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2.11. Error estimates by scaling. A more general technique for error estimates, which
requires more mathematical background, is to use the Bramble-Hilbert lemma and scaling.
We present here only the main ideas, most without proof. We again let T denote a triangle
in the mesh 7;, and T the reference triangle.

Lemma 6. (Bramble-Hilbert) Suppose k and m are integers satisfying 0 < m < k + 1.
Suppose u € H*(T) and 11 is an interpolation operator satisfying:

Mp=p pEP  |ill,s < Cillill, s

for some constant C independent of u. Then there exists a constant Cs, depending only on
k, m, T, and I1, but independent of 1, such that

@ — HaHmT < C2Wk+1,Ta where ’ﬁ|/2§+1j“ = Z HDaaHia 7
|a|=k+1

Of course the lemma would be obvious if we used the full norm [|il|,,, 7 on the right
hand side. The result is that we only need the highest order derivatives. Note that we
have seen this result for £ = 1, when [14 is the linear polynomial interpolating « at the
vertices. The technical part of the lemma is to show that ||f[ﬁ||mT < C’1||ﬁ||k+1T When
() = le\il u(x;)p;(x), i.e., the degrees of freedom are point values of 4 (and p; is the
corresponding dual basis function in Fy), this is done by applying the Sobolev imbedding
theorem, which says that for all , |a(x)| < C|u||,, where r > n/2, n the number of space
dimensions. Then

=

1L, 7 Z )| Dl 2 < Cllall, Z 1Billn 2 < Cllal]r-

So we have the desired estimate as long as k + 1 > n/2. In particular, when n = 2 or 3, the
result holds for £ > 1 and m = 0, 1, the cases we need to get estimates for the finite element
method for Poisson’s equation.

Let = Fr(z) = BrZ + by be the affine mapping from the reference triangle T to the
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triangle T which maps vertices of 7' to vertices of T and let v(z) = 9(2), i.e., v(Fr(&)) = 9(2).
Then we have the following estimates:

Lemma 7. For each integer m > 0 with v e H™(T), © € H™(T),
10,7 < Cyl|Br||™| det By| ™2 [v]m.r, 0], < Co|| BFH|™| det Br|'?[6],,, -

This result estimates the norms when we change variables between the triangles T" and T.
Recall that in the case m = 1, we have derived the formula:

/Vu Voudz dy = \detB|/ B~ YV didy.



30 NUMERICAL SOLUTION OF PDES

Hence,
/|W\2dxdy: |detB|/(\Bl)TWy?d;f:dg
T T
< |det B|/ (BT IP[S76[2 didg < | det By||B—ly|2/ 76[2 didg.
7 T
The next item is to estimate the quantities | det Br|, || Br||, and || B;'|| is terms of geometric

quantities related to the triangles.

Lemma 8. Let hy denote the diameter of T and pr the diameter of the largest ball contained
inT. Then

|det Br| = area (T)/area T, ||Br| < hr/pz,  I1Bp' |l < hy/pr.

We can combine these results to obtain error estimates for polynomial interpolation. Let
or = hp/pr denote the shape regularity constant for the triangle 7. Define an interpolation
operator IT on the triangle 7" by (ITv)(x) = (I10)(z). Then we get the following error estimate.

Lemma 9. Suppose u € H*(T) and Il is an interpolation operator satisfying:
HUp=p, pe D, [Hal],, 7 < Cillally 7

for some constant C independent of u. Then there exists a constant Cs, depending only on
k, m, T, and I1, but independent of u, such that

\u — Hu]m,T S 030$h§~+17m‘u’k+177*.

Proof.

= Tl < o BEH|™| det By| V2| — T1a], 3 < Col| By |™| det Br[V2Colal ., #
< Cy|| B3 |™| det Bp|V2CoCy || B ||*+Y| det Br| ™2 ulps1r
. ha\™ [ h
< Gl B | Be ) fulisrr < C (—) (—T
p P

k41
) [ulpr1,r < 030¥Lh§+17m|u|k+1j-
T

4

Recall that a family of triangulations 7;, is shape regular if there exists a constant o > 0
independent of h and T such that oy < o for all T € 7;,. Under this condition, we then
have the following global approximation result, where Ilu denotes a piecewise polynomial
interpolant of u of degree < k that preserves polynomials on the reference triangle.

Lemma 10. If in addition to the hypotheses of the previous lemma, we assume the mesh is
shape-reqular, then setting h = maxp hy, we have

lu — T, 0 < OgO'mhk+1_m|U|k+LQ.
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Proof.

u— HU|72nQ = Z lu— HTU|3n,T < Z(CBUIWhZ}H_mWHH,T)Q
T T

< (Cso™F 2N T ulfy = (Cao™ WMl g
T

0

2.12. Order of convergence estimates for Ritz-Galerkin approximation schemes.
We now return to the approximation of the variational problem: Find u € V such that

a(u,v) = F(v), forallveV,

by the standard Ritz-Galerkin approximation scheme:
Find u;, € V}, such that a(up,vy) = F(v,), for all v, € V.

We have previously established that under the conditions
a(v,v) > allvllt,  a(u, )] < Mllullllvll,  |[Fo)] < Klfol|,

we have the quasi-optimal error estimate
M
llu —up|ls < EHu —oplly, for all v, € V.

The interpolation error estimate derived above then shows that if we choose the space Vj,
to consist of continuous piecewise polynomials of degree < k and the solution v € H™™1(Q)
with 1 < r <k, then

Ju = unlly < CHfuly 41

We observe, however, that the error ||u — uzl|z2 < Ch™|ul,+1. We next show that the
same improved order of convergence in L?*(f2) also holds for the error u — uy,.

Lemma 11. Suppose 2 is a convexr polygon. Then, under the hypotheses stated above,

lu = un| 120) < Chllu = unlly < CH™ ul 4.

Proof. The proof uses a combination of elliptic regularity and duality. For simplicity, we
consider only the variational formulation corresponding to the boundary value problem:

—Au=f inQ, u=0 on 0,

ie., V. =HYQ), a(u,v) = Jo Vu - Vvdz, F(v) = [, fvdz. More general problems can be
done in a similar way. For such problems, the following regularity result for the solution u
is known: Given f € L?(Q), there exists a constant C' independent of u and f, such that
|ulls < C||fllz2@)- Note that the equation says that the combination 0*u/dxz* 4 9%u/dy* €
L*(€). The regularity result says that each of the second derivatives € L*(Q) and satisfies
the indicated bound. To establish the lemma, we introduce the “dual problem”: Find
w eV = HY(Q) such that

a(v,w) = (u —up,v), forallveV,
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i.e., w is the solution of the boundary value problem:
—Aw =u—wuy in §, w=0 on 0.
The dual problem is chosen to have the same form as the original boundary value problem,
but where f is replaced by the error u — uy. From the elliptic regularity result, we know
that w satisfies ||w||s < Cllu — up||z2. Then, using Galerkin orthogonality,
lu —unll3e = (v — up, v — up) = au — up, w) = a(u — up, w — wy)
< Mllu = upilw = willy < Cllu = unl[shljw]ly < Chlju = unlliflu — s >

Hence,
lu = upllr2 < Chllu —uplli < CR™ g



