant relative divisors
of X, and G ⊂ (C×)N is a complex torus whose quotient (C×)N/G is TC. Each
of the relative divisors XQ1 , . . . , XQN in X lifts to a coordinate hyperplane {z1 =

0}, . . . , {zN = 0} in CN . Consider a holomorphic sphere u : P1 → X, that is not
contained in any toric divisor. The vector bundle u∗TX ⊕ g on P1 is a sum of line
bundles

u∗TX ⊕ g =
N⊕
i=1

u∗O(XQi)
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where g := g × P1 is the trivial bundle. The degree deg(u∗O(XQi)) of the line
bundle u∗O(XQi) is given by the intersection of u with XQi . Hence each of the
degrees deg(u∗O(XQi)) is non-negative. As a result, the operator

∂ : Γ(P1,⊕iu∗O(XQi))→ Ω0,1(P1,⊕iu∗O(XQi))

is onto. Consequently the cohomology group

H0,1(P1,⊕iu∗O(XQi)) ' H1(P1,⊕iu∗O(XQi))

vanishes. Consider the long exact sequence in Čech cohomology, corresponding to
the short exact sequence of sheaves

0→ g→ ⊕iu∗O(XQi)→ u∗TX → 0.

Vanishing of the zeroth resp. first cohomology of the first resp. second terms implies
that the first cohomology of the third term

H0,1(P1, u∗TX) ' H1(P1, u∗TX)

also vanishes. Therefore the sphere u is regular in X.
Next, we will show that the moduli spaces of spheres or disks with prescribed

tangencies at relative marked points are cut out transversely. The Maslov index I(u)
of a holomorphic disk or sphere u : C → X (not contained in a relative divisor) is
twice the sum of its intersection multiplicities (u.XQ) with all relative divisors XQ.
In fact, the moduli space containing u is parametrized by the set of intersection
points z ∈ C with the toric divisors. For maps with a higher order tangency with a
toric divisor XQ, some subsets of intersection points of u with XQ coincide. Since
the zeros of sections of positive line bundles may be chosen arbitrarily in genus zero,
the locus of such maps is cut out transversely from the space of all maps. Therefore
the moduli space of relative maps of any type Γ is regular.

The linearization of the evaluation map at relative marked points is surjective
because of the torus-equivariance of the evaluation map. Recall that if the marked
point ze maps to an intersection of relative divisors Y = ∩iYi, the target space for a
higher order evaluation map is the normal bundle NY . The normal bundle can be
identified with a neighbourhood of Y in a standard way. With this identification,

evT (e)
ze (tu) = t evT (e)

ze (u), ∀t ∈ TC.

A TC-orbit is an open set in X, and therefore ev
T (e)
ze (u) is a regular value of the map

ev
T (e)
ze . �

Proposition 6.32 implies an analogous result for toric fibrations, for which all
torus-invariant divisors are relative divisors. This result was used to prove transver-
sality for horizontally constant components u : P1 → XP in a broken map. The
target space XP is a fibration XP → XP , whose fibers are smooth symplectic toric
varieties with the action of a compact torus TP . The torus action on the fibers is
the restriction of a TP -action on the total space XP . The torus-invariant divisors of
XP are precisely the vertical divisors of XP , and each of these divisors is a relative
divisor (as in Definition 3.14 (b)). Indeed every facet of a polytope P∨ in the dual
complex B∨ is a polytope P∨0 for some P0 ∈ P.
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Corollary 6.35. Suppose P ∈ P is a polytope and the toric fibration XP → XP

has an almost complex structure that is standard on the fibers. Let Γ be a type of
relative map that has a single sphere component Sv, v ∈ Vert(Γ) mapping to XP ,
which projects to a constant πP ◦ uv : Sv → XP , and has no tree components.
Any map u of type Γ is regular, and therefore, the moduli space of maps MΓ(XP )
is a manifold of expected dimension. For a marking ze corresponding to any edge
e ∈ Edge (Γ) that maps to a torus-invariant submanifold Y ⊂ XP , the projected
tropical evaluation map

π⊥T (e) ◦ evT (e)
ze :MΓ(X)→ TC/TT (e),C ⊕ TXP

is submersive.





CHAPTER 7

Hofer energy and exponential decay

Compactness for sequences of broken pseudoholomorphic maps requires bounds
on area. Neck-stretched manifolds do not have a naturally defined taming symplec-
tic form. However, since neck-stretched manifolds are diffeomorphic to a tropical
Hamiltonian manifold (X,ω,P,Φ), they are equipped with a cohomology class [ω].
Hofer energy of a pseudoholomorphic curve is defined as a supremum of ‘symplectic
areas’ where the symplectic form ranges over a family of taming forms in the class
[ω]. Each symplectic form in the family is given by a map of complexes

ℵ : BJ → Bω

between the J-complex underlying the cylindrical almost complex structure and the
ω-complex underlying the symplectic form on the tropical manifold. For example,
in a neck-stretched manifold Xν the ω-complex is the dual complex B∨ and the J-
complex is νB∨. Such a map ℵ between complexes gives a map between manifolds

ψℵ : (Xν , Jν)→ (X,ω)

which is taming (that is, Jν is ψ∗ℵω-tame) if ℵ satisfies certain conditions. In case
of a single cut, ψℵ is taming if ℵ : [−ν2 ,

ν
2 ] → [0, 1] is an increasing diffeomorphism.

This notion of energy as a supremum over a family of symplectic areas was origi-
nally defined by Hofer in the context of symplectic field theory [49]. The taming
condition is more complicated for a multiple cut and leads us to define a class of
maps between complexes, called squashing maps. A squashing map is a continuous
piecewise smooth map between complexes, which on any piece, is the composition
of a translation, dilation and an orthogonal projection. For a pseudoholomorphic
map u : C → Xν in a neck-stretched manifold (or a broken manifold), we define the
Hofer energy as

EHof(u) := sup
ℵ is a squashing map

∫
C
u∗(ψ∗ℵω).

Of course, if C is a closed curve, or if C is a disk and u maps the boundary ∂C to
a Lagrangian submanifold, the value of the integral is independent of ℵ since the
cohomology class of ψ∗ℵω is independent of ℵ.

The main result of this chapter is that a punctured pseudoholomorphic curve
with finite Hofer energy has a removable singularity :

Proposition 7.1. (Removal of singularities) Suppose u : D2\{0} → X
P

is a
perturbed J-holomorphic curve with respect to the domain-dependent almost complex
structure J : D2 → UJ0

(7.1) EHof(u) <∞, ‖du‖L∞(Cyl) <∞.
151
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Then, u extends to a holomorphic map u : D2 → XP possibly, in the orbifold case,
after passing to a finite cover.

7.1. Symplectic forms on neck-stretched manifolds

In this section we define a family of symplectic forms on neck-stretched manifolds
that tame cylindrical almost complex structures that are locally strongly tame. For
a pseudoholomorphic disk u : (C, ∂C) → (Xν , L) in a neck stretched manifold Xν

whose boundary maps to a Lagrangian submanifold L ⊂ Xν , the symplectic area

Area(u) := 〈u∗[C], [ω]〉,

is well-defined since a neck-stretched manifold Xν is diffeomorphic (not canonically)
to a tropical manifold (X,ω). Our task is to construct a family of symplectic forms
in the class [ω] ∈ H2(Xν).

We recall some details from the definition of neck-stretched manifolds from Chap-
ter 3 to justify why the ω-complex and J-complex are B∨ and νB∨ respectively. We
recall from (3.13) that on a tropical manifold (X,ω,P,Φ) there is a symplectic
cylindrical structure on neck regions, that is, there is a TP -equivariant symplecto-
morphism

(7.2) (X,ω) ⊃ Φ−1(P )
φP−−→ (Φ−1(P )× P∨, ωP ),

ωP := (ωX |Φ−1(P )) + d〈αP , πP∨〉,

for each polytope P ∈ P, where P ⊂ t∨ is a tubular neighborhood of the polytope
P ⊂ t∨ with projection (see Figure 3.3)

πP : P → P,

αP ∈ Ω1(Φ−1(P ), tP ) is a TP -connection one-form. The projection πP∨ : Φ−1(P )→
P∨ ⊂ t∨P of the moment map Φ to t∨P is a moment map for the TP -action. Let
P ⊂ P be the complement of a neighborhood of faces of P , namely

(7.3) P := P\(∪Q⊂PQ),

and let

(7.4) P := π−1
P (P ) ⊂ P

be the thickening of P . For a pairQ ⊂ P with codimP (Q) = 1, the fibered polytopes

P ,Q ⊂ t∨ share a facet, which is isomorphic to Q ×P∨. Then the image of Φ has
a cover

(7.5) im(Φ) = ∪P∈P iP (P )/ ∼,

where ∼ identifies shared facets of polytopes, see Figure 7.1. The partition of im(Φ)
pulls back to a partition of the manifold X

(7.6) (X,ω) '

( ⊔
P∈P

Φ−1(P )

)
/ ∼
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P0
P1 P2

P3
P4

P5

P6 P4 P6

P1

P5

P∨1 P∨2

P2

P∨3

P3

P 1 P 2

P 3

Figure 7.1. Decomposition of moment polytope induced by thick-
enings of polytopes in P.

into manifolds with corners, where the identifications in ∼ are along the boundaries
and are induced by the inclusions Φ−1(P )→ X. Further, the symplectic cylindrical
structure map φ = (φP )P may be used to rewrite the decomposition in (7.6) as

(7.7) (X,ω) '

( ⊔
P∈P

Φ−1(P )× P∨
)
/ ∼ .

(See the derivation of (3.21) for more details.) We have thus shown the following:

Lemma 7.2. (ω-complex) There is a continuous projection map

(7.8) πωB∨ : (X,ω)→ B∨

such that for any polytope P ∈ P, πB∨ is a TP -moment map for the TP -action on
π−1
B∨(P∨,◦).

Proof. The map πωB∨ is defined by projecting Φ−1(P ) × P∨ ⊂ X to P∨ for
each P ∈ P. �

Thus P∨ is the ω-polytope on Φ−1(P )× P∨ ⊂ X, and the union B∨ = ∪P∈PP∨ is
the ω-complex for X. As an almost complex manifold, the neck-stretched manifold
Xν is the union

(7.9) Xν =

( ⊔
P∈P

Φ−1(P )× νP∨
)
/ ∼

where the equivalence ∼ from (3.23) identifies boundary components. Analogous to
Lemma 7.2, neck-stretched manifolds project to the scaled dual complex:

Lemma 7.3. (J-complex) For any ν ≥ 1 there is a continuous projection map

(7.10) πνB∨ : Xν → νB∨

such that for any polytope P ∈ P, (πνB∨)−1(P∨,◦) is a P -cylinder Φ−1(P )× νP∨,◦.

Thus the J-polytope for the P -cylindrical subset of Xν is νP∨, and the J-complex
of Xν is νB∨.

Neck-stretched almost complex manifolds are mapped to compact symplectic
manifolds via maps of complexes between the J-complex of the neck-stretched man-
ifold and the ω-complex of the symplectic manifold:
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Definition 7.4. For any ν ≥ 1 a map

ℵ : νB∨ → B∨

is a map of complexes if it is a collection of maps of polytopes, that is, for any P ∈ P,
ℵ(νP∨) ⊆ P∨.

A map ℵ of complexes induces a map of manifolds

(7.11) ψνℵ : Xν → (X,ω),

where, for any P ∈ P∨, ψℵ maps νP∨ × Φ−1(P ) to P∨ × Φ−1(P ) by (ℵ, Id).
We leave it to the reader to verify that the maps on the subsets patch to yield a
continuous map.

The map of complexes must satisfy an (Increasing condition) stated in the
Lemma below. In case of a single cut, the increasing condition is equivalent to
the condition that the map ℵ : [−ν2 ,

ν
2 ]→ [−1

2 ,
1
2 ] is increasing, which is precisely the

class of maps ℵ used to define Hofer energy in [11].

Lemma 7.5. (Symplectic forms from increasing maps) Let Jν be a locally strongly
tamed cylindrical almost complex structure on Xν . Let ℵ : νB∨ → B∨ be a map of
complexes such that for any polytope P ∈ P, ℵ|νP∨ is a diffeomorphism onto P∨

and

(7.12) (Increasing condition) 〈(dℵ|νP∨)x(ξ), ξ〉 > 0, ∀x ∈ νP∨, ξ ∈ t∨P .

Then ψνℵ : (Xν , Jν)→ (X,ω) is a diffeomorphism and (ψνℵ)
∗ω tames Jν .

Proof. We recall from Definition 3.28 that local strong tamedness implies that
the fibers of the projection map

πP : Φ−1(P )× νP∨ → Φ−1(P )/TP ⊂ XP

are Jν-holomorphic, and the horizontal tangent sub-bundle ker(αP ) ⊂ TΦ−1(P )
is Jν-invariant. On Φ−1(P ) × νP∨ the form (ψνP,ℵ)

∗ω is equal to ωXP + d〈ℵ, αP 〉.
Indeed, ℵ(νP∨) ⊆ P∨ ⊂ t∨P , and therefore 〈ℵ|νP∨, αP 〉 is a one-form. On the vertical
sub-bundle ker(dπP ), the form (ψνP,ℵ)

∗ω is equal to 〈d(ℵ|νP∨), αP 〉, which is taming

because of the increasing condition (7.12) :

〈d(ℵ|νP∨), αP 〉(v, Jνv) > 0, v ∈ ker(dπP ).

On the horizontal sub-bundle ker(αP ) ⊂ TΦ−1(P ), the form is ωXP +ℵPdαP which
tames Jν , since Jν is locally strongly tamed. �

Increasing maps produce taming forms only if the almost complex structure is
locally strongly tamed, and not if the almost complex structure is locally tamed.
However, we cannot attain transversality if the domain-dependent complex struc-
tures are constrained to be locally strongly tamed. Indeed the connection one-forms
underlying the almost complex structures need to be perturbed in order to attain
transversality of the linearized ∂ operator. Therefore, we need the following stronger
condition on maps of complexes to produce taming symplectic forms for locally
tamed cylindrical almost complex structures on neck-stretched manifolds.
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Definition 7.6. (Directionally increasing) A map of complexes ℵ : νB∨ → B∨

is directionally increasing resp. strictly directionally increasing if for any polytope
P ∈ P and a point x ∈ νP∨, the derivative D(ℵ|νP∨)x : t∨P → t∨P is diagonalizable
with a set of orthogonal eigenvectors (with respect to the t-inner product (3.6)), and
the eigenvalues n1, . . . , nk lie in the interval [0, 1] resp. (0, 1].

Definition 7.7. An almost complex structure is weakly taming if ω(v, Jv) ≥ 0
for all tangent vectors v.

Lemma 7.8. Suppose J0 ∈ J cyl(X) is a locally strongly tamed cylindrical almost
complex structure. There is a C0-small neighbourhood UJ0 ⊂ J cyl(X) of J0 such that
the following is satisfied for any J1 ∈ UJ0 and any ν ∈ [1,∞). Let ℵ : νB∨ → B∨

be a map of complexes, and let ψνℵ : (Xν , Jν) → (X,ω) be the resulting map of
manifolds.

(a) If ℵ is directionally increasing, then the form (ψνℵ)
∗ω weakly tames Jν1 , where

Jν1 ∈ J cyl(Xν) is obtained by gluing J1 at cylindrical ends.
(b) If ℵ is strictly directionally increasing, then the form (ψνℵ)

∗ω tames Jν1 .

Proof. We prove the first statement for directionally increasing maps, since
the second one is similar. We consider a polytope P ∈ P, and prove the (Weakly
taming) property in the P -cylindrical region

ZC := Φ−1(P )× νP∨ ⊂ Xν .

We denote Z := Φ−1(P ). We recall that for a cylindrical almost complex structure
J, the fibers of the projection

TP × νP∨ → ZC
πP−−→ Z/TP ⊂ XP

are Jν-holomorphic. Further on ZC, Jν is determined by its projection to XP ,
denoted DπP (J), and the associated connection one-form αP,J ∈ Ω1(Z, tP ) defined
by the condition that the horizontal complement of ker(DπP ) given by

ker(αP,J1) ⊂ TZ ⊂ TZC

is Jν-invariant (also see (3.11)).
We first consider perturbations to the horizontal projection of the almost com-

plex structure J0. The horizontal part of the two-form ψ∗ℵω is ωXP + ℵdαJ0 , which
is a symplectic form since it occurs as a horizontal component of the symplectic
form in (7.2); and it tames DπP (J0) since J0 is locally tamed (see Remark 3.29 (c)).
Since ℵ takes values in a compact set P∨, and tameness on a symplectic manifold is
a C0-open condition, we conclude the following : There is a constant εH such that
if

(7.13) ‖DπP (J1)−Dπp(J0)‖C0 < εH

on (Z/TP ) for some J1 ∈ J cyl(X), then DπP (J1) is tamed by ωXP + ℵdαJ0 , see
Lemma 3.30 for a proof.

Next, we study the effect of changing the connection associated to the almost
complex structure. Suppose J1 ∈ J cyl is a cylindrical almost complex structure
whose horizontal projection JP := DπP (J1) is C0-close to DπP (J0) as in (7.13).
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Let J10 ∈ J cyl(ZC) be a locally strongly tamed almost complex structure whose
horizontal projection is the same as that of J1, that is, DπP (J10) = JP . Denote the
P -connection forms by α0 := αJ10 = αJ0 , α1 := αJ1 . The difference

A := α1 − α0

descends to a tP -valued one-form on XP . For a vector (v, t) ∈ TZC, where v ∈ TZ,
t ∈ t∨P , the difference between J1 and J10 is

(J1 − J10)(v, t) = −(A(JP vP ))Z + JF (AvP )Z , vP := DπP (v),

where JF is the complex structure on the fibers of πP , and for any ξ ∈ t, ξZ ∈ Vect(Z)
is the vector field ξZ(z) := d

dt(z exp(−tξ))|t=0 for any z ∈ Z. We write

(7.14) (ψ∗ℵω)((v, t), J1(v, t)) = (ψ∗ℵω)((v, t), J10(v, t))+(ψ∗ℵω)((v, t), (J1−J10)(v, t)).

By (7.13), there is a constant c > 0 such that the first term in the right-hand side
of (7.14) is bounded on the P -region as

(7.15) (ψ∗ℵω)((v, t), J10(v, t)) ≥ c|vP |2 + 〈Dℵx(α0(v)), α0(v)〉+ 〈Dℵx(t), t〉.

In the second term in the right-hand side of (7.14), the difference (J1 − J10)(v, t) is
in the fiber direction. The form ψ∗ℵω in the fiber is Dℵ ∧ α0 and therefore,

(7.16) (ψ∗ℵω)((v, t), (J1 − J10)(v, t)) = 〈α0(v), Dℵx(A(vP ))〉+ 〈Dℵx(t), A(JP vP )〉

By the directionally increasing property, Dℵx is diagonalizable with orthogonal
eigen-vectors and eigenvalues n1, . . . , nk ∈ [0, 1]. For any element ξ ∈ tP resp.
t∨P , we denote by ξi ∈ tP resp. t∨P the projection of ξ to the i-th eigenspace. We
write

Dℵ(ξ) =
∑k

i=1niξi.

Using this eigen-decomposition, and the equations (7.14), (7.15) and (7.16), we get

(ψ∗ℵω)((v, t), J1(v, t)) ≥ c|vP |2+
∑k

i=1ni(|α0(v)i|2+|ti|2+α0(v)iA(vP )i+tiA(JP vP )i)

≥
∑k

i=1ni(
c
k |vP |

2 + |α0(v)i|2 + |ti|2 + α0(v)iA(vP )i + tiA(JP vP )i).

The last two terms are bounded as

α0(v)iA(vP )i ≥ −1
2(|A|2|v2

P |+ |α0(v)i|2), tiA(JP vP )i ≥ −1
2(|A|2|v2

P |+ |ti|2)

where |A| := ‖A‖C0 . Therefore, (ψ∗ℵω)((v, t), J1(v, t)) is non-negative if |A|2 ≤ c
2k ,

leading to the proof of the weak tamedness of Jν1 . �

Remark 7.9. For future use, we point out that the following is a consequence
of the last paragraph in the proof of Lemma 7.8: In the notation used in the proof,
if |A|2 ≤ c

2k , then

(7.17) (ψ∗ℵω)((v, t), J1(v, t)) ≥ 1
2(ψ∗ℵω)((v, t), J10(v, t)).
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7.2. Squashing maps

In the last section we saw ‘directionally increasing maps’ between complexes of
polytopes induce two-forms that are weakly taming for cylindrical almost complex
structures in a neighborhood of a locally strongly tamed almost complex structure.
In this section we construct a large class of directionally increasing maps, called
squashing maps. Squashing maps are continuous and piecewise smooth; and on each
subset where the map is smooth, it is a composition of an orthogonal projection,
a translation and a dilation. In the next section Hofer energy for a multiple cut
is defined as the supremum over the weak symplectic areas induced by squashing
maps.

The building blocks for squashing maps are ‘closest point’ maps to polytopes.

Definition 7.10. (Closest point map) Let V be a vector space with an inner
product. Let Q ⊂ V be a compact polytope. The closest point map

ℵ : V → Q

sends any point v ∈ V to its nearest point in Q (which is unique by the convexity
of Q).

The closest point map is, piecewise, an orthogonal projection composed with a
translation. See Figure 7.2 for an example. We consider rational polytopes, and so,

Q
V

Q
ℵ

Figure 7.2. The closest point map ℵ : V → Q. Each of the solidly
shaded regions is mapped to a vertex of Q, ruled regions are mapped
to the sides of Q by contracting each ruling to a point, and the blank
region is mapped isometrically to the interior of Q.

the closest-point maps are rational orthogonal projections, as defined next.

Definition 7.11. (Rational projection) Let V ' Rn be a vector space equipped
with a dense rational lattice VQ ' Qn. A rational subspace of V is a linear subspace
W ⊂ V in which W ∩ VQ is dense. A linear projection map π : V → W is rational
if kerπ is a rational subspace.

Lemma 7.12. Let V be a vector space with an inner product and a dense rational
lattice VQ ⊂ V . Let Q ⊂ V be a compact polytope whose edge slopes are rational.
Let ℵ : V → Q be the closest point map to the compact polytope Q ⊂ V . Then there
is a decomposition V = ∪ki=1Pi such that ℵ|Pi is a rational orthogonal projection
composed with a translation.

Proof. We note that for a codimension k face R of Q and a point x ∈ R◦

(here R◦ ⊂ R is the complement of the facets of R), the inverse image ℵ−1(x) is
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contained in an k-dimensional plane through x orthogonal to R. Indeed, for a fixed
y ∈ ℵ−1(x), x is a local minimum in R for the distance from y. Thus π−1(R◦) is
isomorphic to a product ℵ−1(x)×R◦ of orthogonal polytopes, on which the map ℵ
is an orthogonal projection. The projection is rational since the edge slopes of the
polytope are rational. �

Next we define the closest point map to a ‘parted polytope’. A parted polytope
is obtained by applying a polyhedral decomposition to a compact polytope Q, and
then translating the top-dimensional cut spaces away from each other, such that the
relative motion for a pair of polytopes with a shared facet is in a direction orthogonal
to the facet.

Definition 7.13. (Parted polytope) Let V be a vector space with an inner
product. A parted polytope is constructed from the following data:

(a) (Polytope) Let Q ⊂ V be a compact polytope.
(b) (Polyhedral decomposition) Let Q be a polyhedral decomposition of Q,

Q = ∪R∈QR,
into polytopes R ⊂ V such that
• all the edge slopes of the polytopes R ∈ Q are rational,
• if Q0, Q1 ∈ Q have non-empty intersection, then Q0 ∩Q1 is a face of

both Q0, Q1 and Q0 ∩Q1 ∈ Q,
• the set of top-dimensional polytopes in Q is denoted by Q0, and any

lower dimensional polytope in Q is the intersection of a collection
of top-dimensional polytopes. (This decomposition is similar to the
polyhedral decomposition of t∨ in Definition 1.1 with the difference
that here the polytopes in Q need not be simplicial.)

(c) (Translations) For each top-dimensional polytope R ∈ R0, let τR ∈ V be a
translation such that if R+, R− ∈ R0 are top-dimensional polytopes sharing
a facet R0 ∈ R given by

R0 ' {x ∈ V : 〈x, νR0〉 = cR0}, for some νR0 ∈ V, cR0 ∈ R,
with R± ⊂ {±(〈x, νR0〉 − c0) ≥ 0}, then

(Orthogonality) τR+ − τR− ∈ R≥0νR0 .

Given a polytope Q, a decomposition Q, and translations (τR)R∈R0 as above, the
parted polytope Q(Q, τ) is the image of the embedding⊔

R∈Q0

R→ V, R 3 x 7→ x+ τR.

The parted polytope Q(Q, τ) has a natural projection

(7.18) iQ : Q(Q, τ)→ Q

that maps τR +R to R ⊂ Q via translation by −τR.

Remark 7.14. The images of the interiors of two distinct top-dimensional poly-
topes Q0, Q1 ∈ Q are disjoint in the parted polytope Q(Q, τ) as a consequence of
the (Orthogonality) condition.
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Remark 7.15. (A dual complex determines orthogonal translations) A dual
complex B∨Q of the polyhedral decomposition Q corresponds to a translation satisfy-
ing orthogonality: For any top-dimensional polytope R ∈ Q, define τR := R∨ ∈ V .
For any pair Q+, Q− ∈ Q0 sharing a facet Q0, the translations τR+ , τR− satisfy the
(Orthogonality) condition because the 1-polytope Q∨0 , which connects the points
Q∨+, Q∨− is orthogonal to Q0. For example, in the parted polytope in Figure 7.3, the
dual complex B∨Q is the dotted triangle.

Definition 7.16. (Closest point in a parted polytope) Let Q(Q, τ) be a parted
polytope. The closest point map to Q(Q, τ) is

ℵ = iQ ◦ ℵpre : V → Q

where ℵpre : V → Q(Q, τ) maps any point x ∈ V to its closest point in Q(Q, τ). We
note that the map ℵpre is not uniquely defined, but the composition ℵ is uniquely
defined. See Figure 7.3 for an example of ℵ.

Q

Q1

Q2 Q3

Q1

Q2 Q3

V

V

Figure 7.3. Top left: A polytope Q with a polyhedral decomposi-
tion Q. Bottom left: A parted polytope Q(Q, τ) in V . Right: ‘The
closest point in a parted polytope’ map ℵ : V → Q. Solidly shaded
regions are mapped to points, ruled regions are mapped to lines by
contracting each ruling to a point, and blank regions are mapped
isometrically.

Lemma 7.17. For a parted polytope Q(Q, τ), the closest point map ℵ : V → Q
is well-defined and continuous. Further, then there is a decomposition V = ∪ki=1Pi
such that ℵ|Pi is a rational orthogonal projection composed with a translation.
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Proof. To show well-definedness and continuity of ℵ, it is enough to focus on
points in V which are equidistant from multiple components of the parted polytope.
Let x ∈ V , and let Q1, . . . , Qk ∈ Q0 be top-dimensional polytopes such that yi ∈
τi+Qi is the closest point to x in τi+Qi, and the distances d(x, yi+ τi), i = 1, . . . , k
are all the same. The orthogonality condition implies that the iQ(y1), . . . , iQ(yk)
are the same points in Q, and continuity of ℵ follows. The second claim about
orthogonal projections follows from Lemma 7.12. �

Definition 7.18. (Squashing maps) Let V be a vector space with an inner
product, and let P,Q ⊂ V be top-dimensional polytopes with rational edge slopes.
A squashing map ℵ : P → Q is a composition

ℵ := ℵP0 ◦ δt,
of a map δt : P → 1

tP that scales by a factor of t ≥ 1 and

ℵP0 : 1
tP → Q, ℵP0 := ℵ0|(1

tP ),

where ℵ0 : V → Q is the closest point map to some parted polytope Q(Q, τ) of Q.

Definition 7.19. (Unpartitioned squashing map) We say that a squashing func-
tion ℵ : P → Q between polytopes P , Q is unpartitioned if the underlying partition
of the target space Q has a single element, which is Q itself.

7.3. Multi-directional Hofer energy

Hofer energy for a multiple cut is defined as the supremum over the weak sym-
plectic areas induced by squashing maps.

7.3.1. Hofer energy for neck-stretched manifolds. We recall that for a
neck-stretched manifold Xν , the ω-complex is the dual complex B∨ and the J-
complex is νB∨ (see Lemmas 7.2 and 7.3).

Definition 7.20. (Hofer energy for neck-stretched manifolds) Let {Xν}ν be
a family of neck-stretched manifolds. For any ν ≥ 1, the Hofer energy of a map
u : C → Xν is

EHof(u) = sup
ℵ:νB∨→B∨

∫
C

(ψℵ ◦ u)∗ω,

where the supremum is over all maps of complexes ℵ : νB∨ → B∨ for which ℵ|νP∨ :
νP∨ → P∨ is a squashing map for each polytope P ∈ P; and ψℵ : Xν → (X,ω) is
the map induced by ℵ as in (7.11). For any squashing map ℵ, the form ψ∗ℵω is called
a squashed area form. See Figures 7.4 and 7.5 for examples of squashing maps for
neck-stretched manifolds.

Remark 7.21. (On squashing maps for neck-stretched manifolds)

(a) (Degeneracy of a squashed area form) For a squashing map ℵ : νB∨ → B∨,
let S0 ⊂ νB∨ be the subset where ℵ is an isometry. Then, ψ∗ℵω is a non-
degenerate form on the subsets

Φ−1(Q )× (S0 ∩ νQ∨) ⊂ Xν , Q ∈ P.
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B∨

νB∨

ℵ

νB∨

B∨ℵ
0

Figure 7.4. Examples of squashing maps ℵ : νB∨ → B∨. In both
examples, solidly shaded regions are mapped to points, ruled regions
are mapped to lines by contracting each ruling to a point, and blank
regions are mapped isometrically.

P
Q0 Q1

(X,P,Φ)

νB∨

Q∨0 Q∨1
B∨

Q∨0 Q∨1

νP∨

Figure 7.5. A squashing map ℵ : νB∨ → B∨ where there are two
top-dimensional dual polytopes Q∨0 , Q∨1 in B∨. The maps ℵ|νQ∨0 ,
ℵ|νQ∨1 are equal on νP∨.

Suppose on a subset Sk ⊂ νQ∨,◦, Q ∈ P, ℵ is a projection with kernel
k∨ ⊂ t∨Q, then on the subset

Φ−1(Q )× (Sk ∩ νQ∨,◦) ⊂ Xν

the squashed form ψ∗ℵω is a lift of a non-degenerate form on the quotient
(Φ−1(Q )× (Sk ∩ νQ∨,◦))/TK,C.

(b) (Squashing property on complexes) A map of complexes ℵ : νB∨ → B∨ is a
squashing map on each polytope νP∨, P ∈ P if and only if it is a squashing
map on top-dimensional dual polytopes νQ∨ (that is dim(Q) = 0). Indeed,
for any face R∨ ⊂ Q∨ the parted polytope corresponding to ℵ : νR∨ → R∨

can be read off from the parted polytope of Q∨ by restricting the embedding
Q∨(Q, τ) ↪→ t∨ to the faces corresponding to R∨ and projecting the image
to t∨R.

(c) (Surjectivity of squashing maps) A squashing map ℵ : νB∨ → B∨ for a neck-
stretched manifold is surjective by the following reason: It is enough to prove
surjectivity on each top-dimensional polytope Q∨ in the dual complex. For
any facet R∨ ⊂ Q∨, since ℵ(νR∨) ⊂ R∨, the inverse image ℵ−1(Q∨,◦) ⊂ t∨ is
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on the same side of νR∨ as Q∨. Since this is true for all facets R∨ ⊂ Q∨, we
conclude that the inverse image ℵ−1(Q∨,◦) of the interior of Q∨ is contained
in νQ∨ ⊂ t∨, and as a result ℵ : νQ∨ → Q∨ is surjective.

Remark 7.22. For a compact curve C with boundary, and a map u : (C, ∂C)→
(Xν , L), the Hofer energy is equal to the area of u :

EHof(u) = 〈u∗[C], [ω]〉.

The next result shows that the squashed area (ψℵ◦u)∗ω is pointwise non-negative
if the map u is pseudoholomorphic with respect to an almost complex structure that
is close to a locally strongly tamed almost complex structure.

Lemma 7.23. (Monotonicity of Hofer energy) Suppose J0 ∈ J cyl(X) is a locally
strongly tamed cylindrical almost complex structure. There is a C0-small neighbour-
hood UJ0 ⊂ J cyl(X) of J0 such that the following is satisfied for any J1 ∈ UJ0 and
any ν :

(a) (Weakly taming) For any squashing map ℵ,

∀v ∈ TXν ψ∗ℵω(v, Jν1 v) ≥ 0,

where Jν1 ∈ J cyl(Xν) is obtained by gluing J1 at cylindrical ends.
(b) (Monotonic) Let u : C → Xν be a perturbed Jν-holomorphic map for a

domain dependent almost complex structure Jν : C → UJ0. For any open
subset Ω ⊂ C,

EHof(u,Ω) ≤ EHof(u,C).

Proof. The neighborhood UJ0 is determined by Lemma 7.8. Indeed, for the
neighborhood UJ0 of locally tamed cylindrical almost complex structures, Lemma
7.8 proves the weakly taming property for weak symplectic forms given by maps
ψℵ induced by directionally increasing maps ℵ of complexes; and by Lemma 7.17 a
squashing map is a directionally increasing map. The (Monotonic) property follows
from (Weakly Taming). �

7.3.2. Hofer energy on a broken manifold. Hofer energy on broken mani-
folds is defined in a similar way as that of neck-stretched manifolds. The only new
feature is that the ω-complex and J-complex are different.

We describe the ω-complexes for pieces of the broken manifold. For a polytope
P ∈ P, the ω-complex of the cut space XP is the subset

B∨P := πωB∨(XP , ω) ⊂ B∨,

where πωB∨ : (X,ω) → B∨ is the projection to the dual complex from (7.8) and
we recall that the symplectic cut space XP = Φ−1(P ) is a subset of (X,ω). The
complex B∨P may alternately be defined as

(7.19) B∨P :=
⋃

Q∈P,dim(Q)=0,Q∈P

i−1
Q (P ) ⊂ B∨,
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where iQ : Q∨ → im(Φ) ⊂ t∨ is the embedding from (3.8). See Figure 7.6. The
space B∨P inherits the structure of a complex from B∨. It is a union of polytopes

(7.20) B∨P = ∪Q∈P:P⊆QB∨P,Q, B∨P,Q := B∨P ∩Q∨,
and for any pair R ⊂ Q ⊆ P , B∨P,Q is identified to a face of B∨P,R. Note that

dim(B∨P ) = dim(P ), and dim(B∨P,Q) = dim(P )− dim(Q).

Q0

B∨

P

P0

P1

P3 P2

B∨P1

B∨P3

B∨Q0

R0 R1

B∨
R0

B∨
R1

B∨
Q0

Q1

Q3 Q4

Q2

R∨0 R∨1

B∨P0

B∨Q1 B∨
Q1

Figure 7.6. For a polyhedral decomposition P of a tropical mani-
fold, B∨P resp. B∨

P
is the ω-complex of the cut space XP resp. broken

manifold XP for P ∈ P.

B∨P0,R0

B∨P0,Q1

B∨P0,Q3

B∨P0,P0

Figure 7.7. Polytopes in the complex B∨P0
from Figure 7.6.

ConeP∨0 Q
∨
3

P∨0

ConeP∨0 R
∨
0

ConeP∨0 Q
∨
1 t∨Q1

ConeQ∨1 R
∨
0

X
P 0

X
Q1

ConeP∨3 R
∨
1

X
P 3

ConeP∨3 R
∨
0

ConeP∨3 Q
∨
1

ConeP∨3 Q
∨
2P∨3

Figure 7.8. Some J-complexes for the polyhedral decomposition P
in Figure 7.6

.

We also associate an ω-complex to thickened complexes P in order to define
Hofer energy for maps in the broken manifold XP . We define B∨

P
as a thickening of

B∨P :
B∨
P

:= B∨P × δP∨,
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where δ > 0 is a small constant such that there is an embedding B∨
P
→ B∨ whose

image is a tubular neighborhood of B∨P ⊂ B∨. The space B∨
P

inherits the structure

of a complex from B∨, and thus, consists of polytopes

B∨
P ,Q

:= B∨P,Q × δP∨ ∀Q ⊆ P.

The choice of the ω-complexes B∨P , B∨
P

is justified by the fact that the complement of
relative divisors in a symplectic broken manifold or cut space can be re-constructed
from the complexes as

(
∪Q⊆PΦ−1(Q )× B∨

P ,Q

)
/ ∼= Φ−1(P ◦) = (XP , ωXP )− relative divisors,(

∪Q⊆PΦ−1(Q )/TP × B∨P,Q
)
/ ∼= Φ−1(P ◦)/TP = (XP , ωXP )− relative divisors,

(7.21)

where ∼ is an identification on boundaries, which is a restriction of the equivalence
relation in (3.21). The decomposition in (7.21) is a consequence of the decomposition
of (X,ω) in (7.7).

Next, we describe the J-complexes. For any P ∈ P, the J-complex for the
broken manifold XP is

ConeP∨ B
∨ := (

⋃
Q⊆P

ConeP∨ Q
∨)/ ∼,

where, for any pair Q0 ⊂ Q1, the equivalence relation ∼ identifies ConeP∨ Q
∨
1 to

a face of ConeP∨ Q
∨
0 . The J-complex for the cut space XP is the corresponding

normal cone
NConeP∨ B

∨ := (
⋃
Q⊆P

NConeP∨ Q
∨)/ ∼,

and thus ConeP∨ B
∨ is a product of orthogonal spaces

ConeP∨ B
∨ = NConeP∨ B

∨ × t∨P .

The almost complex broken manifold and cut spaces can be reconstructed from the
J-complexes

X
P

=
(
∪Q⊆PΦ−1(Q )× ConeP∨ Q

∨) / ∼,
XP =

(
∪Q⊆PΦ−1(Q )/TP ×NConeP∨ Q

∨) / ∼,(7.22)

where, for any facet Q ⊂ R, ∼ identifies the boundary component

Φ−1(Q )× ConeP∨(Q∨) ⊂ Φ−1(Q )× ConeP∨(Q∨)

with the boundary component

Φ−1(Q )× ConeP∨(Q∨) ⊂ Φ−1(R )× ConeP∨(R∨)

by the identity map. Here we use the viewpoint that broken manifolds are degenerate
limits of neck-stretching, and therefore the decomposition in (7.22) is the limit of
the J-decomposition in (7.9). As a consequence of the decomposition in (7.22) there
are projection maps

(7.23) πConeP∨ B
∨ : X

P
→ ConeP∨ B

∨, πNConeP∨ B
∨ : XP → NConeP∨ B

∨
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for all polytopes P ∈ P.

Definition 7.24. Let XP be a broken manifold and let P ∈ P be a polytope.

(a) (Squashing map for cut spaces) A squashing map for the cut space XP is a
map of complexes

ℵ : NConeP∨ B
∨ → B∨P

for which ℵ(NConeP∨ Q
∨) ⊂ B∨P,Q for any polytope Q ⊆ P , and ℵ :

ConeP∨ Q
∨ → B∨P,Q is a squashing map of polytopes.

(b) (Squashing map for a broken manifold) A squashing map for the component
XP ⊂ XP is a map

ℵ = (ℵP ,ℵP∨) : ConeP∨ B
∨ → B∨

P

where ℵP : NConeP∨ B
∨ → B∨P is a squashing map for the cut space XP ,

and ℵP∨ : t∨P → δP∨ is a squashing map of polytopes. Note that ℵ is itself
a squashing map of complexes.

See Figure 7.9 for examples.

ConeP∨0 R
∨
0

P∨0

ConeQ∨1 R
∨
0 ConeP∨3 R

∨
0

ConeP∨3 R
∨
1

t∨Q1

P∨3

ℵ1 ℵ2

ℵ3

Figure 7.9. Squashing maps for a broken manifold ℵ1 :
ConeP 0 R∨0 → B∨P0

, ℵ2 : ConeQ∨1 R
∨
0 → B∨Q1

, ℵ3 : ConeP∨3 B
∨ → B∨P 3

with ω-complexes and J-complex from Figures 7.6, 7.8
.

Via the decompositions (7.21), (7.22) of a cut space into a union of fibrations
over polytopes, a squashing map ℵ for the cut space XP induces a map of manifolds

ψℵ : XP → (XP , ωXP ),

that is, piecewise, a smooth submersion, and whose image is the complement of the
relative divisors in XP . Similarly for a component X

P
of a broken manifold X a

squashing map ℵ induces a map of manifolds

ψℵ : X
P
→ (XP , ωXP ).

Definition 7.25. (Hofer energy for a broken manifold) Let P ∈ P be a polytope.
The Hofer energy of a map u : C → X

P
is

EHof(u) = sup
ℵ

∫
C

(ψℵ ◦ u)∗ωXP ,
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where the supremum is over all squashing maps ℵ for X
P

(as in Definition 7.24).
The Hofer energy of a holomorphic map u : C → XP is analogously defined.

The proof of the following monotonicity result is the same as the proof in the
neck-stretched case (Lemma 7.23).

Lemma 7.26. (Monotonicity of Hofer energy for broken manifolds) Suppose J0 ∈
J cyl(X) is locally strongly tamed. Then there is a neighborhood UJ0 ⊂ J cyl of J0

such that for any J ∈ UJ0, P ∈ P and any map

ψℵ : (X
P
, J)→ (XP , ωXP )

induced by a squashing map ℵ : ConeP∨ B
∨ → B∨P , J|X

P
satisfies ψ∗ℵωXP (v, Jv) ≥ 0

for all v ∈ TX
P

.

Proposition 7.27. (Limit of maps and Hofer energy) Let Ω ⊂ C be an open
domain, and let uν : Ω→ Xν be such that there is a polytope P ∈ P and a sequence
of translations tν ∈ νP∨ such that d(tν , νP

∨
0 )→∞ for all P0 ⊃ P and the sequence

of translated maps converges uniformly to a limit u : Ω→ X
P

. Then,

EHof(u) ≤ lim
ν
EHof(uν).

Proof. We first consider the case that the polytope P ∈ P is top-dimensional
in t∨ and there is only one point polytope Q ∈ P that is a vertex of P . The top-
dimensionality of P implies that νP∨ is a point, and tν = νP∨. The inclusion of
the P -cylindrical manifold

e−tν : Xν
P
→ X

P

is induced by a map

iν : νB∨ → ConeP∨ B
∨

that is a translation in t∨ and sends the point νP∨ to the vertex P∨ of the cone.
The images of iν exhaust the target space as ν →∞.

The Proposition is proved by constructing a sequence of squashing maps for
neck-stretched manifolds that converge to a given squashing map for the broken
manifold XP . In particular, the proof of the Proposition is a consequence of the
following Claim:

Claim 7.28. Given a squashing map ℵ : ConeP∨ B
∨ → B∨P , there is a sequence of

squashing maps ℵν : νB∨ → B∨ such that there is a sequence of subsets Sν ⊂ νB∨

that exhaust ConeP∨(Q∨) and for which ℵν |Sν = ℵ ◦ iν .

Proof. To prove the Claim, we extend the polyhedral decomposition underlying
ℵ to one underlying the sequence ℵν , and define translations for the top-dimensional
polytopes in a way that the ℵ-polytopes stay fixed, and the non-ℵ polytopes are at
a distance proportional to ν. Consequently in the limit ν →∞ the non-ℵ polytopes
‘disappear into infinity’ and do not contribute to the limit map ℵ. See Figure 7.10.
The details are as follows.

First we describe the polyhedral decomposition underlying the sequence ℵν . Re-
call that a squashing map ℵ is given by a partition QP of B∨P and a translation
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increasing ν

B∨P1

P1 P2

P3

Q

B∨
P

limν→∞

νB∨

ℵννP∨1

ConeP∨1 Q
∨

ℵP∨1

νB∨

ℵννP∨1

Figure 7.10. The squashing maps ℵν : νB∨ → B∨ converge to
ℵ : ConeP∨1 Q

∨ → B∨P1
as ν →∞.

τR ∈ t∨ for each top-dimensional polytope R ∈ Q0
P . Let Qpr be a polyhedral de-

composition of B∨, which we call the primary decomposition, whose top-dimensional
polytopes are

QR := i−1
Q (R) ⊂ B∨, R ∈ P0.

The squashing maps ℵν are defined via a polyhedral decomposition Q of B∨ that
is a refinement of Qpr (that is, any top-dimensional polytope of Q is a subset of a
polytope in Q0

pr), and Q|B∨P = QP . See Figure 7.11. We remark that in the special
case that QP is a trivial decomposition (that is, QP = {B∨P }), Q can be taken to be
equal to Qpr.

The translations corresponding to the squashing maps ℵν extend the translations
underlying ℵ as follows: Suppose ℵ is given by translations µR, R ∈ Q0

P . For any ν,
and a polytope R ∈ Q0, the translation τνR is defined so that

(7.24) τνR := µR, R ∈ Q0
P ;

and for a pair R0, R1 ∈ Q0 that are contained in distinct top-dimensional polytopes
R′0, R

′
1 of the primary decomposition Q0

pr,

(7.25) |τνR0
− τνR1

| grows linearly with ν.

The existence of a sequence of translations satisfying (7.24), (7.25) is seen by con-
structing the dual polytopes underlying the pairs (Q, τν) (see Remark 7.15) as
follows: In the special case that QP is a trivial decomposition, and consequently
Q = Qpr, the dual complex B∨Q underlying Q is taken to be cνQ∨, where c > 0 is a
constant chosen so that the parted polytope corresponding to (Q, τ) is contained in
νB∨. In general, the dual complex B∨Q,ν underlying (Q, τν) is constructed as follows:
Let

ψ : Vert(B∨Q)→ t∨, ψpr : Vert(B∨Qpr
)→ t∨

denote the positions of the point polytopes B∨Q, B∨Qpr
. (Recall that B∨Q, B∨Q,pr are

embedded in t∨.) There is a map of vertices κ : Vert(B∨Q)→ Vert(B∨Qpr
) that sends
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p∨ ∈ B∨Q corresponding to p ∈ Q0 to the vertex p∨1 ∈ B∨Q, where p1 ∈ Q0
pr is the top-

dimensional polytope containing p. We observe that any edge e = (v+, v−) in B∨Q
that is not collapsed in B∨Qpr

has the same slope in both the complexes, and therefore,

the vector ψ(v+) − ψ(v−) ∈ t∨ is a positive multiple of ψpr ◦ κ(v+) − ψpr ◦ κ(v−).
Define the vertex position ψν of the dual complex B∨Q,ν underlying (Q, τν) as

Vert(B∨Q,ν) = Vert(B∨Q)
ψν−→ t∨, v 7→ ψ(v) + ν(ψpr ◦ κ)(v).

With this definition, the slopes of edges e ∈ B∨Q,ν , dim(e) = 1 is the same as the

slopes in B∨Q,ν . The length of any edge collapsed by κ is the same in B∨Q,ν and B∨Q;
and for any edge not collapsed by κ the length grows linearly in ν. See Figure 7.11.
This finishes the proof of Claim 7.28. �

B∨P

B∨

QP

Qpr

Q

B∨Qpr

B∨Q
B∨Q,ν

Figure 7.11. The polyhedral decomposition Q of B∨ extends the
decomposition Qpr, and is equal to QP on B∨P ⊂ B∨. The dual
complexes B∨Q, B∨Qpr

corresponding to the decompositions Q, Qpr.

The dual complex B∨Q,ν stretches the edges of B∨Q that occur in B∨Qpr

leaving the others unchanged.

In case P is not a top-dimensional polytope, the proof of the Proposition is the
same with the following minor differences:

• The map iν : νB∨ → ConeP∨ B
∨ is a translation in t∨ that is defined by

the condition that νP∨ is mapped to t∨P ⊂ ConeP∨ B
∨ by translation by tν .

In fact the translation map e−tν : Xν
P
→ X

P
is induced by the map iν of

complexes. The condition d(tν , P
∨
0 ) → ∞ for all P0 ⊃ P ensures that the

images iν(νB∨) exhaust ConeP∨ B
∨.

• In the proof of Claim 7.28, the primary decomposition of B∨ is defined so
that B∨

P
is one of the top-dimensional polytopes produced by the decompo-

sition. Unlike the case of codim(P ) = 0, there is no natural choice, but any
choice of primary decomposition works for the proof. See Figure 7.12 for
example.

B∨

B∨
P

B∨

Figure 7.12. A primary decomposition of B∨ (right) that has B∨
P

as a top-dimensional polytope.
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Finally in the case that there are more than one point polytopes in P that are
vertices of P , the same proof carries over with heavier notation. The ω-complex
B∨P and J-complex ConeP∨ B

∨ each has more than one top-dimensional polytope,
and the same construction of ℵν may be applied to each of the top-dimensional
polytopes. This finishes the proof of Proposition 7.27. �

Proposition 7.29. (Hofer energy and quotients) Let P ∈ P be a polytope with
codim(P ) > 0. Let u : C → X

P
be a perturbed holomorphic map with respect to a

domain-dependent almost complex structure J : C → UJ0 for which Hofer energy is
monotonic (see Lemma 7.26). Let πP : X

P
→ XP be the quotient under the action

of TP,C. Then,
EHof(πP ◦ u) ≤ EHof(u).

Proof. We recall that a squashing map for X
P

is a product map

ℵ = (ℵP ,ℵP∨) : ConeP∨ B
∨ → B∨

P

where ℵP : NConeP∨ B
∨ → B∨P is a squashing map for the cut space XP , and

ℵP∨ : t∨P → δP∨ is a squashing map of polytopes. We assume δP∨ is embedded in
t∨P so that the image of πt∨P (P ) is mapped to the origin. For any map u : C → X

P
,

(πP ◦ u)∗(ψ∗ℵPωXP ) = u∗ψ∗ℵωX

if and only if
ℵ = (ℵP , 0), 0 ∈ δP∨

on the image of (πConeP∨ B
∨ ◦ u), where

πConeP∨ B
∨ : X

P
→ ConeP∨ B

∨

is the projection from (7.23).

Claim 7.30. There is a sequence of squashing maps ℵν : t∨P → δP∨ for which t∨P
is exhausted by the sequence of sets

Uν := interior(ℵ−1
ν (0)).

Proof. Choose a polyhedral decomposition Q of δP∨ that contains a single
point polytope R located at 0 ∈ δP∨, and let B∨Q be a dual complex of the decom-
position. Define ℵν by a sequence of embeddings of the parted polytope δP∨(Q)
into t∨P such that the underlying dual complex is νB∨Q, see Remark 7.15. �

The Lemma follows from the Claim : For any squashing map ℵP of XP , define

a sequence of squashing maps ℵν := (ℵP ,ℵν) of X
P

, where ℵν is the sequence of
maps defined by Claim 7.30. We have

EHof(u) ≥
∫
Cν

(ψℵν ◦ u)∗ωX =

∫
Cν

(ψℵν ◦ πP ◦ u)∗ωXP ,

where Cν := (πConeP∨ B
∨ ◦ u)−1(Uν). Since the sets Cν exhaust the domain C, we

conclude that for any squashing map ℵP of XP ,∫
C

(ψℵν ◦ πP ◦ u)∗ωXP ≤ EHof(u),
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and consequently EHof(πP ◦ u) ≤ EHof(u). �

7.4. Basic area forms

In this section we define a sequence of two-forms called ‘basic area forms’ on neck-
stretched manifolds that resemble symplectic forms in the complement of necks. On
the neck regions, these area forms are basic. Such a family of area forms is useful
in the proof of Gromov convergence, as it gives us a taming symplectic form on any
compact subset of cut spaces.

The basic area forms are given by a family of squashing maps, called ‘basic
squashing maps’, which we first describe informally. For any top-dimensional poly-
topeQ∨ ⊂ B∨ (corresponding to a point polytopeQ ∈ P), the map ℵbas

ν : νQ∨ → Q∨

is given by a polyhedral decomposition of Q∨ which looks like the decomposition P
in a neighborhood of Q. The top-dimensional polytopes in this decomposition are
B∨P,Q ⊂ Q∨ corresponding to every P ∈ P0 (see (7.20) and Figures 7.6, 7.7). To

define the squashing map ℵbas
ν , we also need an embedding B∨P,Q ↪→ νQ∨ for every

P ∈ P, which is defined so that the vertex P∨ ∈ B∨P,Q is mapped to νP∨ ∈ νQ∨.
The squashing map in the right side of Figure 7.4 is basic. Figure 7.13 is another
example of a basic squashing map.

Definition 7.31. (Basic area form for neck-stretched manifolds) For any ν ≥ 0,
the basic squashing map is an undilated squashing map

ℵbas
ν : νB∨ → B∨

• given by a polyhedral decompositionQ ofB∨, where for every top-dimensional
polytope Q∨ ⊂ B∨ (corresponding to a point polytope Q ∈ P) the top-
dimensional polytopes in the decomposition Q|Q∨ are

{B∨P,Q ' i−1
Q (P ) ∩Q∨ : P ∈ P0, Q ∈ P},

where B∨P,Q is defined in (7.20).

• To define ℵbas
ν the translation of B∨P,Q ⊂ Q∨ is defined so that

(7.26) (ℵbas
ν )−1(P∨) = {νP∨} ∀P ∈ P0.

The map ℵbas
ν defines a basic area form as

ωbas
ν := φ∗ℵbas

ν
ω ∈ Ω2(Xν).

See Figure 7.13 for an example of a squashing map underlying a basic area form.

Definition 7.32. (Dilated basic area form) Let ℵbas
ν : νB∨ → B∨ be the family

of basic squashing maps. For all 1 ≤ t � ν dilated basic squashing maps ℵbas
ν,t are

defined as

ℵbas
ν,t := ℵbas

ν/t ◦ δt : νB∨ → B∨,

where the map δt : νB∨ → ν
tB
∨ dilates by a factor of t. The maps define dilated

basic area forms as

ωbas
ν,t := φ∗ℵbas

ν,t
ω ∈ Ω2(Xν).
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ℵ
(X,P,Φ)

B∨
νB∨

B∨

Figure 7.13. Example of a squashing map underlying a basic area form.

Basic area forms on neck-stretched manifolds converge to basic area forms on
cut spaces which are defined as follows.

Definition 7.33. (Basic area on cut spaces, broken manifolds) Let P ∈ P. The
basic squashing map

ℵbas
P : NConeP∨ B

∨ → B∨P
on the cut space XP is an unpartitioned squashing map (as in Definition 7.19)
defined by the condition

(7.27) (ℵbas
P )−1(BωP,P ) = P∨.

Here we recall that BωP,P is a vertex of the polytope BωP,Q (see (7.20)) occuring in

the complex B∨P . The basic area form on the cut space XP is defined as

ωbas
P := ψ∗ℵbas

P
ωXP ∈ Ω2(XP ).

Dilated basic area forms ωbas
P,t ∈ Ω2(XP ) are defined analogously by dilating the

squashing map ℵbas
P by a factor of t.

Proposition 7.34. (Basic area forms on neck stretched manifolds) The basic
area forms ωbas

ν and ωbas
ν,t satisfy the following properties:

(a) (Boundedness) For any ν, t, and a map u : C → Xν ,

ωbas
ν,t (u) ≤ EHof(u).

(b) (Cohomology) The form ωbas
ν,t is cohomologous to ω ∈ Ω2(X) and is weakly

taming for J ∈ UJ0 ⊂ J cyl(X) from Lemma 7.23.
(c) (Convergence to horizontal forms) Suppose for a polytope P ∈ P, tν ∈ νP∨

is a sequence of translations tν ∈ νP∨ satisfying d(tν , νP
∨
0 ) → ∞ for any

P0 ) P . Then

(7.28) (etν )∗ωbas
ν converges to π∗Pω

bas
P ,

where the embedding etν : X
P
→ Xν

P
is defined in (3.42).
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(d) (Non-degeneracy on compact sets) For any P ∈ P, t ≥ 1 there is an open
set UP,t ⊂ XP on which ωbas

P,t is non-degenerate, and the family {UP,t}t
exhausts the cut space XP as t→∞.

Proof. Parts (a) and (b) are true for any squashed area form. To prove part
(c) consider a polytope P ∈ P. Since we may prove the convergence (7.28) on one
cylindrical region at a time, for the sake of simplifying notation, we assume that
there is only one point polytope Q ∈ P. We recall that etν is defined as the inverse
of e−tν , and the translation map e−tν : Xν

P
→ X

P
is defined is induced by the map

iν : νB∨ → ConeP∨ B
∨

which is a translation in t∨ defined by the condition that νP∨ is mapped to t∨P ⊂
ConeP∨ B

∨ by translation by tν . The condition d(tν , P
∨
0 )→∞ for all P0 ⊃ P ensures

that the images iν(νB∨) exhaust ConeP∨ B
∨. The convergence (7.28) follows from

the following Claim :

Claim 7.35. The sequence of maps ℵbas
ν ◦ i−1

ν converges to a lift of π∗Pℵbas
P where

πP : ConeP∨ B
∨ → NConeP∨ B

∨ is the projection map.

Proof of Claim. For any ν, let SP,ν ⊂ νB∨ denote the subset on which ℵbas
ν

is invariant under t∨P translation of the domain. The condition d(tν , P
∨
0 ) → ∞ for

all P0 ⊃ P together with the definition of basic area forms ensures that iν(SP,ν)

exhausts ConeP∨ B
∨. The map iν , ℵbas

ν descend to

iν : SP,ν/t
∨
P → NConeP∨ B

∨, ℵbas
ν : SP,ν/t

∨
P → B∨P .

The defining condition of basic squashing maps (7.26), (7.27) ensures that the maps

ℵbas
ν ◦ i−1

ν converges to ℵbas
P , implying the statement in the Claim. �

Part (d) follows from the fact that the sequence of sets

SP,t ⊂ NConeP∨ B
∨

on which ℵbas
p,t is a dilation (and not a projection) exhausts NConeP∨ B

∨ as t →
∞. �

Definition 7.36. (Basic area of a region of a map) Let Ω be a complex curve
possibly with boundary, and let u : Ω→ Xν be a perturbed holomorphic map. The
basic area of the map is

Areabas(u,Ω) :=

∫
Ω
u∗ωbas

ν ,

where ων ∈ Ω2(Xν) is the basic area form on Xν . If a map u has closed domain Ω,
or it maps the boundary of the domain ∂Ω to the Lagrangian L, then Area(u) =
Areabas(u). For a perturbed holomorphic map u : Ω→ Xν as in Definition 7.36, the
dilated basic area is

Areabas
t (u,Ω) :=

∫
Ω
u∗ωbas

ν,t .
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7.5. Removal of singularities

In this section, we prove a removal of singularities result for punctured holomor-
phic maps in a piece of a broken manifold. The standard approach to prove this
result by embedding the broken almost complex manifold into a compact symplectic
manifold fails, because the almost complex manifold XP can not be embedded into
the symplectic cut space Xω

P via increasing maps.1 Consequently a Hofer energy
bound in XP does not translate to a bound on symplectic area in Xω

P . Therefore we
take a different approach where we prove that any punctured holomorphic map with
finite Hofer energy lies in some Q-cylindrical region and the image of the projection
to XQ lies in a compact set in the complement of relative divisors. Therefore the
removal of singularities result applies on the projected map, and consequently on
the original map.

For the removal of singularities result we consider maps on a punctured disk
B1\{0} which is holomorphically identified with

Cyl := R≥0 × S1.

For any l ≥ 0, we refer to a truncated semi-infinite cylinder by

Cyl(l) := [l,∞)× S1.

Proposition 7.1. (Removal of singularities) Suppose u : [0,∞)×S1 → X
P

is a
perturbed J-holomorphic curve with respect to the domain-dependent almost complex
structure J : B1 → UJ0 (holomorphically identifying Cyl ' B1\{0}) with

(7.29) EHof(u) <∞, ‖du‖L∞(Cyl) <∞.
Then, u extends to a holomorphic map u : B1 → XP possibly, in the orbifold case,
after passing to a finite cover.

Monotonicity for pseudoholomorphic maps is the main technical tool in the proof
of Proposition 7.1. We state the monotonicity result (see for example [90, Proposi-
tion 3.12]).

Proposition 7.37. (Monotonicity) Let (X,ω) be a compact symplectic mani-
fold, and let UJ be a C0-neighborhood on the space of tamed almost complex struc-
tures. There exist constants c, r0 > 0 such that for any x ∈ X, 0 < r ≤ r0, a
Riemann surface C with boundary ∂C and a pseudoholomorphic map u : C → X
with respect to a domain-dependent almost complex structure J : C → UJ whose
image contains x and u(∂C) ⊂ ∂B(x, r),∫

C
u∗ω ≥ cr2.

We first prove the removal of singularities result (Proposition 7.1) in the case
of a single cut to serve as a warm-up for the more complicated proof in the case of
multiple cuts.

1For any vertex Q ∈ P of P , an increasing map may not exist in the Q-cylindrical corner of
XP because the fixed t-inner product from (3.6) is not equal to the natural t-inner product at the
Q-corner. The natural inner product is the one for which the edges P1 ⊂ P emanating from Q form
an orthogonal basis.
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Proof of Proposition 7.1 in the case of a single cut. We set up some
notation first. We consider a single cut with polyhedral decomposition

P = {P− := (−∞, c], P0 := {c}, P+ := [c,∞)},
and dual complex B∨ ∼= [−δ2 ,

δ
2 ].

We consider a map u : Cyl → XP+ satisfying the hypothesis of Proposition
7.1, the case of a map in XP− being similar. We recall there is a projection to the
J-complex

πBJ : XP+
→ ConeP∨+ ' (−∞, 0]

We choose any unpartitioned squashing map (as in Definition 7.19)

ConeP∨+ ' (−∞, 0]
ℵ−→ [−δ2 ,

δ
2 ] ' B∨.

Such a map is a translation on an interval [τ, τ + δ] ⊂ R− and a locally constant
map on the complement. Denote

XB∨,◦ := π−1
BJ

(ℵ−1(B∨,◦)) ' π−1
BJ

([τ, τ + δ]).

Definition 7.38. (Crossing) A connected component C ⊂ Cyl of u−1(XB∨,◦) is
called a crossing if u(C) intersects both boundary components of XB∨,◦

We claim that there is a lower bound on the squashed area of crossings. That
is, there is a constant c > 0 such that for any crossing C

(7.30)

∫
C
u∗(ψ∗ℵω) ≥ c.

Choose a small constant ε and a closed interval U ⊂ B∨,◦ such that

Ũ := Bε(U) ⊂ B∨,◦ = (−δ2 ,
δ
2 ],

and define
XŨ := π−1

BJ
(ℵ−1(Ũ)), XU := π−1

BJ
(ℵ−1(U)) ⊂ XP+

.

The squashed form ψ∗ℵω is a symplectic form on XŨ and Bε(XU ) ⊂ XŨ . For a
crossing C, u(C) intersects XU . Therefore by the monotonicity theorem applied to
the manifold (XŨ , ψ

∗
ℵω), the lower bound (7.30) on the squashed area follows.

Next we claim that one of the following two possibilities occur :

(a) Either the image u(Cyl) is contained in a compact subset of XP+
,

(b) or after truncating the domain cylinder by a finite amount, the image of u is
contained in π−1

BJ
(−∞, τ ], which is equal to (−∞, τ ]×ZP0 , where ZP0 → XP0

is a principal S1-bundle.

Indeed, after passing to a truncation of the domain cylinder, we may assume that
the squashed area of the map is small enough to ensure that there are no compact
crossings. If there is a non-compact crossing C ⊂ Cyl, the image of u is contained in
a compact set. Indeed, C intersects the image u({`}×S1) for all ` ≥ `0 for some `0,
and therefore the image u(Cyl(`0)) is contained within a radius 2π‖du‖L∞ of XŨ ,
which is a compact set.

In case the image of u is contained in a compact subset of XP+ , the result follows
from the removal of singularities result for compact symplectic manifolds. Indeed
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by Proposition 7.34 (d), for any compact subset K of XP+ there is a dilated basic

form ωbas
t that is symplectic on K, and

∫
Cyl u

∗ωbas
t < EHof(u).

Next we consider the case that the image of u is in the semi-infinite cylinder
ZP0× (−∞, τ ]. The (ωXP0

− ε
2dαP0)-area of the projection uP0 := πP0 ◦u is bounded

by EHof(u) because if we define the squashing map ℵ0 so that

ℵ0 = −ε
2 on (−∞, τ ],

then ∫
Cyl

u∗P0
(ωXP0

− ε
2dαP0) =

∫
Cyl

u∗ωℵ0 ≤ EHof(u).

By the removal of singularities result for compact symplectic manifolds, we conclude
that the projected map uP0 extends holomorphically to

uP0 : B1 → XP0 .

For the rest of the proof we view u as mapping to X
P 0
' ZP0 × R, since the P0-

cylindrical end is embedded in XP0
. Consider a holomorphic trivialization of the

pullback bundle u∗P0
X
P 0
→ B1. The projection of u to the fiber, denoted by

(7.31) uv : B1\{0} → S1 × R,

is holomorphic, and the R-coordinate has an upper bound. Therefore uv extends over
0 to a holomorphic map in P1. Consequently, u extends over 0 in the compactified
space XP .

Next we consider the case of a map u : Cyl→ X
P 0

. As in the previous paragraph,

the singularity at ∞ can be removed for the projected map πP0 ◦ u : Cyl → XP0 .
To prove that the singularity can be removed for the vertical component uv (as in
(7.31), it is enough to show that the R-component has either an upper or a lower
bound so that essential singularities can be ruled out. This bound is a consequence
of a lower bound on the squashed area ψ∗ℵ for crossings. The details are exactly as
in the case of XP± and are therefore omitted. �

The proof of removal of singularities in the case of a single cut proceeded by
showing that the map u either lies in a compact set or in the P0-cylinder, and we
proved this fact by ruling out ‘crossings’ using an area bound. To prove the result
in the case of multiple cuts, we analyze a variety of crossings, each corresponding
to a P -cylindrical region, for some P ∈ P. In the proof in the single cut case, if
the image of the map were in a P0-cylindrical subset, we needed to show that the
t∨P0

-coordinate (which is an R-coordinate) either has an upper or lower bound, or in
other words, it lies in a cone. Analogously in case of a multiple cut, if the map lies
in a P -cylindrical subset, we will show that the t∨P -coordinate on the image of the
map lies in a proper cone in the sense defined below:

Definition 7.39. A cone C in an affine space V is a proper cone if it has a
non-empty interior and it is the intersection of n half-spaces where n := dim(V ).

Most of the technical work in the proof of removal of singularities for multiple
cuts is carried out in the following Lemma.
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Lemma 7.40. For a holomorphic map

u : Cyl→ XP , resp. u : Cyl→ X
P

with finite Hofer energy and ‖du‖L∞ < ∞, there is a constant `0 and a polytope
Q ∈ P, Q ⊆ P such that

(a) the image u(Cyl(`0) is contained in the Q-cylindrical end of XP resp. X
P

,

(b) the image of πXQ ◦ u : Cyl(`0) → XQ is contained in a compact subset of
XQ,

(c) πQ∨ ◦ u is contained in a proper cone of t∨Q/t
∨
P resp. t∨Q.

Remark 7.41. If we apply Lemma 7.40 to a cut space XP , and it turns out that
Q = P , then the image of u is contained in a compact set since the map πXP on
XP is the identity map. Further, in this case, the conclusion (c) is vacuous because
t∨Q/t

∨
P is a point.

Proof of Lemma 7.40. We first prove the result for the case that P is a point,
and therefore P∨ ⊂ B∨ is top-dimensional. We may assume that the target space
is X

P
, since the other case is that of XP which is a compact symplectic manifold.

The Lemma then requires us to prove that the t∨P -coordinate on the image of u is
contained in a proper cone. We denote the complex and symplectic polytopes as BJ
and Bω, and therefore in the current case

BJ = t∨P , Bω = P∨.

We recall that there is a projection map

πB,J : X
P
→ BJ .

Fix any squashing map

ℵ : BJ → Bω.

The set of ‘special faces’ of Bω plays a role in the proof. In the current case of
P = point, all the faces of Bω ' P∨ are special faces. We say that for any face R of
Bω the interior R◦ of R is the complement of the special faces of R.

Step 1: We choose a collection neighborhoods in Bω, each corresponding to a
special face of Bω, which cover Bω, and such that for each of the neighborhoods the
ℵ-inverse image is contained in a proper cone.
We choose small constants εq > 0 for all q; and closed subsets

(7.32) q b q̃ b q

such that q resp. q̃ is contained in the interior of q̃ resp. q, and if dim(q) = 0
then q := q̃ = q; and closed tubular neighborhoods

(7.33) Uq = q × Iq, Ũq = q̃ × Iq ⊂ Bω,

where Iq is a closed neighborhood of the origin in the normal cone NConeqBω such
that

(a) Bω = ∪q:special face of BωUq,
(b) Uq1 ∩ Uq2 6= ∅ iff q1 ⊆ q2 or q2 ⊆ q1,
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(c) the vertical boundary of Uq resp. Ũq, that is,

q × (∂Iq\∂Bω), resp. q̃ × (∂Iq\∂Bω),

is contained in ∪q⊂rUr.

Note that for any special face q, the inverse image ℵ−1(Ũq) is contained in a proper
cone of t∨P . See Figure 7.14. For any special face q of Bω, we define

Xq := π−1
BJ
ℵ−1(q ), XUq := π−1

BJ
ℵ−1(Uq), etc.

Viewing XŨq
as a fibration over Xq̃ , we define the vertical boundary as

(7.34) ∂verXŨq
= π−1

BJ
ℵ−1(q × (∂Iq\∂Bω))

and the horizontal boundary as

(7.35) ∂horXŨq
= π−1

BJ
ℵ−1(∂q̃ × Iq).

Example 7.42. Consider the complex in Figure 7.14.

(a) For the top-dimensional polytope q = Q∨, Iq = point. So, q = Uq and

q̃ = Ũq are contained in the interior of Q∨ and have the same dimension as
Q∨. The set XŨq

only has a horizontal boundary and no vertical boundary.

(b) For q = q1 (and symmetrically q2), Iq is an interval, and XUq is a manifold
with corners. The boundary component intersecting XUQ∨ is the vertical

boundary, and the boundary component which only intersects XUp is the
horizontal boundary.

(c) For the point polytope q = p, Ip is a top-dimensional cone. The manifold
XUq only has a vertical boundary, and no horizontal boundary.

Q∨

p

q1 q2

UQ∨
Uq2Uq1

t∨Q

ℵ−1(UQ)

ℵ−1(Uq2)
ℵ−1(Uq1)

ℵ−1(Up)

Up

Figure 7.14. Left : Neighborhoods of interiors of faces of Q∨ that
cover Q∨. Right : The inverse images ℵ−1(UQ), ℵ−1(Uq1), ℵ−1(Uq2),
ℵ−1(Up1) are cones in t∨Q.

Definition 7.43. (q-crossing) For a special face q of Bω with dim(q) ≥ 1, we say
that a connected component C ⊂ Cyl of u−1(XŨq

) is a q-crossing if u(C) intersects

XUq , and u(∂C) lies on the horizontal boundary ∂horXŨq
.
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Step 2 : For every special face q of Bω there is a constant εq such that for any
q-crossing C ⊂ Cyl,

(7.36)

∫
C
u∗(ψ∗ℵω) ≥ εq.

Consequently, after truncating the domain cylinder by a finite amount there are no
compact crossings.

As a warm-up we consider the easiest case of q = Bω. Suppose C ⊂ Cyl is a
Bω-crossing. The lower bound for area is obtained by applying the monotonicity
theorem (Proposition 7.37) to the space XŨq

, on which the squashed area form ψ∗ℵω

is a symplectic form. There is a constant ε > 0 such that Bε(XUq) is contained in

XŨq
. Indeed, since q = Bω is top-dimensional, Iq is a point, and Uq = q , Ũq = q̃ ;

further Uq lying in the interior of Ũq together with a uniform bound on the derivative
d(ℵ ◦ πBJ ) for all squashing maps ℵ implies that ε can be chosen uniformly for all
ℵ. Therefore by the monotonicity theorem there is a constant εq > 0 such that for
any J-holomorphic map u : C → XŨq

, with J ∈ U(J0), u(∂C) ⊂ ∂XŨq
, and with

u(C)∩XUq 6= ∅, there is a lower bound on squashed area given by
∫
C u
∗(ψ∗ℵω) ≥ εq.

Next we consider a proper special face q of Bω and prove the area lower bound
on q-crossings. We observe that ψ∗ℵω is not a symplectic form on Xq̃ , since the
form vanishes along Kq,C-orbits, where Kq,C ⊂ TC is the subtorus generated by
kq,C = kq ⊗C ⊂ t⊗C, and kq ⊂ t is the orthogonal complement of tq. However, ψ∗ℵω
descends to a symplectic form on the quotient Xq̃ /Kq,C, which we denote by ω//Kq

.
In fact, by the definition of ψℵ, there is a symplectomorphism

(7.37) (Xq̃ /Kq,C, ω//Kq
) ' Φ−1(Q)/Kq × q̃ .

We also note that any cylindrical almost complex structure J on X
Q

descends to

the quotient

πKq,C : XŨq
→ XŨq

/Kq,C ' Xq̃ /Kq,C,

and therefore we may apply the monotonicity theorem to the projection πKq,C ◦(u|C)
lying in the symplectic manifold (Xq̃ /Kq,C, ω//Kq

). We obtain a constant ε′q, that is
independent of u, and satisfies

(7.38)

∫
C

(πKq,C ◦ u)∗ω//Kq
≥ ε′q.

It remains to relate the left-hand side= of (7.38) with
∫
C u
∗(ψ∗ℵω). As discussed

earlier in (7.37), the forms π∗Kq,C
ω//Kq

and ψ∗ℵω are equal on Xq̃ . However, on the

complement XŨq
\Xq̃ , ψℵ is a diffeomorphism

XŨq
\Xq̃

ψℵ−−→ Φ−1(Q)× (Ũq\q̃ ),

and so, the form ψ∗ℵω is symplectic on XŨq
\Xq̃ . For any x ∈ XŨq

\Xq̃ , denote by

ωx,hor the restriction of ψ∗ℵω to the complement of kerDπKq,C . For a locally strongly
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tamed J0, we have for any v ∈ TxXŨq
,

(7.39) (ψ∗ℵω)(v, J0v) ≥ ωx,hor(DπKq,C(v), DπKq,C(J0v)),

and by Lemma 3.30 there is a constant c (independent of J , x) such that

(7.40) cωx,hor(DπKq,C(v), DπKq,C(J0v)) ≥ ω//Kq
(DπKq,C(v), DπKq,C(J0v)),

and combining (7.39), (7.40) we get

(7.41) c(ψ∗ℵω)(v, J0v) ≥ ω//Kq
(DπKq,C(v), DπKq,C(J0v)).

For any cylindrical J ∈ UJ from Lemma 7.8, let J0 be a cylindrical almost complex
structure on X

Q
that is strongly tamed and whose horizontal projection to XQ is

same as that of J . Then the calculation in the last paragraph of the proof of Lemma
7.8 (in particular, the estimate (7.17)) implies that there is a constant c (independent
of J , x) such that

(7.42) c(ψ∗ℵω)(v, Jv) ≥ (ψ∗ℵω)(v, J0v)

Combining (7.41), (7.42) and using the fact that u is holomorphic with respect to a
domain-dependent almost complex structure taking values in UJ, we conclude that
there is a constant cq (determined by the sets q, Uq etc.) such that

(7.43)

∫
C

(πKq,C ◦ u)∗ω//Kq
≤ c

∫
C
u∗(ψℵ)

∗ω.

The lower bound (7.36) on squashed area follows from (7.43) and the lower bound
on
∫
C(πKq,C ◦ u)∗ω//Kq

from (7.38).

Step 3: We finish the proof for the case P = point by proving the following
Claim.

Claim 7.44. There is a constant `0 and a special face q ⊂ Bω such that the
image u({`} × S1) intersects XŨq

for all ` ≥ `0.

The Claim implies the Lemma for the following reason : The inverse image
ℵ−1(Ũq) is contained in a proper cone C ⊂ t∨Q. By the boundedness of the derivative

‖du‖L∞ , we conclude that the image πt∨Q ◦ u(Cyl) is contained within a bounded

distance of πt∨Q ◦ u(C). Therefore, πt∨Q ◦ u(Cyl) is contained in a proper cone that is

obtained by translating the cone C.

Proof of Claim. By truncating the cylinder by a finite amount we may as-
sume the squashed area of the map is small enough to ensure that there are no
compact crossings. If there is a non-compact q-crossing C then for all large enough
`, the crossing intersects the circle {`} × S1, and the Claim follows. Therefore we
proceed, assuming that the map u does not have any crossings. The Claim is a
consequence of the following statement.

Inductive statement : Suppose for a special face q ⊆ Bω with dim(q) ≥ 1, the
image u(Cyl) does not intersect XUp for any special face p ⊃ q of Bω. Then there is
a constant `0 such that
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Case 1: either the image u({`} × S1) intersects XŨq
for all ` ≥ `0.

Case 2: or the image of u(Cyl(`0)) does not intersect XUq .

Indeed applying the statement inductively on the special faces of Bω, starting
with the full face Bω, lets us conclude that the Claim holds for some q, dim(q) ≥ 1,
or for some `, the image u(Cyl(`)) is contained in ∪q:dim(q)=0XŨq

. But since the sets

XŨq
, dim(q) = 0, are disjoint from each other, the image u(Cyl(`)) is contained in a

unique XŨq
with dim(q) = 0, which implies the Claim.

It remains to prove the Inductive statement. Assuming the contrapositive of
Case 1, we will prove Case 2. The contrapositive of Case 1 implies that there is a
sequence of points zi → ∞ in the domain cylinder with u(zi) ∈ XUq . Since u does

not have any crossings, the connected component of Ci of u−1(XŨq
) containing zi

intersects the boundary ∂Cyl = {0}×S1. Indeed, the image u(∂Ci) of the boundary

does not map to the vertical boundary q̃ × (∂Iq\∂Bω) of Ũq since the image u(Cyl)
does not intersect XUp for any special face p ⊃ q. Since zi → ∞, for any ` ≥ 0,

u({`}× S1) intersects XŨq
. This finishes the proof of the Claim, and the Lemma in

case P = point. �

Step 4 : Proof of Lemma for a cut space XP .
The new feature in the proof for cut spaces is that the special faces of the ω-polytope
do not coincide with the faces of the ω-polytope. In order to list the special faces,
we first list the faces of Bω. We recall that the ω and J-polytopes are

Bω = B∨P , BJ = NConeP∨ B
∨.

The faces of Bω are given by the bijective correspondence

{(Q0, Q1) : Q0, Q1 ∈ P, Q1 ⊆ Q0 ⊆ P} → Faces(B∨P ),

(Q0, Q1) 7→ FQ0,Q1 := i−1
R (Q0) ∩Q∨1 ,

where R ⊂ Q0 is a point polytope in P. If there are more than one point polytopes
in Q0 the space i−1

R (Q0) ⊂ B∨ is independent of the choice of R ⊃ Q0.
The special faces of B∨P are

(7.44) FQ := ∪R⊆QFQ,R, Q ⊆ P,Q ∈ P.

See Figure 7.15. Note that FQ is a subcomplex of B∨P of dimension dim(Q). In
particular, FQ contains as many top-dimensional polytopes as the number of point
polytopes in Q. For a pair R ⊆ Q of polytopes in P, FR ⊆ FQ, and we say that
FR is a special face of FQ. The interior F◦Q is the complement of the proper special
faces of FQ. Let

FQ ⊂ F̃Q ⊂ F◦Q
be neighborhoods in the interiors of special faces (as in (7.32)), and let

UFQ , ŨFQ

be thickenings of FQ, F̃Q as in (7.33).
Choose a squashing map ℵ : BJ → Bω such that



7.5. REMOVAL OF SINGULARITIES 181

P

R

P

B∨P

B∨

FP,P

FP,Q1

FP,R

FP,Q2

FQ1,Q1

FR,R

FQ1,R

FQ2,Q2

FQ2,R

ConeP∨ R
∨

Q2

Q1 Q3

FP

FQ1

FQ2

FR

ℵ−1(F◦R)

ℵ−1(F◦Q2
)

ℵ−1(F◦Q1
)

ℵ−1(F◦P )
B∨P

Figure 7.15. Left : A polyhedral decomposition P on (X,ω), dual
complex B∨, and the ω-polytope B∨P for XP . Middle top : Faces of
B∨P . Middle bottom : Special faces of B∨P . Right : Inverse images of
special under a squashing map ℵ : ConeP∨ R

∨ → B∨P .

• for any vertex Q ∈ P of P , B∨P,Q ⊂ B∨P is unpartitioned in the polyhedral
decomposition underlying ℵ,
• and the translation τQ : B∨P,Q → NConeP∨ Q

∨ is such that

(7.45) d(τQ(B∨P,Q),NConeP∨ R
∨) > 2π‖du‖L∞ .

We describe some features of the special faces. On the inverse image ℵ−1(F◦Q)
of the interior of a special face FQ, the squashing map ℵ is equal to orthogonal
projection to t∨Q. As a consequence the following properties hold on the special

faces and their thickenings. (See Figure 7.15.) Let SQ denote one of the spaces:

SQ := F◦Q, FQ, F̃Q, UFQ , or ŨFQ .

• The inverse image π−1
BJ
ℵ−1(SQ) is contained in a Q-cylindrical end of XP .

• The projection ℵ−1(SQ)/t∨Q is contained in a compact subset ofNConeP∨B
∨.

The proofs of both Step 2 and Step 3 carry over to the case of cut spaces, and we
conclude that there exists `0 such that for all ` ≥ `0, the image u({`}×S1) intersects
XŨFQ

for some Q ⊆ P , Q ∈ P. We claim that u(Cyl(`0)) lies in the Q-cylindrical

end of XP . Indeed u(Cyl(`0)) lies within a (2π‖du‖L∞)-radius of XŨFQ
, which is

part of the Q-cylindrical end by (7.45), since the Q-cylindrical end is

ℵ−1
J (NConeP∨ B

∨\ ∪R⊆P :Q*R NConeP∨ R
∨).

Next, the projection from the Q-cylindrical end to XQ corresponds to the orthogonal
projection

πt∨Q : NConeP∨ B
∨ → t∨Q/t

∨
P .

The image of the projection πt∨Q of ℵ−1(tUFQ) is compact, therefore πXQ ◦u(Cyl(`0))

is contained in a compact subset of XQ. Finally the t∨Q/t
∨
P -coordinate on the image

of u is contained in a translate of the cone NConeP∨ Q
∨, which is a proper cone.
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Step 5 : Proof of Lemma for a broken manifold X
P

.
The only new feature of the proof is the set of special faces of the ω-polytope. The
ω-polytope is a product

Bω = B∨
P

:= B∨P × δP∨.
Any special face in B∨

P
is a product FQ × δR∨ of a special face FQ of B∨P for some

Q ⊆ P (see (7.44)); and a special face of δP∨ which is δR∨ for some R ⊃ P , R ∈ P.
The proof is the same as the case when dim(P ) = 0. Finally if the truncation of
the cylinder is mapped by ℵ ◦ πBJ ◦ u to a neighborhood of (FQ × δR∨)◦, then we
show that the image of u is contained in the Q-cylindrical end of X

P
. The other

conclusions of the Lemma follow as in Step 3 and Step 4. �

Proof of Proposition 7.1 for multiple cuts. Applying Lemma 7.40 to the
map u, we obtain a polytope Q such that, after truncating the domain cylinder by
a finite amount, the image of u is contained in the Q-cylindrical end of the target
manifold.

We first show that the horizontal projection

uQ := πQ ◦ u : Cyl→ XQ

has a removable singularity at infinity. Since the image of uQ lies in a compact subset

of XQ, there is a basic dilated form ωbas
Q,t ∈ Ω2(XQ) (Proposition 7.34 (d)) which is

non-degenerate on the image of uQ; and ωbas
Q,t is taming, since it is constructed using

a squashing map. By Proposition 7.29,
∫

Cyl u
∗
Qω

bas
Q,t < EHof(u) < ∞. Therefore

the removal of singularity result for compact symplectic manifolds implies that uQ
extends holomorphically to uQ : B1 → XQ.

We finish the proof by showing that the singularity is removable for the vertical
component of the map also. The Q-cylindrical end of XP resp. X

P
may be identified

with X
Q
/TP resp. X

Q
, and we view u as mapping to these latter spaces. We consider

a holomorphic trivialization of the pullback bundle u∗QXQ
/TP resp. u∗QXQ

over B1,

and denote the vertical component of the map u by

uv : Cyl→ TQ,C/TP,C resp. TQ,C.

Identifying TQ,C ' TQ × tQ via the Cartan map, and observing that πtQ ◦ uv is
contained in a proper cone of tQ/tP resp. tQ, we conclude that uv extends over the
singularity to a holomorphic map (possibly after passing to a finite quotient) whose
target space is a toric orbifold. The target toric orbifold is chosen based on the
compactifications of the broken manifold and cut spaces. This concludes the proof
of Proposition 7.1. �

The following is a version of the removal of singularities result for punctures on
the boundary. This result does not involve any technical difficulties arising from
neck-stretching because the Lagrangian submanifold does not intersect the neck
regions.

Proposition 7.45. (Removal of singularities on the boundary) Let

u : (R+ × [0, 1],R+ × {0, 1} → (XP0 , L)
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be a perturbed pseudoholomorphic map and

EHof(u) <∞, ‖du‖L∞(Cyl) <∞.

Then, u extends to a holomorphic map

u : (B1 ∩H, B1 ∩ R)→ (XP , L).

Proof. By the uniform bound on the derivative, the image of u is contained
in a compact neighborhood of the Lagrangian L. Then there is a dilated basic
form ω ∈ Ω2(XP ) that is symplectic on the closure of im(u) and which tames the
almost complex structure. Therefore, the Proposition follows from the removal of
singularity theorem for compact symplectic manifolds. �

7.6. Hofer energy for Gromov compactness of broken maps

In Section 7.3.2 we gave a definition of Hofer energy which will be used in the
proof of Gromov compactness of maps in neck-stretched manifolds. For the proof of
convergence of a sequence of broken maps (in the upcoming Section 8.5), we define
a different version of Hofer energy, called P -Hofer energy, by choosing a different
target space for the squashing map beween complexes.

The reason for having a different definition for P -Hofer energy is so that the
following analog of Proposition 7.27, holds with the same proof as that of Proposition
7.27.

Proposition 7.46. (Hofer energy and limits of maps, broken version) Let Q ⊆
P be a pair of polytopes in P. Let uν : C → X

P
be a sequence of maps, and

tν ∈ ConeP∨ Q
∨ a sequence of translations such that

d(tν ,ConeP∨ R
∨)→∞ ∀R ∈ P : Q ⊂ R ⊆ P,

the sequence of translated maps e−tνuν : C → X
Q

converges uniformly to u. Then,

EHof,P (u) ≤ lim inf
ν

EHof,P (uν).

The proof of Proposition 7.27 (which is the neck-stretched version of Proposition
7.46) was based on the fact that the ω-complex of XP is a subset of the ω-complex
of X. To imitate the proof of Proposition 7.27 in the broken case, we require that
for any Q ⊆ P , the ω-complex used to define P -Hofer energy for maps in X

Q
is a

subset of B∨
P

which is the ω complex of XP .
For a pair of polytopes Q ⊆ P we now define the ω-complex used for defining P -

Hofer energy for maps in X
Q

. P -Hofer energy is defined by embedding the almost

complex manifold X
Q

into the symplectic broken manifold (XP , ωXP ). We recall

that the tropical moment polytope of XP is P which is a fibered polytope over P ,

that is, there is a fibration πP : P → P . (See Definition 3.12.) Suppose π−1
P (Q) ⊂ P

is the intersection of facets Q1, . . . , Qk, where

Qi = {x ∈ t∨ : 〈x, vi〉 = εi} ∩ P for some vi ∈ t, εi ∈ R,
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and P ⊂ {〈x, vi〉 ≥ εi} for all i. Then the ω-complex for defining P -Hofer energy for
maps in X

Q
is

BP,∨Q := ∩i{〈x, vi〉 ≤ εi + δi} ∩ P ,

where δ1, . . . , δk > 0 are small constants. Thus BP,∨Q is a fibered polytope over Q.
For a map u : C → X

Q
, the P -Hofer energy is

EHof,P (u) := sup
ℵ

∫
C
ψ∗ℵωXP

,

where the supremum is over squashing maps ℵ : ConeQ∨ B
∨ → BP,∨Q . Note that if

Q = P then BP,∨P = B∨P , and therefore, EHof(u : C → X
P

) = EP,Hof(u : C → X
P

).
With this definition of P -Hofer energy, the proof of Proposition 7.46 is the same

as the proof of Proposition 7.27. Next we will see that other features of Hofer energy
– such as it being a topological quantity for maps on closed curves, and the finiteness
of Hofer energy implying removability of singularities at punctures – also hold in the
broken case.

Recall from Remark 7.22 that the Hofer energy of a map u : (C, ∂C)→ (Xν , L)
on a neck-stretched manifold is equal to the symplectic area. The following is the
analogous result for broken maps. The Hofer energy for maps on closed curves is
the sum of basic area and a weighted sum of the intersection multiplicities.

Proposition 7.47. For any polytope P ∈ P, there is a constant c such that for a
perturbed holomorphic map u : C → XP on a closed curve C without boundary that
intersects boundary divisors at the points z1, . . . , zd( ) with multiplicities T (zi) ∈ tZ,

EP,Hof(u) ≤
∫
C

(πP ◦ u)∗ωXP + c
∑d( )

i=1 |T (zi)|.

If u(zi) maps to an intersection of relative divisors, then |T (zi)| is the sum of the
intersection multiplicities of the map with each of the divisors at zi.

Proof. We remark that for a map in XP , the P -Hofer energy is equal to the
ordinary Hofer energy, and both are defined by pulling back the symplectic form
on the broken symplectic manifold (XP , ωXP ). For a closed domain C, the Hofer
energy of a map u : C → XP is a topological quantity, namely,

EHof(u) =

∫
C

(φℵ ◦ u)∗ωXP = 〈u∗[C], ωXP 〉

for any squashing map ℵ : ConeP∨ B
∨ → B∨P and the induced weakly taming map

φℵ. Now suppose the moment polytope for the fiber of πP : XP → XP is

P∨ = {x ∈ t∨P : 〈µi, x〉 ≤ ci, i = 1, . . . , N}
where ci ∈ R and µi ∈ tP,Z, i = 1, . . . , N are primitive outward pointing normals to
the facets of P∨. Suppose the base symplectic form ωXP on XP is given by reduction
at the origin 0 ∈ t∨P . Then,

(7.46) 〈u∗[C], ωXP 〉 = 〈(πP ◦ u)∗[C], ωXP 〉+ 2π
∑d( )

i=1

∑
jcj ·m(zi, Dj),
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where m(zi, Dj) is the intersection multiplicity at zi with the toric divisor Dj =
{〈µj , x〉 = cj}. Since the origin 0 ∈ t∨P is in the interior of P∨, the constant cj is
positive for all j. The Proposition follows from (7.46). �

Remark 7.48. The removal of singularities result continues to hold (with the
same proof) when EHof is replaced by EHof,P .





CHAPTER 8

Gromov compactness

We prove two convergence results for maps in broken manifolds in this chapter.
The first theorem concerns the limit of holomorphic maps to the neck-stretched
manifolds Xν in the limit ν → ∞. The second theorem is about the convergence
behavior of broken maps. Both theorems require only an area bound on the sequence
of holomorphic maps.

We sketch the definition of Gromov convergence, with a more precise and de-
tailed definition postponed to Section 8.1. As in symplectic field theory, convergence
in neck-stretched manifolds is modulo target rescalings. Rescalings are analogous
to ‘translations’ defined in Section 3.5. Given ν ∈ R+, the set of translations is
parametrized by the dual complex νB∨. A translation t ∈ νP∨ ⊂ B∨ is an embed-
ding

e−t : Xν
P
→ X

P
⊂ X

of the P -cylindrical subset Xν
P

of the neck-stretched manifold Xν . Gromov conver-
gence of a sequence of maps uν : Cν → Xν on neck-stretched manifolds to a broken
map u : C → X encapsulates the following conditions:

(a) (Domain convergence) The sequence of treed disks Cν converges to a treed
disk C;

(b) (Convergence of maps) for each component Cv of C, there is a sequence of
translations tν(v) ∈ νP (v)∨ such that the translated maps e−tνuν converges
to a map uv;

(c) (Thin cylinder convergence) for a tropical node w in the domain C of u
corresponding to an edge e = (v+, v−), on the midpoints

mν := (0, 0) ∈ [−lν/2, lν/2]× R/Z ⊂ Cν
of the sequence of annuli in Cν converging to the node w, the translated

evaluations e
1
2 (tν(v+)+tν(v−))uν(mν) converge to the tropical evaluation of u

at the nodal point w.

Translation sequences yield tropical positions of vertices in the tropical graph of the
limit map, justifying the representation in Figure 1.8. For any ν

T (v) := tν(v)
ν ∈ P (v)∨, v ∈ Vert(Γ)

is a vertex position map for the combinatorial type Γ of the limit map. For a
Gromov-converging sequence of maps, area is automatically preserved in the limit,
since the number of domain marked points is preserved in the limit, and this number
is a constant multiple of area. We remark that (Thin cylinder convergence) is not

187
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part of the definition of convergence of stable maps in smooth manifolds, since it can
be deduced from convergence of maps. However, in case of neck-stretching, (Thin
cylinder convergence) does not follow from (Convergence of maps). Moreover (Thin
cylinder convergence) is used in the proof of surjectivity of gluing in Chapter 9.

In the statement of Gromov convergence for maps on neck-stretched manifolds,
the perturbations on neck-stretched manifolds are obtained by gluing a perturbation
datum on the broken manifold. A cylindrical divisor D in a broken manifold X can
be glued to give a family of divisors Dν in neck-stretched manifolds Xν . There
is a natural correspondence of tamed cylindrical divisor-adapted almost complex
structures

(8.1) ρν : J cyl(X,D)→ J cyl(Xν , Dν).

Definition 8.1. (Breaking perturbation datum) Let p be a perturbation datum
for the broken manifold X adapted to a cylindrical divisor D. A breaking perturbation
datum is a family of perturbation data {pν}ν∈[ν0,∞] for the neck-stretched manifolds
(Xν , Dν) satisfying the following property: there exists a constant ν(Γ) so that if
ν > ν(Γ) then pν,Γ := ρν(pΓ).

The statement of the convergence theorem does not require perturbations be reg-
ular, but it does require perturbations to be adapted to a stabilizing pair (Dν , Jν)
on Xν , which is obtained by gluing a stabilizing pair (D, J) on the broken mani-
fold (constructed in Section 5.3). We recall that by definition of a stabilizing pair
(Dν , Jν), any non-constant Jν-holomorphic sphere in Xν intersects Dν transversely
at atleast 3 points.

Theorem 8.2. (Gromov convergence for breaking maps) Suppose (J0,D) is a
stabilizing pair for the broken manifold X, and p∞ is a perturbation datum on X
adapted to (J0,D). Suppose {pν}ν is a sequence of breaking perturbation data (as in
Definition 8.1) on neck-stretched manifolds {Xν}ν . Let

uν : Cν → Xν

be a sequence of treed pν-adapted disks with uniformly bounded area Area(uν). There
is a subsequence of {uν}ν that Gromov converges to a p∞-adapted stable broken disk
u : C → XP modelled on a tropical graph Γ. The limit u is unique up to domain
reparametrizations and the action of the identity component of the tropical symmetry
group Ttrop,W(Γ) (see (4.28)).

The second result of the Chapter concerns convergence of a sequence of broken
maps with uniformly bounded area. After passing to a subsequence the maps uν
have the same type, say Γ with tropical structure T . The limit u typically has
additional domain components. The tropical structure T ′ of the limit is related to

T by a tropical edge collapse morphism, which is a morphism of graphs T ′ κ−→ T that
collapses a subset of edges of T ′, and the slopes of uncollapsed edges are the same
in T and T ′. See Figure 8.1 for an example.

Theorem 8.3. (Gromov convergence for broken maps) Suppose (J0,D) is a
stabilizing pair for the broken manifold XP , and p is a perturbation datum on XP
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Figure 8.1. Tropical edge collapse morphism between tropical graphs.

adapted to (J0,D). Suppose uν : Cν → XP is a sequence of adapted broken p-
holomorphic disks with uniformly bounded area.

After passing to a subsequence the type of the broken disks uν is ν-independent,
and is equal to, say, Γ. The sequence uν Gromov converges to a broken adapted
p-disk u : C → XP of type Γ′ for which there is a tropical edge-collapse morphism
Γ′ → Γ. The limit u is unique up to domain reparametrizations and the action of
the identity component of the tropical symmetry group Ttrop,W(Γ) (see (4.28)).

If the edge-collapse Γ′ → Γ is non-trivial (in the sense of Definition 8.26) then
dimC(Ttrop(Γ′)) > dimC(Ttrop(Γ)).

Remark 8.4. In theorems 8.2 and 8.3, the limit broken map is uniquely deter-
mined if it is rigid. Indeed for a rigid tropical graph Γ the tropical symmetry group
is finite.

8.1. Gromov convergence

In this section, we define the notion of convergence in the compactness results,
Theorem 8.2 and Theorem 8.3. We first fix identifications between domain curves
that are close to each other in the compactified moduli space of stable curves. This
is done via a choice of an exponential map in the neighborhood of nodes. Different
choices lead to the same notion of convergence. We start by recalling a construction
of deformation of a stable nodal curve. We describe the construction for rational
stable nodal curves (without boundary). The extensions to treed disks is explained
later in Remark 8.9. Let Γ be the combinatorial type of a rational stable nodal
curve with d( ) markings. The moduli space of curves MΓ is a submanifold of the
compactified moduli space Md( ) whose tubular neighborhood can be described as

follows. For a stable curve S in MΓ, let S̃ be the normalization of S at the nodal
points. For any edge e ∈ Edge ,−(Γ), we fix a map

(8.2) expSw±(e) : (U(Tw±(e)S̃), 0)→ (Uw±(e)(S̃), w±(e)),

U(Tw±(e)S̃) ⊂ Tw±(e)S̃, Uw±(e)(S̃) ⊂ S̃

that biholomorphically maps a neighborhood U(Tw±(e)S̃) of the origin in the tan-

gent space onto a neighborhood Uw±(e)(S̃) of the lift of the node we, satisfies

d expSw±(e)(0) = Id, and varies smoothly with S. The family of maps {expw±(e) :

e ∈ Edge ,−(Γ)} is fixed for the rest of this paper. Whenever we choose complex
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coordinates
z± : (Uw±(e)(S̃), w±(e))→ (C, 0)

in neighborhoods of the node we assume that they are compatible with expSw±(e).

That is, z± is the composition of expw± with a linear map on the tangent space. On
a neighborhood

UMΓ
⊂Md( )

of MΓ, there is a projection map

πΓ : UMΓ
→MΓ.

such that curves in a fiber π−1
Γ (S) are obtained by gluing the interior nodes of S as

follows. (See, for example, Siebert [84, Proposition 2.4] in the closed case; the open
case is similar.)

Definition 8.5. Given a nodal sphere S of type Γ, a collection of gluing param-
eters is a tuple

δ = (δe)e∈Edge−(Γ) : δe ∈ Tw+(e)S̃ ⊗ Tw−(e)S̃.

The curve corresponding to a gluing parameter δ is defined by

(8.3) Sδ := (S\ ∪e U ′w±(e)(S̃))/ ∼,

z+ ∼ z− ⇔ (expSw+(e))
−1(z+)⊗ (expSw−(e))

−1(z−) = δe.

Here U ′w±(e)(S̃) ⊂ S̃ is a neighborhood of w±(e) such that the boundary ∂U ′w±(e)(S̃)

is identified to ∂Uw∓e (S̃) (with reversed orientation) by the equivalence relation ∼.
Thus, for any node we, the relation ∼ identifies the pair of annuli

(8.4) Uw+(e)(S̃)\U ′w+(e)(S̃)
∼−→ Uw−(e)(S̃)\U ′w−(e)(S̃).

The resulting annulus in Sν is called Necke(S
ν), and

(8.5) Neck(Sν) := ∪e Necke(S
ν) ⊂ Sν .

The gluing construction maps a neighborhood of zero in the space of gluing parame-
ters to a neighbourhood of S in the fiber π−1

Γ (S). Curves in the neighborhood UMΓ

of MΓ possess a gluing parameter function for every smoothened node

δ = (δe)e : UMΓ
→

∏
e∈Edge ,−(Γ)

Tw+(e)S̃ ⊗ Tw−(e)S̃, Sδ 7→ δ.

Remark 8.6. At a node we if we choose a framing fr : Tw+(e)S̃ ⊗ Tw−(e)S̃ → C
as in (4.12) or if we choose complex coordinates

z+ : (S̃, w+(e))→ (C, 0), z− : (S̃, w−(e))→ (C, 0),

then the gluing parameter δe is a complex number.

Remark 8.7. (Identifications between nearby curves) Consider rational stable
curves S, S′ with [S] ∈ MΓ and [S′] ∈ Md( ) in the neighborhood of S. The
complement of nodes S◦ can be identified to subsets of the curve S′ as follows.
First suppose that S′ is obtained by gluing S. That is, S′ ∈ π−1

Γ (S). For a vertex
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v ∈ Vert(Γ), let S′(v) ⊂ S′ be the subset corresponding to the component Sv ⊂ S
including the necks Necke(S

′), v ∈ e. The subsets S′(v) cover S′. By the gluing
construction there are natural inclusions

(8.6) iSv ,S′ : S′(v)→ Sv ⊂ S.

Next suppose S′ is not in π−1
Γ (S). There is a neighborhood UΓ,S ⊂ MΓ of S on

which the universal curve UΓ can be trivialized, so that the variation of the complex
structure is given by a map

(8.7) UΓ,S → J (UΓ), m 7→ j(m)

for which j(m) is m-independent in the neighborhood of special points. The trivial-
ization of the universal curve UΓ gives a diffeomorphism φ : πΓ(S′)→ S. The maps
iSv ,S′ are defined as compositions

iSv ,S′ := φ ◦ iπΓ(S′)v ,S′ .

If a sequence Sν of curves converges to S, then the images iSv ,Sν (Sν(v)) exhaust the
complement of nodes S◦v as ν →∞.

Remark 8.8. (Uniqueness of identifications) The identifications between regions
of nearby curves are unique in the following sense. Suppose a sequence [Sν ] ∈
Md( ),d( ) converges to a curve [S]. For any node e = (v+, v−) in S, the identification
in the neck region

(8.8) iSv± ,Sν : Necke(S
ν)→ Sv±

is uniquely determined by the choice of the exponential map (8.2). On the comple-
ment of the neck region let

φν , φ
′
ν : Sν\Neck(Sν)→ S

be two possible identifications given by trivializations of the universal curve. Then
φν , φ′ν have the same image, and the maps φ′ν◦φ−1

ν converge to the identity uniformly
in all derivatives.

Remark 8.9. (Identifications of nearby treed disks) The identifications between
nearby nodal spheres extend to treed disks. Let C be a stable treed disk of type Γ
with surface part S and treed part T .

(a) (Glued treed disk) For a disk node e ∈ Edge0(Γ) of zero length, `(e) = 0, a
gluing parameter at the node we ∈ C is an element

δe ∈ (Tw+
e
∂S ⊗ Tw−e ∂S)≤0 ⊂ Tw+

e
S ⊗ Tw−e S

where the orientation on Tw+
e
∂S ⊗ Tw−e ∂S is derived from the orientation

on the boundaries of components of S. Given gluing parameters

δ := (δe)e∈Edge ,−(Γ)∪Edge0(Γ)

for all nodes in the surface component S, a glued surface

Sδ

is defined exactly as in (8.3). The glued treed curve is Cδ := Sδ ∪ T , that
is, the treed part in Cδ is the same as that of C.
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(b) (Domain identifications) Let C be a treed curve of type Γ, and let Γ′ be
a treed disk type obtained by collapsing a subset of interior edges e ∈
Edge ,−(Γ) and zero length boundary edges e ∈ Edge0

,−(Γ). Let C ′ = S′∪T ′
be a treed disk of type Γ′ that is close to C. For any surface component
Sv ⊂ C corresponding to a vertex v ∈ Vert(Γ), there is a subset S′(v) ⊂ S′
and an identification

iSv ,S′ : S′(v)→ Sv

exactly as in (8.6).

Next we identify punctured neighborhoods of interior nodes to annuli in nearby
curves. These identifications are needed for stating the (Thin cylinder convergence)
for tropical nodes in the definition Gromov convergence. We make these identifica-
tions only for interior nodes since all tropical nodes are interior nodes.

Definition 8.10. (Annuli converging to a node) Let Cν be a sequence of treed

disks converging to a limit curve C for which the arguments δe(Cν)
|δe(Cν)| of the gluing

parameters converge for all interior edges e ∈ Edge ,−(Γ). Let w ∈ C be an interior
node corresponding to the edge e = (v+, v−) ∈ Edge ,−(Γ).

(a) A sequence of annuli Aν ⊂ Cν converge to a node w in C if there are
Uw± ⊂ Sv± of the lifts w+, w− of w such that

Aν = i−1
Sv+ ,Cν

(Uw+) ∩ i−1
Sv− ,Cν

(Uw−).

We say that the sequence of annuli Aν is obtained by gluing the node w.
(b) (Centered annuli converging to a node) Suppose the node w ∈ C is equipped

with complex coordinates

z± : (Uw± , w±)→ (C, 0)

on neighborhoods Uw± ⊂ Cv± of its lifts w+, w−. A sequence of centered
annuli converging to the node w is a sequence of parametrized annuli

Aν := [−l′ν/2, l′ν/2]× R/2πZ ↪→ Cν

for which there exists ε > 0 such that

Aν = i−1
Sv+ ,Cν

({|z+| ≤ ε}) ∩ i−1
Sv− ,Cν

({|z−| ≤ ε}),

and the map

Aν
iSv± ,Cν
↪−−−−−→ Cv±

z±−→ C is equal to (s, t) 7→ exp(∓(s+ it)− (lν + iθν)/2).

Here e−(lν+iθν) ∈ C× is the neck length parameter for the curve Cν resulting
from the choice of coordinates z±.

Informally we may restate the above definition as follows: A sequence of an-
nuli converging to a node w is obtained by gluing neighborhoods Uw+ , Uw− of the
nodal lifts w+, w−. Given holomorphic coordinates in a neighborhood of the nodal
w+, w−, a sequence of centered annuli converging to a node w is given by gluing
neighborhoods of w+, w− that have the same radius.
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The following definition describes rescalings of the target spaces required in the
statement of convergence of components of the broken map. We recall from Def-
inition 3.41 that a translation is a way of identifying a subset of a neck-stretched
manifold Xν to a subset of the broken manifold X, and the set of translations is
parametrized by νB∨ where B∨ is the dual complex of the neck-stretching. A trans-
lation sequence for a tropical graph consists of a translation sequence corresponding
to each of the vertices of the tropical graph that are compatible with the edge slopes
of the tropical graph.

Definition 8.11. (Translation sequence for a tropical graph) Suppose Γ is a
tropical graph. A Γ-translation sequence consists of a collection of sequences

{tν(v) ∈ νB∨}ν , v ∈ Vert(Γ)

such that the following conditions hold :

(a) (Polytope) For each vertex v

(8.9) tν(v) ∈ νP (v)∨ ⊂ νB∨,

and for any polytope P0 ∈ P, P0 ⊃ P (v),

dB∨(tν(v), νP∨0 )→∞ as ν →∞.

(b) (Slope) For any node e between vertices v+, v−, there is a sequence lν(e)→
∞ such that

(8.10) tν(v+)− tν(v+) = T (e)lν .

Definition 8.12. (Gromov convergence, multiple cuts) Let Cν = Sν ∪ Tν be
a sequence of stable treed disks of type Γ0. A sequence of holomorphic maps uν :
(Cν , zν) → Xν converges to a broken map u : C = (S ∪ T ) → XP of type Γ and
framing fr if the following are satisfied.

(a) (Convergence of domains) The sequence of treed disks Cν converges to C

and for any tropical node we of the limit map u the arguments δe(Cν)
|δe(Cν)| of

the gluing parameters converge to a limit. Using the fixed holomorphic
exponential map (8.2), let Sν(v) ⊂ Sν be the subset corresponding to a
vertex v ∈ Vert(Γ), and let

iv,ν := iSv ,Cν : Sν(v)→ Sv, Sν(v) ⊂ Sν ,

be embeddings from (8.8) whose images iv,ν(Sν(v)) exhaust the complement
of nodes S◦v as ν →∞.

(b) (Convergence of maps) There is a Γ-translation sequence {tν(v)}v,ν such
that for any irreducible surface component Sv ⊂ S, the sequence of maps

S◦v ⊃ iv,ν(Sν(v))
e−tν (v)(uν◦i−1

v,ν)
−−−−−−−−−−→ X

P (v)

converges in C∞loc(S
◦
v) to uv : S◦v → X

P (v)
. The map e−tν(v) : Xν

P (v) → XP (v)

is defined in (3.41). For each boundary edge e in Γ0, the map uν |Te,ν on
the treed segment converges to a (possibly broken) treed segment in u.
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(c) (Thin cylinder convergence) For a node w in C corresponding to a tropical
edge e = (v+, v−) ∈ Edgetrop(Γ), let

z± : (Uw± , w±)→ (C, 0)

be matching coordinates (see Definition 4.12 following (4.18)) on neighbor-
hoods Uw± ⊂ Sv± of the nodal point which respect the framing fre. Let

A(lν) := [−lν/2, lν/2]× S1 ⊂ Sν
be a sequence of centered annuli converging to the node w, see Definition
8.10. Then the sequence

xν := e−
1
2 (tν(v+)+tν(v−))uν(0, 0) ∈ X

P (e)

converges to a limit x0, and the components uv± of the broken map are
asymptotically close to

z± 7→ z
T (e)
± x0.

The uniqueness of the limit, when it exists, is explained in Theorem 8.2.

8.2. Horizontal convergence

We discuss a notion of compactness for sequence of points in neck-stretched
manifolds, that is useful in the proof of convergence for breaking maps.

Definition 8.13. (Horizontal convergence) A sequence of points xν ∈ Xν hori-
zontally converges to a point x ∈ XP for a polytope P ∈ P if

• xν ∈ Xν
P

for all ν, and the sequence πνP (xν) converges to x, where πνP :

Xν
P
→ XP is the projection map Xν

P
→ Xν

P from (3.28) composed with the
inclusion Xν

P → XP ,
• and for any subsequence of {xν}ν , the above condition is not satisfied for

any polytope P0 ⊃ P .

We present some results on horizontal convergence of sequences:

Lemma 8.14. For any sequence xν ∈ Xν , there exists a subsequence of {xνk}k
that converges horizontally. There is a unique polytope P ∈ P for which the subse-
quence {xνk}k converges horizontally in XP .

Proof. Recall from (7.10) that there is a projection to the dual polytope πνB∨ :
Xν → νB∨ for all ν. There is a polytope P ∈ P such that, after passing to a
subsequence, (xν)ν satisfies

(8.11) sup
ν
d(πνB∨(xν), νP∨) <∞, d(P∨0 , πνB∨(xν))→∞ ∀P0 ⊃ P.

It is then clear that a subsequence of (xν)ν and the polytope P satisfy the conclusions
of the Lemma. �

The following Lemma relates horizontal convergence to a property of translation
sequences.
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Lemma 8.15. Suppose xν ∈ Xν is a sequence of points, and tν ∈ νP∨ is a
sequence of translations such that e−tνxν converges in X

P
. Then, the following are

equivalent:

(a) The sequence xν ∈ Xν converges horizontally in XP .
(b) For any P0 ⊃ P (that is, P is a proper face of P0), d(tν , νP

∨
0 )→∞.

Proof. Firstly we observe that the convergence of the translated sequence
e−tνxν implies that d(πνB∨(xν), νP∨) is uniformly bounded, and that (πP (xν))ν
converges to a limit in XP . The condition in (b) then implies that a (xν)ν horizon-
tally converges in XP . The converse is similar and is left to the reader. �

The next result may be seen as the horizontal convergence version of the Arzela-
Ascoli theorem.

Lemma 8.16. Suppose C is a connected curve and uν : C → Xν is a sequence
of differentiable maps satisfying supν‖duν‖L∞ < ∞. There exists a subsequence of
maps {uνk}k and a polytope P ∈ P such that for all z ∈ C the sequence uνk(z)
converges horizontally in XP . For the subsequence {uνk}k, the polytope P is unique.

Proof. First assume that C is compact. The proof of Lemma 8.14 carries over.
Indeed, by the uniform bound on supν‖duν‖L∞ , the sequence d(πνB∨(uν(z0)), P∨)
is uniformly bounded for a fixed point z0 ∈ C iff the sequence d(πνB∨(uν(z)), P∨)
is uniformly bounded for any z ∈ C. The result also holds for non-compact curves
since they are exhausted by a sequence of compact curves. �

8.3. Breaking annuli

The next proposition governs the behavior of annuli with small base area and
bounded Hofer energy. For any L > 0, we denote by

A(L) := [−L
2 ,

L
2 ]× S1 ∼= {z ∈ C | |z| ∈ [e−L/2, eL/2]}

the cylinder with length L equipped with the product metric.

Proposition 8.17. (Breaking annulus lemma) Let J0 be a cylindrical almost
complex structure on X for which Hofer energy is monotonic (see Lemma 7.23), and
suppose that for any ν the almost complex structures Jν0 is obtained by gluing J0 on
the necks. There are constants 0 < ρ < 1, c > 0 such that the following hold. For a
sequence lν →∞, let

uν : A(lν)→ Xν

be a sequence of Jν0 -holomorphic maps satisfying

(1) supν EHof(uν) < ∞, supz∈R×S1,ν |duν(z)| < ∞, where the domain annuli

A(lν) := [− lν
2 ,

lν
2 ]× S1 are equipped with the product metric.

(2) For all t ≥ 1,

(8.12) lim
L→∞

lim
ν→∞

Areabas
t (uν , A(lν − L)) = 0.

(3) There exist polytopes P+, P− such that the sequence of maps uν(· ± lν
2 ) con-

verges horizontally in XP±.
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(4) There exists a sequence of translations t±ν ∈ νP∨± such that the sequence

e−tνuν(· ∓ lν
2 ) converges in C∞loc to

u± : R∓ × S1 → X
P±
,

and the map extends holomorphically over ∓∞, possibly after passing to a
finite cover in the orbifold case.

Then, there exists µ ∈ tP,Z, P∩ := P+ ∩ P− for which the following hold.

(a) The sequence t+ν − t−ν − µlν ∈ t∨P∩ is uniformly bounded.
(b) (Horizontal matching) The points πP+(u+(−∞)), πP−(u−(+∞)) lie in XP∩

⊂
XP± and πP+(u+(−∞)) = πP−(u−(+∞)).

(c) (Asymptotic decay) Let ξν be a section defined by the relation

uν = expuν,triv ξν , uν,triv(s, t) := eµ(s+it)uν(0, 0).

There exists l ≥ 0 and a subsequence such that for k = 0, 1,

(8.13) |Dkξν(s, t)| ≤ c(eρ(s− lν
2

) + eρ(−s− lν
2

)), ∀s ∈
[
− lν

2 + l, lν2 − l
]
.

Proof of Proposition 8.17. The Proposition is proved using the annulus
lemma on compact symplectic manifolds.

Step 1 : Proof of horizontal matching.
Suppose x0 := πP−(u−(∞)) ∈ XP . Then P ⊆ P−.

First we will show that, after truncating the domain cylinders by a ν-independent
amount, the πP -projections of the images are contained in a small neighborhood of
x0. Choose t such that the dilated basic area form ωbas

P,t ∈ Ω2(XP ) (defined in

Proposition 7.34) is a symplectic form in a neighborhood Ut ⊂ XP of x0. Since P ⊆
P− the convergence of e−t

−
ν uν to u− implies that the projection πP (uν) converges

in C∞loc to πP (u−). Consider a constant ε > 0 such that Bε(x0) ⊂ Ut. Choose a
sequence of points zν = sν + itν ∈ A(lν) such that

xν := πP (uν(zν)) ∈ Bε/2(x0), | ± lν
2 − sν | → ∞.

We apply the monotonicity theorem to πP ◦ uν on the ball B(xν ,
ε
2) and obtain a

constant ρ > 0 such that ∫
u−1
ν (Bε/2(xν))

(πP ◦ uν)∗ωP,t > ρ.

Away from the ends of the cylinder the basic area goes to zero as ν →∞ by (8.18),
and so, there exists L0 and ν0 such that

Areatbas(uν , A(lν − L0)) ≤ ρ.
Consequently

(8.14) πPuν(A(lν − L0)) ⊂ Bε/2(xν) ⊂ Bε(x0) ⊂ XP

for ν ≥ ν0.
We claim P ⊆ P+. Indeed by (8.14) a subsequence of uν(· + lν

2 ) horizontally
converges in a polytope P ′ ⊇ P . By the hypothesis of the Proposition and the
uniqueness of P ′ (by Lemma 8.14) we conclude that P ′ = P+.
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Next we prove (Horizontal Matching) using the fact that any neighborhood of
x0 contains the images of the cylinders truncated by a ν-independent amount. Since

P ⊆ P+ the convergence of the translated maps e−t
+
ν uν(· + lν

2 ) implies that the

sequence πP (uν(·+ lν
2 )) converges to πP (u+). By (8.14) we conclude

πP (u+(−∞)) ∈ Bε/2(zν) ⊂ Bε(x0).

Since ε can be chosen to be arbitrarily small,

πP (u+(−∞)) = πP (u−(+∞)).

This finishes the proof of horizontal matching modulo the proof of the fact that
P = P+ ∩ P−. We have shown that P ⊆ P+ ∩ P− and the proof of equality is
postponed to the last step of the Proof.

Step 2 : Determining the edge slope µ.
In this step we read off the slope µ of the edge from the topology of the cylinders
uν and show that it is equal to the slopes of the limit maps at the nodal point. We
have shown that there exists L0 such that the images πP (uν(A(lν − L0))) lie in a
neighborhood Bε(x0) ⊂ XP . Consider a trivialization of X

P
→ XP

Bε(x0)× TP,C ' π−1
P (Bε(x0)) ⊂ X

P
.

Viewing the target space of uν as the product Bε × TP,C, the homotopy class
(uν)∗[A(lν)] ∈ π1(TP ) corresponds to an element µν ∈ tP,Z. Let µ ∈ tP,Z be defined
so that u− is asymptotically close to a trivial cylinder of slope µ at ∞. Therefore
µν = µ for large ν. Similarly u+ is also asymptotically close to trivial cylinder of
slope µ at −∞.

Step 3: The sequence of twisted maps

uν : A(lν)→ X
P
, (s, t) 7→ e−µ(s+ lν

2
+it)(e−t

−
ν uν)

converges to a pair of disks connected at an interior point.

Because the derivatives of the maps (uν)ν are uniformly bounded, the sequence
has a Gromov limit consisting of two disks connected by a path of spheres. Each of
the components is obtained by a sequence of rescalings of the cylinder of the form
(s, t) 7→ (s+ sν , t) for some sequence sν ∈ R.

We show that one of the components in this Gromov-Floer limit of uν is a disk
u− which is a twisted version of u−. The convergence of uν to u− implies that the
sequence uν(· − lν

2 ) converges to u− := e−µ(s+it)u−. The image of u− is compact in

X
P

since u− is asymptotically close to the µ-cylinder (s, t) 7→ eµ(s+it). Since πP ◦u−
extends over ∞, the same is also true for u−. We denote x0 := u−(∞).

Next, we describe the component of the limit map attached to the disk u− at
the nodal point ∞ by a soft rescaling argument. Choose a taming symplectic form
ωP defined in a neighborhood U ′x0

⊂ X
P

of x0. The form ωP can, for example,
be taken to be a dilated basic area form as in Proposition 7.34 but the particular
properties of basic forms are not relevant to us here. Let Ux0 b U ′x0

be a smaller
open neighborhood whose closure is contained in U ′x0

, and let the constants c, ~,
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µ be from the annulus lemma on compact manifolds (Proposition 8.18) applied to

(Ux0 , ωP , J0). Since uν(· − lν
2 ) converges to u−, there exists a constant r0 such that

for any l ≥ 0 there exists ν0(l) such that

uν([−lν2 + r0,
−lν

2 + r0 + l]× S1) ⊂ Ux0 for ν ≥ ν0(l).

Let

e0 := ωP (u−, [r0,∞)× S1) + ~
2 .

Define

(8.15) rν := sup{r : uν([−lν2 + r0, r]× S1) ⊂ Ux0 , ωP (uν , [
−lν

2 + r0, r]× S1) ≤ e0}.

The definition implies lν
2 + rν →∞. Consider the rescaled maps

u+
ν (s, t) := uν(·+ rν) : [−lν2 − rν ,

lν
2 − rν ]× S1 → X

P
.

Since |du+
ν | is uniformly bounded and u+

ν ({0} × S1) lies in a compact set of X
P

we

conclude that a subsequence of {u+
ν }ν converges in C∞loc to a limit u+ : (−∞, L1)×

S1 → X
P

. Here

(8.16) L1 := lim
ν

( lν2 − rν)

could possibly be ∞, and by the definition of rν in (8.15),

ωP (u+, (−∞, L1)× S1) ≤ ~
2

By removal of singularities on the compact symplectic manifold (Ux0 , ωP , J0), the
map u+ extends over −∞. The images of the components u− and u+ connect at
the nodal point. Indeed, by applying Proposition 8.19 to the sequence of maps

uν(· − (r0+rν)
2 ) on the cylinders A(rν − r0) with target space (Ux0 , ωP ) we conclude

u−(∞) = u+(−∞).
So far we have shown that the sequence of twisted maps uν contains a disk u− in

its Gromov limit, and there is a non-constant component u+ that is attached to u−
at an interior node. We claim that the component u+ is a punctured disk and not
a punctured sphere. To prove the Claim we assume that u+ is a punctured sphere,
and arrive at a contradiction by showing that it is a constant map. Our assumption
implies that the domain of u+ is the cylinder R×S1, and we showed in the previous
paragraph that u+ extends over −∞ with u+(−∞) ∈ XP . Next, we show that the
projected map πP ◦ u+ is constant. The πP -projections of uν and uν are the same,
and hence,

ωbas
P,t (πP ◦ u+) ≤ lim sup

ν
ωbas
P,t (uν) ≤ EHof(uν) <∞.

By (8.14) the image of πP ◦ u+ lies in a neighborhood of XP where ωbas
P,t is a sym-

plectic form. Therefore πP ◦u+ extends over +∞ and is a holomorphic sphere. The
projected map πP (u+) is constant because by (8.14) πP (u+) ⊂ Bε(x0). Indeed a
contractible neighborhood in a symplectic manifold can not contain a symplectic
sphere. The map u+ : {−∞} ∪ (R × S1) → X

P
is also constant, because it lies

in a single fiber of the TP,C-bundle X
P
→ XP , and has only a single pole at +∞.

Therefore we conclude that L1 is finite and u+ is a disk.
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We have shown that the limit of the twisted maps is a pair of disks (u−, u+).

Since L1 = limν( lν2 − rν) is finite, after truncating the domain cylinders by a ν-

independent amount, we may replace rν by lν
2 . The limit u+ will be altered by a

domain reparametrization and u+(−∞) = u−(∞) continues to hold.
Part (a) of the Proposition is now proved as follows. We have shown that the

maps

u+
ν (s, t) := e−µ(s+it)(e−t

−
ν −µlνuν(s+ lν

2 , t))

and e−t
+
ν uν(·+ lν

2 ) converge on R≥0 × S1. At the point (s, t) = (0, 0) the sequences

u+
ν (s, t) and e−t

+
ν uν(·+ lν

2 ) differ by a translation by et
+
ν −t−ν −µlν . Since both sequences

of points converge we conclude that the limit

δ := lim
ν

(−µlν − t−ν + t+ν )

exists (which proves (a)) and that

u+(s, t) = eδe−µ(s+it)u+(s, t).

Step 4 : Proof of the decay estimate.
We have shown that after truncating the domain cylinders by a ν-independent
amount, the sequence of the twisted maps uν converge to a pair of disks (u−, u+),
and the images of the maps lie in a compact set Ux0 with a taming symplectic form
ωP . The sequence of domains can truncated again by a finite amount to ensure that
ωP (uν) < ~, since the ωP -area on the sequence of cylinders converges to the ωP -area
of the pair of disks (u−, u+). We apply the annulus lemma for compact manifolds
(Proposition 8.18) to the maps

uν : A(lν − L)→ (Ux0 , ωP ) ⊂ X
P
.

The decay estimate for the twisted maps uν implies the asymptotic decay estimate
(8.13) for uν required by the Proposition.

Step 5 : P = P+ ∩ P−.
The polytope P ∈ P was chosen so that the nodal point on u− is onXP : (πP−u−)(∞) ∈
XP ⊂ XP− . Therefore at the nodal point ∞, u− intersects all the divisors XQ of
XP− which contain XP , that is, P ⊆ Q ⊆ P−. Consequently the slope µ lies
in t∨P \ ∪Q⊃P t∨Q. On the other hand since t+ν − t−ν − νlν is uniformly bounded, and

t±ν ∈ νP∨± ⊂ t∨P± , we conclude µ ∈ t∨P∩ , where P∩ := P+∩P−. Therefore P∩ = P . �

The proof of the breaking annulus lemma was based on the following results
(Propositions 8.18 and 8.19) on compact symplectic manifolds.

Proposition 8.18. (Annulus lemma on compact manifolds) Suppose (X,ω) is
a compact symplectic manifold with a tamed almost complex structure J . There
exists constants 0 < ρ < 1, ~ > 0, c > 0 such that the following holds for any
J-holomorphic map u : A(L)→ X with E(u) ≤ ~. For x = u(0, 0), there is a map

ξ : A(L− 1)→ TxX such that u = expx ξ
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on A(L− 1) and for k = 0, 1,

(8.17) |Dkξ(s, t)| ≤ c(eρ(s−L) + eρ(−s−L)), ∀s ∈ [−L+ 1, L− 1].

The constants ρ, ~, c depend continuously on J with respect to the C2-topology.

Proof. The proposition is a consequence of the annulus lemma, see [60, Lemma
4.7.3] and elliptic regularity for holomorphic maps. �

Proposition 8.19. (Convergence of long cylinders) Suppose (X,ω) is a compact
symplectic manifold with a tamed almost complex structure J . Let uν : A(lν) →
X be a sequence of holomorphic cylinders satisfying ω(uν) ≤ ~, where ~ is as in
Proposition 8.18. After passing to a subsequence, uν(· ± lν

2 ) converges in C∞loc to

u± : R∓ × S1 → X,

the map u± extends holomorphically over ∓∞, and u−(∞) = u+(−∞). Further,

lim
ν

Areaω(uν) = Areaω(u+) + Areaω(u−).

Proof. This Proposition is proved as part of the ‘bubbles connect’ result in
[60, Proposition 4.7.1]. �

We give an annulus lemma for sequences of holomorphic strips in Xν whose
boundaries lie on the Lagrangian submanifold L. The result is simpler than the
breaking annulus lemma since the strips converge to a nodal disk in the complement
of the relative divisors, and not a tropical node. The result is stated for maps whose
domains are strips, defined as

A (L) := [−L
2 ,

L
2 ]× [0, 1]

for any L > 0. The result is a boundary version of the ‘bubbles connect’ result in
McDuff-Salamon [60, Proposition 4.7.1]. But since the manifold XP0 has cylindrical
ends, we need to use a Hofer energy bound.

Proposition 8.20. (Annulus lemma with boundary) Suppose the almost com-
plex structures J0 ∈ J cyl(X) and Jν0 ∈ J cyl(Xν) are as in the statement of Proposi-
tion 8.17. There are constants 0 < ρ < 1, c > 0 such that the following hold. For a
sequence lν →∞, let

uν : A (lν)→ Xν , uν(∂Aν) ⊂ L
be a sequence of Jν0 -holomorphic strips satisfying the following.

(1) supν EHof(uν) <∞, supz∈R×[0,1],ν |duν(z)| <∞.
(2) For all t ≥ 1,

(8.18) lim
L→∞

lim
ν→∞

Areabas
t (uν , A(lν − L)) = 0.

(3) The sequence of maps uν(· ± lν
2 ) converges in C∞loc to a limit

u± : R∓ × [0, 1]→ XP0
,

and the map extends holomorphically over ∓∞.

Then, u+(−∞) = u−(+∞) ∈ L.

The proof carries over verbatim from Step 1 of the proof of Proposition 8.17.
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8.4. Proof of convergence for breaking maps

Proof of Theorem 8.2. Step 1 : Domain components for the limit map.
The sequence of domains (Cν , zν) converges to a stable treed nodal curve (C, z)
modelled on a tree Γ. The perturbation maps pν converge to a perturbation datum
p∞ = (J∞, F∞) defined on C. In the next few steps we will show that there are no
additional domain components in the limit map.

In the rest of the proof we focus on the convergence of maps on irreducible surface
components. The proof of convergence of gradient trajectories on treed components
does not involve any technical difficulties arising from multiple cutting, and are
therefore left to the reader.

Step 2 : Boundedness of derivatives.
In this step we show a bound on the derivatives of the sequence of maps by ruling
out bubble trees with unstable domains in the limit. In particular, we will show that
for any v ∈ Vert(Γ), the derivative of

uv,ν := uν ◦ i−1
v,ν : C◦v → Xν

is uniformly bounded for all ν. The norm on the derivative is with respect to the
cylindrical metric on Xν . On the domain we use a metric on C◦ that is cylindrical
(or strip-like) in the punctured neighborhood of nodal points and on the neck regions
in Cν .

Assuming, for the sake of contradiction, that the derivatives are not uniformly
bounded, we will construct a sequence of rescaled maps. After passing to a subse-
quence, there exists a sequence of points zν ∈ C◦v and a point z∞ ∈ Cv for some
v ∈ Vert(Γ) such that

zν → z∞, |duv,ν(zν)| → ∞.
We first carry out the proof assuming that z∞ is not a nodal point and does not
lie on the boundary ∂Cv, and thus z∞ ∈ C◦v . We apply Hofer’s lemma 8.21 to the
function |duv,ν |, x = zν and the constant δ = |duν(zν)|−1/2.

Lemma 8.21. (Hofer’s Lemma, [60, Lemma 4.6.4]) Suppose (X, d) is a metric
space, f : X → R≥0 is a continuous function, and x ∈ X, δ > 0 are such that the
ball B2δ(x) is complete. Then there exists a positive constant ε ≤ δ and a point
ζ ∈ B2ε(x) such that

sup
z∈Bε

f(z) ≤ 2f(ζ), εf(ζ) ≤ δf(x).

We obtain another sequence ζν ∈ C◦v converging to z∞, and a sequence of constants
εν → 0 such that

cν := |duv,ν(ζν)| → ∞, sup
z∈Bεν

|duν(z)| ≤ 2cν , cνεν →∞.

The rescaled maps are

ũν := uv,ν((· − ζν)/cν) : Bενcν → Xν ,

and |dũν | ≤ 2, |dũν(0)| = 1.
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Each of the rescaled maps converges to a limiting map with domain the affine
line as follows. By Lemma 8.16 there is a polytope P ∈ P such that, a subsequence
of ũν horizontally converges in XP . We may view ũν as mapping to the P -cylinder,
since for any translation tν ∈ νP∨ ⊂ t∨P there is an embedding

e−tν : Xν
P
→ X

P
,

see (3.41). We choose a sequence of translations tν ∈ t∨P so that πt∨P ◦ (e−tν ũν)(0)

is ν-independent. The horizontal convergence of ũν and the uniform bound on the
derivatives of ũν imply that for any compact set K ⊂ C, the images e−tν ũν(K)
are contained in a compact set of X

P
. By the Arzela-Ascoli theorem, the sequence

e−tν ũν converges in C∞loc to a non-constant Jz∞-holomorphic limit ũ : C→ X
P

.
The limit map in the previous paragraph extends to a holomorphic map from

the projective line by removal of singularities. Hofer energy EHof(uν , Cν) is equal to
area (Remark 7.22) and therefore is uniformly bounded for all ν. By monotonicity
of Hofer energy (Lemma 7.23) EHof(ũν , Bενcν ) is uniformly bounded. The quantity
EHof(ũ,C) is finite because EHof is preserved in the neck-stretching limit. Therefore
by Proposition 7.1 the singularity at ∞ can be removed to produce an extension
ũ : P1 → XP . (The extension is defined on the weighted projective line P(1, n) for
some n if the singular point ∞ maps to an orbifold singularity of XP .)

Finally, we arrive at a contradiction by showing that the limit map is constant.
The domain reparametrizations φv,ν were derived from the stable map compactifi-
cation, and so, there is at most a single marked point zi,ν that is contained in each
of the regions Bεν (ζν). Therefore, the projection πP ◦ ũ : C → XP either lies in
the stabilizing divisor DP , or it has at most one intersection with the divisor DP .
Since (J0,D) is a stabilizing pair for X, and the perturbation p is adapted to (J0,D)
neither possibilities can happen if πP ◦ ũ is non-constant. Therefore, πP ◦ ũ is con-
stant, and so the image of ũ lies in a single toric fiber VP∨ . The image ũ(C) does
not intersect torus-invariant divisors of VP∨ , and therefore ũ is a constant map.

We now consider the case that the sequence of points with increasing derivatives
converges to an interior nodal point we. The sequence zν lies on the neck region

Aν := [−lν2 , lν2 ]× S1 ⊂ Cν
obtained by gluing the node we, and lν → ∞ as ν → ∞. Since zν converges to the
node we, there is a constant ε > 0 such that the ball Bε(zν) is contained in Aν for
all ν. The earlier proof using Hofer’s Lemma and a rescaling can now be applied to
the maps uν |Bε(zν), because there are no marked points in Aν . We conclude that
|duv,ν | is uniformly bounded for all ν.

Finally if the sequence of points with increasing derivatives converges to a point
on the boundary of the domain, the same steps can be repeated to show the existence
of a non-constant disk bubble with unstable domain, leading to a contradiction. The
removal of singularities in this case is proved by Proposition 7.45.

Step 3 : Determining stable components of the limit map.
In Step 2 we showed that the derivatives of the maps uv,ν are uniformly bounded,
where v is any vertex of Γ. Therefore, by Lemma 8.16 the maps uv,ν converge
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horizontally in some polytope P (v) ∈ P, and the image of uv,ν is contained in
Xν
P (v). For any choice of translation tν(v) ∈ νP∨ ⊂ t∨P , there is an embedding

e−tν(v) : Xν
P (v) → X

P (v)
into the P (v)-cylinder, see (3.41). Choose a smooth

point zv ∈ Cv in each curve component. Fix the translation tν(v) ∈ νP (v)∨ so

that πt∨
P (v)

(e−tν(v)uv,ν(zv)) is ν-independent. Then, for any compact set in the

complement of nodal points K ⊂ C◦v , the images (e−tν(v)uv,ν)(K) are contained

in a uniformly bounded region of X
P (v)

. Since the derivatives of e−tν(v)uv,ν are

locally uniformly bounded, the sequence e−tν(v)uv,ν converges in C∞loc to a limit
uv : C◦v → X

P (v)
. By arguments as in Step 2, EHof(uv, C

◦
v ) is bounded. Therefore,

by removal of singularity (Proposition 7.1),

• uv has a removable singularity at the node w,
• or in a punctured neighborhood of the node w, uv is asymptotic to a vertical

cylinder, and this latter case can only happen if w is an interior point of
the domain.

We obtain a J∞-holomorphic map uv : C◦v → X
P (v)

that is adapted to the stabilizing

divisor DP (v) ⊂ D.

For later use, we remark that the convergence continues to hold if the sequence
tν(v) is replaced by a sequence tν(v)′ for which supν |tν(v)′ − tν(v)| < ∞. In that
case, after passing to a subsequence, the limit uv would be replaced by e−tuv, where
t := limν(tν(v)′ − tν(v)).

Step 4 : No area is lost at nodes.
Next we show that for any node w in the limit curve C and a sequence of annuli
(resp. strips) in the domain curves Cν that are obtained by gluing neighborhoods
U+, U− ⊂ S ⊂ C of the nodal lifts w+, w−, the area limit on the annuli is equal
to the area of the limit map on U+ ∪ U−. We first consider the case that w is an
interior node. Suppose the annuli

(8.19) A(lν) = [− lν
2 ,

lν
2 ]× S1 ⊂ Cν

obtained by gluing the node w in C. First, we pass to a subsequence so that the
limit

(8.20) Areabas(w) := lim
l→∞

lim
ν→∞

Areabas(uν , [− lν
2 + l, lν2 − l]× S

1)

exists. It is enough to prove that Areabas(w) vanishes. Suppose for the sake of
contradiction that Areabas(w) > 0. We recall that by Step 3, the sequence of maps

e−tν(v−)uν(·+lν/2) converges in C∞loc to uv− : R+×S1 → XP (v−). We now find a limit

unstable bubble attached to Cv− at ∞. The reparametrization sequence rν ∈ [0, lν ]
and a subsequence of {uν}ν are chosen so that

Areabas(uν , [
−lν

2 , −lν2 + rν ]× S1) = Areabas(uv− ,R+ × S1) +mw,

where

mw := 1
2 min{Areabas(w), ~}.
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If Areabas(w) > 0, then lν − rν →∞. A sequence of rescaled maps is defined as

ũν := uν(· − lν
2 + rν).

We will arrive at a contradiction by showing that the rescaled sequence of maps
has a limit that is horizontally non-constant. Since the derivatives of the maps uν
are uniformly bounded, arguments as in Steps 2 and 3 imply that

(a) there is a polytope Pw ∈ P such that the sequence ũν converges horizontally
in XPw ,

(b) and there is a sequence of translations tw,ν ∈ νP∨w such that the sequence
e−tw,ν ũν converges to a J0-holomorphic limit uw : R × S1 → X

Pw
, which

extends holomorphically to uw : P1 → XPw
.

By Lemma 8.15, the translations tw,ν diverge from faces of νP∨w , that is,

d(νP∨0 , tw,ν)→∞ ∀P0 ⊃ Pw.
Therefore, by Proposition 7.34 (c), the maps ũν map to a region where the basic
area form ωbas

ν is t∨Pw -translation invariant. Therefore, for any compact set K,

lim
ν

Areabas(ũν ,K) = Areabas(uw,K).

We conclude that

Areabas(uw,R− × S1) = mw > 0.

Since there are no marked points in the neck region A(lν), the sphere πPw ◦uw either
maps to the stabilizing divisor DPw or intersects the divisor at a maximum of two
points denoted +∞, −∞ ∈ Cw. Since (J0, DPw) is a stabilizing pair on XPw , both
possibilities are ruled out. We conclude that Areabas(w) = 0 for all nodes.

Next we consider the case that w is a boundary node in C with no treed segment.
That is, for the edge e ∈ Edge ,−(Γ) corresponding to w, the length `(e) is zero. The
same argument as above works with annuli replaced by strips

A (lν) := [− lν
2 ,

lν
2 ]× [0, 1] ⊂ Cν

which are obtained by gluing at the boundary node w. Assuming that

Areabas(w) := lim
l→∞

lim
ν→∞

Areabas(uν , [− lν
2 + l, lν2 − l]× [0, 1])

is positive, we find a limit map uw : R × [0, 1] → XP0 that has positive area and
whose boundary R × {0, 1} maps to the Lagrangian submanifold, and the image
of uw does not have any intersections with the stablizing divisor. The singularities
at +∞, −∞ are removable by Proposition 7.45. Thus we have a non-constant J0-
holomorphic disk in (XP0 , L) with no intersections with the stabilizing divisor D.
Since (J0,D) is a stabilizing pair in XP0 , we have arrived at a contradiction. We
conclude that Areabas(w) = 0 for boundary nodes in C.

For later use, we observe that the same arguments apply for any dilated basic
area form (see Definition 7.36). Thus we have proved for any t ≥ 1, and an interior
node w in C,

(8.21) Areabas
t (w) := lim

l→∞
lim
ν→∞

Areabas
t (uν , [− lν

2 + l, lν2 − l]× S
1) = 0,
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and for a boundary node w in C,

(8.22) Areabas
t (w) := lim

l→∞
lim
ν→∞

Areabas
t (uν , [− lν

2 + l, lν2 − l]× [0, 1]) = 0.

Remark 8.22. (Unstable domain components in the compactness result) In the
compactness theorem, unstable domain components are ruled out because the limit is
adapted with respect to a stabilizing divisor. In contexts where there is no stabilizing
divisor, the proof can be modified using the technique of [11], wherein additional
sequences of marked points are added to the domain curves to ensure that the limit
domain curve is stable. The additional marked points are added at sequences of
points where the derivative of the map blows up with respect to a hyperbolic metric
on the domain. Our proof then entirely carries over.

Step 5 : Determining the tropical structure and constructing translation sequences.
We have so far determined the domain treed disk of the limit, and the limit map uv
corresponding to each vertex. We know the polytope P (v) ∈ P for each component
v ∈ Vert(Γ) of the limit. Further for every v ∈ Vert(Γ) the map uv is the limit of

e−tν(v)uν where tν(v) ∈ νP∨ is a sequence of translations.
First we observe that all boundary edges are internal edges, and are collapsed

by the tropicalization morphism. Disk components v ∈ Vert (Γ) map to a single
vertex v in the tropical graph and the translation sequence tν(v ) is the point P∨0 .

Edge slopes of the tropical graph are determined using the breaking annulus
lemma. For any node we of C corresponding to an interior node e = (v+, v−) ∈
Edge ,−(Γ), choose a complex coordinate

(8.23) z±e : (U±, we)→ (C, 0)

in a neighborhood U± ⊂ Cv± of the lift w±e of the node, and let Ae,ν := A(lν(e)) ⊂ Cν
be a sequence of centered annuli converging to the neighborhoods U+, U− of the
nodal lifts w+

e , w−e (as in Definition 8.10). The dilated basic area decays to zero in the
middle of Ae, see (8.21). Therefore the breaking annulus lemma (Proposition 8.17)
is applicable on the sequence of annuli uν |Ae,ν , and we obtain a slope T (e) ∈ tP (e),Z
corresponding to the edge e. The breaking annulus lemma implies that

(8.24) sup
ν
{|tν(v+)− tν(v−)− T (e)lν(e)|} <∞,

which is the (Approximate slope) condition in Definition 8.23.
The tropicalization of Γ is determined as follows. An edge e ∈ Edge ,−(Γ)

is an internal (non-tropical) edge exactly if T (e). In that case, the sequence is
|tν(v+) − tν(v−)| is uniformly bounded for all ν. Therefore we can replace tν(v−)
by tν(v+) (or the other way around), and the convergence of Step 2 still holds. By
performing such replacements for all internal edges, we may assume tν(v+) = tν(v−)
for all e = (v+, v−) ∈ Edgeint(Γ). Therefore tν descends to the tropical graph Γtr

and is an approximate Γtr-translation sequence.
Next we obtain translation sequences and determine tropical vertex positions.

Since {tν(v) : v ∈ Vert(Γtr)} is an approximate Γtr-translation sequence, by Lemma
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8.25, there is a Γtr-translation sequence (tν(v)′)v,ν such that

(8.25) sup
ν,v
|tν(v)′ − tν(v)| <∞.

The convergence of maps in Step 2 continues to hold if tν is replaced by tν(v)′. Any
element of the translation sequence gives a tropical vertex position map. Indeed,
since

t′ν = (t′ν(v))v∈Vert(Γtr), t′ν(v) ∈ νP (v)∨

satisfies the (Slope) condition (8.10),

Vert(Γtr) 3 v 7→ t′ν(v)
ν

is a tropical vertex position map.

Step 6: Finishing the proof of convergence.
To finish the proof of convergence it remains to show that the collection of limit
maps satisfy matching conditions at nodes, and that (Thin cylinder convergence) is
satisfied at tropical nodes. We first consider disk nodes. For a disk node we ∈ C
corresponding to an edge e = (v+, v−) ∈ Edge (Γ) with length `(e) = 0, by (8.22)
in Step 4, the dilated basic area decays to zero on the strips Ae,ν ⊂ Cν converging
to the node we. Therefore the boundary version of the annulus lemma (Proposition
8.20) is applicable on uν |Cν and we conclude that node matching holds, that is,
uv+(w+

e ) = uv−(w−e ) ∈ L.
Next we determine matching coordinates for tropical nodes and prove node

matching using the breaking annulus Lemma. Matching coordinates at a tropical
node we, e ∈ Edgetrop(Γ) are obtained by ‘correcting’ the holomorphic coordinate

chosen in (8.23). Multiplying a constant to the coordinates z+
e , z−e has the effect of

adding a constant to the sequence of neck length parameters lν(e)+iθν(e). We recall
that as a consequence of (8.24) and (8.25) the Γ-translation sequence t′ν satisfies

sup
ν
{|t′ν(v+)− t′ν(v−)− T (e)lν(e)|} <∞.

Since t′ν satisfies the (Slope) condition (8.10), there is a sequence l′ν(e) → ∞ for
every e ∈ Edge ,−(Γ) such that

t′ν(v+)− t′ν(v−) = T (e)l′ν(e), and sup
ν
|lν(e)− l′ν(e)| <∞.

Therefore, we can adjust the coordinates z+
e , z−e by scalar multiplication so that a

subsequence of neck length parameters lν(e) + iθν(e) satisfies

(8.26) lim
ν

(t′ν(v+)− t′ν(v−)− T (e)lν(e)) = 0, lim
ν
θν(e) = 0.

We will show that (z+
e , z

−
e ) are matching coordinates at the node we for the broken

map u. For interior non-tropical nodes, we leave (z+
e , z

−
e ) from (8.23) unchanged,

and the following discussion is valid. To simplify calculations, we use logarithmic
coordinates in the neighborhood of the node

C± ⊃ U±\{w±(e)} ± ln z±e−−−−→ R∓ × S1.
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The annulus A(lν(e)) is then identified to the limit curve by translations

A(lν(e))→ U±, (s, t) 7→ s+ it∓ 1
2(lν + iθν).

By Step 2,

(8.27) e−t
′
ν(v±)uν(s+ it± 1

2(lν + iθν))→ uv± in C∞loc(U±\{w±(e)}).

We apply the breaking annulus lemma on the maps uν on the annuli A(lν(e)). The
resulting decay estimate together with (8.27), (8.26) implies the convergence of the
sequence

e−
1
2 (t′ν(v+)+t′ν(v−))uν(0, 0)→ x0 in X

P (e)
.

It follows that uv± are asymptotically close to the cylinder (s, t) 7→ eT (e)(s+it)x0. We
conclude that z+

e , z−e are matching coordinates at we and (Thin cylinder conver-
gence) is satisfied. Note that we have shown node matching for all interior edges,
both tropical and internal, in a unified way. In case of an internal node we, T (e) = 0,
and we have shown that uv±(∓∞) = x0 ∈ XP (v±)

.

Step 7 : Uniqueness of the limit.
The limit of the domain curves is unique up to reparametrization, because the limit
is a stable curve. The identifications between subsets of Cν to the limit curve
are unique in the following sense (see Remark 8.8) : The neck regions in Cν are
parametrized in a unique way, and the difference between any two choices of iden-
tifications of the complement of the neck in Cν to C converge uniformly to identity
as ν → ∞. Let Γ be the combinatorial type of the limit curve C. For every vertex
v ∈ Vert(Γ), the polytope P (v) in the limit map is uniquely determined as follows:
Suppose there is a translation sequence {t′ν(v) ∈ P ′(v)∨ : v ∈ Vert(Γ)}ν for which
Gromov convergence holds. Then the property

dB∨(tν(v), P∨0 )→∞ ∀P0 ∈ P, P0 ⊃ P ′(v)

of a translation sequence implies, by Lemma 8.15, that the maps uν,v horizontally
converge in P ′(v). However, P ′(v) = P (v) because the polytope of horizontal con-
vergence is unique by Lemma 8.16.

Translation sequences are well-determined up to uniformly bounded perturba-
tions as follows : Suppose tν , t′ν are two distinct translation sequences, such that

the sequence e−tνuν resp. e−t
′
νuν converges to a broken map u resp. u′ . Then for

all vertices v ∈ Vert(Γ), there is a uniform bound

sup
ν
|tν(v)− t′ν(v)| <∞,

because both the sequences e−tν(v)uν , e−t
′
ν(v)uν converge pointwise in C◦v . After

passing to a subsequence, we may assume that there exists a limit

t(v) := lim
ν
tν(v)− t′ν(v).
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Then, for each vertex v, uv = et(v)u′v. Since uv and u′v satisfy matching conditions
at nodes we conclude that t is an element of Ttrop,W(Γ), which is the identity com-
ponent of Ttrop(Γ). We have thus shown that the limit is unique up to the action of
Ttrop,W(Γ). �

Definition 8.23. (Approximate translation sequence) Suppose Γ is a tropi-
cal graph. An approximate Γ-translation sequence consists of sequences {tν(v) ∈
νP (v)∨}ν for each v ∈ Vert(Γ) such that

• (Approximate Slope) For any edge e = (v+, v−) ∈ Edge−(Γ), there exists a
sequence lν(e)→∞ such that

sup
ν

(tν(v+)− tν(v+)− T (e)lν) <∞.

The differences appearing in the (Approximate Slope) condition will be referred
to later using the following notation:

Definition 8.24. On a tropical graph Γ define the discrepancy function on any
edge e = (v+, v−) ∈ Edge ,−(Γ) as

Diffe : ⊕Vert(Γ)t
∨
P (v) → t∨/〈T (e)〉, (tv)v∈Vert(Γ) 7→ (tv+ − tv−) mod T (e).

Lemma 8.25. (From approximate to exact translation sequences) Suppose Γ is
a graph with tropical structure T and tν is an approximate Γ-translation sequence.
Then, after passing to a subsequence, there is a Γ-translation sequence tν such that
|tν(v)− tν(v)| is uniformly bounded for all ν, v ∈ Vert(Γ).

Proof. The (Approximate slope) condition says that the sequences of discrep-
ancies (Diffe(tν))ν are uniformly bounded. Via uniformly bounded adjustments to
tν , we aim to make this quantity vanish for all edges.

We give an algorithm that transforms tν into a bounded sequence tkν ∈ ⊕Vert(Γ)t
∨
P (v),

and will prove later that tν − tkν is an exact translation sequence. The algorithm is
as follows:

Step 1: Relativisation.
In this step, we replace tν by

t0ν(v) := tν(v)− ν lim
ν

(tν(v)/ν) ∈ t∨P (v).

The limit in the right-hand side exists after passing to a subsequence because the
original translation sequences tν lie in νB∨ and B∨ is compact. For any v ∈ Vert(Γ),
the discrepancies across edges are preserved :

(8.28) Diffe(tν) = Diffe(t
0
ν).

Step 2: Subtracting fastest growing sequences.
By a sequence of further transformations, we will change t0ν to a bounded sequence
tkν ∈ t∨. At each step, the sequence tiν is replaced by ti+1

ν defined as follows. Choose
a vertex v0 ∈ Vert(Γ) for which the rate of increase of the sequence |tiν(v0)| is
the maximum. That is, for all v ∈ Vert(Γ), limν |tiν(v)|/|tiν(v0)| is finite. Such
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a vertex can indeed be chosen, because after passing to a subsequence, the limit
limν |tiν(vi)|/|tiν(vj)| exists in [0,∞] for any pair of vertices. Now, define

riν := |tiν(v0)|,
and

(8.29) ti+1
ν (v) := tiν(v)− riν lim

ν

tiν(v)

riν
∈ t∨P (v).

We stop the iteration when the sequence tiν(v) corresponding to every vertex is
bounded, and suppose the final sequence is tkν .

The process terminates in a finite number of steps. Indeed, notice that ti+1
ν (v0) =

0 for all ν. The number of vertices v ∈ Vert(Γ) for which ti+1
ν (v) vanishes is at least

one more than the number of vertices v for which tiν(v) vanishes.
The iterations of the algorithm preserve the discrepancies across edges: For all

tropical edges e ∈ Edgetrop(Γ)

(8.30) Diffe(t
i+1
ν ) = Diffe(t

i
ν).

Indeed, (8.29) implies

Diffe(t
i+1
ν ) = Diffe(t

i
ν)− riν lim

ν

Diffe(t
i
ν)

riν
,

and the second term in the right-hand-side vanishes because Diffe(t
i
ν) is uniformly

bounded and riν →∞ as ν →∞.
We claim that tν − tkν is an exact translation sequence. For all vertices v the

(Polytope) condition (8.9) (tν − tkν)(v) ∈ P (v)∨ is satisfied because tν(v) ∈ P (v)∨

and tkν(v) ∈ t∨P (v) ' TP (v)∨. The (Slope) condition is satisfied because Diffe(tν) −
Diffe(t

k
ν) = 0 by (8.28) and (8.30). �

At this point we give the proof of Lemma 5.29 that was used in the construction of
stabilizing divisors for broken manifolds. The proof is by a hard rescaling argument
similar to the one used in the proof of Gromov convergence for breaking maps.

Proof of Lemma 5.29. Suppose uν : P1 → Xν is a sequence of non-constant
Jν-holomorphic spheres with area ≤ E that are not stabilized. That is, either the
images are contained in the divisor Dν or they have ≤ 2 distinct points of intersection
with the divisor. We will show that there is a unstabilized sphere in XP for some
polytope P ∈ P.

First consider the situation that the derivatives of uν are uniformly bounded.
Then, the sequence uν converges horizontally in some polytope P . As in Step 3 of
the proof of Theorem 8.2, there is a sequence of translations tν ∈ νP∨ such that a
subsequence of e−tνuν uniformly converges to a JP -holomorphic map u : P1 → X

P
,

that is unstabilized. The basic area forms u∗νω
bas
ν converge to u∗ωbas

P , and therefore
the area of πP (u) is positive and ≤ E.

If the derivatives on uν are not uniformly bounded, we produce a sphere by hard
rescaling. By following the procedure in Step 2 of the proof of Theorem 8.2, we
obtain a rescaled sequence of Jν-holomorphic maps vν : Brν → Xν on balls Brν
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that exhaust C, a polytope P , and a sequence of translations tν ∈ νP∨ such that
e−tνuν converges in C∞loc to a non-constant map v : C → X

P
. As in the proof of

Theorem 8.2, the map v extends to v : P1 → XP . The projection πP ◦ v : P1 → XP

is non-constant : otherwise the image of v is in a fiber VP∨ which is a toric variety,
and there is only one point ∞ ∈ P1 that maps to toric divisors VQ∨ , Q ⊃ P of VP∨ ,

and therefore, v is constant. Since the basic area forms v∗νω
bas
ν for vν converge to

the basic area form v∗ωbas
P for v, so Area(v) ≤ E. The sphere v is not stabilized and

the Lemma follows. �

8.5. Convergence for broken maps

In this section we prove Theorem 8.3 on Gromov compactness for broken maps.
The limit map may have additional components because of bubbling and conse-
quently the tropical graph of the limit map may have additional vertices. The
tropical graph of the limit map is related to the tropical graph of the maps in the
sequence by a ‘tropical edge collapse’ relation defined below. In this section we show
that such bubbling happens only in families whose dimension is at least two, and so
does not occur in the zero-dimensional moduli spaces we use to define the Fukaya
algebra.

Definition 8.26. (Collapsing edges tropically) A tropical edge collapse is a mor-

phism of tropical graphs Γ′
κ−→ Γ that collapses a subset of edges Edge(Γ′)\Edge(Γ)

in Γ′ inducing a surjective map on the vertex sets

κ : Vert(Γ′)→ Vert(Γ),

and satisfies the following conditions:

(a) for any vertex v ∈ Vert(Γ′), P (v) ⊆ P (κ(v)); and
(b) the edge slope is unchanged for uncollapsed edges, i.e. if T , T ′ are the edge

slope functions for Γ, Γ′, then T (κ(e)) = T ′(e) for any uncollapsed edge
e ∈ Edge(Γ′).

Since the edge slope function T ′ extends T , we often use the same notation for

both. A tropical edge collapse Γ′
κ−→ Γ is trivial if no edge is collapsed, and PΓ′(v) =

PΓ(κ(v)) for all v.
Let Γ1, Γ2 be combinatorial types of treed disks that are equipped with a tropical

structure given by tropicalization maps

tr1 : Γ1 → Γ1,tr, tr2 : Γ2 → Γ2,tr.

An edge collapse morphism Γ1 → Γ2 is a tropical edge collapse if it is a lift of a
tropical edge collapse map Γ1,tr → Γ2,tr between the tropical graphs. This finishes
the definition.

Example 8.27. In Figure 4.4, collapsing the middle edge in Γ2 gives a tropical
edge collapse morphism κ : Γ2 → Γ1. See Figure 8.1 for another example of a
tropical edge collapse morphism.

We next define relative vertex position maps for a tropical edge collapse mor-
phism. Analogous to the case of Gromov convergence for breaking maps, relative
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vertex positions for the limit of a sequence of broken maps will be read off from
relative translation sequences in the convergence. A relative translation sequence
for a converging sequence of broken maps ‘goes to infinity’ (see Definition 8.33), and
relative vertex positions of the limit map are obtained by scaling any relative trans-
lation is the sequence. Therefore we think of a relative translation as an infinitesimal
version of a relative vertex position, which we make precise below in Definition 8.28
and Remark 8.30.

Definition 8.28. (Relative vertex positions, relative translations) Suppose κ :
Γ′ → Γ is a tropical edge-collapse morphism.

(a) (Relative vertex position) A relative vertex position TΓ′,Γ is the difference
between a vertex position of Γ′ and a vertex position of Γ, and the space of
relative vertex positions is

W(Γ′,Γ) := {(T ′(v)− T (κv) ∈ Cone(κ, v) ⊂ t∨)v∈Vert(Γ′) :

T ′ ∈ W(Γ′), T ∈ W(Γ)},

where

(8.31) Cone(κ, v) := ConeP (κ(v))∨(P (v)∨)

:= {α(t− t0) ∈ t∨ : t ∈ P (v)∨, t0 ∈ P (κv)∨, α ∈ R≥0}

is the cone in the polytope P (v)∨ based at points in P (κ(v))∨ (same as the
Definition in (3.34)).

(b) (Relative translation) A (Γ′,Γ)-translation or a relative translation is an
element in the R+-span of the space of (Γ′,Γ)-vertex positions. That is, a
relative translation is the sum of R+-multiples of relative vertex positions.
The space of relative translations is denoted by

w(Γ′,Γ) := R+〈W(Γ′,Γ)〉.

Example 8.29. For the tropical edge collapse κ : Γ′ → Γ in both Figure 4.4 and
Figure 8.1, the space W(Γ′,Γ) of relative vertex positions is (linearly) isomorphic
to the interval [0, 1), where 0 corresponds to the vertex position where the edges
collapsed by κ have length 0, and 1 corresponds to some vertex v lying in a lower
dimensional polytope Q∨ ⊂ P∨(v). Note that the latter is not a legitimate vertex
position. In both cases the space w(Γ′,Γ) of relative translations is the cone R≥0 ⊂
R.

Remark 8.30. A relative translation can alternately be defined as an infinites-
imal relative vertex position, that is for any vertex position TΓ of Γ, and a (Γ′,Γ)-
translation T(Γ′,Γ), there exists t0 > 0 such that TΓ + tT(Γ′,Γ) is a Γ′-vertex position
for all t ∈ [0, t0). This is a consequence of the convexity of the spaceW(Γ′) of vertex
positions of Γ′, and since W(Γ) ⊂ W(Γ′).

Relative translations can also be characterized in terms of slope relations as in
the following Lemma, whose proof is left to the reader.
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Lemma 8.31. (Slope condition on relative translations) Suppose κ : Γ′ → Γ
is a tropical edge-collapse morphism. A tuple (TΓ′,Γ(v) ∈ Cone(κ, v))v∈Vert(Γ′) is a
(Γ′,Γ)-translation if and only if it satisfies

(8.32) TΓ′,Γ(v+)− TΓ′,Γ(v−) ∈

{
R≥0T (e), e /∈ Edge(Γ),

RT (e), e ∈ Edge(Γ)

for all edges e = (v+, v−) in Γ′.

Relative translations (or relative vertex maps) are ways of moving vertices in
the tropical graph without changing the edge slope. Therefore they are generators
of the tropical symmetry group.

Lemma 8.32. (Relative translations generate tropical symmetry) Suppose there
is a non-zero relative translation T for the tropical edge collapse Γ′ → Γ. Then, a
broken map modelled on Γ′ has non-trivial tropical symmetry group Ttrop(Γ′) (Defi-
nition 4.33).

Proof. Given a non-zero relative translation (T (v))v∈Vert(Γ′ ,

(8.33) C 7→ Ttrop(Γ′), z 7→ (ezT (v))v∈Vert(Γ′),

is a non-trivial one-parameter subgroup in Ttrop(Γ′). Here we view T (v) as lying in
t. The slope relations for the relative translation imply corresponding slope relations
on (ezT (v))v, see Lemma 4.35. �

Components of a relative translation correspond to maps of broken manifolds
that rescale the coordinates on cylindrical ends. For a pair Q ⊆ P of polytopes, we
recall that (3.38) gives an embedding

(8.34) iPQ : UQ(X
P

)→ X
Q
.

where UQ(X
P

) ⊂ X
P

is the Q-cylindrical end of X
P

. If Q = P , UP (X
P

) = X
P

and

the map in (8.34) is the identity map. A relative translation t ∈ ConeP∨ Q
∨ gives

an embedding

(8.35) e−t : UQ(X
P

)→ X
Q

defined as iPQ in (8.34) composed with a translation by −t in the tQ-coordinate in

X
Q
' ZQ × t∨Q.

Relative translations appearing in the convergence of broken maps ‘go to infinity’
in the following sense:

Definition 8.33. (Relative translation sequence going to infinity) Suppose κ :
Γ′ → Γ is a tropical edge collapse. A (Γ′,Γ)-translation sequence

tν(v) ∈ Cone(κ, v) = ConeP (κv)∨(P (v)∨), v ∈ Vert(Γ′)

(where Cone(κ, v) is as defined in (8.31)) goes to infinity if

(a) (Polytope) For any vertex v ∈ Vert(Γ′) and a polytope Q ∈ P such that
P (v) ⊂ Q ⊆ P (κ(v)),

d(tν(v),ConeP (κv)∨(Q∨))→∞.
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(b) (Slope for collapsed edge) For any edge e ∈ Edge(Γκ−1(v)) connecting ver-
tices v+, v−, the sequence lν defined as

tν(v+)− tν(v−) = T (e)lν

goes to infinity, that is, lν →∞. (Note that the existence of lν follows from
the Slope condition on relative translations from Lemma 8.31.)

Definition 8.34. (Gromov convergence for broken maps) Suppose Γ′, Γ are
combinatorial types of stable treed disks that are equipped with a tropical structure.

Suppose Γ′
κ−→ Γ is a tropical edge collapse morphism which induces a vertex map

κ : Vert(Γ′) → Vert(Γ). A sequence of broken maps uν : Cν → XP of type Γ
converges to a limit broken map u : C → XP of type Γ′ if the following conditions
are satisfied.

(a) (Convergence of domains) The sequence of treed disks Cν converge to the
treed disk C and for any tropical node we, e ∈ Edgetrop(Γ′) that is collapsed

by κ, the arguments δe(Cν)
|δe(Cν)| of the gluing parameters converge to a limit. Let

Sν(v) ⊂ (Sν)κ(v) ⊂ Cν be the subset corresponding to a vertex v ∈ Vert(Γ′),
and let

iv,ν := iSv ,Sν,κ(v)
: Sν(v)→ Sv, Sν(v) ⊂ Sν ,

be embeddings from (8.8) whose images iv,ν(Sν(v)) exhaust S◦v as ν →∞.
Here

S◦v := Sv\{we : v ∈ e, e ∈ Edge−(Γ′) is collapsed by κ}.

(b) (Convergence of maps) There is a (Γ′,Γ)-translation sequence (tν(v))v∈Vert(Γ′)

going to infinity in the sense of Definition 8.33, such that for any vertex
v ∈ Vert(Γ′), the sequence of maps

S◦v ⊃ iv,ν(Sν(v))
e−tν (v)(uν◦i−1

v,ν)
−−−−−−−−−−→ X

P (v)

converges in C∞loc(S
◦
v) to uv : S◦v → X

P (v)
. The map e−tν(v) : UP (v)(XP (κv))→

X
P (v)

is defined on the P (v)-cylindrical end UP (v)(XP (κv)
) ⊂ X

P (κv)
, see

(8.35). For each boundary edge e ∈ Edge (Γ), the maps uν |Te,ν on the treed
segment converge to a (possibly broken) treed segment in u.

(c) (Thin cylinder convergence) holds for all tropical nodes we corresponding
to edges e ∈ Edgetrop(Γ′) that are collapsed by κ (that is e is not an edge
in Γ).

Remark 8.35. An informal description of the above definition is that for each
vertex v ∈ Vert(Γ) the sequence of smooth maps uv with markings corresponding
to nodal lifts we ∈ Cv converges to a limit map u|(∪v′∈κ−1(v)Cv′).

Proposition 8.36. (Finite number of types of broken maps) For any E > 0,
d( ) ≥ 1 there are a finite number of tropical graphs Γ that are types of broken maps
u : C → X of area at most E and d( ) boundary leaves.
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Proof. Consider a broken map u : C → X of type Γ and area at most E0,
whose edge slopes are given by T : Edge(Γ)→ tZ.

Step 1: Uniform bound on the number of vertices.
The number of interior markings in Γ is bounded by kE0, where k is the degree
of the stabilizing divisor (as in Definition 5.2). Since u is an adapted map, all the
surface components Sv, v ∈ Vert(Γ) in its domain C are stable. Given a uniform
bound on the number of interior and boundary markings on the type of domain
curve, we obtain a uniform bound on the number irreducible surface components.

Step 2: Uniform bound on the sum of vertical components of edge slopes.
Let uv : C → XP be a component of the broken map corresponding to a vertex
v ∈ Vert(Γ), and P := P (v). By the balancing property (4.25) the sum of the edge
slopes projected to t∨P is∑

e3v
πt∨P (T (e)) = c1((πP ◦ uv)∗ZP (v) → XP ))

The right-hand side, which is the pairing of (πP ◦u)∗[C] and the Chern class c1(ZP →
XP ) has an E0-dependent bound. Indeed, for any ε ∈ (0, 1), there is a constant k0

such that for any domain-dependent almost complex structure J ∈ Bε(JXP )C0 and
a J-holomorphic sphere u : P1 → XP ,∫

P1

u∗c1(ZP → XP ) ≤ k0

∫
P1

u∗ωXP ≤ k0E0.

This estimate is similar to the one in Lemma 5.5 and the proof is the same – by
choosing a two-form on XP representing the Chern class and bounding it pointwise
by ωXP .

Step 3: Uniform bound on the horizontal components of edge slopes.
For a vertex v and an incident edge e, the horizontal component of the slope T (e) is
the sum of intersection multiplicities at the node we with horizontal relative divisors
of XP :

π⊥t∨P
(T (e)) =

∑
Q⊂Pmwe(uv,P , XQ)νQ, uv,P := πP ◦ uv : Sv → XP ,

where the sum ranges over facets Q ∈ P of P , and νQ is the normal vector of the
facet Q ⊂ P . For any relative divisor XQ ⊂ XP , the sum

∑
e3vmwe(uv, XQ) is

bounded by cωXP (uv,P ) for a uniform constant c(XP , XQ). The proof is similar
to the vertical case, by expressing the intersection number with any divisor as an
integral of a two-form.

Step 4: Finishing the proof.
We will show that the tropical edge slopes T (e) of Γ are uniformly bounded in t∨

for the set of all broken maps with area at most E0. So far we have shown that
(Step 3) the horizontal components of the edge slopes are uniformly bounded, and
the vector sum of the vertical slope components of the edges incident on any vertex
are uniformly bounded. From here, we conclude that for a vertex v and an edge e0
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incident on v:

(8.36) ∃c(E) : |T (e0)| ≤
∑

e3v,e6=e0

|T (e)|+ c(E)

Recall that Γ is a tree, any edge e ∈ Edge (Γ) is oriented so that it points away
from the root vertex. The slope of any incoming edge can be bounded by the slope
of outgoing edges by (8.36). Applying (8.36) iteratively, we conclude that for any
edge e in Γ

|T (e)| ≤ c(E)|Vert(Γ)|.
where the constant c(E) is the same as the one in (8.36). The Proposition now
follows from the bound on the number of vertices in Step 1. �

The following definition is used in the proof of compactness for broken maps.

Definition 8.37. (Approximate (Γ′,Γ)-translation sequence) Suppose the trop-
ical graph Γ is obtained by collapsing edges in Γ′ and the induced map on the vertex
set is κ : Vert(Γ′) → Vert(Γ). Then, an approximate (Γ′,Γ)-translation sequence
consists of a sequence

tν(v) ∈ Cone(κ, v),

for every v ∈ Vert(Γ′) satisfying the (Polytope) and (Slope for collapsed edges)
conditions in Definition 8.33 and the following weakened version of the (Slope for
uncollapsed edges) condition.

• (Approximate slope for uncollapsed edges) For an edge e of Γ′ that is not
collapsed in Γ,

tν(v+)− tν(v−) mod T (e)

is a bounded sequence in t∨/RT (e). (Recall that Cone(κ, v±) as embedded
in t∨ with vertex T (v±) mapped to the origin in t∨, and identify t to t∨ via
a pairing (3.6).)

An approximate (Γ′,Γ)-translation sequence can be adjusted by a uniformly
bounded amount to produce an actual (Γ′,Γ)-translation sequence.

Lemma 8.38. (From an approximate to an exact (Γ′,Γ)-translation sequence)
Let κ : Γ′ → Γ be a tropical edge collapse, and let {tν}ν be an approximate (Γ′,Γ)-
translation sequence. There exists a (Γ′,Γ)-translation sequence {tν}ν such that

sup
ν
|tν(v)− tν(v)| <∞

for all v ∈ Vert(Γ′).

Proof. The proof is by replicating the iteration in Step 2 of the proof of Lemma
8.25. At the start, we set t0ν := tν . At the (i + 1)-th step, we construct ti+1

ν as
follows. As in the proof of Lemma 8.25, there exists a vertex v0 ∈ Vert(Γ′) such
that the sequence |tiν(v)| has the fastest growth rate. That is, for all v ∈ Vert(Γ′),
limν |tiν(v)|/|tiν(v0)| is finite. Define

ti+1
ν (v) := tiν(v)− |tiν(v0)| lim

ν

tiν(v)

|tiν(v0)|
.
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For the sequences {ti+1
ν (v)}ν , v ∈ Vert(Γ′), the quantity

π⊥T (e)(t
i+1
ν (v+)− ti+1

ν (v−)), e = (v+, v−) ∈ Edge(Γ′)

vanishes for collapsed edges, and is uniformly bounded for uncollapsed edges. Fur-
ther for any vertex v, ti+1

ν (v) ∈ t∨P (v). After, say, k steps, the sequence |tkν(v)| is

uniformly bounded for all vertices v. Then, t := t− tk is an exact (Γ′,Γ)-translation
sequence. �

The notion of horizontal convergence extends in a natural way to broken mani-
folds, though it is easier to state in this case.

Definition 8.39. (Horizontal convergence in a broken manifold) Let P ∈ P be
a polytope. A sequence of points xν ∈ XP horizontally converges in Q ⊆ P if the
sequence πP (xν) ∈ XP converges to a point x ∈ XQ ⊆ XP , and x is not contained
in a submanifold XQ′ for any Q′ ⊂ Q.

Analogs of Lemma 8.15 and 8.16 hold for horizontal convergence in broken man-
ifolds.

Proof of Theorem 8.3. After passing to a subsequence, the tropical graph
Γ underlying the maps uν is ν-independent. Indeed by Proposition 8.36, there is
a finite number of tropical graphs that underlie broken maps with area < E. By
Proposition 7.47 the Hofer energy for a map u : (C, ∂C) → (X, L) can be read off
from its area and its intersection data with relative divisors, which is provided by
the slopes T (e) of the edges of the tropical graph Γ. Consequently the Hofer energy
EHof(uν) of the maps uν is uniformly bounded.

We first find the limit map at each of the vertices of the tropical graph Γ. For
each vertex v ∈ Vert(Γ), we assume that the domain curve Cν,v for uν,v has marked
points corresponding to lifts of nodes e ∈ Edge−(Γ), v ∈ e, in addition to the
marked points corresponding to leaves e ∈ Edge→(Γ). We apply the proof of the
convergence for breaking maps to the sequence of maps uν,v. The conclusion is that
there is a limit map uv modelled on a tropical graph Γv, and the convergence is via
a translation sequence tν(v′), v′ ∈ Γv. By connecting the graphs {Γv}v∈Vert(Γ) using
the edges of Γ, we obtain a tropical graph Γ′. Indeed Γ′ possesses a tropical vertex
position map, defined by pulling back the tropical vertex position map on Γ by κ.

Next we prove that the limit map u satisfies matching conditions on the edges
of Γ. The matching conditions are proved by ensuring that the relative translation
sequences corresponding to each vertex of Γ, when put together, form a (Γ′,Γ)-
translation sequence. As a first step we show that the translation sequence tν in the
previous paragraph is an approximate (Γ′,Γ)-translation sequence. In particular,
we need to prove that the (Approximate slope for uncollapsed edges) is satisfied.
Consider an edge e of Γ, that is incident on v+, v− ∈ Vert(Γ′), and the nodal point
corresponding to e is the pair we± on Cv± . The edge matching condition for broken
maps (4.21) implies

(8.37) π⊥T (e)(uν(weν,+)) = π⊥T (e)(uν(weν,−)).
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On a sequence of converging relative maps, the projected tropical evaluations of the
relative marked points converge, i.e.

π⊥T (e)(e
−tν(v)uν(zi,ν))→ π⊥T (e)(u(z)) in X

P (e)
/TT (e),C.

This convergence is a consequence of the convergence of the marked points zi,ν on

the domain curve and the convergence of maps e−tν(v)uν . Therefore, for the edge
e = (v+, v−),

d(π⊥T (e)(e
−tν(v+)uν(weν,+), π⊥T (e)(e

−tν(v−)uν(weν,−))→ d(π⊥T (e)(u(we+)), π⊥T (e)(u(we−))),

where d is the cylindrical metric distance X
P (e)

/TT (e),C. Using (8.37) the sequence

(8.38) π⊥T (e)(tν(v+)− tν(v−)) ∈ tC/tT (e),C

is bounded, implying that {tν(v) : v ∈ Vert(Γ′)} is an approximate (Γ′,Γ)-translation
sequence. An approximate (Γ′,Γ)-translation sequence can be adjusted by a uni-
formly bounded amount to produce an actual (Γ′,Γ)-translation sequence by Lemma
8.38. After making such an adjustment the quantity in (8.38) vanishes. Then by
(8.37) the limit map u satisfies the edge matching condition (4.21) for edges in Γ,
and u is therefore a broken map.

The proof of uniqueness is similar to the case of breaking maps: The domain
curve is uniquely determined, and any two (Γ′,Γ)-translation sequences tν , t′ν differ
by a uniformly bounded amount : supν |tν(v) − t′ν(v)| < ∞. After passing to a
subsequence, the limit

t∞(v) := lim
ν

(tν(v)− t′ν(v))

exists. The tuple (t∞(v))v is an unsigned version of a (Γ′,Γ)-translation since
t∞(v) ∈ Cone(κ, v) and for any edge e = (v+, v−) ∈ Edgetrop(Γ′),

t∞(v+)− t∞(v−) ∈ RT (e).

Therefore we obtain a tropical symmetry transformation e−t∞ ∈ Ttrop(Γ′) that re-

lates the limit maps limν e
−tνuν , limν e

−t′νuν . Therefore the limit is unique up to
the action of the identity component Ttrop,W(Γ′) of the tropical symmetry group.

It remains to prove the last statement of the Theorem. Suppose the tropical edge
collapse κ : Γ′ → Γ is non-trivial. Then either a tropical edge e0 of Γ′ is collapsed by
κ, or there is a vertex v0 of Γ′ for which P (v0) ( P (κ(v0)). In both cases, for large
enough ν the translation (tν(v))v∈Vert(Γ′) (viewed as a relative vertex position map)
generates a subgroup Ttν of Ttrop(Γ′) that is not contained in Ttrop(Γ). Indeed, in
the first case of a collapsed tropical edge e0 = (v+, v−)

tν(v+)− tν(v−) ∈ R+T (e0)

and in the second case where P (v0) ( P (κ(v0)) we have

tν(v0) /∈ P (κ(v0))∨.

Therefore dimC(Ttrop(Γ′)) > dimC(Ttrop(Γ)). �



218 8. GROMOV COMPACTNESS

8.6. Boundaries of rigid strata

In the moduli space of maps, a strata is ‘rigid’ if it does not deform to another
type; that is, it does not occur in the boundary of a compactification of a different
stratum. To count isolated maps under generic perturbations one must restrict
attention to rigid strata. In this section we formally define rigid strata of broken
and unbroken maps. We will show that the codimension one boundary of rigid strata
consists of maps that have a boundary edge that is either broken or has length zero.
Later in Section 9.8, we will see that the strata containing a zero length edge is in
fact a ‘fake boundary strata’ as it is the boundary of two different rigid strata with
opposite induced boundary orientation. Thus the ‘true boundary strata’ are those
that have a broken boundary edge.

Definition 8.40. (Rigid types of unbroken maps) The combinatorial type Γ of
a (unbroken) treed holomorphic map is rigid if the only internal edges e ∈ Edgeint(Γ)
are boundary edges e ∈ Edge (Γ) of finite non-zero length `(e) ∈ (0,∞), and inter-
section multiplicity mw(e)(u,DP ) of u of type Γ at e∩ S with the stabilizing divisor
D = (DP , P ∈ P) is 1.

Definition 8.41. (Rigid types of broken maps) The combinatorial type Γ of a
broken treed holomorphic map is rigid if the tropical graph T (Γ) is rigid, and the
only internal edges e ∈ Edgeint(Γ) are boundary edges e ∈ Edge (Γ) of finite non-
zero length `(e) ∈ (0,∞), and intersection multiplicity mw(e)(u,DP ) of u of type Γ
at e ∩ S with the stabilizing divisor D = (DP , P ∈ P) is 1.

Remark 8.42. The rigidity for types of broken maps includes the additional
condition of the rigidity of the tropical graph. We chose this definition because
any non-rigid tropical graph Γ is related to a rigid tropical graph Γ0 by a tropical
edge collapse morphism, and therefore tropical symmetry orbits of broken maps
modelled on Γ occur in the compactification of the moduli space of maps modelled
on Γ0. Another justification for this definition is that moduli spaces of broken
maps with a non-rigid tropical graph have a positive (even) dimensional tropical
symmetry group, and therefore these types of broken maps do not contribute to
counts of isolated curves.

Next, we address the question of which strata of broken maps occur in the
compactification of a one-dimensional moduli space Mbrok

Γ (x) where Γ is a rigid
type. The following result proves that the compactification does not contain broken
maps of crowded type. Once this is established, we prove in Proposition 8.44 that
the only strata that occur in the codimension one boundary are those that contain
either a broken edge, or an edge with length zero.

Proposition 8.43. (No crowded strata in the compactification) Let p be a reg-
ular perturbation datum. Let Γ be a type of an uncrowded rigid broken map and let
x ∈ (I(L))d( )+1 be a tuple of limit points of boundary leaves such that the expected
dimension of the moduli space MΓ(L, p, x) is at most 1. Then, for any curve u

in the compactification MΓ(L, p, x), there are no horizontally constant components
that contain interior markings.
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Proof. First we point out that a horizontally constant component containing an
interior marking can not be a disk component. Indeed the Lagrangian L is contained
in a top-dimensional cut space XP0

and the torus TP0,C is trivial. Therefore, a
horizontally constant component uv : Sv → XP0

is in fact constant and maps to
a point in L. Since L is disjoint from the stabilizing divisor there are no interior
markings on Sv.

Next we rule out horizontally constant spherical components that contain mark-
ings. Suppose the map u ∈MΓ(L, p, x) is horizontally constant on a component Sv,
for a vertex v of Γ, and suppose Sv has an interior marking ze. The restriction u|Sv
cannot have more than two nodes – otherwise moving the marking ze on the com-
ponent gives a two-dimensional family of adapted regular maps. By stability there
are exactly two nodes on Sv. By rigidity of the type Γ all edges e corresponding to
interior nodes we are tropical edges. Since u|Sv is horizontally constant, the balanc-
ing property (4.25) implies that the edges e1, e2 ∈ Edge(Γ) corresponding to both
nodes have the same slope T (e1) = T (e2). This means the type Γ has a non-trivial
tropical symmetry group Ttrop(Γ), contradicting the rigidity of Γ.

Next, we consider a map in a boundary of the moduli space. Suppose uν is a
sequence in MΓ(L, p, x) that converges to a limit u : C → X of type Γ′. First we
prove the proposition assuming that the limit u is uncrowded. Then u is an adapted
regular map. Since the index of uν is at most 1, standard arguments (see the proof of
Proposition 8.44, for example) imply that the type Γ of uν is obtained from the limit
type Γ′ by the morphism (Making an edge length finite/non-zero). In particular the
tropical graph associated to Γ′ is the same as that of Γ. By the argument in the
previous paragraph, there are no markings in horizontally constant components of
the limit map u.

Next, consider the case that the limit u has a crowded component. Forgetting
all but one leaf e meeting each of the crowded components Sv, v ∈ Vertcrowded(Γ)
yields an adapted map of u′ of type Γs. If a crowded component Sv ⊂ S becomes
unstable after forgetting all but one of its leaves e, e ∩ Sv 6= ∅ it is collapsed, and
in Γs the remaining leaf e is assigned a multiplicity of µ(e) plus the number of
forgotten leaves e′ 6= e. The limit u′ is pΓs-adapted because of the (Locality axiom).
Indeed, forgetting markings changes the type of the limit curve, but it does not
affect the perturbation datum pΓ on the other curve components on which the map
is horizontally non-constant. Therefore, u′ is regular. If no component is collapsed
in Γ′ → Γs, then, the expected dimension of the type Γs is that same as that of
Γ′. In this case u is an uncrowded map with a marking in a horizontally constant
component. This possibility has been ruled out in the last paragraph. If a component
is collapsed, the expected dimension of Γs is at least two lower than Γ and therefore,
the map u does not exist. �

Proposition 8.44. (Boundary strata) Suppose Γ is a rigid type for a broken map

and x ∈ (I(L))d( ) is a tuple of limit points of boundary leaves such that the expected
dimension i(Γ, x) is ≤ 1. The moduli space MΓ(XP , L, x) admits a compactifica-
tionMΓ(XP , L, x). The boundary strataMΓ(XP , L, x)\MΓ(XP , L, x) correspond to
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types Γ′ with a single broken boundary trajectory e ∈ Edge (Γ′), `(e) =∞ or a single
boundary edge with length zero `(e) = 0.

Proof. For a sequence of maps uν : C → X in the moduli space MΓ(XP , L), a
subsequence converges to a limit u : C → X by Theorem 8.3. By Proposition 8.43 u is
uncrowded and therefore, u is regular and adapted. Interior nodes we corresponding
to non-tropical edges e /∈ Edgetrop(Γ) are ruled out in u for dimension reasons using
the index relation (6.23). We next claim that the tropical type of u is Γ. If not
it is of type Γ′ and there is a non-trivial tropical edge collapse morphism Γ′ → Γ.
The last statement in Theorem 8.3 implies that dim(Ttrop(Γ′)) ≥ 2. By Proposition
6.25 the expected dimension of the moduli space of broken maps is unaffected by
collapsing tropical edges. Therefore, the index of u is at most 1. But the positive
dimensionality of the tropical symmetry group Ttrop(Γ′), and the fact that the action
of the tropical symmetry group does not have infinitesimal stabilizers implies that
ibrok(u) ≥ 2, leading to a contradiction. We conclude that the tropical type of u is
the same as that of the sequence uν . The only other phenomenon which occurs in
the limit of {uν}ν is the formation of a boundary node w ∈ C corresponding to an
edge e of length `(e) zero, or the length of a boundary edge `(e) going to zero or
infinity. �



CHAPTER 9

Gluing

In this chapter, we show that a rigid broken map can be glued at nodes to
produce a family of unbroken map, one in each neck-stretched manifold. A fixed
perturbation datum p on a broken manifold X can be glued in a natural way to
produce a perturbation datum pν for Xν which is equal to p away from the neck
regions. With respect to these perturbation data, we construct a bijection between
rigid broken map and rigid maps in neck-stretched manifolds Xν with sufficiently
large neck lengths.

Theorem 9.1. (Gluing) Suppose that u0 : C → X is a regular broken disk of
index zero. There exists ν0 > 0 such that if ν ≥ ν0 there exists a family of unbroken
disks uν : Cν → Xν of index zero, with the property that limν→∞[uν ] = [u0]. For
any area bound E > 0 there exists ν0 such that for ν ≥ ν0 the correspondence
[u] 7→ [uν ] defines an orientation-preserving bijection between the rigid moduli spaces
M<E(Xν , L)0 and M<E

brok(X, L)0 for ν ≥ ν0.

Remark 9.2. The gluing operation is defined on broken maps, and not on trop-
ical symmetry orbits of broken maps. In fact if the tropical symmetry group is
non-trivial (it is necessarily finite for rigid broken maps), gluing different elements
in the tropical symmetry orbit produces distinct sequences of unbroken maps. The
convergence result also distinguishes between rigid maps in the same tropical sym-
metry orbit. Indeed, in Theorem 8.2, if the limit map is rigid then the limit is
uniquely determined up to domain reparametrization.

Similar to other gluing theorems in pseudoholomorphic curves, the proof of The-
orem 9.1 is an application of a quantitative version of the implicit function theorem
for Banach manifolds. The steps are: construction of an approximation solution
called the pre-glued map; construction of an approximate inverse to the linearized
operator; quadratic estimates; application of the contraction mapping principle, and
surjectivity of the gluing construction. Through the proof of the gluing theorem, the
notation c denotes a ν-independent constant whose value may be different in every
occurrence. The fact that gluing preserves the orientation of rigid moduli spaces is
discussed in Remark 9.6.

9.1. The approximate solution

A pre-glued family for a broken map is constructed using tropical vertex positions
of the broken map. A rigid map is modelled on a rigid tropical graph Γ. We recall
that a rigid tropical graph has a unique tropical position map {T (v) : v ∈ Vert(Γ)}

221
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on its vertices. These positions determine the neck lengths for the approximate
solution as follows. For any edge e = (v+, v−) of Γ, there exists le > 0 such that

(9.1) T (v+)− T (v−) = leT (e),

where T (e) ∈ tZ is the slope of the edge.
The domain of any map in the glued family is a treed disk obtained by replacing

tropical nodes in C with necks and leaving the tree part in C unchanged: For
any ν ∈ R+ the curve Cν has a neck of length νle in place of a tropical node we
corresponding to e ∈ Edgetrop(Γ) in C. Denote by

(9.2) Γglue

the type of the glued curve. Recall that the lift of a tropical node we in C has
matching coordinates (see (Matching at tropical nodes) in Definition 4.12) in the
neighbourhoods U+

e , U−e of the lifts w+(e), w−(e), which are denoted by

(9.3) Sv± ⊃ (U±e , w±(e))
z±e−−→ (C, 0).

The coordinates can be chosen to be compositions of the complex exponential map
(8.2) and linear functions from tangent spaces to C. The glued curve Cν is obtained
from C by deleting a small disk in U±e for every edge e in Γ, and gluing the remainder
of the neighbourhoods U±e using the identification z+

e ∼ e−νlez−e , and leaving the
tree part T unchanged. So the surface and tree parts of Cν are

Cν = Sν ∪ T.

For future use in the proof we point out that the punctured neighbourhoods U±e \{w±(e)}
have matching logarithmic coordinates

(se, te) : U−e \{w−(e)} → [0,∞)× S1, (se, te) : U+
e \{w+(e)} → (−∞, 0]× S1

given by (se, te) := ± ln(z±e ).
Translated maps can be glued at the nodal points to yield a sequence of approx-

imate solutions for the holomorphic curve equation in neck-stretched manifolds. We
recall that for a rigid tropical graph, the translation sequences are unique and are
given by

(9.4) tν : Vert(Γ)→ νB∨, v 7→ νT (v).

Translation sequences give identifications between broken manifolds and neck-stretched
manifolds. For any ν, v ∈ Vert(Γ) the map

etν(v) : X
P (v)
→ Xν

P
⊂ Xν

is defined in (3.42). The complement of the neck region in Sν is a disjoint union

Sν\Neck(Sν) = ∪v∈Vert(Γ)S
ν(v).

On Sν(v), the approximate solution is defined as the translation of the map u0
v, that

is,

(9.5) upre
ν := etν(v)u0

v on Sν(v).
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On the treed part T ⊂ Cν , we have

upre
ν := u0

v on T ⊂ Cν .
Next, we define upre

ν on the neck region Necke(S
ν) corresponding to a tropical edge

e = (v+, v−) ∈ Edgetrop(Γ). The matching condition on u0 at the tropical node we
implies that there is a point xe ∈ XP (e)

such that the map uv± is asymptotically

close to the trivial cylinder

(9.6) uvert
e : R± × S1 → X

P (e)
, (s, t) 7→ eT (e)(s+it)xe

near the nodal lift w±e ∈ C±v . That is, if we define ζ±e ∈ Tuvert
e
X
P (e)

by the condition

(9.7) u0
v± = expuvert

e
ζ±e ,

then

(9.8) ‖Dkζ±e (s, t)‖ ≤ ce−|s|

for any k ≥ 0. In (9.7) we note that the target space of the map u0
v± resp. expuvert

e
ζ±e

is X
P (v±)

resp. X
P (e)

, but the relation (9.7) is well-defined because near the node the

image of uv± lies in the P (e)-cylindrical end of X
P (v±)

which is canonically identified

to X
P (e)

. We define a cylinder in Necke(Cν) corresponding to uvert
e as

uvert
e,ν := e

1
2 (tν(v+)+tν(v−)uvert

e : [−νle2 , νle2 ]× S1 → Xν .

The approximate solution on Necke(Cν) is the trivial cylinder uvert
e,ν corrected by a

section obtained by patching ζ+
e , ζ−e defined as

(9.9) upre
ν (s, t) := expuvert

e,ν
(ζνe (s, t)) : [−νle2 , νle2 ]× S1 → Xν ,

ζνe (s, t) := β(−s)ζ−e (s+ νle
2 , t) + β(s)ζ+

e (s− νle
2 , t).

where

(9.10) β ∈ C∞(R, [0, 1]),

{
β(s) = 0 s ≤ 0

β(s) = 1 s ≥ 1

is the cutoff function from (6.12). In other words, in the cylinder in Cν corresponding

to an edge e, one translates the domain on both ends by an amount νle
2 , and then

patches the map together using the cutoff function and geodesic exponentiation.
The definition (9.5) of upre

ν in the complement of the neck, and its definition (9.9)
on the neck together give a smooth map upre

ν : Cν → Xν . Indeed using the relation
tν(v+)− tν(v−) = νle, we conclude that the expression in (9.9) is equal to etν(v±)u0

v±

in the neighborhood of the boundary component ±νle2 × S1.

Remark 9.3. The number ν ∈ R+ is called the map gluing parameter to differ-
entiate it from the parameter used for gluing nodes in a curve. In standard gluing
results the map gluing parameter ν is taken to be the neck length in the domain Cν
of the glued map uν . In our setting, the map gluing parameter is the neck length
ν in the target space Xν . The domain neck lengths, approximately equal to νle,
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are allowed to vary in the Picard iteration argument. Note that resolving nodes we
corresponding to tropical edges e does not increase the index of the map. As a result
gluing an index zero broken map u produces an isolated map uν in each Xν .

9.2. Fredholm theory for glued maps

We define a map between suitable Banach spaces whose zeroes describe pseu-
doholomorphic curves close to the approximate solution. Pseudoholomorphic maps
are zeroes of the section
(9.11)
Fν := (∂, ev) :MΓglue

×Map(Cν , X
ν)→ Ω0,1(Sν , u

∗TX)⊕ Ω1(T, u∗TL)⊕X(Γglue)

defined in (6.27) and consisting of ∂ operators on surfaces, shift gradient operators
on treed segments, and various evaluation maps. In this section we define met-
rics/norms in each of the spaces. We recall the operator Fν later in the section.

We describe a metric on the moduli space of treed disks. Recall that the domain
of u is C, which is a curve of type Γ with surface part (S, jS) and tree part T , and
recall from (9.2) that the type Γglue of the glued curve is given by collapsing all the

interior edges in Γ. In a neighborhood UMΓ
⊂ MΓglue

of MΓ, there is a projection
map

πΓ : UMΓ
→MΓ

such that any curve C ′ ∈ UMΓ
is obtained by gluing at tropical nodes of the curve

πΓ(C ′) using the coordinates (9.3). We remark that the domain curves Cν of the
approximate solutions which were constructed by gluing the tropical nodes in C lie
in the neighborhood UMΓ

, and πΓ(Cν) = C. The subset UMΓ
∩MΓglue

close to the
boundary strata MΓ is equipped with a metric

(9.12) gΓglue
: T (MΓglue

∩ UMΓ
)⊗2 → R

that is cylindrical in the fibers of πΓ. That is, each fiber of πΓ is isometric to
a product of cylinders Πe∈Edgetrop(Γ)(R × S1) parametrized by gluing parameters

(se, te).
In the neighborhood of each of the glued curves, we give a description of the

complex structures on the surface components. As a preliminary step we describe
the complex structures on curves close to the domain C of u. Let the complex curve
(S, jS) be the surface part C. A trivialization

(9.13) SΓ|UΓ,C ' S × UΓ,C

of the universal curve SΓ →MΓ in a neighborhood UΓ,C ⊂MΓ of C yields a family
of complex structures (as in (4.8))

UΓ,C → J (S), m 7→ jΓ(m).

We write jΓ as a sum
jΓ(m) = jS + ∆jΓ(m)

and assume that the trivialization in (9.13) is chosen so that ∆jΓ(m) = 0 in neigh-
borhoods of special points. Next, we consider a glued treed disk Cν ∈MΓglue

whose
surface part (Sν , jSν ) ⊂ Cν is obtained by gluing the tropical nodes in S ⊂ C. In
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a neighborhood UCν ⊂ MΓglue
, we choose a trivialization of the universal curve

SΓglue
→MΓglue

so that the induced family of complex structures

(9.14) UCν → J (Sν), m 7→ jν(m),

satisfies the following : The function jν is a sum

jν = jSν + ∆j (m) + ∆jνneck(m)

where

• jSν is the complex structure on the glued curve Sν and is m-independent,
• the function m 7→ ∆j (m) is supported in the complement of the neck

regions of Sν and is equal to ∆jΓ(πΓ(m)),
• and ∆jνneck(m) is supported in the neck regions of Sν , and the support is

contained in a uniformly bounded neighborhood the boundary of the neck,
that is, there is a ν-independent constant L such that

(9.15) supp(∆jνneck) ⊂
⋃

e∈Edgetrop(Γ)

{s : νle2 − L ≤ |s| ≤
νle
2 } × S

1 ⊂ A(lν) ⊂ Sν .

Further there is a ν-independent constant c such that on the neck region
corresponding to any edge e ∈ Edgetrop(Γ) and for any ν

‖∆jνneck(m)‖C1 ≈ c|δe(m)− νle|,

where δe(m) ∈ R+ × S1 is the gluing parameter used at the node e to
smoothen the node we in the curve πΓ(m).

Such a choice of the trivialization of the universal curve ensures that there is a
ν-independent constant c such that for any two curves represented by m1, m2

(9.16) |∆jν(m2)−∆jν(m1)| ≤ cdgΓglue
(m1,m2).

These uniform estimates are used in the proof of the quadratic estimate in Section
9.5.

The second space in the domain of (9.11) is a space of W 1,p
loc maps

Map(Cν , X
ν)1,p ⊂ Map(Sν , X

ν)1,p ×Map(T,Xν)1,p

defined by requiring that the maps from Sν and T agree on the intersection Sν ∩ T .
We recall that T is the disjoint union of treed segments ∪eTe corresponding to
boundary edges e ∈ Edge (Γ) with positive lengths; and Te = [0, 1] if the segment
is finite, and R≥0, R≤0 or R if `(e) =∞. The tangent space of Map(Cν , X

ν)1,p at a
map u : Cν → Xν is the space of sections

(9.17) Ω0(Cν , u
∗TX) = Ω0(Sν , (u|S)∗TXν)⊕ Ω0(T, (u|T )∗TL).

As in Abouzaid [1, 5.38] the first summand in (9.17) is equipped with a weighted
Sobolev norm based on the decomposition of the section into a part constant on
the neck and the difference on the neck corresponding to each edge e ∈ Edgetrop(Γ)
described as follows. Denote by

(se, te) ∈ [−νle/2, νle/2]× S1
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the coordinates on the neck region created by the gluing at the node corresponding
to the edge e ∈ Edgetrop(Γ). Let

λ ∈ (0, 1)

be a Sobolev weight. Define a Sobolev weight function

(9.18) κν : Cν → [0,∞), κν :=
∑

e∈Edgetrop(Γ)β(νle/2− |se|)(νle/2− |se|).

Here, the function β(νle/2− |se|) is extended by zero outside the neck region corre-
sponding to e. As ν → ∞, κν converges to the Sobolev weight function κ defined
on the punctured curve C − {we : e ∈ Edgetrop(Γ)} in (6.13). Given a section

ξ = (ξS , ξT ) ∈ Ω0(Cν , u
∗TX)

define

(9.19) ‖ξ‖1,p,λ := ‖ξS‖1,p,λ + ‖ξT ‖p1,p

‖ξS‖1,p,λ :=

(∑
e‖ξS,e(0, 0)‖p +

∫
Cν

(‖∇ξS‖p

+‖ξS −
∑

eβ(νle/2− |se|)Tus ξS,e(0, 0)‖p) exp(κνλp)d VolCν )1/p

where ξS,e is the restriction of ξS to the neck region [−νle2 , νle2 ]×S1 corresponding to
the edge e, and Tus is parallel transport from u(0, t) to u(s, t) along u(s′, t), s′ ∈ [0, s].

Let Ω0(Cν , u
∗TX)1,p,λ be the Sobolev completion of W 1,p

loc sections with finite norm
(9.19); these are sections whose difference from a covariant-constant section on the
neck has an exponential decay behavior governed by the Sobolev constant λ.

The target space of (9.11) is a space of (0, 1)-forms, which we equip with a
weighted Lp norm. For a (0, 1)-form η ∈ Ω0,1(Sν , u

∗TXν) define

‖η‖0,p,λ =

(∫
Sν

‖η‖p exp(κνλp)d VolSν

)1/p

.

The implicit function theorem is applied on the ∂ map pulled back by an ex-
ponential map. Pointwise geodesic exponentiation defines a map (using Sobolev
multiplication estimates)

(9.20) expupre
ν

: Ω0(Cν , (u
pre
ν )∗TXν)1,p,λ → Map1,p(Cν , X

ν)

where Map1,p(Cν , X
ν) denotes maps of class W loc

1,p from Cν to Xν . We define

∂ : UCν × Ω0(Cν , (u
pre
ν )∗TXν)1,p,λ → Ω0,1(Sν , (u

pre
ν )∗TXν)0,p ⊕ Ω1(T, (upre

ν )∗TL),

(9.21)

(m, ξ) 7→ T−1
upreν ,ξ

(
∂j(m),J(expupre

ν
ξ)|Sν ,

(
1

λe

d

ds
+ gradF

)
(expupre

ν
ξ)|T

)
,

where

Tupre
ν ,ξ : Ω0,1(Sν , (u

pre
ν )∗TXν)0,p,λ ⊕ Ω1(T, (upre

ν )∗TL)0,p

→ Ω0,1(Sν , (expupre
ν

(ξ))∗TXν)0,p,λ ⊕ Ω1(T, (expupre
ν

(ξ))∗TL)0,p
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is the parallel transport defined using an almost-complex connection, and we recall
that UCν ⊂MΓglue

is a neighborhood of Cν ; and

λe :=

{
`e(m), e ∈ Edge

(0,∞)
,− (Γ),

1, e ∈ Edge∞(Γ).

In order to construct local models for moduli of adapted tree disks, we require
that the treed disks Cν have a collection of interior leaves e1, .. ., ed( ) and

(expupre
ν

(ξ))(ei) ∈ D, i = 1, .. ., n.

Additionally we require matching conditions at boundary nodes and lifts of Sν ∩Tν .
Using notation from the proof of transversality (Theorem 6.29), these constraints
may be incorporated into Fν to produce a map

Fν : UCν ⊕ Ω0(Sν , (u
pre
ν )∗TXν)1,p,λ ⊕ Ω0(T, (upre

ν )∗TL)1,p

→ Ω0,1(Cν , (u
pre
ν )∗TXν)0,p,λ ⊕ Ω1(T, (upre

ν )∗TL)0,p ⊕ TX(Γglue)/∆(Γglue).

whose zeroes correspond to adapted pseudoholomorphic maps near the pre-glued
map upre

ν .

9.3. Error estimate

We estimate the failure of the approximate solution to be an exact solution in
the Banach norms of the previous section. To derive the estimate we split the treed
disk Cν into neck regions corresponding to tropical nodes in C, namely

Necke(Sν) := {(se, te) ∈ [−νle
2 ,

νle
2 ]× S1} ⊂ Sν , ∀e ∈ Edgetrop(Γ);

and its complement

Cν := Cν\ ∪e Necke(Sν), and Cν = Sν ∪ T.

The one-form Fν(0) has contributions from the difference between the perturbation
data P (C) and P (Cν) on the complement of the neck regions, and from the cutoff
function and the difference between Ju and Jupre

ν
on the neck regions :

(9.22) ‖Fν(0)‖Lp,λ(Sν) = ‖∂J
u

pre
ν
uνpre‖Lp,λ(Sν) +

∑
e∈Edge (Γ)

‖ 1
λe

+ (gradF )upre
ν
‖Lp(Te)

+
∑

e‖∂ expe(s+it)T (e)xe
(β(−se)ζ−e (se + νle/2, te)

+ β(se)ζ
+
e (se − νle/2, te))‖Lp,λ(Necke(Sν).

The first two terms may not vanish because the perturbation is domain dependent:
in the complement of the neck regions, the map upre

ν is P (C)-holomorphic but not
P (Cν)-holomorphic. For any metric dM on the compactified moduli space MΓglue

of treed disks, the distance between the domain curves is bounded as

dM(Cν , C) ≤ c max
e∈Edgetrop(Γ)

exp(−νle).
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Therefore, the distance between the domain-dependent perturbations has a similar
bound. On the complement of the necks upre

ν is J(C)-holomorphic, so

(9.23) ‖∂J
u

pre
ν
uνpre‖Lp,λ(Sν) ≤ c‖J(C)− J(Cν)‖L∞ ≤ c max

e∈Edgetrop(Γ)
exp(−νle).

The last term in the right-hand side of (9.22) is equal to∑
e‖(D expe(s+it)T (e)xe

(dβ(−se)ζ−e (se + νle/2, te) + dβ(se)ζ
+
e (se − νle/2, te))+

(β(−se)dζ−e (se + νle/2, te) + β(se)dζ
+
e (se − νle/2, te)))0,1‖Lp,λ(Necke(Sν)).

On the neck regions, the almost complex structure is domain-independent since it
is equal to the background almost complex structure (see (6.4)). Holomorphicity of
u implies that the terms are non-zero only in the support of dβe which is contained
in the interval

[−1, 1]× S1 ⊂ [−νle
2 ,

νle
2 ]× S1 = Necke(Sν).

Both ζ±e and its derivative decay at the rate of e−se on the cylindrical end R+ × S1

in S◦, see (9.8). As a result both the difference between Ju and Jupre
ν

, and the terms

containing dβ are bounded by ce−leν/2 where c is a constant independent of ν. The
Sobolev weight function (9.18) has a multiplicative factor of eλleν/2, and therefore,

(9.24) ‖Fν(0)‖ ≤ c
∑

e∈Edgetrop(Γ)e
−(1−λ)leν/2,

with c a constant independent of ν. (See Abouzaid [1, 5.10]).

9.4. Uniform right inverse

We construct a uniformly bounded right inverse for the linearized operator of
the approximate solution from the given right inverses of the pieces of the broken
map. We denote the linearized operator by

Dupre
ν

:= DFν([Cν ], 0).

Given an element

η = (ηS , ηT ) ∈ Ω0,1(Sν , (u
pre
ν |Sν)∗TXν)Lp,λ ⊕ Ω1(T, (upre

ν |T )∗TL)Lp

in the target space of Dupre
ν

one obtains an element in the target space of the lin-
earized operator Du0 of the broken map

η̃ = (ηv)v∈Vert(Γ) ⊕ ηT , ηv ∈
⊕

v∈Vert(Γ)

Ω0,1(S◦v , (u
0
v)
∗TX◦

P (v)
)

as follows. The element η̃ is equal to η in the tree components T ⊂ C and in the
complement of the neck region on the surface components Sv ⊂ C. On the neck
region for an edge e = (v+, v−) ∈ Edgetrop(Γ), η̃ is defined by restricting η|Necke(Sν)
to half the neck and extending by zero :

ηv,+ : (−∞, 0]× S1 → X
P (e)

, (s, t) 7→

{
T+,ν
e η(s+ νle

2 , t), s ≥ −νle2

0, s < −νle
2 ,



9.4. UNIFORM RIGHT INVERSE 229

and

ηv,− : [0,∞)× S1 → X
P (e)

, (s, t) 7→

{
T−,νe η(s− νle

2 , t), s ≤ νle
2

0, s > νle
2 ,

,

where

(9.25) T±,νe : Γ((upre
ν )∗TX

P (e)
)→ Γ((u±v )∗TX

P (e)
)

is parallel transport along the path

expe(s+it)T (e)xe
(ρζνe (s± νle

2 , t) + (1− ρ)ζ±e (s, t)), ρ ∈ [0, 1],

ζeν is defined in (9.9) and ζ±e is defined in (9.7). Since the broken map u0 is regular and
isolated, its linearized operator is bijective. We recall that the linearized operator is
a map of Banach spaces (see (6.31))

Du0 : TmMΓ×Map(C,X)1,p,λ → Ω0,1(S, (u0|S)∗TX)⊕Ω1(T, (u0|T )∗TL)⊕ev∗Γ TX/T∆.

Bijectivity ofDu0 implies there is an inverse (m, ξ) for the element (η̃, 0 ∈ ev∗Γ TX/T∆).
We write ξ = ((ξv)v∈Vert(Γ), ξT ). The vanishing of the last term in Du0(m, ξ) means
that ξ satisfies matching conditions at tropical and boundary nodes, and the interior
markings zi satisfy the divisor constraint :

ξ(zi) ∈ Tu±(zi)D.

The matching at tropical nodes implies that for any tropical edge e = (v+, v−), the
limit of ξv+ , ξv− at the cylindrical end e is equal :

ξv+,e = ξv−,e =: ξe ∈ TxeXP (e)
.

We now define the approximate inverse by patching the inverse of the lineariza-
tion of the broken map. We denote the approximate inverse of Dupre

ν
by Qν . On the

complement of the neck regions in Cν we define

Qν(η) := ξ on Cν\ ∪e Necke(Sν);

and on the neck region corresponding to a tropical edge e ∈ Edgetrop(Γ) we patch
the solutions ξv± together using a cutoff function:

Qνη := β
(
−s+ 1

4νle
)

((T−,νe )−1ξv−(s+ νle/2)− Tνeξe)(9.26)

+ β
(
s+ 1

4νle
)

((T+,ν
e )−1ξv+(s− νle/2))− Tνeξe) + Tνeξe

∈ Ω0(Cν , (u
pre
ν )∗TX)1,p,λ,

where T±,νe is defined in (9.25) and Tνe is the parallel transport from Γ((uvert
ν,e )∗TX

P (e)
)

to Γ((upre
ν )∗TX

P (e)
).

The approximate inverse Qν is uniformly bounded for all ν: It follows easily from
the construction of Qν that the operations η 7→ η̃, η̃ 7→ ξ are uniformly bounded
operators for all ν, and that on the complement of the neck regions there is a
uniform bound on the norm of the operator ξ 7→ (Qνη)|Cν . On the neck Necke(Sν)
corresponding to a tropical edge e ∈ Edgetrop(Γ) there is a uniform bound

‖((Qνη)− Teξe)eκνλ‖Lp(Necke(Sν)) ≤ c‖ξ‖W 1,p,λ .
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However, we need a κν-weighted Sobolev norm bound on ((Qνη)− Te(Qνη)(0, 0)e),
which follows from the observation

|Qν(0, 0)e − ξe| ≤ |ξv+(−νle2 , 0)e − ξe|+ |ξv−(νle2 , 0)e − ξe| ≤ ce−λνle/2‖η‖Lp,λ ,

which implies that

‖(TeQν(0, 0)e − Teξe)eκνλ‖ ≤ c‖η‖Lp,λ .

We have thus shown that there is a ν-independent constant c such that

‖Qν‖ ≤ c.

Next, we give an error estimate for the approximate inverse. We need to bound
the quantity Duνpre

Qνη− η. On the complement of the neck regions of Cν (including

treed segments), this quantity is bounded by the difference in the domain-dependent
perturbation P on (C, j) and (Cν , j

ν). Similar to (9.23) in the estimate of Fν(0),
we have the bound

(9.27) ‖Duνpre
Qνη − η‖Lp,λ(Cν) ≤ c max

e∈Edgetrop(Γ)
exp(−νle).

Next we bound ‖Duνpre
Qνη − η‖Lp,λ on Necke(Sν) corresponding to an edge e =

(v+, v−) ∈ Edgetrop(Γ). We often drop the parallel transport notation in the analysis
noting that both the transport map and its derivative contribute smooth multiplica-
tive factors that decay as ceνle/2−|s| on the neck. We recall that Necke(Sν) ' {(s, t) ∈
[−νle2 , νle2 ]× S1}, and analyze the half {s ≥ 0}, the other half being symmetric. On
{s ≥ 0}, we have

η = ηv+ = Du0ξv+ , Qνη = ξv+ + β(−s+ νle
4 )(ξv− − Teξe),

and therefore,

(9.28) Duνpre
Qνη − η = Duνpre

(β(−s+ νle
4 )(ξv− − Teξe)) + (Du0

v+
−Duνpre

)ξv+ .

We have

(9.29) ‖(Du0
v+
−Duνpre

)ξv+‖Lp,λ(Sν) ≤ ce−νle/2‖ξv+‖W 1,p,λ(S◦v+ ) ≤ ce−νle/2‖η‖Lp,λ(Cν)

since dXν (u0
v+

(s− νle
2 , t), u

ν
pre(s, t)) ≤ ce−νle/2. Since Du0

v−
ξv− = 0 on {s ≥ 0}, by a

similar bound to (9.29) on (Du0
v−
−Duνpre

)ξv− , we have

(9.30) ‖Duνpre
ξv−‖Lp,λ({s≥0}) ≤ ce−νle/2‖ξv−‖W 1,p,λ(S◦v− ) ≤ ce−νle/2‖η‖Lp,λ(Cν).

From (9.28), (9.29), (9.30) we conclude

(9.31) ‖Duνpre
Qνη − η‖Lp,λ ≤ ‖β(Duνpre

(Teξe))‖+ ‖dβ(ξv− − Teξe)‖+ ce−νle/2‖η‖.

To bound the first term in the right-hand side of (9.31) we observe that Teξe is the
parallel transport of a covariant constant section on the trivial cylinder uver

e , and
therefore,

‖Duνpre
(Teξe)‖ = ‖(Duνpre

−Duver
e

)(Teξe)‖ ≤ ce−νle/2|ξe| ≤ ce−νle/2‖η‖Lp,λ .
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It remains to bound the second term which is supported in the unit interval [νle4 ,
νle
4 +

1]× S1 in the neck [−νle2 , νle2 ]× S1. In this interval, the Sobolev weight in the curve

Sv− and the glued curve Sν differ by νle
2 :

κν(s, t) = κS◦v− (s+ νle/2)− νle/2, ∓s ≥ νle/2.

Therefore there is a ν-independent constant c such that

(9.32) ‖dβ(s−νle/4)ξv−‖Lp,λ(Sν) ≤ ce−λνle/2‖ξv−‖W 1,p,λ(S◦v ) ≤ ce−λνle/2‖η‖Lp,λ(Sν).

From (9.27), (9.32), one obtains an estimate as in Fukaya-Oh-Ohta-Ono [34,
7.1.32], Abouzaid [1, Lemma 5.13]: For some constant c > 0, for any ν

(9.33) ‖Dupre
ν
Qν − Id ‖ < c min

e∈Edgetrop(Γ)
(exp(−λνle/2), exp(−(1− λ)νle/2)).

It follows that for ν sufficiently large an actual inverse may be obtained from the
Taylor series formula

D−1
upre
ν

= Qν(Dupre
ν
Qν)−1 = Qν

∑
k≥0

(I −QνDupre
ν

)k.

The approximate inverse Qν is uniformly bounded for all ν. For large enough ν,
(9.33) implies that ‖Dupre

ν
Qν − Id‖ ≤ 1

2 , and so,

(9.34) ‖D−1
upre
ν
‖ ≤ 2‖Qν‖ ≤ c.

9.5. Uniform quadratic estimate

We obtain a uniform quadratic estimate for the non-linear terms in the map
cutting out the moduli space locally. We will prove that there exists a constant c
such that for all ν

(9.35) ‖D(m1,ξ1)Fν(m2, ξ2)−Dupre
ν

(m2, ξ2)‖ ≤ c‖(m1, ξ1)‖1,p,λ‖(m2, ξ2)‖1,p,λ.

We prove the quadratic estimate for the ∂ term on surface components. The other
terms in the operator Fν are left to the reader as the proof is similar. As a prelimi-
nary step we prove a quadratic estimate on a simpler operator. Define

G : Ω0(Sν , (u
pre
ν )∗TXν)W 1,p,λ → Ω1(Sν , (u

pre
ν )∗TXν)Lp,λ , ξ 7→ T−1

ξ d(expupre
ν
ξ).

Claim 9.4. There is a ν-independent constant c such that

‖Dξ1G(ξ2)−Dupre
ν
G(ξ2)‖0,p,λ ≤ c‖ξ1‖1,p,λ‖ξ2‖1,p,λ

if ξ11,p,λ is small enough.

Proof of Claim. For x ∈ Xν , ξ1, ξ2 ∈ TxXν , define

Tx−ξ1 : TxX → TxX, ξ2 7→ T−1
ξ1

d
dτ expx(ξ1 + τξ2)|τ=0.

It extends to a map on sections. For a map u : Sν → Xν , and ξ1 ∈ Γ(Sν , u
∗TXν)

define

Tu−ξ1 : Γ(Sν , u
∗TXν)→ Γ(Sν , u

∗TXν), ξ2 7→ (z 7→ Tu(z)
−ξ1(z)(ξ2(z)).
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We have

Dξ1G(ξ2)−Dupre
ν
G(ξ2) = d

dτT
−1
ξ1+τξ2

dz(expupre
ν

(ξ1 + τξ2))− d
dτT

−1
τξ2

dz(expupre
ν

(τξ2))

= ∇z(T
u
−ξ1ξ2 − ξ2),(9.36)

where in the second line ∇z is differentiation along the domain curve Sν . In the
second equality we switch the order of differentiation between d

dτ and dz. For any
z ∈ Sν we have a uniform pointwise estimate

|Dξ1G(ξ2)−Dupre
ν
G(ξ2)| ≤ |∇z(T

u(z)
−ξ1(z) − Id)| · |ξ2(z)|+ |Tu

pre
ν (z)
−ξ1(z) − Id| · |(∇zξ2)(z)|

≤ c((|dupre
ν (z)| · |ξ1(z)|+ |∇zξ1(z)|) · |ξ2(z)|+ |ξ1(z)| · |∇zξ2(z)|)

where the constant c is ν-independent. Indeed, such a uniform constant exists
because the complement of the neck regions is compact and identical for all ν; and
the neck regions have a cylindrical metric, and only the lengths of the cylinders vary
with ν. Then,

‖Dξ1G(ξ2)−Dupre
ν
G(ξ2)‖ ≤ c(‖dupre

ν ‖L∞ ·‖ξ1‖L∞ ·‖ξ2‖Lp,λ +‖∇zξ1(z)‖Lp,λ ·‖ξ2‖L∞
+ ‖ξ1‖L∞ · ‖∇zξ2(z)‖Lp,λ) ≤ c‖ξ1‖1,p,λ‖ξ2‖1,p,λ,

where for the last inequality, we use the fact that ‖dupre
ν ‖L∞ is uniformly bounded

for all ν by construction, and the following bound from Sobolev embedding : For
any section ξ ∈ W 1,p,λ(Sν) there is a ν-independent constant c such that ‖ξ‖L∞ ≤
c‖ξ‖W 1,p,λ . This proves the Claim. �

We obtain the quadratic estimate (9.35) for Fν by adapting the proof of the
above claim. We note that, compared to G, the operator Fν additionally consists of
a projection to (0, 1)-forms :

Fν : (m, ξ) 7→ T−1
ξ π0,1

j(m),J(ξ)d(expupre
ν
ξ),

where we abbreviate Jexp
u

pre
ν

ξ as J(ξ). The analog of (9.36) is

(9.37) D(m1,ξ1)Fν(ξ2)−Dupre
ν
Fν(ξ2)

= d
dτT

−1
ξ1+τξ2

π0,1
jν(m1+τm2),J(ξ1+τξ2)dz(expupre

ν
(ξ1 + τξ2))|τ=0

− d
dτT

−1
τξ2
π0,1
jν(τm2),J(τξ2)dz(expupre

ν
(τξ2))|τ=0

= π0,1
jν(m1),J(ξ1)∇z(T

u
−ξ1ξ2) + (∇z(π0,1

jν(m1),J(ξ1)))(T
u
−ξ1ξ2)

− π0,1
j(Cν),J(0)(∇zξ2)− (∇zπ0,1

j(Cν),J(0))ξ2,

where τm2 resp. m1 + τm2, τ ∈ [0, 1] is a path in a neighborhood UCν of Cν in the
moduli spaceMglue. The estimate (9.35) can be obtained from the above expression
in a similar way to the proof of Claim 9.4. We point out that the metric gCν on UCν
is cylindrical on the non-compact ends of Mglue, and with respect to this metric
‖jν(m1)− jν(m2)‖C1 ≤ cdgΓglue

(m1,m2), see (9.16).
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9.6. Picard iteration

We apply the implicit function theorem to obtain an exact solution. We recall
a version of the Picard lemma [60, Proposition A.3.4].

Lemma 9.5. (Picard lemma) Let X and Y be Banach spaces, U ⊂ X be an open
set containing 0, and f : U → Y be a smooth map. Suppose df(0) is invertible with
inverse Q : Y → X. Suppose c and ε > 0 are constants such that ‖Q‖ ≤ c, Bε ⊂ U ,
and

‖df(x)− df(0)‖ ≤ 1

2c
∀x ∈ Bε(0).

Suppose f(0) ≤ ε
4c . Then, there is a unique point x0 ∈ Bε satisfying f(x0) = 0.

Picard’s Lemma and the estimates (9.24), (9.34), (9.35) imply the existence of
a solution (m(ν), ξ(ν)) to the equation

Fν(m(ν), ξ(ν)) = 0

for each ν. The map
uν := expupre

ν
(ξ(ν))

is a (j(m(ν)), Jν)-holomorphic map to Xν . Additionally, there is a ν-independent
constant ε > 0 such that (m(ν), ξ(ν)) is the unique zero of Fν in an ε-neighbourhood
of ((Cν , j

ν), upre
ν ) with respect to the gΓglue

-norm on m(ν) and the weighted Sobolev

norm W 1,p,λ on ξ(ν).

9.7. Surjectivity of gluing

We show that the gluing construction gives a bijection. Note that any family
[u′ν : C ′ν → Xν ] converges to a broken map u : C → X by Theorem 8.2. To prove the
bijection we must show that any such family of maps is in the image of the gluing
construction. Since the implicit function theorem used to construct the gluing gives
a unique solution in a neighbourhood, it suffices to show that the maps u′ν are close,
in the Sobolev norm used for the gluing construction, to the approximate solution
upre
ν defined by (9.9).

We first show that the domain curves of the converging sequence of maps are close
enough to the domains of the approximate solution with respect to the cylindrical
metric gΓglue

from (9.12). In the definition of Gromov convergence, the convergence

of domains implies that C ′ν → C in the compactified moduli space MΓglue
, which

implies

(9.38) πΓ(C ′ν)→ C in MΓ.

We additionally need to prove that the distance dgΓglue
(C ′ν , Cν)→ 0 where the metric

gΓglue
is cylindrical in the non-compact ends ofMΓglue

. By assumption the limit map
u does not have any tropical symmetry. Therefore, the translation sequence tν is
uniquely determined by the tropical graph of u and coincides with the translations
used for gluing. By (Thin cylinder convergence), for any tropical edge e = (v+, v−) ∈
Edgetrop(Γ), the gluing parameters l′ν(e) + iθ′ν(e) of the curves C ′ν satisfy

lim
ν→∞

θ′ν(e) = 0, lim
ν→∞

(tν(v+)− tν(v−)− T (e)l′ν(e)) = 0
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The gluing parameter of Cν at the edge e is νle, which satisfies the relation

tν(v+)− tν(v−) = T (e)νle.

Therefore, l′ν(e)− νle → 0, and dgΓglue
(Cν , C

′
ν) → 0 as ν → ∞. In addition there is

a biholomorphism

(9.39) φν : (Cν , jν([C ′ν ]))→ C ′ν ,

where jν is defined in (9.14).
Next, we show that the maps in the converging sequence are close enough to

the approximate solutions. Via the identification (9.39), we view u′ν as a map on
Cν . We need to bound the section ξ′ν ∈ Ω0(Cν , (u

pre
ν )∗TXν) defined by the equation

u′ν = expupreν
ξ′ν in the weighted Sobolev norm (9.19). Consider the neck region in

Cν corresponding to an edge e with coordinates

(se, te) ∈ [−νle
2 ,

νle
2 ]× R/2πZ.

Denote the midpoint of the neck as

0e := {(se, te) = (0, 0)} ∈ Cν .

In the neck region, the maps upreν and u′ν are equal to a vertical cylinder perturbed
by a quantity that decays exponentially in the middle of the cylinder. The vertical
cylinder is determined by upreν (0e) resp. u′ν(0e). The sequence upreν (0e) converges
to xe because of the asymptotic decay of the sections ζ±. The sequence u′ν(0e)
converges to xe by (Thin cylinder convergence). Indeed, since the complex structure

∆jν(C ′ν) is standard on a truncation [−νle
2 −L,

νle
2 −L]×S1 of the neck (see (9.15)),

and the mid point of the cylinder is preserved by the biholomorphism φ in (9.39),
(Thin cylinder convergence) is applicable with the coordinates (se, te). On the neck
region, the section ξ′ν and its derivatives decay exponentially :

|Dkξ′ν(se, te)| ≤ ce−(νle/2−|se|), k ∈ {0, 1}.

This inequality follows from the decay of the terms ζ±ν in the definition of upreν , and
the breaking annulus lemma applied to u′ν . Consequently ‖ξ′ν‖W 1,p,λ can be made
small enough by taking a large ν and shrinking the neck by a fixed amount: that is,
we decrease the cylinder length to νle − C where C is a constant independent of ν.
Next we consider the complement of the neck regions. Here, the sequences u′ν and
upreν uniformly converge to u. So, by taking ν large enough the maps upreν and u′ν
are W 1,p-close enough in the complement of the neck regions.

Remark 9.6. (Gluing preserves orientations) From the definition of orientation
of moduli spaces in Remark 6.30 it is easily seen that gluing preserves orientation
in the special case that the Cauchy-Riemann operator on each surface component
of the broken map u0 is complex linear. It remains to show that the interpolation
from the linearized operator Du0 resp. Duν to a complex linear operator ∂u0 resp.
∂uν changes the orientation signs of the broken maps and the glued maps by the
same amount.
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We recall from [60, Appendix 2] that for a Fredholm operator of index 0 the
trivialization of the determinant line bundle along a path of operators may be in-
terpreted as a crossing number. For a surjective Fredholm operator D : X → Y of
index 0 between Banach spaces X, Y , the determinant bundle is det(D) := R. Let
Dt : X → Y , t ∈ [0, 1] be a path of Fredholm operators of index 0 whose end-points
D0, D1 are surjective. For a generic path there is a finite number of non-surjective
operators in the path and each of them is a simple regular crossing. A crossing at
t is regular if Ḋt(ker(Dt)) is transverse to im(Dt), and simple if dim(ker(Dt)) = 1.
The orientation signs at D0 and D1 differ by the number of such crossings in the
path, see [60, Proposition A.2.4].

To prove that gluing preserves orientation we need to construct a family of paths
of operators of Fredholm index zero, namely

Dν
t : Bν → Eν , ν ∈ [ν0,∞], t ∈ [0, 1], D∞0 = Du0 , Dν

0 = Duν ,

each of whose starting point Dν
0 is the linearized operator of the glued map uν if

ν <∞ and the broken map u0 if ν =∞; and the end point Dν
1 is a regular complex

linear Cauchy-Riemann operator, and the pathDν
t has simple regular crossings for all

ν, and each crossing D∞t corresponds to a family of crossings Dν
tν with tν converging

to t. We leave this construction to the reader. This finishes the Remark.

9.8. Tubular neighbourhoods and true boundary

In Section 8.6 we proved a convergence result that the boundaries of one-dimensional
moduli spaces of rigid broken maps consist of maps that either have a length zero
boundary edge, or a broken boundary edge. Theorem 9.7 is the converse gluing
result, and it shows that given a broken map u containing a boundary edge that is
broken or has zero length, the map u indeed occurs as the codimension one bound-
ary of the expected moduli spaces. The convergence and gluing results, together,
allow us to identify the true boundary of one-dimensional moduli spaces. A stra-
tum containing a zero length edge is actually a ‘fake boundary stratum’ as it is the
boundary of two different rigid strata with opposite induced boundary orientations.
Thus the ‘true boundary strata’ are those that have a broken boundary edge, see
Remark 9.8.

Theorem 9.7. Let p = (pΓ)Γ be a coherent regular perturbation datum for all

types Γ. Suppose Γ is a type of broken treed disks and x ∈ I(L)n+1 is a set of limits
for boundary leaves such that i(Γ, x) = 1.

(a) (Tubular neighbourhoods) If a type Γglue of broken maps is obtained from a
type Γ by collapsing an edge e ∈ Edge ,−(Γ′) with `(e) = 0, or by making an

edge length finite/non-zero, then the stratum Mbrok
Γ (L, x) is a codimension

one boundary of in Mbrok
Γglue

(L, x) and has a tubular neighborhood in it; and

(b) (Orientations) the orientations are compatible with the morphisms (Cutting
an edge) and (Collapsing an edge/Making an edge finite/non-zero) in the
following sense:
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(i) Suppose Γ, Γ0, Γc are types of broken maps related by the morphisms

Γ
Make `(e) zero−−−−−−−−−→ Γ0

Collapse e−−−−−−→ Γc,

and ibrok(Γ, x) = ibrok(Γc, x) = 1, ibrok(Γ0, x) = 0. Then the boundary
orientation induced by Mbrok

Γ (L, x) on Mbrok
Γ0

(L, x) is the opposite of

the boundary orientation induced by Mbrok
Γc

(L, x) on Mbrok
Γ0

(L, x).

(ii) Suppose Γf , Γ, Γ1, Γ2 are types of broken maps and x1 ∈ I(L)d (Γ1)+1,

x2 ∈ I(L)d (Γ2)+1 are labels such that there are morphisms

(Γf , x)
Make `(e) finite←−−−−−−−−−− (Γ, x)

Cut e−−−→ (Γ1, x1)× (Γ2, x2),

and ibrok(Γf , x) = 1, ibrok(Γ, x) = ibrok(Γ1, x1) = ibrok(Γ2, x2) = 0.
Then there is an isomorphism

Mbrok
Γ (L, x) 'Mbrok

Γ1
(L, x1)×Mbrok

Γ1
(L, x2),

and the boundary orientation on Mbrok
Γ (L, x) induced by Mbrok

Γf
(L, x)

is related to the product orientation by a sign (−1)◦ that depends only
on the domain type Γ and the labels x.

Outline of proof. The tubular neighborhood is constructed by gluing and
there are different cases depending on the morphism:

Case 1 : Collapsing a boundary edge e of zero length.
The proof is by gluing a boundary node, which is non-tropical since the Lagrangian
is disjoint from relative divisors. The gluing proof is on the same lines as the gluing
of tropical nodes in Theorem 9.1, so we point out the differences, referring the reader
to [34, Chapter 7.1] for the full proof.

• Firstly we choose strip-like coordinates on a neighborhood of the boundary
node we and we use weighted Sobolev spaces on these strips, see Definition
7.1.3 in [34]. A difference from our Fredholm set-up for broken maps in
Section 6.4 is that we do not need cylindrical coordinates in the target
space since there are no relative divisors.
• The next difference is that the map gluing parameter ν refers to the neck

length parameter in the glued curve (see Remark 9.3), and therefore in the
domain of the operator Fν in (9.11) the component MΓglue

is replaced by
a subspace where the neck length corresponding to the node we is fixed to
be ν. The proof of ‘surjectivity of gluing’ also simplifies, since it is enough
to show convergence of the domain curves away from the neck as in (9.38)
and the arguments following (9.38) in that paragraph are not necessary.

Cases 2 and 3 do not involve gluing of surface components.
Case 2 : Making a boundary edge length `(e) non-zero.
The proof structure of Theorem 9.1 can be used in this case also. However, the map
gluing parameter ν corresponds to the edge length `(e) in the glued curve and goes
to zero in the limit. The domain curve for the glued map uν : Cν → X is allowed to
vary among the set of curves of type Γglue with `(e) = ν. The approximate solution
upre
ν : Cν → X is defined to be equal to u, and the map upre

ν is defined to be constant
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on the treed segment Te, so the error ‖DFν(upre
ν )‖ is ≤ cν. The rest of the steps are

analogous to the proof of Theorem 9.1.
Case 3 : Making a boundary edge length `(e) finite.

Similar to Case 2, the map gluing parameter ν is equal to the length `(e) of the edge
e, but unlike Case 2, it goes to infinity in the limit. The domain curve for the glued
map uν : Cν → X is allowed to vary among the set Γglue curves with `(e) = ν. The
approximate solution upre

ν : Cν → X is defined to be equal to u on all components
except the treed segment Te, where it is defined by pre-gluing the Morse trajectory
(see (2.66) in Schwarz [78]) at the edge e in the map u. The error estimate is ≤ ce−ν
and is derived in a similar way to Section 9.3. The rest of the steps are analogous
to the proof of Theorem 9.1.

For the orientations result, part (bi) follows from the definition of orientations in
Remark 6.30 and the sign computation for part (bii) is carried out in Seidel’s book
[82, (12.25)]. �

Boundary components

Fake boundary, `(e) = 0 True Boundary, `(e) =∞

One-dimensional
components

e

0 < `(e) <∞

e

e

Figure 9.1. True and fake boundary strata of a one-dimensional
component of the moduli space of treed holomorphic disks. The
sphere components lie in different pieces of the tropical manifold.

Remark 9.8. (True and fake boundary strata) There are two types of strata
that occur as the codimension one boundary of a one-dimensional moduli space –
one with a boundary edge of length zero, and the second with a boundary edge
containing a breaking. The first is a fake boundary, and the second one is a true
boundary as we explain: If a type Γ0 of broken maps has a boundary edge of length
zero, we may make the edge length `(e) non-zero or we may collapse the edge (by
disk gluing) to produce the following types

Γ
Make `(e) zero−−−−−−−−−→ Γ0

Collapse e−−−−−−→ Γc.

Let x be a tuple of input and output such that ibrok(Γ, x) = 0. By Theorem 9.7,
the moduli space Mbrok

Γ0
(x) is the boundary of the one-dimensional moduli spaces

Mbrok
Γc

(x) andMbrok
Γ (x) with opposite orientations. So,Mbrok

Γ0
(x) does not represent

a component in the topological boundary of the compactified moduli space⋃
Γ:Γ is rigid, ibrok(Γ,x)=1

Mbrok
Γ (L, x).
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This is the fake boundary in Figure 9.1. The only (true) boundary components of
one-dimensional strata thus consist of maps with a single broken Morse trajectory,
see Figure 9.1.



CHAPTER 10

Broken Fukaya algebras

In this chapter we describe A∞ -algebra structures defined by counting treed
holomorphic disks on broken and unbroken manifolds, and show that they are equiv-
alent up to A∞ -homotopy.

10.1. A∞ algebras

The set of treed holomorphic disks has the structure of an A∞ -algebra. A∞
-algebras were introduced by Stasheff [85] in order to capture algebraic structures
on the space of cochains on loop spaces. We follow the sign convention in Seidel
[81]. A Z2-graded A∞ algebra consists of a Z2-graded vector space A together with
for each d ≥ 0 a multilinear degree zero composition map

md : A⊗d → A[2− d]

satisfying the A∞ -associativity equations [81, (2.1)]

(10.1) 0 =
∑

j,k≥0,j+k≤d
(−1)j+

∑j
i=1 |ai|md−k+1(a1, . . . , aj ,

mk(aj+1, . . . , aj+k), aj+k+1, . . . , ad)

for any d ≥ 0 and any tuple of homogeneous elements a1, . . . , ad with degrees
|a1|, . . . , |ad| ∈ Z2. The notation [2− d] indicates a degree shift of 2− d, so that the
degree of md(a1 + · · ·+ad) is

∑
i |ai|+ 2−d ∈ Z2. The signs appearing in (10.1) are

the shifted Koszul signs, that is, the Koszul signs for the shifted grading in which
the structure maps have degree one as in Kontsevich-Soibelman [53]. One of the
first of these associativity relations is

(10.2) m2(m0, a)− (−1)|a|m2(a,m0) +m1(m1(a)) = 0, ∀a ∈ A.

A strict unit for A is an element 1A ∈ A such that

(10.3) m2(1A, a) = a = (−1)|a|m2(a, 1A), md(. . . , 1A, . . .) = 0,∀d 6= 2.

A strictly unital A∞ algebra is an A∞ algebra equipped with a strict unit.
The element m0(1) ∈ A (where 1 ∈ R is the unit) is called the curvature of the

algebra. The A∞ algebra A is flat if the curvature vanishes. The cohomology of a
flat A∞ algebra A is defined by

H(m1) =
ker(m1)

im(m1)
.

239
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The algebra structure on H(m1) is given by

(10.4) [a1a2] = (−1)|a1|[m2(a1, a2)].

The A∞-algebras in our work are ‘curved’, that is m0(1) does not vanish. Coho-
mology can be defined for a curved strictly unital A∞ -algebra if the curvature is a
multiple of the unit : m0(1) ∈ Λ1A, because in this case, (m1)2 = 0 by (10.2).

More generally, the cohomology exists for any solution to the projective Maurer-
Cartan equation [34]. The projective Maurer-Cartan equation for b ∈ A is

(10.5) m0(1) +m1(b) +m2(b, b) + . . . ∈ Λ1A.

A solution b ∈ A of odd degree to the equation (10.5) is called a weakly bounding
cochain and the set of all the odd solutions is denoted MC(A). Given a weakly
bounding cochain b ∈MC(A), we define a deformed composition map

(10.6) mn
b (a1, . . . , an) =

∑
i1,...,in+1

mn+i1+...+in+1(b, . . . , b︸ ︷︷ ︸
i1

, a1,

b, . . . , b︸ ︷︷ ︸
i2

, a2, b, . . . , b, an, b, . . . , b︸ ︷︷ ︸
in+1

)

over all possible combinations of insertions of the element b ∈ A+ between (and
before and after) the elements a1, . . . , an. The maps mn

b define an A∞ structure on
A if b has odd degree. By the weakly bounding cochain condition m0

b(1) ∈ Λ1A, and
the A∞ relations imply

(m1
b)

2(a) = m2
b(m

0
b(1), a)−m2

b(a,m
0
b(1)) = 0.

Consequently the cohomology

H(m1
b) = ker(m1

b)/ im(m1
b)

is well-defined. The function

W : MC(A)→ Λ, b 7→W (b),

where m0
b = W (b)1A, is called the potential of the curved A∞ algebra A.

One also has homotopy notions of algebra morphisms. Let A0, A1 be A∞ alge-
bras. An A∞ morphism F from A0 to A1 consists of a sequence of linear maps

Fd : A⊗d0 → A1[1− d], d ≥ 0

such that the following holds:

(10.7)∑
i+j≤d

(−1)i+
∑i
j=1 |aj |Fd−j+1(a1, . . . , ai,m

j
A0

(ai+1, . . . , ai+j), ai+j+1, . . . , ad) =

∑
i1+...+im=d

mm
A1

(F i1(a1, . . . , ai1), . . . ,F im(ai1+...+im−1+1, . . . , ad))
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where the first sum is over integers i, j with i+ j ≤ d, the second is over partitions
d = i1 + . . .+ im. The A∞ -morphisms we consider are convergent in the sense that
F0 ∈ The first relation in the family of relations in (10.7) is

F1(m0
A0

) = m0
A1

+m1
A1

(F0) +m2
A1

(F0,F0) + . . .

An A∞ morphism F is unital if and only if

(10.8) F1(1A0) = 1A1 , Fk(a1, . . . , ai, 1A0 , ai+2, . . . , ak) = 0

for every k ≥ 2 and every 0 ≤ i ≤ k− 1, where 1A0 resp. 1A1 is the strict unit in A0

resp. A1.

10.2. Composition maps

In this section, we describe A∞ algebras whose composition maps are given by
counts of treed holomorphic maps, both in an ordinary symplectic manifold and in
a broken manifold. The boundary of the disks map to a Lagrangian, which in the
broken case, is contained in the complement of relative divisors

The Fukaya algebra is an A∞ algebra whose structure coefficients are defined by
counts of pseudoholomorphic treed disks as follows. Let q be a formal variable and
Λ the universal Novikov field of formal sums with rational coefficients

Λ =

 ∑
i∈Z≥0

ciq
αi

∣∣∣∣∣∣ ci ∈ C, αi ∈ R, αi →∞

 .

Denote by Λ≥0 resp. Λ>0 the subalgebra with only non-negative resp. positive
exponents. Denote by

Λ× = (C− {0}) + Λ>0 ⊂ Λ≥0

the subgroup of formal power series with invertible leading coefficient and non-
negative exponents. An A∞ -algebra A with coefficients in Λ is convergent if µ0

A ∈
Λ>0. This property ensures that the expression µb0 in the Maurer-Cartan equation
is well-defined for any b ∈ A with positive q-valuation.

Lagrangians will be equipped with additional data called brane structures. We
assume Lagrangians are compact, connected and oriented. A brane structure con-
sists of

• a relative spin structure (see [34, Chapter 44] for the definition),
• and a local system, which is an element

HolL ∈ R(L) = Hom(π1(L),Λ×).

When working with multiple Lagrangian submanifolds, one needs a grading on each
of the Lagrangians, see Seidel [79]. We do not use gradings in this paper.

For a Lagrangian L with a brane structure define the space of Floer cochains
over the Novikov ring

CF geom(L) :=
⊕
d∈Z2

CF d(L), CF d(L) :=
⊕

x∈Id(L)

Λ≥0〈x〉
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where Id(L) is the set of index d critical points of the Morse function F : L → R,
see Definition 4.5. The composition maps are as follows.

Definition 10.1. (Composition maps) For admissible perturbation data (pΓ)Γ

on the manifold X define

md( ) : (CF geom(L))⊗d( ) → CF geom(L)

on generators by

(10.9) md( )(x1, . . . , xd( )) =
∑

x0,u∈MΓ(X,L,pΓ,x)0

w(u)x0

where the sum is over all types Γ of maps with simple intersections with the stabi-
lizing divisor and with d( ) incoming boundary edges, and

(10.10) w(u) := (−1)♥(d (Γ)!)−1 Hol([∂u])ε(u)qA(u).

The terms in (10.10) are as below :

(a) ♥ =
∑d( )

i=1 i|xi|,
(b) HolL([∂u]) ∈ Λ× is the evaluation of the local system HolL ∈ R(L) on the

homotopy class of loops [∂u] ∈ π1(L) defined by going around the boundary
of each disk component in the treed disk once,

(c) d (Γ) the number of interior markings on the map u,
(d) ε(u) ∈ {±1} is the orientation sign, see Remark 6.30.

The A∞ relation follows from the description of the true boundary of the moduli
space:

Theorem 10.2. (A∞ algebra for a Lagrangian in a symplectic manifold) For
any admissible perturbation system p = (pΓ)Γ on the manifold (X,ω), the maps
(md( ))d( )≥0 on CF geom(L) satisfy the axioms of a convergent (possibly curved) A∞
-algebra CF geom(L).

Proof. We prove the A∞-associativity relations by counting the ends of one-
dimensional moduli spaces of treed holomorphic disks. We perform the count for a
fixed number of interior and boundary markings, and fixed limits on the input and
output treed segments, and then sum over all choices. Consider integers d( ), d( ) ≥ 0

and a tuple x ∈ (I(L))d( )+1 of inputs and outputs. We denote the one-dimensional
component of the moduli space of treed disks of rigid type with d( ) boundary inputs
and d( ) interior markings by

Md( ),d( )(L, x) := ∪Γ:i(Γ,x)=1MΓ(L, x),

where Γ ranges over rigid types containing d( ) interior markings and d( ) boundary
inputs. By the unbroken version of Proposition 8.44 and Remark 9.8 (see [18,
Remark 4.22]), the true boundary of Md( ),d( )(L, x) consists of disks with a single
broken edge, that is, an e ∈ Edge ,− with `(e) = ∞. The boundary points of
one-dimensional moduli spaces occur in pairs, and therefore,

(10.11)
∑

u∈MΓ(L,x)

ε∂(u)(d( )!)−1 = 0,
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where, in the summation, Γ ranges over all types in the true boundary ofMd( ),d( )(L, x),
and the sign ε∂(u) ∈ {±1} is given by the induced orientation on the boundary of
Md( ),d( )(L, x). Consider one such type Γ, and suppose Γ+, Γ− are the treed disk
types obtained by cutting the broken edge, each containing d±( ) := d (Γ±) in-
terior markings. For any critical point x ∈ I(L), denote by (x, x)+, (x, x)− the
input-output labelling on Γ+, Γ− where both ends of the broken edge are labelled
x. There is a bijection

(10.12) MΓ(L, x) '
⋃

x∈I(L)

MΓ+(L, (x, x)+))0 ×MΓ−(L, (x, x)−))0.

However, any map in the right-hand side corresponds to
( d( )
d+( )

)
maps in the true

boundary of Md( ),d( )(L, x) as follows: There are
( d( )
d+( )

)
bijections

f : {1, . . . , d+( )} t {1, . . . , d−( )} → {1, . . . , d( )}
whose restrictions to {1, . . . , d+( )}, {1, . . . , d−( )} are order-preserving. Given a
pair in (u+, u−) in the right-hand side of (10.12), each bijection f corresponds to a
map u in the true boundary of Md( ),d( )(L, x), where the i-th interior marking in
u± is labelled f(i) in u. Therefore the expression in (10.11) is equal to

(10.13) 0 =
∑

(Γ+,Γ−),x


 ∑
u+∈MΓ+

(L,(x,x)+)

ε(u+)(d (Γ+)!)−1

 ·
 ∑
u−∈MΓ− (L,(x,x)−)

ε(u−)(d (Γ−)!)−1

 ε∂(u)

ε(u+)ε(u−)

 ,

where x ranges over critical points in I(L) and (Γ+,Γ−) range over all pairs of
types obtained by cutting an edge in a treed disk type occurring in the boundary

of Md( ),d( )(L, x). The sign contribution ε∂(u)
ε(u+)ε(u−) is equal to the difference in the

orientation of the moduli space of treed disks with a broken edge when viewed as
a boundary of a larger stratum, and when viewed as a product, and is equal to the
shifted Koszul sign in the A∞-associativity relation (10.1) by [82, (12.25)]. Adding
the equations (10.13) corresponding to all d( ) ≥ 0, we obtain the associativity
relation on the maps (md)d≥0 on CF geom(L) corresponding to d = d( ). �

Composition maps for the broken Fukaya algebra are defined analogously by
counts of broken disks. Assume that L ⊂ X is a Lagrangian submanifold that is
contained in a single piece of X and does not intersect relative divisors. The Floer
cochains and the brane structure on L are defined as in the unbroken case :

CF geom
brok (L) :=

⊕
d∈Z2

CF dbrok(L), CF dbrok(L) :=
⊕

x∈Id(L)

Λ≥0〈x〉.

Definition 10.3. (Composition maps for the broken Fukaya algebra) For ad-
missible perturbation data (pΓ)Γ define

mbrok
d( ) : (CF geom

brok (L))⊗d( ) → CF geom
brok (L)
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on generators by

(10.14) mbrok
d( ) (x1, . . . , xd( )) =

∑
x0,u∈Mbrok

Γ (X,L,D,x)0

w(u)x0

where the combinatorial type Γ of the broken map u ranges over all rigid types
(see Definition 8.41) with d( ) boundary inputs, and w(u) is as in (10.10). The
orientation sign ε(u) ∈ {±1}, which is factor in w(u), is determined as in Remark
6.30.

Theorem 10.4. (A∞ algebra for a Lagrangian in a broken manifold) For any
admissible perturbation system p = (pΓ)Γ on the broken manifold X, the maps

(mbrok
d( ) )d( )≥0 on CF geom

brok (L) satisfy the axioms of a convergent (possibly curved)

A∞ -algebra CF geom
brok (L).

The A∞ relation follows from the description of the true boundary of the moduli
space, see Proposition 8.44. The combinatorial factors arising from the distribution
of interior markings are accounted exactly as in the unbroken case in Theorem 10.2.

10.3. Homotopy units

In the Fukaya algebra constructed in the previous section, a homotopy unit
construction can be applied to produce a strictly unital A∞ -algebra. Recall that
the Morse function F : L → R used in the construction of CF geom(L) is assumed
to have a unique maximum point denoted x ∈ crit(F ). In an idealized situation
where domain-dependent perturbations are not required, 〈x 〉 is a strict unit for
CF geom(L). This is because a boundary marked point mapping to the unstable
locus of x is an empty constraint, and such a marking can be forgotten without
affecting the disk. In our setting, marked points can not be forgotten because
domain-dependent perturbations depend on them. The homotopy unit construction
is a way of enhancing the Fukaya algebra so that the perturbation system admits
forgetful maps.

We outline the idea of the homotopy units construction: For the Fukaya algebra
to have a unit, we would like the perturbations on the Morse function to be domain-
independent on the treed segments asymptotic to the maximum point x ∈ crit(F ).
However, we can not impose such a condition on the perturbation, because the
perturbation depends only on the ‘domain’ which does not include the information
about which critical point a Morse trajectory asymptotes to. One can not include the
critical point label into the domain data, because Morse trajectories may break in
the limit, and the label at the breaking point is not known beforehand. Therefore, we
add a new kind of boundary marking to the domain, which is ‘forgettable’, and will
serve as a unit. The treed segment at a forgettable leaf is required to asymptote to
the maximum of the Morse function F , but is labelled x (to distinguish it from x ).
We also add ‘weighted boundary markings’, labelled x , to the domain which give us
a way of homotoping between treed segments with domain-dependent perturbations
asymptoting to x and those with domain-independent perturbations asymptoting
to x . The data of the domain now includes the information about whether a leaf is
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forgettable, weighted or unforgettable. This new kind of domain is called a weighted
treed disk and is defined below after the statement of the main Theorem.

Theorem 10.5. (Homotopy unit construction) Suppose p is a coherent pertur-
bation datum for treed holomorphic disks, and suppose CF geom(L) := CF geom(L, p)
is the A∞-algebra whose composition maps count p-adapted disks. Then there exists
a strictly unital A∞ structure on the vector space

(10.15) CF (L) := CF geom(L)⊕ Λx [1]⊕ Λx ,

with gradings

|x | = 0, |x | = −1,

whose composition maps count p̃-adapted weighted treed holomorphic disks (see Def-
inition 10.7), where p̃ is an extension of the perturbation datum p to weighted disks;
and in the resulting A∞ -algebra,

(a) x is a strict unit,
(b) CF geom(L) ⊂ CF (L) is a A∞ sub-algebra,
(c) and

m1(x ) = x − x mod Λ>0.

The theorem is proved later in the section after defining weighted treed holomorphic
disks.

The condition that x is a strict unit determines all A∞ structure maps involving
occurrences of x . In the following geometric construction of a homotopy unit, the
axioms are designed keeping this fact in mind.

Definition 10.6. (a) (Weightings) A weighting of a treed disk C = S ∪ T
of type Γ, with S 6= ∅, consists of a partition of the boundary semi-infinite
edges

Edge (Γ) t Edge (Γ) t Edge (Γ) = Edge ,→(Γ)

into unforgettable resp. weighted resp. forgettable, and a weight on semi-
infinite edges ρ : Edge ,→(Γ)→ [0,∞] satisfying

ρ(e) ∈


{0} e ∈ Edge (Γ)

[0,∞] e ∈ Edge (Γ)

{∞} e ∈ Edge (Γ).

The weighting ρ satisfies the following axiom:
(Outgoing edge axiom) A disk output e0 ∈ Edge (Γ) can be weighted
only if the disk has exactly one weighted input e1 ∈ Edge (Γ), all
the other inputs ei ∈ Edge(Γ), i 6= 1 are forgettable, and there are
no interior leaves, Edge (Γ) = ∅. In this case, the output e1 has the
same weight ρ(e1) = ρ(e0) as the weighted input e0. A disk output
e0 can be forgettable only if all the inputs are forgettable, and there
are no interior leaves. In all the other cases, the output of a disk is
unforgettable.
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In the exceptional case that the treed disk C is an infinite tree segment and
does not have surface components, the only possible labels are

→ , → , or → .

In the first two cases, the input has weight ρ(e) equal to ∞ resp. 0.
(b) (Stability) A weighted treed disk C = S ∪ T with S 6= ∅ is stable if C is

stable as a treed disk. In case S = ∅ and C is an infinite segment, then C
is stable iff the labels are → or → .

(c) (Isomorphism) Two weighted treed disks C and C ′ are isomorphic if there
is an isomorphism of treed disks φ : C → C ′, the edge labels are identical,
and the following is true.

(i) If the output edge is not weighted, then the weights on the inputs of
C1 and φ(C1) are equal;

(ii) if the output edge e0 is weighted, then the weights on the inputs are
equal up to scalar multiplication, i.e.

(10.16) ∃λ ∈ (0,∞) : ∀e ∈ Edge◦,→(C)\{e0} ρ(e) = λρ′(φ(e)).

Consequently, if the output edge is weighted, since there is exactly one
incoming edge by the (Outgoing edge axiom), the weights do not matter.

(d) (Combinatorial type) The type of a weighted treed disk is given by the
type of the treed disk, and the labels { , , } at the inputs and outputs,
and whether the weight at any vertex is zero, infinite or neither. Thus the
combinatorial type of a weighted treed disk includes a partition of weighted
edges

Edge (Γ) = Edge0(Γ) ∪ Edge(0,∞)(Γ) ∪ Edge∞(Γ)

into edges of weight 0, non-zero finite, and infinity.

The moduli space MΓ of weighted treed disks can be identified with{
MΓ′ × [0,∞]|Edge (Γ)|, if the output label is not

MΓ′ , if the output edge is ,

where Γ′ is the type of treed disk obtained by forgetting the weighting. If the type
Γ is → resp. → , then MΓ is a point.

The (Cutting edges) morphism has some additional features for weighted treed
disks. Given a type Γ of a weighted treed disk, suppose Γ+, Γ− (here Γ+ contains
the root of Γ) are the treed disk types produced by cutting an edge e ∈ Edge ,−(Γ)
in Γ, and e± ∈ Edge ,→(Γ±) be the pair of new edges created by the cutting. The
label ( , or ) and the weight at e+ are the same as that of e−, and the label and
weight at e− is determined by the (Outgoing edges axiom) applied to Γ−. In this
case there is a new type of (Cutting edges) morphism, wherein we cut a weighted
incoming edge of weight 0 or ∞ (although it is not a broken edge):

(Cutting a weighted input edge) Suppose e ∈ Edge (Γ) is an input, and
ρ(e) = 0 resp. ∞. Cutting e produces two types : Γ− is an infinite segment
→ resp. → , and Γ+ is Γ with e as an unforgettable resp. forgettable

edge, see Figure 10.1.
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e
ρ =∞

Cut e
e

Cut e

ρ = 0

ρ =∞ ρ = 0

Figure 10.1. Cutting a weighted input edge

Perturbation datum defined on the moduli space of weighted treed disks is coher-
ent with respect to (Collapsing of edges, making an edge length finite or non-zero),
(Cutting of edges) and the (Locality axiom). The perturbation vanishes on infinite
segments → and → . Additionally the following coherence conditions are
satisfied:

(a) (Making an edge weight finite/non-zero) If the weighted treed disk type Γ
is obtained from Γ′ by making the weight of an edge e ∈ Edge (Γ′) finite
or non-zero, then pΓ′ is the pullback of pΓ by the inclusion of the universal
moduli space UΓ′ → UΓ.

(b) (Forgetting edges) Suppose e is an input edge in a weighted treed type Γ
that is either forgettable or weighted with infinite weight, and Γ′ is the type
obtained by forgetting e. Then pΓ is the pullback of pΓ′ .

Definition 10.7. (Adapted weighted treed holomorphic disks) Let p = (pΓ)Γ

be a coherent perturbation datum for weighted treed disks. An pΓ-adapted weighted
treed holomorphic disk is a map u : C → X that is adapted in the sense of treed
holomorphic disks, and additionally satisfies the following:

(Label axiom) A treed input or output segment labelled resp. asymptotes
to the maximum point x ∈ crit(F ).

An adapted weighted holomorphic disk u : C → X is stable if for any component of
the domain Cv, either the map uv is non-constant, or the domain Cv is stable in the
sense of weighted treed disks. The new feature of stability for weighted holomorphic
disks is that a stable map u may be constant on an infinite tree segment labelled
→ or → . The combinatorial type of a weighted treed holomorphic disk consists

of the type of the domain weighted treed disk, together with the combinatorial
type data of the treed holomorphic map, namely homology classes of the maps on
surface components, and intersection multiplicities with the stabilizing divisor at
the markings. The type Γ of a weighted treed holomorphic disk is rigid if all the
edges e ∈ Edge−(Γ) are boundary edges with finite non-zero length, and in case of
weighted inputs or output, the weight ρ(e) is finite and non-zero. This ends the
Definition.

The expanded set of labels on the ends of treed segments is denoted by

(10.17) Î(L) := I(L) ∪ {x , x },

where we recall from (6.2) that I(L) is the set of critical points of the Morse function
on the Lagrangian L.
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Proposition 10.8. (Transversality for weighted treed holomorphic disks) Given
a regular coherent perturbation datum p for treed holomorphic disks, p extends to
a regular perturbation datum p̃ on weighted treed holomorphic disks such that the
following holds: For an uncrowded type Γ of weighted holomorphic maps, and a
prescribed tuple of inputs x := (x1, . . . , xd( )) ∈ Î(L)d( ) and an output x0 ∈ Î(L)
respecting the (Label axiom) and for which i(Γ, x) ≤ 1, the moduli space

MΓ(L, p, x)

of weighted p-adapted treed disks with limits x is a smooth manifold of expected
dimension. The moduli space MΓ(L, p, x) is compact if i(Γ, x) = 0, and if i(Γ, x) =
1,MΓ(L, p, x) has a compactification whose boundary consists of configurations with
a boundary node with length 0 or ∞, or a weighted edge with weight 0 or ∞.

Proof of Proposition 10.8. We extend the perturbation datum p = {pΓ}Γ
on domain curves that only contain unforgettable leaves to those that have other
kinds of leaves as well. We first consider domain types whose output is unforgettable.
We consider the case when the domain type Γ has a single weighted/forgettable input
leaf e, since the other cases follow inductively. Let Γ0 resp. Γ∞ be the domain type
obtained by making the weight of e in Γ zero resp. infinity. By the (Cutting a
weighted edge) morphism, on the subset {ρ(e) = 0} resp. {ρ(e) = ∞} of MΓ, the
perturbation p̃Γ is given by p̃Γ0 resp. p̃Γ∞ . The perturbation p̃Γ0 is equal to pΓ0 .
The perturbation p̃Γ∞ is defined via the (Forgetting edges) axiom, which means that
the perturbation is independent of forgettable treed segment on the domain curve.
By standard arguments, the perturbation p̃Γ can be extended over {ρ(e) ∈ (0,∞)}
while satisfying regularity.

For domain curves whose output is weighted or forgettable, we define the per-
turbation to be domain-independent. Indeed, on such domains maps are constant
and lie in the maximum point in crit(F ) ⊂ L; and strata with only unforgettable
leaves and root do not occur in the compactification of strata where the output is
forgettable/weighted.

Next we prove the statement on compactification. We analyze the cases where a
sequence of weighted maps of type Γ that are non-constant on either the surface or
tree part converges to a limit that has a breaking on a weighted/forgettable leaf e,
and the map is non-constant on both segments incident at the breaking. The other
cases are covered either by the compactification result for treed holomorphic maps
without weights; or, if the maps in the sequence are constant, by straightforward
formal arguments.

If e is weighted, for dimension reasons, the infinite segment (−∞,∞) in the
broken segment maps to the maximum point in L, and therefore, the map is constant
on this segment. If e is forgettable, by the (Forgetting edges) axiom, the only case
to be considered is when i(Γ, x) = 1 and Γ is of the form shown in Figure 10.2. The
map is constant on the surface, and the Morse index of x0, x1 ∈ crit(F ) differ by
1. We may assume the domain-dependent Morse perturbation on the unforgettable
edges is small enough that the ends of the moduli space are given by the breaking
of the unforgettable input or output edge as in Figure 10.3 below. This rules out
the possibility of breaking on the forgettable edge. �
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x1

x0

Figure 10.2. A type of map

x1

x0

x0 x1

x0
x1

,

Figure 10.3. Breaking an edge

For an admissible perturbation datum p = (pΓ)Γ for weighted treed types define
composition maps on the generators of the Fukaya algebra

CF (L, p) := CF geom(L, p)⊕ Λ〈x 〉 ⊕ Λ〈x 〉
as

(10.18) md( )(x1, . . . , xd( )) =
∑

x0,u∈MΓ(L,p,x)0

w(u)x0

where

w(u) = (−1)♥(d( )!)−1y(u)qA(u)ε(u), ♥ =

d( )∑
i=1

i|xi|,

and the sum ranges over all rigid types Γ, and the weight for any weighted input is
finite non-zero in the type Γ.

We now prove the main Theorem of this section.

Proof of Theorem 10.5. For a one-dimensional moduli space of weighted
maps of rigid type, the true boundary strata contain one of the following config-
urations : a configuration with a weight 0 or ∞ at a weighted input which is equiv-
alent to the broken configuration in Figure 10.1, a boundary node with a broken
segment, or a broken Morse trajectory. These configurations exactly correspond to
the terms in the A∞ -associativity relations, and so CF (L) is an A∞ -algebra. The
geometric part CF geom(L) is a sub-algebra because if the inputs to a treed disk are
unforgettable, the output is also unforgettable.

The element x is a strict unit for the following reasons. For d( ) > 2, we have

md( )(. . . , x , . . . ) = 0

because the input x is an empty constraint, and can be forgotten because the
perturbation satisfies the (Forgetting edges) axiom. The term m1(x ) is also zero :
any disk that is counted has interior markings, and therefore, placing the marked
point x adds one to the dimension, and therefore the moduli space is not zero-
dimensional. Finally, by the same argument, m2(x , y) and m2(y, x ) do not count
any disk with interior markings. The only contributions are from constant disks.
We conclude that both terms are equal to ±y, for any generator y. �
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Remark 10.9. (Leading order term in the first composition map) Constant
trajectories → , → contribute to the first composition map m1(x ), and the
choice of orientation [18, Remark 4.23] implies

(10.19)

m1(x ) = x − x +
∑

x0,[u]∈MΓ(L,D,x ,x0)0,E(u)>0

(−1)♥(d( )!)−1qE(u)ε(u)y(u)x0.

This formula is similar to that in Fukaya-Oh-Ohta-Ono [34, (3.3.5.2)].

10.4. Quilted disks

Morphisms between Fukaya algebras are defined by counts of quilted holomor-
phic disks. These are ordinary holomorphic disks with perturbed almost complex
structures, whose domain disks have an additional structure of a ‘quilting’.

10.4.1. Quilted disks.

Definition 10.10. (Quilted disks)

(a) A quilted disk is a disk S ' D2 ⊂ C with boundary markings z0, . . . , zd ∈
∂S, interior markings z0, . . . , zd ∈ S◦ and a biholomorphism

φ : (S\{z0}, ∂S)
φ−→ (H, ∂H),

which we call an affine structure. Two affine structures φ0, φ1 are equiva-
lent if there exists ξ ∈ R such that φ1(z) = φ0(z) + ξ. Two quilted disks
(S0, z

0, φ0), (S1, z
1, φ1) are isomorphic if there exists ξ ∈ R such that, defin-

ing τ(z) := z + ξ, the biholomorphism φ−1
1 ◦ τ ◦ φ0 : S0 → S1 maps each

marking in S0 to the corresponding marking in S1.
(b) (Treed quilted disk) A treed quilted disk is a treed nodal disk C, a subset of

whose disk components are quilted disks and have an affine structure. The
subset of quilted disks satisfies the following:
• A path in C from any boundary (non-root) leaf ze, e ∈ Edge ,→ \{0}

to the root z0 intersects exactly one quilted disk.
• (Balancing condition) The sum of lengths of treed segments ∓`(e) on

the path γ ⊂ C connecting any two quilted disks, with sign ± at e
determined by whether the orientation of the path agrees with the
orientation on the tree, is zero.

(c) (Combinatorial types) The combinatorial type Γ of a quilted treed disk
is the combinatorial type of the treed disk (without the quilting datum)
together with the subset

Vertcol(Γ) ⊆ Vert (Γ)

of vertices corresponding to quilted disks, which are called colored vertices.
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(d) (Stability) A treed quilted disk C = S ∪ T is stable if the automorphism
group of any surface component Sv, v ∈ Vert(Γ) is trivial, and there are no
treed segments both whose ends are infinite. This means a quilted disk is
stable if it has at least two special points.

Definition 10.11. (Distance from the seam function) Let C be a treed quilted
disk. For any point z ∈ C, let γz be a non self-intersecting path in C that connects
z to a point in the quilted disk of C that is closest to z. Define the distance from
the seam as the sum of lengths of boundary edges lying on γz, that is,

(10.20) d(z) := ±
∑

e∈Edge ,−(Γ):Te⊂γz

`(e) ∈ [−∞,∞],

where the sign is + resp. − if z is above resp. below the quilted disk components
(that is, further from resp. closer to the root than the quilted disk components).
Note that d is constant on the connected surface components of C, or in other words,
d is constant on the connected components of C\ ∪e∈Edge ,`(e)>0 Te. The distance
function d is zero on a quilted disk component and the spheres attached to them.

The moduli space of stable quilted disks with interior and boundary markings
is a compact cell complex. As the interior and boundary markings go to infinity,
they bubble off onto either quilted disks or unquilted disks or spheres. The case
of combined boundary and interior markings is a straight-forward generalization of
Ma’u-Woodward [58]. In the case with no interior markings, the moduli spaces are
cell complexes called the ‘multiplihedra’ introduced by Stasheff [85].

LetMq
d( ),d( ) denote the moduli space of stable marked quilted treed disks with

d( ) boundary leaves and d( ) interior leaves. See Figure 10.4 for a picture of Mq
0,2.

The quilted disks Sv ⊂ S, v ∈ Vertcol(Γ) are those with two shadings; while the
ordinary disks Sv, v /∈ Vertcol(Γ) have either light or dark shading depending on
whether the distance from the seam function is positive or negative. The hashes on
the line segments Te indicate breakings.

Figure 10.4. Moduli space Mq
0,2 of stable quilted treed disks

Remark 10.12. (A quilting circle) A quilted disk may alternately defined as a
marked complex disk (S, z) together with a seam, which is a circle Q ⊂ S tangent to
the 0-th boundary marking z0, see Ma’u-Woodward [58, Definition 4.1]. A choice of a
seam is equivalent to an affine structure, by taking the seam to be Q = {Im(z) = 1}.
This viewpoint explains our representation of quilted disks in Figures 10.4 and 10.5.
An interior point in a quilted disk component may lie above, below or on the seam;
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Figure 10.5. Moduli space Mq
1,0 of stable quilted treed disks

the relative position of interior points with respect to the seam does not affect the
combinatorial type of the treed quilted disk.

We use the quilting circle viewpoint to justify the compactification of an open
stratum in Mq

1,0. Let Γ be a type of quilted disk with a single interior marking, a

boundary output and no boundary inputs, and no boundary nodes (fourth figure
from the left in Figure 10.5). The stratum Mq

Γ ⊂ M
q
1,0 is an open interval (0,∞)

parametrizing disks with markings

(10.21) z0,ν =∞, z0,ν = iν, ν ∈ (0,∞),

and quilting circle {Im(z) = 1}, where the disk is identified to H∪{∞}. In the limit
ν →∞ resp. ν → 0, we obtain the strata to the left resp. right of Γ in Figure 10.5. In
particular, in the limit ν →∞, the limit of the markings in (10.21) gives the quilted
disk in the limit, and the unquilted dark disk is given by the reparametrization
z 7→ z

ν , so that the markings in the sequence are z0,ν =∞, z0,ν = i, and the quilting

circle is {Im(z) = 1
ν }, giving rise to a limit disk which is fully in the dark region.

As in the unquilted case, the top-dimensional cells inMq
d( ),d( ) consist of strata

MΓ which do not have any interior edges, that is, Edge ,−(Γ) = ∅, and all boundary
edges e ∈ Edge ,−(Γ) have finite non-zero length, and the dimension of these strata
is equal to

d( ) + 2d( )− 1.

The true boundary of Mq
d( ),d( ) consists of strata MΓ where

• Γ either has a single broken edge e ∈ Edge (Γ),
• or Γ has a collection of broken edges, such that the types Γ0, . . . ,Γk obtained

by disconnecting Γ at the breakings consist of an unquilted disk type Γ0, all
whose vertices have negative distance from the seam in Γ, and a collection
Γ1, . . . ,Γk of quilted disk types.

For example, the combinatorial types in Figure 10.6 occur in the codimension one
stratum of Mq

0,4, Mq
0,5.

10.4.2. Morphisms of types. Morphisms of graphs (Cutting an edge, col-
lapsing edges, making edge lengths finite or non-zero) induce morphisms of moduli
spaces of stable quilted treed disks as in the unquilted case. The new feature is
that (Cutting an edge) is done such that one of the pieces is quilted and the other
unquilted. This implies that output edges of quilted disks are cut simultaneously,
and therefore the output has a disconnected type.
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For example, in Figure 10.6, in the left picture, one can cut the e at the breaking
to obtain an unquilted disk with positive distance from the seam, and a quilted
disk. In the picture to the right, the edges e1 and e2 get cut simultaneously to yield
an unquilted disk with negative distance from the seam and a disconnected type
consisting of two quilted disks.

e
e1 e2

Figure 10.6. A quilted treed disk with edges of infinite length.

In a similar vein, the morphisms (Collapsing an edge) and (Making an edge
length finite or non-zero) may involve several edges instead of a single one. For
example, in the quilted disk with three boundary edges of length zero shown in
Figure 10.7, there is no (Collapsing an edge) or (Making an edge length finite)

Figure 10.7. A quilted disk with length zero edges.

morphism for one of the edges alone; these operations can only be performed for all
three edges simultaneously in order to respect the (Balancing condition) in Definition
10.10 (b).

For any combinatorial type Γ of quilted disk there is a universal quilted treed
disk UΓ →MΓ which is a cell complex whose fiber over [C] is isomorphic to C. The
universal disk splits into surface and tree parts UΓ = SΓ ∪ T ,Γ ∪ T ,Γ, where the
last two sets are the boundary and interior parts of the tree respectively

10.4.3. Weightings. Weights can be added to the inputs and output of quilted
treed disks as in the case of treed disks. We suppose there is a partition of the
boundary markings

Edge (T ) t Edge (T ) t Edge (T ) = Edge ,→(T )

into weighted resp. forgettable resp. unforgettable edges as in the unquilted case.
The outgoing edge axiom is the same as in the unquilted case. In the quilted case,
the trees in Figure 10.8 are stable. Isomorphism of weighted quilted disks is the
same as the unquilted case, and therefore, the moduli space with a single weighted
leaf and no markings is a point.
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x x x

x x x

ρ

ρ

Figure 10.8. Unmarked stable treed quilted disks

10.4.4. Orientations. Orientations of the moduli space of quilted treed disks
are defined as follows. Each main stratum of Mq

d( ),d( ) can be oriented using the
isomorphism of the stratum made of quilted treed disks having a single disk with
R times Md( ),d( ), the extra factor corresponding to the quilting parameter. The
boundary of the moduli space is naturally isomorphic to a union of moduli spaces:

(10.22) ∂Mq
d( ),d( )

∼=
⋃
i,j

I1∪I2=[d( )]

(
Mq
|I1|,d( )−i+1 ×M|I2|,i

)

∪
⋃

r≥1,I1∪...Ir=[d( )],
m1+···+mr=d( )

M|I0|,r × r∏
j=1

Mq
|Ij |,mj

 .

Here [d( )] := {1, . . . , d( )}. In the first union j is the index of the attaching leaf
in the quilted tree and so ranges from 1 to n − i + 1, and the union ranges over
all partitions of the set [d( )] into I1, I2. The second union ranges over partitions
of [d( )] into I0, . . . , Ir. By construction, for the facet of the first type, the sign
of the inclusions of boundary strata are the same as that for the corresponding
inclusion of boundary facets of the moduli space Md( ),d( ) of unquilted disks, that

is, (−1)i(n−i−j)+j . For facets of the second type, the gluing map is

(0,∞)×Mr,m0 ×
r⊕
j=1

Mq
|Ij |,mj →M

q
d( ),d( )

given for boundary markings by

(10.23) (δ, x1, . . . , xr, (x1,j = 0, x2,j , . . . , xmj ,j)
r
j=1) 7→

(x1, x1 + δ−1x2,1, . . . , x1 + δ−1xm1,1, . . . , xr, xr + δ−1x2,r, . . . , xr + δ−1xmr,r).

This map views the markings as lying in the affine half plane H ⊂ C; an interior
x ∈ Ij is mapped to xj + δ−1x; and the map is well-defined for δ that is large
enough to ensure that the ordering of the boundary markings is preserved. This
map changes orientations by

∑r
j=1(r− j)(mj − 1); in case of non-trivial weightings,

mj should be replaced by the number of incoming markings plus non-trivial but
finite weightings on the j-th component.



10.5. QUILTED PSEUDOHOLOMORPHIC DISKS 255

10.5. Quilted pseudoholomorphic disks

The Fukaya algebra of a Lagrangian submanifold is independent of the choice
of perturbation data up to homotopy equivalence. We outline the proof in the case
that the degree of the stabilizing divisors is fixed. One considers two systems of
perturbations and extends them to a set of perturbations for the moduli space of
quilted treed disks. A morphism is defined between the two A∞ -algebras by counts
of quilted treed holomorphic disks.

Proposition 10.13. Suppose p0, p1 are regular perturbation data that are de-

fined using stabilizing pairs (J0, D0) and (J1, D1), which are connected by a path
of stabilizing pairs {(J t, Dt)}t∈[0,1]. There exists a coherent perturbation datum p01

which induces a unital A∞ -morphism (as in (10.8))

φ01 : CF (L, p0)→ CF (L, p1)

which is a homotopy equivalence and such that φ0
01(1) has positive q-valuation, that

is φ0
01(1) ∈ Λ>0〈Î(L)〉.

Remark 10.14. (Convergent A∞ morphisms) An A∞-morphism F : A0 → A1

between A∞ algebras with Novikov coefficients is said to be convergent if F0 has
positive q-valuation. Proposition 10.13 thus shows that the A∞ morphism φ is
convergent. A convergent A∞ morphism F : A0 → A1, induces a well-defined map
MC(F) : MC(A0) → MC(A1) on the space of Maurer-Cartan solutions, see [18,
Lemma 5.2].

Proposition 10.13 is used in Section 10.6 to show that the Fukaya algebra of a
Lagrangian in a neck-stretched manifold is independent of the neck length parameter
up to homotopy equivalence. We present a partial proof of Proposition 10.13 later in
the section after defining quilted holomorphic disks. We refer the reader to [18] for
the definition and proof of homotopy equivalence. Our motivation in presenting a
partial proof is that the proof technique is used again in Chapter 11. In this section,
we only consider unbroken manifolds. A broken version of quilted holomorphic disks
will be encountered in Chapter 11.

Definition 10.15. Given perturbation data

p0 = (J0
Γ, F

0
Γ)Γ, p1 = (J1

Γ, F
1
Γ)Γ

on unquilted treed disks with respect to stabilizing divisors D0 and D1 that have the
same degree, a perturbation morphism p01 from p0 to p1 for the type Γ of a quilted
treed disk consists of

(a) a domain-dependent Morse function

F 01
Γ : T ,Γ → R

is equal to the domain-independent Morse function F 0 resp. F 1 on the
neighbourhood T ,Γ − T

cp
,Γ of the endpoints for which the distance to the

seam d is −∞ resp. ∞, where F k : L→ R is the background Morse function
for F kΓ for k = 0, 1;
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(b) and a domain-dependent almost complex structure

J01
Γ : SΓ → {J ∈ J (X) : J is ω-tamed}

with the property that on the curve associated to any point m ∈MΓ, J01
Γ is

constant on SΓ,m−S
cp
Γ,m, where the compact set Scp

is as defined in Section
6.1. Further, denoting by Γ0 resp. Γ1 ⊂ Γ the sub-tree where the distance
from the seam d is −∞ resp. ∞, J01

Γ is equal to the complex structures J0
Γ0

resp. J1
Γ1

on the (unquilted) treed disk components of type Γ0, Γ1.

A collection of perturbation morphisms p = (pΓ)Γ defined on moduli spaces of quilted
disks is coherent if it is compatible with the (Cutting of edges), (Making an edge
length/weight finite or non-zero) and (Forgetting edges) morphisms on weighted
quilted disk types, and satisfies the (Locality axiom) from Definition 6.5.

Definition 10.16. (Holomorphic quilted treed disk) Let p = (pΓ)Γ be a coherent
perturbation morphism. Let

(10.24) δ : [−∞,∞]→ [0, 1]

be an increasing diffeomorphism, which is assumed to be fixed. A holomorphic
quilted treed disk is a map u : C → X where C is a quilted disk of type Γ, and u is
pΓ-holomorphic in the sense of ordinary perturbed holomorphic disks (see Definition
6.10), and adapted to a family of divisors {Dt}t∈[0,1] in the sense that

• each the interior marking zi maps to Dδ◦d(zi), where d is the distance-to-
seam function and δ is from (10.24),
• and for each t ∈ [0, 1], each component of u−1(Dt) ∩ (δ ◦ d)−1(t) contains a

marking.

If the domain quilted treed disk C is unstable, we obtain a stable quilted treed disk C ′

by collapsing unstable surface and tree components, and we denote the collapsing
map by f : C → C ′. Pulling back by f we obtain a datum on C, still denoted
(J01

Γ , F 01
Γ ). A quilted holomorphic treed disk u : C → X is stable if every (surface or

tree) component of C on which u is non-constant is stable in the sense of weighted
quilted disks. The type of a quilted holomorphic disk consists of the combinatorial
type of the domain quilted treed disk, and the tangency and homology data of the
map components as in the type of a treed holomorphic disk, see Definition 6.15.

Remark 10.17. (Symplectic area and the number of markings) For a quilted
treed disk C = S ∪ T , on any surface component Sv ⊂ S, the function δ ◦ d|Sv is
constant and therefore a quilted holomorphic disk u : C → X is adapted to the
divisor Dδ◦d(Sv) on the component Sv. Further the divisor Dδ◦d(Sv) is holomorphic
with respect to the background almost complex structure Jδ◦d(Sv), and therefore
all intersections between the map u|Sv and the divisor Dδ◦d(Sv) are positive. The
intersection number of u with Dδ is kω[u], where the divisor D0 (and D1) is Poincaré
dual to kω.

Remark 10.18. (Quilted holomorphic disks for a path of perturbations)

(a) Often a perturbation morphism is constructed using a generic path of per-
turbations ptΓ = (J tΓ, FΓ), t ∈ [0, 1], whose Morse datum FΓ is t-independent.
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Let Γ̃ be a quilted disk type, for which forgetting the quilting yields the disk
type Γ. One may define a perturbation morphism p01

Γ̃
connecting p0

Γ and p1
Γ

by setting the domain-dependent data to be

(10.25) J01
Γ̃

(z) := J
δ◦d(z)
Γ (z), F 01

Γ̃
(z) := FΓ(z)

for any z ∈ SΓ̃ where d is the ‘distance from the seam’ function from (10.20),
and δ : [−∞,∞]→ [0, 1] is a fixed increasing diffeomorphism from (10.24).
Thus on any surface component of a J01

Γ̃
-holomorphic quilted disk, the map

is J tΓ-holomorphic for some t ∈ [0, 1].
(b) (A path of regular perturbations) In some special cases, a one-dimensional

component of quilted disks is made up of a family of unquilted pt-holomorphic
disks for t ∈ [0, 1]. Such a special case arises when the perturbation
ptΓ = (J tΓ, FΓ) is regular for a disk homology class β ∈ H2(X,L) and in-
put/output tuple x = (x0, . . . , xd) for all t. Then the zero dimensional
component of the moduli space of perturbed holomorphic mapsMβ(pt, x)0

is bijective to Mβ(p0, x)0 for any t ∈ [0, 1]. Further, for a perturbation

morphism as in (10.25), a path of moduli spaces ∪t∈[0,1]MΓ(pt, x)≤E0
0 of pt-

holomorphic disks gives a one-dimensional component (ut)t∈[0,1] of quilted

p01-holomorphic disks where
• if δ−1(t) > 0 (where δ : [−∞,∞] → [0, 1] is a fixed increasing dif-

feomorphism), ut is of the form in Figure 10.9 (a), ut is constant
on quilted components, Jt-holomorphic on the dark shaded disk, and
boundary edges have length τ := δ−1(t);
• if δ−1(t) < 0, ut is of the form in Figure 10.9 (c), ut is constant on

quilted components and Jt-holomorphic on the light shaded disk, and
boundary edges have length τ := −δ−1(t);
• if δ−1(t) = 0, ut is of the form in Figure 10.9 (b), on the quilted

components ut is Jt-holomorphic.

xd x1

x0

x2

τ
τ

τ

x1

x2

xd

x0

x0

x1

x2

xd
τ

(a) (b) (c)

Figure 10.9. Types of quilted holomorphic disks occuring in the
one-dimensional moduli space described in Remark 10.18 (b). In (a)
and (c) the map is constant on the quilted component.

The analysis of the special case shows that in an idealized setting mod-
uli spaces of quilted holomorphic disks interpolate between moduli spaces
of unquilted holomorphic disks. But in general cases, one has to account
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for disk bubbling in the moduli spaces, leading to a variety of configura-
tions occuring in the codimension one boundary of moduli spaces of quilted
holomorphic disks, see Remark 10.20.

For any combinatorial type Γ of quilted holomorphic disks we denote byMq
Γ(L,D)

the compactified moduli space of equivalence classes of adapted quilted holomorphic
treed disks. The moduli space of quilted disks breaks into components depending
on the limits along the root and leaf edges. Denote by Mq

Γ(L,D, x) ⊂ Mq
Γ(L,D)

the moduli space of isomorphism classes of stable adapted holomorphic quilted
treed disks with boundary in L and limits x along the root and leaf edges, where

x = (x0, . . . , xd( )) ∈ Î(L). For a rigid type Γ of quilted holomorphic disks, that is,
where all edges e ∈ Edge (Γ) have finite non-zero length, and an input/output tuple
x, the expected dimension of the moduli space Mq

Γ(L,D, x) is

(10.26) iq(Γ, x) = i(Γ′, x) + 1,

where i is the index for types of treed holomorphic disks (see (6.23)), and Γ′ is the
unquilted type obtained by forgetting the quilting in Γ. The extra dimension for
the moduli space of quilted disks arises from the quilting datum. In case n quilted
disk components, there are n− 1 equations in the (Balancing condition), leading to
an extra dimension of 1 compared to the unquilted case.

For a comeager subset of perturbation morphisms extending those chosen for
unquilted disks, the uncrowded moduli spaces of expected dimension at most one
are smooth and of expected dimension. For sequential compactness, it suffices to
consider a sequence uν : Cν → X of quilted treed disks of fixed combinatorial type
Γ = Γν for all ν. Coherence of the perturbation morphism implies the existence of
a stable limit u : C → X which we claim is adapted. If a sequence of markings
zi,ν ∈ Cν converges to zi ∈ C, then, u(zi) ∈ Dδ◦d(zi). Indeed, since the distance

from the seam d(zi,ν) converges to d(zi), we have Dδ◦d(zi) is the limit of the divisors

Dδ◦d(zi,ν). For types of index at most one, each component of u−1(Dδ◦d(zi)) is a limit

of a unique component of u−1
ν (Dδ◦d(zi,ν)), otherwise the intersection degree would be

more than one which is a codimension two condition. Therefore, every marking in C
is a transverse divisor intersection. There are no other divisor intersections because
the intersection number with Dδ◦d is preserved in the limit for topological reasons.

The moduli space of quilted broken disks then has the same transversality and
compactness property as in the unquilted case, by similar arguments.

Given a regular, stabilized and coherent perturbation morphism p01 from p0 to

p1, define an A∞-morphism φ = (φd)d≥0 : CF (L, p0)→ CF (L, p1) as

(10.27) φd : CF (L; p0)⊗d → CF (L; p1)

(x1, . . . , xd) 7→
∑

x0,u∈MΓ(L,D,x0,...,xd)0

(−1)♥w(u)x0

where the weight w(u) is given by

(10.28) w(u) = ε([u])(d (Γ)!)−1qE([u]) HolL(u)x0
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the sum is over uncrowded strata Γ of weighted treed quilted holomorphic disks
whose boundary edges e ∈ Edge ,−(Γ) have finite non-zero length `(e) ∈ (0,∞)
and whose input and output labels are compatible with (x0, . . . , xd) in terms of the
(Label axiom) in Definition 10.7, and ε([u]) = ±1 is the orientation sign.

Remark 10.19. (Lowest area terms) For any x ∈ crit(F 0)∪{x , x }, the element
φ1(x) contains zero area terms coming from the count of a quilted treed disk with no
interior marking, that is, a treed disk with only one disk that is quilted and mapped
to a point. The domain is one of those in Figure 10.8. If x is x resp. x there is one
such configuration whose output is weighted resp. forgettable. In the latter case, it
will be the only term with a forgettable output.

Remark 10.20. (Codimension one boundary strata) The codimension one strata
are of several possible types: either there is one (or a collection of) edge(s) e of
length `(e) infinity, there is one (or a collection of) edge(s) e of length `(e) zero,
or equivalently, boundary nodes, or there is an edge e with zero or infinite weight
ρ(e). The case of an edge of zero or infinite weighting is equivalent to breaking off a
constant trajectory, and so may be ignored. In the case of edges of infinite length(s),
then either Γ is

(a) (Breaking off an uncolored tree) a pair Γ1 t Γ2 consisting of a colored tree
Γ1 and an uncolored tree Γ2 as in the left side of Figure 10.6; necessarily
the breaking must be a leaf of Γ1; or

(b) (Breaking off colored trees) a collection consisting of an uncolored tree Γ0

containing the root and a collection Γ1, . . . ,Γr of colored trees attached to
each of its r leaves as in the right side of Figure 10.6. Such a stratum MΓ

is codimension one because of the (Balanced Condition) which implies that
if the length of any edge between e0 to ei is infinite for some i then the path
from e0 to ei for any i has the same property.

In the case of a zero length(s), one obtains a fake boundary component with
normal bundle R, corresponding to either deforming the edge(s) to have non-zero
length or deforming the node(s). This ends the Remark.

Proof of Proposition 10.13. The true boundary strata of one-dimensional
moduli spaces of quilted holomorphic disks are those described in Remark 10.20
and correspond to the terms in the axiom for A∞ morphisms (10.7). The signs
are similar to those in [18] and omitted. The assertion on the strict units is a
consequence of the existence of forgetful maps for infinite values of the weights. By
assumption the φd( ) products involving x as inputs involve counts of quilted treed
disks using perturbation that are independent of the disk boundary incidence points
of the first leaf marked x asymptotic to xM ∈ X. Since forgetting that semi-infinite
edge gives a configuration of negative expected dimension, if non-constant, the only
configurations contributing to these terms must be the constant maps. Hence

φ1(xM ) = xM , φd( )(. . . , xM , . . . ) = 0, n ≥ 2.

In other words, the only regular quilted trajectories from the maximum, considered
as xM , being regular are the ones reaching the other maximum that do not have
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interior markings (i.e. non-constant disks). The proof of homotopy equivalence is
via twice-quilted disks, and we refer to [18] for details. �

10.6. Homotopy equivalence: unbroken to broken

In this section, we show that the Fukaya algebra of the broken manifold X is
homotopy equivalent to the unbroken Fukaya algebra on the manifold X.

A rough outline of the proof is as follows. An A∞ -morphism from an unbroken
Fukaya algebra CF (Xν , L) to a broken one CF brok(X, L) is defined as a limit of A∞
-morphisms φn : CF (Xν , L)→ CF (Xν+n, L) as n→∞. The A∞ -morphism φn is
defined via a count of quilted holomorphic disks in (X,L). The existence of the limit
relies on the bijection between moduli spaces of broken and unbroken disks obtained
from the compactness and gluing theorems (Theorem 8.2 and Theorem 9.1).

We use a breaking perturbation datum on neck-stretched manifolds, so that the
bijection between moduli spaces of broken and unbroken disks holds. We recall
from Definition 8.1 that given a perturbation datum p∞ on the broken manifold
X, by gluing on the neck we obtain a perturbation datum ρν(p∞) on any Xν . By
Proposition 5.21 there is a stabilizing pair (J,D) consisting of a cylindrical almost
complex structure J on X and a J-holomorphic cylindrical stabilizing divisor D, for
which the glued family (Jν , Dν) is a stabilizing pair on the neck-stretched manifold
Xν for all ν. For the perturbation datum p∞ we use D as the stabilizing divisor and
J as the background almost complex structure.

Proposition 10.21. Let p∞ be a regular perturbation datum on X. For any
E0 > 0, there exists ν0(E0) such that the following holds.

(a) There is a bijection between the zero-dimensional moduli spaces of rigid
broken maps and rigid unbroken maps:

Mbrok(X, L, p∞)<E0
0 'M(Xν , L, ρν(p∞))<E0

0 , ν ≥ ν0.

(b) For any ν ∈ Z>0, there exists a regular perturbation datum pν , and a per-
turbation morphism pν,ν+1 extending pν and pν+1 such that for all E0 > 0
and ν ≥ ν0(E0), the A∞ morphism induced by pν,ν+1

φν : CF (Xν , L, pν)→ CF (Xν+1, L, pν+1)

is identity modulo qE0. Similarly there is an A∞ morphism

ψν : CF (Xν+1, L, pν+1)→ CF (Xν , L, pν)

that is identity modulo qE0.

Proof. The proof of bijection of moduli spaces is a consequence of the compact-
ness and gluing theorems – Theorem 8.2 and Theorem 9.1. By the gluing Theorem
9.1, any regular p∞-disk u : C → X can be glued to yield regular disks uν : Cν → Xν .
Conversely, any sequence (uν)ν of maps with area ≤ E0 converges to a broken disk
u∞. By surjectivity of gluing in Theorem 9.1, for large enough ν, uν is contained

in the image of the gluing map for u∞. Since the moduli space M(X, L)≤E0
0 has a

finite number of points, the constant ν0(E0) can be chosen as the minimum obtained
from gluing each of the broken maps.
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To prove part (b), we construct regular perturbations and perturbation mor-
phisms on neck-stretched manifolds. A regular perturbation datum is constructed
by extending the breaking perturbation datum. For any E0 > 0 and ν > ν0(E0),
the perturbation datum is defined as

(10.29) pνΓ := ρν(p∞Γ ) = (JνΓ , F
∞
Γ )

if E(Γ) ≤ E0. For the other strata, a regular perturbation pνΓ can be chosen using
the transversality result Theorem 6.29 for all integers ν.

For strata with low enough area, perturbation morphisms are constructed us-
ing the breaking perturbation data. For ν ∈ Z+, Γ satisfying ν ≥ ν0(E(Γ)), the
perturbation morphism is defined using the recipe in Remark 10.18 as

pν,ν+1
Γ = (Jν,ν+1

Γ , F∞Γ′ )

where F∞Γ′ is part of the perturbation data p∞ = (J∞, F∞) for broken disks, Γ′ is
the type of broken disk obtained by forgetting the quilting, and for any z ∈ SΓ,

Jν,ν+1
Γ (z) := J

ν+(δ◦d(z))
Γ′ (z),

where d is the distance to seams function from (10.20), δ : [−∞,∞] → [0, 1] is a

fixed increasing function from (10.24), and J
ν+δ◦d(z)
Γ′ is the neck-stretched domain-

dependent almost complex structure from (10.29). The perturbation morphisms are
extended to higher strata so that they are coherent and regular.

Finally we will show that this perturbation morphism satisfies (b). The A∞-
morphism φν is defined by counting pν,ν+1-adapted quilted holomorphic disks. First,
we point out that this count includes quilted holomorphic disks with a single input
and output with the same label (as in Figure 10.8) and a constant map on the
surface and tree components, which gives an identity term in φν1 . We claim that
for any E0 there is a constant ν0(E0) such that for ν ≥ ν0(E0) there are no other
pν,ν+1-adapted quilted disks with area ≤ E0. We prove this statement by assuming
the contrapositive, which means that, there is a sequence uν of quilted pν,ν+1-disks
with bounded area. Any surface component of uν is Jν

′
-holomorphic for some ν ′ ∈

[ν, ν + 1]. Therefore, after passing to a subsequence, the surface part of the map uν
converge to a limit J∞-holomorphic broken map u. For large enough ν, the Maslov
index I(uν) is ν-independent, and therefore the number of disk inputs is bounded.
After passing to a subsequence, we can assume that the disk input/output tuple x
and the type Γ is the same for all the quilted disks uν . Since the A∞-morphism
counts quilted holomorphic disks with index 0, we may assume that the index of
the quilted disks is zero: iq(Γ, x) = 0. The sequence uν converges to a p∞-unquilted
broken disk u of type Γτ and input/output labels given by x. Here Γτ is the type
of a broken treed holomorphic map for which collapsing the tropical edges yields
a type Γ′ of a treed holomorphic map, which is the same as the type obtained by
forgetting the quilting in Γ. The unquilted map u is stable in all cases except the
one contributing to the identity term, that is, when there is a single input and
output, and the map is constant on the surface and tree part of the domain. In all
other cases, the index of the unquilted disk is one less (see (10.26)), and we have
i(Γ′, x) = −1, and since collapsing tropical edges does not affect the dimension, we
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have i(Γτ , x) = −1. The existence of such a disk u is a contradiction, since p∞ is a
regular perturbation. We have thus shown that if ν ≥ ν0(E0),

φν1 = Id mod qE0 , φνk mod qE0 = 0, k 6= 1.

The A∞ morphism ψν is defined similarly. �

Proposition 10.22. For any ν0 let p
ν0

be the perturbation defined in Proposition

10.21. Then, there are strictly convergent unital A∞ morphisms

φ : CF (Xν0 , L, pν0)→ CFbrok(L, p∞), ψ : CFbrok(L, p∞)→ CF (Xν0 , L, pν0)

such that ψ ◦ φ and φ ◦ ψ are A∞ -homotopy equivalent.

Proof. The A∞ morphisms φ and ψ required by the Proposition are defined to
be the limits of the A∞ morphisms from Proposition 10.21 (b), namely,

φν : CF (Xν , L, pν)→ CF (Xν+1, L, pν+1), ψν : CF (Xν+1, L, pν+1)→ CF (Xν , L, pν).

For any E0, if ν ≥ ν ′(E0), the A∞ morphisms φν , ψν are equal to Id modulo qE0 .
Therefore, there exist limits of the successive compositions: letting

φn := φν0 ◦ φν0+1 ◦ . . . ◦ φν0+n : CF (Xν0 , L, pν0)→ CF (Xν0+n+1, L, pν0+n+1)

for any choice of ν0, the limit

φ = lim
n→∞

φn : CF (Xν0 , L, pν0)→ lim
n→∞

CFbrok(L, p∞)

exists and similarly for

ψ = lim
n→∞

ψn, ψn := ψν ◦ ψν+1 ◦ . . . ◦ ψν+n.

Since the composition of strictly unital morphisms is strictly unital, the composition
ψ is strictly unital mod terms divisible by qE for any E, hence strictly unital. The
limit map ψ resp. φ is an A∞ morphism whose domain resp. target is CFbrok(L)
because the composition maps in CF (Xν , L, pν) converge to CFbrok(L, p∞). The
composition maps of CF (Xν , L, pν) converge to those of CFbrok(L, p∞) by the bi-
jection of the moduli spaces of disks in Proposition 10.21 (a). Indeed the bijection
preserves the orientation ε(u), area A(u), and holonomy Hol([∂u]) since gluing pre-
serves these quantities.

We claim that φ and ψ are homotopy equivalences. Let hk, gk denote the homo-
topies satisfying

φk ◦ ψk − Id = m1(hk), ψk ◦ φk − Id = m1(gk),

from the homotopies relating φν ◦ψν and ψν ◦φν to the identities, see [18, Theorem
5.10]. In particular, hk+1, gk+1 differ from hk, gk by expressions involving counting
twice-quilted breaking disks. For any E > 0, for ν sufficiently large all terms in
hk+1 − hk are divisible by qE . It follows that the infinite composition

h = lim
k→∞

hk, g = lim
k→∞

gk

exists and gives a homotopy equivalence between φ◦ψ resp. ψ ◦φ and the identities.
�
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10.7. Decoupling : Split perturbations

So far we have used perturbations on broken manifolds that are gluable on the
neck regions. This requirement was needed for proving the A∞-homotopy equiva-
lence between broken and unbroken Fukaya algebras. Now, with that task accom-
plished, we allow perturbations of almost complex structures that are independently
defined in different components of the broken manifold. In doing so, we drop the
requirement that the perturbation is coherent under collapsing tropical edges. We
rigorously define this new kind of perturbation, called split perturbation, and show
that the broken Fukaya algebras it produces are homotopy equivalent to the ones
we have defined so far. A split perturbation depends not just on the domain curve
but also on an accompanying tropical structure on it, recorded by the base tropical
graph. Maps adapted to split perturbations may have additional components than
those in the base tropical graph Γ. However, for generic perturbations, for maps of
index ≤ 1 the tropical graph is the same as the base tropical graph.

Definition 10.23. (Curve with base type) A curve with base type consists of

(a) a stable treed disk C of type Γ̃,
(b) a base tropical graph Γ,

(c) and an edge collapse morphism κ : Γ̃→ Γ that necessarily collapses all disk

edges e ∈ Edge (Γ̃) and treed segments Te, e ∈ Edge (Γ̃), and possibly some
interior edges. (The map κ is an edge collapse of graphs, and not of tropical

graphs, because Γ̃ does not have a tropical structure.)

The type of such a curve consists of the datum Γ̃
κ−→ Γ. The moduli space of stable

treed curves of type Γ̃ with base type Γ is denoted byMΓ̃,Γ, or simplyMΓ̃ when the

context allows it. The topology on the space of based curves is the standard topology
on the space of stable curves with the additional axiom that the base tropical graph
is preserved in the limit. This ends the Definition.

Definition 10.24. (Based graph morphisms) The following morphisms are de-
fined on types of curves with a base :

(a) A based curve type Γ̃1
κ1−→ Γ is obtained by (Collapsing edges) resp. (Mak-

ing an edge length/weight finite/non-zero) in the based curve type Γ̃0
κ0−→

Γ if there is a (Collapsing edges) resp. (Making an edge length/weight

finite/non-zero) morphism Γ̃0
κ̃−→ Γ̃1 of treed curve types (see Definition

6.5) and κ̃ ◦ κ0 = κ1. Note that the (Collapsing edges) morphism does not

collapse an edge e in Γ̃0 that is present in the base graph Γ.

(b) A type with base Γ̃
κ−→ Γ is obtained by (Cutting an edge) in Γ̃′

κ′−→ Γ′ if

• Γ̃ is obtained by cutting an e = (v+, v−) ∈ Edge ,−(Γ̃′) containing a
breaking,
• Γ′ is obtained by identifying the vertices κ(v+), κ(v−) in Γ.

Definition 10.25. (Split perturbation datum) Let Γ be a tropical graph. A
coherent split perturbation datum is a collection

p = (p(Γ̃,Γ))(Γ̃,Γ),
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consisting of a perturbation datum

p(Γ̃,Γ) = (J(Γ̃,Γ), F(Γ̃,Γ)), JΓ̃,Γ : SΓ̃ → J
cyl(X), FΓ̃,Γ : TΓ̃ → C∞(L,R)

for each based curve type (Γ̃,Γ), that is coherent under the based graph morphisms
of (Collapsing of edges), (Making an edge length or weight finite/non-zero) and
(Cutting edges) from Definition 10.24, and the (Locality axiom) from Definition 6.5.

Remark 10.26. An important difference between ordinary perturbations (from
Definition 6.5) on X and the split perturbations in the above Definition 10.25 is that
the split perturbation datum pΓ̃,Γ is not required to be coherent under collapsing

edges that are present in the base tropical graph Γ. Indeed, for a based graph Γ̃
κ−→ Γ,

the (Collapsing edges) morphism is only applicable on edges e ∈ Edge(Γ̃)\Edge(Γ).

Remark 10.27. (Background J for split perturbations) For a split perturbation
datum pΓ̃,Γ, the stabilizing divisor and background almost complex structure can be

chosen to be different for curve components corresponding to different vertices of Γ.
Coherence can be ensured by the following scheme:

Definition 10.28. For a based curve type (Γ̃,Γ), the root vertex v of the base

tropical graph is the vertex v ∈ Vert(Γ) containing the disk components of Γ̃, that

is, κ(v) = v for all v ∈ Vert (Γ̃). The type (Γ̃,Γ) is atomic if v has at most one
incident edge in the tropical graph Γ.

Stabilizing pairs underlying a coherent split perturbation datum can be chosen by
making the following choices independently:

• a stabilizing pair on (D0, J0) on XP0
,

• and a stabilizing pair (Dv, Jv) on XP (v) for all v ∈ Vert(Γ)\{v }, where Γ

ranges over all atomic tropical graphs. The pair (D0, J0) is used for the
root vertex in all graphs.

Here, we note that two tropical graphs Γ0, Γ1 are isomorphic if there is an isomor-
phism of graphs φ : Γ0 → Γ1 that preserves polytope assignments on vertices, edge
slopes, and the root vertex. Two isomorphic tropical graphs are assigned the same
stabilizing pairs on their vertices.

The above choice of stabilizing pairs on based curves with an atomic base tropical
graph extends to a coherent choice of stabilizing pairs for all components of all based
curves. Indeed, given a based curve type (Γ̃,Γ) where the root vertex in the tropical
graph Γ has k incident edges, there are atomic tropical graphs Γ1, . . . ,Γk such that
Γ is obtained by identifying the root vertices in Γ1, . . . ,Γk; and the stabilizing pairs
assignments on Γ1, . . . ,Γk yield stabilizing pairs on components of based curves of
type (Γ̃,Γ). This finishes Remark 10.27.

Remark 10.29. (Cylindrical structures for split perturbations) The cylindrical
almost complex structures used to define based perturbations need not be gluable.
Therefore, we may choose the cylindrical almost complex structure JP on XP so
that there is a taming embedding of (XP , JP ) into the symplectic broken manifold
(XP , ωXP ).
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A coherent split perturbation datum p lets us define adapted broken maps with
base.

Definition 10.30. (Adapted broken maps with base) Let p be a coherent split
perturbation datum.

(a) A p-adapted broken map with base consists of

• a based type κ : Γ̃→ Γ,
• and a broken map u whose domain is of type Γ̃ and u is pΓ̃,Γ-adapted

in the ordinary sense (as in Definitions 6.10, 6.14). Further if Γ̃tr is

the tropical graph of u then κ factors through Γ̃tr as

κ = κ1 ◦ tr, Γ̃
tr−→ Γ̃tr

κ1−→ Γ,

where κ1 is a tropical edge collapse.
(b) (Type) The type of an adapted broken map with base consists of the tropical

graph Γ̃, the tropical edge collapse map Γ̃ → Γ, and the homology and
tangency data for the map u (as in the type of a broken map, see Definition
6.15). Whenever it is possible, the base tropical type Γ is suppressed in the
notation.

(c) (Tropical symmetry) For a type Γ̃ of a broken map with base, the tropical

symmetry group Ttrop(Γ̃) is the symmetry group obtained by viewing Γ̃ as
a type of broken map (by Definition 4.33) and forgetting the base type Γ.

(d) (Rigidity) The type Γ̃→ Γ of a broken map with base is rigid if Γ̃ is rigid
as a type of broken map. Thus for a rigid type, the base tropical graph Γ
is rigid, the tropical graph Γ̃tr of the map is equal to Γ, and the morphism
Γ̃→ Γ only collapses treed components and boundary nodes.

Split perturbations can be used to define broken Fukaya algebras. Given a
coherent split perturbation datum p, we define a Fukaya algebra as the graded
vector space

CFbrok(X, L, p) := CF geom(L)⊕ Λx [1]⊕ Λx

with composition maps

(10.30) mdef
d (x1, . . . , xd) =

∑
x0,u∈MΓ̃,Γ(p,η,x)0

ws(u)x0,

where u ranges over all rigid types (Γ̃,Γ) of broken maps with base that have d
inputs (see Definition 10.30 (d) for rigidity), and

(10.31) ws(u) := (−1)♥(d (Γ)!)−1 Hol([∂u])ε(u)qA(u),

where the symbols in (10.31) are as in (10.10), and in particular the orientation is
computed in the same way as for broken map without base, see Remark 6.30. As
in the case of broken maps (without base), for a one-dimensional component of the
moduli space, the configurations with a boundary edge of length zero constitute
a fake boundary, whereas those with a broken boundary edge constitute the true
boundary of the moduli space. Setting the counts of the maps occuring in the
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true boundary to zero yields the A∞-associativity relations, and we conclude that
CF (L, p) is an A∞-algebra.

Broken Fukaya algebras defined by counts of broken maps with base are inde-
pendent of the choice of perturbation up to homotopy equivalence. The proof is
the same as the case of broken Fukaya algebras without base. If we assume that
the stabilizing divisors have the same degree, the proof is by constructing an A∞-
morphism by counts of quilted broken holomorphic disks with base. Compared to
quilted broken holomorphic disks without base, the only new feature is that the
domains additionally have a base tropical graph, and perturbations are not coherent
under collapsing the edges in the base tropical graph. The extension is straight-
forward because quilting phenomena take place on disk components, and the base
tropical graph collapses disk components, and therefore the two features do not in-
teract with each other. We thus obtain the following result, which is an extension
of Proposition 10.13.

Proposition 10.31. (Independence of perturbations, split version) Suppose p0,

p1 are regular split perturbation data that are defined using stabilizing pairs (J0, D0)

and (J1, D1), which are connected by a path of stabilizing pairs {(J t, Dt)}t∈[0,1].

There exists a coherent perturbation datum p01 which induces a convergent unital
A∞ -morphism (as in (10.8))

φ01 : CF (L, p0)→ CF (L, p1)

which is a homotopy equivalence.

In fact, Fukaya algebras defined using ordinary perturbation data are A∞ -
homotopy equivalent to those defined using split perturbation data:

Proposition 10.32. Let p be a regular coherent perturbation datum for the bro-
ken manifold (X, L) and let p′ = (p′

Γ
)Γ be a collection of regular coherent split pertur-

bation data for all rigid tropical graphs Γ. Then the broken Fukaya algebras CF (p),
CF (p′) are homotopy equivalent.

Proof. The result follows from the homotopy equivalence of any two broken
Fukaya algebras defined by split perturbations, and the fact that a non-split per-
turbation may be regarded as a split perturbation in the following way: given a
perturbation p without base, we define a split perturbation p′ by forgetting the base
tropical graph. The resulting curve counts defining the composition maps are the
same for p and p′. Indeed, a p-adapted map of type Γ corresponds to a unique

p′-adapted map of type Γ
tr−→ Γtr where tr is the tropicalization map; the uniqueness

follows from the fact that since Γ is rigid, there is no other tropical graph that can
be obtained by edge collapses. �



CHAPTER 11

Tropical Fukaya algebras

In this chapter we introduce a degeneration of broken maps into split maps. In
split maps, there is no edge matching condition on a subset of edges, called split
edges. A homotopy equivalence between the moduli space of broken maps and that
of split maps is constructed by deforming the edge matching condition at the split
edges. The maps with a deformed edge matching condition on split edges are called
deformed maps. We refer the reader to Section 1.5 for an introduction to split maps,
and to Figure 1.14 for an example.

11.1. Deformed maps

A deformed map is a version of a broken map where the edge matching condition
for split edges is replaced by a deformed matching condition. Let (X,Φ,P) be a
symplectic manifold with a tropical Hamiltonian action as in Definition 3.3.

Definition 11.1. (Split edges) Let Ps ⊂ P be the set of polytopes P for which

(a) the tropical moment map Φ generates a T/TP -action on XP and this action
makes XP a toric manifold,

(b) and any torus-invariant divisor D of XP is a relative divisor. That is, there
is a polytope Q ⊂ P such that XQ = D.

For a tropical graph Γ, e ∈ Edge(Γ) is a split edge if P (e) ∈ Ps. The set of split
edges of a tropical graph is denoted by

Edges(Γ) ⊂ Edge(Γ).

By definition, a split edge e satisfies the property that the space XP (e) is a toric

variety that is a compactification of TC, and the same is true of the space XQ where

Q ⊂ P (e) is a face of the polytope P (e).

Example 11.2. An edge whose polytope P (e) ∈ P is zero dimensional is a split
edge. The example of more interest to us will be a top-dimensional component
XP0 ⊂ X which is a toric variety, and all whose torus-invariant divisors are relative
divisors. That is, for any torus-invariant divisor D ⊂ XP0 , there is a polytope Q ⊂ P
in P such that D = XQ.

Definition 11.3. A deformation parameter for a tropical graph Γ is an element

(11.1) η = (ηe)e∈Edges(Γ) ∈
⊕

e∈Edges(Γ)

t/tT (e) =: tΓ,

where tT (e) ⊂ t is the linear span 〈T (e)〉 of the slope T (e) ∈ tP (e),Z of the edge e.

267
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Deformed maps are defined on based curves. We recall from Definition 10.23
that a based curve is a treed disk of type Γ̃ together with a base tropical graph
Γ and an edge collapse relation Γ̃ → Γ. Thus the domain contains the additional
information of a polytope P (v) for each component. The set of split edges is a subset
of the edges in the base tropical graph Γ.

Definition 11.4. (Deformed map) Let η be a deformation parameter for a
tropical graph Γ. A η-deformed map of type Γ consists of a

(a) a treed curve C of type Γ,

(b) a framing fre : Tw+(e)C̃⊗Tw−(e)C̃ → C for each tropical edge e ∈ Edgetrop(Γ),
(c) and maps

uv : Cv → XP (v), v ∈ Vert(Γ)

satisfying edge matching conditions as in Definition 4.12 of broken maps for
all edges e ∈ Edge(Γ)\Edges(Γ). On split edges the maps (uv)v satisfy a
deformed matching condition described as follows: For a node w = (w+, w−)
corresponding to a split edge e = (v+, v−) ∈ Edges(Γ), and coordinates on
the neighborhoods of w± that respect the framing

x+ = eiηex−, where x± := evT (e) uv±(w±(e)) ∈ X
P (e)

.

Here T (e) ∈ tP (e),Z, evT (e) is the tropical evaluation map (see (4.19)), and
ηe ∈ t/tT (e) is the deformation parameter for the edge e. (We identify t/tT (e)

to a subspace of t using a fixed inner product.)

Remark 11.5. We take the deformation parameter to be in the quotient t/tT (e)

(and not in t) because altering it in the T (e)-direction affects only the framing,
not the map. For example, consider a node where the edge matching condition is
satisfied for a broken map, and so, x+ = x−. Changing the domain trivialization
has the effect of changing the matching to x+ = eT (e)zx− for some z ∈ C.

11.2. Moduli spaces of deformed maps

The deformation datum for a deformed map is domain-dependent and satisfies
coherence conditions.

Definition 11.6. (Deformation datum) A coherent deformation datum η =
(ηΓ̃,Γ)(Γ̃,Γ) consists of a continuous map

ηΓ̃,Γ :MΓ̃ → tΓ '
⊕

e∈Edges(Γ)

t/tT (e)

for all types (Γ̃,Γ) of treed disks with base, that are coherent under morphisms (Cut-
ting edges), (Collapsing edges), (Making an edge length/weight finite/non-zero),
(Forgetting edges) for based curve types, and the following (Marking independence)

axiom: For any type Γ̃, the map ηΓ̃,Γ|MΓ̃ factors as

(11.2) (Marking independence) ηΓ̃,Γ = η′
Γ̃
◦ fΓ̃, MΓ̃

fΓ̃−→ [0,∞]Edge ,−(Γ̃)
η′

Γ̃−→ tΓ,
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where fΓ̃([C]) is equal to the edge lengths `(e) of treed components at the boundary
nodes of the treed curve C.

Remark 11.7. If one were defining moduli space of deformed spheres (instead
of deformed disks), then the deformation datum can be taken to be constant on
the moduli space. In other words, one could just assign a constant deformation
parameter ηe to each split edge e. A domain-dependent deformation datum is needed
in order to achieve coherence with respect to the (Cutting an edge) morphism, and
this requirement is absent for the moduli space of spheres.

A perturbation datum for deformed maps p = (pΓ̃)Γ̃ is a split perturbation
datum as in Definition 10.25, and consists of maps

pΓ̃ = (JΓ̃, FΓ̃), JΓ̃ : SΓ̃ → J
cyl(X), FΓ̃ : TΓ̃ → C∞(L,R)

for all types Γ̃ of curves with base, with coherence conditions corresponding to
morphisms of stable treed curves with base.

Definition 11.8. (Adapted deformed maps) Let Γ̃ → Γ be a type of based
curve. Let pΓ̃ be a perturbation datum and ηΓ̃ be a deformation datum. An adapted
deformed map is the same as an adapted broken map u : C → X with base (see
Definition 10.30) with the difference that on any split edge e ∈ Edges(Γ) the edge
matching condition is replaced by the condition that the matching condition at the
node we corresponding to e is ηΓ̃([C], e)-deformed. The combinatorial type, tropical
symmetry group, and the rigidity condition on adapted deformed maps are the same
as the corresponding properties on adapted broken maps with base.

For a type Γ̃ of adapted deformed maps, let

Mdef
Γ̃

(p, η)

denote the moduli space of adapted deformed maps with deformation parameter η
modulo domain reparametrizations.

Remark 11.9. Compactified moduli spaces of adapted deformed maps of dif-
ferent base tropical types do not intersect. Indeed, a stratum Mdef,Γ̃0

of deformed

maps is contained in the compactificationMdef,Γ̃ only if Γ̃0 is obtained by (Collaps-

ing edges) in Γ̃ or by (Making an edge length/weight finite/non-zero) in Γ̃, and both
these morphisms preserve the base tropical graph.

The following is an analogue of the theorems for broken (undeformed) maps,
and the proofs are analogous.

Proposition 11.10. Given a coherent deformation datum η, there is a comeager
set Preg of coherent regular perturbations for which the following hold.

(a) For any uncrowded type Γ̃ of adapted deformed maps, regular perturbation

pΓ̃ ∈ Preg, and for any disk output and inputs x0, . . . , xd( ) ∈ Î(L) such

that i(Γ̃, x) ≤ 1, the moduli space Mdef,Γ̃(p, η, x) is a manifold of expected

dimension.
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(b) Any one-dimensional component of the moduli space of rigid deformed bro-
ken treed disks Mdef,Γ̃(p, η, x) admits a compactification as a topological

manifold with boundary. The true boundary is equal to the union of zero-
dimensional strata whose domain treed disks u : C → XP have a boundary
edge e ∈ Edge (Γ) that is broken.

(c) For any E > 0, there are finitely many zero and one-dimensional compo-
nents of the moduli space of rigid broken treed disks with area ≤ E.

We define a deformed version of the Fukaya algebra by counting deformed broken
maps:

Definition 11.11. (Deformed Fukaya algebra) Let η be a coherent deformation
datum, and let p = (pΓ̃)Γ̃ be a coherent regular perturbation datum for all types

Γ̃ of based treed disks whose base tropical graph Γ is rigid. The deformed Fukaya
algebra is the graded vector space

CFdef(L, η) := CF geom(L)⊕ Λx [1]⊕ Λx

equipped with composition maps

(11.3) mdef
d (x1, . . . , xd ) =

∑
x0,u∈Mdef,Γ̃(p,η,x)0

ws(u)x0,

where the type Γ̃ of u ranges over all rigid types with d inputs (see Definition 10.30
(d) for rigidity), and

(11.4) ws(u) := (−1)♥(d (Γ)!)−1(s(Γ̃)!)−1 Hol([∂u])ε(u)qA(u),

where s(Γ̃) is the number of split edges in the type Γ̃ and the other symbols in (11.4)
are as in (10.10).

As in the case of broken maps, for a one-dimensional component of the moduli
space, the configurations with a boundary edge of length zero constitute a fake
boundary, whereas those with a broken boundary edge constitute the true boundary
of the moduli space. The A∞-axioms for the Fukaya algebra CFdef(L, η) follow from
counts of the true boundary points of one-dimensional components of the moduli
space of deformed maps, and we obtain the following result.

Proposition 11.12. The composition maps in (11.3) satisfy the A∞ axioms,
and the Fukaya algebra CFdef(L, η) is strictly unital.

The Fukaya algebras are independent of deformation parameters η up to homo-
topy equivalence. The proof is by constructing an A∞ morphism by counts of a
version of quilted disks which we now define. Perturbation morphisms contain all
the data as in the unbroken case as in Definition 10.15, and additionally include a
path of deformation data.

Definition 11.13. (Deformed quilted holomorphic disks)

(a) (Perturbation morphism) Let η
0
, η

1
be deformation data, and let p

k
be

a regular perturbation datum for η
k
, k = 0, 1. A perturbation morphism

(p01, η01) consists of
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(i) a path of deformation data η01 := {η
t
}t∈[0,1] connecting η

0
and η

1
,

(ii) a perturbation morphism p01 as in the unbroken case connecting p
0

and p
1
,

(b) (Adapted deformed quilted disk) Suppose (p01, η01) is a perturbation mor-
phism for quilted deformed maps. A map u : C → XP is an adapted
deformed quilted disk if

(i) it is p01-adapted in the sense of a holomorphic quilted broken treed
disk,

(ii) and the deformation parameter at the node we corresponding to a
split edge e ∈ Edges(Γ) is ηδ(d(we)),Γ̃

(C, e). Here we note that we is a

point in the universal curve U Γ̃, d(we) ∈ [−∞,∞] is the distance from
the seam (see (10.20)) and δ : [−∞,∞] → [0, 1] is a fixed increasing
diffeomorphism from (10.24).

The following Proposition is analogous to Proposition 10.13, and the proof of
that Theorem carries over.

Proposition 11.14. Given a path of deformation data {ηt}t∈[0,1], and regular

perturbation data p0, p1 for the end-points, there is a comeager set of regular per-

turbation morphisms extending p0, p1. Any such perturbation morphism induces a
convergent unital A∞ morphism

φ = (φr)r≥0 : CFdef(L, p
0, η

0
)→ CFdef(L, p

1, η
1
)

defined by counts of quilted deformed disks. The A∞ morphism φ is a A∞ homotopy
equivalence and has zero-th composition map φ0(1) with positive q-valuation, that is

φ0
01(1) ∈ Λ>0〈Î(L)〉.

11.3. Split tropical graphs

Split maps arise as limits of deformed maps as the deformation parameters fo
to infinity. A split map is a version of a broken map where there is no matching
condition along split edges. The tropical properties of deformed maps, such as the
tropical graph and the symmetry group, look exactly like that of broken maps; this is
explained by the fact that deformation of an edge matching condition is a small scale
phenomenon that is not seen by the tropical graph which only detects large scale
behavior. As the deformation parameters go to infinity, split maps, the limit objects,
have a new kind of tropical graph called split tropical graph, which is introduced in
this section. Split tropical graphs do not satisfy the slope condition at split edges,
and they satisfy a ‘cone condition’ which ensures that the tropical symmetry group
is as large as possible. In particular, in the rigid case, the dimension of the tropical
symmetry group is equal to the codimension of the matching conditions at split
edges.

We first define a notion of genericity and a notion of an increasing sequence in a
vector space. Both these notions are used to describe criteria under which rational
polyhedral cones in a vector space are top-dimensional, and will be used to describe
the cone condition for split tropical graphs.
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Definition 11.15. Let V ' Rn be a vector space equipped with a dense rational
lattice VQ ' Qn.

(a) (Rational subspace) A rational subspace of V is a linear subspace W ⊂ V
in which W ∩ VQ is dense.

(b) (Generic vector) A vector η ∈ V is generic if it is not contained in any
proper rational subspace of V .

(c) (Rational linear map) Suppose W is a real vector space with a dense rational
lattice WQ. A linear map f : V → W is rational if f(VQ) ⊆ WQ. The
subspaces ker(f) and im(f) are rational subspaces.

Remark 11.16. The notion of genericity is applicable to the Lie algebra t of the
torus T since it has an integral lattice tZ ⊂ t and consequently a rational lattice.
For a slope T (e) ∈ tZ of a tropical edge, the projection

π⊥T (e) : t→ t/tT (e)

projects the rational lattice tQ ⊂ t to a dense subset (t/tT (e))Q ⊂ t/tT (e), which
happens to be the rational lattice obtained by viewing the quotient t/tT (e) as the

Lie algebra of the torus T/TT (e). Thus the projection π⊥T (e) maps generic elements

of t to generic elements in the quotient.

Definition 11.17. (Rational polyhedral cone) Let V be a vector space with
a dense rational subspace VQ ⊂ V . A rational polyhedral cone C ⊂ V is a finite
intersection of rational half planes, that is

C = ∩ki=1Hi where Hi = {x ∈ V : 〈x, νi〉 ≥ 0}, νi ∈ V ∨Q .

Equivalently, C ⊂ V is a rational polyhedral cone if an only if there are rational
elements u1, . . . , um ∈ VQ such that

C =

{∑
i

tiui : ti ≥ 0

}
.

Lemma 11.18. Suppose C ⊂ V is a rational polyhedral cone containing a generic
vector. Then C is top-dimensional.

Proof. The unsigned cone C± := R〈C〉 ⊂ V defined as the R-span of C is a
rational subspace of V that contains a generic vector. Therefore C± = V and C is
top-dimensional. �

The ‘increasing condition’ defined next is another characterization of top-dimensional
cones.

Definition 11.19. (Increasing cone) For any 1 ≤ i ≤ n, define a face

Fi := {xi+1 = · · · = xn = 0} ⊂ (R≥0)n.

A rational polyhedral cone C ⊂ (R≥0)n is an increasing cone if for any i, C ∩ Fi is
an i-dimensional cone in Fi.
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The increasing condition on a cone implies that it is top-dimensional in Rn. The
increasing condition can be equivalently stated in terms of increasing sequences of
tuples.

Definition 11.20. (Increasing sequences of tuples) A sequence of tuples

(x1,ν , . . . , xn,ν) ∈ Rn+
is increasing if xi,ν →∞ for all i as ν →∞, and

lim
ν

xi,ν
xi−1,ν

= 0

for i = 2, . . . , n.

Lemma 11.21. The following are equivalent for a rational polyhedral cone C ⊂
(R≥0)n.

(a) C is an increasing cone.
(b) (Weak sequence) There exists an increasing sequence of tuples in C.
(c) (Strong sequence) The tail of any increasing sequence of tuples lies in C.

Proof. The increasing cone condition can be characterized inductively : C ⊂
(Rn+) is an increasing cone if and only if e1 := (1, 0, . . . , 0) ∈ C and the normal cone

Ne1C := {(v2, . . . , vn) ∈ Rn−1
+ : ∃t0 > 0 : (1, tv2, . . . , tvn) ∈ C ∀0 ≤ t ≤ t0}

is an increasing cone in (R+)n−1. Conditions (b) and (c) can also be characterized
in the same way. That is, a cone C ⊂ (Rn+) satisfies the (Weak sequence) resp.

(Strong sequence) condition if and only if (1, 0, . . . , 0) ∈ C and the normal cone
Ne1C satisfies the (Weak sequence) resp. (Strong sequence) condition. The proof of
the lemma then follows by induction. �

The property of being increasing and containing a generic vector can be combined
to detect top-dimensionality of cones:

Lemma 11.22. Let V =
∑k

i=1 Vi be a direct sum of vector spaces, each of which
has a dense rational lattice Vi,Q ⊂ Vi. For each i, let ηi ∈ Vi be a generic element,
Suppose C ⊂ V be a rational polyhedral cone that contains a sequence

ην :=
k∑
i=1

cν,iηi

where cν = (cν,i)i ∈ Rn+ is an increasing sequence. Then C is top-dimensional in V .

Proof. We show C is top-dimensional by proving that the R-span of C, denoted
by C± ⊂ V is, in fact, equal to V . First, we observe that η1 ∈ C±, since, by the
increasing condition, η1 is the limit of the sequence ην

cν,1
∈ C. Then, since V1 ∩ C±

is a rational subspace of V1 and it contains the generic element η1, we conclude
V1 = V1∩C±. Therefore V1 ⊂ C±. The proof can now be finished by induction: The
projection of C to ⊕ni=2Vi is a rational polyhedral cone and it contains the sequence∑k

i=2 cν,iηi. �
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With the properties of genericity and increasing cones at hand, we return to the
task of defining split tropical graphs. We first describe a preliminary version called
a ‘quasi-split tropical graph’ and then describe the genericity condition under which
such a graph is a split tropical graph.

Definition 11.23. (Quasi-split tropical graph) A quasi-split tropical graph Γ̃
consists of

(a) a tropical graph Γ, called a base tropical graph with a collection of split
edges Edges(Γ) ⊆ Edge(Γ) as in Definition 11.1,

(b) a graph Γ̃ with an edge collapse morphism κ : Γ̃→ Γ,
(c) an ordering ≺Γ̃ on the split edges Edges(Γ),

(d) and a tropical structure on each connected component of the graph Γ̃\Edges(Γ)
so that the restricted map

κ : Γ̃\Edges(Γ)→ Γ\Edges(Γ)

is a tropical edge collapse. Consequently for any vertex v ∈ Vert(Γ̃),
PΓ̃(v) ⊂ PΓ(v).

Remark 11.24. A quasi-split tropical graph can alternately be defined as the
combinatorial type κ : Γ̃ → Γ of a curve with base (see Definition 10.23) together

with a tropical structure on the connected components of Γ̃\Edges(Γ) so that κ is

a tropical edge collapse on Γ̃\Edges(Γ).

e

e

Γ1Γ̃1

κ1
e

Γ2Γ̃2

κ2
e

v+

v−

v+

v−

e1

Figure 11.1. Quasi-split tropical graphs (Γ̃1,Γ1), (Γ̃2,Γ2). In both
cases e is the only split edge, and the slope condition is not satisfied
for e in Γ̃i.

Definition 11.25. (Relative vertex positions, relative translations for a quasi-

split graph) A relative vertex position map for a quasi-split tropical graph Γ̃
κ−→ Γ

is the difference between a vertex position of Γ̃ and a vertex position of Γ, and the
space of relative vertex positions is

W(Γ̃,Γ) := {(T̃ (v)− T (κv) ∈ Cone(κ, v) ⊂ t∨PΓ̃(v))v∈Vert(Γ′) :

T̃ ∈ W(Γ̃), T ∈ W(Γ)}.

A (Γ̃,Γ)-translation or a relative translation is an element in the R+-span of the
space of relative vertex positions. The space of relative translations is denoted by

(11.5) w(Γ̃,Γ) := R+〈W(Γ̃,Γ)〉 ' ConeW(Γ)W(Γ̃).
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As in the case of relative tropical graphs, relative translations of a quasi-split
tropical graph can be characterized by an edge slope condition as in the Lemma
below. The proof of the Lemma is left to the reader.

Lemma 11.26. (Slope condition on relative translations) Let Γ̃
κ−→ Γ be a quasi-

split tropical graph. A tuple (T (v) ∈ Cone(κ, v))v∈Vert(Γ̃) is a relative translation,

that is T ∈ w(Γ̃,Γ), if and only if

(11.6) (Slope) T (v+)− T (v−) ∈

{
R≥0T (e), e ∈ Edge(Γ̃)\Edge(Γ),

RT (e), e ∈ Edge(Γ)\Edges(Γ).

There is no (Slope) condition on the split edges e ∈ Edges(Γ).

Remark 11.27. (Relative translation cone) For a quasi-split tropical graph Γ̃
κ−→

Γ, the set

w(Γ̃,Γ) ⊂ ⊕v∈Vert(Γ̃)t
∨
PΓ̃(v)

of relative translations is a rational polyhedral cone. Indeed, the set w(Γ̃,Γ) is
cut out of ⊕v∈Vert(Γ̃)t

∨
PΓ̃(v) by the (Slope) condition in (11.6), and for each of the

edges, the slope condition can be written as a set of linear inequalities with rational
coefficients, each cutting out a half-plane. We call w(Γ̃,Γ) the relative translation
cone.

Example 11.28. The relative translation cones for the quasi-split tropical graphs
in Figure 11.1 are

w(Γ̃1,Γ1) = R≥0, w(Γ̃2,Γ2) = R.
Indeed, in Γ̃2, the vertex v+ is free to move to both sides of its position in Γ2. On
the other hand in Γ̃1, the edge e1 is collapsed by κ1, the vertex κ1(v+) in Γ1 lies at

the vertex of the dual complex, and in Γ̃1, v+ is free to move along a line of slope
T (e1), and therefore the set of relative positions of v+ in Γ̃1 is R≥0.

Definition 11.29. (Discrepancy cone) Let Γ̃→ Γ be a quasi-split tropical graph.
Define

(11.7) Diff := (Diffe)e∈Edges(Γ) : w(Γ̃,Γ)→ tΓ '
⊕

e∈Edges(Γ)

t/〈T (e)〉,

T 7→ (π⊥T (e)(T (v+)− T (v−)))e=(v+,v−)∈Edges(Γ)

as the amount by which a relative translation T fails to satisfy the (Slope) condition
at split edges e ∈ Edges(Γ). The discrepancy cone for a quasi-split tropical graph is
the image

(11.8) Disc(Γ̃,Γ) := Diff(w(Γ̃,Γ)) ⊂
⊕

e∈Edges(Γ)

t/〈T (e)〉.

Remark 11.30. The set Disc(Γ̃,Γ) is in fact a rational polyhedral cone, because

w(Γ̃,Γ) is a rational polyhedral cone, see Remark 11.27.



276 11. TROPICAL FUKAYA ALGEBRAS

Definition 11.31. (Split tropical graph) Let η0 ∈ t∨ be a generic element,

which we call the cone direction. A split tropical graph Γ̃ with cone direction η0

is a quasi-split tropical graph Γ̃ (as in Definition 11.23) whose discrepancy cone

Disc(Γ̃,Γ) (see (11.8)) satisfies the following cone condition: There is an increasing
cone C ⊂ (R≥0)n such that for all (c1, . . . , cn) ∈ C,

(11.9) (ciπ
⊥
T (ei)

(η0))i ∈ Disc(Γ̃,Γ).

The cone condition in Definition 11.31 can alternately be expressed in terms of
increasing sequences of tuples. Firstly, we adapt the definition of increasing sequence
of tuples (Definition 11.20) to split edges using the ordering on the set of split edges.

Definition 11.32. (Increasing sequence of tuples for split edges) A sequence of
tuples

(cν(e))e∈Edges(Γ) ∈ (R+)Edges(Γ)

is increasing if cν(e) → ∞ for all split edges e ∈ Edges(Γ) and for a pair of split
edges ei ≺ ej , ei, ej ∈ Edges(Γ) (by the ordering in Definition 11.23(c))

(11.10) lim
ν

cν(ej)
cν(ei)

= 0.

Lemma 11.33. Let Γ̃ → Γ be a quasi-split tropical graph with cone direction
η0 ∈ t∨. The following are equivalent for the discrepancy cone Disc(Γ̃,Γ):

(a) Disc(Γ̃,Γ) satisfies the (Cone condition).
(b) (Strong sequential cone condition) For any increasing sequence of tuples

(cν(e))e∈Edges(Γ) ∈ (R+)Edges(Γ), there exists ν0 such that

(11.11) (cν(e)π⊥T (e)(η0))e ∈ Disc(Γ̃,Γ) ∀ν ≥ ν0.

(c) (Weak sequential cone condition) There exists an increasing sequence of

tuples (cν(e))e∈Edges(Γ) ∈ (R+)Edges(Γ) such that

(11.12) (cν(e)π⊥T (e)(η0))e ∈ Disc(Γ̃,Γ) ∀ν.

The Lemma is a consequence of the corresponding result (Lemma 11.21) on
cones in (R≥0)n.

The main result of the section is that the cone condition for a split tropical graph
implies that the discrepancy cone is top-dimensional:

Proposition 11.34. (Dimension of discrepancy cone) Suppose Γ̃→ Γ is a split
tropical graph, with cone direction η0. Then,

(11.13) dim(Disc(Γ̃,Γ)) = |Edges(Γ)|(dim(t)− 1).

Proof. Proposition 11.34 follows from Lemma 11.22 and the fact that the dis-
crepancy cone Disc(Γ̃,Γ) is a rational polyhedral cone that satisfies the (Cone con-
dition). �
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11.4. Split maps

A split map is modelled on a split tropical graph, and it is a version of a broken
map where there is no matching condition along split edges. The definition of a split
tropical graph requires us to choose a generic cone direction η0 ∈ t∨ as in Definition
11.31. Therefore, the definition of a split map also requires the choice of a vector
η0, although it is not explicitly mentioned in this Section.

Definition 11.35. (Split map) Given a split tropical graph Γ̃→ Γ, a split map
is a collection of maps

u : C → X = (uv : Cv → XP Γ̃(v))v∈Vert(Γ̃)

whose domain C is a treed disk of type Γ̃, and framing isomorphisms for all non-split
tropical edges

fr : Tw+(e)C̃ ⊗ Tw−(e)C̃ → C, e ∈ Edgetrop(Γ̃)\Edges(Γ),

such that the edge-matching condition (as in Definition 4.12) is satisfied for edges e ∈
Edge(Γ̃)\Edges(Γ). At the split edges e ∈ Edges(Γ), the edge matching condition
is dropped.

The moduli spaces decompose into strata indexed by combinatorial types, as
before. The type of a split map is given by the split tropical graph Γ̃ → Γ and the
tangency and homology data on Γ̃. Thus the type of a split map is the same as the
type of a broken map with base in Definition 10.30 (b) with the only difference that

the tropical graph Γ̃ does not satisfy the (Slope) condition (8.32) on the split edges.

The type of a split map is denoted by Γ̃ when the base tropical type Γ is clear from
the context.

We wish to count rigid split maps to define the tropical Fukaya algebra.

Definition 11.36. (Rigidity for split maps) The type Γ̃ → Γ of a split map is
rigid if

(a) Γ is a rigid tropical graph,

(b) in Γ̃ the only non-tropical edges e ∈ Edge(Γ̃)\Edgetrop(Γ̃) are boundary

edges e ∈ Edge (Γ̃) with finite non-zero length `(e) ∈ (0,∞),

(c) for all interior markings ze, e ∈ Edge ,→(Γ̃), the intersection multiplicity
with the stabilizing divisor is 1,

(d) and the cone of tropical vertex positions W(Γ̃,Γ) has dimension

(11.14) dim(W(Γ̃,Γ)) = |Edges(Γ)|(dim(t)− 1).

The definition of tropical symmetry in the case of split maps is adjusted to reflect
the lack of matching conditions at split edges.

Definition 11.37. A tropical symmetry on a split map with graph Γ̃ → Γ
consists of a translation gv ∈ TP (v),C for each vertex v ∈ Vert(Γ̃), and a framing

translation ze ∈ C× for each non-split tropical edge e ∈ Edgetrop(Γ̃)\Edges(Γ) that
satisfies

(11.15) g(v+)g(v−)−1 = zT (e)
e , ∀e = (v+, v−) ∈ Edge (Γ̃)\Edges(Γ),
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where we assume ze = 1 for non-tropical edges e ∈ Edge−(Γ̃)\Edgetrop(Γ̃). Denote
the group of tropical symmetries as

(11.16) Ttrop(Γ̃,Γ) = {((gv)v, (ze)e)}.

For a split tropical graph Γ̃ → Γ, the space of relative vertex positions W(Γ̃,Γ)
generates a subgroup of tropical symmetries (see (8.33)).

Remark 11.38. (Dimension of the symmetry group) For a split tropical graph

Γ̃

(11.17) dimC(Ttrop(Γ̃)) ≥ |Edges(Γ)|(dim(t)− 1).

Indeed the set of relative translations w(Γ̃,Γ) generates a subgroup of Ttrop(Γ̃,Γ),

and by (11.13) w(Γ̃,Γ) is a cone of dimension at least |Edges(Γ)|(dim(t)− 1). If Γ̃
is rigid, then (11.17) is an equality.

Remark 11.39. (Splitting of the tropical symmetry group) For a split tropical

graph Γ̃→ Γ, the group Ttrop(Γ̃,Γ) is a product

(11.18) Ttrop(Γ̃,Γ) = Ttrop(Γ̃1,Γ1)× · · · × Ttrop(Γ̃s,Γs)

of tropical symmetry groups of the connected subgraphs

Γ̃1, . . . , Γ̃s ⊂ Γ̃\Edges(Γ), Γi := κ(Γ̃i) ⊂ Γ.

Indeed by definition there are no matching conditions (11.15) on split edges.

To relate deformed maps to split maps, we will need a variation of split maps
where there is a matching condition on split nodes also. Such maps should be
thought of as lying on a slice of the Ttrop(Γ̃,Γ)-action.

Definition 11.40. (a) (Framed split map) A framed split map is a split
map u together with an additional datum of framings on split edges

fre : Tw+(e)C̃ ⊗ Tw−(e)C̃ → C, e ∈ Edges(Γ)

such that the matching condition is satisfied at the split edges.
(b) (Tropical symmetry for framed split maps) A tropical symmetry for a framed

split map with graph Γ̃→ Γ is a tuple

((gv ∈ TP (v),C)v∈Vert(Γ), (ze ∈ C×)e∈Edgetrop(Γ̃))

satisfying a matching condition on all interior edges :

(11.19) g(v+)g(v−)−1 = zT (e)
e ∀e ∈ Edge (Γ̃).

The group of tropical symmetries for framed split maps is denoted by

(11.20) Ttrop,fr(Γ̃,Γ) = {((gv)v, (ze)e) | (11.19)}.

(c) (Multiplicity of a split tropical graph) For a rigid split tropical graph Γ̃→ Γ,

the group Ttrop,fr(Γ̃) is finite, and

(11.21) mult(Γ̃) := |Ttrop,fr(Γ̃)|

is called the multiplicity of Γ̃. See Example 11.52.
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Remark 11.41. A framed split map is not a broken map, because the underlying
tropical graph Γ̃ does not satisfy the (Slope) condition on split edges.

11.5. Tropical Fukaya algebras

We define moduli spaces of split maps and use them to define composition maps
for tropical Fukaya algebras. To define the moduli spaces, we fix a generic cone direc-
tion η0 ∈ t∨. A perturbation datum for split maps p = (pΓ̃)Γ̃ is a split perturbation
datum as in Definition 10.25, and consists of maps

pΓ̃ = (JΓ̃, FΓ̃), JΓ̃ : SΓ̃ → J
cyl(X), FΓ̃ : TΓ̃ → C∞(L,R)

for all types Γ̃ of curves with base, with coherence conditions corresponding to
morphisms of stable treed curves with base. For each such type Γ̃, JΓ̃ is a domain-
dependent almost complex structure on the broken manifold, and FΓ̃ is a domain-
dependent Morse function on the Lagrangian L. This datum is the same as the one
used for based maps in Section 10.7 and deformed maps in Section 11.2.

Definition 11.42. (Moduli spaces of split maps) Let η0 ∈ t∨ be a generic cone

direction. The moduli space of split maps of type Γ̃ with cone direction η0 modulo
the action of domain reparametrizations is denoted

Msplit

Γ̃
(L, pΓ̃, η0).

Quotienting by the action of the tropical symmetry group defines the reduced moduli
space

Msplit

Γ̃,red
(L, η0) :=Msplit

Γ̃
(L, pΓ̃, η0)/Ttrop(Γ̃,Γ).

The moduli space of framed split maps of type Γ̃ modulo the action of domain
reparametrizations is denoted

Msplit

fr,Γ̃
(L, pΓ̃, η0).

The quotient Msplit

fr,Γ̃
/Ttrop,fr(Γ̃) is equal to the reduced moduli space Msplit

Γ̃,red
(L, η0).

(Split maps and framed split maps are defined in Definitions 11.35, 11.40 respec-
tively.) This ends the definition.

Remark 11.43. If the split tropical graph Γ̃ is rigid then Ttrop,fr(Γ̃) is a finite

group, and Msplit

fr,Γ̃
(L, η0) is a finite cover of the reduced moduli space.

Remark 11.44. The expected dimension of strata of split maps can be computed
as follows. Let (Γ̃,Γ) be a type of split map. Let Γ̂ be the broken map type obtained

by collapsing all the tropical edges of Γ̃ that do not occur in Γ, that is we collapse
the edges

e ∈ Edgetrop(Γ̃)\Edge(Γ).

Thus the tropical graph of Γ̂ is equal to Γ, and the boundary edges of Γ̂ are the

same as that of Γ̃. Then the moduli space of split mapsMsplit

Γ̃
(L, η) with boundary

end points x ∈ (I(L))d( ) has expected dimension

isplit(Γ̃, x) := ibrok(Γ̂, x) + 2|Edges(Γ)|(dim(t)− 1).
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Here ibrok is the index function for types of broken maps defined in (6.23). Indeed
dropping the node matching condition (4.18) adds 2(dim(t)−1) dimensions for each
split edge, and gluing along tropical edges e doesn’t change dimension as proved
in Proposition 6.25. For a rigid split map, the tropical symmetry group Ttrop(Γ̃,Γ)
has dimension 2|Edges(Γ)|(dim(t) − 1). The expected dimension of the quotiented
moduli space is then

isplit
red (Γ̃, x) := isplit(Γ̃, x)− 2|Edges(Γ)|(dim(t)− 1) = ibrok(Γ̂, x).

This ends the Remark.

Proposition 11.45. (Moduli spaces of split maps) Let η0 ∈ t∨ be a generic

element. Let (Γ̃,Γ) be a type of an uncrowded split map, and suppose regular per-

turbation data for types (Γ̃′,Γ) of based treed disks with Γ̃′ < Γ̃ is given (where the
ordering on types is as in (6.26)). Then there is a comeager subset P

reg

Γ̃
⊂ PΓ̃ of

regular perturbations for split maps of type Γ̃ coherent with the previously chosen
data such that if pΓ̃ ∈ P

reg

Γ̃
then the following holds. Let x ∈ I(L)d( ) be boundary

end points for which the index isplit
red ((Γ̃,Γ), x) is ≤ 1. Then

(a) (Transversality) the moduli space of split mapsMsplit

Γ̃
(pΓ̃, L, η0), framed split

maps M̃split

fr,Γ̃
(pΓ̃, L, η0) and the reduced moduli space Msplit

Γ̃,red
(pΓ̃, L, η0) are

manifolds of expected dimension.

(b) (Compactness) The moduli space Msplit

Γ̃,red
(pΓ̃, L, η0) is compact if isplit

red (Γ̃ →

Γ, x) = 0. If this index is 1, then the compactification Msplit

Γ̃,red
(pΓ̃, L, η0)

consists of codimension one boundary points which contain a boundary edge
e ∈ Edge (Γ̃) with `(e) = 0 or `(e) =∞.

(c) (Tubular neighborhoods) Let Γ̃ be a type of split map with a single edge
e that is broken or has length `(e) zero, and let the input/output tuple x

be such that isplit
red (Γ̃, x) = 0. Then Msplit

Γ̃,red
(L, η0) has a one-dimensional

tubular neighborhood in any adjoining one-dimensional strata of split maps
with the expected orientations. (The set of adjoining strata and the expected
orientations are as in Theorem 9.7.)

(d) (True boundary) The true boundary of the oriented topological manifold⋃
Γ̃:Γ̃is rigid, isplit

red (Γ̃,x)=0

Msplit

Γ̃,red
(L, x).

is isomorphic to the reduced moduli space of split maps with a single broken
edge, with the orientation sign adjusted by a factor (−1)◦ which depends

only on the type Γ̃, x (and is the same as the corresponding sign for broken
maps in Theorem 9.7 (bii)).

Proof of Proposition 11.45. The proof of the first statement is by a Sard-
Smale argument similar to the case of broken maps. The only variation is that there
is no matching condition (11.19) on the split edges.
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We prove the compactness result for the moduli space of framed split maps since
that is a finite cover over the reduced moduli space. The compactness statement for
framed split maps can be proved in exactly the same way as the corresponding proof
for broken maps. In fact, given a sequence of framed split maps uν of the same type,
the limit is obtained by translations {tν(v)}v∈Vert(Γ̃) that satisfy the slope condition

(8.32) for all edges, including split edges. Consequently, the limit is a framed split
map u. The codimension one boundary strata are as required in the Proposition
via the arguments in the proof of Proposition 8.44. The finiteness of the tropical
symmetry group used in the proof of Proposition 8.44 is replaced by the finiteness
of the framed symmetry group Ttrop,fr(Γ̃) of the split tropical graph Γ̃.

The proofs of parts (c) and (d) are the same as the proofs of the corresponding
results (Theorem 9.7 and Remark 9.8) for broken maps. �

Proposition 11.46. Given E > 0, there are finitely many types of split maps
that have area ≤ E.

The proof is identical to the corresponding result Proposition 8.36 for broken
maps, and is omitted.

Next we define the tropical Fukaya algebra whose composition maps are given
by counts of rigid split maps. In order to obtain homotopy equivalence with other
versions of Fukaya algebras, the definition must use framed split maps. We instead
use a count of split maps in the reduced moduli space weighted by the size of the
discrete tropical symmetry group, since the latter is a finite quotient of the former.

Definition 11.47. Let η0 ∈ t∨ be a generic cone direction, and let p be a regular
perturbation datum for all based curve types. The tropical Fukaya algebra is the
graded vector space

CFtrop(L, η0) := CF geom(L)⊕ Λx [1]⊕ Λx

equipped with composition maps

(11.22) mtrop
d( ) (x1, . . . , xd( )) =

∑
x0,u∈MΓ̃,split,red(X,L,D,x)0

mult(Γ̃)ws(u)x0

where

(11.23) ws(u) := (−1)♥(d (Γ)!)−1(s(Γ̃)!)−1 Hol([∂u])ε(u)qA(u),

where s(Γ̃) is the number of split edges in the type Γ̃ and the other symbols in (11.23)
are as in (10.10). The orientation sign for split maps is defined in the same way as
broken maps, see Remark 6.30. (Indeed, dropping a matching condition, which is
a complex condition does not affect the determinant line bundle.) In (11.22), the

combinatorial type Γ̃ of the split map u ranges over all rigid types with d( ) inputs

(see Definition 11.36 for rigidity), and mult(Γ̃) := |Ttrop,fr(Γ̃)| is the multiplicity of
the split map from (11.21).

Remark 11.48. Any one-dimensional moduli space of split maps has true and
fake boundary strata as in Figure 11.2, which look very similar to their analogue for
broken maps shown in Figure 9.1.
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Boundary
components

Fake boundary, `(e) = 0 True Boundary, `(e) =∞

One-dimensional
components

e

0 < `(e) <∞

e

e

e1e1

e1
e1

e2
e2

e2e2

Figure 11.2. True and fake boundary strata of a one-dimensional
component of the moduli space of split maps with split edges e1, e2.
The sphere components lie in different pieces of the tropical manifold.

The composition maps (mtrop
d( ) )d( )≥0 satisfy the A∞ -axioms. Indeed, as in the

broken and unbroken cases, the A∞ -axioms are proved by a count of end-points
of one-dimensional moduli spaces of rigid split maps; the boundary components are
described by Proposition 11.45 (d); and the combinatorial factors arising from the
distribution of interior markings are accounted exactly as in the unbroken case in
Theorem 10.2. Therefore, CFtrop(L, p, η0) is a A∞ -algebra.

Remark 11.49. The composition map mtrop
d can be expressed as a sum of prod-

ucts. The sum is over rigid types Γ̃ of split maps, and the product is over the con-
nected components Γ̃1, . . . , Γ̃s(Γ̃) of the graph Γ̃\Edges(Γ). Such a decomposition is

possible because split maps do not have any edge matching conditions. Therefore,

for any type Γ̃ of a rigid tropical map, the reduced moduli space Msplit

Γ̃,red
(L, η) is a

product of reduced moduli spaces :

Msplit

Γ̃,red
(L, η) =

s(Γ̃)∏
i=1

MΓ̃i,red.

Here, MΓ̃i
is the quotient

(11.24) MΓ̃i,red :=MΓ̃i
/Ttrop(Γ̃i,Γi),

of the moduli spaceMΓ̃i
of maps modelled on the subgraph Γ̃i ⊂ Γ̃ by the component

of the tropical symmetry arising from Γ̃i as in (11.18). Thus the composition map
decomposes as

(11.25) md
split =

∑
Γ̃:d (Γ̃)=d

md
split,Γ̃

, md
split,Γ̃

= (−1)♥mult(Γ̃)

d (Γ̃)!s(Γ̃)!

s(Γ̃)∏
i=1

mΓ̃i
,

where
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• the sum ranges over all rigid types Γ̃ of split maps with d inputs
• and

mΓ̃i
:=

∑
u∈MΓ̃i,red(L,η0)0

Hol([∂u])ε(u)qA(u)

is a weighted count of rigid elements inMΓ̃i,red, where y, ε are as in (10.10).

We remark that in the product decomposition (11.24) of moduli spaces, exactly one

of the components Γ̃0 has boundary on the Lagrangian. For all other components Γ̃i,
i 6= 0, the domain components are spheres. Therefore, the number mΓi is invariant
under choices of perturbations, and may be viewed as a relative Gromov-Witten
invariant. Finally, we point out that the decomposition in (11.24) is not a full

splitting since any component Γ̃i may contain tropical nodes satisfying matching
conditions.

11.6. Examples of split graphs and maps

We give examples of split tropical graphs and split maps to illustrate some of the
definitions and results from the previous sections. We see the (Cone condition) in
action and demonstrate the splitting of the tropical symmetry group for split tropical
graphs. In most of our examples the multiple cut P consists of two orthogonally
intersecting single cuts, so that the dual complex is a square as in Figure 11.3.

(1, 1)

e(1
, 1

)

(2,1)

e

(0, 0)

(1, 1)

(0, 0)

(1, 1)

Split edge e

Γ Γ̃1 Γ̃2

v+

v−

v−

e

(0, 0)

v+

Figure 11.3. Split graphs (Γ̃1,Γ), (Γ̃2,Γ) with split edge e and a
cone direction η0 satisfying 〈η0, (1,−1)〉 > 0.

Example 11.50. In this example we show that the quasi-split graphs (Γ̃1,Γ),

(Γ̃2,Γ) in Figure 11.3 are both split graphs with the same cone direction, but they
have different splittings of the tropical symmetry group. The torus T in this case
is (S1)2. Since t/RT (e) is one-dimensional, any η0 ∈ t∨ satisfying 〈η0, (1,−1)〉 6=
0 is (trivially) a generic cone direction. There are two non-equivalent choices of
cone direction. The graphs in Figure 11.3 satisfy the cone condition with the cone
direction η0 satisfying 〈η0, (1,−1)〉 > 0.

(a) A relative vertex position T ∈ W(Γ̃1,Γ) satisfies

T (v+) = (2, 1)t for some t ≥ 0, T (v−) = (0, 0).

The discrepancy cone Disc(Γ̃1,Γ) is

R≥0π
⊥
T (e){(T (v+)− T (v−)) : T ∈ W(Γ̃1,Γ)} = R≥0(π⊥T (e)η0).
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For the connected component Γ̃±1 ⊂ Γ̃1\{e} containing v±, the identity
component of the tropical symmetry group (see (11.18)) is

Ttrop(Γ̃+
1 ) = exp(C(2, 1)), Ttrop(Γ̃−1 ) = {Id}.

(b) A relative vertex position T ∈ W(Γ̃2,Γ) satisfies

T (v+) = (0, 0), T (v−) = −(1, 0)t for some t ≥ 0, .

and the discrepancy cone is

R≥0(π⊥T (e){(T (v+)− T (v−)) : T ∈ W(Γ̃2,Γ)}) = R≥0(π⊥T (e)η0).

In Γ̃2, the tropical symmetry group splits as

Ttrop(Γ̃+
2 ) = {Id}, Ttrop(Γ̃−2 ) = exp(C(1, 0)).

Both split tropical graphs Γ̃1, Γ̃2 are rigid.

e

(2
, 1
, 0

)

e

v+

(1,
2,

0)

(0, 0, 0)

(1, 1, 1)

(1, 1, 1)

(0, 0, 0)

v−
Γ

Γ̃2

e

(1,
1,

0)
(1, 1, 1)

(0, 0, 0)

v−

v+

Γ̃1

η1 = (1, 1, 0) mod (1, 1, 1)

Split e in the direction

η2 = (r, 1, 0) mod (1, 1, 1)

Split e in the direction

1
2 < r < 2, r /∈ Q

Figure 11.4. (Γ̃1,Γ) is not a split graph. (Γ̃2,Γ) is a split graph
since the cone direction η2 is generic.

Example 11.51. In this example, we will see that the genericity of the cone
direction is necessary to ensure that the discrepancy cone is top-dimensional. This
example is also a case where the splitting of the tropical symmetry group contains
two non-trivial factors. Consider a multiple cut P consisting of three orthogonal
single cuts, so the structure torus is T = (S1)3, and the dual complex B∨ ⊂ t∨ is a

cube as in Figure 11.4. The quasi-split graphs (Γ̃1,Γ), (Γ̃2,Γ) in Figure 11.4 have a
single split edge e and different cone directions.
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(a) The quasi-split graph (Γ̃1,Γ) satisfies the (Cone condition) for the cone
direction η1 := (1, 1, 0) mod (1, 1, 1), which is not a generic direction in

R3/〈(1, 1, 1)〉. For any relative vertex position T ∈ W(Γ̃1),

π⊥T (e)(T (v+)) = 0; π⊥T (e)(T (v−)) ∈ {−(1, 1, 0)t2 mod (1, 1, 1) : t2 ≥ 0}.

and the discrepancy cone is

Disc(Γ̃1,Γ) = R≥0π
⊥
T (e)(T (v+)− T (v−)) = {(1, 1, 0)t mod (1, 1, 1) : t ≥ 0}.

The discrepancy cone contains the cone direction (1, 1, 0), but is not top-

dimensional in R3/〈(1, 1, 1)〉. Consequently Γ̃1 is not a split graph.

(b) The quasi-split tropical graph (Γ̃2,Γ) satisfies the (Cone condition) for a
generic cone direction

η2 := (r, 1, 0), r /∈ Q, 1
2 < r < 2

and therefore Γ̃2 is a split tropical graph. For any relative vertex position
T ∈ W(Γ̃2),

π⊥T (e)(T (v+)) ∈ {(2, 1, 0)t1 mod (1, 1, 1) : t1 ≥ 0};

π⊥T (e)(T (v−)) ∈ {−(1, 2, 0)t2 mod (1, 1, 1) : t2 ≥ 0},

and the discrepancy cone is

Disc(Γ̃2,Γ) = {(2, 1, 0)t1 + (1, 2, 0)t2 : t1, t2 ≥ 0},
which contains the cone direction (r, 1, 0) and is top-dimensional in R3/〈(1, 1, 1)〉.
Let Γ̃± ⊂ Γ̃2\{e} be the connected component containing v±. The group
of tropical symmetries is a product

TC/TT (e),C = Ttrop(Γ̃+)× Ttrop(Γ̃−),

where

Ttrop(Γ̃+) = exp(C(2, 1, 0)), Ttrop(Γ̃−) = exp(C(1, 2, 0)).

Example 11.52. (Framed tropical symmetry group) The split tropical graph

Γ̃2 → Γ in Figure 11.4 is rigid, and consequently the framed tropical symmetry
group Ttrop,fr(Γ̃2) is finite. However, this group is non-trivial. An element (g, z) ∈
Ttrop,fr(Γ̃2) satisfies the equations

gv0 = gv1 = Id, gv0g
−1
v+

= z(2,1,0)
e+ , gv+g

−1
v− = z(1,1,1)

e , gv−g
−1
v1

= z(1,2,0)
e− .

There are 3 elements in Ttrop,fr(Γ̃2) given by ze+ = ze− = ω where ω is a cube root
of unity.

Example 11.53. A split tropical graph need not always have additional vertices
compared to the base tropical graph. In some cases, dropping the slope condition
(1.6) on split edges (and analogously the matching condition on the corresponding

split nodes w(e)) produces a top-dimensional discrepancy cone Disc(Γ̃). For example
in Figure 11.5 dropping the slope condition at edge e in the graph Γ1 produces one
dimension of symmetry in the tropical graph Γ̃1. That is, the graph Γ̃1, which is Γ1
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Γ̃2

e1

e2

e3

Split

e1, e2, e3Split e

Γ1

e
e

Γ̃1

v+

v−
Γ2

e1

e2

e3

v0 v1

Figure 11.5. In these examples dropping the slope condition on
split edges automatically produces split tropical graphs.

with the slope condition at e forgotten, is a split tropical graph with discrepancy
cone w(Γ̃1) = R. Similarly dropping the slope condition on edges e1, e2, e3 in Γ2

in Figure 11.5 produces three dimensions of symmetry in Γ̃2. Indeed in Γ̃2, the
vertex v0 is free to move in two dimensions, and the vertex v1 is independently free
to move in one dimension. Therefore, Γ̃2 is a split tropical graph with discrepancy
cone w(Γ̃2) = R3. In general, dropping the slope condition on split edges does not
guarantee a top-dimensional discrepancy cone, such as in the graph Γ in Figure 11.3
and in Figure 11.6 below.

Split
e1, e2, e3, e4

Γ

e4

e2
e3

e1

η0

Γ̃′

e4

e2
e3

e1

Γ̃

e4

e2e3

e1

Figure 11.6. (Γ̃, Γ) is a split graph with cone direction η0 and split

edges ordered as e1, . . . , e4. (Γ̃′, Γ) is not a split tropical graph.

Example 11.54. In this example we show that the increasing cone condition for
split tropical graphs is necessary, and it can not be replaced by the condition that
the cone direction is contained in the individual discrepancy cones of each of the
split edges. For example, the quasi-split graph (Γ̃′,Γ) in Figure 11.6 satisfies the

latter condition, namely, for each split edge e = (v+, v−) ∈ Edges(Γ̃
′),

π⊥T (e)(η0) ∈ R+〈{T (v+)− T (v−) : T ∈ W(Γ̃′,Γ)}〉,

but the discrepancy cone is not top-dimensional. In fact the discrepancy cone of Γ̃′ is
two-dimensional since the vertex v0 can only move in two dimensions and the other
vertices are fixed. However, (Γ̃,Γ) in Figure 11.6 satisfies the (Cone condition), and
therefore, is a split tropical graph. We continue analyzing this graph in the next
example.

Example 11.55. The increasing cone condition for split graphs is equivalent to
saying that we may split one edge at a time (following the ordering ≺), and at each
step the cone direction η0 is in the discrepancy cone. More precisely, given a tropical
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graph Γ with a set of ordered split edges e1, . . . , en, the increasing cone condition is
equivalent to the existence of a sequence of split tropical graphs (Γ̃1,Γ), . . . , (Γ̃n,Γ)

such that for any k the split edges of (Γ̃k,Γ) are e1, . . . , ek, and for a small enough

relative vertex position T ∈ W(Γ̃k−1,Γ),

π⊥T (ek)(η0) ∈ R+{Diffek(T ′) : T ′ ∈ W(Γ̃k,Γ),

Diffe(T ′) = Diffe(T ) for e = e1, . . . , ek−1}.

For the split tropical graph (Γ̃,Γ) in Figure 11.6 the intermediate split graphs are
given in Figure 11.7. Splitting each of the last two edges e3, e4 has the effect of
‘forgetting the edge slope’, and is therefore not shown separately in Figure 11.7.

Γ

e4

e2
e3

e1 e1

Γ̃

e4

e2e3

e1e4

e3

e2

e1
e4

e3

e2

Split e1 Split e2 Split e3, e4

Figure 11.7. Splitting edges one at a time yields the increasing cone
condition in the final graph.

Example 11.56. This is an example of a split map in a multiple cut of the second
Hirzebruch surface X := H2 shown in Figure 11.8. We start by describing the moduli
space of unbroken disks under consideration. Consider disks u : (D, ∂D) → (X,L)
with no input leaves and a single output

• in the homology class δF2 + δE
• passing through a point p on F2 that is close to the intersection point F2∩E
• and whose boundary output maps to the maximum point of the Morse

function FL on L.

E

F1 F2

p

L

p

v0

v1 v2
v2v1

v0

e
e

(−1,−1)

p

e

v1 v2

v′0

v′′0

v2
v1

v′0

e
v′′0

(−2,−1) v0

Deform e in the
direction η =

Deformed version of uv0

w+
e

Broken
disk

Unbroken
disk

Split
disk

X̃P0

XP03

XP01

P0 P1

P3

Figure 11.8. Split disk corresponding to a disk in the second Hirze-
bruch surface of homology class δF2 +δE passing through a fixed point
p.
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The moduli space consists of a single disk with Maslov index 4. Next we apply a mul-
tiple cut on X = H2 consisting of two orthogonal cuts. Each of the top-dimensional
cut spaces is a first Hirzebruch surface, or in other words, a point blow-up of P2.
Proposition 12.9 is applicable on this multiple cut, and it implies that neck-stretching
preserves the potential (with an interior point constraint). Therefore, there is a sin-
gle broken disk ubrok shown in Figure 11.8 that satisfies the constraints listed above,
and whose gluing has homology class δF2 + δE . Next, we deform the matching con-
dition at the edge e in the direction η. For any τ > 0, in the τη-deformed map,
the components uv1 , uv2 are the same as the corresponding components in the bro-
ken map ubrok. It is easier to understand the deformation of the component uv0 if
we view uv0 as mapping to a different compactification of XP0

, namely one where

the intersection of the relative divisors is blown up, and denoted by X̃P0 . In this
new compactification, the τη-deformation uτv0

of uv0 maps to a point xτ on the
exceptional divisor, and the point xτ moves toward XP03 as τ → ∞. In the split
disk, the limit of uτv0

, denoted by uv′0 , intersects the divisors XP03 , XP01 ⊂ XP0 with
multiplicity 2, 1 respectively.

11.7. Homotopy equivalence: deformed to split

In this section, we will show that deformed Fukaya algebras are A∞ homotopy
equivalent to tropical Fukaya algebras. We recall that for the tropical Fukaya algebra

CFtrop(X, L, η0)

composition maps are counts of split disks with a generic cone direction η0 ∈ t∨. On
the other hand, defining a deformed Fukaya algebra

CF (X, L, η)

requires us to choose a coherent deformation datum η = (ηΓ̃)Γ̃, which consists of a
deformation parameter for each split edge

(11.26) (ηΓ̃(e, [C]))e∈Edges(Γ̃) ∈ TΓ,C :=
∏

e∈Edges(Γ)

TC/TT (e),C

varying smoothly with the domain curve C. To prove the homotopy equivalence
we choose a sequence of deformation data (η

ν
)ν compatible with the cone direction

η0, which roughly means that for any fixed domain curve [C] and any split edge e
the deformation parameter ην,Γ̃([C]) ∈ TC/TT (e),C goes to infinity in the direction

η0. Split maps with cone direction η0 occur as limits of sequences of η
ν
-deformed

maps of bounded area. Conversely a rigid split map can be glued to yield a η
ν
-

deformed map for large enough ν. This bijective relation leads to the proof of the
A∞ homotopy equivalence.

We point out that for a converging sequence of deformed maps of index zero,
the index of the limit split map is equal to dim(TΓ,C) (defined in (11.26)), which is
the dimension of its tropical symmetry group. The higher index of the limit split
map is accounted for by the absence of matching conditions on split edges. Thus in
this section, we produce a cobordism from the moduli space of framed split maps,
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which is a slice of the action of the tropical symmetry group on the moduli space of
split maps, to the space of η-deformed maps for any deformation datum η.

We start by defining a sequence of deformation data compatible with the cone
direction.

Definition 11.57. (Compatible deformation data for a cone direction) Given

a generic cone direction η0 ∈ t∨ and a type (Γ̃,Γ) of based curves, a sequence of
deformation data

ηΓ̃,ν :MΓ̃ → tΓ '
⊕

e∈Edges(Γ)

t/tT (e)

for a curve type Γ̃ with base Γ is compatible with the cone direction η0 if

ηΓ̃,ν = cΓ̃,νπ
⊥
T (e)(η0),

and

cΓ̃,ν :MΓ̃ × Edges(Γ)→ R+

is a continuous function such that for any converging sequence mν → m in MΓ̃,
(cΓ̃,ν(mν , e))e∈Edges(Γ),ν is an increasing sequence of tuples (as in Definition 11.32).

For the gluing proof, we need a more restrictive class of deformation data.

Definition 11.58. (Uniformly continuous deformation data) A sequence of de-
formation data η compatible with a cone direction η0 is uniformly continuous if for

any split tropical graph Γ̃ there is a constant k such that for any two curves C, C ′

of type Γ̃

|ηΓ̃,ν([C])− ηΓ̃,ν([C ′])| ≤ k
∑

e∈Edge ,−

|`(Te, [C])− `(Te, [C ′])|

for all ν. We recall that `(Te, [C]) is the length of the treed segment Te in the curve
C.

Next, we construct a sequence of deformation data that is coherent, compatible
with the cone direction η0 and uniformly continuous. We recall that moduli spaces
of deformed maps are defined using domain-dependent deformation data that are co-
herent under morphisms of based curve types, and satisfy a (Marking independence)
property, see Definition 11.6.

Lemma 11.59. Given a generic cone direction η0 ∈ t∨, there exists a compatible
sequence {η

ν
}ν of uniformly continuous coherent deformation data (as in Definition

11.6).

Proof. We first describe connected components of the moduli space of based
curves. A connected component is determined by a tuple γ := (Γ,m, n, γ0) consisting
of the base tropical graph Γ, the number m of boundary markings, the number n of
interior markings, and a function

γ0 : {1, . . . , n} → Vert(Γ)
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that maps a marked point zi on a curve component Cv ⊂ C to κ(v) ∈ Vert(Γ), and
we denote the component by Mγ . The sequence of functions

(11.27) cγ,ν :Mγ × Edges(Γ)→ R
is constructed by induction on m, n, |Vert(Γ)|. We consider a connected component
(Γ, n,m, γ), and assume that a sequence of coherent data has been constructed for
smaller types. The data on the smaller types determines cγ,ν on the true boundary
of Mγ , which consists of curves with at least a single broken boundary edge.

The deformation sequence on Mγ is constructed via a partition

Mγ = ∪i≥0Mi
γ ,

where Mi
γ consists of treed curves with exactly i boundary edges. On M0

γ , for any
split edge e we fix cγ,ν(m, e) to be a sequence of constant functions

cγ,ν(m, e) := cν(e) ∈ R+

such that (cν(e))e∈Edges(Γ) is an increasing sequence of tuples (as in (11.10)) with
respect to the ordering ≺Γ̃ of split edges. Let

Cν := sup
i
{cν(m, e) : m ∈M0

γ ∪ ∂Mγ}.

We extend the deformation sequence to all of Mγ by interpolating between the
codimension one strata ∂M0

γ and ∂Mγ . The boundary ∂M0
γ partitions into sets

∂M0
γ = ∪i≥1M0,i

γ , M0,i
γ :=M0

γ ∩Mi
γ ,

and Mi
γ is a product

(11.28) Mi
γ =M0,i

γ × [0,∞]i,

such that projection to the second factor is equal to the edge length function. We
first consider M1

γ . Under the splitting (11.28) we define
(11.29)
cν,e(m, t) := (1− τν,e(t))cν,e(m, 0) + τν,e(t)cν,e(m,∞), (m, t) ∈M0,1

γ × [0,∞]

where τν,e : [0,∞] → [0, 1] is a diffeomorphism. In (11.29), cν,e satisfies the (Mark-
ing independence) property (11.2) because on each connected component it factors
through the projection M1

γ → [0,∞]. Indeed m 7→ cν,e(m,∞) is locally constant

on ∂Mγ ∩M1
γ by the (Marking independence) property (11.2) property for smaller

strata, andm 7→ cν,e(m, 0) is locally constant on ∂Mγ∩M1
γ by definition (11.27). We

obtain uniform continuity on cν,e by requiring that the derivative of τν,e is bounded
by C−1

ν for all ν. This can be arranged by allowing dτν,e to be supported in an inter-
val of length Cν . In a similar way, the functions cν,ej are extended toMi

γ , assuming

that its value on the boundary ∂Mi
γ factors through the projection to [0,∞]i. �

Proposition 11.60. (Convergence) Let η0 ∈ t∨ be a generic cone direction,
and let {η

ν
}ν be a coherent sequence of deformation data compatible with η0 (as

in Definition 11.57). Let uν : Cν → XP be a sequence of η
ν
-deformed maps with

uniformly bounded area. Then, a subsequence converges to a framed split map u∞ :
C → XP of type (Γ̃∞,Γ). The limit map is unique up to the action of the identity
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component of the framed tropical symmetry group Ttrop,fr(Γ̃∞,Γ) (see (11.20)). If
the maps uν have index 0, and the perturbation datum for the limit is regular, then,
the split tropical graph Γ̃∞ is rigid.

If the limit split tropical graph is rigid, the limit is unique, because the framed
symmetry group Ttrop,fr(Γ̃∞,Γ) is finite.

Proof of Proposition 11.60. As in the convergence of broken maps, the first
step is to find the component-wise limit map. By Proposition 8.36, there are finitely
many types of deformed maps that satisfy an area bound. Therefore, after passing to
a subsequence, we can assume that the maps uν have a ν-independent type Γ̃→ Γ,
with deformation datum

ην(e) := ηΓ̃,ν([Cν ], e) ∈ t/tT (e), ∀e ∈ Edges(Γ).

We apply Gromov convergence for broken maps (Theorem 8.3) on each connected

component of Γ̃\Edges(Γ). The collection of the limit maps, denoted by u∞, is

modelled on a quasi-split tropical graph Γ̃∞ → Γ, equipped with a tropical edge
collapse morphism κ : Γ̃∞\Edges(Γ)→ Γ̃\Edges(Γ). The translation sequence

tν(v) ∈ Cone(κ, v), v ∈ Vert(Γ̃∞)

satisfies the (Slope) condition for all non-split edges e ∈ Edge(Γ̃∞)\Edges(Γ).
The limit map u∞ is a quasi-split map, and it remains to show that the cone

condition (11.9) is satisfied. The sequence of relative translations required by the
cone condition will be a refinement of the translation sequences tν . For any split
edge e, the sequences

(11.30) ((tν(v+)− tν(v−)) mod T (e))− ην(e), e = (v+, v−) ∈ Edges(Γ)

are uniformly bounded. This fact can be proved in the same way as the proof of
boundedness of the sequences in (8.38) as part of the proof of convergence of broken
maps. The next step is to adjust the translation sequences by a uniformly bounded
amount so that the discrepancy at the split edges is equal to the deformation pa-
rameters, i.e. the sequences in (11.30), vanish. The adjustment to the translation
sequences is by the iterative process used in Step 2 of the proof of Lemma 8.25. We
run the iteration on the vertex sequence {tν(v)}v,ν and the edge sequence {ην(e)}e,ν .
In each step a fastest growing sequence is subtracted, while the quantities in (11.30)
are left unchanged. At any step, if both a vertex sequence and an edge sequence
grow at the same rate, and are both fastest growing, then we break the tie by sub-
tracting the edge sequence. The resulting sequence in the i-th step is denoted by
{tiν(v)}v, {ηiν(e)}e. The iteration ends when the sequences corresponding to vertices
and split edges are uniformly bounded, say, after k steps. Our tie breaking method,
together with the fact that the sequence corresponding to any pair of split edges
grows at a different rate (since (ce,ν)e,ν is a sequence of increasing tuples), ensures

that ηkν (e) = 0 for all split edges e and all ν. We subtract the uniformly bounded
final sequence {tkν(v)}v,ν from the initial sequence {tν(v)}v,ν and denote the result
by {tν(v)}v,ν , which satisfies

(11.31) ((tν(v+)− tν(v−)) mod T (e))− ην(e) = 0, e = (v+, v−) ∈ Edges(Γ).
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Since for any vertex v the translation sequences tν(v), tν(v) differ by a uniformly

bounded amount, a subsequence of e−tνuν converges to a limit u∞,v. The limit map
u∞ := (u∞,v)v satisfies the matching condition on all edges, including split edges,
because by (11.31) the translations tν compensate for the deformation parameters.

Finally Γ̃→ Γ is a split graph because

Diff(tν) = ην =⇒ ην ∈ Disc(Γ̃,Γ) ∀ν.

We have shown that u∞ is a framed split map. The proof of uniqueness of limits
is the same as in the convergence of broken maps. The last statement about the
rigidity of the limit split map follows from a dimensional argument, see Remark
11.44. �

Gluing a rigid split map with a cone direction η0 yields a sequence of deformed
maps for any sequence of uniformly continuous deformation data compatible with
η0. We assume that the perturbation datum for the deformed maps is equal to the
perturbation datum of the split map.

Remark 11.61. In Lemma 11.59, we constructed a sequence of uniformly con-
tinuous deformation data {η

ν
}ν∈Z+ that is compatible with a cone direction η0. By

the same proof, we can also a construct a family of uniformly continuous deforma-
tion data {η

ν
}ν∈R+ such that for any sequence νi → ∞, {η

νi
}i is compatible with

the cone direction η0.

Proposition 11.62. (Gluing a split map) Suppose u is a regular rigid framed

split map of type (Γ̃,Γ) with a generic cone direction η0 ∈ t∨. Let (η
ν
)ν∈R+ =

{ηΓ̃,ν}Γ̃,ν be a family of uniformly continuous coherent deformation data compatible

with η0 (as in Definition 11.57). Then, there exists ν0 such that for ν ≥ ν0

(a) (Existence of glued family) there is a regular rigid η
ν
-deformed map uν such

that the family {uν}ν of deformed maps converges to u as ν →∞.
(b) (Surjectivity of gluing) For any sequence of η

ν
-deformed maps u′ν that con-

verges to the framed split map u, for large enough ν the map u′ν is contained
in the glued family constructed in (a).

Proof. We first describe the type of the deformed maps in the glued family.
Given that the type of the split map u is κ : Γ̃→ Γ, the type of the glued deformed
maps is (Γ̃d,Γ). That is, the base tropical graph Γ stays the same, and Γ̃d is obtained

by tropically collapsing the edges e ∈ Edgetrop(Γ̃)\Edge(Γ). Thus, the tropical edges

in Γ̃d are exactly the edges of the base tropical graph Γ, and the edge collapse map
κ factors as

Γ̃
κ0−→ Γ̃d

κ1−→ Γ.

The tree part of Γ̃d is the same as that of Γ̃. We will construct a family of deformed
maps of type Γ̃d → Γ.

The gluing construction is very similar to the gluing of broken maps in Theorem
9.1, so we only point out the differences at each step of the proof.
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Step 1: Construction of an approximate solution: An approximate solution is con-
structed using relative vertex positions corresponding to a deformation parameter.
The domain Cν of the approximate solution is constructed by gluing some of the inte-
rior nodes in C, and therefore the edge lengths for treed segments Te, e ∈ Edge ,−(Γ̃)
in Cν are the same as C. By the (Marking independence property) of deformation
data, ην,Γ̃d(C) = ην,Γ̃d(Cν), and we denote

ην := ην,Γ̃d(C) ∈ tΓ,

where we recall from (11.1) that tΓ =
⊕

e∈Edges(Γ) t/tT (e). The sequence

(ην(e))e∈Edges(Γ̃),ν

is an increasing sequence of tuples (as in Definition 11.32). Therefore the (Cone

condition) for the split tropical graph Γ̃ implies that for large enough ν, ην lies

in the discrepancy cone of Γ̃, and so, there is a relative translation Tν ∈ w(Γ̃,Γ)
satisfying

(11.32) π⊥T (e)(Tν(v+)− Tν(v−)) = ην(e), e = (v+, v−) ∈ Edges(Γ).

Since the split tropical graph Γ̃ is rigid, the relative translation Tν ∈ w(Γ̃,Γ) is
uniquely determined by (11.32). Indeed, if there is another solution T ′ of (11.32), the
difference T −T ′ satisfies the slope condition on all edges, including split edges, and
therefore generates a non-trivial subgroup exp((T −T ′)(·)) in Ttrop,fr(Γ̃) contradicting

the rigidity of Γ̃. For future use, we point out that the inverse

(11.33) Diff−1
Γ̃

: tΓ → w±(Γ̃,Γ) := R〈w(Γ̃,Γ)〉,

which maps deformation parameters to elements in the R-span of relative transla-
tions, is a well-defined linear map. For any edge e = (v+, v−) that is collapsed by

Γ̃→ Γ̃d, we can assign a length lν(e) > 0 satisfying

Tν(v+)− Tν(v−) = lν(e)T (e).

We now describe the domain and target spaces for the approximate solution.
The domain is a nodal curve Cν of type Γ̃d which is obtained from C by replacing
each node corresponding to an edge e ∈ Edgetrop(Γ̃)\Edgetrop(Γ̃d) by a neck of

length lν(e). A component of the glued curve corresponds to a vertex v of Γ̃d. The
map u|Cκ−1

0 (v) is a broken map with relative marked points, whose pieces map to

XQ, Q ⊆ P (v). Our goal is to glue at the nodes of u|Cκ−1
0 (v) to produce a curve

lying in XP (v).

We extend the definition of the deformation parameter to all tropical edges of
Γ̃d by defining

ην(e) = 0 ∀e ∈ Edgetrop(Γ̃d)\Edges(Γ).

Thus by definition a ην-deformed map satisfies the edge matching condition for
non-split edges of Γ.

Next, we construct the approximate solution which will shown to be ην-deformed.
Since u is a framed split map, it satisfies a matching condition on the split edges:
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For any edge e = (v+, v−) in Γ̃, and domain coordinates in the neighborhood of w±e
that respect the framing, the tropical evaluation maps (defined in (4.19)) satisfy

(11.34) ev
T (e)

w+
e

(uv+) = ev
T (e)

w−e
(uv−).

For a vertex v in Γ̃d, and a vertex v′ in the collapsed graph κ−1
0 (v), the translation

Tν(v′) gives an identification (see (3.41))

eTν(v′) : X
P (v′)

→ X
P (v)

.

The translated map

(11.35) uv′,ην := eTν(v′)uv′ : C◦v′ → X
P (v)

is well-defined on the complement of nodal points on Cv′ . For any uncollapsed
tropical edge e = (v+, v−) in Γ̃ → Γ̃d, the matching condition (11.34) and the
translation in (11.35) together imply a deformed matching condition

(11.36) ev
T (e)

w+
e

(uv+,ην ) = eην(e) ev
T (e)

w−e
(uv−,ην ),

because ην(e) = Tν(v+) − Tν(v−). As in the proof of Theorem 9.1, for each vertex
v, translated maps (uv′,ην )v′∈κ−1

0 (v) can be glued at the nodal points to yield an

approximate solution for the holomorphic curve equation which is denoted by

upre
ν = (upre

v,ην )v∈Vert(Γ̃d), upre
v,ην : Cην ,v → XP (v).

Since the patching does not alter the maps uv,ην away from the collapsed nodes of

Γ̃→ Γ̃d, we conclude by (11.36) that the pre-glued map upre
ν is ην-deformed.

Step 2: Fredholm theory: The Sobolev norms carry over entirely from the proof
of Theorem 9.1. On the curves Cν , we use Sobolev weights on both neck regions
created by gluing, and on nodal points corresponding to interior edges in Γ̃d. The
map Fν in Theorem 9.1 incorporated the holomorphicity condition, marked points
mapping to divisors and matching at disk nodes. Now we additionally require a
deformed matching condition on interior nodes, given by

eve(u) ∈ ∆e ⊂ (XP (e))
2, e ∈ Edgetrop(Γ̃d),

where ∆e is the diagonal and eve is the tropical evaluation map on the nodal lifts
twisted by the deformation parameter, that is,

eve :Mdef,Γ̃d
×Map(Cν ,X)1,p,λ → (X

P (e)
)2,

(m,u) 7→ (ev
T (e)
w+(e)(uv+)), exp(ην,Γ̃d(m, e))(ev

T (e)
w−(e)(uv−)).

Incorporating these conditions we obtain a map

Fν :Mi
def,Γ̃d

× Ω0(Cν , (u
pre
ν )∗TX)1,p → Ω0,1(Cν , (u

pre
ν )∗TX)0,p ⊕ ev∗

Γ̃
TX(Γ̃d)/∆(Γ̃d)

whose zeros correspond to ην-deformed pseudoholomorphic maps near the approxi-
mate solution upre

ν , and where the notations X(Γ̃d) and ∆(Γ̃d) are defined in (6.29).

Step 3: Error estimate: The error estimate for the approximate solution is produced
in the same way as Theorem 9.1. Indeed the only contribution to the error estimate is
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from the failure of holomorphicity, as the approximate solution satisfies the matching
conditions at boundary and interior nodes.

The next few steps of the proof, namely, the construction of a uniformly bounded
right inverse, the proof of quadratic estimates, and the application of Picard’s
Lemma are the same as in Theorem 9.1.

Step 7: Surjectivity of gluing: Compared to the corresponding step in Theorem 9.1,
in the gluing of a split map, one additionally has to deal with domain-dependent
deformation parameters. Consider a sequence u′ν : C ′ν → X of η

ν
-deformed maps

that converges to the split map u. To prove that the maps u′ν lie in the image
of the gluing map of u, it is enough to show that u′ν is close enough to the pre-
glued map upreν : Cν → X. Indeed, similar to the proof of Theorem 9.1, one of the
conclusions of Picard’s Lemma is that the glued map uν is the unique η

ν
-deformed

map in an ε-neighborhood of the pre-glued map upreν , and ε is independent of ν. The
sequences of domains (Cν)ν and (C ′ν)ν converge to C in the compactified moduli
space Mdef,Γ̃d

, and so, the edge lengths `(Cν , Te), `(C
′
ν , Te) of the treed segments

converge to `(C, Te) for all boundary edges e ∈ Edge ,−(Γ̃d). The edge length `(C, Te)
in the split map u is finite by the rigidity of u. Therefore the differences converge

|`(C ′ν , Te)− `(Cν , Te)| → 0.

The deformation parameters for u′ν are η′ν := ηΓ̃,ν(C ′ν). On a fixed stratum Γ̃d of

curves, the deformation parameter depends only on the lengths of the treed edges by
the (Marking independence) property (11.2), see (11.2). Together with the uniform
continuity of the deformation datum, we conclude |ην−η′ν | → 0. By the proof of con-
vergence of deformed maps, the translation sequence {t′ν(v)}ν,v for the convergence
of {u′ν}ν can be chosen to satisfy

tν(v+)− tν(v−) = η′ν(e), ∀e = (v+, v−),

see (11.31). The inverse Diff−1
Γ̃

is a well-defined map (see (11.33)) that maps

ην 7→ Tν , η′ν 7→ tν .

Hence Tν − tν → 0. As in Theorem 9.1 the closeness of the relative translations Tν ,
tν implies that the difference between the gluing parameters of Cν , C ′ν (that is, the
gluing parameters used to construct Cν , C ′ν from C) converge to 0. The rest of the
proof is the same as the proof of Theorem 9.1. �

Proposition 11.63. (Bijection of moduli spaces) Let η0 ∈ t∨ be a generic cone
direction and let {η

ν
}ν be a family of uniformly continuous coherent deformation

data compatible with η0. For any set of disk input/outputs x and area level E > 0,
there exists ν0 such that for ν ≥ ν0 there is a bijection between the moduli space of

rigid framed split disks Msplit
fr (p, η0)<E and the moduli space Mdef(p, ην)<E of rigid

η
ν
-deformed disks of area less than E.

Proof. The proposition follows from the convergence and gluing results for split
maps, namely Proposition 11.60 and Proposition 11.62. �
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Proposition 11.64. Let η0 ∈ t∨ be a generic cone direction and let {η
ν

: ν ∈
R+} be a family of uniformly continuous coherent deformation data compatible with
η0. Let p∞ be a regular perturbation datum for split maps on X. For any E0 > 0,
there exists ν0(E0) such that the following holds. For any ν ∈ Z>0, there exists a
regular perturbation datum pν for η

ν
-deformed maps, and a perturbation morphism

pν,ν+1 extending pν and pν+1 such that for all E0 > 0 and ν ≥ ν0(E0), the A∞
morphism induced by pν,ν+1

φν : CF def(L, pν , η
ν
)→ CF def(L, pν+1, η

ν+1
)

is equal to the identity modulo qE0. Similarly there is an A∞ morphism

ψν : CF def(L, pν+1, η
ν+1

)→ CF def(L, pν , η
ν
)

that is identity modulo qE0.

Proof. This result is an analogue of Proposition 10.21 (b) for maps on neck-
stretched manifolds. The parameter ν is analogous to the neck length parameter
in Proposition 10.21. For any integer ν ∈ Z+ the perturbation pν is taken to be
equal to p∞ for strata of low area, that is, the strata for which the bijection between
the moduli spaces of split maps and deformed maps (from Proposition 11.63) holds.
The perturbation datum pν is extended to higher area strata by the transversality
result for deformed maps (Proposition 11.10). To define the A∞ morphism φν , the
family of deformation data interpolating between η

ν
and η

ν+1
is taken to be the

restriction of the family {η
µ

: µ ∈ R+} given in the hypothesis of the Proposition

to µ ∈ [ν, ν + 1]. The perturbation morphism pν,ν+1 is defined to be equal to p∞

for low area strata, and extended in a regular coherent way to strata of higher area.
Following the same arguments as in the proof of Proposition 10.21, we conclude that
there are no non-constant pν,ν+1-adapted deformed quilted disks with area at most
E0, and therefore,

φν1 = Id mod qE0 , φνk mod qE0 = 0, k 6= 1.

Here the identity term in φν1 counts constant quilted maps with a single input. �

Proposition 11.65. (Homotopy equivalence) Let η0 be a generic cone direction,
and let η

ν
be a compatible sequence of coherent deformation data that is uniformly

continuous. For any ν0 ∈ Z+, let p
ν0

be the perturbation defined in Proposition 11.64

for η
ν
-deformed maps. Then, there are strictly unital convergent A∞ morphisms

φ : CFdef(L, ην0
, p
ν0

)→ CFtrop(L, η0, p
∞), ψ : CFtrop(L, η0, p

∞)→ CFdef(L, ην0
, p
ν0

).

such that ψ ◦ φ and φ ◦ ψ are A∞ -homotopy equivalent to identity.

Proof. The A∞ morphisms ψ, φ are defined as the limits of the morphisms
ψν , φν in Proposition 11.64. The definition of the limit and the justification of its
existence are exactly as in the proof of Proposition 10.22, which is the analogous
result for broken maps.

As in the proof of Proposition 11.64, the homotopy equivalence of ψ◦φ and φ◦ψ
to identity uses twice-quilted disks. The definition of twice-quilted disks is extended
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to twice-quilted deformed disks in a standard way. Indeed, the ‘distance to the
seam’ function is constant on any disk and its connected sphere components, and
these determine the deformation parameter to be used for any split edge. With this
principle, the discussion on homotopy equivalences in [18, Theorem 5.10] carries
over to the case of deformed maps, and one can show that there are homotopies
satisfying

φk ◦ ψk − Id = m1(hk), ψk ◦ φk − Id = m1(gk).

As in the proof of Proposition 11.64, the infinite composition

h = lim
k→∞

hk, g = lim
k→∞

gk

exists and gives a homotopy equivalence between φ◦ψ resp. ψ ◦φ and the identities.
�

11.8. The cone displacement formula

The cone condition on split tropical graphs resembles the Fulton-Sturmfels for-
mula [33] for the degeneration of the diagonal in a product X ×X of a toric variety
X. We describe the Fulton-Sturmfels formula here.

First, we describe a degeneration of the diagonal in the special case of a toric
variety possessing an invariant Morse function. For a compact oriented manifold X
with a Morse-Smale pair (f, g), the homology class of the diagonal ∆X ⊂ X × X
admits a decomposition

[∆X ] =
∑

x∈crit(f)

[W
s
(x)]× [W

u
(x)],

where W s(x),W u(x) ⊂ X are respectively the stable and unstable submanifolds of
a critical point x of the Morse function f : X → R. Now suppose that X is a
toric variety with moment polytope P , and a component of the moment map of X,
namely

〈Φ, η〉 : X → R, η ∈ t,

is a Morse function. Then any critical point is a torus-fixed point XQ ∈ XP , and
its stable and unstable manifolds are torus-invariant submanifolds XQ+ , XQ− and
correspond to faces Q+, Q− of the polytope P . Thus there is a decomposition of
the diagonal

(11.37) [∆X ] =
∑

Q∈P :XQ∈crit(f)

[XQ+ ]× [XQ− ].

Here we note that the homology classes of the torus-invariant submanifolds XQ ⊂ X,
Q ⊂ P span H∗(X). There are many ways to express the diagonal ∆X as the sum
of products of the classes [XQ]; the choice of a generic η ∈ t gives a decomposition
of the form (11.37).
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Example 11.66. In the case of projective space, the decomposition (11.37) of
the diagonal is just the usual Künneth decomposition

[∆Pn ] =
n∑
i=1

[Pi]× [Pn−i].

However, generic components of moment maps in toric varieties do not always
form a Morse-Smale pair. For example, in a two-point blow-up of P2, Φξ is not
Morse-Smale (when paired with a torus-invariant metric) for any ξ ∈ t. Indeed for
any ξ, there will be a gradient flow line connecting two critical points of index 2.

Given a generic vector η ∈ t, the Fulton-Sturmfels formula is a generalization of
the decomposition of the diagonal in (11.37) to the cases when a generic component
of a moment map does not form a Morse-Smale pair. For a toric variety X there is a
decomposition formula corresponding to every generic vector η ∈ t: Let Cone(Q±) ⊂
t denote the cones dual to the faces Q± ⊂ P := Φ(X). We write

(11.38) (Cone(Q−) + η) ∩ Cone(Q+) = {pt}
if the intersection between the displaced cones is a transversely-cut-out point, and
if so, let

(11.39) n(Q−, Q+) =
(span Cone(Q−) ∩ tZ) + (span Cone(Q+) ∩ tZ)

tZ
be the quotient of lattices in t, which is necessarily finite.

Theorem 11.67. (Cone displacement formula, [33]) There exists an equivalence
in the Chow group

∆ ∼
∑

(Cone(Q−)+η)∩Cone(Q+)={pt}

n(Q−, Q+)XQ− ×XQ+ .

Remark 11.68. (Relation to the cone condition for split maps) We describe the
relation between the Fulton-Sturmfels formula and the cone condition on split tropi-
cal graphs. The transverse intersection condition (11.38) for pairs Cone(Q+),Cone(Q−) ⊂
t in the Fulton-Sturmfels formula implies that the cones are transverse, their dif-
ference Cone(Q+)− Cone(Q−) contains the generic vector η, and consequently the
difference Cone(Q+) − Cone(Q−) generates the torus T . We may say that a toric
variety assigns, via the Fulton-Sturmfels formula, a number n(Q+, Q−) to every pair
of transverse cones in t that generate T , and whose difference contains η. In the split
map situation, the analogues of Cone(Q+), Cone(Q−) are the discrepancy cones for

the components of the split tropical graph Γ̃\Edges(Γ). The quotient n(Q+, Q−) is
replaced by the multiplicity of the split tropical graph.

For a split map u with a single split edge and discrepancy cones C±, if there is
a toric variety X and a critical point Q ∈ crit(Φη) whose cones Cone(Q±) are equal
to C± then we expect the multiplicity of the split map u to be equal to the num-
ber n(Q+, Q−) from the Fulton-Sturmfels formula applied to X. However, even the
case of a single split edge exhibits more complicated phenomena than the Fulton-
Sturmfels formula for toric varieties: The toric variety is a compactification of the
torus (C×)n, and the choice of compactification determines the numbers n(Q+, Q−)
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for pairs of transverse cones Q+, Q−. On the other hand there is no fixed compacti-
fication of ends when we study convergence of deformed maps. As a result there is a
larger set of cone pairs that occur as discrepancy cones of a split tropical graph with
a single split edge. This set of cones grows larger as the area of the maps increases.

When there are multiple split edges, our cone direction is chosen so that the
ratios between the vectors for different split edges are arbitrarily small. Splitting
the tropical graph with this increasing condition is equivalent to splitting one edge at
a time (as explained in Example 11.55), and the discussion in the previous paragraph
is valid at each of the splitting steps individually.





CHAPTER 12

Disk potentials and unobstructedness

In this chapter we finish the proofs of applications of the theory given in Chapters
1 and 2.

12.1. Unobstructedness

We apply the tropical Fukaya algebra to the question of obstructedness. We
introduce the following notation. Let P0 ∈ P be a top-dimensional polytope and let
L ⊂ XP0 ⊂ XP be an embedded Lagrangian submanifold.

Definition 12.1. The Lagrangian L is called a tropical moment fiber if

• XP0 is a compact toric manifold, and the tropical moment map ΦP0 : XP0 →
t∨ is an honest moment map, and
• L = Φ−1

P0
(λ) for a point λ in the interior of the polytope P0,

We prove the following Corollary which was stated in Chapter 1. We refer the
reader to Section 1.6 for the definition of weak unobstructedness of a Lagrangian
brane, and the consequences of being weakly unobstructed.

Corollary 1.7. (Unobstructedness of a tropical torus) Suppose that L ⊂ XP0

is a tropical torus equipped with a brane structure and that all the facets of P0 are
elements of P. For any generic cone direction η0 ∈ t∨, we have

m0
CFtrop(X,L,η0) = wx

where x is the unique maximum point of the Morse function on L and w ∈ Λ>0 is
an element of the positive part of the Novikov ring. In the tropical Fukaya algebra
CFtrop(X, L, η0),

b := wx ∈MC(L)

is a solution of the Maurer-Cartan equation, and the potential of the b-deformed A∞
algebra CFtrop(X, L, η0, b) is

W (b) := w1L.

Consequently CFtrop(X, L, η0), and hence CF (X,L), are weakly unobstructed.

Proof. We prove unobstructedness for the tropical Fukaya algebra CFtrop(L).
The tropical Fukaya algebra is homotopy equivalent to the unbroken Fukaya algebra
CF (L) by Theorem 1.4. Unobstructedness is preserved under homotopy equivalence,
see [18, Lemma 5.2].

301
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We first describe the perturbation datum for the moduli space of split maps.
Let J0 be the standard almost complex structure on XQ for all Q ⊆ P0. Since torus-
invariant divisors are relative divisors, Proposition 6.32 implies that J0-holomorphic
disks and spheres in XP0 are regular. Therefore, there is a coherent regular pertur-
bation datum p on X for which the almost complex structure on XP0 is standard.

Next, we show that m0(1) is a multiple of the geometric unit x . Consider a split disk

[u] of type Γ̃ → Γ contributing to m0(1), and whose boundary output asymptotes
to x0 ∈ I(L). Let

Γ̃1 ⊂ Γ̃\Edges(Γ)

be the connected component containing the disk components, and let u1 := u|Γ̃1
.

Let u′ be the split disk obtained by forgetting the boundary output leaf, and let
Γ̃′ → Γ be the type of u′. For any torus element t ∈ T , the split map

(u′t)v :=

{
tu′v, v ∈ Vert(Γ̃1),

uv, v ∈ Vert(Γ̃)\Vert(Γ̃1).

is not contained in the Ttrop(Γ̃,Γ)-orbit of u′. Indeed the tropical symmetry group
has a trivial action on XP0 , which contains the disk components. By the same

reason, for any pair t1 6= t2 ∈ T , the maps u′t1 , u′t2 lie in distinct Ttrop(Γ̃′,Γ)-orbits.
The regularity of u implies u′t is regular for all t ∈ T , Thus the tropical isomorphism
classes {[u′t] : t ∈ T} form a dim(T )-dimensional family in the reduced moduli space,
and therefore.

dim(Msplit

Γ̃′,red
(L)) ≥ dim(T ).

Since for the original split map u, the dimension of the reduced moduli space of

split maps Msplit

Γ̃,red
(L) is zero, the output is necessarily the geometric unit x . So,

m0(1) = Wx for some W ∈ Λ>0.
The existence of a solution to the projective Maurer-Cartan equation now fol-

lows: We first claim that m1(x ) only has zero order terms. If not, let u be a split
map with non-zero area contributing to m1(x ). By the locality axiom, and the
standardness of the perturbation datum on XP0 , we conclude that forgetting the
input in u produces a regular split disk u′ with no inputs. Since the index of u′

can not be negative, we conclude u can not exist for dimension reasons. Indeed, the
index of u is two more than the index of u′ : one from the choice of a boundary
incoming marking, and one from the weight on the incoming leaf. Therefore,

m1(x ) = x − x .

By a similar argument,

md(x , . . . , x ) = 0 d ≥ 2,

and consequently, Wx is a solution of the projective Maurer-Cartan equation. �

The unobstructedness result in tropical Fukaya algebras gives an alternate proof
of the Fukaya-Oh-Ohta-Ono result [35] on unobstructedness of toric Lagrangians in
toric manifolds.
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Corollary 12.2. (Unobstructedness in a toric manifold) Suppose X is a sym-
plectic toric manifold with an action of a compact torus T , and moment map Φ :
X → t∨. Then any Lagrangian moment fiber in X is weakly unobstructed.

Proof. Let X be a T -toric variety whose moment polytope is

∆ := Φ(X) = {x ∈ t∨ : 〈µi, x〉 ≤ ci, i = 1, . . . , N}

where µi ∈ t is the primitive outward pointing normal of the i-th facet of ∆, and
ci ∈ R. To show that a moment fiber Φ−1(λ) is unobstructed, we consider a broken
manifold XP obtained by the following cuts

〈x, µi〉 = ci − εi, i = 1, . . . , N

where εi > 0 is a small constant. In particular, we assume that 〈λ, µi〉 ≤ ci − εi and
the piece {〈x, µi〉 ≥ ci − εi} is a P1-fibration for all i. The fiber Φ−1(λ) ⊂ XP0 is
indeed a tropical torus because a toric invariant divisor of XP0 is of the form

{ x | 〈x, µi〉 = ci − εi } ,

and is a relative divisor. Therefore, by Corollary 1.7 the Lagrangian Φ−1(λ) is
weakly unobstructed. �

12.2. Tropical disk potentials

In a toric manifold leading order terms in the Batyrev-Givental potential ([8],
[38]) of a toric Lagrangian correspond to index two Maslov disks. In the notation
of the proof of Corollary 12.2 the Batyrev-Givental potential for the Lagrangian
L := Φ−1(λ) is given by

(12.1) WBG(y1, . . . , yn) =
N∑
i=1

∏
j

y
µi,j
j

 qci−〈λ,µi〉,

where µi = (µi,1, . . . , µi,n) is the primitive outward normal of the i-th facet of the
moment polytope. The next result shows that for a tropical Lagrangian L in a broken
manifold X the potential WCFtrop(X,L) of the tropical Fukaya algebra CFtrop(X, L)
contains all the terms of the terms of the Batyrev-Givental potential, and any other
term in WCFtrop(X,L) is higher order in the formal variable q compared to at least one
of the terms in the Batyrev-Givental potential. In the statement of the following
proposition, the ‘leading order term’ of a polynomial W ∈ Λ>0 refers to the non-zero
terms with the least exponent of q.

Proposition 12.3. (Leading order terms of the potential) Let P be the polyhe-
dral decomposition of the toric manifold X in the proof of Corollary 12.2, and let
XP be the corresponding broken manifold. The leading order terms of the poten-
tial of CFtrop(XP , L) coincide with the leading order terms of the Batyrev-Givental
potential.

Remark 12.4. The tropical disk potential WCFtrop(X,L) may contain higher or-
der terms that are not present in the Batyrev-Givental potential. For example, in
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u−
u−

ee
Homotopic

Figure 12.1. Proposition 12.3 : The tropical graph of the broken
and split map in the dual polytope. The edge e is a split edge.

the semi-Fano toric surface Xε (see Figure 2.1) that arises by deforming the sym-
plectic form in the cubic surface, the Batyrev-Givental potential only has 9 terms,
corresponding to each of the toric divisors. The tropical potential WCFtrop(X,L) has
twenty one terms.

Proof of Proposition 12.3. The terms in the Batyrev-Givental potential
correspond to disks of Maslov index 2 that have an intersection of 1 with one of
the toric divisors, and do not intersect the other toric divisors. We will show that
the potential of the tropical Fukaya algebra consists of a term corresponding to each
of these disks.

To describe the polytopes in P, we recall the multiple cut from Corollary 12.2.
We assume that the moment polytope of the T -toric variety X is

∆ := Φ(X) = {x ∈ t∨ : 〈µi, x〉 ≤ ci, i = 1, . . . , N},

where µi ∈ t is the primitive outward pointing normal of the i-th facet of ∆, and ci ∈
R. The multiple cut P consists of simultaneous single cuts along the hypersurfaces

〈x, µi〉 = ci − εi, i = 1, . . . , N

where εi > 0 is a small constant. There is a top-dimensional polytope PF ∈ P
corresponding to every face F ⊆ ∆, and two of these polytopes PF1 , PF2 intersect
exactly if either F1 ⊆ F2 or F2 ⊆ F1. Further, any polytope in P is of the form

PF1F2 = PF1 ∩ PF2 , F1 ⊆ F2

for a pair of faces F1, F2 in ∆, and dim(PF1F2) = codimF2(F1).
We use the following shorthand notation for cut spaces

XF1F2 := XPF1F2
, XF := XPF

for faces F , F1, F2 of ∆, and a further abbreviation for some cut spaces

X0 := X∆, Xi := XDi , X0i := X(Di,∆).

where Di is a facet of ∆, and 1 ≤ i ≤ N . The dual complex B∨ consists of a top-
dimensional polytope for every corner in ∆, and a zero-dimensional cell for every
face of ∆. For example, if ∆ is a three-dimensional cube, the dual polytope B∨ is
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as in Figure 12.1, where the grey dots are 0-cells, and the dotted lines bound one of
the top-dimensional cells.

Corresponding to every toric divisor of X there is a broken disk whose glued
type has Maslov index two, which we now describe. The perturbation datum used
to define the broken Fukaya algebra on XP is such that the almost complex structure
on X0 is standard, and the pieces X1, . . . , XN are fibrations

(12.2) πi : Xi → X0i

whose fibers are holomorphic spheres, each of which intersects the relative divisor
X0i ' Xi∩X0 at a single point. The index two disk incident on the i-th toric divisor
has two components : ubrok = (u+, u−). In this pair u+ : D → X0 is an index two
Maslov disk intersecting the relative divisor X0i at pi ∈ X0i, and u− maps to Xi

and is a fiber of πi in (12.2).
The broken disk ubrok is homotopic to a family of deformed disks

TC/TT (e),C 3 τ 7→ uτ , u0 = u.

Here uτ := (u+, u
τ
−) is a τ -deformed map, and uτ− is a sphere in XPi homotopic to

u− that satisfies

(12.3) pi := evX0i(u+) = eτ evX0i(u
τ
−),

where evX0i is the ordinary evaluation map at the lift of the nodal point w±(e)
mapping to X0i. The component u+ stays constant under variation of τ because it
is a disk of Maslov index two in the toric variety X0, and is therefore rigid.

The split map is the limit of a sequence of deformed broken maps whose deforma-
tion parameters τν approach the infinite end of the torus in a generic direction. As
ν →∞, the sequence of points e−τνpi ∈ X0i approaches a T -fixed point Xp,Di ∈ X0i,
where p ∈ Di is a vertex on the facet Di. Here we have used the observation that all
T -fixed points in X0i are relative submanifolds. Consequently, the sequence uτ con-
verges to a split map u∞ = (u+, u

∞
− ) where u∞− maps to the neck piece XP (p,Di)

. The

tropical graph underlying u∞ satisfies the cone condition for the following reason.
The quasi-split tropical graph Γ̃ underlying u∞ has vertices v+, v− corresponding to
u+, u∞− , which are connected by a split edge e. The vertex v− is free to move in the
dual polytope P∨(p,Di) which is n− 1-dimensional (see Figure 12.1). Thus the set of

relative vertex positionsW(Γ̃,Γ) is (dim(t)−1)-dimensional. The area and boundary
holonomy of u∞ are equal to the area and boundary holonomy of u, and therefore,
u∞ makes the expected contribution to the potential m0(1) of CFtrop(XP̂ , L).

Finally we show that all other terms in the potential of CFtrop(XP̂ , L) are of
higher order in q than at least one of the disks in the last paragraph. Denote the split
disk intersecting the divisor Di ⊂ X (from the last paragraph) by ui := (ui,+, u

∞
i,−).

Suppose u is a split disk that contributes to the potential, and is not equal to ui for
any i. There are two possibilities:

(a) The disk part of u, denoted by u : C → X0 is not a Blaschke disk of Maslov
index two. Since all the torus-invariant divisors of X0 are relative divisors,
we may conclude that u intersects more than one torus-invariant divisors,
say X0i and X0j , transversely. Since the constants εi, εj are small (or in
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other words the cut is close to the toric divisor of X), we conclude that the
area of u is larger than both the split disks ui, uj , and thus u contributes
to a higher order term.

(b) The disk part of u, denoted by u : C → X0, is a Blaschke disk of Maslov
index two intersecting the relative divisor X0i, but the other component(s)
is not the fiber sphere in Xi. Again, this configuration has a larger area
than the split disk ui = (ui,+, u

∞
i,−), since u = ui,+, u∞i,− is homologous to

a fiber sphere of area εi in Xi, and in the manifold Xi the fiber sphere has
the smallest area amongst all non-constant symplectic spheres.

This finishes the proof of Proposition 12.3. �

12.3. Potential on semi-Fano toric surfaces

Recall that in Section 2.1 we counted disks in a cubic surface by deforming the
symplectic form on the cubic surface to that of a semi-Fano toric surface. A complex
manifold X is semi-Fano if the first Chern number c1(TX|S) is non-negative on any
holomorphic curve S ⊂ X. In this section, we show that the disk potential of a
toric Lagrangian in a semi-Fano toric surface is well-defined if we use a perturbation
datum for which the almost complex structure is close enough to a divisor-preserving
almost complex structure – these are almost complex structures for which the torus-
invariant divisors are holomorphic. We also show that under some homological
hypotheses, the potential is preserved by a multiple cut on a semi-Fano toric surface.
These results justify our strategy in Section 2.1 to obtain the potential by counting
broken disks.

Definition 12.5. Let X be a toric symplectic manifold. A tamed almost com-
plex structure J on X is called divisor-preserving if all toric divisors Y of X are
J-holomorphic, that is, J(TY ) = TY .

Definition 12.6. (Potential for a non-regular almost complex structure) Sup-
pose J0 is a compatible almost complex structure on a symplectic manifold (M,ω)
and L ⊂ M be a Lagrangian with a brane structure. Let F = (FΓ)Γ be a coherent
regular domain-dependent Morse function on L. The manifold (X, J0, L) with Morse
datum F has potential

(12.4) W0(J0)1 , W0(J0) ∈ Λ>0

if the following holds: Given an area level E0, there exists ε > 0 such that for any
coherent regular perturbation p = (J, F ) such that J maps to an ε-neighborhood of
J0,

m0
CF (L,p) = W01 mod qE0 .

Proposition 12.7. (Potential on semi-Fano toric manifolds) Let X be a semi-
Fano symplectic toric manifold and L ⊂ X is a toric Lagrangian. Let J0 be a
divisor-preserving almost complex structure, and let F be a generic coherent domain-
dependent Morse function on L. The potential for the manifold (X,J0, L) is well-
defined in the sense of Definition 12.6.
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Proof. We first show that one can define m0 for the divisor-preserving almost
complex structure J0.

Claim. There is an element m0
J0
∈ Λ〈Crit(F )〉 such that for any area level E0

there exists ε > 0 such that for any coherent regular perturbation p that is ε-close
to J0,

m0
CF (L,p) = m0

J0
mod qE0 .

To prove the Claim, let us assume the contrapositive. Then there is a sequence
of coherent regular perturbations pν that converge uniformly to the constant Jstd,
and such that

m0
CF (L,pν) 6= m0

CF (L,pν+1) mod qE0

for all ν. Choose a regular perturbation morphism

pν,ν+1 = (Jν,ν+1, F )

with end points pν , pν+1, such that the sequence Jν,ν+1 converges uniformly to the

constant J0 as ν →∞. Since the potentials are unequal for pν and pν+1, there is a

pν,ν+1-quilted disk uν with no inputs, having index zero, and area at most E0, which
contains a non-constant quilted surface component Sv. Indeed, the boundary of the
one-dimensional part of the moduli space of quilted disks with no inputs consists of
quilted disks with a broken edge e (that is, `(e) = ∞), and the only configurations
where the map is constant on the quilted disk are those counted in µ0

CF (P ν) and

µ0
CF (P ν+1).

The quilted disk uν is of one of the forms shown in Figure 12.2, and we now rule
out both possibilities by a dimension argument. A subsequence of the sequence uν
converges to a J0-holomorphic treed disk u∞ of index −1. The limit u∞ also has a
broken edge, and let ui∞, i = 0, 1, · · · , be the maps obtained by cutting the broken

edges in u∞. One of these maps, say uj∞, has index −1 and the map on the surface

part is non-constant. The surface component in uj∞ is J0-holomorphic, and so, it
consists of

• disks that have positive isolated intersections with the toric divisors, and
so, have Maslov index at least 2;
• and spheres that have c1 ≥ 0 by the semi-Fano condition.

Consequently, if uj∞ does not have inputs, the index i(uj∞) ≥ 0, which rules out
configurations of the form (b) in Figure 12.2 for large enough ν. Suppose an input

leaf of uj∞ is the output of a treed disk uk∞ as in Figure 12.2 (a). By the same

reasoning used for uj∞ the surface part of uk∞ has Maslov index ≥ 2, and so, the
output is necessarily the maximum point x . Therefore, in Figure 12.2 (a), any input

to the (−1)-index disk uj∞ is x , and consequently, the disk uj∞ does not exist for
degree reasons since the surface component has Maslov index at least 2. Therefore
the configuration (a) is also ruled out for large ν. Thus the Claim is proved.

Finally, m0
J0

is a multiple of x as follows: For any sequence of regular pertur-
bations pν = (Jν , F ) that uniformly converge to (J0, F ), and a sequence of treed
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(a) (b)

Figure 12.2. Codimension one strata in a moduli space of quilted
disks with no inputs.

disks p
ν

disks uν with no inputs, of index zero, and uniformly bounded area, a sub-

sequence converges to a (J0, F )-disk u∞ of index 0. By the semi-Fano condition the
Maslov index of u∞ is at least 2, and since there are no inputs, a dimension count
dictates that x is the only possible output. �

Proposition 12.8. For a semi-Fano toric symplectic manifold, the potential
W (J0) does not depend on the choice of divisor-preserving almost complex structure
J0.

Outline of proof. Assuming the contrapositive, there is a sequence of quilted
disks that converge to a Jt-holomorphic disk of index −1 for some t ∈ [0, 1], where
Jt is a divisor-preserving almost complex structure. The existence of such a disk is
ruled out as in the proof of Proposition 12.7. �

The following Proposition gives a sufficient condition under which the potential
is not altered by multiple cutting of a semi-Fano toric surface.

Proposition 12.9. (When breaking does not alter the potential) Let X be a
semi-Fano toric surface, P a toric multiple cut, and L ⊂ XP0 a toric Lagrangian in
a component XP0 of the broken manifold XP . Let J0 be a broken divisor-preserving
tamed almost complex structure on X. Suppose for any broken J0-holomorphic disk
u in X, I(uglue) ≥ 2. Then the potential for (X, J0, L) is well-defined and is the
same as the toric potential for X equipped with a divisor preserving almost complex
structure.

Proof. Let Jν0 be the divisor preserving almost complex structure obtained
from J0 by gluing the cylindrical ends of X. Following the proof of Proposition 12.7,
if the Proposition were not true, there would exist

• a sequence of regular perturbations p
ν

on Xν that converge to the constant
broken almost complex structure J0,
• perturbation morphisms pν,ν+1 that also converge to J0,

• a sequence uν of pν,ν+1-quilted disks of index zero, uniformly bounded area,
each having a broken edge e (that is, `(e) = ∞), and a quilted surface
component on which the map is non-constant,

and consequently, after passing to a subsequence, the sequence {uν}ν converges to
a J0-holomorphic broken treed disk u∞ of index −1. Indeed, this is the only case
to consider, since in the proof of Proposition 12.7 we have already ruled out quilted
disks of the above form that converge to a Jν0 -holomorphic disk for a finite ν. The
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quilted disks in the sequence ν are of one of the two forms shown in Figure 12.2.
Copying the arguments from the proof of Proposition 12.7, each of the cases is ruled
out using the fact that for any J0-holomorphic disk u, the Maslov index I(uglue) is
≥ 2. �

Y1 Y2

Figure 12.3. A broken disk with Maslov index 0 in the second
Hirzebruch surface with the multiple cut P2 from Example 1.5.

Remark 12.10. (A counter-example) In Example 1.5 we saw that there is a
multiple cut P2 on the second Hirzebruch surface X := H2 for which the potential
of the broken manifold XP2 differs from that of the unbroken one X. The broken
manifold XP2 does not satisfy the hypothesis of Proposition 12.9 because there is a
broken disk u (shown in Figure 12.3) whose glued Maslov index I(uglue) is 0. The
map u contains a disk of Maslov index 4 and two spheres with self-intersection −1.

In the following result we verify that the multiple cut P on the cubic surface given
in Figure 12.4 satisfies the hypothesis of Proposition 12.9, and use it to conclude
that the multiple cut preserves the potential of the toric Lagrangian in the cubic
surface.

Proposition 12.11. In the multiply cut cubic surface X as in Figure 12.4
equipped with a divisor-preserving domain-dependent almost complex structure J0

and a toric Lagrangian L ⊂ XP0, for any J0-holomorphic broken disk u, the glued
Maslov index I(uglue) is at least 2. Consequently the multiple cut of Figure 12.4
preserves the potential of the toric Lagrangian L.

Proof. We first consider disks whose tropical nodes do not map to orbifold
singularities, and prove that their glued Maslov index is at least 2. We recall from
(6.22) that for a rigid broken map u : C → X of type Γ, the Maslov index of the
glued type Γglue is

(12.5) I(Γglue) =
∑

v∈Vert(Γ)

I(uv), I(uv) := I(uv)−
∑

e∈Edgetrop(Γ):e3v2µe,v,

where µe,v is the sum of the intersection multiplicities with all the relative divisors
at the lift of the node we on Cv, and I(uv) is the Maslov index of the disk/sphere
uv. Via a case-by-case analysis of the components of the map, we will show that
I(Γglue) ≥ 2. In the sequel, we say that v ∈ Vert(Γ) is a descendent of w ∈ Vert(Γ)
if there is an edge between v and w, and v is further from the root than w.

Case 1: If the map uv does not map to a toric divisor of XP (v) then I(uv) ≥ 0.

Indeed, in this case I(uv) is equal to the number of intersections of the map uv
with non-boundary toric divisors counted with multiplicity, which is a non-negative
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Figure 12.4. Left: Multiple cut P on the cubic surface X. Right:
Components of the broken cubic surface X.

integer. An inspection of the multiply cut cubic surface X tells us that this case
covers all maps uv where codim(P (v)) > 0.

Case 2: Suppose P (v) is top-dimensional, P (v) 6= P0, and uv maps to a non-
boundary toric divisor Y ⊂ XP (v). Then Y is a (−1)-curve and one of the ends of

Y intersects a non-boundary toric divisor Y1 ⊂ XP (v). Therefore, I(uv) = 0.
Case 3: Suppose P (v) = P0 and uv maps to a long divisor, say D′1. In this

case I(uv) is negative, but we show that its contribution is cancelled by positive
contributions from some descendent vertices of v. For the moment, we assume uv is
a simple cover of D′1. Then v has a descendent v1 such that

Case A: P (v1) = P1 or P01 or
Case B: P (v1) = P4 or P04.

Since (A) and (B) are symmetric, we only consider (A). If P (v1) = P1, uv1 inter-
sects either D′′1 or E′1, both of which are non-relative toric divisors of XP1 ; and if
P (v1) = P01, uv1 has an intersection with the thickening of D′1 ∩ D′′1 , which is a
non-boundary toric divisor of XP 01

. In both cases I(uv1) = 2, which cancels the

negative contribution I(uv) = −2. In case uv is a k-cover of D′1, then a similar
cancellation argument applies, using descendent vertices of v.

So far, we have shown that the sum of I(uv) over all vertices is non-negative.
We now show that the sum is positive. Consider a disk component v ∈ Vert (Γ)
on which the map is non-constant. The disk uv either intersects a long divisor, in
which case I(uv) ≥ 2; otherwise it intersects the relative divisor, say XP01 . In the
latter case, there is a descendent vertex v1 of v for which I(uv1) ≥ 2 using the same
argument as in Case 3. This finishes the proof in the case when the tropical nodes
of the broken disk u do not map to orbifold singularities.

In the case when a tropical node on a component uv maps to an orbifold singu-
larity in XP (v), we consider a toric resolution X̃v of XP (v) and a lift ũv : Cv → X̃v.

The formula (12.5) is applicable if the Maslov index I(uv) and the sum of inter-
section multiplicities µe,v are replaced by the corresponding quantities for the lift
ũv. The other arguments in the proof now carry over. In fact, the components uv
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mapping to orbifold points are covered by Case 1, since in the multiply cut cubic
surface, toric divisors in XP (v) do not contain orbifold singularities in their closure.

We have shown that in the multiply cut cubic surface X, the glued Maslov index
of any broken disk is at least 2. Therefore, we may apply Proposition 12.9 on X and
conclude that the potential of the toric Lagrangian L in the cubic surface is preserved
under the multiple cut P. This finishes the proof of Proposition 12.11. �

Remark 12.12. A curious reader may wonder whether the potential has the
same terms if the Lagrangian is in some other top-dimensional piece of the multiply
cut cubic surface. The potential has the same terms as the unbroken case when L
is a toric Lagrangian in any top-dimensional piece XPi , i = 0, . . . , 9 in the broken
manifold. Indeed, the proof of Proposition 12.11 can be replicated, and there are no
disks of Maslov index < 2 in each of the cases. However, if L ⊂ XPi , i 6= 0, the disks
can not be counted in a straightforward way, since some of the broken disks contain
components that are multiple covers of (−1)-spheres. For example, for the disk u in
Figure 12.5, the gluing uglue is homologous to the Blaschke disk of Maslov index two
that intersects the short divisor E5. A calculation using obstruction bundles shows
that this disk makes a negative contribution to the disk count. There is another
broken disk u′ in the same homology class, where the sphere uv3 is replaced by
two spheres uv3 , uv′3 , each of homology class [D′1] (see Figure 12.6), which makes
a positive contribution. We do not perform the obstruction bundle computations
here.

2

v1

v2

v3

v4

v6

v5

v1

v2

v3

v4 v5

v6

2[D′1]

[D′′′1 ] [E′′6 ] + [D′′′1 ]

[E′6]

D′1

D′′′1

D′′1

E′′1
E′2

E′′2

E′1

E′′6

E′6 E′′5 E′5

L

Figure 12.5. A broken map u whose gluing is a disk of Maslov index
two and intersects the short divisor E5, and which makes a negative
contribution to the disk count. The node (v1, v2) (whose v1-end maps
to an orbifold singularity) is similar to the node in Example 6.26 (b).
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v1 v2

v3 v4

v5 v6

[D′1] [D′′′1 ]

[E′′6 ] + [D′′′1 ]

[E′6]
v′3

[D′1]

Figure 12.6. The graph of a broken map u′ whose gluing is ho-
mologous to u, and which makes a positive contribution to the disk
count.
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Basel, 1993.

[79] P. Seidel. Graded Lagrangian submanifolds. Bull. Soc. Math. France, 128(1):103–149, 2000.
[80] P. Seidel. Homological mirror symmetry for the genus two curve. J. Algebraic Geom. 20:727–

769, 2011.
[81] P. Seidel. A∞-subalgebras and natural transformations. Homology, Homotopy Appl., 10(2):83–

114, 2008.
[82] P. Seidel. Fukaya categories and Picard-Lefschetz theory. Zurich Lectures in Advanced Mathe-

matics. European Mathematical Society (EMS), Zürich, 2008.
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morphism, 238

Adapted holomorphic map, 128
Almost complex structure
ωX-compatibility, 106
Cylindrical, 73
Locally strongly tamed, 71, 73
Locally tamed, 71, 73

Area
Basic area Areabas, 172
Dilated basic area Areabas

t , 172
Symplectic area, 152

from directionally increasing maps, 155
from increasing maps, 154

Background almost complex structure, 123
for a based perturbation, 262

Base almost complex structure, 67
Base tropical graph, 261
Based

broken map type, 263
Broken map with base, 263
perturbation datum, 262
curve type, 261
graph morphisms, 261

Brane structure on the Lagrangian, 239
Broken manifold, 10

Almost complex broken manifold X
P

, 73
Symplectic broken manifold XP , 64

Collapsing an edge, 123–125
for a based curve type, 261
for a quilted disk type, 251
Tropical edge collapse, 186, 208, 210, 272

Combinatorial type
of a curve with base, 261
of a deformed map, 267

of a holomorphic broken treed disk, 128
of a quilted holomorphic disk, 254
of a quilted treed disk, 248
of a split map, 275
of a treed disk, 84
of a weighted holomorphic disk, 245
of a weighted treed disk, 244
of adapted broken maps with base, 263

Cone
ConeQ P , 75
Cone condition, 274
Cone direction η0, 274
Discrepancy cone Disc(Γ̃,Γ), 273
Increasing cone, 270
Normal cone NConeQ P , 75
Rational polyhedral cone, 270
Relative translation cone w(Γ̃,Γ), 273

Connection one-form associated to a
cylindrical almost complex structure, 67

Curve, see Disk
Cut, 7

Multiple cut, 7, 59
Single cut, 58
Symplectic cut, 57

Cut space
Almost complex cut space, 73
Symplectic cut space, 60

Cutting an edge, 123–125
for a based curve type, 261
for a quilted disk type, 250

Cylindrical
X-symplectic cylindrical structure, 106
P -cylindrical end, 74, 76
almost complex structure, 73
Symplectic cylindrical structure, 67

Disk
Nodal disk, 82
Treed disk, 83
Treed disk with base type, 261
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Quilted disk, 248
Dual complex B∨, 62
Dual polytope, 62

Edge
Boundary edge, 82
Broken edge, 83
Edge length `(e), 83
Interior edge, 82
Internal edge, 89
Leaf edge, 82
Root edge, 83
Tropical edge, 89

Family of neck-stretched almost complex
structures, 71

Forgetting edges morphism, 245
Framing, 90
Fukaya algebra

Broken, 241
Broken, with based perturbations
CFbrok(L, η0), 263

Deformed CFdef(L, η), 268

Tropical CFtrop(L, η0), 279
Unbroken, 239

Gluable, 75, 106, 263
Glued type Γglue, 136
Gluing parameter, 188

Hofer energy
for a broken manifold, 165
for neck-stretched manifolds, 160

Holomorphic disks
Broken treed holomorphic disks, 81
Holomorphic quilted treed disks, 254
Weighted treed holomorphic disks, 245

Horizontal convergence, 192, 213
Horizontally constant, 92

Index
boundary Maslov index, I, 135
Maslov index of a map with nodes, 136
Maslov index, I, 135
Morse index of a critical point iMorse(x),

136
of a broken map, 15
of a broken map ibrok, 137
of a split map, 277
of an unbroken map i, 137
Adjusted Maslov index Iadj, 135

Inner product
ωX-inner product, 106
on t, 62

Locality axiom, 124

Making an edge length finite/non-zero,
123–125

for a based curve type, 261
for a quilted disk type, 251

Making an edge weight finite/non-zero, 245
Map, see also Holomorphic disks

Broken map with base, 263
Broken maps, see also Broken treed

holomorphic disks
Deformed map, 266, 267
Split map, 275

Map gluing parameter, 221
Matching condition at nodes, 91
Matching coordinates, 91
Maurer-Cartan equation, 22
Maurer-Cartan equation, 238
Moduli space

of broken maps Mbrok
Γ (L), 128

of broken maps, reduced Mbrok
Γ,red(L), 128

of deformed maps Mdef
Γ̃

(L, η), 267

of framed split maps Msplit

fr,Γ̃
(L, η0), 277

of quilted disks Mq
d( ),d( ), 249

of quilted holomorphic disks Mq
Γ(L), 256

of split maps Msplit

Γ̃
(L, η0), 277

of split maps,reduced Msplit

Γ̃,red
(L, η0), 277

of treed disks Md( ),d( ), 84
of treed disks with base MΓ̃,Γ, 261

Morse function on the Lagrangian, 87, 122
Multiplicity of an edge, 51, 91, 132

Neck piece, 10
Neck-stretched manifold, 69

Orientation for moduli spaces
of maps, 145
of treed disks, 84

Outgoing edge axiom for weighted disks, 243

Perturbation
Based perturbation datum, 262
Coherent perturbation datum, 124
Domain-dependent perturbation, 122

Polyhedral decomposition P, 7
Polytope

Delzant polytope, 59
Simple polytope, 59

Potential, 17, 22, 238
Potential of an A∞ algebra, see Potential
Primitive slope, 51, 91, 132
Projected tropical evaluation map, 93
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Relative divisor, 64
Rigid

broken map, 216
broken map with base, 263
deformed map, 267
split map, 275
tropical graph, 15, 99
unbroken map, 215

Root of a treed disk, 83

Semi-Fano toric surface, 31, 297
Short and long divisors in a cubic surface, 31
Slope condition

Approximate slope condition
on a relative translation sequence, 213
on a translation sequence, 206

for tropical graphs, 13, 88
on relative translations, 209, 210
on relative translations for a quasi-split

graph, 273
Squashing map, 157–160

for a broken manifold, 165
for cut spaces, 165
Unpartitioned squashing map, 160

Stabilizing divisor, 103
Broken stabilizing divisor, 108

Stabilizing pair, 103
in a broken manifold, 114

Translation, 77–79
Relative translation, 209
Relative translation going to infinity, 210
Relative translations for a quasi-split

graph, 272
Translation sequence, 191

Treed disk, 82
Tropical evaluation map, 93, 96
Tropical graph, 88

Quasi-split tropical graph, 272
Base tropical graph, 261, 266, 272
Split tropical graph, 274

Tropical Hamiltonian action, 60
Tropical manifold, 8
Tropical moment map, 60
Tropical symmetry, 15, 98, 99

for a broken map with base, 263
for a framed split map, 276
for a split map, 275, 276
of a deformed map, 267
via relative translations, 210

Tropical torus, 22, 303
Tropical vertex positions, see Vertex

positions

Tropicalization, 89
Type, see Combinatorial type

Unframed broken map, 93
Unital A∞ algebra, 237

Homotopy units, 242–248
Unital A∞ morphism, 239
Unobstructedness, 22, 303

Vertex
Colored vertex, 248
Disk vertex, 82
Quilted vertex, see Colored vertex
Sphere vertex, 82

Vertex positions
of a tropical graph W(Γ), 88
Relative vertex positions, 209
Relative vertex positions of a quasi-split

tropical graph, 272

Weakly bounding cochain, see
Maurer-Cartan equation
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