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Colleen Duffy

Stability of Nonlinear Structures

Abstract


In any field of study idealizations make the world easier to deal with and easier to understand.  It is common to use generalizations and simplifications to understand basic principles and get a fuzzy image of what is being dealt with.  This is a necessary first step in attaining a sharper picture of the world, but there comes a point when we have to leave utopia and come back to the real world.  This research project deals with determining the stability of structures, which are by nature nonlinear.  Nonlinear systems, however, are messier and more difficult to work with.  This paper approaches the problem in a couple of different ways.

Introduction

In the first section of this paper structures* were treated as linear systems.  Even though it is easier to study structures with this method of approach, it does not model the real world as accurately as possible.  In order to get a more accurate representation of the stability* and movement of structures we must use nonlinear approximation techniques.  Unfortunately, these systems of equations are more difficult to solve.  Nonetheless, it is worth the hard work because “the theory of framed structures…has important applications in practice, in the design of roofs and bridges; whilst it appeals to the theoretical student by the interesting exemplifications of statical principles which it affords” (Lamb 93).  In this paper we will explore several possible ways in which to set up and solve these systems.  The method used in this discussion will be to walk through the analysis of two different frames* and then discuss other findings.  

The nonlinear study of structures will use many of the same definitions and equations as in the linear.  The major difference between the two lies in the approximation of the elongation* of a bar.  We start by looking at the derivation of elongation.  Let the ends of a bar be at positions ai=(xi,yi,zi) and aj=(xj,yj,zj).  The length of this bar is 
[image: image1.wmf]2

2

2

)

(

)

(

)

(

j

i

j

i

j

i

z

z

y

y

x

x

-

+

-

+

-

 which can be written as || ai - aj ||.  If this bar is stretched or contracted it will have a new length L+e where e is the elongation of the bar.  This is to say that the node* at ai before will now be at ai +(ui.  The vector of the direction of the displacement is ui=(ux,uy,uz) and ( is the magnitude.  The question is what is the new length.  We have L+e = ||(ai +(ui ) - (aj+(uj )|| =
[image: image2.wmf]2

2

2

||

||

)

).(

(

2

||

||

j

i

j

i

j

i

j

i

u

u

u

u

a

a

a

a

-

 

+

 

-

-

+

-

e

e

 (Olver 166).  For simplicity we will write a=|| ai - aj ||2, b= 2(ai - aj).( ui – uj), and c=|| ui – uj ||2.  Therefore, the elongation is e=
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.  This is not pleasant to work with, so we find a Taylor polynomial to approximate it.  The Taylor polynomial of a function is given by f(x)=f(x0)+f’(x0)(x- x0) + ... .  The x in our equation is ( and (0 (x0) = 0.  So, the approximation gives e(b/2a1/2 ( + (4ac-b2)/8a3/2 (2 +... .  If just the first term is used, it is the linear approximation that was used earlier.  This can be seen by writing b/2a1/2 as 
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=Au.  Therefore, the difference with nonlinear analysis is that we will not use an approximation but rather the exact value for e.  

Method 1

The bars obey Hooke’s law* because they act like stiff springs, so the internal force a bar experiences is y = -ke.  The spring constant k will be taken as being one for simplicity.  Therefore, the internal force is equal to elongation.  There are also external forces present.  In order for the various forces to be in equilibrium, the sum of their components must be zero (Lamb 16, Scott 28).  That is to say that the internal and external forces must balance.  In the linear case this was represented by f=ATy, and the nonlinear form of this requirement is that the external force for a bar connecting nodes i and j is fij=yij 
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.  The total force that a given node experiences is the sum of all the forces of the bars coming into the node, in this first example f=
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 (figure 1)#.


Forces are added component-wise.  Multiplying by the unit vector breaks the force into its components, so the internal force does not need to be found individually for each direction.  Since structures have more than one node it is necessary to add up the forces for each node, set each equal to an external force, and solve these equations simultaneously.  There is, however, a shorter way to write out these equations.  Instead of inserting the information for each bar twice (two nodes share the internal force of one bar), it can be combined in one equation.  Multiplying by the unit vectors of all the nodes for a particular bar rather than just one node does this.  So, instead of multiplying the internal force by aij, multiply by {aij, aji, 0} where the zero vector is for those nodes not connected to the bar.  This is equivalent to multiplying by the corresponding row of the incidence matrix from our linear studies.  Once the internal forces are summed and set equal to the external, it can be determined whether or not the structure is stable.  To see if the structure is stable when not under force insert variables for the displacements, u, and use the zero vector for f, and then the solution will show the motions of the structure.  What is important to notice about this is when the external force is said to be zero, we are also saying that the internal force is zero and the bars are experiencing no change in length.  If a structure is stable, it cannot have an internal force that is not countered by an external force and vice versa.  Another way to look at it is to realize that a bar is not able to change its own length; it needs an external force to cause elongation and the external force creates an opposite reaction in the bar, which is the internal force.  If an internal force is not possible for the structure to counter the external force, the structure collapses.  No solution when we are solving the system of nonlinear equations means that the structure is not stable and collapses.  An implicit solution (variables are in terms of others) or an infinite list of solutions shows which displacements will not change the length of the bars.  However, the structure is still unstable because when the nodes of the structure move their positions in space the structure’s shape is changed.  Finally, explicit answers show how the stable structure gets displaced; in other words, the possible stable configurations in which the nodes can be placed (figure 4).   

The structure, “compass,” we have been looking at is not stable.  The displacements for the nodes are shown below.  This is the same type of information that the kernel gave us earlier, however, it shows significantly different results from the linear approximation.  There are four different possibilities when considering the structure in the nonlinear regime, and only one in the linear.  {a,b,c} are the displacements for node 1, {d,e,f} are for node 2, and {x,y,z} are for node 3.

Nonlinear
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Figure 4


As in the linear case, we can fix nodes or add bars to make a structure more stable.  When fixing nodes the displacements are changed to zero and the corresponding unit vector is eliminated from the equations.  An extra bar means another equation is added to what was previously there (figure 5).

We will fix nodes 1 and 2 in the compass to make it more stable.  The structure will still not be completely stable (all three nodes would have to be fixed), so once again we see the displacements the nodes undergo.  Basically the solution shows how the structure moves.  These are the family of displacements that do not change the length of the bars.  Below we see that the y displacement will be zero and x depends on z.  
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Figure 5

In a few cases, when we are not dealing with too many variables, the equilibrium solutions can be graphed.  The graph shows how the structure moves.  In the linear case the equilibrium/stable displacements for the structure are given as x is equal to some constant – a linear graph.  However, the real structure moves nonlinearly (see figure 6).
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This is the linear picture. Instead of moving in a circle, the top node moves along a straight line.  Also, the bars are not stretched when considered as linear, but do stretch when considered as nonlinear.  
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The nonlinear structure moves in a circle in the x-z plane.  This is a graph of the solutions given in figure 5.
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This shows how the structure is moving in time.  As you can see two nodes are fixed while the top one rotates in a circle.  In this case the bars are not being stretched.

Figure 6


In the previous structure we saw a case where it was unstable, but we could also see its motions.  However, as mentioned above, a structure could have no solution and then when it is stable show its exact displacements.  An “arch” is one of these cases.  The empty braces means there is no solution; there is no displacement (even zero) that corresponds to a zero force or no elongation (figure 7).  (Using a different method we will see that this is not completely true.)   When the arch is stabilized by adding a bar, the solutions tell us how the nodes can be placed so that the structure is in equilibrium (figure 8).  There are four different possibilities for how the two free nodes can be displaced.  Even though it does not appear to be stable when you look at the second picture (figure 9), it is because the structure will not move between the four given solutions.  Each of the solutions is valid mathematically in that there is no elongation, so each is stable.  The structure does not deform among them because the bars would have to stretch to get from one to the next.  In an unstable structure, the displacements the nodes can go through are continuous (like we saw in the first example).
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Figure 7
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Figure 8

[image: image16.wmf]
One of the solutions given above for zero force/elongation

Figure 9

Method 2


Balancing forces is not the only way to analyze a structure.  Another possibility is to look at a structure’s potential energy*.  “In the case of a conservative system the criterion of stability is that the potential energy must be a minimum, i.e. it must be less in the configuration of equilibrium than in any adjacent configuration” (Lamb 134).  Potential energy of a spring is given by PE=1/2 kx2.  As was stated before, let k equal one and x is elongation.  Therefore, the potential energy in a structure is the summation of the potentials for each bar: PE=
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.    The next step is to find this function’s minimum in terms of each node’s displacement vector.  To find the minimum of a multi-variable function the partial derivatives (of the function with respect to each component of each u) are all set equal to zero to find the critical points and then the Second Derivatives Test can be used to test for minimums.  Another way to find them is to use the gradient descent method.  Potential energy is measured by the amount of work a system can do because of its configuration (Scott 218).  The potential energy in the frames cannot be negative, so its minimum is zero; if the potential energy is zero, the bar cannot do any work.  This means that just like in the first method the elongation needs to be zero for the frame to be stable.  Physically this corresponds to not having potential energy in the system because the “spring” of the bar is not stretched or compressed.  Hence, force would have to be applied to the frame to get it to move.  As we will see later on, an unstable construction exists when the minimum potential exists as a continuous function, i.e. when the distance/displacement to the next minimum point is infinitesimal.  This corresponds to the situation earlier when the structure could move without elongation of its bars; these two situations should coincide.  Later the advantages and disadvantages of both methods will be considered, but first it needs to be shown how this second method works.


Once again the compass will be analyzed.  Its potential energy is one-half the sum of the elongations of the two bars.  The next step is to find the function’s critical points.  To do this it is necessary to find PEx, PEy, and PEz (the partial derivatives), set them each equal to zero and solve simultaneously.  The solutions given are the critical points that need to be tested to see if they are local minimums, maximums, or saddle points.  The test that is used is called the Second Derivatives Test (Stewart 812).  It says that a critical point (x1, x2,…,xn) is a local minimum if each of the n determinants of the matrix of the first m second partial derivatives (m goes from 1 to n) evaluated at the critical points is greater than zero: 
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>0 (the determinant is of all the second partial derivatives) (Saaty 98).  If any one is equal to zero, the test is indeterminate for that point.  Figure 11 shows how this process works for the compass.
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These are the critical points.  Notice that they are not all explicit

which means that the structure is not stable.
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These are the functions for the 2nd Derivatives Test
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These are the tests for two of the points.  The first
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point is a maximum and the second is indeterminate.

Figure 11

By the test, three of the critical points are maximums and the rest are indeterminate.  However, the indeterminate points satisfy the first two (implicit) answers; they are part of the same set of critical points.  Furthermore, the first two solutions should look familiar, as they are the same as determined in Method 1.  Since potential energy is a function in three variables (x, z and the potential energy - y is always zero in the solution), it can be graphed.  The graph shows pictorially where the minimums lie (figure 12).
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The graph of the potential energy of the compass shows that the minimums lie in a circle.  This circle corresponds to the critical points 
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and is the same as the one shown earlier in figure 6.

Figure 12


This method worked fairly well for the compass.  It is a little longer, but it gives good results.  However, this method is not always advantageous.  For instance, in the arch “Solve” does not give the critical points; Mathematica is unable to solve the system of equations.  In order to get the critical points, then, the gradient descent (also known as the steepest descent) method can be used.  The gradient of a function f(x) is the vector function 
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 (Stewart 802).  The gradient of a function is useful because its negative (-
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) points in the direction of steepest descent.  At a point the gradient is perpendicular to any contour surface passing through that point.  Theoretically speaking, then, infinitesimal steps can be taken along the gradient (from one contour surface to the next) until a local minimum is found (Saaty 72).  This approximation technique is similar to Newton’s Method for finding a root, or zero, of a function.  The difficulty in this method lies in finding an appropriate starting point and step size.  This means that you need to have an idea of where to find the minimums and if there are an infinite number of them (as in the case of an unstable structure), you cannot find them all or necessarily get a good idea of how the structure moves.  One way to overcome this is to make a table of the minimums and if possible graph some of the movements.  It is also more difficult to tell if the structure is stable or not because in the table of solutions it could be hard to tell if there are a finite or infinite number of displacements.  However, this method does allow at least a partial solution to be found.


Recall that Method 1 gave no solution for the unstable arch.  Now, Method 2 will be applied to the structure.  First the potential energy function for the arch is found.  Next the gradient can be used to find the local minimums.  Since the frame is unstable, there are an infinite number of solutions; so, we will use a table to get a sample of the displacements that correspond to zero force (figure 13).
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Figure 13

Here is a very small sample of the displacements found using the gradient descent method.  When they are plugged in to the elongation function that was used in Method 1, it evaluates to a zero force.  Therefore, these displacements are correct.  The arch can be graphed with these displacements in Mathematica and then animated.  By doing this, you can get an idea of how the arch moves (figure 14).
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Here is a sample of a few of the configurations of the arch.  It is easy to see why it is unstable; there are displacements that correspond to “smooth” transitions between the figures pictured.

Figure 14

Conclusion


This method is more complicated, longer, and does not give explicit answers in some cases where the other one did, but it does give answers where the first method did not, as we just saw.  Different pieces of knowledge can be attained with each method, and so there is more versatility.  Some people may wonder why we should bother learning two methods when they both give the same results.  There are several reasons why it is worth the effort.  First, it is good to have more than one way of solving a problem in case one method does not work or you want to check the solutions.  Also, one approach might be easier to conceptualize or make more sense in a given situation.  Finally, each has the possibility of giving rise to further developments in a different direction from the others.


In the work that has been done so far a zero force has been used.  The next thing to consider is what force these structures can handle.  This includes not only what stable structures can withstand, but also which forces unstable ones can handle.  The interesting question regards determining whether or not there exist forces that would make a certain unstable frame stable.  What various force study all comes down to is learning how to figure out under which forces a structure is in equilibrium and what those forces are.  This is part of the next step to be taken in this research.

Treating frames as linear structures is much simpler.  The answers are “prettier” and easier to work with.  We can solve the systems using matrices and can easily see what the solutions mean.  When confronted with the mess nonlinear treatment of frames yields, we question ourselves on why we bother to make it harder on ourselves.  However, there is a certain beauty and elegance in an accurate answer.  We strive for perfection, and the cost of that is spelunking through a dark system of caves to find the daylight.  As we get closer to how the physical world behaves, it gets a little lighter inside.  Several generalizations and simplifications were still made in this paper, but we are closer to the truth.  Once we know the errors in one method we are not satisfied to go back to it.  Therefore, the next step is to strive to make the nonlinear analysis doable for more complex structures and to get rid of some more simplifications.

Glossary

1. elongation – amount of a change in length 

2. frame – structure made up of rigid pieces each of which has 2 ‘joints’ connecting it with other members (Lamb)

3. Hooke’s Law - law of elasticity discovered by the English scientist Robert Hooke in 1660, which states that, for relatively small deformations of an object, the displacement or size of the deformation is directly proportional to the deforming force or load, F=-kx (Britannica)
4. just rigid – ceases to be rigid when any one bar is removed (Lamb)

5. node – where two or more bars meet and are held together, a joint

6. potential energy – the energy a body possesses by virtue of its position relative to some standard position and it is measured by the amount of work required to get it into its position or by the amount of work it can perform in returning to its original position (assume no dissipated work) (Scott)

7. stability – when a structure maintains its basic location and shape, does not collapse, when subjected to moderate forcing

8. stiff/rigid – incapable of deformation without alteration of the length of at least one bar (Lamb)

9. structure - made up of bars connected at joints.  The bars can be slightly elongated, act like stiff springs, and can rotate to a degree at the nodes.
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* The word is in the glossary.


# All of the figures were created in Mathematica.
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