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Abstract. Let Σ be a fixed surface with cylindrical end punctures, G a Lie group and
let X denote a monotone symplectic manifold with a Hamiltonian G-action. Using the
symplectic vortex equations for X on Σ and restricting the connections to those with
prescribed holonomy at infinity, we (partially) define gauged Gromov Witten invariants,
which are intended to be a Gromov-Witten theory for the quotient X/G.
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1. Introduction

In this paper we study the moduli space of symplectic vortices on a fixed punctured
curve for compact connected structure group with fixed holonomies at infinity. The
moduli space of symplectic vortices on a closed curve was introduced by Cieliebak, Gaio,
and Salamon [6] and Mundet [18], see also Cieliebak, Gaio, Mundet, and Salamon [11],
[5]. The moduli spaces with fixed holonomies generalize the moduli spaces of flat bundles
on a surface studied by Mehta-Seshadri [16], corresponding in the holomorphic language
to bundles with parabolic structure at marked points. Similar moduli spaces are studied
by Mundet and Tian [13] in the case G = S1. Cieliebak, Gaio, and Salamon [6] also
study invariants associated to marked surfaces, but with trivial holonomy around the

Date: 12-05-2007.
1



2 EDUARDO GONZALEZ, ANDREAS OTT, CHRIS WOODWARD, AND FABIAN ZILTENER

markings. The motivation for studying the moduli spaces of symplectic vortices with
fixed holonomy is the hope that the invariants defined by integration might yield a
generalization of small quantum cohomology to the case of Hamiltonian G-manifolds,
similar to the way that orbifold quantum cohomology generalizes quantum cohomology
to the case of finite group actions [4].

To describe the results more explicitly let G be a compact group, X a compact, con-
nected Hamiltonian G-manifold with moment map Φ : X → g∗ equipped with a compat-
ible, G-invariant almost complex structure, Σ a compact complex surface equipped with
a volume form VolΣ. The space A(Σ, X) of pairs (A, u) consisting of a connection A on
the trivial G-bundle and a pseudoholomorphic section u of the associated bundle with
fiber X has a natural action of the group G(Σ) of gauge transformations. The symplectic
quotient

M(Σ, X) = A(Σ, X)//G(Σ)

is the moduli space of solutions to the symplectic vortex equations

(1) ∂Au = 0, FA + VolΣ u
∗Φ = 0.

In the case that Σ is a non-compact punctured surface, the space of solutions depends
crucially on the behavior of the volume form near the punctures relative to the cylindrical
end metric. The moduli spaces in this paper are defined using a volume form that decays
faster than the volume form defined by the metric; this leads to a moduli space in which
the value of the section at infinity takes values in the fixed point set of the holonomy of
the limiting connection. We show how to achieve transversality, for irreducible vortices,
obtain a compactification via stable vortices and a pseudocycle structure whenever X
is a monotone manifold and the underlying connections are irreducible. This leads to
a definition of gauged Gromov-Witten invariants, for generic fixed holonomies at infin-
ity. We describe situations in which gauged Gromov-Witten invariants are enumerative,
and relating them to counts of parabolic bundles together with holomorphic maps with
prescribed behavior at the markings.

There are several directions that would be interesting to investigate further. First,
the underlying curve-with-volume-form might be allowed to vary. In the case of circle
actions the study of variation of the curve is a project of Mundet and Tian [13]. In
a separate paper [12], we study the dependence on the volume form on the projective
line. Second, the moduli spaces should have a “derived” (also known as virtual or
Kuranishi) structure in the case when X is not necessary monotone, which should allow
the definition of the gauged Gromov-Witten invariants in general. Third, there should be
analogs of these moduli spaces of vortices with varying holonomy at infinity, which fit into
the framework of Hamiltonian loop group manifolds [17], or equivalently, Hamiltonian
actions with group-valued moment map [1]. Finally, one would like to use the invariants
to construct a “gauged version” of small equivariant quantum cohomology, which should
be a deformation of the non-abelian equivariant cohomology of orbit-type strata of X in
the sense of [2].
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We elaborate briefly on the last point, and in particular, the conjectural ring defined
using the vortex invariants with Givental’s equivariant quantum cohomology. Roughly
speaking, equivariant quantum cohomology ofX should count pseudoholomorphic curves
in XG = X ×G EG. Givental has introduced an analog of equivariant quantum coho-
mology, which is a module over H(BG), and counts curves in X. Thus, in Givental’s
version, only the X-direction is quantized. Since H(BG) is free, it does not admit any
interesting deformation, so in some sense HG(X) cannot be quantized further. But this
is taking quantization too literally: a curve in BG is a G-bundle, and thus one expects
the ring structure on QHG(pt) to count bundles. There are a number of theories which
do this, topological Yang-Mills in two dimension being the simplest, and various version
of twisted K-theory being the most sophisticated to date. For the former, the corre-
sponding Frobenius algebra is the convolution algebra of invariant distributions on G
(which contains the center of the universal enveloping algebra, and hence H(BG), as a
sub-algebra.) The structure coefficients for the simplest version should be constructed as
follows. For any µ in the n-fold product An of the Weyl alcove let M(Σ, G,X, µ) denote
the moduli space of symplectic vortices with holonomy given by the conjugacy classes.
The finite energy condition provides the space N(Σ, X, µ) of symplectic vortices with
framings at infinity with an evaluation map

ev : N(Σ, X, µ) → Xµ := Xµ1 × . . .×Xµn .

Here Xµj is the fixed point set of a representative in the conjugacy class of the holonomy.
The stabilizer group

(2) Gµ = Gµ1
× . . .×Gµn

acts on N(Σ, X, µ) as well as Xµ. The quotient M(Σ, X, µ) inherits an evaluation sec-
tion ev : M(Σ, X, µ) → M(Σ, X, µ,Xµ) of the associated bundle M(Σ, X, µ,Xµ) :=
N(Σ, X, µ)×G(∂Σ)µ

Xµ where Xµ = Xµ1 × . . .×Xµn . The evaluation section extends to
proper compactifications

ev : M(Σ, X, µ) →M(Σ, X, µ,Xµ).

Given a collection of equivariant cohomology classes α ∈
∏

HGµ(Xµj ) we can take its

pullback and descend to obtain ordinary cohomology classes ev∗ α on M(Σ, X, µ), one
would like to define gauged Gromov-Witten invariants by

(3) ZΣ,X(µ) :
∏

j

HGµj
(Xµj ) → R, α 7→

∫

M(Σ,X,µ)

ev∗ α ∧ exp(tωµ)

where ωµ is a symplectic form on M(Σ, X, µ), and t is a positive parameter. Let

X =
⋃

L

G×N(L) XL

be the orbit-type decomposition of L. For each orbit-type subgroup L ⊂ G, let HN(L)(XL)
be the non-abelian equivariant cohomology of [2]; this is a module over the ring of invari-
ant distributions on N(L). Each space M(Σ, X) and collection of classes α ∈ HN(L)(XL)
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is expected to give rise to a distribution ZΣ,X ∈ (D(L)N(L))n. Define

QHG(X) :=
⊕

L

HN(L)(XL).

The gauged Gromov-Witten invariants should define a product on QHG. It is not yet
clear to us whether one should expect this product to be strictly associative.

Unfortunately the results in this paper are limited, we have only defined the invariants
(3) in the case when the parameter t vanishes. In this case, by taking the three pointed
sphere Σ = S2\{1, 0,∞} with holonomies µ1, µ2, µ3 arround the punctures, then µ−1

3 =
µ2µ1 and we obtain a product

HGµ1
(Xµ1) ×HGµ2

(Xµ2) → HGµ1µ2
(Xµ1µ2),

which can be thought as the Chen-Ruan quantum product equivalent for the quotient
X/G. If the quotient X/G is a globaly presented orbifold, then by restricting vortices
(A, u) with u constant, this product should agree with the orbifold product.

We thank Constantin Teleman for encouragement.

2. Flat bundles with fixed holonomy at infinity

The papers by Gaio-Salamon [11], Mundet [18] etc. generally take the point of view
that the moduli space of symplectic vortices generalizes the moduli space of pseudo-
holomorphic curves. In this paper we will emphasize the other point of view, that the
moduli space of vortices generalizes the moduli space of flat bundles over a surface. In
this section, we describe the Mehta-Seshadri theory of moduli spaces of flat bundles on
punctured surfaces with fixed holonomy around the punctures; this is the special case of
moduli space of symplectic vortices on punctured surfaces where the symplectic manifold
is a point.

Let Σ be a compact, oriented surface possibly with n boundary components, and G
a compact, 1-connected Lie group. We denote by T a maximal torus and W the Weyl
group. Let t be the Lie algebra of T and t+ a choice of positive chamber, so that α0 ∈ t∗

is the highest root.

Let A(Σ, G) denote the affine space of connections on the trivial G-bundle over Σ. The
choice of a non-degenerate invariant metric B on g induces on A(Σ, G) the structure of
a symplectic manifold, with symplectic form given by

(4) (a1, a2) 7→

∫

Σ

B(a1 ∧ a2).

The group of gauge transformations G(Σ) fits into an exact sequence

1 → G∂(Σ) → G(Σ) → G(∂Σ) → 1
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where G∂(Σ) is the group of gauge transformations that equal to the identity on the
boundary. This group acts on A(Σ, G) with moment map given by the curvature

A(Σ, G) → Ω2(Σ, g), A 7→ FA

and the symplectic quotient

M(Σ, ∂Σ;G) = A♭(Σ, G)/G∂(Σ)

is the moduli space of flat connections with framing on the boundary. If G is not 1-
connected then there exist other topological types, and taking the union of the analogous
construction for each topological type of bundle gives the moduli space of flat bundles
with framing on the boundary. The group of gauge transformations G(∂Σ) acts on
M(Σ, ∂Σ;G) by changing the framing on the boundary, with moment map given by
restriction to the boundary

Φ : M(Σ, ∂Σ;G) → A(∂Σ, G).

In the case that ∂Σ is connected, the G(∂Σ)-orbits on A(∂Σ, G) are parametrized by the
Weyl alcove

A = {ξ ∈ t+, α0(ξ) ≤ 1}.

The sequence of maps A → t → T → G induce isomorphisms of quotient spaces

An ∼= (T/W )n ∼= (G/Ad(G))n ∼= A(∂Σ, G)/G(∂Σ);

the last map is induced by taking the holonomy around the boundary. For any µ ∈ An,
where n is the number of boundary components, we denote by Oµ ⊂ A(∂Σ, G) the orbit
labelled by µ ∈ An and denote the symplectic quotient

M(Σ, G, µ) = Φ−1(Oµ)/G(∂Σ),

the moduli space of flat bundles with fixed holonomies exp(µ) around the boundary. For
generic µ, the space M(Σ, G, µ) is a compact orbifold.

The moduli spaces of flat bundles with fixed holonomy have a holomorphic description
due to Mehta-Seshadri [16], see also [3], [19], as follows. Let E → Σ be a holomorphic
principal GC-bundle. A quasiparabolic structure at a point s ∈ Σ is a reduction of
structure group of Es to a parabolic subgroup P ⊂ G, that is, a point in the quotient
Es/P . A parabolic structure is a quasiparabolic structure together with conjugacy class
µ ⊂ G of the type specified by the parabolic subgroup, that is, the Levi subgroup of
the parabolic is isomorphic to the centralizer of any point in the conjugacy class. We
suppose that the conjugacy classes are parametrized by µ1, . . . , µb ∈ A. One says that
a parabolic bundle is semistable if a certain inequality is satisfied for each reduction of
E to a maximal parabolic subgroup (at least, if none of the markings µj are contained
in the opposite wall of the Weyl alcove, see [19]). On the set of semistable parabolic
bundles one defines a grade equivalence relation, which equates parabolic bundles if their
associated graded bundles are isomorphic. Let MC(Σ, G, µ) denote the moduli space of
grade-equivalence classes of semistable parabolic bundles. Mehta-Seshadri prove that
MC(Σ, G, µ) is a normal projective variety homeomorphic to M(Σ, G, µ).
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In the case that each conjugacy class µj has finite order, one can describe MC(Σ, G, µ)

in terms of equivariant bundles for a finite group action. Let Σ̃ → Σ be a totally
ramified ZN -covering, such that the order of each µj divides N ; if necessary, we can take
N infinite. Suppose we are given a ZN -equivariant holomorphic principal GC-bundle
Ẽ → Σ̃, with the following property: consider a local trivialization near sj in which the
generator of ZN acts by gj, and suppose that exp(µj) = gj. At each puncture glue in
the trivial bundle D ×GC over the disk via the transition map

(5) (z, g) 7→ (z, exp(N ln(z)µj/2πi)g).

The group ZN acts freely on the resulting completed bundle and the quotient is a holo-
morphic principal GC-bundle E over Σ. The bundle E has a parabolic reduction at the
fiber sj, given as the image of (0, Pj) in the local trivialization, where Pj is the parabolic
corresponding to ξj; this is independent of the local trivializations used above. Map-

ping Ẽ to E defines a correspondence between equivariant bundles on Σ̃ and parabolic
bundles on Σ, see [16], [19].

3. Vortices with fixed holonomy at infinity

In this section we give a detailed analytical construction of the moduli spaces of vortices
with fixed holonomy at infinity.

3.1. Weighted Sobolev spaces. Let Σ be a compact, connected surface, and z1, . . . , zn ∈
Σ distinct points. Let Σ denote the punctured surface Σ\{z1, . . . , zn}. A cylindri-
cal end at zi is a holomorphic, proper embedding ρi : (0,∞) × S1 → Σ such that
limr→∞ ρi(r, θ) = zi uniformly in θ ∈ S1. We will denote the coordinates on the i-th end
by (ri, θi).

Let E be a Euclidean rank r vector bundle over Σ, trivialized along the cylindrical
ends. Weighted Sobolev spaces of sections of E are defined as follows. Fix a connection

D : Ω0(Σ, E) → Ω1(Σ, E)

on E, trivial on the cylindrical ends. Let rΣ ∈ C∞(Σ) be a function equal to ri and
supported on each cylindrical end. Let m > 1, and let δ be a real number, and Ω0

c(Σ, E)
the space of compactly-supported sections. Define the δ-weighted (p,m)-Sobolev norm
on Ω0

c(Σ;E) by

‖ξ‖p
m,p,δ :=

∫

Σ

eδrΣ

(

∑

|α|≤m

|Dα(ξi)|p
)

Let W p
m,δ(Σ, E) be the completion of Ω0

c(Σ;E) with respect to the weighted Sobolev norm
‖ · ‖m,p,δ. These spaces satisfy the following multiplication and embedding theorems, see
e.g. [14, Lemma 7.2], [8, Proposition 3.23].

Proposition 3.1.1. (a) If m−2/p ≥ m′−2/q and δ′ < δ then the identity on smooth
sections induces a compact embedding W p

m,δ(E) →W q
m′,δ′(E).
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(b) If E,E ′ are vector bundles over Σ then tensor product on smooth sections induces
an embedding

(6) W p
m,δ(E) ×W p

m′,δ′(E
′) →W p

m′′,δ′′(E ⊗ E ′)

for δ′′ ≥ δ + δ′ and m+m′ > m” + 2/p.
(c) The identity induces a compact embedding W p

m,δ(E) → C0(E) if 2/p < m and
δ > 0.

(d) A metric on E and integration over Σ induces a perfect pairing

W p
m,δ(E) ×W q

m,−δ(E) → R

where 1/p+ 1/q = 1.

Applying these constructions to the vector bundle ΛkT ∗Σ⊗E we define the weighted
Sobolev space

Ωk(Σ, E)m,p,δ = Wm,p,δ(Λ
kT ∗Σ ⊗E)

of k-forms with values in E. If F : Ωk+l(Σ, E)m,2,δ → Ωk(Σ, E)m,2,δ is a differentiable
operator, the formal weighted adjoint in the space Wm,2,δ is

(7) F ∗ = e−δrΣF ⋆eδrΣ

where F ⋆ is the usual adjoint. This follows from the identity
∫

Σ

eδrΣ〈Fφ, ψ〉 =

∫

Σ

eδrΣ〈φ, e−δrΣF ⋆eδrΣψ〉.

A similar analysis gives weighted adjoints for p > 2. In this paper we will always
use formal weighted adjoints whenever we are using differential operators on weighted
Sobolev spaces.

3.2. Connections. For similar constructions of moduli spaces see Donaldson [8] and
Daskalopoulos-Wentworth [7]. Let P be a G-principal bundle over Σ, equipped with a
trivialization over the cylindrical ends. Equip g with a G-invariant metric B : g×g → R,
and consider the associated bundle

P (g) := P ×G g.

Let A be an irreducible connection on P . Denote by ρ∗kA the restriction of A at the k-th
cylindrical end. We write

ρ∗kA = ξkdθ, ξk ∈ Map((0,∞) × S1, g).

We say that A is asymptotically constant if ξk is constant on (R,∞)×S1 for some R > 0.
Define the asymptotic holonomy µk ∈ G by

µk = lim
r→∞

exp(ξk(r, θ)).

Consider the space of connections

A(µ)m,p,δ := A + Ω1(Σ, P (g))m,p,δ.
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Using Sobolev multiplication (6), for δ > 0 the curvature defines a smooth map

F : A(µ)m,p,δ → Ω2(Σ, P (g))m,p,δ, A 7→ FA.

Let G := Ω0(Σ, P (G)) be the group of gauge transformations, where P (G) = P ×G G.
We say that g ∈ G is asymptotically constant if for each k, there exists an r0 such that
ρ∗kg(r, θ) is constant for r > r0. We say that the limit limr→∞ ρ∗kg(r, θ) is the asymptotic
value of g. Let G(µ) denote the subgroup of G consisting of asymptotically constant
gauge transformations whose asymptotic value on the k-th end centralizes exp(µk).

Using a faithful representation G→ Aut(V ) we define G∂,m+1,p,δ = Ω0(Σ, P (G))m+1,p,δ

the group of gauge transformations asymptotically equal to the identity. For δ > 0 and
m > 1, if p = 2 ( if p > 2 take m > 2/p) the set Gm+1,δ is a Banach Lie group. Charts
are constructed using the exponential map Ω0(Σ, P (g))m+1,p,δ → Ω0(Σ, P (G))m+1,p,δ, and
multiplication is well defined and smooth by Sobolev multiplication (6). Similarly, we
have a group G(µ)m+1,p,δ whose elements are of the form g exp(ξ) with g ∈ G(µ) and
ξ ∈ Ω0(Σ, P (g))m+1,p,δ. In order to construct charts for this group, suppose that ϕk is a
cutoff function equal to 1 at infinity on each cylindrical end, and supported on that end.
Define charts for G(µ)m+1,p,δ by

Ω0(Σ, P (g))m+1,p,δ ⊕ gn → G(µ)m+1,p,δ, (ξ, ψ) 7→ g exp(ξ +
∑

k

ϕkψk).

Then G(µ)m+1,p,δ is a Banach Lie group which fits into an exact sequence

1 → G∂,m+1,p,δ → G(µ)m+1,p,δ → Gµ → 1

where the third map takes asymptotic values on the cylindrical ends. The formula

(8) (a1, a2) 7→

∫

Σ

B(a1 ∧ a2).

defines a symplectic two-form on A(µ)m,p,δ. The group G(µ)m+1,p,δ acts smoothly on
A(µ)m,p,δ, with moment map given by the curvature. Taking the quotient

M(P, µ) = A♭(µ)m,p,δ/G(µ)m+1,p,δ

gives another construction of the moduli spaces of flat bundles with fixed holonomy,
which were constructed in e.g. Meinrenken-Woodward [17] using Sobolev spaces on
surfaces with boundary.

3.3. Gauged sections. Let X be a compact, connected Hamiltonian G-manifold with
moment map Φ : X → g∗. For each principal G-bundle P on Σ consider its associated
bundle

π : P (X) = (P ×X)/G→ Σ.

Each connection A on P determines a symplectic connection on TP (X) :

TP (X) = TP (X)hor ⊕ TP (X)vert ∼= π∗TΣ ⊕ TP (X)vert.

The basic 2-form on the product P ×X

p∗2ωX + d(p∗1A, p
∗
2Φ)



SYMPLECTIC VORTICES WITH FIXED HOLONOMY AT INFINITY 9

descends to a closed 2-form on the associated fiber bundle

P (X) = (P ×X)/(pg, x) ∼ (p, gx)

denoted ωP (X),A or just by ωP (X) assuming that the dependency on the connection is
understood. The cohomology class [ωP (X),A] ∈ H2(P (X),R) is independent of the choice
of A. The moment map Φ : X → g∗ induces a map

P (Φ) : P (X) → P (g∗).

Let Γ(Σ, P (X))∞ denote the space of asymptotically constant sections of P (X), that
is, sections independent of r, θ for r sufficiently large, for each cylindrical end. The
tangent space to Γ(Σ, P (X))∞ is the space Ω0(Σ, u∗T vertP (X))∞ of asymptotically con-
stant sections of the vertical tangent bundle Ω0(Σ;T vertP (X)). Let Γ(Σ, P (X))m,p,δ

denote the space of sections of P (X) of the form expu(ξ) where u ∈ Γ(Σ, P (X))∞ and
ξ ∈ Ω0(Σ, u∗T vertP (X))m,p,δ.

Proposition 3.3.1. For m > 2/p the space Γ(Σ, P (X))m,p,δ can be given the structure
of a Banach manifold, with the action of the Banach Lie group Gm+1,p,δ.

Proof. Charts are defined by ξ 7→ expu(ι(ξ)), where ξ lies in

(9) TuΓ(Σ, P (X))m,p,δ := Ω0(Σ, u∗T vertP (X))m,p,δ ⊕

n
⊕

i=1

u(zi)
∗T vertP (X),

where zi ∈ Σ is the point at infinity on the i-th cylindrical end, and the embedding ι is
defined by

ι(ξ0, ξ1, . . . , ξn) = ξ0 +

n
∑

i=1

ϕiξi

where ϕi is function equal to 1 in a neighborhood of infinity on the i-th cylindrical end,
with support on the cylindrical end. The claim on the action of the gauge group is left
to the reader. �

Any section u in the space Γ(Σ, P (X))m,p,δ has a limit at infinity on the cylindrical

ends and thus extends to a continuous section Σ → P (X). Moreover, the image of u is
contained in a compact set.

Assumption 3.3.2. VolΣ ∈ Ω2(Σ) is a two-form on Σ with exponential decay on the
cylindrical ends, that is, it is given by an expression of the form

(10) VolΣ(r, θ) = CΣe
−κrdrdθ

on the cylindrical ends, for some κ > 0 and locally constant function CΣ, possibly zero.
For the most part, we assume that CΣ is identically equal to 1, to simplify the notation.† †Get right the C

The formula

(11) (ξ1, ξ2) 7→

∫

Σ

u∗ωP (X)(ξ1, ξ2) VolΣ
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defines a symplectic form on Γ(Σ, P (X))∞, which extends naturally to the completion
Γ(P (X))m,p,δ for m, δ ≥ 0. The action of Gm+1,p,δ on Γ(Σ, P (X))m,p,δ has generating
vector fields given by

ξΓ(Σ,P (X))(s) = (ξ(s))X(u(s)).

The action is Hamiltonian with moment map given by the pull-back of the moment map
times the volume form

Ψ : Γ(P (X))m,p,δ → Ω2(Σ;P (g))m,p,δ, u 7→ VolΣ u
∗P (Φ).

Combining the forms of equations (8) and (11) we obtain a 2-form on A(µ)m,p,δ ×
Γ(P (X))m,p,δ by

(12) ωµ((a1, ξ1)(a2, ξ2)) =

∫

Σ

B(a1 ∧ a2) + u∗ωP (X)(ξ1, ξ2) VolΣ .

Non-degeneracy of the inner product and symplectic form on X imply that this form is
also symplectic. The action of G(µ)m+1,p,δ on A(µ)m,p,δ × Γ(P (X))m,p,δ is Hamiltonian
respect of the form ωµ and with moment map

(13) A(µ)m,p,δ × Γ(P (X))m,p,δ → Ω2(Σ;P (g))m−1,δ , (A, u) 7→ FA + VolΣ u
∗P (Φ).

We take the energy of a pair (A, u) to be

E(A, u) =
1

2

∫

Σ

(

CΣe
κrΣ|dAu|

2 + C2
Σe

2κrΣ|FA|
2 + |u∗P (Φ)|2

)

VolΣ .

Note that the energy is always non-negative. On the cylinders, the energy is given by
the integral of the energy density function

(14) χ(r, θ) =
1

2
(|dAu|

2 + C−1
Σ eκr|FA|

2 + CΣe
−κr|u∗P (Φ)|2)

with respect to the standard metric on the cylindrical ends. Note in particular that the
term u∗P (Φ) is not required to go to zero at infinity.

The action of a pair (A, u) is by

D(A, u) :=

∫

Σ

u∗(ωP (X),A) = ([Σ], u∗[ωP (X),A])

where the last expression denotes the pairing of H2(Σ, ∂Σ; Z) with H2(Σ, ∂Σ). It is
somewhat awkward to phrase this as a pairing of a degree of u and we will avoid doing
so.

3.4. Almost complex structures. We now introduce a suitable class of almost com-
plex structures on P (X). Let j denote a complex structure on Σ, we say that an almost
complex structure I on P (X) is ωP (X), j-compatible if

(a) the projection π : P (X) → Σ is (I, j)-holomorphic,
(b) I|π−1(z) is ωP (X)|π−1(z)-compatible on each fiber π−1(z),
(c) I is asymptotically constant on each cylindrical end.
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Let J (P (X)) be the space of ωP (X), j-compatible almost complex structures. We have
a canonical map

(15) A(µ) ×J (X)G → J (P (X)), (A, JX) 7→ JA

given by defining JA on the horizontal space by j and on the vertical space by JX . This
map extends to suitable Sobolev completions as follows. Let J (P (X))∞ denote the
space of ωP (X), j-compatible almost complex structures locally of Sobolev class m, p, and
asymptotically constant in a neighborhood of infinity. Given J0 ∈ J (P (X))∞, the space
of compatible almost complex structures near J0 is a smooth manifold with tangent space
TJ0

J (P (X)) the set of ∆J ∈ End(TX) such that

(∆J)J0 + J0(∆J) = 0, π ◦ (∆J) = 0, ω((∆J)·, J0·) = −ω(J0·, (∆J)·).

Choose a local diffeomorphism

expJ0
: Bǫ(0, TJ0

J (P (X))) → J (P (X)).

Let J (P (X), J0)m,p,δ be the subspace of J (P (X))m,p,loc such that J = expJ0
(∆I) for

some section ∆I of Sobolev class (m, p, δ) near infinity. We have a continuous map from
J (P (X), J0)m,p,δ to J (P (X))m,p,loc.

Lemma 3.4.1. The map (A+ a, J) 7→ JA+a of (15) extends naturally to a map

A(µ)m,p,δ × J (X)G → J (P (X), JA)m,p,δ.

† †review

Proof. To see that the image has the claimed regularity, note that

T[p,x]P (X) = (TpP ⊕ TxX)/g.

The splitting induced by a connection A ∈ Ω1(P, g)G is

T[p,x]P (X) → Tπ(p)Σ ⊕ TxX, [w, v] 7→ (Dπ(w −A(w)), A(w)X(x) + v).

Hence JA is given by

(16) JA[w, v] = [Dπ−1j(Dπ)w −A(Dπ−1j(Dπ)w), J(A(w)X(x) + v)].

The connection enters as a multiplication operator, and the claimed regularity follows
from the Sobolev multiplication theorem. Given a base connection A0 with limiting
holonomy µ, and an element A ∈ A(µ)m,p,δ sufficiently close to A0, we have JA ∈
J (P (X), JA0

)m,p,δ, again using the formula (16). �

Given JX ∈ J (X)G, for each section u ∈ Ω0(Σ;P (X))m,p,δ define the operator

∂̄JA
(u) :=

1

2
(du+ JA(u) ◦ du ◦ j) ∈ Ω0,1(Σ; u∗T vertP (X))m−1,δ.

By [5, Proposition 3.1] we have an energy-action relation

(17) E(A, u) = D(A, u) +

∫

Σ

|∂JA
u|2eκrΣ VolΣ +

1

2

∫

|FA/VolΣ +u∗Φ|2 VolΣ,
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where by abuse of notation FA/VolΣ is the g-valued function ϕ such that ϕVolΣ = FA.
We say u : Σ → P (X) is (JA, j)-holomorphic ( or just holomorphic) if ∂̄JA

(u) = 0. The
symplectic vortex equations (1) imply that the pair (A, u) minimizes the energy among
pairs (A′, u′) with u′ homotopic to u.

3.5. Moduli space of vortices. The moduli space of (finite energy) symplectic vortices
can be defined by a symplectic quotient construction as follows. Define

A(P,X, µ)m,p,δ := {(A, u) ∈ A(µ)m,p,δ × Γ(P (X))m,p,δ, ∂̄JA
(u) = 0, E(A, u) <∞}.

In Section 4, we show that if a certain linearized operator is surjective then A(P,X, µ)m,p,δ

is a Banach manifold. The group of gauge transformations G(µ)m+1,p,δ acts smooth
on A(P,X, µ)m,p,δ. That is, u is (JA, j)-holomorphic if and only if g · u is (Jg·A, j)-
holomorphic. Furthermore A(P,X, µ)m,p,δ is a fiber bundle over the affine space of
connections with fixed holonomy A(µ)m,p,δ with fiber at A given by the set of JA-
pseudoholomorphic sections. The gauge group G(µ)m+1,p,δ acts on A(P,X, µ)m,p,δ, with
moment map given by the restriction of the product (13). The symplectic quotient

M(P,X, µ)m,p,δ := A(P,X, µ)m,p,δ//G(µ)m+1,p,δ(18)

is the moduli space of vortices with fixed holonomy. More generally, denote by

(19) Em,p,δ → A(µ)m,p,δ × Γ(Σ, P (X))m,p,δ

the vector bundle whose fibre at u is

Em,p,δ,u := Ω2(Σ, P (g))m−1,δ × Ω0,1(Σ; u∗T vertP (X))m−1,δ.

The moment map and holomorphic condition define a section of Em,p,δ

(20) F : (A, u) 7→ (F (A) + VolΣ u
∗P (Φ), ∂̄JA

(u)).

Then we have
M(P,X, µ)m,p,δ = F−1(0)/G(µ)m+1,p,δ.

For future reference, we introduce

N(P,X, µ)m,p,δ := F−1(0)/G∂,m+1,p,δ,

the moduli space of vortices framed at infinity. Thus N(P,X, µ)m,p,δ fits into a fibration

Gµ → N(P,X, µ)m,p,δ →M(P,X, µ)m,p,δ

where Gµ is the product of stabilizers of the holonomies in (2).

3.6. Correspondence with parabolic vortices. Suppose that X is a GC-variety. In
this section we describe the holomorphic objects corresponding to vortices. First suppose
that Σ is closed. A holomorphic gauged map from Σ to X is a pair (E, u) consisting
of a holomorphic principal GC-bundle EC → Σ together with a holomorphic section
u : Σ → EC(X). In the language of stacks, this is nothing but a holomorphic map from
Σ to the quotient stack X/GC. The correspondence between connections on a given
principal G-bundle E → Σ and holomorphic structures on its complexification extends
to a correspondence between vortices and holomorphic gauged maps with underlying
bundle E.
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Suppose that Σ has cylindrical ends. Let Σ denote the associated closed surface,
obtained by adding points at infinity s1, . . . , sn.

Definition 3.6.1. A parabolic holomorphic map from Σ to X consists of a parabolic
bundle E → Σ (see Section 2) together with a holomorphic section u : Σ → E(X).

There is no condition on the section at the marked points, as there is in the case of
parabolic Higgs bundles. The latter corresponds, up to a twisting, with the case that
X is a vector space, which is non-compact. Given a connection on a principal G-bundle
E → Σ with fixed holonomies µ1, . . . , µn around the ends, one obtains a parabolic GC

bundle EC → Σ by assigning to each fiber (EC)si
at infinity the parabolic reduction

determined by µi, see e.g. [19], by gluing in trivial bundles using the twistings (5). By
removal of singularities, a holomorphic section u : Σ → EC(X) of finite energy extends
automatically to a section u : Σ → EC(X). The value of u at the points s1, . . . , sn is
described as follows. Let B ⊂ GC denote the Borel subgroup whose Lie algebra contains
the positive root spaces. Let Pµj

be the parabolic determined by µj,

Pµj
= {g ∈ GC| lim

t→∞
Ad(exp(tµj))g ∈ B}

whose Lie algebra is that of B plus the sum of negative root spaces vanishing on µj .
The map x 7→ exp(tµj)x restricts on each Pµj

-orbit on X to a retraction of Pµj
x to

Pµj
x ∩Xµj ; in particular, each Pµj

orbit contains an element of Xµj . We write Xµj in
terms of components.

Xµj =
⋃

k

X
µj

k , X =
⋃

k

Pµj
X

µj

k

where X
µj

k are the connected components of Xµj . In the trivializations at the punctures,
the section u is given by

exp(N ln(z)µj/2πi)u(z), z 6= 0.

Thus u(0) lies in X
µj

k if and only if u(0) takes values in Pµj
X

µj

k , that is, the limit of u(0)
under the flow defined by µj is u(0). This shows

Theorem 3.6.2. There exists a one-to-one correspondence between pseudoholomorphic
gauged maps (E,A, u) with holonomies µj and limits along the j-th cylindrical end in
X

µj

k and parabolic holomorphic maps (EC, u) with u(sj) in Pµj
X

µj

k .

We say that a parabolic holomorphic map is semistable if it is equivalent to a pseu-
doholomorphic gauged map satisfying the vortex equation (1). Note this depends on
the choice of volume form VolΣ. In particular, if we choose VolΣ identically zero, then
the stable parabolic holomorphic maps are those whose underlying parabolic bundles
are parabolic semistable, by the Mehta-Seshadri theorem [16]. It would be interesting
to investigate the Hilbert-Mumford criterion for stability more generally in this context;
Mundet (unpublished) has described an answer in the circle case.
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4. Fredholm theory and transversality

4.1. Exponential decay on the cylinders. First we show that any finite energy vortex
has exponential decay along the cylindrical ends. This is a somewhat standard matter,
but we need the details in order to specify our Sobolev weights. For the moment we
will consider only vortices of Sobolev class Wm,p,loc. We will show that vortices of finite
energy lie in a weighted Sobolev space for a properly chosen weight. The next lemma
follows directly from the vortex equations (1) and compactness of X.

Lemma 4.1.1 (Exponential decay for curvature). If (A, u) is a vortex of classWm,p,loc, p >
1, m ≥ 1, then there is a constant C such that on the cylindrical ends the curvature decays
exponentially in the form |FA| ≤ Ce−κr, for all r.

Now we describe the exponential decay behaviour of the covariant derivative dAu on
the cylindrical ends. Similar results but with different hypotheses have been carefully
studied in Ziltener [22, Theorem 1] by using the methods of [11].

Theorem 4.1.2 (Exponential Decay for sections). For any finite energy vortex (A, u)
of class Wm,p,loc, p > 1, m ≥ 1 there are positive constants k, r0, C such that

|dAu(r, θ)| < Ce−kr

for r > r0. In particular, the limit limr→∞ u(r, θ) is covariant constant and it lies in the
fixed point set of the holonomy of A.

Proof. Since we are working on a cylinder, after gauge transformation we may assume
that the connection A is in temporal gauge, thus A = αdθ. By Lemma 4.1.1 |dAα(r, θ)| ≤
Ce−κr, and thus by integration we can write α = α0 + a where α0 is r independent and
a has exponential decay |a| ≤ Ce−κr for some constant C. Consider A0 = α0dθ as the
base connection. The vortex equations for (A, u) are given by

∂rα + e−κrΦ(u) = 0, ∂ru+ J(∂θu+ αX(u)) = 0

and thus the norm of the derivative 1
2
|dA(u)| equals |∂θu + αX(u)| = |∂ru|. Using the

connection A0 one can trivialize the bundle P over the cylinder. Respect to this trivial-
ization the section u yields a pseudo-holomorphic map ũ : S1 × R → X that is periodic
up to holonomy, i.e

ũ(θ + 2π, r) = gũ(θ, r),

for some g in the holonomy group of A. The standard exponential decay result for
pseudo-holomorphic maps also holds for ũ see Proposition 4.1.4 below. Thus for positive
constants r0, C, k

′, the exponential decay estimate

|dA0
u| = |dũ| ≤ Ce−k′r

holds for all r > r0. The derivatives dAu and dA0
u differ by a term containing a which

also decays exponentially as e−κr. Therefore we have that

|dAu| ≤ Ce−kr,
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for some C > 0, all r > r0 and k = min{k′, κ}. This shows that up to gauge transfor-
mation the exponential decay holds, but since dg·Ag ·u = g∗dAu, and the metric is gauge
invariant, we obtain the desired estimate. �

For future reference, we now state a similar result for flat vortices on cylinders.

Proposition 4.1.3. Let (A, u) denote a finite energy vortex on the cylinder R × S1 of
class Wm,p,loc, p > 1, m ≥ 1, such that FA = 0. Then, there are positive constants k, r0, C
such that

|dAu(r, θ)| < Ce−k|r|

for |r| > r0. In particular, the limits limr→±∞ u(r, θ) lie in the fixed point set of the
holonomy subgroup of A.

Proof. Up to gauge transformation we can write A = A0 + adθ, a ∈ g where the base
connection A0 is flat and constant in r. Since A is flat, a is just an element a ∈ g. The
proof of the statement is now identical to that of Theorem 4.1.2 using the finite energy
condition of the pair (A, u). �

Proposition 4.1.4. There are constants r0, C, k
′ so that for each lift ũ : S1 × R → X

associated to u as above one has |du(r, θ)| ≤ Ce−k′r for all r > r0.

The proof is almost the same as the proof of the usual exponential decay as in [15,
Lemma 4.7.3] but one needs to verify that there is an isoperimetric inequality and a well
defined local action for paths that are closed up to the action of an element g ∈ G, as
we now explain. A path γ : [0, 2π] → X is twisted by g ∈ G if γ(2π) = gγ(0). Let ǫ > 0
and assume γ : [0, 1] → X is a path so that its length satisfies ℓ(γ) < ǫ. If ǫ is small
enough, the path is contained in a contractible ball U ⊂ X whose radius is smaller than
ǫ0, the injectivity radius. Moreover, if there is a point x0 ∈ Xg ∩U , define the extension
of γ by

uγ : [0, 2π] × [0, 1] → X

uγ(θ, r) = expx0
(rξ(θ))

where the vector field ξ is given by the equation γ(θ) = expγ(0)(ξ(θ)). Then, define the
local action of γ as

a(γ) := −

∫

u∗γω.

The action can only be defined if such point x0 exists, but it does not depend on its
choice, if γ is short enough. Suppose vγ is the extension associated to a different point,
then the connected sum u := uγ#vγ is contained in a contractible neighborhood, and
thus the integral of u vanishes.

We have the following isoperimetric inequality for twisted paths.

Lemma 4.1.5. Let ǫ0 be the injectivity radius and γ be a path in X twisted by g. Suppose
further that there is a fixed point x0 ∈ Xg within ǫ0 of γ(0). Then, for every constant
C > 1/4π there is an ǫ > 0 smaller than ǫ0 so that if ℓ(γ) < ǫ then |a(γ)| ≤ C(ℓ(γ))2.
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γ(2π) = gγ(0)

x0

γ(0)

Figure 1. Twisted path and its extension. If g has finite order n, the
path γ can be replaced by a loop.

Proof. It is not hard to see that this inequality holds for some constant C. Take ǫ smaller
than half of the injectivity radius of X and let uγ be its extension as defined above. We

have |∂ruγ| = |ξ(θ)| ≤ ℓ(γ) and |∂θuγ| ≤ C|ξ̇(θ)| ≤ C|γ̇(θ)| for some constant C > 0.
Integrating, we get

|a(γ)| = |

∫ 2π

0

∫ 1

0

ω(∂ruγ, ∂ruγ)| ≤ C ′(ℓ(γ))2.

The proof of the general statement is done over a Darboux chart. It follows from the
equivalent result on symplectic vector spaces. The arguments are a verbatim copy of the
proof of Theorem 4.4.1 in [15]. �

Recall the mean value inequality for pseudoholomorphic maps:

Lemma 4.1.6 (Lemma 4.3.1 [15]). There is a constant ε0 > 0 such that if r > 0 and
u : Br(0) → X is a pseudo-holomorphic map on the ball of radius r in C, then

∫

Br(0)

|du|2 ≤ ε ⇒ |du(0)|2 ≤
8

πr2

∫

Br(0)

|du|2.

Proof of Proposition 4.1.4. For r0 > 0 define the function f(τ) to be the energy of the
map ũ on the cylinder [r0,∞) × S1

(21) f(τ) := E(ũ; [τ,∞) × S1) =
1

2

∫ ∞

τ

∫

S1

|dũ(r, θ)|2drdθ.

Then

lim
τ→∞

f(τ) = 0.

Thus, by improving the constant r0 if necessary, we can assume that the energy of u is
smaller than the constant ε in the Mean Value Inequality, so we have for some C > 0

|dũ(r, θ)|2 ≤ CE(ũ; [r0,∞) × S1).
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Let γr(θ) := ũ(r, θ). We can apply lemma Lemma 4.1.5 to γr. To see this, note that
the value of ũ, as r goes to infinity, approaches a point x0 in the fixed point set Xg. Thus
for r0 big enough, γr(0) is in an ǫ0 neighborhood of a fixed point set x0. By the mean
value estimate above with a fixed radius from the point (τ, θ), |γ̇τ | ≤ c1E(ũ; [r0,∞)×S1),
for a constant c1 and thus ℓ(u)2 < c1E(ũ; [r0,∞) × S1). Therefore, by improving r0 one
can assume that γr has length shorter than the ǫ constant of Lemma 4.1.5. Thus for for
all r > r0, |a(uγ)| ≤ cℓ(γr)

2. The energy E(ũ, [r,∞) × S1) agrees with the action a(γr).
To see this, consider the extension uγr of the loop γr and use it to cap ũ. Since this
resulting map has finite energy, we can extend this map to the a very small sphere that
lies in a contractible chart. Integrating the symplectic form over this sphere one obtains
that E(ũ, [r,∞) × S1) − a(γr) = 0. Putting all these estimates together we get

f(r) = a(ur) ≤ cℓ(γr)
2

≤ 2πc

∫

S1

|γ̇r(θ)|
2dθ = 2πc

∫

S1

|∂rũ(r, θ)|
2dθ

= −k′f ′(r)

for a positive constant k′ which is independent of ũ. The differential inequality f ′(τ) ≤
−k′f(τ) yields the estimate

|dũ(τ, θ)| ≤ f(τ) ≤ Ce−k′τ

for some C > 0. �

We can now state the following proposition.

Proposition 4.1.7. There is a constant δ0 < κ such that for all vortices (A, u) of class
Wm,p,loc with finite energy, there exists a gauge transformation g of class Wm+1,p,loc such
that (g · A, g · u) is of class Wm,p,δ for all weights δ < δ0.

Proof. Let δ be a positive weight. Assuming δ smaller than the constants κ, k of Lemma
4.1.1 and Theorem 4.1.2, the weighted Sobolev norm ‖(A, u)‖1,p,δ is finite. Assume that
A is actually smooth, otherwise we can replace it by a nearby smooth connection. Let
D be the linearization of the Cauchy-Riemann operator ∂ru + J(∂θu + αX(u)) and D0

the respective one by replacing A by A0. For k < m, D0 is a compact perturbation of
a translation invariant elliptic operator Wk,p,δ → Wk−1,p,δ with smooth coefficients and
since α and α0 differ by a term that decays faster than δ, D : Wk,p,δ → W p

k−1,δ is also
elliptic . The regularity estimate for elliptic differential operators also holds in weighted
Sobolev spaces [14, Equation 2.4], thus we have for some constant C > 0

‖u‖W p
k+1,δ

≤ C(‖Du‖W p
k−1,δ

+ ‖u‖W p
k,δ

),

and thus u is also in the W2,p,δ. The elliptic estimate for the curvature also holds. �
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4.2. Generic condition on the holonomies. In this paper we only consider generic
conditions on the holonomies. Suppose the case when there are only three cylindrical
ends. Assume that a vortex (A, u) with prescribed holonomy (µ1, µ2, µ3) is fixed by a one-
parameter subgroup generated by ζ . Under this conditions the structure group reduces to
Gζ , then the vortex obtained by the induced projection onto this one-parameter subgroup
is a-U(1) vortex. It is not hard to see that the holonomies arround the punctures satisfy
the relation

Hol(µ1) Hol(µ2) = Hol(µ3) exp(

∫

Σ

FA).

Now, the curvature can be written as FA = ξVolΣ for some fixed vector ξ which is
the image of a fixed point of X under the map (Φ, ζ). Therefore, the possible values of
∫

Σ
FA cannot be continuous, that is they are a discrete set. This puts a constraint on

µ3 which is a non-generic condition. By choosing the holonomies generically then this
constraint cannot be satisfied.

We then make the following assumption.

Assumption 4.2.1. For this paper the holonomy for any vortex is assumed to be generic.

4.3. Fredholm theory. We introduce Hamiltonian perturbations of the vortex equa-
tions as follows. Let D(P (X)) → Σ denote the bundle whose fibre at s ∈ Σ is the space
of compactly supported functions C∞

c (P (X)s). Let

H(P (X)) = MapG(A(P, µ),Ω1
c(Σ,D(P (X)))

denote the space of 1-forms with compact support on Σ and values in D, depending
equivariantly on a connection A ∈ A(P, µ), and on the cylindrical ends asymptotically
equal to Hidθi, for some functions H1, . . . , Hn ∈ C∞(X). Every HA ∈ H(P (X)) defines
a 1-form σH on P (X)s given by

σHA
(x, v) = HA(dπx(v), x), v ∈ Tx(P (X))

Let XHA
be the vector field on P (X). By perturbing the symplectic connection ωP (X)

by ωHA
= ωP (X) − dσHA

we get the equations

(22) FA + VolΣ u
∗Φ = 0, ∂̄JA

u−XHA
(u)0,1 = 0,

which give a section of the bundle (19). Since dπ vanishes on vertical vectors, ωP (X),HA

agrees with ωP (X) on TP (X)vert. The solutions of (22), are holomorphic with respect to
a new almost complex structure JA,HA

∈ J (P (X),ΩH), given by

JA,HA
v = JAv + Jvert

A ◦XHA◦dπ(v) −XHA◦j◦dπ(v)

Thus, the solutions of (22) are the solutions of the Cauchy-Riemann equation ∂̄JA,HA
(u) =

0, which is a compact perturbation of ∂̄JA
(u) = 0. With respect to the connection induced

by A, JA,HA
has the matrix form

(23) JA,HA
=

(

j 0
J ◦XHA◦dπ(·) −XHA◦j◦dπ(·) J

)
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therefore it is not compatible since the (j, J)-anti-linear term J ◦XHA
−XHA

◦ j is not
zero. Let SH be the operator given by the perturbed vortex equations

A(Σ, µ)m,p,δ × Γ(Σ, P (X))m,p,δ → Ω2(Σ, P (g))m−1,δ × Ω0,1(Σ; u∗T vertP (X))m−1,δ(24)

(A, u) 7→ (∗FA + u∗Φ, ∂̄JA,HA
(u)),

where (A, u) is a pair of class (m, δ). Recall that we are using a metric with finite volume
form VolΣ = ∗1, thus the star operator ∗ is well defined. Let M(Σ, G, µ,X, J,H)m,p,δ

denote the moduli space of pairs satisfying (24) modulo gauge transformations Gm+1,p,δ.
The linearization of the operator ∂̄JA,HA

(u), is

DH : Ω1(Σ, P (g))m,p,δ × Ω0(Σ, u∗T vertP (X))m,p,δ → Ω0,1(Σ, u∗T vertP (X))m−1,δ

constructed as follows. For any pair (A, u) of a connection and a section of the bundle
P (X) the map

F(A,u,H) : Ω1(Σ, P (g))m,p,δ × Ω0(Σ, u∗T vertP (X))m,p,δ → Ω0,1(Σ, u∗T vertP (X))m−1,δ

F(A,u,H)(ξ) := Ψu(ξ)
−1∂J,HA

(expu(ξ))

where Ψu and expu are the parallel transport and exponential map, both along vertical
geodesics on fibres using the vertical connection

∇̃v := ∇v −
1

2
JA,H(∇vJA,H),

obtained from the vertical Levi-Civita connection ∇. In this way ∇̃ does preserves JA,H

as well as the metric. Now, the operator DH is given by DH := dF(A,u,H)(0). The
operator DH can be written as the sum of two terms

(a, ξ) 7→ Du,JA,HA
(ξ) +D2(a)

corresponding to the partial derivatives. The operator Du,JA,HA
is the linearization of the

Cauchy-Riemann operator with fixed almost complex structure JA,HA
. The second term

is the partial derivative respect to the variation of the operator F in the direction a.
Using the expression (16) for the almost complex structure JA,HA

we see that the term
D2(a) is the (0, 1)-component of the Lie derivative Lu(a), given by the action of a along
u. The linearized operator at (A, u) associated to the vortex equations is thus given by

DS(A,u) : Ω1(Σ, P (g))m,p,δ × Ω0(Σ, u∗T vertP (X))m,p,δ → Ω2(Σ, P (g))m−1,δ × Ω0,1(Σ, u∗T vertP (X))m−1,δ

(a, ξ) 7→ (∗dA(a) + Lξu
∗Φ, Du,JA,HA

ξ + L0,1
u (a)).(25)

Where the first term is just the linearization of ∗FA + u∗Φ = 0. Using the equations for
the slice (27) we obtain a linear slice for the G action on the space A(P,X, µ). Let D̃A,u

be the operator obtained from DSA,u by adding the slice condition,

(26) D̃A,u : (a, ξ) 7→ (∗dAa + Lξu
∗(Φ), Du,JA,HA

ξ + L0,1
u (a),−d∗Aa + LJξ(u

∗Φ)).

Lemma 4.3.1. D̃A,u is Fredholm.
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Proof. The terms involving the Lie derivatives are of lower order, and thus they can be
ignored. We can assume that DA := Du,JA,HA

is the operator associated to the base
connection A0 since the difference DA − DA0

is a compact operator. Again, L0,1
u (a) is

compact thus Du,JA,HA
ξ + L0,1

u (a) is a lower order perturbation of the operator DA0
.

Thus, it is enough to show that the map

(a, ξ) → (dA ⊕ d∗Aa, DA0
(ξ))

is Fredholm. To see this, take the weight δ0 smaller than any element in the spectrum
of the limiting operators. If δ < δ0 then dA ⊕ d∗A and DA0

are both Fredholm, since the
second factor in (9) is finite dimensional. Thus D̃(A,u) is Fredholm. �

4.4. Transversality. In order to apply the implicit function theorem, we need to show
that we have a Banach space of Hamiltonian perturbations. One can either use Floer’s
C∞

ǫ topology, or use the Ck topology with an appropriate weight function. For the latter
let φ : Σ → R be a positive function approaching infinite on each cylindrical end, and
let Ck

φ be the subspace of f ∈ Ck
loc such that the norm

‖f‖2
φ,k =

k
∑

j=0

sup
s∈Σ

‖φ(s)(Djf)(s)‖2

is finite. Let Ω1(Σ, Ck
φ(P (X))) denote the space of one-forms taking values at s in

Ck(P (X)s). Let H(P (X))l denote the space of G(µ)m+1,p,δ-equivariant maps fromA(P, µ)m,p,δ

to Ω1(Σ, Ck(P (X))) that are class C l. We define on H(P (X))k the structure of a Banach
manifold of class Ck. Given an element A ∈ A(P, µ)m,p,δ, let SA be a slice for the action of
G(µ)m+1,p,δ at A. Local charts for H(P (X))k are given by maps SA → Ω1(Σ, Ck(P (X)))
of class Ck.

Theorem 4.4.1. There is a constant δ0 > 0 such that for all weights 0 < δ < δ0 the
section SH given by (22) is Fredholm and space of regular Hamiltonian perturbations is of
second category in H(P (X))k. For any such perturbation the subsetM∗(Σ, G, µ,X, J,H)m,p,δ ⊂
M(Σ, G, µ,X, J,H)m,p,δ of irreducible elements has the structure of a smooth manifold,
with tangent space isomorphic to the kernel of the operator (26).

Proof. Consider the universal moduli space

Auniv(P,X, µ) =
{

(A, u, J,H)|∂̄JA,H
u = 0, FA + VolΣ u

∗Φ = 0
}

⊂ A(µ)m,p,δ × Γ(Σ, P (X))m,p,δ × J (X)G ×H(P (X))m.

The idea of the proof is to show that for δ > 0, the Hamiltonian term can be considered
a compact perturbation of the linearized operator. Since the perturbations H vanish
at infinity on the cylindrical ends, zero is not contained in the spectrum of the limiting
operators on the cylindrical ends and so for sufficiently small Sobolev weights on the
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cylindrical ends the universal linearized operator

Du = Du
A,u,J,H : Ω0(Σ, u∗T vertP (X))m,p,δ × Ω1(Σ, P (g))m,p,δ × THH(P (X))m →

Ω0,1(Σ, u∗T vP (X))m,p,δ

(a, ξ, h) 7→ (DH)(A,u)(a, ξ) + ∆HD
u(h)

Here we denote by h 7→ ∆HD
u(h) the partial operator at H in the direction of h. We

claim that it is onto. Because of the construction of JA,H as in Equation (23), this term
h 7→ ∆HD

u(h) is (j, J)-anti-linear. Suppose that η is orthogonal to the image of Du
A,u,H.

Denote by (Du)∗ be the dual operator defined by integration and inner product
∫

Σ

〈Duξ, η〉VolΣ =

∫

Σ

〈ξ, (Du)∗η〉VolΣ .

By integration by parts D∗η = 0 and also

〈η, Y ◦Du ◦ j〉 = 0, for all Y ∈ THH(P (X)).

Suppose that there is a point z where ηz 6= 0. Let x = u(z) and take a (j, J)-anti-linear
map Z : TΣz → TxP (X)v, such that 〈ηx, Z ◦ j〉 6= 0. Since A(P, µ) is reducible-free,
there exists an infinitesimal Hamiltonian perturbation Y such that 〈ηz, (Y ◦Du◦j)z〉 6= 0.
Indeed, choose Y for A, extend it to a slice for the gauge group action, and then to the
flow-out by equivariance. By multiplying Y by a bump function supported near x = u(z)
one can achieve that it lies in the space TIJ (J), and that 〈η, (Y ·Du · j)〉 6= 0 which is
a contradiction. Therefore η = 0 and Du is onto.

Next we show that the action of Gm+1,p,δ on A(P,X, µ)m,p,δ, resp. Auniv(P,X, µ)m,p,δ

admits finite dimensional slices. The construction of slices for the gauge action is given
by Gaio-Salamon [11], in the case without cylindrical ends. We first show that the action
of G on the space A(µ)m,p,δ × Γ(Σ, P (X))m,p,δ admits slices and thus so does the action
on A(P,X, µ)m,p,δ . The construction of the slice for Auniv(P,X, µ)m,p,δ is identical.

Recall that the generating vector fields for the gauge group action on A(µ)m,p,δ ×
Γ(Σ, P (X))m,p,δ are given by

ηA(P,X,µ) = (−dA(η), (ηX)(u)) for η ∈ Ω0(Σ, P (g))m+1,p,δ.

We take as linear (local) slice the orthogonal complement to the orbit. A point (a, ξ) is
L2

δ-orthogonal if

〈−dAη, a〉L2
δ
+ 〈ηX(u), ξ〉L2

δ
= 0, for all η ∈ Ω0(Σ, P (g))m+1,p,δ

or equivalently, using the formal weighted adjoints as in (7) we have

〈η,−d∗Aa〉L2
δ
+ 〈η, Z(ξ)〉L2

δ
= 0

where d∗A is the weighted adjoint of dA and

Z : Ω0(Σ, u∗TX)m,p,δ → Ω0(Σ, P (g))m,p,δ
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is the one corresponding to η 7→ ηX(u). For later use, we notice that using the definition
of the moment map and the compatibility condition of the metric

〈ξ, ηX(u)〉 = ω(Jξ, ηX(u)) = d(u∗Φη, Jξ)

so that the formal adjoint of η 7→ ηX(u) is the Lie derivative LJξ(u
∗Φ) which in turn

gives the weighted adjoint

Z(ξ) = e−δrLJeδrξ(u
∗Φ).

The desired linear slice is

(27) K = {(a, ξ) ∈ Ω1(Σ, P (g))m,p,δ × Ω0(Σ, u∗T vertP (X))m,p,δ, d∗Aa + Z(ξ) = 0}.

So we have a splitting of the tangent space

T(A,u)A(P,X, µ)m,p,δ = T(A,u)(G(µ)m+1,p,δ · (A, u)) ⊕K.

We claim that there exists a neighborhood U of the origin in

(28) Ω1(Σ, P (g))m,p,δ × Ω0(Σ, u∗T vertPX)m,p,δ

and a map G : U → Ω0(Σ, P (g))m+1,p,δ ×K, such that

(29) (a, ξ) 7→ (d∗
Aa+ Z(ξ), G(a, ξ))

is a diffeomorphism onto a neighborhood of the origin. The proof of the claim is a direct
application of implicit function theorem applied to the map

I : Ω0(Σ, P (g))m+1,p,δ × Ω1(Σ, P (g))m,p,δ × Ω0(Σ, u∗T vertP (X))m,p,δ → Ω0(Σ, P (g))m+1,p,δ

I(η, (a, ξ)) = d∗A(eη · (A+ a) −A) + Z(logu(e
η · expu ξ)).(30)

that satisfies the following result.

Lemma 4.4.2. The map I is smooth with and its partial derivative respect the first term
is

D1I : η 7→ d∗AdAη + Z(ηX(u)).

Moreover, D1I is invertible.

Proof of Lemma 4.4.2. The derivative of I can be computed by expanding each term in
Equation (30) to obtain

I(η, (a, ξ)) = d∗
AdAη + d∗

Aa+ Z(ξ) + Z(ηX(u)) + quadratic terms.

and thus its partial derivative respect to η at the origin is d∗AdAη+Z(ηX(u)). It rests to
see that

D1I : η 7→ d∗
AdAη + Z(ηX(u))

is invertible. The second term Z(ηX(u)) has order zero and the operator d∗
AdA is elliptic,

the result will follow from elliptic regularity and the fact that DI has trivial kernel,
which in turn follows from the identity

〈η, d∗
AdAη + Z(ηX(u))〉 = ‖dAη‖

2 + ‖ηX(u)‖2.

�
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We now complete the proof of the Theorem. By applying the implicit function theorem
to the map I we obtain the desired neighborhood U and map G of (28),(29). A similar
construction shows that the universal space Auniv(P,X, µ) is Banach and admits slices
for the G action. If every connection is irreducible, then the stabilizer of any point is the
center and so the quotient

Muniv(P,X, µ) = Auniv(P,X, µ)/G(µ)

is a smooth Banach manifold. The Sard-Smale theorem applied to the projection

proj : Muniv(µ) → H(P (X))ǫ,δ.

shows that the space H(P (X))reg,J
k is of second category in H(P (X))k. �

Remark 4.4.3. For the rest of the paper, we will assume that all vortices are irreducible.
The reducible vortex cases are treated as in Donaldson-Kronheimer [9, 4.2.2], using the
stratification of vortices by fixing the centralizers of the connections. An analogous
version of Theorem 4.4.1 is valid for each stratum.

4.5. Regularity.

Proposition 4.5.1. Let δ0 be the constant of Theorem 4.4.1, and consider m ≥ 1 and
0 < δ < δ0. The moduli space M(P,X, µ, J,H)m,p,δ is independent of the choice of (m, δ),
and in fact consists of equivalence classes of smooth solutions.

Proof. Let (A, u) ∈ M(P,X, µ, J,H)m,p,δ. There is a gauge transformation g ∈ Gm+1,p,δ

so that g(A) is of class (m+1, δ). To see this note that for some ǫ > 0, any A0 such that
‖A−A0‖m,p,δ < ǫ is Coulomb gauge respect to A. That is, there is a gauge transformation
Gm+1,p,δ such that

d∗A(g−1(A0) −A) = 0

By symmetry g ·A is in Coulomb gauge relative to g−1A0. The difference a = g(A)−A0

satisfies the condition d∗A0
(a) = 0. Since A0 is near A, we can assume A0 is smooth.

Thus by vortex equation for A0 now give that a satisfies the equation

d∗A0
(a) = 0, FA0

+ dA0
a+ [a, a] + u∗P (Φ) = 0

The term FA0
+ [a, a] + u∗P (Φ) is of class (m, p, δ), so are d∗A0

(a) and dA0
(a). By elliptic

regularity, a is of class (m + 1, p, δ) and thus g(A) is. We want to show that the same
is true for g · u. Suppose that we have a vortex (A, u) such that A is of class (m+ 1, δ)
and u is of class (m, δ). u satisfies the Cauchy Riemann equation ∂JA

(u) = 0, since A
is of class m+ 1 equation (16) shows that JA is also of class m+ 1. The bootstrapping
theorem for holomorphic maps [15, B.4.1] implies that u is of class m+1. Following this
procedure we get that up to gauge transformation the pair (A, u) is indeed smooth. �

Remark 4.5.2. For a generic Hamiltonian perturbationH ∈ C∞(X)ǫ,δ, the spaceN(Σ, P, µ)∗

of simple JA-holomorphic maps u : Σ → X is smooth. However, it is not possible to
choose H to be invariant under the stabilizer of GA, hence the moduli space M(Σ, P, µ)∗

can not be made transversal.
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5. Compactification

5.1. Vortices with bounded first derivative. LetM(Σ, P,X, µ)m,p,δ denote the mod-
uli space of perturbed pseudoholomorphic sections.

Theorem 5.1.1. Let (Aα, uα) be a sequence of vortices with bounded energy E(Aα, uα)
in M(Σ, P,X, µ)m,p,δ. If duα is bounded in C0 on compact sets, then there exists a
smooth vortex (A∞, u∞) such that after gauge transformation and passing to a subse-
quence (Aα, uα) converges to (A∞, u∞) uniformly in all derivatives on compact sets.

Proof. The vortex equation and bound on Φ give a pointwise bound on the curvature, and
since VolΣ has exponential decay on the cylindrical ends, this implies an L2 bound for the
curvature cf. Lemma 4.1.2. Uhlenbeck compactness implies that there is a subsequence
(still denoted) Aα and a sequence of gauge transformations gα ∈ G2,p,loc such that gα ·Aα

converges weakly to a connection A∞ in the local Sobolev topology W1,p,loc and strongly
in the C0-topology (see Wehrheim [21, Theorem A’]). By hypothesis the sequence gα ·uα

is bounded in W1,p,loc the theorems Alaoglu and Rellich, after passing to a subsequence,
gα·uα converges weakly inW1,p,loc and strongly in C0 to a section u∞. Since FAα converges

to FA∞
and ∂JAα

uα converges to ∂JA∞
u∞ both weakly in W0,p,δ, the pair (A∞, u∞) is

a weak solution to the vortex equations in W1,p,loc. By Proposition 4.1.7, after gauge
transformations, we can assume that (Aα, uα) converges to (A∞, u∞) in W1,p,δ, and by
Theorem ?? we can assume that (A∞, u∞) is actually smooth. To show convergence in
all derivatives on compact sets, we use the bootstrapping method of the proof of 4.5.1, as
follows. By Coulomb gauge, there is a sequence of gauge transformations gα ∈ G2,p,loc such
that d∗A∞

(gαAα −A∞) = 0. The sequence gαAα has also L2-bounded curvature and thus
a subsequence, still denoted by gαAα, converges to A∞ weakly in W1,p,loc and strongly in
C0. gα is uniformly bounded in W2,p,loc and converges to an element g ∈ G2,p,loc strongly
in W1,p,loc and weakly in W2,p,loc. By Proposition 4.1.7 a subsequence gα · u∞ converges
to g ·u∞ strongly in C0 and weakly in W1,p,δ, and g ·A∞ = A∞. Using equation (16), one
sees that the convergence of Aα gives the convergence of almost complex structures JAα

in W1,p,loc. In particular, for every small open set U of compact support, this sequence is
bounded uniformly, that is there is a constant c0 such that, ‖JAα‖ ≤ c0, for all α. Now,
by [5, Lemma 3.3] we have a constant c, depending on c0 and U so that, the sequence
uα of JAα-holomorphic sections is also bounded in W2,p,loc, and by Proposition 4.1.7 we
can assume it is also bounded in W2,p,δ. The sequences aα := Aα − A∞, uα are bounded
in W1,p,δ, and they satisfy

d∗A∞
(aα) = 0, FA∞

+ dA∞
aα + [aα, aα] + VolΣ(uα)∗P (Φ) = 0.

Therefore, dA∞
(aα) is bounded in W1,p,δ as well as d∗A∞

(aα), elliptic regularity shows that
aα is bounded in W2,p,δ. By passing to a subsequence if necessary, we can now assume
that (Aα, uα) converges in W2,p,δ. Continuing this process we get the convergence on
compact sets in all derivatives up to gauge transformation. �
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The case when the sequence duα is not bounded on compact sets in the C0 norm yields
the existence of bubbles. More formally, we introduce the space of stable vortices which
will be the proper compactification for the moduli space of vortices.

5.2. Stable Vortices. A stable vortex is defined as follows. Let Σ be a connected,
oriented surface with n cylindrical ends, Γ be a tree with vertices

vert(Γ) = {0} ∪ vert(Γ)C ∪ vert(Γ)Σ.

The vertex 0 is the root vertex. The vertices vert(Γ)C resp vert(Γ)Σ are cylindrical resp.
spherical.The set of cylindrical vertices decomposes into subsets

vert(Γ)C =
n

⋃

i=1

vert(Γ)Ci

and each set vert(Γ)Ci
(possibly empty) is equipped with an ordering.

Definition 5.2.1. For any (J,H) ∈ J a tuple (A, u) := ((A, u0), (Ai, ui), (vj), z) is called
a stable vortex of combinatorial type Γ if

• (root) (A0, u0) is is a (J,H)-perturbed vortex on the surface Σ.
• (broken cylinders) For each i ∈ vert(Γ)C , (Ai, ui) is a flat vortex on the cylinder

associated to the trivial principal bundle, so that ui : S1 × R → G × X is
holomorphic.

• (fibre bubbles) The set of vertices vert(Γ)Σ is the disjoint union of two sets
vert(Γ)Σ,0 and vert(Γ)Σ,∞. Then, for each j we have a holomorphic spheres vj on
the fibres, either of the form P

1 → P (X)z if j ∈ vert(Γ)Σ,0 (fiber bubble on Σ) or
P1 → X if j ∈ vert(Γ)Σ,∞ (fibre bubble on S1 × R).

• z is the tuple of attaching points where their entries are given as follows.
– for each edge iΓj connecting the vertices i, j ∈ vert(Γ)Σ there are two entries
zij , zji ∈ P1.

– for each edge 0Γj connecting 0 and j ∈ vert(Γ)Σ, entries z0,j ∈ Σ, zj,0 ∈ P1.
– for each edge jΓi connecting j ∈ vert(Γ)Σ and i ∈ vert(Γ)C , entries zij ∈
S1 × R, zji ∈ P1.

– for each edge 0Γi connecting 0 and i ∈ vert(Γ)C , an entry z0,i ∈ Σ which is
a point at infinity on a cylindrical end of Σ. zi,0 will be always understood

as the south pole of P1 = S1 × R after completing the cylinder to P1.
– If i, j ∈ vert(Γ)C are joined by an edge, then zij , zji are the south and north

pole of S1 × R respectively.

Definition 5.2.2. We say two stable vortices (Aα, uα), α = 0, 1 are equivalent if there
exists

• a gauge transformation over the principal component
• automorphisms of the domains of the bubbles preserving the special points



26 EDUARDO GONZALEZ, ANDREAS OTT, CHRIS WOODWARD, AND FABIAN ZILTENER

Figure 2. Stable vortex

such that the action of the gauge transformation on the principal component and on the
bundles over the fibers by evaluation at the special points, together with the automor-
phisms of domains, transforms (A0, u0) to (A1, u1).

Let M(Σ, P,X, µ,Γ) denote the moduli space of (perturbed) stable vortices of combi-
natorial type Γ. It will be helpful to have a notation for the set of nodes of the domain
of A, u. We denote the union of nodes by V (A, u), which decomposes into two subsets

V (A, u) = V0(A, u) ∪ V1(A, u)

where V0 denotes the set of nodes connecting ends of cylinder bubbles and V1 denotes the
set of nodes connecting sphere bubbles to the interior of cylinder bubbles, other sphere
bubbles, or the principal component. For each w ∈ V1(A, u) we denote by T vert

w P (X) the
corresponding linearized fiber of P , and for each w ∈ V0(A, u) we denote by TwX

µ the
corresponding tangent fiber of Xµ. We denote by D̃A,u the operator from

Ω1(Σ, P (g)) ⊕ Ω0(Σ, u∗0T
vertP (X))⊕
⊕

α

(Ω1(S1 × R, g) ⊕ Ω0(S1 × R, u∗αX)) ⊕
⊕

β

Ω0(P1, v∗βTX)

to

(Ω0 ⊕ Ω2)(Σ, P (g)) ⊕ Ω0,1(Σ, u∗0T
vertP (X))⊕

⊕

α

((Ω0 ⊕ Ω2)(S1 × R, g) ⊕ Ω0,1(S1 × R, u∗αX)) ⊕
⊕

β

Ω0,1(P1, v∗βTX)

⊕
⊕

w∈V0(A,u)

TwX
µ ⊕

⊕

w∈V1(A,u)

T vert
w P (X)

obtained by combining the various linearized operators on the principal component and
bubbles, and taking the difference of the infinitesimal sections at the nodes. The kernel
of the operator D̃A,u contains a finite dimensional subspace aut(A, u) generated by the
infinitesimal automorphisms of the sphere and cylinder bubbles.
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We say that a stable vortex is simple if it is irreducible and all components somewhere
injective. Denote by M∗(Σ, P,X, µ,Γ) the subset of M(Σ, P,X, µ,Γ) consisting of simple
stable vortices. By [15, Lemma 2.1], any sphere bubble that is not somewhere injective
is a multiple cover. We need a related argument for cylinder bubbles. We write the
connection in temporal gauge A = µdθ, so that the pseudoholomorphic section gives a
map

(31) u : Σ → X, ∂ru(z) + J(u(z))(∂θu(z) + µX(u(z))) = 0.

Lemma 5.2.3. Either u is almost everywhere injective, or u is a multiple cover, that is,
there exists a finite covering φ : Σ → Σ, a connection A′ on G× Σ, a map u′ : Σ → X,
and a (possibly ramified) covering φ : Σ → Σ such that u′ is JA′-holomorphic and
(A, u) = φ∗(A′, u′).

Proof. The proof follows the case that A is trivial in [15, Lemma 2.1]. Locally we can
use the trivialization of Σ×X given by the connection A, and then u in a neighborhood
of any point z is given by a pseudoholomorphic map. Hence the critical points of u have
isolated singularities. Let C ⊂ Σ denote the set of critical points of u and consider the
equivalence relation

Γ ⊂ (Σ\C) × (Σ\C), Γ = {(z0, z1), zi,ν → zi, u(z0,ν) = u(z1,ν).

As in the case that A is trivial, the projection π of Γ on the first factor is a finite covering,
with order independent of z ∈ Σ\C. The claim that π is finite requires some explanation,
since Σ is not compact. However, u decays exponentially on the cylindrical ends, and
this implies that the set of points w such that |du(w)| = |du(z)| is finite. The closure
Γ is an equivalence relation on Γ, and one defines Σ′ = Σ/Γ. The argument that Σ′

has a holomorphic structure induced by the structure j and Σ, and the construction of
the maps u′ is the same as before. We obtain a bundle P ′ → Σ′ from P = Σ × G by
identifying (s, g) ∼ (s′, g) whenever s ∼ s′. The connection A on P induces a connection
A′ on P ′, so that u′ is JA′-holomorphic. �

By Lemma 5.2.3 and [15, Lemma 2.5.1], any stable vortex that is not simple is either
reducible or is a multiple cover of a simple vortex. Let (A0

α, u
0
α) and (A1

α, u
1
α) be two

cylinder bubbles with the same asymptotic limits, and A0
α = A1

α = ξdθ. By gluing, we
can form a section uα : S1 × S1 → X pseudoholomorphic with respect to the glued
connection Aα, with energy E(Aα, uα) = E(A0

α, u
0
α) + E(A1

α, u
1
α) and degree deg(uα) =

deg(u0
α) + deg(u1

α).

Lemma 5.2.4. The index of the corresponding linearized operators differs by

Ind(DA0
α,u0

α
) − Ind(DA1

α,u1
α
) = 2(c1(X), deg(u0

α) − deg(u1
α)).

Proof. By the gluing law for indices, we have

Ind(DA0
α,u0

α
) + Ind(DA1

α,u1
α
) − 2 dim(Xξ) = 2(c1(X), deg(uα)).

Ind(DA0
α,u0

α
) + Ind(DA0

α,u0
α
) − 2 dim(Xξ) = 2(c1(X), deg(uα)).

Subtracting gives the desired formula. �
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We now prove transversality for the moduli space of vortices of a fixed combinatorial
type. Let J be an G-equivariant almost complex structure on X, and A a connection on
P . Let

Mvert(P (X), JA) := {v : S2 → P (X)|∂JA
v = 0, π ◦ v = cte}

denote the moduli space of vertical holomorphic spheres. Consider the space

JH := MapG(A(P, µ),JG(X) × Ω1
c(Σ,D(P (X)))

of gauge equivariant almost complex structures and perturbations depending on the
connections A. One provides this space with a Banach structure by using the same
spaces and perturbations of Theorem 4.4.1.

Recall that the vertices vert(Γ) of Γ decompose into the root {0}, cylindrical vert(Γ)C ,
and spherical vert(Γ)Σ type. The moduli space N(J,H ; Γ) of framed vortices at infinity
of combinatorial type Γ is equipped with an evaluation map at the attaching points

ev : N(J,H ; Γ) → X

taking values in the space

X =
∏

edges of Γ

(X ×X)

Let ∆Γ be the diagonal defined by making equal the entries corresponding to the vertices
joined by edges. The space N(Σ, P,X, µ; (J,H),Γ) of stable vortices of combinatorial
type Γ is the inverse image of ∆Γ via ev. We say that an element (H, J) ∈ JH is regular
for the combinatorial type Γ if the following properties are satisfied.

• For every element ((A, u0), (Ai, ui), (vj), z) ∈ N(J,H ; Γ) the vertical operator
Dv

JA,vj
is onto for the spherical components corresponding to j ∈ vert(Γ)Σ.

• The perturbation (J,H) is regular for the root component (A0, u0).
• The evaluation map ev is transversal to the relevant diagonal ∆Γ.

Th

Theorem 5.2.5. Let Γ be a fixed combinatorial type, for each regular element (J,H) the
moduli space N∗(Σ, P,X, µ; (J,H),Γ) is a manifold with tangent space at A, u isomorphic
to the quotient of the kernel of the operator D̃A,u by aut(A, u). Moreover, the evaluation
map

evΓ : N∗(Σ, P,X, µ; (J,H),Γ) → Xµ

is smooth and the space JHreg(Γ) of regular perturbations is of second category in JH.

The proof is similar to the one of Theorem 4.4.1 and will be omitted. We denote the
union over combinatorial types

N(Σ, P,X, µ)m,p,δ =
⋃

Γ

N(Σ, P,X, µ,Γ)m,p,δ.

Similarly we define M(Σ, P,X, µ)m,p,δ.
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5.3. Topology on the moduli of stable vortices.

Definition 5.3.1. Suppose that (Aα, uα) is a sequence of vortices on Σ and (A, u) is a
stable vortex. We say that (Aα, uα) Gromov converges to (A, u) if there exist a sequence
gα of gauge transformations such that

(a) gαAα converges uniformly to A on compact sets;
(b) u0,α converges to u∞ uniformly on compact subsets of the complement of the

bubbling set Z0 ⊂ Σ0 of u;
(c) for every bubbling component Σi of Σ, there exists a sequence ǫi,α → ∞ and maps

φi,α : Bǫi,α(wi) → Σi such that uα ◦ φi,α converges uniformly on compact subsets
of the complement of the bubbling set Zi ⊂ Σi to ui,∞.

(d) for any bubble point wj on Σi, the energy lost

m(wj) := lim
ǫ→0

lim
α→∞

E(uα ◦ φi,α;Bǫ(zj))

is equal to the sum of the energies on the components of u attached to wj .
(e) for any bubble point wj on Σi, φ

−1
α,i ◦ φα,j converges to wj uniformly on compact

sets in a neighborhood of wi.
(f) if zi is contained in Σj , then zi = limα→∞ φ−1

j,α(zi,α).

To definine when a sequence (Aα, uα) of stable vortices Gromov-converges to a stable
vortex (A, u) one needs to ask for the existence of contractions on the trees Γα → Γ
associated to each stable map and modify the above definition accordingly. The details
are left to the reader.

A subset C of N(Σ, P,X, µ)m,p,δ is Gromov closed if any convergent sequence in C has
limit point in C, and Gromov open if its complement is closed. This induces a topology
in N(Σ, P,X, µ)m,p,δ.

We want to show that these spaces are Hausdorff. For that we need to describe Gro-
mov convergence of stable vortices in terms of an auxiliary function called the distance
function. Our function is the same as in [15, p. 134] with an added term including the
connection.

ρ((A, u), (A′, u′)) = inf
f :T→T ′

inf
φi

ρǫ((A, u), (A
′, u′); f, φi),
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where the function

ρ((A, u), (A′, u′); f, φ) :=‖A′ −A‖L2

+ sup
ij

|Ei(u;Bǫ(zij)) − Ef(i)(u
′;φj(Bǫ(zij)))|

+ sup
i∈Γ

sup
z /∈Bǫ(zi)

d(u′f(i)φi, ui)

+ sup
i6=j,f(i)=f(j)

sup
z /∈Bǫ(zij)

d(φ−1
j φi, zij)

+ sup
f(i)6=f(j)

d(φ−1
j (zf(i)f(j)), zij)

+ sup
i∈T,1≤j≤n

d(φ−1
i (z′f(i)j), zij)

depends on the contraction f : Γ → Γ′ such that map the nodes i → i′ and φi is an
automorphisms of the i-th component. We set ρǫ = ∞ if there are no contractions f .

Lemma 5.3.2. For ǫ sufficiently small, (Aα, uα) Gromov converges to A, u, if and only
if ρ((Aα, uα), (A, u)) is zero.

Proof. The forward direction is immediate from the definition of Gromov convergence.
The backwards direction follows from [15, Remark 5.5.7] and by noticing that the term
that contains the connection goes to zero, if and only if Aα converges to A after gauge
transformation. �

Proposition 5.3.3. The Gromov open sets form a topology for which any convergent
sequence is Gromov convergent. Furthermore, any convergent sequence has a unique
limit.

Proof. By [15, Lemma 5.6.5] it suffices to show that the function ρǫ satisfies the following
properties:

(a) For all (A, u) there is an ǫ0 > 0 such that for all 0 < ǫ < ǫ0,
(b) ρǫ((A, u), (A

′, u′)) = 0 only if (A, u) = (A′, u′).
(c) (Aα, uα) converges to (A, u) if and only if ρǫ((Aα, uα), (A, u)) converges to 0.
(d) Suppose that (Aα, uα) converges to (A, u). Then lim supα ρǫ(Σα, uα) ≥ ρǫ(A, u).

(b) Suppose ρǫ((A, u), (A
′, u′)) = 0. Then A = A′, and u|Σ = u′|Σ and the bubble points

all agree. These implies that u = u′, by unique continuation. (b) and (c) follow from
Lemma 5.3.2. �

Before we show that adding stable vortices yields a compact space, we need to prove
exponential decay for the twisted energy of the gauged sections.

5.4. Exponential decay on annuli.
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5.4.1. Twisted action. Let X be a compact Hamiltonian G-manifold with symplectic
form ω and moment map Φ. Recall that by the Cartan construction the equivariant
symplectic form ω ∈ Ω2

G(X) descends to a closed two-form ωA ∈ Ω2(P (X)), by the
formula

(32) π∗ωA = ω + d(Φ, A).

In general, ωA is closed but not symplectic. Let ωΣ ∈ Ω2(Σ) be a volume form on Σ,
and for any c > 0 let ωA,c = ωA + cπ∗ωΣ.

Lemma 5.4.1. Let Σ, X be compact. For any c1 > 0, there exists a c2 > 0 such that if
sup |A|C1

< c1 and c > c2 then ωA,c is symplectic.

Proof. It suffices to add on a sufficiently large multiple of π∗ωΣ so that ωA,c is positive
on the horizontal subspace. Since the norm of ωA on the horizontal subspace depends
linearly on the C1-norm of the connection and the moment map, the claim follows. �

The almost complex structure JA determined by J ∈ J (X)G and the connection is
automatically compatible with ωA,c. We denote by gA,c the metric determined by JA, ωA,c

on P (X). From now on, c is fixed as in the lemma above. For a loop γ : S1 → P (X)
whose length is smaller than the half the gA-injectivity radius of P (X), we may define
the twisted energy as the energy with respect to the metric gA and the twisted symplectic
action by

DA(γ) =

∫

D

u∗ωA

where u : D → P (X) is any smooth map whose image is contained in a geodesic
ball and whose boundary values are the given loop, that is, u|∂D = γ. For any JA-
pseudoholomorphic map we have the energy action relation EA(u) = DA(∂u).

Lemma 5.4.2 (Uniform isoperimetric inequality). There exist constants c1, c2, c3 > 0
such that if sup |A|C2

< c1 then

(a) the gA-injectivity radius of P (X) is greater than c2,
(b) if lA(γ) < c2/2 then DA(γ) ≤ clA(γ)2.

See [15, p.86]; the injectivity radius depends continuously on the C2-norm of the
metric.

5.4.2. Bootstrapping. In this section we consider solutions to the vortex equations

FA + f Volu∗Φ = 0, ∂Au = 0

where f is an arbitrary function. We call a solution an f -vortex. We wish to show that
if A and f are sufficiently small and A is in Coulomb gauge with respect to a smooth
connection A0, then all derivatives of A, u are controlled by e.g. the C0 norm of A and
the C1 norm of u.
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Lemma 5.4.3 (Bootstrapping). Let X be a compact Hamiltonian G-manifold equipped
with an invariant almost complex structure J . Let U ⊂ R2 be an open set and K ⊂ U
a compact subset. For all integers k > 0, p > 2, there exists constants c1, c2, c3 such that
for all f -vortices (A, u) on U , if

sup |A| < c1, d∗A0
A = 0 sup |dAu| < c2, ‖f‖k,p < c3, ‖A‖W k,p(U) ≤ c4

then there exists a constant c = c(c1, c2, c3, c4, K, U, k, p) such that

‖A, u‖W k+1,p(K) ≤ c‖A, u‖W k,p(U).

In addition, for the case k = 0 we have

‖A‖W 1,p(K) ≤ c‖A‖Lp(U) + c‖u‖W 1,p(U).

Proof. Consider first the case X = R2n. The elliptic estimate for the pseudoholomorphic
section proved in [6, Lemma 3.3] gives for k > 0,

‖u‖k+1,p ≤ c‖u‖k,p + ‖u‖1,∞.

We carry out a similar estimate for the connection A, for any k ≥ 0. Let ρ : R × S1 be
a cutoff function with compact support, equal to 1 on K. The connection ρA satisfies

d(ρA) = (dρ)A+ ρdA

= (dρ)A− ρ[A,A]/2 − ρf Vol u∗Φ

and

d∗(ρA) = ∗(dρ) ∧ ∗A+ ρ ∗ [A0, ∗A].

It follows that for ‖A‖k,p ≤ 1,

‖FρA + f Vol(ρu)∗Φ‖k,p ≤ c‖A‖k,p

and

‖d∗(ρA)‖k,p ≤ c‖A‖k,p.

By the elliptic estimate for the d + d∗,

‖ρA‖k+1,p ≤ c(‖A‖k,p + ‖u‖k,p)

To prove the claim for arbitrary X, choose r sufficiently small so that on any ball Br(z),
the image of u lies in a Darboux chart on X, and cover X by a finite number of Darboux
charts and Σ by a finite number of balls so that the image of each ball lies in a Darboux
chart. Summing the estimates for the restriction of u to each ball proves the claim. �

5.4.3. Exponential decay. The exponential decay estimate depends on the exponential
decay of the energy, which is derived from the mean value inequality. We prove the
following uniform version:

Lemma 5.4.4 (Uniform mean value inequality). Let Σ be a Riemann surface (possibly
with boundary), X a compact symplectic manifold, P → Σ the trivial G-bundle, P (X)
the associated fiber bundle. Fix c > 0, and for any connection A ∈ Ω1(Σ, P (g)) let EA
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denote the twisted energy of Section 5.4.1. For any c1 > 0, there exist constant δ > 0
such that if ‖A‖C2

< c1 then

EA(u|Br(z)) ≤ δ =⇒ |dAu(z)|
2 ≤ (8/πr2)EA(u|Br(z)).

.

Proof. The computation on [15, p.90] uses only an estimate on the second derivative
of the almost complex structure (hence the C2-norm of the connection) and the metric
(determined by the choice of c above and the C0-norm of the connection. �

Let z ∈ Σ be a point, and fix a trivialization of P in a neighborhood of z. Let A(δ, ǫ)
denote a small annulus around z, conformally equivalent to the cylinder [log(δ), log(ǫ)]×
S1.

Lemma 5.4.5 (Uniform exponential decay). Let X be a compact Hamiltonian G-manifold
equipped with an invariant almost complex structure J . There exists constants κ, c0, c1, c2, c3, c4
such that for all δ, ǫ > 0, all A ∈ Ω1(A(δ, ǫ), g) and all u : A(δ, ǫ) → X pseudoholomor-
phic with respect to JA, if

ǫ/δ > c0, ‖A‖C2
< c1, E(u;A(δ, ǫ)) < c2

then the twisted energy

EA(u;T ) := EA(u|A(eTδ, e−T ǫ))

satisfies an exponential decay estimate

EA(u;T ) < c3e
−κTEA(u; 0).

Furthermore, the distance between u(z) and u(z′) for z, z′ ∈ A(eT δ, e−T ǫ) satisfies the
exponential decay estimate

sup
z,z′

dist(u(z), u(z′)) ≤ c4e
−κTEA(u; 0)1/2

Finally, if in addition (A, u) satisfies

FA + f Volu∗Φ = 0 d∗A = 0

then there exist constants c5, c6 such that if ‖f‖C2
< c5 and ‖A‖C0

< c6, then the same
conclusions hold.

We do not claim that the constant κ can be chosen arbitrarily close to 1 as in [15].

Proof. We may assume that the energy and C2 norm of A are sufficiently small so that
the mean value theorem applies, so that the twisted action is well-defined. Since u is
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JA-holomorphic,

EA(u;T ) ≤ DA(u;T ) −DA(u;−T )

≤ c7(lA(T )2 − lA(−T )2)

≤ c8

∫

S1

|∂tu(T, θ)|
2
Adθ + c2

∫

S1

|∂tu(−T, θ)|
2
Adθ

≤ −c8
d

dT
EA(u;T )

for some constants c7, c8 depending on the previous constants. Thus

d

dt
EA(u;T ) ≤ −(1/c8)EA(u;T )

which implies
EA(u;T ) ≤ c3 exp(−κT )EA(u; 0)

where κ = 1/c8 which proves the third claim. Applying the mean value inequality
completes the proof of the second claim. The final claim uses the bootstrapping estimate
to obtain a C2 bound on A from the C0 bound on A and the bound on dAu. �

5.5. Compactness theorem.

Theorem 5.5.1. For any C > 0 and , the space M(Σ, P,X, µ)C
m,p,δ is compact.

Proof. The proof requires a detailed analysis of the different type of bubbling. We will
show that all possible degenerations are already in the space of stable vortices. We do
the proof in several cases, ans each case in several steps.

Case A. Spherical fibre bubbling on the principal component. Suppose that (Aα, uα) is a
sequence of vortices such that dAαuα is unbounded in C0 on compact sets. That is, there
exists a convergent sequence zα → s such that dAαuα(zα) → ∞. For this case assume
further that no such s is a point at infinity (i.e. s ∈ Σ. We call such point s a singular
or bubbling point for the sequence (Aα, uα). We have the following.

Step 1. (Hard rescaling)

Proposition 5.5.2. If (Aα, uα) is a sequence of vortices whose energy is bounded
by C, then there is a finite set of bubbling points Z ∈ Σ, and a vortex (A∞, u∞)
on Σ such that a subsequence still denoted (Aα, uα), converges after gauge trans-
formations to (A∞, u∞) on compact sets of Σ\Z in all derivatives.

Proof. To show this, for a bubbling point s, limzα→s |dAαuα(zα)| = ∞. Let ǫ > 0
small enough so that a neighborhood of s is consider as an open set in C. By
Hofer’s lemma [15, 4.6.4] to the function z 7→ |dAαu(z)| for |z− s| < ǫ, the points
zα and the constants δα := |dAαuα(zα)|−1/2, there exist sequences ζα ∈ Σ, ǫα > 0
such that

ζα → s; sup
|z−ζα|<ǫα

|dAαuα| ≤ 2cα; ǫα → 0; ǫαcα → ∞,
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where cα := |dAαuα(ζα)|. Let ψα be the sequence defined on the ball Bǫαcα(0) given
by ψα(z) := (ζα + z/cα). This sequence converges to s uniformly in compact sets.
The rescaled sequence

vα(z) := uα(ψα(z))

has uniformly bounded first derivative on compact sets, on arbitrarily large do-
mains, since the sequence ǫαcα → ∞. The maps vα are pseudoholomorphic with
respect to the almost complex structure determined by the re-scaled connections
c−1
α Aα, which have uniformly bounded curvature. Using Theorem 5.1.1 we get,

after gauge transformations, that the sequence (c−1
α Aα, vα) converges uniformly

to a pair (A0, v) on compact sets, in all derivatives. Note that the limit A0 is
necessarily the trivial connection, since cα → ∞, and that the map v necessarily
lies on the fibre s,

v : C → P (X)s

since standard removal of singularities for finite energy maps implies that v ex-
tends to a smooth J-holomorphic map v : P

1 → P (X)s, where J is the given
almost complex structure on X, and v is non constant.

We now show that there are only finitely many of points z where bubbling can
occur. Let ~ denote the energy quantization constant for X, so that any non-
constant pseudoholomorphic map v : P

1 → X captures energy at least E(v) > ~.
Since the energy is non-negative, sphere bubbles can develop at most at finitely
many points.

Finally, on the complement Σ − Z, dαuα is uniformly bounded in compact
sets and (Aα, uα) has bounded energy, then by Theorem 5.1.1 Aα converges to
a connection A∞ on compact subsets of Σ and uα converges to a section u∞ on
compact subsets of Σ − Z in all derivatives, so that (A∞, u∞) is a solution to
the vortex equations on Σ − Z. Since u∞ is a finite energy pseudoholomorphic
map from Σ to P (X), removal of singularities implies that it extends to all of Σ.
(A∞, u∞) is the principal component of the limiting sequence. �

To justify why energy quantization also holds for vortices, we state the follow-
ing.

Lemma 5.5.3. There is a constant ~(Σ) such that any non-trivial vortex (A, u)
has energy E(A, u) > ~(Σ). In particular, there is only a finite collection of
spherical fibre bubbles.

Proof of Lemma 5.5.3. Suppose otherwise. Then there exists a sequence of vor-
tices (Aα, uα) with non-zero energy E(Aα, uα) such that E(Aα, uα) → 0. In par-
ticular, this sequence must have no sphere bubbling, so by the above argument it
converges to a solution (A∞, u∞) of energy zero. Hence the connection A∞ is flat
and the section u∞ covariant constant. The mean value inequality implies that
uα is homotopic to u∞. Since the action is a topological invariant, this implies
that E(A∞, u∞) = 0, which is a contradiction. �

We now deal with the construction of the bubble tree.
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Step 2. We first show how to capture the first bubble. For simplicity assume that the set
of bubbling points Z for the sequence consists of a single element s. To ensure that
we capture bubbles so that there is no bubbling in between, we need to choose the
rescaling sequences more carefully and we need to show that the bubbles connect
argument still holds for vortices. Fix a trivialization of P in a neighborhood of s.

Let m(s) := limǫ→0 limα(uα;Bǫ(s)) be the energy of the sequence being cap-
tured at s. By choosing a subsequence, this limit exists since the energy is uni-
formly bounded. Since bubbling occurs near s, we can restrict the sequence uα

to the ball BR(s) for R > 0. Moreover, let ζ ′α ∈ BR(s) be the point where the
function dAαuα attains its supremum on BR(s). The section ũα := uα(z + ζ ′α) is
such that attain its sup at z = 0 and thus the sequence ũα has a bubbling point
at z = 0, since the sequence ζ ′α → s. Choose the rescaling constants ǫα so that

(33) E(ũα;Bǫα(0)) = m(s) − h/2,

where h < min{~/2, c2/2} where ~ is the energy quantization constant and c2 is
the constant of Lemma 5.4.5. For any ǫ > ǫα the energy of ũα on the annulus
Bǫ(0)\Bǫα(0) is at the most δ/2 and then there is not enough energy to form
another bubble in this annulus. Let ψα(z) := ζ ′α + ǫαz and let (A′

α(z), vα(z)) :=
(Aα(ψα), uα(ψα)) denote the rescaled sequence defined on the ball BR/ǫα(0).

Now, we can state the following.

Proposition 5.5.4. Bubbles connect
(i) There is a finite energy pseudoholomorphic map v : C → P (X)s and a

finite set of points Z1 ⊂ C so that the sequence v′α converges uniformly in
all derivatives on C\Z1 to v. By removal of singularities v extends to P1.

(ii) Let mj := limǫ→0 limαE(vα;Bǫ(sj)) is the energy being captured by the bub-
bling point sj ∈ Z1, then

m0 := E(v) +
∑

sj∈Z1

mj .

Therefore, there is no other possible bubbles forming at s, only at the points
sj ∈ Z1.

(iii) We have u(z) = v(∞) in P (X)z.

Proof. This sequence by construction has uniformly bounded energy. By Step 1,
there exists a finite set Z1 ⊂ C, and a vortex (A′

0, v) such that a subsequence still
denoted (A′

α, vα) converges uniformly on compact sets in all derivatives to (A′
0, v).

Since ǫα → 0, A′ is necessarily the trivial connection. Also note that the function
|dv(z)| has its maximum at 0, thus 0 ∈ Z1. v has finite energy, and since δα → 0,
it is defined on arbitrarily big subsets of C. Removal of singularities shows that
it extends to a J-holomorphic map v : P1 → P (X)s, with J exactly the almost
complex structure on X, since the connection A′ is trivial. Now, recall that by
Step 1, a subsequence of (Aα, uα) converges in all derivatives on compact sets of
Σ\Z to the principal component vortex (A∞, u∞). The pair (A0, v) is the first
bubble that appears attached to the principal component.
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It rests to show the last two claims. These facts will follow as in the proof of
[15, 4.7.1], using that the exponential decay for the energy on annuli near s is still
valid for the sequence uα of JAα-holomorphic curves.

After a sequence of gauge transformations, we may assume that the connections
Aα are in Coulomb gauge with respect to the trivial connection in a neighborhood
of z. Let m(s) be the energy lost at the point s. Note that we do not need to
distinguish the Yang-Mills-Higgs energy with the twisted energy EAα(uα;Bǫ(s))
here, since the energy of the connection on Bǫ(s) approaches zero. That is, we
also have

m(s) = lim
ǫ→0

lim
α→∞

EAα(uα;Bǫ(s)).

We first note that limR→∞ limEAα(uα;BRǫα) = m(s), since otherwise it would
exist a subsequence still denoted by uα and a constant ρ > 0 such that for R ≥ 1,

lim
α
EAα(uα;BRǫα) ≤ m(s) − ρ.

Thus for R > 1, the energy in the annuli satisfies limα EAα(uα;A(ǫα, Rǫα)) ≤
c2/2 − ρ, which is a contradiction.

To finish the proof, note that EAα(uα;Bǫα(s)) = EAα(vα;B1(s)) = m0 − h/2 ≥
m0 − ~/2, and both sequences uα, vα capture energy m(s) at s. This shows that
Z1 ⊂ B1(s), that is all bubbling points of vα are in the unit ball of s. Then, for
all balls Bǫ(s) ⊂ B1(s) we have

m(s) = lim
R→∞

lim
α
EAα(vα;BR(s))

= lim
R→∞

lim
α
EAα(vα;BR(s)\Bǫ(s)) + lim

α
EAα(vα;Bǫ(s))

= lim
R→∞

E(v;BR(s)\Bǫ(s)) + lim
α
EAα(vα;Bǫ(s))

= E(v; C\Bǫ(s)) + lim
ρ→0

lim
α
EAα(vα;Bǫ(s)\ ∪j∈Z1

Bρ(sj)) +
∑

sj∈Z1

m(sj)

= E(v) +
∑

sj∈Z1

m(sj).

To prove the last claim, note that by definition, there exists a sequence κα → 0
such that

lim
α→∞

EAα(uα;Bκα(s)) → m(s).

Map the annulus A(δα, κα) onto the annulus [log(δα), log(κα)]×S1. By the uniform
mean value inequality (5.4.4), on the subset [log(δα) + 1, log(κα) − 1] × S1 the
twisted derivatives dAαuα are uniformly bounded. The exponential decay lemma
5.4.5 shows exponential decay of the energy on this region. Recall from [15,
p. 103] that since there is not enough energy for bubbling, the energy on the
outer region of the annulus must approach zero. Hence the energy density on the
annulus is controlled by the energy on the inner region.
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Since the connections Aα are already in Coulomb gauge with respect to the
trivial connection, exponential decay of the distance. We have

u∞(z) = lim
α→∞

(uα(κα)), v∞(∞) = lim
α→∞

(uα(δα))

since there is not enough energy on the annulus A(δα, κα) for further bubbling.
Hence

dist(v∞(∞), u∞(0)) ≤ lim
α→∞

dist(uα(κα), uα(δα)) = 0

by the exponential decay estimate in Lemma 5.4.5. �

Step 4. We can now inductively construct the spherical components of a stable holomor-
phic section on the fibre P (X)s by applying the previous step to all points sj ∈ Z1.
All bubble maps are holomorphic with respect to the trivial connection, and thus
one can just think of lines in X. This process stops since the energy m0 is finite.
The case when Z has more than one element is left to the reader.

Case B: Cylindrical bubbles and spherical bubbles at infinity. If supα |dAα(uα(zα))| is
unbounded for some sequence zα → zi going to infinity on the i-th cylindrical end,
there are two possibilities that can happen. First, on the cylindrical ends there is also
translational symmetry, which means that other vortices can form at infinity on the
cylindrical ends. Second, spherical bubbles on these cylindrical bubbles can also form.
For any time s ≥ 0, let τs : S1 × (0,∞) → S1 × (0,∞) denote translation by s.

Step 1. Suppose that there is a sequence of points zα on the cylindrical end such that
the r-coordinate of zα goes to infinity and dAαu(zα) is bounded from above and
below. Thus, there must be a sequence of numbers rα,a vortex (B, v) on the trivial
bundle over the cylinder S1 × R, satisfying the flat limit of the vortex equations

(34) FB = 0, ∂JB
v = 0,

and a finite set Z so that τrα(Aα, uα) converges on compact sets on the com-
plement Σ\Z to (B, v) in all derivatives. Note that after gauge transformation
any connection on the cylinder is in temporal gauge, if flat it is then of the form
A = d + adθ, for a constant element a ∈ g, and d the trivial connection. Then,
the holonomy at infinity of the limit vortex agrees with the holonomy at infinity
of the sequence.

To justify that Z is finite, we use a similar argument to that of Lemma 5.5.3
shows energy quantization for solutions to Equation (34). This also shows, that
only finitely many cylindrical bubbles can occur.

Lemma 5.5.5. Flat vortices on the cylinder with fixed holonomy at infinity satisfy
an inequality E(A, u) ∈ {0} ∪ (~,∞) for some ~ > 0.

Proof. Any flat vortex on the cylinder which is in temporal gauge lifts to a vortex,
still denoted by (A, u), on the strip [0, 1] × R which is periodic up to the action
of the holonomy around the puncture: u(1, ·) = µu(0, ·). In particular, each u
yields a holomorphic map ũ : [0, 1]× R → X ×X onto the product X ×X, with
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symplectic form −ω × ω. Thus ũ satisfies the Lagrangian boundary conditions:
ũ(0) is required to be in the diagonal and ũ(1) lies in the graph of µ. Lemma [15,
Lemma 4.1.4] now finishes the proof. �

Step 2. Construction of the bubble tree for bubbles at infinity. Similarly to what we
have said in Case A, we need to ensure that we capture bubbles in an opti-
mal way, so that bubbling in between bubbles is not possible. To capture the
first bubble, we need to choose the rescaling constants correctly. Let m0 :=
limT limα(Aα, uα; (T ;∞) × S1) be the energy of the sequence that dissipates at
infinity. Let h be a constant smaller than min{~, k}, where k is the constant in
Theorem 4.1.2. Choose rα so that the energy E(uα; (rα,∞)×S1) = m0 −h/2, by
gauge transforming the pairs (Aα, uα) if necessary and choosing a subsequence,
we can assume that rα is bigger than the constant r0 of Theorem 4.1.2, so that
the covariant derivative ∇Au and the energy E(u) have exponential decay on
the cylindrical end. Let (Bα, vα) := τrα(Aα, uα) be the rescaled sequence. This
sequence has bounded energy vortices. By using Step 1, there is a finite set
Z ⊂ S1 × R and a flat vortex (B, v) on the cylinder such that (Bα, vα) converges
in R×S1\Z in compact sets with all derivatives. Moreover, the choice of rescaling
ensures that no further bubbling for the original sequence can happen at infinity
in the i-th cylindrical end. Exponential decay of u at infinity, as well as exponen-
tial decay for flat vortices as stated in Proposition 4.1.3 ensures the existence of
limits which by construction connect: u(∞) = v(−∞).

We now apply this process inductively, after capturing the first bubble, the
limiting sequence is as follows. For j = 1, . . . ,M there are sequences {rj

α} of
positive numbers such that rj

α → ∞ as α → ∞, flat vortices (Aj, vj) on the
cylinder R×S1 and finite sets of points Zj ⊂ R×S1 so that τrα(Aα, uα) converges
to (Bj, vj) on R × S1\Zj on compact sets and there is spherical fibre bubbling
occurring on points s ∈ Zj. Now apply the arguments used in Case 1 to build the
bubble tree on the fibres P (X)s, s ∈ Zj. The cylindrical bubbles also have limits
at infinity, since the exponential decay for finite energy flat vortices Proposition
4.1.3 and by construction they connect: vj(∞) = vj+1(−∞). This finishes the
proof of the theorem.

�

Later we will also need a gluing result for the operator D̃A,u:

Proposition 5.5.6. Suppose that A, u is the limit of a sequence (Aα, uα). For sufficiently
large α, the index of the operator D̃A,u is equal to that of DAα,uα.

Proof. This is a fairly standard gluing argument for indices. In general, a four-term
exact sequence relates the kernels and cokernels of the two operators, see [10, Lemma
3.1] or [20, Theorem 2.4.1]. The case that the cokernels vanish is somewhat easier, and
the proof will be omitted. �
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6. Gauged Gromov-Witten invariants

6.1. Evaluation maps. Recall that N(Σ, P,X, µ) denotes the moduli space of vortices
with framings at the points z1, . . . , zn. Define the evaluation map

ev : N(Σ, P,X, µ) → Xµ := Xµ1 × · · · ×Xµn

as follows. By elliptic regularity, any finite energy section u pseudoholomorphic with
respect to some pair (J,H) has

lim
r→∞

Dku(r, θ) → 0

along each cylindrical end. The same holds for any infinitesimal change ξ to u. Define

evi([A, u]) := lim
r→∞

u(ρi(r, θ)).

In the local charts (9), this map is given simply by

evi([A, u]) = expu(zi)
(ξi)

and is therefore smooth.

The stabilizer group Gµ :=
∏

iGµi
acts smoothly on Xµ as well as on N(Σ, P,X, µ).

The evaluation map ev is equivariant, and thus it lifts to a map

êv : N(Σ, P,X, µ)Gµ → Xµ
Gµ

where for any Gµ-space Y , YGµ denotes the quotient Y ×Gµ EGµ, EGµ is the classifying
space of Gµ equipped with a Banach manifold structure, so that êvµ is smooth. The
“bubbles connect” argument implies that the evaluation map extends continuously to
the compactification, that is we have a continuous map

êv : N(Σ, P,X, µ)Gµ → Xµ
Gµ
.

The projection N(Σ, P,X, µ)Gµ →M(Σ, P,X, µ) is a bundle with fiber Gµ. Choosing a

classifying map M(Σ, P,X, µ) → EGµ which is smooth on each stratum of combinatorial
type Γ one obtains a map ev : M(Σ, P,X, µ) → Xµ

Gµ
.

Consider a family of finite dimensional approximations {EGN
µ } of EGµ. For N big

enough, the higher homotopy groups of EGN
µ vanish, thus the bundle N(Σ, P,X, µ)N

Gµ
:=

N(Σ, P,X, µ) ×Gµ EG
N
µ → M(Σ, P,X, µ) admits a section

sN : M(Σ, P,X, µ) → N(Σ, P,X, µ)N
Gµ
.
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The natural inclusions EGN
µ → EGN+1

N define a section sN+1 that fits in the commutative
diagram

(35)

M(Σ, P,X, µ) N(Σ, P,X, µ)N
Gµ

Xµ,N
Gµ

M(Σ, P,X, µ) N(Σ, P,X, µ)N+1
Gµ

Xµ,N+1
Gµ

-
sN

?

id

-
êv

?

i

?

i

-
sN+1

-
êv

where êv : N(Σ, P,X, µ)N
Gµ

→ Xµ,N
Gµ

:= X ×Gµ EG
N is the restriction of ev. Let evN :

M(Σ, P,X, µ) → Xµ,N
Gµ

denote the evaluation map defined by the composition êv ◦ sN .

Diagram (35) shows that the family of sections sN are compatible with the inclusions
and thus taking the direct limit we have

Proposition 6.1.1. Taking the limit of the pseudoholomorphic section u along the cylin-
drical ends gives rise to a continuous evaluation map

(36) ev : M(Σ, P,X, µ) → Xµ
Gµ
.

Moreover, ev is smooth when restricted to any stratum M(Σ, P,X, µ; Γ).

Theorem 6.1.2. If X is a monotone symplectic manifold, then ev is a pseudo-cycle for
any (J,H) ∈ JHreg.

Proof. The countable intersection over all the possible combinatorial types given by the
trees Γ is the set JHreg, which is still a second category subset of JH. This proves the
first part of the theorem.

Recall that in Section 4 in the case that the connections are assumed to be irreducible,
we constructed perturbations so that the space of somewhere injective J-holomorphic
spheres in X, as well as somewhere injective flat vortices on each cylindrical end, had
moduli spaces of the expected dimension in Theorem 5.2.5. Note that in the flat case, the
only contribution to E(A, u) is from u. Furthermore, any flat vortex on the cylinder not
somewhere injective is multiply covered. It follows from transversality, Proposition 5.5.6,
and Lemma 5.2.4 that the images of the multiply covered components are contained in
smooth manifolds of codimension at least two lower than the expected dimension of
N(P,G,X, µ). Therefore ev is a pseudocycle. �

As a corollary of the previous theorem we have

Corollary 6.1.3. The evaluation map ev : M(Σ, P,X, µ) → Xµ
Gµ

is a pseudo-cycle for

regular choices (J,H).

6.2. Definition of the invariants. In the previous section we proved that the re-
striction of the evaluation section ev to the open stratum M(Σ, P,X, µ) (assuming no
reducibles) is a pseudocycle for a generic choice (J,H). The space Xµ

Gµ
is not finite

dimensional; thus what we mean is that all finite dimensional approximations evN of
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the evaluation section are pseudo-cycles. Classes in homology are uniquely represented
as pseudocycles up to cobordism and that the pseudo-cycle product is the same as the
intersection product of homology classes.

Definition 6.2.1. For For an equivariant class α ∈
∏n

i=1H
•
Gµi

(Xµi) we degine the gauged

Gromov-Witten invariant

(37) ZG,X,µ(α) := ev ·Y

6.3. Enumerative meaning for the convex, flat case. The following enumerative
interpretation is immediate from the definitions:

Proposition 6.3.1. Suppose that α ∈ HGµ(Xµ) is a class dual to a Gµ-stable submani-
fold Y in Xµ, that is, dual to the submanifold YGµ, and ev meets YGµ transversally. Then
ZG,X,µ(α) is the number of points [A, u] ∈M(Σ, P,X, µ) such that ev([A, u]) ∈ YGµ.

In the remainder of the section we suppose that the volume form vanishes, so that by
Theorem 3.6.2 vortices with fixed holonomy correspond to parabolic holomorphic maps
whose underlying parabolic bundle is semistable. Recall that a smooth projective variety
X is convex if and only if for every holomorphic map u : P1 → X, the pull-back u∗TX
has vanishing higher cohomology; the convex case of Gromov-Witten theory is particu-
larly simple. Unfortunately, the gauged Gromov-Witten theory still lacks transversality,
because if the underlying bundle is non-trivial the associated bundle can be non-convex.

Definition 6.3.2. A set of markings µ ∈ An is small if the moduli space of parabolic
bundles M(P1, µ) contains only parabolic bundles whose underlying bundle is trivial.

We remark that

(a) If µ is small, then M(P1, µ) is isomorphic to a geometric invariant theory quotient
of a product of partial flag manifolds, corresponding to the markings µ.

(b) If all markings are generic, then M(P1, µ) ∼= (G/B)n//G, where the polarization
on the product of generalized flag varieties is determined by µ.

(c) Furthermore, for sufficiently small vortex parameter, the stability condition for
vortices is that of the underlying bundle, so a holomorphic vortex is given by a
stable parabolic structure on the trivial bundle over P1, and a holomorphic map
u : P1 → X.

Suppose that Y = (Y1, . . . , Yn) is a collection of Gµ-invariant complex submanifolds

of X, and α = (α1, . . . , αn) the dual class in HGµ(Xµ). For j = 1, . . . , n, let Ỹj = BYj

denote the flow-outs of these cycles by the action of the Borel. Assume that X is convex,
the markings µ are small and generic, and Σ = P1. Then, under suitable transversality
hypotheses, Theorem 3.6.2 and Proposition 6.3.1 give

Proposition 6.3.3. With X,µ, ǫ as above, ZΣ,X,µ(α) is the number of equivalence classes
of pairs (g, u), where g ∈ (G/B)n//G, u : P1 → X, for p1, . . . , pn ∈ P1 generic distinct
points,
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(a) u(pj) ∈ gjỸj, j = 1, . . . , n
(b) [g] = ([g1], . . . , [gn]) ∈ (G/P )n is in the semistable locus with respect to the mark-

ings µ

and two pairs (g, u), (g′, u′) are equivalent if they are conjugate by the diagonal action of
G.

Let Σ = P1 and E = P1 × SL(n) denote the trivial SL(n)-bundle. Let X = PV ∗, the
projectivization of the dual of the standard representation. Let s1, . . . , sb distinct points.
For markings close to the identity and equal to some multiple of ω1 the first fundamental
weight, MC(Σ, G) = (Pn−1)b//SL(n). We assume that the holonomy parameters are
chosen generically, so that the quotient is smooth. Xgj is the union of a point and a
projective line; we take for each class Y1, . . . , Yn the class of a point, and each BjYj is
also a point. Thus

Corollary 6.3.4. Under the above hypotheses, M(Σ, G,X, µ) is isomorphic to the set
of of r1, . . . , rb ∈ (Pn−1)b, no more than b/2 equal, together with u : P1 → Pn−1 such that
u(sj) is equal to rj, quotiented by the action of SL(n).

For example, if n = 2, b = 4: The only possibility is the degree one invariant non-
vanishing. Consider the case [r4] = u(s4), for u the unique degree one map with u(sj) =
[rj ], j = 1, 2, 3. Thus the degree 1 invariant ZΣ,X,µ(α) = 1, while the ordinary Gromov-
Witten invariant for four fixed points on P1 and four point classes vanishes.
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