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5. THE FINITE FOURIER TRANSFORM

We consider the approximation of a periodic function f with period 27, i.e., f(t + 27) =
f(t). Note that a function with a more general period can be reduced to this case in the
following simple way. If g(t + 7) = g(¢), and we set f(t) = g(7t/(27)), then

ft+2m) = g(7(t + 2m) /(2m)) = g(7t/(2m) + 7) = g(7/(27)) = f ().

5.1. Trignometric interpolation. We wish to approximate f by the trigonometric poly-
nomial

pu(t) = ao + Y _la; cos(jt) + b;sin(jt)],
j=1
where we assume |a,|+|b,| # 0. Since p,, has 2n+1 coefficients, we consider the interpolation

problem:

Given 0 < tg <ty < -+ <o, < 27, find p,(t) satisfying p,(tx) = f(tx), k =0,1,--- 2n.
Since cosf = (¥ +e7) /2, sin = (e — =) /(2i), we may rewrite the above as

n it 4 e—idt elit _ p—ijt n .
pn(t) = ag + Z |:CLJ' 9 + bj 92 = Z cje ]t’

j=1

j=—n
where
Co = Qo, C; = (Clj — Zb])/Q, C_; = (Clj + ij)/Q, 1 S] <n.

Now consider the case of equally spaced points t, = 27k/(2n+ 1), k = 0,1,--- ,2n. To
solve the interpolation problem, we need to find ¢; , j = —n,--- ;n such that

n

Z cjeijt’“ = f(ty), k=0,1,---,2n.

j=—n

To do so, we will need the following result.

Lemma 2. For all integers m,

2n . i
Zeimtk _ 2n + 1, Zf e'tm = 1,
0, if eitm £ 1.

k=0

Proof. Since mty, = m2nk/(2n+ 1) = kt,,, we get by the sum formula for a geometric series
that

2n 2n 2n . ;
imty _ ikt am1k )20+ 1, if e =1,
Ze o Ze o Z [e } - {([eitm]Qn—H _ 1) /(6itm _ 1)7 i eitm 7& 1.

k=0 k=0 k=0
But

itm]2n+1 — e

2n+1)i2wm/(2n+1) 2mm __
e =1,

so the right hand side in the second case is zero. U



20 MATH 573 LECTURE NOTES
We use this result in the following way. Multiply the equation
n
> e = f(t)
j=—n

by e~ where —n < [ < n, and sum from k = 0 to 2n to get

2n n 2n
3D IR W
k=0 j=—n k=0

Reversing the order of summation and applying the lemma, we have

DD SPVEIED S
k=0 j=—n j=-n
- 2n
Z Z Jl)tk—i-ClZ]_—f—Z Zl(] ltk_012n+1)
Jj=- k=0

j=l+1 k=0

Note that since —n < j,I < n, —2n < j —1 < 2n, and hence |j —[|/(2n + 1) < 1. Thus
eti-t = 1 unless j = [. Replacing [ by j, we conclude that

(51) Cj = Z 67ijtkf(tk)a j =—Nn,--,Nn
k

We then recover p,(t) by determining the a; and b; from ¢;, i.e.,

ap=co,  aj=cjtcy, by =(cj—¢)/i=ie —cy).
The coefficients {c_,, ..., ¢, } are called the finite Fourier transform of the data f (o), . .., f(t2n).
Formula (5.1) is related to the formula for the Fourier coefficients of f(¢), i.e.,

2

- 1
e Z ")/jel.?t’ f)/] — % i e*l]tf(t> dt

j=—o0

To see this relationship, we approximate the above integral by the composite trapezoidal
rule using N subdivisions of [0, 2x]. If s, = 27k/N, k=0,..., N, we get

2 N-1

1 iy 1 Sk+1 71”
L= Tft)di = o E / Tf(t) dt
=0
1 <= 27 TR,
~ — 2T T leT sk —ijSk41 _ —ijsk
%;N Flow) 700 Sl = 3 e f o),

where we have applied the basic trapezoidal rule fab fx)dr =~ (b—a)[f(a)+ f(b)]/2 on each
subinterval and have used the periodicity of f (i.e., f(2r) = f(0)) in the last step. The
coefficients ¢; in (5.1) correspond to the choice N = 2n + 1 (for which s; = t;).
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5.2. The Fast Fourier Transform (FFT). We next consider a fast method, called the
Fast Fourier Transform for computing the coefficients {c¢;}, when the number of data points
is large. To describe the FFT, we consider a more general problem, in which the data f is
of length N |, where N = 2" for some integer r. Note, in formula (5.1), we considered the
special case N = 2n + 1. Then letting wy = >/, the generalization of (5.1) becomes

| N | Nl
L —ijk2n /N _ = —kij - _
C]—Nze ! f(tk)—NZ(wN) fte),  j=0,1,...,N—1
k=0 k=0
Note that since (wy) *0*N) = (wy)7 ¢;,x = ¢;. Thus, the range j = —n,...,n in (5.1)
can be changed to j =0, ..., 2n, which in our generalized problem becomes j =0,..., N —1.

To evaluate c; if wfv is known requires N —1 additions, N —1 multiplications, and 1 division
(if we use nested multiplication). For example, to calculate p(z) = asz® + axx® + a1x + ay,
we write p(x) in the form: p(z) = z[z(asx + az) + a1] + ag. Then, evaluation of p(z) takes
3 additions and 3 multiplications. If we compute w;,(lﬂ) by w&lw;,l, then the computation
of wgv for j = 0,..., N requires N multiplications. Hence, the cost of computing all the
¢j, j=0,...,N—1is N(N — 1)+ N = N? multiplications and N(N — 1) additions. We
now present a method (FFT) that substantially reduces this cost from O(N?) operations to
O(N Iny N) operations.

The basic idea of the FFT is to reduce the computation of the finite Fourier transform of
a vector {fi} of size 2m to the transform of two vectors of size m. Let

F = (fo, - .,fgm_l), F/ = (fo,fg, .. .,fgm_g). =, F” = <f17f37 .. .,fgm_l).

The first step is to show how to compute {c;} assuming we know

1 m—1 1 m—1
/o —lj /A —lj 0.1 1
G = faw,7, G = farw,,”, 7=0,1,....m—1.
1=0 =0

Now for F' = (fo,..., fom—1),

1 2m—1 1 m—1 m—1
—kj —2lj —(20+1)j
¢ =5 E Jrwy, = — E faw + E Jarp1w .
J om. 2m om. 2m + 2m
Since w,, = ™/ = [e2™/2m)]2 = 2 we get w,,.’ = w;¥. Hence, for j =0,...,m — 1,
1 m—1 m—1
_ —lj —J =g\ _ /. -3 on
(5.2) G = om E Jawy,” 4wy, § Jayiwy,” | = (Cj + w2mcj)/2'
=0 =0
To calculate the coefficients ¢,,, ..., cam_1, we use the following identities.
—l(m+3) __ ,, —lm, —lj __ [ 27i/m)—=Ilm,, —lj __ _—2mil,  —lj __ , —lj
w mF9) = qy—tma i — [2mi/mmlmy =l — o= 2mily—li — gyl

—(m+j) _  —m,  —j 2mi/(2m)|—m, —J _ _—mi, —J __ -7
Wopm, = Wop, Wy, = [6 ] Wop, = € Wop, = —Wapy,-
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Then using (5.2), with j replaced by m + j, (and choosing N = 2m), we get for j =
0,1,...,m—1,

1 m—1 m—1
o —lj .7 =g\ — (TN
Cm+4j = m E Jawy, Wom E Janw,”| = (Cj w2mcj)/2‘
=0 =0

Hence, if for j = 0,1,...,m — 1, ¢; and ¢} are known, the calculation of ¢; for j =
0,1,...,2m — 1 requires the following operations. First, the computation of w,?, j =
0,1,...,m. Starting from w,} and using the formula w{% = w;;lw;,fj 71), this requires a
total of m — 1 multiplications. Next, the formation of m products w,,;,cj, j =0,1,...,m—1

which requires m multiplications. Finally, we need m additions and m subtractions, a total
of 2m additive operations. We ignore division by 2, which is a fast operation. Thus, we see
that the computation of {cj}, j = 0,1,...,2m — 1 requires essentially 2m multiplications
and 2m additions plus the evaluation of 2 finite Fourier transforms of size m. To evaluate a
finite Fourier transform of size N = 2", we use repeated application of this idea. There will
be r levels in this process, ending in the evaluation of a finite Fourier transform of size one.
Hence, to calculate the finite Fourier transform of {fy,..., fy}, where N = 2" | the total
number of multiplications will be:

N
2N + 2 FFT of size N/2 = 2N + 2 {25 + 2 FFT of size N/4]
N N
=2N +2 {2E+2 (21%—2 FFT of size N/S)}

N N N
= =2N42 25| 4420 | 4+ 27 2=
ralag]wafsf]erz oy

=2N(r+1)=2N(lng N +1) = O(NIny N),
and a similar number of additions/subtractions. Thus, the number of operations in the FFT

is proportional to N Iny N, compared to N2, if we do it in a naive way. So, if N = 1,000,
this reduces the cost from 1,000,000 operations to 10, 000.



