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1 First order differential equations

Problem 1. Solve the general first order linear differential equation
— t)y = g(t
L bty = g(t),

using the integrating factor technic.

Problem 2. Solve p 5 ,
Y y  cos
— 4+ = = — =0, t>0.
T 2 Y(m =0, t>

Problem 3. Solve the general separable first order differential equation

v Y = a(x)

de
Problem 4. Solve p .
y x—e
— = 0)=1.
dv  y+ev’ y(0)

Problem 5. Let M, N: Q C R?> — R be C! functions defined on a simply connected domain
Q. Assume,
My, = N,.

Solve the differential equation
M(z,y) + N(z,y)y" = 0.
Fully justify all your steps.

Problem 6. Solve
ysin(zy) + xsin(zy)y’ =0, y(r) = 1.



2 General Theory for Differential Equations
Problem 7. Consider an n'" order differential equation in R™ of the general form

{ y(n) = F(tvyvy/) o 7y(n_1))

y(0) =y, ¥'(0) = w1, ---, y"(0) = yn_1.
where F: [0,1] Xx R x R™ x -+ x R™ — R™ and o, y1, -, Yn—1 are vectors in R™.
n times

Show, solving the above differential equation is equivalent to solving a first order differential
equation in R™". Carefully construct such a 1st order ODE.

Problem 8. Enunciate and prove Banach Fixed Point Theorem. Carefully define any “non-
freshman” math elements involved on it.

Problem 9. Let B denote the closed unit ball in R? and ¢: B — B a map satisfying
lo(z) — p)|| < ||l= — y||. Show ¢ has a fixed point in BJf| Can you assure uniqueness?

Problem 10. Let B,(zo) denote the closed ball centered at x¢ with radius » in RY and
F: [a,b] x By(z9) — RY be a continuous function. Assume

|F(t,2) - F(ty)ll < Lz —yl, ¥t € [o,8] and 2,y € By(ao).
Let ||F(t,x)|| < M, for all (t,z) € [a,b] x B(x).

(a) Show that if § —a < % the operator

T(y)(t) = o + / F(s,7(s))ds

maps C([a, JR Br(xo)) into itself. Here C([a, JR BT(IE())) stands for the set of all con-
tinuous functions defined on [a, §] whose image lies inside of B, (zg).

1
(b) Show that if § —a < YR the operator I" above defined satisfies

1
IT() = T(2)llee < 5l = 72lle,

where || flloo = ma | F(2)fa-
t€la,d]

(c) Show I has a unique fixed point u € C([a, §]; B;(z¢)) (you may assume C'([a, 8]; By (z0))
endowed with || - ||« is a complete metric space). Furthermore, such a fixed point is C*
and is the only curve that solves

{ ug(t) = F(t, u(t))

u(a) = xg.

"Hint: For any A < 1, consider the map @ (£) = Ap(€). It is worthwhile to point our that a much stronger
result is true. Any continuous function from B into itself has a fixed point.
2Correction made by Avi, thanks!



Problem 11. Let ®: RY — R be of class C'. Show given any vector zog € RY, there exists
a unique curve defined on some interval [0, 0], that solves

{ tt = w0
u(0) = xo.
Problem 12.

(a) (Gronwall’s Inequality)lﬂ Let f,g be continuous functions on (a,b). Suppose

ﬂm5K+/Z@ﬂwm

for some positive constant K. Show

f(z) < Kelro 9.

(b) Let F be a Lipschitz field in RV, say, ||F(z) — F(y)|| < K||z — y||. Let u; and us be
solutions of u; = F(u;) on some interval [a, b]. Show

ug (t) — ua(t)|| < [Jur(a) — ua(a)||eXE2.

Notice that this result says that if two solutions started close, meaning ||u1(a) — ua(a)||
is small, then [Juy(t) — ua(t)|| will remain small for all ¢ < C.

(c) Let F be a Lipschitz field in RY. For any ¢ € R, define the flux operator ®;: RY — RV
as
®y(z) = u(?),

where u is the unique solution to u; = F(u), u(0) = z. Show ®; is a homeomorphism,
i.e., ® is a continuous bijection whose inverse is also continuous.

(d) Show, @4 4(x) = Dy 0 Py, for all t,s € R.

Problem 13. Let F: R™ — R" be a Lipschitz function, i.e., ||[F(z) — F(y)|| < L|lx — y||.
Show given a initial datum zy € R"”, the differential equation

ug(t) = F(u(t), w(0) = o,
has a unique solution defined for all time ¢t € R™.

Problem 14. Let F': R® — R" be a Lipschitz function and u a solution of the differential
equation u(t) = F(u(t)). We define its trajectory by 7(u) = {z € R" | = u(t) for some ¢ >
0}. Show that if u! and u? are solution of the differential equation ui(t) = F(u'(t)), i = 1,2,
then either 7(u') = 7(u?) or 7(u') N 7(u?) = 0.

SHint: Define w = fxzo g(s)f(s)ds. Show w'(z) < Kg(t) + g(z)w(z). Argue as in the integrating factor
technic (problem 1) to obtain f(z) < K + Kel 9 f;o g(s)e™ T 9ds. Use g(s)els VN = —4 (eff g(/\)d)\).



3 2nd and nth Order Differential Equations

Problem 15. Solve the general homogeneous 2nd order linear differential equation with
constant coefficients
ay” + by + cy = 0.

Analyze all the three cases possible, i.e., b*> — 4ac > 0, b*> — 4ac < 0, or b*> — 4ac = 0.

Problem 16. Let y; and ys solve the same homogeneous 2nd order linear differential equa-
tion, y” + p(t)y’ + q(t)y = 0 on (a,b). Show W(y1,y2)(t) = cexp [—/p(t)dt} Use that

to show that if there exits an interior point ¢y € (a,b), such that yi(tg) = ya(to) = 0, then
y1 = Ay for some X € R.

Problem 17. Suppose y; and ys are solutions to the homogeneous problem y” + p(t)y’ +
q(t)y = 0. Show

Y(t)=-n() | Mmderw(t) t md&

is a particular solution to the nonhomogeneous y” + p(t)y’ + q(t)y = g(¢).

Problem 18. Solve
y'+2) +y=¢,
by the method of undetermined coefficients and by the the method of variation of parameters.

Problem 19. Consider the 2nd order differential equation of the form

{ 2 —dx =0
x(0) =xz(L) = 0.

where L > 0. Find all A € R, for which the above equation has a non-identically zero solution.

Problem 20 (Viscosity solutions). Consider a second order differential operator L(f) :=
"+ p@)f +q(t)f. A function continuous function w is said to be a viscosity solution of
L(u) = g(t), provided the following two hypothesis happen:

1. If ¢ is a C? function touching u by above, i.e., ¢(tg) = u(tg) and ¢ — u has a local
minimum at t%} then

L()(to) = g(to)-

2. If ¢ is a C? function touching u by below, i.e., ¥(tg) = u(tg) and ¢ — u has a local
maximum at tg, then

L(¢)(to) < g(to)-

(a) Show any classical solution, i.e., a C? function u for which L(u)(t) = g(t) Vt, is a viscosity
solution.

4corrected by Mathew, thanks!



(b) Show, if u is a C2 viscosity solution of L(u) = g(t), then, actually u is a classical solution,
i.e., for all t, L(u)(t) = g(t).

Problem 21. Consider the polynomial function p(t) := t" +a,_1t" ' +-- - a1t +ag. Assume
p(t) can be uniquely factorized as

k m

pt) =[]t = p)7 x ] (8 + 205t + (aF + 8))",

i=1 j=1
where p;, a;, B; € R and o;, 7; € N. Solve the differential equation

Y + a1y Y + - agy + agy = 0.
. 1 ;
Problem 22. Let p(t) = [[0_, (t — i)’ x H?Zl (2 +2jt+ 52+ —2))] Find the general solution
J
of p(D)(u) = 0, where p(D) is the differential operator given by
2

p(D) = H(i — i)' x ﬁ (CL roi 2y )y
' dt dt2 dt 27

i=1 j=1

Problem 23. Show the only solution to

is the identically zero function.

4 General Theory for Linear Differential Equations

Problem 24. Let M(n) denote the space of n X n matrices and A: [0,00) — M(n) be a
continuous curve. Show, given a initial datum zg € R", the differential equation

w(t) = A(t)u(t) + b(t), u(0) = o,
has a unique solution defined for all time ¢ € R, where b: R® — R" is, say, continuous.

Problem 25. Consider a continuous curve A: [0,00) — M (n). Define S to be the space of
all solutions of u; = A(t)u(t). Show S is an n-dimensional vector space.

Problem 26. Consider the linear differential equation
(P) up = A(t)u(t).

An n x n matrix ¢(¢) whose columns form a basis for S is called a fundamental matrix of

(P).

(a) Show ¢(t) is a fundamental matrix of (P), if and only if, ¢/'(t) = A(t)¢(t) (matrix
equation), and for some tg, ¢(ty) is nonsingular.



(b) Let ¢(t) and 1 (¢) be solutions of the matrix equation X'(t) = A(t) X (t). Assume ¢(t) is
a fundamental matrix of (P). Show there exists a unique matrix C' such that, for all ¢,

Furthermore, show C' is nonsingular, if and only if ¢ is a fundamental matrix of problem
(P) as well.

(c) Let ¢(t) be a fundamental solution of (P). Then the solution of
u(t) = A(t)u(t) +0b(t), u(to) = o,

is given by

p(t) = o(t) [¢_1(t0)930+ t qﬁ_l(s)b(s)ds]

Problem 27. Assume A(t) is anti—symmetricﬂ for all £. Show for all fundamental matrix
o(t) of ' = A(t)x, one has

()T o(t)
where C' is a constant matrix. In particular, if ¢(tg) is orthogonal, i.e., ¢(tg)? ¢(to) = Id, for
some tg, then ®(t) is orthogonal for all ¢ € I.

C,

Problem 28. Consider the homogeneous constant coefficients linear equation
(L) o = Au.

Let ¢(t) be a fundamental solution such that ¢(0) = Id, where Id stands for the identity
matrix.

(a) Show ¢(t +5) = H(t)¢(s)-

(b) Prove for any ¢ € R, [¢(t)] 1= o(—t)

(c) Show the series
o thAF
ot k!’

converges to ¢(t) in R, uniformly over compacts.

A matrix A is said to be anti-symmetric, if AT = —A, where AT denotes the transposed of A.
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