
MATH 252 Overview

• This is a list that can help you visualize how everything fits together. It’s meant for self-evaluation.

• Study tip: when you feel you don’t understand a topic, instead of going back to lecture notes about
it, go straight to the exercises and try them, and only go to notes after you become stuck for a while.
You cannot learn by simply reading the notes without getting your hands dirty.

MISCELLANEA

• Everything we covered is about differential equations - equations in which the unknown is a function
whose derivative(s) show up in the equation. Sometimes there was just one equation for one unknown
(first or second order), sometimes two equations for two unknowns (systems of first order).

• Solving equations in general is very hard or impossible. Only special types that we studied had methods
of solution, but in any case we were always able to extract information without having to solve. We
are not always trying to solve equations!

• The general solution of an equation is a scalar function y(t). If the equation was first-order, it will
include a C somewhere, which can be found from an initial condition in case we have an IVP - initial
value problem. If the equation was second-order, it will include a C1 and a C2 somewhere, which can
be found from two initial conditions in case we have an IVS - initial value system.

• The general solution of a 2 × 2 system is a vector
−→
P (t), or a pair of scalar functions x(t), y(t). It

includes a C1 and a C2 in general appearing in both members of the pair, which can be found from
two initial conditions (one for each member).

• Solutions never include complex numbers. We use complex numbers as auxiliary tools to arrive at
them, but by the end they somehow always drop out.

• Higher order equations can be converted to systems. Higher order IVP’s can be converted to IVS’s.
There are many reasons for wanting to do this, like wanting to employ qualitative methods for studying
phase portraits of systems to understand the solution of the original equation.

• Linear systems are closely connected to linear algebra through their coefficients matrix. The notation

for a linear system in vector form is
−→
P ′ = A

−→
P .

• Modeling (1.1, 2.1): Some word problems give you instructions that allow you to build an equation
or system. Then they ask you to find something which inevitably will require you to solve that equation
or system. They also tell you information that can be translated as initial values, and other information
that get implemented directly into the solution once you find it. It’s crucial to understand what each
variable or parameter in your model represents.

NUMERIC APPROACH

• Euler method (1.4): Computes approximate points on the graph of a solution to a first order
equation.

• Euler method for systems (2.5): Computes approximate points on the graphs of the solution
components to a first order system. We can also use it for higher order scalar equations, by converting
them to systems first.

• Estimating error (1.4): It’s possible to estimate the error committed in the approximation, but this
will not be tested on the exam.



ANALYTIC APPROACH

• Finding general constants: Constants like C or C1 and C2 are found from initial conditions by
plugging-in the initial value of t in the formulas of solutions once we have them.

• Separation of variables (1.2): A method for solving y′ = f(t, y) when the right side can be separated
as a product, not sum, of functions of each variable separately. The C in the general solution comes
from a +C implemented usually in the t integral.

• Integrating factor (1.9): A method for solving any linear 1st order equation. The C in the general
solution comes from a +C implemented in the t integral. Just because it applies to more cases than
undetermined coefficients doesn’t mean you always want to use it.

• Undetermined coefficients (1.8, 4.1): A method for solving y′ = ay+f(t) or ay′′+ by′+ cy = f(t)
when the right side is a simple expression like exponentials, sines, cosines, polynomials, or sums thereof.
It finds a yP , but we need to remember to add to it a yH , which includes the C (1st order) or the C1

and C2 (2nd order). Computing yH is very simple in the 1st order case, and involves the procedures
from 3.6 for the 2nd order case. Sometimes our yP needs to be multiplied by t.

• Constant-coefficient linear homogeneous 2nd order (3.6): These equations model unforced
harmonic oscillators and can be classified as undamped, underdamped, critically damped, overdamped.
We have a method that gives the formula of the general solution in each case (undamped is treated
like underdamped), depending on finding the λ roots of the characteristic equation. Solution graphs
only have oscillations in the undamped or underdamped cases.

• Solving autonomous linear systems (3.3, 3.4, 3.5): We developed a method utilizing the matrix
exponential, but in the end, for each of the 3 cases, we ended up with a separate procedure that
bypasses the computation of etA and only needs eigenvalues and eigenvectors (and possibly the w
vector). Notice that a w vector is only needed in case 3.

• Linearity principles (1.8, 3.1, 4.1):

– If we want the general solution to a linear 1st order equation a(t)y′ + b(t)y = f(t), all we need is
the general solution CyH of the homogeneous (without the f(t)) and any particular solution yP of
the equation. Sometimes we need to find these ourselves (undetermined coefficients, integrating
factors), sometimes they are given for free and we are just asked to check that they really are
solutions.

– If we want the general solution to a linear 2nd order equation a(t)y′′+ b(t)y′+ c(t)y = f(t), all we
need is the general solution C1y1 +C2y2 of the homogeneous (without the f(t)) and any particular
solution yP of the equation. Sometimes we need to find these ourselves (characteristic polynomial
and undetermined coefficients), sometimes they are given for free and we are just asked to check.

– If we want the general solution to a linear 1st order system
−→
P ′ = A

−→
P , all we need are two

independent vector solutions
−→
P 1 and

−→
P 2 to put into the formula

−→
P = C1

−→
P 1 +C2

−→
P 2. Sometimes

we need to find them ourselves (methods for solving linear systems), sometimes they are given for
free.

– Usually the reason why we want these general solutions is because we are trying to solve an IVP
or IVS.

• Computing matrix exponentials (N4): This is only indirectly connected to the topic of differential
equations, because we used it to obtain solutions to systems. Some matrices have easily computed
exponentials and we did it by power series. In general, we have 3 different procedures for 3 different
cases, but always using matrices S and Λ and the formula etA = SetΛS−1. Again a w vector only
comes up in case 3, and our procedure with it is slightly different from the one for computing solutions
to systems.

• Solving special systems (2.4): Sometimes an equation in a system involves just one variable and
can be solved. Information from that solution can then be used to solve the others. Solving each one
will involve any one of the methods for scalar equations, as needed.



• Finding conserved functions (2.4): Even if we may not be able to completely solve a system,
sometimes we can compute a function H(x, y) with the property that the solution curves to the system
live in places where H is a constant, and that may help us sketch these curves.

QUALITATIVE APPROACH

• Slope Fields (1.3) and Direction Fields (2.2): A slope field shows the direction of the actual
graph of solutions to 1st order equations. A direction field shows the direction that solution curves
to systems follow on the xy plane, from which we can then extract sketches of separate x(t) and y(t)
graphs. These concepts are usually only meaningful or useful for autonomous equations - no explicit t.

• Sketching direction fields and phase portraits (3.1, 3.2, 3.3, 3.4, 3.5): For a general system,

we can obtain a sketch by analyzing the sign of each component of the vector field
−→
F that defines it.

For linear systems only, we figured out a different procedure for each of the 3 cases that can happen,
again using eigenstuff, and also the auxiliary tool of straight-line solutions.

• Existence and uniqueness (1.5, 2.6): Applies for just one scalar equation or to a system. Verifying
that the theorem can be applied amounts to checking that the appropriate expressions are continuous
in the desired regions. The consequence of the theorem is that graphs of solutions cannot cross (for
scalar equations) and that solution curves to autonomous systems cannot cross (for systems). Any
problem that asks you “what does the theorem imply” is looking for an answer that comes from this
very crucial consequence. It’s not simply “it implies the solution is unique”.

• Equilibrium points (1.5, 2.2, 5.1): Any points on the y line (autonomous scalar equations) or ty
plane (scalar equations) or the xy plane (systems) or the txy space (nonautonomous systems) where
the right hand side of the equation or system is zero is an equilibrium point and corresponds to a
constant solution. The corresponding solution curve (in case it’s a system) is just a point sitting there,
and the corresponding solution graphs (scalar or system) are horizontal lines.

• Phase lines and phase portraits (1.6, 2.2): The phase line shows on the y line the behavior of
solutions to autonomous 1st order scalar equations (where do they go up or down, where are they
constant). We can sketch their graphs based off of this. The phase portrait depicts actual solution
curves on the xy plane to systems of equations. It’s the exact same concepts - shows us where the
solution is going, and allows us to come up with the graphs of each component.

• Bifurcation (1.7): When an autonomous 1st order equation depends on a parameter a, as it changes
the phase line also changes, and equilibrium points may pop up or merge together and disappear or
duplicate and drift away. The picture that shows all different phase lines side by side, with equilibrium
points connected together, is a bifurcation diagram.

• Trace-determinant plane (3.7): When an autonomous system depends on one or more parameters,
as they change the phase portrait also changes, and the behavior of solution curves near the equilibrium
point can display wildly different features. If we have a linear system, this behavior is completely
determined by eigenvalues and eigenvectors, and the relevant information we need is determined by
trace and determinant and the particular expression T 2 − 4D. The TD plane is a place where we can
imagine that our coefficients matrix lives. It has different regions corresponding to all the different
behavior. As the parameters change, the expressions also change, so the matrix walks in the TD plane.
Understanding where it goes as we change the parameters allows us to understand the changes that
happen to its phase portrait.

• Sinusoidal forcing (4.2, 4.3, 4.4): Harmonic oscillators to which a sine or cosine function gets
applied. We can completely solve the equation using undetermined coefficients, but sometimes that’s
not what we need. Graphing sums of a sine and cosine with same frequency is easy when we convert it
to a simple cosine with amplitude and phase shift. If we have damping, the yH solution always dies out
and the solution tends to look like the yP solution (called the steady-state). If there’s no damping, the
phenomenon of beating occurs when the forcing frequency is close to the oscillator’s natural frequency,
and the phenomenon of resonance occurs when those two frequencies are equal.

• Nonlinear systems (5.1, 5.2): We rarely find exact solutions, but we can obtain good sketches
of solution curves near the equilibrium points. This analysis includes linearization, separatrices (for
saddle points) and nullclines.


