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Colleen Duffy
Stability of Architectural Structures

Architects are not only concerned with the purpose and appearance of the building they are designing, but also with its stability.  Some interesting questions come up when talking about a structure’s stability, such as the mathematics behind determining if a structure will be stable and what types of designs or shapes are generally more stable.  First the mathematics, then the Platonic solids as examples of structures, will be considered.

Stability is generally defined to be when the structure will maintain its basic shape, not collapse, and location when subjected to moderate forcing.  It is important to look at it in both the static and dynamic cases.  First, the static aspects will be considered.  To begin with, a structure is made up of bars connected at joints.  The bars can be slightly elongated, but not bent, and they act like two or three-dimensional springs with large spring constants – the larger the spring constant the more force that is required to stretch the spring.  Also, the bars can rotate to a degree at the nodes, where the bars come and are held together.  This system of bars can be approximated by a linear system.  


Various linear equations govern this system.  The first is the elongation of a bar is equal to the dot product of the unit vector pointing towards the node (along the bar) and the displacement vector of that node.  This comes from the linear Taylor polynomial of the change in length of the bar.  In matrix form this is represented by e=Au.  The elongation of a bar e refers to how much the bar was stretched, or its change in length.  The displacement vector u indicates in which direction a vertex, node, moved from its original position.  Displacement occurs in the x, y, and z directions, so u will have 3n entries (where n is the number of nodes in the structure): u=(u1,u2,…,un)T = (x1,y1,z1, x2,y2,z2 …xn,yn,zn)T.  For instance, a node ai with coordinates (ai, bi, ci) would be displaced to ai+(ui where ( is the magnitude of displacement, in this case taken as being small.  The matrix of unit vectors A, called the incidence matrix, has as many rows as there are bars in the structure and three columns for each free node (size is m X (d*n), m is the number of bars).  A free node is a vertex that is allowed to move in space, whereas a fixed node would be one that cannot have a displacement.  The entries are given by (ai-aj)/||(ai-aj)|| = n.  The first column for a node is for the x-component of the unit vector connecting two nodes, the second for the y-component, and the third for the z-component.  If there is no bar connecting two nodes, the entry for those spaces is zero.  It can alternatively be thought of in this way: if only one bar out of three comes into node one, and is also connected to node two, then a11 equals the x-component of the unit vector from node two to node one 
[image: image1.wmf], a12 equals the y-component 
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[image: image3.wmf], and a21, a22, a23, a31, a32 and a33 are all zero.  If a node is fixed, then those columns corresponding to that node are deleted.  This can be reasoned as their displacements are zero, and therefore add nothing to the elongation.  The deletion of the columns shows in matrix form that the structure is more stable.  

Example: This structure has the shape of a tripod.  The coordinates for its nodes are: (0, 0, 1), (1, 0, 0), (-.5, .866, 0), and (-.5, -.866, 0).
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Figure 1
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Figure 1a

The structure also obeys Hooke’s Law y=Ce. The spring constants are represented in matrix C (a diagonal, positive definite matrix), and y is the vector of internal forces.  An internal force is if the bar is in tension (yk>0) or in compression (yk<0).  In order for the structure to be in equilibrium, and therefore not collapse, the internal and external forces have to balance at each node.  The external force on node i is fi.  If bar k terminates at node i, then it exerts a force –yknk on the node, where nk is the unit vector pointing towards the node in the direction of the bar (as in the incidence matrix A).  To balance the sum of forces at each node must equal zero.  The matrix form of this requirement is f=ATy.


Now, this information can be compiled in the displacement equation f =Ku, where K=ATCAu is the stiffness matrix.  Theorem 6.6 and corollary 6.7 give that a structure will be stable, the external force f will maintain equilibrium, if and only if A has a trivial kernel (ker A = {0}) or f is orthogonal to the kernel (Olver-Shakiban 173).  The kernel is found by setting matrix A equal to zero and solving, usually by putting it into reduced row echelon form.  If the kernel is not trivial, it shows what motions will take place; they could be either rigid motions or mechanisms.  

Example:  The reduced row echelon form of A is:
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This gives the kernel, which shows that there are nine motions in the structure.



A rigid motion is one in which the structure moves; this could be either as a translation or a rotation.  Nodes are fixed to eliminate these rigid motions.  If the kernel is still not trivial after this reduction of the incidence matrix, this represents mechanisms in the structure.  In linear approximation a mechanism, then, is a motion of the nodes that does not alter the lengths of any of the bars.  It does not qualify as rigid, however, because it changes the underlying geometry of the structure.  Bars are added to eliminate mechanisms.  In order to know the minimum number of bars and fixed nodes that are needed to make a structure stable, Theorem 6.8 gives that d nodes in Rd need to be fixed and the number of bars equals d times the number of free nodes (Olver-Shakiban 176).   

Example: Since the dimension is three, we need at least three fixed nodes.  We will fix points 2, 3, and 4.  This reduces A to:
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Figure 2a

The reduced row echelon form of this new A is the Identity matrix.  This means that the kernel is trivial, so the structure is rigid.  This structure also is statically determinate.  

Once the structure is stable, the forces can be determined by solving for them.1  If the resulting matrix is square and nonsingular, then in addition to it having a trivial kernel, it is also statically determinate.  This means that the internal forces y can be determined directly by using the equation f=ATy for a given force.  K and u can also be solved for.   

Example: The stiffness matrix K for this stable structure is:
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Figure 2b

To determine the displacements we take the inverse of K times the force vector.  So, u=K-1*f where K-1=
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Figure 2c
If we wanted to know the displacement due to gravity, we would use the force vector f=(0, 0, -1)T.  We then get u=(0, 0, -.667)T.  This means that node one is being displaced .667 units down.  Part of the structure does move, but the structure does not collapse.

If another bar was to be added, then it would now be a rectangular matrix.  This is statically indeterminate because we cannot find the inverse of AT, so we cannot solve for y directly.  To find y first find K, then u (f=Ku), and then find y (y=CAu).  With all of this information, it can be determined whether or not a structure is stable and what forces are acting on it.


Another aspect of a structure is its vibrations - the dynamics of the structure.  This can also affect its stability.  In an unstable structure external forces, or its internal forces/vibrations, can make it collapse.  For a stable structure it is possible that if a forcing frequency was at the normal frequency of the structure it would collapse.  An example of this is the Tacoma Narrows Bridge in Washington.  A structure’s dynamics can be described by solving the coinciding second order linear differential equation.  The solutions to these differential equations can be described in phase-amplitude equation form.  


According to Newton’s Second Law, force equals mass times acceleration, or mass times the second derivative of the displacement with respect to time.  The external force, f=Mu’’, has to balance the internal force f= -Ku, so –Ku=Mu’’.  To begin solving this equation it will be assumed that all of the masses at the nodes are equal to one (bars have negligible mass).  In starting with the ansatz u(t)=cos((t)v (this ansatz is used because it is similar to the solution to the scalar differential equation) and differential equation d2u/dt2=-Ku, it leads to the conclusion that the differential equation can only be solved in the form of the ansatz if Kv=(2v.1  By definition, this means that v is an eigenvector and (2  is an eigenvalue of K.  

Example: We will now explore what happens with the dynamics in three-dimensional structures.  The stiffness matrix in our example was
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Figure 3a
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Figure 3b

=(.75-((((((-((((((-(( we get the eigenvalues to be .75, .75, and 1.5.  The eigenvectors are v1=(-1, 0, 0), v2=(0, -1, 0), and v3=(0, 0, 1).  Taking the square root of the eigenvalues we get the frequencies to be approximately .866, .866, and 1.2248.  This structure has three different modes of vibration as a part of its motion.  It moves back and forth along the x-axis, y-axis, and z-axis.  

Since K is a positive definite matrix (K=KT) when the structure is stable, all of its eigenvalues are positive.  Using the ansatz, the solution is u(t)=((cicos(it+disin(it)vi = (ricos((it-(i)vi.  

Example: The equation representing the motion of the structure with all of its vibrations is u(t)=r1cos(.866t-(1)[-1 0 0]T + r2cos(.866t-(2)[0 –1 0]T + r3cos(1.2248t-(3)[0 0 1]T.
Figure 3c
Each summand in this solution is a normal mode of vibration and (i is the normal frequency for that node.  The period of this motion is Pi=2(/(i.  So, to find the vibration in a structure, find its stiffness matrix then find the corresponding eigenvalues and eigenvectors.


Slight modifications are necessary when taking mass, friction, or forcing into account.  The mass is a diagonal matrix having d entries for each node.  For example if nodes two and three were free, then M=[m2 0 0 0 0 0; 0 m2 0 0 0 0; 0 0 m2 0 0 0; 0 0 0 m3 0 0; 0 0 0 0 m3 0; 0 0 0 0 0 m3].  The differential equation would be u’’=-M-1Ku, and M-1Kv=(v.  The eigenvalues and eigenvectors now correspond to M-1K.  

Example: Let us now take mass into account.  The masses of the four nodes will be 5, 2, 2, and 2 units.  This reduces the eigenvalues by a factor of five: (=(.15, .15, .3).  The frequencies are than cut in half to be (=(.3873, .3873, .5477).  If, however, we take the masses to be 2, 5, 5, and 5 units, then the eigenvalues are only cut in half.  The reason is that only the mass of node one affects the structure because the other three are fixed.  This shows that to induce less vibration the structure should have more mass at the top.  Figure 4 

Note: In the program written by P.J. Olver in Matlab the command dyst(B,V,F), after putting in the appropriate values for B, V, and F, will give you the eigenvalues, eigenvectors, frequencies, and will show the motions of the structure.  To have the nodes be different masses, make a matrix M equal to the masses of each of the nodes.  Then to see the dynamics of the structure, type dyst(B,V,F,M).  This changes the K matrix to M-1K, and the values are found from this new matrix.

The coefficient of friction matrix, B, also is a diagonal matrix in the same form as M.  It changes the differential equation into Mu’’+Bu’+Ku=0.  For external forcing the differential equation is Mu’’+Ku=(cos((t))a, where a is the forcing vector.  It has already been determined how to find the solution to the homogeneous part, the general solution.  What is left is to find the particular solution.  If the ansatz u(t)=(cos((t))w is used, it leads to the linear system (K-(2M)w=a.  This equation can be solved for any a if (2 is not a generalized eigenvalue of the pair K, M; in other words, if K-(2M is nonsingular.  However, if this is not the case, then a solution will exist if and only if a is orthogonal to the kernel (eigenspace) of K-(2M.1  As was shown, different situations require modifications to the basic differential equation.


Now some examples of structures can be evaluated.  These five structures are the platonic solids.  All of them were evaluated using the program designed by Peter Olver in Matlab.   The program works by computing the math just discussed for the information entered; it says if the structure is stable or not and gives its instabilities and vibrations.  The user has to decide how the structure can be made stable.  The ways shown here on how to make each structure stable are not unique; several solutions were found.  

There are five platonic solids.  A platonic solid is one that is made up of the same regular polygons for its faces, and these faces and the angle they meet at are all the same.  The cube has squares for its faces, the tetrahedron, octahedron, and icosahedron use equilateral triangles, and the dodecahedron has regular pentagons.  Even though the platonic solids are not often used in design, some of their characteristics are implemented. 

Cube


The cube has six faces, eight vertices, and twelve edges.  Each face is a square, and they meet at the vertices at ninety-degree angles.  I chose the vertices of the cube to be at (0, 0, 0),  (0, 0, 1),  (0, 1, 0),  (0, 1, 1),  (1, 0, 0),  (1, 0, 1),  (1, 1, 0), and (1, 1, 1).  The bars lie between vertices 1-2, 1-3, 1-5, 2-4, 2-6, 3-4, 3-7, 4-8, 5-6, 5-7, 6-8, and 7-8. This structure is not rigid; it has twelve motions.      

I tried fixing nodes 1, 3, 5, and 7 to eliminate the motions; there were still four motions.  I then added bars between 5-2, 2-3, 3-8, and 8-5.  The cube was then rigid.  

One option, then, to make a cube stable is to fix four vertices and add four bars diagonally across its four sides.  Another option is to only fix three points, such as 1, 3, and 5, and add five bars (for instance, the extra one going across the top).  In this stable form, the cube has twelve modes of vibration.  All of the frequencies of these vibrations come in pairs.

Tetrahedron


A tetrahedron has four faces, four vertices, and six edges.  All of its faces are equilateral triangles.  The tetrahedron has a pyramid shape.  I chose the vertices to be (0, 0, 0), (0, 1, 0), (.866, .5, 0), and (.2887, .5, .8165).  The bars connect nodes 1-2, 1-3, 1-4, 2-3, 2-4, and 3-4.  This structure has six motions.  

To eliminate the motions it is necessary to fix three points.  I fixed vertices 1, 2, and 3.  If you only fix two points, you are left with one motion and there is no way to add extra bars.  When the structure is stable, it has three modes of vibration (with fixing points 1, 2, and 3 the frequencies are .707, .707, and 1.414).

Octahedron


The octahedron is an eight-sided solid with six vertices and twelve edges.  Its faces are also equilateral triangles; four triangles meet at each vertex.  I got the coordinates for its vertices from the ScienceU web site3.   They are (0, -.575, .575), (0, -.575, -.575), (0, .575, .575), (0, .575, -.575), (.813, 0, 0), and (-.813, 0, 0).  I needed to figure out which vertices were connected.  Connecting vertices 1-2, 1-3, 2-4, 3-4, 5-1, 5-2, 5-3, 5-4, 6-1, 6-2, 6-3, and 6-4 forms the edges.  There are six motions in this structure.  

Once again we must fix three nodes.  Also, adding bars rather than fixing points will not make the structure stable; no additional bars are needed.  Any three vertices can be fixe; I fixed vertices 2, 4, and 6 so that the octahedron could sit on one of its faces.  There are nine modes of vibration in this stable structure.

Icosahedron 

An icosahedron has twenty faces, twelve vertices, and thirty edges.  Each face is once again an equilateral triangle.  Five faces meet at each vertex.  The coordinates for the vertices3 are (-0.692, 0, 0.427), (0, 0.427, -0.692), (0, 0.427, 0.692), (0.692, 0, -0.427), (-0.427, -0.692, 0), (-0.427, 0.692, 0), (0, -0.427, 0.692), (0.427, 0.692, 0), (0, -0.427, -0.692), (0.692, 0, 0.427), (0.427, -0.692, 0), and (-0.692, 0, -0.427).  I needed to figure out which vertices are connected.  They are connected: 1-3, 1-5, 1-6, 1-7, 1-12, 2-4, 2-6, 2-8, 2-9, 2-12, 3-6, 3-7, 3-8, 3-10, 4-8, 4-9, 4-10, 4-11, 5-7, 5-9, 5-11, 5-12, 6-8, 6-12, 7-10, 7-11, 8-10, 9-11, 9-12, and 10-11.  The icosahedron has six motions.  

Like the other platonic solids based on triangles, it is only necessary to fix any three points to make the icosahedron rigid.  At least three vertices have to be fixed in all of these solids because we are working in three-dimensional space (remember the number of fixed points has to be equal to the dimension).  To show this, fixing only two nodes leads to one motion still being present, even if a lot of bars are added.  I chose to fix vertices 2, 9, and 12, again so it could rest on a face.  There are twenty-seven modes of vibration in the rigid form of the structure.

Dodecahedron

The dodecahedron is the most unstable, and complex, structure.  It only has twelve faces, but it has twenty vertices and thirty edges.  Each face is a regular pentagon; three of them meet at each vertex.  The coordinates for the vertices of this solid are3: (0.469, 0.469, 0.469), (0.290, 0.000, 0.759), (-0.759, -0.290, 0.000), (0.759, 0.290, 0.000), (-0.469, 0.469, -0.469), (0.000, -0.759, -0.290), (-0.759, 0.290, 0.000), (0.469, -0.469, 0.469), (-0.469, 0.469, 0.469), (-0.469,    -0.469, 0.469), (0.469, -0.469, -0.469), (0.290, 0.000, -0.759), (-0.469, -0.469, -0.469), (0.000, -0.759, 0.290),   (0.000, 0.759, -0.290), (-0.290, 0.000, 0.759), (0.759, -0.290, 0.000), (-0.290, 0.000, -0.759), (0.469, 0.469, -0.469), and (0.000, 0.759, 0.290).  Figuring out which vertices were connected took a few tries, but they are 1-2, 1-4, 5-7, 1-20, 2-8, 2-16, 7-9, 13-18, 3-13, 3-10, 3-7, 4-19, 4-17, 6-14, 5-18, 5-15, 11-17, 6-13, 6-11, 15-19, 8-14, 15-20, 9-16, 9-20, 10-16, 10-14, 12-19, 12-18, 12-11, and 8-17.  The dodecahedron has thirty motions.

We know we need to fix at least three nodes, so we will start with fixing 6, 12, and 13; there are still twenty-two motions.  I will additionally fix points 2 and 9.  Unfortunately, we cannot fix points so the structure will rest on a face, they must be spread out.  Now it is time to add bars.  Sixteen bars can be added on the surface of the structure to make it rigid.  They are: 8-16, 8-10, 14-17, 14-11, 17-19, 11-19, 4-8, 8-1, 4-20, 1-15, 20-7, 15-9, 7-10, 16-7, 10-9, and 3-5.   There are other ways to make it stable.  This stable solid has forty-five modes of vibration, one of which is an unstable frequency.

  


Several conclusions can be made by looking at these examples.  First, all of these structures could be used as buildings.  They can be made stable by adding bars to the surface and fixing points on the ground.  Also, fixing three points was all it took to make the tetrahedron, octahedron, and icosahedron stable.  These were the three structures that were based on triangles.  This shows why triangles are often used in building bridges; they are the most stable shape.  The cube is fairly stable, so it does make a good structure for buildings.  It is only necessary to add bars so that the sides are triangles instead of squares.  The pentagon does not make an ideal basis for structures, but it can be made stable if that unique look is wanted.  By looking at a variety of structures, it can be seen what types of designs do and do not work.
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