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10. TWO-POINT BOUNDARY VALUE PROBLEMS

We consider the approximation of problems of the form:

d' = flaud), ula) = ga ulb) =g

We discuss three types of methods: (i) shooting method, (ii) finite difference method, (iii)
finite element method.

10.1. Shooting method. The main idea is to transform the boundary value problem into
a sequence of initial value problems. To do this, we define for each value of a parameter v,
a function u(x; ) that solves the initial value problem

o= fleud), ula) = ga  u'(a) =7

The problem is then to find a value of v such that u(b;y) = g, i.e., we seek a root of the
nonlinear equation w(y) = u(b;y) — g» = 0. If we solve this equation by the secant method,
for example, then we obtain the iteration:

Yn — Vn—1
w(7n> - w(7n71>
where vy and ; are initial approximations. Note that to evaluate w(,), we need to find
u(b,¥,), which involves solving an initial value problem. Using the techniques discussed

previously (last semester), we can do this by reformulating the problem as a first order
system of odes by introducing a new variable v = u/. This gives the system

% <Z) N (f(:c,vu,v)) , u(a) =ga, vla) =1

10.2. Finite difference method. We first consider the case of a linear two-point boundary
value problem of the form

L) = 5 (p0 )+l =10, ul) =g ) =g

Yn+1 = Vn — w('Yn)

where we assume that p(z) > p. > 0 and ¢(x) > 0.

The idea now is to replace the derivatives in the equation by difference quotients, with the
aim of producing an approximate problem whose unknowns represent approximations to the
true solution at a finite set of points. These unknowns will then be determined by solving
a finite dimensional linear system of equations. To do this, we place a mesh of width h on
[a,b], i.e., define mesh points z; = a + jh, j =0,..., N, where h = (b —a)/N.

First, consider the special case when p(x) is constant.

Using Taylor series expansions, we get

hZ hS h4
ue £ h) = u(e) b () + o' (2) £ (@) + Srul (€.
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Hence, for some £ € [x — h,z + h],

h? h?
[u(z + h) = 2u(x) + u(z — h)]/h? = u"(z) + ﬂ[u(‘” (&) +uW(E=)) = u"(z) + EU(4) (&)
In the above we have used the Mean Value Theorem for sums, i.e.,
Theorem 27. Let F(x) be a continuous function on |a,b], let xq,--- ,x, be points in [a,b],

and let dy,--- ,d, be real numbers all of one sign. Then > " | F(x;)d; = F(§)> " d; for
some & € [a,b].

If we apply the above formula at the point # = z; and insert it into the differential
equation, we get
0= —pu’(z;) + q(z;)u(z;) — f(z;)
= —plu(wj1) — 2u(z;) + ulz;1)l/B* + gz ulz;) — f;) + p(h*/12)uD(E)).

We then define an approximation u; to u(z;) by omitting the O(h?) error terms, i.e., we let
uj,j =1,..., N — 1 satisty:

Lhu]' = p[—ujH + 2’&]' — Ujfl]/h2 + q(xj)uj = f($])

Since the boundary conditions are given, we set ug = g, and uy = g,. Hence, we have N — 1
linear equations for the N — 1 unknowns uq, ..., un_1.

For later use, it is useful to define the local truncation error of the method, given by
7; = Lpu(x;) — Lu(z;).

This is basically how well the true solution satisfies the discrete equations. Using the Taylor
expansions defined above, we see that

7; = Lpu(x;) — Lu(z;) = —p(h2/12)u(4)(§j).

We next consider the approximate discrete system in more detail. Multiplying our discrete
equation by h? and collecting terms, we get

—pujr + [2p + WPq(a))]u; — puji = B2 f ().

Setting a; = 2p + h?q(z;), we may write this system of linear equations in matrix form as:

ag —p O 0 s 0 U1 f(z1) PYa
-p a —-p 0 - 0 Uy f(2) 0
O - 0 —p ana2 —p UN_2 flen_2) 0
0 - 0 0 —P an-1 UN-—1 f(xN—l) Pgy

Thus, we need to solve the linear system Au = F, where A is a symmetric tridiagonal
matrix. Note that if ming s ¢(2) > ¢, > 0, then A is strictly diagonally dominant and hence
invertible.

Now let us return to the case when p depends on x. One possibility is to write

Lu = —pu” — p'u' + qu
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and approximate the first term at = z; (as above) by
plaj)[=uj + 2u; — uja] /02

To get an approximation to u’ that is also second order, we could use the Taylor series to
write

h2 h3
w(x £ h) =u(z) £ (z) + 5u"(m) + gu"'(ni).
It is then easy to show that
h2
[u(x + h) —u(z — h)]/2h = ' (x) + —u""(n),

6

for some 1 € [x — h,xz + h]. In that case, our discrete equation would become

—[p(x;) — hp'(5)/2Juj—1 + [2p(a;) + hPq(a;)]u; — [p(a;) + b (2;)/2usn = B2 f(x;).

There are two drawbacks to this approach. First, the matrix we get will not be symmetric,
and thus will involve more work to solve. To see this, let

a; = 2p(x;) + hPq(xy), by =play) —hp'(x;)/2, ¢ = play) + hp(5)/2.

Then, we may write this system of linear equations in matrix form as:

aq —C 0 0 cee 0 (751 f(ill'l) blga
—bg (05} —Co 0 cee 0 U9 f(l'g) 0
e e e - = k2 - 4

0 -+ 0 —byv_2 any—2 —Cn—2 UN—2 f(zn_2) 0

o - 0 0 —by_1 an—y UN-—1 f(zy_1) CN-19b

When p is not constant, we do not expect that b; 1 = ¢;. Another drawback to this approach
is that we would also have to compute p’.

Instead, we consider another way to approximate the derivatives in the equation. Using
Taylor series expansions, we get either

2

v(z+e) =v(x) e (z)+ %v"(w) +0(®)  or

3
v(z+e) =v(x) e (z)+ %UN(Z‘) + %
depending on where we decide to end the expansion. Hence,
[v(z +€) —v(z —€)]/(2¢) = v'(x) + O(¢*)  or
2

[v(z +€) —v(x—e)]/(2¢) ='(z) + %v”’(x) +O(e).

First, choosing v = pu/, x = x; and € = h/2, we get that

(pu')'(z5) = [(pu') (x5 + h/2) = (pu')(w; — h/2)}/h + O(h?).

V" (x) + O(e*),
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Then, choosing v = u, e = h/2, and x = x; + h/2 and © = x; — h/2, we get that
h2
(@ + hf2) = [ulz; +h) = w(@))]/h = S (@; + h/2) + O,
/ h2 n
u'(w; = N/2) = [u(ws) = ulz; = W)l/h = Spu”(w; = h/2) + O(R?).

Inserting these quantities, we obtain:

(o) = { oy 4 ) ")y, gyt = =

+ % {p(x; + h/2)u" (x; + h/2) — p(z; — h/2)u" (x; — h/2)} + O(h?).

Although the middle terms seems to only O(h), we get by applying the Mean Value Theorem,
that

p(x; + h/2)u" (x; + h/2) — p(x; — h/2)u" (x; — h/2) = O(h),
and so

(o) = { oty 4 ) R ) gy gy MR Z I o,

Denoting p(xz; £ h/2) by pjx1/2, and omitting the O(h?) terms, we are led to the approxima-
tion:

1

(10.1) Lntj = o5 (=piapttir + o1y + Pjvaya + W2 q(x;)]u; — pj1j2uje)

and thus to the difference equation

—pj_1/2Uj—1 + [Pj—1j2 + Djt1y2 + PPq(x)|u; — pjsrjeui = B2 f ().
We remark that although we have not kept careful track of the error terms, it is possible to
show that the local truncation error 7; = Lyu(x;) — Lu(z;) satisfies

73| < K [max |[u® (@)] + max|(pu®) ()],
where K is a constant that does not depend on u or h.

Now setting a; = pj_1/2 + pj11/2 + h*q(x;), we obtain the linear system

ap  —p3e 0 0 e 0 Uy f(z1) P12 Ya
—p3;2 a2 —ps;2 0 B 0 Uz f(z2) 0

0 T 0 —-p aN-—2 —PN-3/2 UN—2 f($N—2) 0

0 . 0 0 —pn-3;p an-1 UN-1 flon_1) Pn-1 Gb

Two natural questions that we now address are (i) whether this linear system always
has a unique solution and (ii) how good an approximation does this produce to the true
solution (i.e., does the approximation converge as h — 0, and if so, how fast)? To answer
these questions, we first establish a fundamental property of this discrete system, i.e., that
it satisfies a discrete maximum principle.



