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Goal

» Original Goal - better understand algebra Qy, related
to factorizations of noncommutative polynomials.
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Goal -

» Original Goal - better understand algebra Qy, related
to factorizations of noncommutative polynomials.

» Accomplished - found decomposition of graded Qg
into S,-modules
- found decomposition for other algebras A(T")
associated with graphs I’
-techniques developed can be used on general A(I')
-considered interesting subalgebras
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History

» Classic problem - express coefficients of P(t) =
t"+an 1t" T+ tag=(t—y)(t—y2) - (t —yn)
in terms of the right roots

» Qp - algebra describing factorizations of P(t)

» study Q, as an algebra associated to a directed,
layered graph: lattice of subsets of {1,...,n}



Idea
» Qp has a natural grading.
» S, acts on each homogeneous component of graded
Qn.
» Each homogeneous component can be written as a
direct sum of irreducible S,,-modules
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Idea
» Qp has a natural grading.
» S, acts on each homogeneous component of graded

Qn.
» Each homogeneous component can be written as a
direct sum of irreducible S,,-modules

» can find decomposition for more general algebras
A(I") associated to directed, layered graphs I

Graded traces and
irreducible
representations

Colleen Duffy

Big picture



A(T) in words
» generated by edges in graph

» relations defined by associating a polynomial to each
path in I and requiring that polynomials for two paths
connecting same pair of vertices are equal in A(T")

v an
G
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A(T) in words
» generated by edges in graph
» relations defined by associating a polynomial to each

path in I and requiring that polynomials for two paths
connecting same pair of vertices are equal in A(T")

v an
G

» Examples: lattice of subsets of {1, ...,n}, graphs
whose automorphism group is the dihedral group on
n elements, graphs whose automorphism groups are
Coxeter groups, the complete layered graph, and the
Hasse graph of the lattice of subspaces of a
finite-dimensional vector space over a finite field
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Layered Graph T eiions
» T (W) - free associative algebra on set W over field k

» Letl = (V,E) - directed, layered graph with vertices
V and edges E

n n
» V = | JVi, E = JEi, edges go from level i to level
i—0 i—0
-1, Vo = {}
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A(T)
» path - sequence of edges 7 = {ey,...,em}

Definitions

» v > W - there exists a path from v to w.

> e(7T,k) = Z €, - €

1<ip<...<ik<m
fromP,(t) = (1 —tey)--- (1 —ten)
» can choose distinguished path from v to *; then write
e(v, k)
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A(T)
» Let R be the two-sided ideal of T (E) generated by

{e(m1,k) — e(m, k)} such that 71, 7, connect same
pair of vertices

» A(N) := T(E)/R

Definitions
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A(T)
» Let R be the two-sided ideal of T (E) generated by
{e(m1,k) — e(m, k)} such that 71, 7, connect same
pair of vertices
» A(M :=T(E)/R
» Let (v, k) denote the image in A(T') of ey - - - e.
» say (v,k) covers (w,l)ifv >wandk = |v| — |w]|,
write this as (v, k) > (w,1)
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Theorem
[RSW,Thm 1] - Let T = (V,E) be a layered graph,
n

V = JVi, Vo = {+}. Then B(T') := {&(va,k1)---&(vi, ki) :
i=0

| >0,v1,...,vi € Vi, 1 < ki < |vif, (Vi, ki) A(Vit1,Kiz1)}is

a basis for A(IN).
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Theorem
[RSW,Thm 1] - Let T = (V,E) be a layered graph,
n

V = JVi, Vo = {+}. Then B(I') := {&(va,k1) - &(vi, ki) :
i=0

| >0,v1,...,vi € Vi, 1 < ki < |vif, (vi, ki) A(Vig1,Kiz1)}is

a basis for A(IN).

» write e(v, k) for &(v, k) from now on



Graded A(T)

|

1stgrading: T(E) = >_; T(E)[ is given by degree in
the tensor algebra
2nd grading: T(E) = > T(E); where

i>0
T(E)i=span{er---e :r>0,e €Ey,li+ -+l =i}
2nd induces filtration

» So, T(E) can be identified with associated graded

algebra

> gr(T(E)/R)=T(E)/(9rR)
> If (v,K) > (u,l), e(v,k +1) —e(v,k)e(u,l) in grR
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A(T)’
» dual of graded algebra - A(T)' := T (E*)/(grR)*
» presentation - generators: {e(v,1)*} e
relations:
{e(v,1)*e(u,1)*:v Auju{e(v,1)" ) e(u,1)*}

v>u
» take fixed generators to get a subalgebra of the dual



A7)
» o - automorphism of graph that preserves layers
» [7:=(V,,E,)
-Vo={veV:ol)=v}
- E, - edges that connect vertices minimally
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A7)

» o - automorphism of graph that preserves layers

» [7:=(V,,E,)
-Vo={veV:ov)=v} subelgera of (")
- E, - edges that connect vertices minimally

» A(I?) :=span{e(vy,ky)---e(vi, k) : 1 >0,vq,...,v €
Vo\x, 1 < ki < |vil, (Vi ki) A (Vi1 Kig1)}

» Theorem - A(I'?) is a subalgebra of graded A(I')
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A(r7)
» presentation - generators:
{e(v,k) :veV,,1<k<|v|}
relations: Subalgebra of grA(T")
{e(v,k+Il)—e(v,k)e(u,l): v >u e V,,k = |v|—|ul}.
» can form dual of subalgebra

» A(T'?) are examples of algebras associated to
generalized layered graphs
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Automorphism Group
Lemma

AUt(A(T)) D k* x Aut()

Main Theorem

If I satisfies i) more than two vertices in level 1, ii) no two

vertices are above same set of vertices, and iii) there are e
either zero or two paths between any two vertices which

are two levels apart in I', then Aut(A(I')) = k* x Aut(l'), k

the base field.

Proof.
(idea) The relations in the algebra must be preserved. O
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Definition of Graded Trace
» Hilbert series of graded algebra A -
H(A,t) = 3 dim(A(1) )t
» Let o be an automorphism, then the graded trace of
g on A(T) is Ty (A(N),t) = > (Trofagry, ¢
» Because the basis of A(I) is invariant under o, the
trace of o on grA(l') is the number of fixed basis
elements.

» Tr,(A(l),t) is the Hilbert series of A(I'”)



Use of Graded Traces
» consider associated graded algebra, grA(IN)
> ¢1,..., ¢ - all of the distinct irreducible
representations of AutA(T")
> Xj - character afforded by ¢,
> AutA(T") acts on each A(T)ij,

» so the completely reducible AutA(T")-module A(I")ji
!
may be written as €5 mj ¢
=1
» m = (CT)~1Tr(t), Cis character table
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Calculating Graded Trace - Method 1

Let | - | denote the graded trace in this theorem.

W(r?) :=span{e(v,k) : 1 > 0,v € V,,1 <k < |v[}

R(I7) := span{e(v,k)e(u,l): v >u € V,,k = |v| — |u|}
Theorem Graded Trace

o\| — 1
AT = 1—|W (F9)[+[R(F)[=[R(F7)W (F7)NW (T )R(F) 4+




Calculating Graded Trace - Method 2
Main Theorem

_ 1-t

Tro(A(T),t) = 1t Z (_1)|—1t\V1\—|Vl\
V> >V >
Vl?"'7V|EVU

Proof.

(idea)Write linear recurrences in matrix form involving
subsets of the basis and of products of generators. We
get a Mobius-type matrix.
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A(Tp,)
Hasse graph of n-gon.

NE
Theorem

a) If n > 3, Aut(A(I'p,)) = k* x D, k the base field
b)Ifn=2, Aut( ( ,)) = {M e GL(3,k): M =

1 1 1 2
C; +¢C; cl—lc2 cz—lcl j N
0 c% . c% , ,¢ € kVi,j}
0 cT C; +¢; —cCf
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Example using Method 1:
» W(I ) has basis {e(u,3), e(u, 2), e(u, 1),
e(Vii+1,2), e(Vii41,1), e(w;, 1), 1 <i <n}
Algebra

Associated with
Polygons
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Example using Method 1:
» W(I ) has basis {e(u,3), e(u, 2), e(u, 1),
e(vii+172)1 e(vii+17 1)! e(Wi7 1)’ 1 S | S n}
» Reducible words of degree 2: e(u, 2)e(w;, 1),
e(u,1)e(vii+1,2), e(u,1)e(vii+1,1),
e(vi i+1, 1)e(Wi7 1)1 e(Vi i+1, 1)e(Wi+l7 1)
Algebra

Associated with
Polygons



Example using Method 1:

» W(I ) has basis {e(u,3), e(u, 2), e(u, 1),
e(Vii+1,2), €(Vii1,1), e(wj, 1), 1 <i <n}

» Reducible words of degree 2: e(u, 2)e(w;, 1),
e(u,1)e(vii+1,2), e(u,1)e(vjit1,1),
e(Viit1, 1)e(wi, 1), e(Viiy1, 1)e(Wiy1, 1)

» Overlaps of reducible words:
e(u,1)e(vii+1,1)e(w;,1),e(u,1)e(viirs, 1)e(wir1)
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Example using Method 1:

» W(I ) has basis {e(u,3), e(u, 2), e(u, 1),
e(Vii+1,2), e(Vii41,1), e(w;, 1), 1 <i <n}

» Reducible words of degree 2: e(u, 2)e(w;, 1),
e(u,1)e(vii+1,2), e(u,1)e(vjit1,1),
e(Viit1, 1)e(wi, 1), e(Viiy1, 1)e(Wiy1, 1)

» Overlaps of reducible words:
e(u,1)e(vii+1,1)e(w;,1),e(u,1)e(viirs, 1)e(wir1)

» Thus, Trig(A(I'p, ), t) =,

e (e (R ) e G R G

1—((2n+1)t—(2n—1)t2+t3)
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Example Using Method 2:
» s=(2n)(3n —1)(4n — 2)--- (n even) fixes the top
vertex, the minimal vertex, and two vertices on level
two
u
viz Vo104
Algebra
Associated with
% Polygons
rS

D2n



Graded traces and

Example Using Method 2: irreducible

representations

» s=(2n)(3n—1)(4n —2)--- (n even) fixes the top Celaniouily
vertex, the minimal vertex, and two vertices on level
two

» coefficient of t°: 4 (each vertex)
» of t1: v v
oft u> 12, u> %+1g+2

» of t2: v *, V *
12 > % Vo040 >

» of t3: * v %, an v *.
of t°:u >, u>vyy >x% andu > 141042 >

1—t 1—t Algebra
— — — — Associated with
> Trs(t) T 1-t(4-2t-2t2413) T 1-t(2-1)(2—-t2) Polygons

u
VL/\’gﬂgu

S
rDZn
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» Graded trace generating functions:
— Tr. — 1-t
a=Trg(A(l,):t) = =G e oo
b =Tr15. 0y (A(MD,), 1) = TG
¢ =Trs(A(lp,),t) = Tr(12~~~n)s(t) ﬁ
i 1 l
a + 2n b i Algebra
2n (a b) Asgsociated with
— Polygons
» Let n be even. Then, m(t) = ( b)




Qn

Algebra associated with the lattice of subsets of {1, ...

Theorem

7n}

Graded traces and
irreducible
representations

Colleen Duffy

Qn



Qn - Main Theorem

Theorem

Leto € Sy, and o = o1 - - - o be its cycle decomposition.

Denote the length of o; by ij. Then

TrU(Ql’la t) —

1-t

m

1-t]J2-th)

i=1
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Proof: If w C {1,...,n} is o-invariant, let |w| be the

number of o-orbits in w. Also, let O; denote the non-trivial
orbit of ;.
By some lemmas,

Z (—1)'thal=ml+1

V1D---DV D0
= Z (_1)HV1H—||V|H+1t|V1|—\Vl|+1
{l""’n}gvlgvlgw

— Z (_1)||W||+1t\W|+1 - Z2m—||W||(_1)HWH+1t|W\+1 Qn

W,V w
WﬂV|:®



Proof continued:
The o-invariant sets w are unions of o-orbits. Write
a; = 1if O is contained in w and a; = 0 if not. We can

then write ) ~ 2™~ IWl(—1)Wli+1wi+1 as
w
Z (—l)z aj+12m—z ajtZ(aj ij)-'rl:

aly---yamE{O,l}

—t Z ﬁ(_l)ai 21-aaj;

a,.. ,ame{O 1}j=1

— _t H Z 1)321 -3t
j=1a=0
m

=-t]J2-tY)
=1
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Qn - example
» Example for n = 4 and 1st three degrees:

‘ Xtriv. Xsgn X3  Xreg Xsgnxreg
md,,l 4 0 1 3 0
My | 26 1 17 36 13
My 3 219 54 239 434 273

» Can write multiplicities in terms of Frobenius formula

Qn
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Qn - example
» Example for n = 4 and 1st three degrees:

‘ Xtriv. Xsgn X3  Xreg Xsgnxreg
md,,l 4 0 1 3 0
My | 26 1 17 36 13
My 3 219 54 239 434 273

» Can write muItipIicities in terms of Frobenius formula

1+t H t)'k o

> Tra(nglvt) - k=1 1+t




Octahedron
One example is the algebra associated to the Hasse
graph of the octahedron.

V123456

» Automorphism group is k* times the symmetry group
of the octahedron.

» 10 conjugacy classes, 6 distinct graded trace
generating functions

» Same results for the algebra associated with the
Hasse graph of the cube
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Complete Layered Graph

Say there are r; vertices in level j, j > 0 (1 minimal vertex
in level 0). The automorphism group of the algebra
contains K* x Sy, x --- x Sy,.

Theorem
Let m; be the number of vertices in level j fixed by
oy €Sy. Leto =0y x - xop, €Sy X X Sy, Then
Tro (AT, ) 1) = .
—t

1=tk o 2ok (=1)my(my_ 1 =1)(mj o —1)--(Mj 1 —1)mj ¥
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Hasse Graph of the Lattice of Subspaces of a
Finite-dimensional Vector Space over a Finite Field

» Denote algebra by A(L(n,q))
» Automorphism group contains k* x PGLn(Fq)

» Write matrix in PGLn(Fq) in canonical form (we will
consider those that can be put into Jordan canonical
form)

» Only need to consider matrices with one eigenvalue



A(L(n,q)) - reduction to one eigenvalue

Proposition

Let T € GLn(Fq) be a matrix in Jordan canonical form
with distinct eigenvalues Ay, .., A¢. Let Ty, € GLnj(Fq) be
the submatrix of T containing only those blocks with
eigenvalue ;. Finally say 11_;

generating function of T, acting on A(L(n;,q)). Then
1-t

—
1—tHfAJ.
j=1

Trr (A(L(n,q)),t) =

t
N

is the graded trace
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A(L(n,q)) - proof
Proof.

> L(nvq)T = L(nvq)TAl X X L(nvq)TAk'
> fy = Z (_1)|+1t\V1|—\V|\
]

V1> SV >k

» (v,w)-entry of Mobius matrix 2 (comes from proof of

Method 2) is

DO S e LA

V:V1>"'>V|:WZ*

» 1Tal = Z
V1> >V 2>k
> fioxH = flc @ fin

(—1)Fhal=vl — 1
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Graded traces and

representations
A(L(n,q)) - proof continued Colleen Dufty
Proof.
faixxn =
ihll_—(n’q)nl x-xL(n,q) Ak 'aL(n,q)TM L () K 1L(n7q)TA1 L)
—1T®-® IT)(/QL(n’q)TAl ® @ fi ) T, e o)
N (II(M) M AL(n,Q)T*l L(n,Q)T*l) “(II(n,q)TAk ﬁL(n,q)TAk IL(n,q)T*k)
=ty - Fa

D Vector Space over Finite
Field



A(L(n,q)) - counting subspaces

v

v

v

v

v

v

T has one eigenvalue ), k blocks

V =V[g = Va, ® - @ Vg indecomposable
W=Wy=W, & oW, oW, & - -aW,-
invariant subspace of V

g > > >ip>1 iy =---=ir=1,r<k.
Via—1 =Va,-1® - ® Va1

Nia,i] - number of invariant subspaces W/;; of V(4
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A(L(n,q)) - counting subspaces

Proposition
The number of invariant W C Vi is

Niai) = (@) (57) N1

Vector Space over Finite
Field



A(L(n,q)) - counting subspaces

Proposition

The number of invariant W C V(g is

N, = (g*")" (l:::ll)qN[a—l,i—l]-

This proposition and the previous are enough to allow us

to calculate the graded trace for any matrix in Jordan
canonical form acting on A(L(n, q))
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VEQVEa VP o VP 1
WaaW2aWP wWaawPew? q+1,q+1
W2 e WaW2oWPLWPaoW?  1,(q+1)%1
wa, wp g+1,9+1

A AV

2V3ae VP g+ V3@ 2vh g +1

a b
2Vl EBZVZ

L(4,q)"



An Example
2V2 @2V
2Vaa VP g+ V3@ 2Vh q+1
2V2a 1
1 2vPh 1
vaq + 1 17q -+ 1
T,a b
L(4,q) “1%% (0)
1-—t
TrT =

T 1-t((q+3) —2(q + 1)t +qt2)?
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Questions?

Vector Space over Finite
Field



	Background
	Big picture
	Definitions
	Associated Graded Algebra

	Two Related Constructions
	Dual Algebra
	Subalgebra of grA()

	Theorems Needed
	Automorphism Group
	Graded Trace

	Algebra Associated with Polygons
	Qn
	More Examples
	Coxeter groups
	Complete Layered Graph
	Vector Space over Finite Field


