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1. Overview

My research interests are in Analysis, especially applied to Mathematical Physics. The work in my doctoral
thesis is divided into two parts concerning applications of differential equations to general relativity (section 2
below) and of functional analysis to statistical quantum mechanics (section 3). I am also working on a separate
operator algebras problem related to Markov processes in quantum information theory (section 4).

2. Static, spherically symmetric Maxwell-Bopp-Podolsky-Einstein equations

(Part of thesis work, supervised by Michael Kiessling and Shadi Tahvildar-Zadeh)
Problem description. Suppose q(t) denotes the position at time t of a point charge, considered to be given

a priori, with q̇ being its velocity and Q its charge. In the 1940’s, Bopp [Bop40], Landé and Thomas [LT41],
and Podolsky [Pod42] proposed a law of electromagnetism, which we call the Maxwell-BLTP system, for the
EM fields E, B, D, H generated by this particle:{

∇ ·B = 0 , ∇ ·D = 4πQδq(t)
∇×E + c−1∂tB = 0 , ∇×H − c−1∂tD = 4πc−1Qq̇(t)δq(t)

with
{

D = E − κ−2�E
H = B − κ−2�B

where � = −c−2∂t + ∆ is the wave operator and κ > 0 is a parameter with dimension of inverse length.
The solution, assuming that the particle is static and located at q(t) ≡ 0 for all t, yields a finite value for the
electromagnetic field energy, contrary to what happens if one assumes the usual Maxwell laws. Its value is
ϕ(0)/2, where the function ϕ(r) (the electric potential) of the radial distance r from the particle, consists of a
correction to the Coulomb potential Q/r that ensures its finiteness at r = 0:

ϕ(r) =
Q(1− e−κr)

r
.

The above system is defined on Minkowsky space (the spacetime R4 with a flat Lorentzian metric). If we use
its corresponding Faraday tensor F = d(ϕ(t)dt) to construct a stress-energy-momentum tensor (Tµν), obtained
as in [GPT15], and plug it into the right-hand side of the Einstein field equations, we reach a system of equations
for a static, spherically symmetric electrovacuum spacetime with a singularity at r = 0. The main goal of this
part of my thesis is to prove the existence of a solution to this system having no event horizons
and a finite electromagnetic field energy.

Results. The underlying manifold is R4 minus a line, with a spherical coordinate system (ct, r, θ, φ) and a
metric

ds2 = −c2e2λ(r)dt2 + e2ν(r)dr2 + r2(dθ2 + sin2 θdφ2)

where λ, ν are unknown (and ϕ is the third unknown of the problem). We discovered how to reduce the problem
to a system of three ordinary differential equations: a first-order equation for g(r) = −λ(r)− ν(r), another for
ζ(r) = e2ν(r), and a second-order one for w(r) = r2e−λ(r)−ν(r)ϕ′(r) + Q. It can be cast in a way that permits
us to consider the gravitational constant G as a small parameter, sitting in front of all but the highest-order
terms in each equation.

For large r, it is natural to study the solution as a G-perturbation of the flat-space solution. Conditions of
asymptotic flatness of the metric and “asymptotic Coulombness” of the potential at r = ∞ give appropriate
boundary conditions to permit a rigorous proof of the convergence of this perturbation approach. The technique
involves an estimate whose inductive proof relies on combinatorial bounds for polynomial recursions, and it
shows that the solution at each r is an analytic function of G. There are also degrees of freedom afforded by
the integration constants which can be given the physical interpretation of ADM mass and bare mass (however,
our understanding of the latter is not yet complete).
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For small r, using dynamical systems techniques to rewrite the system avoiding singularities at r = 0, we
found asymptotic conditions that are necessary and sufficient to obtain finite energy. They give appropriate
boundary conditions to rigorously find a solution that is analytic in the r variable. This also provides an upper
bound for the constant κ (admittedly an extremely small one), which might furnish a way to test the validity
of the Maxwell-BLTP law in nature.

Then the final idea is that the degrees of freedom for the large r solution will afford us enough room to prove
that the solutions in the two regimes must meet in the middle, yielding a global solution.

Future work. This project belongs to a wider study of the possibility to write well-posed classical systems
of equations for the joint evolution of EM fields and their sources, assuming laws of electromagnetism which are
modified versions of the Maxwell-Maxwell system, and without resort to ad hoc field averaging or bare mass
renormalization at point charges. Kiessling [Kie19] has shown how this is possible for the Maxwell-BLTP system
in flat-space (finiteness of the field energy is essential in his work), but the nonlinearity of the Einstein field
equations present challenges in curved space. The scope of the whole study is related to the claim, originally
made by Einstein, Infeld and Hoffmann [EIH38], that the equations of General Relativity alone imply the
equations of motion of the point sources of gravity (viewed as singularities in spacetime) - see [KT19] and
[BKT19] for details.

3. The Hartree limit of a bosonic many-body system in a center-of-mass frame

(Part of thesis work, supervised by Michael Kiessling)
Problem description. In [Kie12], Kiessling studies a quantum-mechanical model of a bosonic atom: a

system comprised of one positively charged nucleus pinned at 0 ∈ R3 and N negatively charged identical
bosons. The Hamiltonian (omitting physical parameters), defined on wavefunctions of N variables qk ∈ R3, is

(3.1) H(N)(ψ) = −1

2

N∑
j=1

∆jψ −N
N∑
j=1

ψ

|qj |
+

N∑
i=1

N∑
j=1

i<j

ψ

|qi − qj |
,

where ∆j is the Laplacian with respect only to the 3-vector qj . The associated energy functional is

Q(N)(ψ) =
1

2

∫
R3

|∇ψ|2 −N
N∑
j=1

∫
R3

|ψ|2

|qj |
+

N∑
i=1

N∑
j=1

i<j

∫
R3

|ψ|2

|qi − qj |

and the ground-state energy of the system is E(N) = inf
{
Q(N)(ψ) ; ψ ∈ D(Q(N)) , ‖ψ‖L2 = 1

}
. The ground-

state of the system, denoted ψ(N)
GS , is the ψ that realizes this infimum. The minimization can be taken without

loss of generality only over those wavefunctions symmetric with respect to permutations of its N variables
(which are the only physical ones, due to the fact that the N particles are identical bosons). Kiessling’s result
(Theorem 1 in [Kie12]) is the following: defining the Hartree functional

H∞(φ) =
1

2

∫
R3

|∇φ|2 −
∫
R3

|φ|2

|x|
+

1

2

∫∫
R6

|φ(x)φ(y)|2

|x− y|
dxdy , φ ∈ H1(R3)

we have:
• E(N)/N3 grows monotonically as N →∞, converging to inf{H∞(φ) ; φ ∈ H1(R3) , ‖φ‖L2 = 1};
• for N,n given, n ≤ N , and considering the rescaled ground-state ψ̃(N)

GS (q) = N−3N/2ψ
(N)
GS (N−1q), we

have

lim
N→∞

∫
R3(N−n)

|ψ̃(N)
GS |

2(q1, . . . , qn, un+1, . . . uN )dun+1 · · · duN = |φmin(q1)|2 · · · |φmin(qn)|2

weakly in L1(R3n)∩L
3n

3n−2 (R3n), where φmin is the unique positive minimizer of H∞ with ‖φmin‖L2 = 1.
Implicit in this atomic model is the assumption of the Born-Oppenheimer approximation: the mass M
of the nucleus is set equal to ∞, meaning that it is considered to be fixed at the origin and does not have a
corresponding position variable in the wavefunction. This part of my thesis is concerned with dropping
this assumption.

Results. It is expected that a similar result should hold allowing the nucleus to have a corresponding
variable q0 in the wavefunction, a kinetic energy term − 1

2M∆0 in H(N), and an effect on the potential term (|qj |
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is replaced by |qj−q0|). But one needs to isolate inH(N) the energy intrinsic to the system, which is accomplished
by (1) finding a coordinate change T : (q0, q1, . . . , qN ) 7→ (ξ0, ξ1, . . . , ξN ) where ξ0 = 1

M+N (Mq0 + q1 + · · · +
qN ) is the center-of-mass, (2) defining the transformed Hamiltonian by H̃(N)(χ) = H(N)(ψ) where χ(ξ) =

(detT )−3N/2ψ(T−1(ξ)) is the transformed wavefunction, and (3) subtracting from H̃(N) the term − 1
2(M+N)∆0

that corresponds to the kinetic energy of the system.
We proved that there exists an essentially unique linear coordinate change T as above having the additional

properties that
• the transformed Hamiltonian does not include Hughes-Eckart terms, that is, terms of the form∇j ·(∇kχ)

for j 6= k;
• the transformed wavefunction χ(ξ) = (detT )−3N/2ψ(T−1ξ) has permutation symmetry in variables 1

through N whenever ψ also does.
It improves upon the widely used system of Jacobi coordinates due to the second item above, which ensures that
the transformed problem can be treated by the same techniques as the original, taking advantage of symmetry.
For details on this system of coordinates, see the preprint [Amo19]. The transformed problem (after some
simplification) comes down to

(3.2) H̃(N)(χ) = −1

2

N∑
j=1

∆jχ−N
N∑
j=1

χ

|ξj − CNξ|
+

N∑
i=1

N∑
j=1

i<j

χ

|ξi − ξj |

where we abbreviated ξ = 1
N (ξ1 + · · ·+ ξN ), and the constant CN ≈

√
N as N →∞. The potential term in the

middle, differently from the original H(N), now involves all ξj variables, but the Central Limit Theorem can be
used to show that, for a product state χ = u⊗N (with some natural assumptions on u), the asymptotic behavior
of the corresponding term in Q̃(N) is

lim
N→∞

∫
R3N

χ

|ξj − CNξ|
=

∫
R3

u(x)

|x|
dx for all j = 1, . . . , N

This is what allows us to relate the problem now at hand, for large N , with the techniques that were successful
in the original problem.

Future work. It would be interesting to extend the study to more general potentials for the interaction
between the bodies. As long as they only involve pairwise interactions depending only on the distance between
the bodies, the same coordinate change is applicable. A wider generalization would be to consider Hamiltonians
where the kinetic energy terms belong to a wider class - for example the kind of expressions (−i∇ + A)2 or√
−∆ +mc2 that come up with, respectively, an external magnetic field and under special relativity. These

would require a new formulation of the coordinate system.

4. Detailed balance for quantum Markov semigroups

(Joint work with Eric Carlen)
Problem description. A quantum Markov semigroup (QMS) on the algebraMn(C) is a one-parameter

family of completely positive, identity-preserving linear transformations Pt : Mn(C)→Mn(C), for t ≥ 0 (we also
assume ergodicity). A positive-semidefinite, unit-trace σ ∈ Mn(C)) is called a steady-state when it is a fixed
point of the dual maps (Pt)∗ : Mn(C) → Mn(C) (duality with respect to the Hilbert-Schmidt inner product).
The semigroup Pt models the non-unitary quantum evolution of the observables of a system (Heisenberg picture)
that is coupled to an external environment. Gorini, Kossakowski and Sudarshan [GKS76], and independently
Lindblad [Lin76], have found a structure theorem for the generator of a QMS, that is, the map L : A → A such
that Pt = etL, which makes it natural to study the generator as opposed to the QMS itself.

The steady-state σ gives rise to several distinct inner-products on Mn(C), of which we mention the Gelfand-
Naimark-Segal, Kubo-Martin-Schwinger and Bogoliubov-Kubo-Mori inner products:

(A,B)GNS = Tr[A∗Bσ] , (A,B)KMS = Tr[A∗σ1/2Bσ1/2] , (A,B)BKM =

∫ 1

0

Tr[A∗σ1−sBσs] ds

They are natural generalizations of their counterpart in the classical theory of Markov chains, with the noncom-
mutativity of the algebra of observables in the present quantum context being the reason why there are several of
them. We say that Pt satisfies detailed balance if it is symmetric (i.e. self-adjoint) with respect to the chosen
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inner product defined by σ. This condition is related to reversibility of the Markov process in its steady-state
and arises in connection to the study of the equilibrium of the process - for example see [Tem+10]. The goal
of our work is to find structure theorems for QMS generators satisfying detailed balance with
respect to a steady-state in inner products other than GNS, but particularly KMS and BKM.

Carlen and Mass [CM17] have studied the GNS-symmetric case. They proved that in this case one can define
a Riemannian metric on the space of states for which the flow (Pt)∗ becomes the gradient flow of the relative
entropy with respect to σ, which gives useful inequalities related to entropy dissipation of the quantum evolution
(Theorem (8.3) in [CM17]). They also proved that this is the case if and only if the QMS satisfies BKM-detailed
balance (which is a more general condition than the assumed GNS-detailed balance). Hence, it becomes natural
to ask for a more general classification of all BKM-symmetric QMS generators.

Results and future work. We have been able to prove a structure theorem for completely positive KMS-
symmetric generators: they must be of the form

L(A) =

n2∑
j=1

cjV
∗
j AVj ,

where {Vj} is an orthonormal basis of Mn(C) such that σ1/2Vjσ
−1/2 = V ∗j , and cj ≥ 0. It turns out that

this is sufficient to obtain a classification of all KMS-symmetric generators. But that may not be the case for
BKM-symmetric generators (and we have not been able yet to find a similar structure theorem for completely
positive BKM-symmetric generators).

Parallel to this, we are studying general conditions that are necessary and sufficient for a linear operator
L : Mn(C)→Mn(C) to allow the realization of the semigroup (Pt)∗ that it generates as a gradient flow, like in
[CM17], and to verify whether these conditions apply to our BKM- and KMS-symmetric generators L.
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