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Are Numbers Real?

“The point of philosophy is to start with something so simple as not to seem worth stating, and to end with something so paradoxical that no one will believe it.”  Bertrand Russell

Abstract

Logic is the science of reasoning.  It is a wide and varied field of study that is intimately connected with a variety of areas in mathematics, science, and philosophy including, but not limited to, algebra, epistemology, foundations of mathematics, and symbolic logic.  This paper will discuss some of these connections in the manner of the above quote.  First, it is worthwhile to start with the ontology of numbers, which leads to one possible definition of numbers.  Transfinite and infinitesimal numbers will then be considered along with some questions that arise from their existence.  How we know the nature and existence of numbers relates to how we can know scientific truths.  The purpose of this paper is to present some basic, important topics in logic and philosophical thought.

I.  Introduction

Numbers are an essential part of daily life.  They answer questions such as how many, how much, and how long.  They measure quantities and describe objects.  Numbers are essential to the sciences and, of course, what would mathematics be without them?  However, even though numbers are such an integral part of life and people usually take them for granted, who can really say what they are?  Are they objects, abstract entities that exist apart from human minds, or are they figments of the imagination?  How are properties of numbers known if one cannot sense them?  

Natural numbers are plausible.  At least objects can be seen and there exists a chance that there are numbers (1, 2, 3…) to count them.  Ancient civilizations, such as the Greeks, even knew about rational numbers (fractions such as ¾ or –10/7).  Then come sets of numbers harder to imagine, the irrational (√2, π) and complex, or imaginary, (3+2i, i=√ (-1)) numbers.  On one hand, it almost seems that these types must be a construct of the human mind because it is hard to sense evidence that they exist.  On the other hand, they can sometimes be so mind boggling that it seems hard to believe that anyone could dream them up.  Furthermore, all numbers lead down a deep well into concepts such as the infinitely small and large.


Infinity is a mischievous creature that continually eludes the mind that contemplates it.  It is also the cause of many apparent paradoxes and the undecidability of problems or systems.  Infinity is sure to lurk behind the big puzzles in mathematics today.  Moreover, to make it worse, there is more than one “size” of infinity - there are infinitely many.  However, it is not true that infinity only causes problems.  The concept has also helped to explain many puzzles.  For instance, infinitesimals and limits justify calculus.  It is fascinating to ponder upon and delve into transfinite numbers, infinitesimals, and their consequences.

II.  The Tortoise vs. Achilles

Zeno of Elea lived from about 490-425 BC in present day Italy.  He was a philosopher who wrote a book containing paradoxes related to the continuum (of numbers).  Even though his book did not survive, many of his paradoxes did.  These supposed paradoxes have greatly influenced the development of mathematics [St. Andrews].  The paradoxes arise from the assumption that a magnitude can be divided infinitely often and something cannot exist unless it has a magnitude.  One of his conclusions is that a faster runner could never overtake a slower provided that the slower has a head start.  The reason why is described in Zeno’s story below.

        The Tortoise challenged Achilles to a race, claiming that he would win as long as Achilles gave him a small head start. Achilles laughed at this, for of course he was a mighty warrior and swift of foot, whereas the Tortoise was heavy and slow.
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“How big a head start do you need?” he asked the Tortoise with a smile.
“Ten meters,” the latter replied.
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Achilles laughed louder than ever. “You will surely lose, my friend, in that case,” he told the Tortoise, “but let us race, if you wish it.”
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“On the contrary,” said the Tortoise, “I will win, and I can prove it to you by a simple argument.”
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“Go on then,” Achilles replied, with less confidence than he felt before. He knew he was the superior athlete, but he also knew the Tortoise had the sharper wits, and he had lost many a bewildering argument with him before this.
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“Suppose,” began the Tortoise, “that you give me a 10-meter head start. Would you say that you could cover that 10 meters between us very quickly?”
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“Very quickly,” Achilles affirmed.
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“And in that time, how far should I have gone, do you think?”
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“Perhaps a meter – no more,” said Achilles after a moment's thought.
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“Very well,” replied the Tortoise, “so now there is a meter between us. And you would catch up that distance very quickly?”
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“Very quickly indeed!”
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“And yet, in that time I shall have gone a little way farther, so that now you must catch that distance up, yes?” 

        “Ye-es,” said Achilles slowly.
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“And while you are doing so, I shall have gone a little way farther, so that you must then catch up the new distance,” the Tortoise continued smoothly.
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Achilles said nothing.
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“And so you see, in each moment you must be catching up the distance between us, and yet I – at the same time – will be adding a new distance, however small, for you to catch up again.”
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“Indeed, it must be so,” said Achilles wearily.
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“And so you can never catch up,” the Tortoise concluded sympathetically.
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“You are right, as always,” said Achilles sadly – and conceded the race. [Math academy]
This story does not sound right.  Obviously it is possible to catch up to someone, so there must be a fault in the Tortoise’s reasoning.  It has to do with the present-day concepts of line and sum of series.  A real number line is a continuous, dense set of a non-denumerable number of points.  This means that a line has no holes or jumps, between any two numbers there lies another, and there are an uncountable number of points.  For instance, the rationals and irrationals are both dense in the reals, and together they make up the reals.  However, neither is continuous, even though both would appear to be solid lines if drawn, and there are just as many irrationals as reals.  That is because there are irrationals in between rationals and vice versa.  People see the summation of a series today as a limit where the sum of an infinite series can have a finite sum [Zeno of Elea].  Therefore, the sum of distances that Achilles must travel to catch up with the Tortoise converges to a distance equal to that which the Tortoise has traveled.  Paradoxes such as this one can be resolved as a more sophisticated understanding of infinitesimals is developed.  

The problem is that infinity cannot be experienced – nothing in the world is infinite in number.  Even the number of atoms is finite, albeit a very large number.  Nonetheless, the fact that there is no physical instance of infinity does not prevent the physical sciences from using the concept.  If infinity does not exist, though, the question becomes determining from where the notion arises.  The concept of the extremely large or extremely small, and then the possibility of getting yet larger or smaller, is elusive.  One can reach for it, but can never quite grasp it; our minds are finite.  Yet, people have managed to establish a definition of infinity and to work with it.  As was seen above, it does in fact sneak into daily life and is an important part of mathematics.  

III.  Ontological treatment of numbers

A. Do they exist?

The beginning is always a good place to start, so back to the original question: do numbers exist?  This is an ontological question.  Ontology is the branch of metaphysics that deals with trying to answer the question of what kinds of things exist [Number].  Each of several schools of philosophical thought responds to the question in a unique way.  There are three main ontological views that range from the belief in the existence of numbers as abstract entities to the non-existence of them.  

The first is realism, or Platonism.  This is the view that mathematical objects such as numbers and sets are abstract entities that exist objectively, independent of the mind [Shapiro 25].  Abstract entities are objects that do not exist in space or time.  This view is also known as Platonism because Plato (427 – 347 BCE) believed that mathematical objects are found in the world of Being (in his theory of Forms) [Shapiro 53].  The second viewpoint is that of the idealists.  Idealists believe that mathematical objects exist, but they depend on the human mind [Shapiro 25].  That is to say that each person has his or her own number “one”, for example.  A subset of this school is Aristotelianism.  It is so called because it is attributed to and inspired by Plato’s pupil Aristotle.  It says that the properties of an entity are within it, so the existence of a property such as number depends on having instances of it [Number].  All idealists agree that if there are no minds, there are no numbers [Shapiro 26].  The last major belief is that of nominalism.  Nominalists either believe that mathematical objects are mere linguistic constructions or they simply do not exist [Shapiro 26].  For example, Hartry Field (1946 -) believes that science does not need to use numbers, that numbers are a type of shorthand.  Most schools of thought hold one of these three ontological views.

From these ontological views arise a variety of philosophical leanings.  Here is a brief description of a few of them.  Rationalism, or Platonism, is attributed to Plato and is the attempt to extend the methodology of mathematics to all knowledge.  They are realists in ontology as well as truth-value.  People in this school include Descartes, Spinoza, and Leibniz.  The opposite view is empiricism, which states that the source of knowledge is sense experience, not pure reason.  This is Aristotle’s view along with Locke, Berkeley, Hume, and Mill.  An intuitionist deduces theorems by introspective construction.  Naturalists look to science to define and describe reality.  We then approach the other end of the spectrum with the view that math is simply a manipulation of characters, formalism, and the rules of inference must preserve truths, deductivism, or if-then-ism.  One more view is that of math as the science of structure, or structuralism [Shapiro].  There is no one correct answer about the existence of numbers or what mathematics is.

The previous schools of thought also describe various ways of discovering scientific truth.  For example, to study the world, should we consider theoretical or experimental results to be true and valid?  Empiricists would say that scientists learn about the world and discover natural truths by what can be sensed, be experimented on.  Inferences and pure reason are not good enough for a theory.  This for the most part fits in with the scientific method, however, some things such as subatomic particles cannot be seen.  Other varieties of experiments can be used to test their existence, but comparison to other types of particles also plays an important role in studying their properties.  Naturalists rely solely on the scientists, rather than theologians or philosophers.  Rationalists would say that science should be based on rigorous proof; experiments are necessary, but are not necessarily enough.  They also would say that either a theory is right or wrong, and being so is objective.  While in practice not many mathematicians or scientists consciously think about what school they belong to or what they believe, different people go about their work in different manners because of their beliefs.  What may convince one person of the truth of a result may not convince the next. 

B.  Definition

Let us assume that numbers exist so that the following is talking about something.  Once one says that numbers exist, the definition of number still needs to be determined.  As was said, numbers and other mathematical objects such as sets do not exist in time or space.  Therefore, the number two itself is not seen, but rather different instances of it are experienced.  Moreover, a number satisfies certain relationships rather than holding physical properties.  Hence, it would not make sense to think of numbers as objects, they are more akin to properties.  There are two types of properties of objects: intrinsic and coincidental.  The properties that do not change (even under physical changes), those that describe the essence of the object, are the intrinsic properties.  On the other hand, physical changes alter coincidental properties.  However, even those properties that can be changed do not change by simply considering it in a different way or in a varied situation, something must be physically done to the object.


If a number were an intrinsic property, then it would have to belong to the object and be a distinguishing property of it.  This, however, is not the case since every object can be said to be “one”.  Furthermore, a tree does not always have the same number of leaves or a flower its petals.  A similar problem arises when trying to consider a number as a coincidental property; number does not belong to an object.  In addition, the number can be changed physically but also mentally.  One alters the number associated with a book by thinking of it differently (one book, 400 pages, ten chapters), but not a color.  Gottlob Frege (1848-1925) explains these differences between numbers and properties with an analogy to a tree.  A tree has 1000 green leaves.  Each leaf is green, but none is 1000.  Furthermore, the foliage is green, but not 1000.  To what does the “property” 1000 belong?  [Frege 28].  He continues by stating that we must specify what it is that we are counting.  This marks an important difference between properties and numbers: a property such as color “belongs to a surface independently of any choice of ours” while a number “cannot be said to belong to a pile of playing cards in its own right, but at most to belong to it in view of the way in which we have chosen to regard it” [Frege 29].  


The next consideration is whether a number is an idea, something subjective.  This possibility arises from the fact that number depends upon the viewpoint.  However, two different people cannot ascribe two different values to an object when they clearly specify the object – a normal deck of cards cannot have fifty-three and fifty-one cards.  In this case, one or both people have miscounted.  Therefore, number is objective.  Frege says, “If number were an idea, then arithmetic would be psychology” [Frege 37].  

So far this paper has only said what a number is not; it is time to answer with what it is.  Frege believed that number is a concept.  A concept is defined to be a “general idea derived or inferred from specific instances or occurrences” [A.H. dictionary]; it is something objective.  Frege states that number is discovered in the concept and the concept comes from the abstraction from the things.  The extension of a concept is the class of all objects to which a concept applies [Shapiro 112].  From these ideas, then, his definition is as follows: “the Number which belongs to the concept F is the extension of the concept ‘equal to the concept F’” [Frege 80].  In other words, n is the number that belongs to a concept.  Two concepts are equal to each other (and therefore consist in the same number of objects) if the objects under each can be placed into one-to-one correspondence.  This is known as Hume’s principle.  Formally, it states “For any concepts F, G, the number of F is identical to the number of G if and only if F and G are equinumerous” [Shapiro 110].  Relations among natural numbers can be determined from Hume’s principle, but the definition is necessary to identify what a natural number is, to eliminate the Caesar problem.  The Caesar problem is that from Hume’s principle alone it cannot be determined if Caesar is equal to two or not because it does not define what a natural number is.  That is why Frege formulated his definition.

It is now known what a natural number is in general, but it remains to define zero, one, and the rest of the numbers.  Zero is the first natural number.  One cannot count it like the other numbers because it is the absence of an element in a class or a set.  “Zero is the number which belongs to the concept ‘not identical with itself’” [Frege 87] because nothing falls under that concept.  One follows zero in the series of natural numbers.  It is “the Number which belongs to the concept ‘identical with 0’” [Frege 90].  It can be said that after every number there follows another natural number and that every number (except zero) follows some number.  For example, two follows one and is the number belonging to the concept “identical with one”.  In addition, two can be represented as {0, {0}}.  Every number is defined similarly.  Furthermore, there is no last natural number, meaning that after every natural number there exists another.  This means that there are infinitely many numbers.  Frege defines a finite number to be a “member of the series of natural numbers beginning with 0”.  From this definition it follows that “the Number which belongs to the concept ‘finite Number’ is an infinite Number” [Frege 96].  Frege thought it important to develop strong, working definitions and formulations of the natural numbers.  He also applauded Cantor’s introduction of infinite numbers, finding them no less knowable than the irrational numbers.  Remember, philosophers from the other schools mentioned above give different definitions of “number”.

IV.  Other topics/conclusions

Once we establish a belief in and a working definition of numbers, we can take many directions.  For instance, it is possible to consider sets of numbers.  In addition, others such as Russell and Whitehead have attempted to write all of mathematics in a symbolic logic; their goal was to prove math consistent and complete.  Later Gödel showed that this is not possible.  There are also debates as to which axioms should form the foundation upon which we can create proofs.  There then follow disputes as to which types of proofs are allowed.  For example, some people do not believe that they know the law of the excluded middle (either something is true or false) a priori and so do not accept proofs by contradiction.  Logic is a rich and extensive field of study that, while it may not directly affect the work of scientists and mathematicians, does have a bearing on what is known and why and how it is known.
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